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La naturaleza científica del hombre común
es salir y hacer lo mejor que pueda.

—John Prine

Pero capitán, yo no puedo cambiar las leyes de la física.
—Teniente Comodoro, MontgomeryScott (Scotty), del USS Enterprise

Dedicado a nuestros nietos:

Ian Christopher Boilard, Kyle Everett Schafer, y Graham Henry Schafer
y

Heather Lynn Svoboda, James Hugh Svoboda, Jacob Arthur Leis,
Maxwell Andrew Leis, y Jack Mandlin Leffler
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Richard C. Dorf, profesor de Ingeniería Eléctrica y Computacional en la Uni-
versidad de California, Davis, da cursos a graduados y estudiantes universita-
rios de Ingeniería Eléctrica en los campos de circuitos y sistemas de control. 
Obtuvo su doctorado en Ingeniería Eléctrica por la U.S. Naval Postgraduate 
School, una maestría por la Universidad de Colorado y una Licenciatura en 
Ciencias por la Universidad Clarkson. Profundamente comprometido con la 
materia de la ingeniería eléctrica y su gran valor para los menesteres sociales y 
económicos, ha escrito y disertado a nivel internacional sobre la contribución 
y avances de la Ingeniería Eléctrica.
 El profesor Dorf tiene una vasta experiencia a nivel educacional e industrial y está activo profesionalmente 
en los campos de la robótica, la automatización, los circuitos eléctricos, y las comunicaciones. Ha prestado servicio 
como profesor huésped en la Universidad de Edinburgo, Escocia; el Instituto Massachusetts de Tecnología (MIT), la 
Universidad Stanford y la Universidad de California en Berkeley.
 Miembro del Institute of Electrical and Electronic Engineers y de la American Society for Engineering Edu-
cation, el Doctor Dorf es ampliamente conocido en el medio por sus obras Sistemas de control modernos, undécima 
edición (Prentice Hall, 2008) y The International Encyclopedia of Robotics (Wiley, 1988). El Doctor Dorf es coautor 
de Circuits, Devices and Systems (con Ralph Smit), quinta edición (Wiley, 1992). También editó el ampliamente usa-
do Electrical Engineering Handbook, tercera edición (CRC Press e IEEE Press) publicado en 2008. Su más reciente 
obra es Technology Ventures, tercera edición (McGraw-Hill 2010).

James A. Svoboda es profesor adjunto de ingeniería eléctrica y computacional 
en la Universidad Clarkson, donde da cursos sobre temas de circuitos, electró-
nica y programación computacional. Obtuvo su doctorado en Ingeniería Eléc-
trica por la Universidad de Wisconsin en Madison, una maestría por la Univer-
sidad de Colorado y una licenciatura en Ciencias del General Motors Institute.
 Circuitos para segundo año es uno de los cursos favoritos del profesor 
Svoboda. Ha dado este curso a 5 500 estudiantes universitarios en la Univer-
sidad Clarkson durante los últimos 30 años. En 1986 recibió el Distinguished 
Teaching Award de la Universidad Clarkson.
 El profesor Svoboda ha escrito varios artículos en los cuales describe las 
ventajas de utilizar nulificadores (nullors) para modelar circuitos eléctricos en 
análisis por computadora. Le interesa la manera en que la tecnología afecta la 
formación en ingeniería y ha desarrollado algunos paquetes de software para 
su uso en los Circuitos para segundo año.

Los autores
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Prefacio

El tema central de Circuitos Eléctricos es el concepto de que los circuitos eléctricos forman parte de 
la estructura básica de la tecnología moderna. Ante tal tema, nos esforzaremos por demostrar cómo 
tanto el análisis y el diseño de circuitos eléctricos están estrechamente enlazados con la habilidad del 
ingeniero para diseñar sistemas complejos de electrónica, comunicaciones, cómputo y de control, así 
como productos para el consumidor.

E N F O Q U E  Y  O R G A N I Z A C I Ó N

Este libro está diseñado para un curso de uno a tres periodos en circuitos eléctricos o análisis de 
circuitos lineales, además de que su estructura permite una flexibilidad máxima en su manejo. El 
diagrama de flujo de la figura 1 muestra organizaciones de capítulo alternativas que pueden ajustarse 
a diferentes perfiles, sin interrumpir la continuidad.
 La presentación se acopla a los lectores que van a descubrir los conceptos básicos de los circui-
tos eléctricos por vez primera y el alcance de este libro es amplio. Los estudiantes deben llegar a este 
curso con un conocimiento elemental de cálculo diferencial e integral.
 Este libro se esfuerza en preparar al lector para que resuelva problemas reales que involucran 
circuitos eléctricos. Por consiguiente, los circuitos se muestran como resultado de invenciones reales 
y las respuestas a necesidades reales en la industria, la oficina y el hogar. Aun cuando las herramientas 
del análisis de circuitos eléctricos pudieran ser parcialmente abstractas, los circuitos eléctricos son 
los bloques de la construcción de la sociedad moderna, actual. El análisis y diseño de los circuitos 
eléctricos son habilidades imprescindibles para todos los ingenieros.

N OV E D A D E S  E N  L A  O C TAVA  E D I C I Ó N

Se incrementa el uso de PSpice® y MATLAB®

De manera importante, se ha dado una mayor atención al uso de PSpice y MATLAB para la resolu-
ción de problemas de circuitos. Empieza con dos nuevos apéndices, uno para presentar PSpice y otro 
para MATLAB. Estos apéndices describen brevemente las capacidades de los programas e ilustran 
los pasos necesarios para empezar a utilizarlos. A continuación se utilizan PSpice y MATLAB a lo 
largo del texto para resolver varios problemas de análisis y diseño de circuitos. Por ejemplo, PSpice 
se utiliza en el capítulo 5 para encontrar un circuito equivalente de Thévenin, y en el capítulo 15 para 
representar entradas y salidas de circuitos como series de Fourier. MATLAB se usa frecuentemente 
para obtener diagramas de entradas y salidas de circuitos que nos ayudan a ver qué nos dicen nuestras 
ecuaciones. MATLAB también nos ayuda algo con la larga y tediosa aritmética. Por ejemplo, en el 
capítulo 10, MATLAB nos ayuda a hacer la compleja aritmética para analizar circuitos de corriente 

vii
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 viii Prefacio

alterna (ca), y en el capítulo 14 nos ayuda con la fracción parcial requerida para encontrar las trans-
formaciones inversas de Laplace.
 Desde luego, PSpice y MATLAB hacen más que el solo ejecutar los programas. Ponemos espe-
cial atención a la interpretación del resultado de estos programas de cómputo y su verificación para 
estar seguros de que están correctos. Por lo común, esto se hace en la sección “¿Cómo lo podemos 
comprobar...?” que se incluye en cada capítulo. Por ejemplo, la sección 8.9 muestra cómo interpretar y 
comprobar una respuesta transitoria de PSpice, y la sección 13.7 muestra cómo interpretar y verificar 
una respuesta de frecuencia utilizando MATLAB o PSpice.

Revisiones para mejorar la claridad

Los capítulos 14 y 15, que cubren la transformada de Laplace y la serie y transformada de Fourier, 
han sido reescritos a fondo, tanto para mejorar la claridad de la exposición como para aumentar la 
cobertura de MATLAB y PSpice. Además, se hicieron revisiones en el texto para mejorar la claridad. 
En ocasiones dichas revisiones son menores, pues se refieren a frases o párrafos; otras veces implican 
revisiones mayores que implican páginas o secciones enteras.

Más problemas

La octava edición contiene 120 problemas nuevos, con lo que el total supera los 1 350. Esta edición 
emplea varios tipos de problemas y van de los sencillos a los que significan un reto, como:

A
1

VARIABLES
DE CIRCUITOS
ELÉCTRICOS

Código
de color

Matrices,
determinantes

2

ELEMENTOS
DE CIRCUITOS

4

MÉTODOS DE
ANÁLISIS DE
CIRCUITOS
RESISTIVOS

3

RCIRCUITOS
CRESISTIVOS

E

B, C, D

Números
compuestos

9 11 12

CIRCUITOS
TRIFÁSICOS

10

RESPUESTA TOTAL
DE CIRCUITOS CON
DOS ELEMENTOS DE
ALMACENAMIENTO
DE ENERGÍA

ANÁLISIS 
SENOIDAL EN
ESTADO ESTABLE

POTENCIA 
DE CA EN
ESTADO ESTABLE

FIGURA 1 Diagrama de fl ujo que muestra rutas alternativas a través de los temas de este libro.
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•  Problemas de análisis directos.

•  Análisis de circuitos complejos.

•  Problemas sencillos de diseño. (Por ejemplo, dados un circuito y la respuesta especifi cada, 
determinar los valores RLC requeridos.)

•  Comparar y contrastar, problemas de multipartes que llaman la atención a las semejanzas o 
diferencias entre dos situaciones.

6

EL
AMPLIFICADOR
OPERACIONAL

7

ELEMENTOS QUE
ALMACENAN
ENERGÍA

8

PSpice

F, G

14

16
CIRCUITOS
DE FILTRADO

5

TEOREMAS
DE CIRCUITOS

15 17

REDES DE
DOS Y TRES
PUERTOS

17
REDES DE
DOS Y TRES
PUERTOS

13

RESPUESTA
DE FRECUENCIA

14

TRANSFOR-
MADA DE
LAPLACE

16

CIRCUITOS
DE FILTRO

Leyendas:

Apéndice

Capítulo

Flujo primario

Flujo opcional

6
EL
AMPLIFICADOR
OPERACIONAL

RESPUESTA
TOTAL DE LOS
CIRCUITOS
RL Y RC

TRANSFOR-
MADA DE
LAPLACE

SERIE Y
TRANSFOR-
MADA DE
FOURIER
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 x Prefacio

•  Problemas de MATLAB y PSpice.

•  Problemas de diseño. (Dadas ciertas especifi caciones, invente un circuito que las satisfaga.)

•  ¿Cómo lo podemos comprobar...? (Verifi que si una solución es en verdad la correcta.).

C A R A C T E R Í S T I C A S  D E  E D I C I O N E S  A N T E R I O R E S  Q U E  S E 
C O N S E R VA N

Introducción

Cada capítulo inicia con una introducción que invita a estudiar el material de ese capítulo.

Ejemplos

Considerando que este libro está orientado a formar expertos en la solución de problemas, hemos in-
cluido más de 260 ejemplos ilustrativos. Incluso, cada ejemplo tiene un título que indica al estudiante 
qué es exactamente lo que se ilustra en ese ejemplo en particular.
 En algunos ejemplos seleccionados de han incorporado varios métodos de solución de proble-
mas. Estos casos indican a los estudiantes que se pueden emplear múltiples métodos para obtener 
soluciones similares o, en algunos casos, que múltiples soluciones pueden ser correctas. Esto ayuda a 
los estudiantes a formarse las habilidades de pensar de manera crítica para discernir la mejor opción 
entre diversos resultados.

Las secciones Diseño de ejemplos, Método para resolver un problema, y 
¿Cómo lo podemos comprobar...?”

Cada capítulo concluye con un ejemplo de diseño que utiliza los métodos de ese capítulo para resolver 
un problema de diseño. En el capítulo 1 se presenta un método formal para la solución de problemas 
en cinco etapas, y que luego se utiliza en cada uno de los ejemplos de diseño. Un paso importante en 
el método de resolución de problemas requiere que usted mismo compruebe sus resultados para veri-
ficar que son correctos. En cada capítulo se incluye una sección “¿Cómo lo podemos comprobar...?” 
que ilustra cómo se puede comprobar el tipo de resultados obtenidos en ese capítulo para asegurarse 
de su exactitud.

Ecuaciones clave y fórmulas

Encontrará que las ecuaciones clave, fórmulas y notas importantes se han destacado en un recuadro 
sombreado para ayudarle a identificar con precisión la información de importancia.

Resumen de tablas y figuras

Los procedimientos y métodos desarrollados en este texto se han resumido en determinadas tablas y 
figuras clave. Los estudiantes encontrarán que conforman un excelente recurso para la resolución de 
problemas. 

•  Tabla 1.5.1. La convención pasiva.

•  Figura 2.7.1 y Tabla 2.7-1. Fuentes dependientes.

•  Tabla 3.10-1. Fuentes en serie y en paralelo, elementos en serie y en paralelo. Voltaje y división 
de corriente.

•  Figura 4.2-3. Nodos de voltajes comparados con corrientes y voltajes de elementos.
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 Prefacio xi

•  Figura 4.5-4. Enlaces de corrientes comparados con corrientes y voltajes de elementos.

•  Figuras 5.4-3 y 5.4-4. Circuitos equivalentes de Thévenin.

•  Figura 6.3-1. El amplifi cador operacional ideal.

•  Figura 6.5-1. Catálogo de circuitos de amplifi cadores operacionales de amplio uso.

•  Tabla 7.8-1. Condensadores e inductores.

•  Tabla 7.13-2. Condensadores e inductores en serie y en paralelo.

•  Tabla 8.11-1. Circuitos de primer orden.

•  Tablas 9.13-1, 2 y 3. Circuitos de segundo orden.

•  Tabla 10.6-1. Circuitos de CA en el dominio de frecuencia (fasores e impedancias).

•  Tabla 10.8-1. Voltaje y división de corriente para circuitos de CA.

•  Tabla 11.5-1. Fórmulas de potencia para circuitos de CA.

•  Tablas 11.13-1 y 11.13-2. Inductores acoplados y transformadores ideales.

•  Tabla 13.4-1. Circuitos resonantes.

•  Tablas 14.2-1 y 14.2-2. Tablas de Transformada de Laplace.

•  Tabla 14.7-1. Modelos de dominios de elementos de circuitos.

•  Tabla 15.4-1. Series de Fourier de formas de onda periódicas seleccionadas.

Introducción al procesamiento de señal

El procesamiento de señal es una aplicación importante de los circuitos eléctricos. Este libro lo 
presenta de dos maneras. La primera, dos secciones (6.6 y 7.9) describen métodos para diseñar cir-
cuitos eléctricos que implementen ecuaciones algebraicas y diferenciales. La segunda, numerosos 
ejemplos y problemas a lo largo del libro ilustran el procesamiento de señal. Las señales de entrada y 
salida de un circuito eléctrico están identificadas de manera explícita en cada uno de estos ejemplos 
y problemas, los cuales investigan la relación entre las señales de entrada y de salida impuesta por 
el circuito.

Ejemplos interactivos y ejercicios

Muchos ejemplos a lo largo del libro están marcados como ejemplos interactivos. Esta marca indica 
que las versiones computarizadas de ese ejemplo están disponibles en el sitio web de la Editorial 
ubicado en http://virtual.alfaomega.com.mx. La figura 2 ilustra la relación entre el ejemplo del libro y 
el ejemplo computarizado disponible en el sitio web. La figura 2a muestra un ejemplo del capítulo 3. 
El problema presentado por el ejemplo interactivo de la figura 2b es semejante al ejemplo del texto, 
pero difiere en algunas formas:

•  Los valores de los parámetros del circuito se han vuelto aleatorios.

•  Las fuentes independientes y las dependientes pueden haberse invertido.

•  La dirección de referencia del voltaje medido puede haberse invertido.

•  Se hace una solicitud distinta. En este caso, se pide al estudiante que resuelva el problema del libro 
de manera contraria, utilizando el voltaje medido para determinar el valor del parámetro del circuito.
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El ejemplo interactivo plantea un problema y luego acepta y comprueba la respuesta del usuario. A los 
estudiantes se les proporciona inmediata retroalimentación con respecto a la exactitud de su trabajo. 
El ejemplo interactivo selecciona los valores del parámetro de alguna manera aleatoria, proporcionan-
do una aparente provisión infinita de problemas. Este emparejamiento de una solución a un problema 
particular con un abasto infinito de problemas similares es una ayuda eficaz para el aprendizaje de los 
circuitos eléctricos.
 El ejercicio interactivo que muestra la figura 2c considera un circuito similar, pero diferente. 
A semejanza del ejemplo interactivo, el ejercicio interactivo plantea un problema y luego acepta y 
comprueba la respuesta del usuario. El aprendizaje del estudiante se apoya en mayor forma a partir de 
la amplia ayuda en forma de problemas de ejemplo resueltos, disponibles en el ejercicio interactivo 
mismo, al cual se accede mediante el botón Worked Example.
 Las variaciones de este problema se obtienen con el botón New Problem. También podemos 
atisbar la respuesta si utilizamos el botón Show Answer. Los ejemplos y los ejercicios interactivos 

FIGURA 2 (a) El circuito comprende el ejemplo 3.2-5. (b) El ejemplo interactivo correspondiente. (c) Un ejercicio 
interactivo correspondiente.

El amperímetro mide una corriente en amperios. ¿Cuál
es el valor de la corriente medida por el amperímetro?

El voltímetro mide el voltaje en voltios.
¿Cuál es el valor de la resistencia, R, en ?

Problema nuevo

Muestra la respuesta

Calculadora

Ejemplos realizados

12 V

R 27

+
–

Voltímetro

2 ia
ia

vm

–

+

+

–

1.2 V

12 V

4 5

+
–

Voltímetro

(b)

(c)

(a)

3 ia
ia

vm

–

+
+

–

Problema nuevo

Muestra la respuesta

Calculadora

Ejemplos realizados

12 V

4 2

+
–

Amperímetro

3ia
ia im
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proporcionan cientos de problemas prácticos adicionales, con infinitas variaciones, todos con respues-
tas que se verifican de inmediato por la computadora.

S U P L E M E N T O S  Y  M AT E R I A L  E N  S I T I O  W E B

El uso de las computadoras y de la red ha proporcionado una emocionante oportunidad de repensar el 
material suplementario. Los suplementos disponibles se han incrementado considerablemente.

Sitio asociado del libro

Se pueden encontrar recursos adicionales para el estudiante y para el maestro en el sitio web de la 
Editorial ubicado en http://virtual.alfaomega.com.mx.

Estudiante

•  Ejemplos interactivos Los ejemplos y los ejercicios interactivos son poderosos recursos de 
apoyo para los estudiantes. Se conformaron como herramientas para asistir a los estudiantes en 
habilidades de pericia. Los ejemplos seleccionados del texto e incluidos en la red dan a los estu-
diantes opciones para navegar a través del problema. Cuando los estudiantes realizan la tarea, han 
desarrollado las habilidades adecuadas para completar con éxito sus asignaciones. Es una ayuda 
virtual para las tareas.
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http://virtual.alfaomega.com.mx.

Maestro

•  Manual de soluciones

•  Diapositivas de PowerPoint

A G R A D E C I M I E N T O S

Estamos muy agradecidos con muchas personas cuyos esfuerzos contribuyeron a la elaboración de 
este texto. En especial damos las gracias a nuestro editor asociado Daniel Sayre, al gerente ejecutivo 
de marketing Chris Ruel y a Diana Smith, asistente de marketing, por su apoyo y entusiasmo. Tam-
bién agradecemos a Janet Foxman y Dorothy Sinclair de Wiley, y a Heather Johnson de Elm Street 
Publishing Services por sus esfuerzos en la producción de este libro. Deseamos agradecer a Lauren 
Sapira, Carolyn Weisman y Andre Legaspi por sus importantes contribuciones a este proyecto.
 En particular, agradecemos al equipo de revisores que verificaron los problemas y soluciones 
para cerciorarse de su certeza.

A01_DORF_1571_8ED_SE_i-xxii.indd   xiiiA01_DORF_1571_8ED_SE_i-xxii.indd   xiii 5/24/11   2:50 PM5/24/11   2:50 PM



Alfaomega Circuitos Eléctricos - Dorf

 xiv Prefacio

Revisores de datos

Khalid Al-Olimat, Ohio Northern 
University

Lisa Anneberg, Lawrence 
Tchnological University

Horace Gordon, University of South Florida
Limachos Kondi, SUNY, Buffalo
Michael Polis, Oakland University
Sannasi Ramanan, Rochester Institute 

of Technology
William Robins, University of Minnesota

James Rowland, University of Kansas
Mike Shen, Duke University
Thyagarajan Srinivasan, Wilkes 

University
Aaron Still, U.S. Naval Academy
Howard Winert, Johns Hopkins 

University
Xiao-Bang Xu, Clemson University
Jiann Shiun Yuan, University of 

Central Florida

Revisores

Rehab Abdel-Kader, Georgia Southern 
University

Said Ahmed-Zaid, Boise State 
University

Farzan Aminian, Trinity University
Constantin Apostoaia, Purdue 

University Calumet
Jonathan Bagby, Florida Atlantic University
Carlotta Berry, Tennessee State University
Kiron Bordoloi, University of Louisville
Mauro Caputi, Hofstra University
Edward Collins, Clemson University
Glen Dudevoir, U.S. Militar Academy
Malik Elbuluk, University of Akron
Prasad Enjeti, Texas A&M University
Alieydaghi, University of Maryland 

Eastern Shore 
Carlos Figueroa, Cabrillo College
Walid Hubbi, New Jersey Institute of Technology
Brian Huggins, Bradley University
Chris Ianello, University of Central Florida
Simone Jarzabek, ITT Technical Institute
James Kawamoto, Mission College
Rasool Kenarangui, University 

of Texas Arlington
Jumoke Ladeji-Osias, Morgan State University
Mark Lau, Universidad del Turabo

Seyed Mousavinezhad, Western Michigan 
University

Philip Munro, Youngstone State University
Ahmad Nafisi, California Polytechnic State 

University
Arnost Neugroschel, University of Florida
Tokunbo Ogunfunmi, Santa Clara University
Gary Perks, California Polytechnic State 

University, San Luis Obispo
Owe Petersen, Milwaukee School of Engineering
Ron Pieper, University of Texas
Teodoro Robles, Milwaukee School of Enginee-

ring
Pedda Sannuti, Rutgers University
Marcelo Simoes, Colorado School of Mines
Ralph Tanner, Western Michigan University
Tristan Tayag, Texas Christian University
Jean-Claude Thomassian, Central 

Michigan University
John Ventura, Christian Brothers University
Annette von Jouanne, 

Oregon State University
Ravi Warrier, Kettering University
Gerald Woelfi, Milwaukee School of 

Engineering
Hewlon Zimmer, U.S. Merchant 

Marine Academy

A01_DORF_1571_8ED_SE_i-xxii.indd   xivA01_DORF_1571_8ED_SE_i-xxii.indd   xiv 6/9/11   11:26 AM6/9/11   11:26 AM



Circuitos Eléctricos - Dorf Alfaomega

CAPÍTULO 1

Variables de circuitos eléctricos ........................................................................................ 1
1.1 Introducción ............................................................................................................................ 1
1.2 Circuitos eléctricos y corriente ............................................................................................... 1
1.3 Sistemas de unidades .............................................................................................................. 5
1.4 Voltaje ..................................................................................................................................... 7
1.5 Potencia y energía ................................................................................................................... 7
1.6 Análisis y diseño de circuitos ...............................................................................................  11
1.7 ¿Cómo lo podemos comprobar . . . ? ....................................................................................... 13
1.8 Ejemplo de diseño — Controlador de válvulas de un motor de propulsión a chorro ........... 14
1.9 Resumen ............................................................................................................................... 15
 Problemas ............................................................................................................................. 15
 Problemas de diseño ..............................................................................................................19

CAPÍTULO 2

Elementos de circuitos ..................................................................................................... 20
2.1 Introducción .......................................................................................................................... 20
2.2 Ingeniería y modelos lineales ............................................................................................... 20
2.3 Elementos de circuito activos y pasivos ............................................................................... 24
2.4 Resistencias ........................................................................................................................... 25
2.5 Fuentes independientes ......................................................................................................... 28
2.6 Voltímetros y amperímetros .................................................................................................. 31
2.7 Fuentes dependientes ............................................................................................................ 33
2.8 Transductores ........................................................................................................................ 37
2.9 Interruptores .......................................................................................................................... 39
2.10 ¿Cómo lo podemos comprobar . . . ? ....................................................................................... 41
2.11 Ejemplo de diseño — Sensor de temperatura ....................................................................... 42
2.12 Resumen ............................................................................................................................... 44
 Problemas ............................................................................................................................. 44
 Problemas de diseño ............................................................................................................. 52

Contenido

xv

A01_DORF_1571_8ED_SE_i-xxii.indd   xvA01_DORF_1571_8ED_SE_i-xxii.indd   xv 5/10/11   10:07 AM5/10/11   10:07 AM



Alfaomega Circuitos Eléctricos - Dorf

 xvi Contenido

CAPÍTULO 3

Circuitos resistivos ........................................................................................................... 53
3.1 Introducción .......................................................................................................................... 53
3.2 Leyes de Kirchhoff ............................................................................................................... 53
3.3 Resistores en serie y división de voltaje ............................................................................... 61
3.4 Resistores en paralelo y división de la corriente .................................................................. 66
3.5 Fuentes de voltaje en serie y fuentes de corriente en paralelo .............................................. 72
3.6 Análisis de circuitos .............................................................................................................. 73
3.7 Análisis de circuitos resistivos utilizando MATLAB ........................................................... 78
3.8 ¿Cómo lo podemos comprobar . . . ? ....................................................................................... 82
3.9 Ejemplo de diseño — Fuente de voltaje ajustable .................................................................84
3.10 Resumen ............................................................................................................................... 87
 Problemas ............................................................................................................................. 88
 Problemas de diseño ........................................................................................................... 106

CAPÍTULO 4

Métodos de análisis de circuitos resistivos ...................................................................108
4.1 Introducción .........................................................................................................................108
4.2 Análisis de voltajes de nodos de circuitos con fuentes de corriente ....................................109
4.3 Análisis de voltajes de nodos de circuitos con fuentes de corriente y de voltaje ................115
4.4 Análisis de voltajes de nodos con fuentes dependientes .....................................................120
4.5 Análisis de corrientes de enlaces con fuentes de voltaje independientes ............................122
4.6 Análisis de corrientes de enlaces con fuentes de corriente y de voltaje ..............................127
4.7 Análisis de corrientes de enlaces con fuentes dependientes ................................................131
4.8 Comparación entre el método de voltajes de nodos y el método de corrientes de enlaces .....134
4.9 Análisis de corrientes de enlaces utilizando MATLAB .......................................................136
4.10 Uso de PSpice para determinar los voltajes de nodos y las corrientes de enlaces ...............138
4.11 ¿Cómo lo podemos comprobar . . . ? ......................................................................................140
4.12 Ejemplo de diseño — Despliegue angular del potenciómetro .............................................143
4.13 Resumen ..............................................................................................................................146
 Problemas ............................................................................................................................147
 Problemas de PSpice ............................................................................................................160
 Problemas de diseño ............................................................................................................160

CAPÍTULO 5

Teoremas de circuitos ......................................................................................................162
5.1 Introducción .........................................................................................................................162
5.2 Transformaciones de fuentes ...............................................................................................162
5.3 Superposición ......................................................................................................................167
5.4 Teorema de Thévenin ...........................................................................................................171
5.5 Circuito equivalente de Norton ............................................................................................175
5.6 Transferencia de potencia máxima ......................................................................................179
5.7 Uso de MATLAB para determinar el circuito equivalente de Thévenin .............................182
5.8 Uso de PSpice para determinar el circuito equivalente de Thévenin ..................................185
5.9 ¿Cómo lo podemos comprobar . . . ? ......................................................................................188
5.10 Ejemplo de diseño — Puente de indicador de tensión ........................................................189
5.11 Resumen ..............................................................................................................................192
 Problemas ............................................................................................................................192
 Problemas de PSpice ............................................................................................................205
 Problemas de diseño ............................................................................................................206

A01_DORF_1571_8ED_SE_i-xxii.indd   xviA01_DORF_1571_8ED_SE_i-xxii.indd   xvi 5/10/11   10:07 AM5/10/11   10:07 AM



Circuitos Eléctricos - Dorf Alfaomega

 Contenido xvii

CAPÍTULO 6

El amplificador operacional ............................................................................................208
6.1 Introducción .........................................................................................................................208
6.2 El amplificador operacional .................................................................................................208
6.3 El amplificador operacional ideal ........................................................................................210
6.4 Análisis nodal de circuitos que contienen amplificadores operacionales ideales ................212
6.5 Diseño mediante el uso de amplificadores operacionales ...................................................217
6.6 Circuitos de amplificadores operacionales y ecuaciones algebraicas lineales ....................222
6.7 Características de los amplificadores operacionales prácticos ............................................227
6.8 Análisis de circuitos de amplificadores operacionales mediante el uso de MATLAB ........234
6.9 Análisis de circuitos de amplificadores operacionales mediante el uso de PSpice .............236
6.10 ¿Cómo lo podemos comprobar . . . ? ......................................................................................237
6.11 Ejemplo de diseño — Circuito de interfase de transductor .................................................239
6.12 Resumen ..............................................................................................................................241
 Problemas ............................................................................................................................242
 Problemas de PSpice ............................................................................................................255
 Problemas de diseño ............................................................................................................256

CAPÍTULO 7

Elementos que almacenan energía ................................................................................257
7.1 Introducción .........................................................................................................................257
7.2 Condensadores .....................................................................................................................258
7.3 Almacenamiento de energía en un condensador ..................................................................264
7.4 Condensadores en serie y en paralelo ..................................................................................267
7.5 Inductores ............................................................................................................................269
7.6 Almacenamiento de energía en un inductor ........................................................................274
7.7 Inductores en serie y en paralelo .........................................................................................276
7.8 Condiciones iniciales de los circuitos permanentes .............................................................277
7.9 Circuitos de amplificadores operacionales y ecuaciones diferenciales lineales ..................281
7.10 Uso de MATLAB para trazar el voltaje y la corriente de un condensador 
 o un inductor ........................................................................................................................281
7.11 ¿Cómo lo podemos comprobar . . . ? ......................................................................................287
7.12 Ejemplo de diseño — Integrador e interruptor  ...................................................................290
7.13 Resumen ..............................................................................................................................293
 Problemas ............................................................................................................................294
 Problemas de diseño ............................................................................................................309

CAPÍTULO 8

Respuesta total de los circuitos RL y RC .......................................................................311
8.1 Introducción ................................................................................................................................311
8.2 Circuitos de primer orden ...........................................................................................................311
8.3 Respuesta de un circuito de primer orden a una entrada constante ............................................314
8.4 Conmutación secuencial .............................................................................................................327
8.5 Estabilidad de circuitos de primer orden ....................................................................................329
8.6 Fuente de paso unitario ...............................................................................................................331
8.7 Respuesta de un circuito de primer orden a una fuente no constante .........................................335
8.8 Operadores diferenciales .............................................................................................................340
8.9 Uso de PSpice para analizar circuitos de primer orden ..............................................................342
8.10 ¿Cómo lo podemos comprobar . . . ? ...........................................................................................345
8.11 Ejemplo de diseño — Una computadora y su impresora ..........................................................349

A01_DORF_1571_8ED_SE_i-xxii.indd   xviiA01_DORF_1571_8ED_SE_i-xxii.indd   xvii 5/10/11   10:07 AM5/10/11   10:07 AM



Alfaomega Circuitos Eléctricos - Dorf

 xviii Contenido

8.12  Resumen ..............................................................................................................................352
 Problemas ............................................................................................................................353
 Problemas de PSpice ............................................................................................................366
 Problemas de diseño ............................................................................................................367

CAPÍTULO 9

Respuesta total de circuitos con dos elementos de almacenamiento de energía .......368
9.1 Introducción .........................................................................................................................368
9.2 Ecuación diferencial para circuitos con dos elementos de almacenamiento de energía .......369
9.3 Solución de la ecuación diferencial de segundo orden: la respuesta natural .......................373
9.4 Respuesta natural del circuito RLC en paralelo no forzado .................................................376
9.5 Respuesta natural del circuito RLC en paralelo no forzado críticamente amortiguado .......379
9.6 Respuesta natural de un circuito RLC en paralelo no forzado subamortiguado ..................380
9.7 Respuesta forzada de un circuito RLC .................................................................................382
9.8 Respuesta total de un circuito RLC ......................................................................................386
9.9 Método de las variables de estado para el análisis de circuitos ...........................................389
9.10 Raíces en el plano compuesto ..............................................................................................393
9.11 ¿Cómo lo podemos comprobar . . . ? ......................................................................................394
9.12 Ejemplo de diseño — Dispositivo de encendido de la bolsa de aire de un automóvil ........397
9.13 Resumen ..............................................................................................................................399
 Problemas ............................................................................................................................401
 Problemas de PSpice ............................................................................................................412
 Problemas de diseño ............................................................................................................413

CAPÍTULO 10

Análisis senoidal en estado estable ...............................................................................425
10.1 Introducción .........................................................................................................................415
10.2 Fuentes senoidales ...............................................................................................................416
10.3 Respuesta de estado estable de un circuito RL para una función 
 de forzamiento senoidal .......................................................................................................421
10.4 Función de forzamiento exponencial compuesta .................................................................422
10.5 El fasor .................................................................................................................................426
10.6 Relaciones del fasor para los elementos R, L y C. ...............................................................430
10.7 Impedancia y admitancia .....................................................................................................434
10.8 Leyes de Kirchhoff que utilizan fasores ..............................................................................438
10.9 Análisis del voltaje de nodos y de la corriente de enlaces utilizando fasores .....................443
10.10 Superposición, equivalentes de Thévenin y Norton y transformaciones de fuentes ...........449
10.11 Diagramas de fasores ...........................................................................................................454
10.12 Circuitos de fasores y el amplificador operacional ..............................................................455
10.13 La respuesta total .................................................................................................................457
10.14 Uso de MATLAB para el análisis de circuitos en estado estable 
 con entradas senoidales ........................................................................................................464
10.15 Uso de PSpice para analizar circuitos de CA .......................................................................466
10.16 ¿Cómo lo podemos comprobar . . . ? ......................................................................................469
10.17 Ejemplo de diseño — Circuito del amplificador operacional .............................................471
10.18 Resumen ..............................................................................................................................474
 Problemas ............................................................................................................................474
 Problemas de PSpice ............................................................................................................493
 Problemas de diseño ............................................................................................................494

A01_DORF_1571_8ED_SE_i-xxii.indd   xviiiA01_DORF_1571_8ED_SE_i-xxii.indd   xviii 5/10/11   10:07 AM5/10/11   10:07 AM



Circuitos Eléctricos - Dorf Alfaomega

 Contenido xix

CAPÍTULO 11

Potencia de CA de estado estable ..................................................................................496
11.1 Introducción .........................................................................................................................496
11.2 Potencia eléctrica .................................................................................................................496
11.3 Potencia instantánea y potencia promedio ...........................................................................497
11.4 Valor efectivo de una forma de onda periódica ...................................................................501
11.5 Potencia compleja ................................................................................................................503
11.6 Factor de potencia ................................................................................................................511
11.7 Principio de superposición de potencia ...............................................................................519
11.8 Teorema de la transferencia de potencia máxima ................................................................522
11.9 Inductores acoplados ...........................................................................................................523
11.10 El transformador ideal .........................................................................................................531
11.11 ¿Cómo lo podemos comprobar . . . ? ......................................................................................536
11.12 Ejemplo de diseño — Transferencia de potencia máxima ...................................................538
11.13 Resumen ..............................................................................................................................540
 Problemas ............................................................................................................................542
 Problemas de PSpice ............................................................................................................556
 Problemas de diseño ............................................................................................................556

CAPÍTULO 12

Circuitos trifásicos ...........................................................................................................558
12.1 Introducción .........................................................................................................................558
12.2 Voltajes trifásicos .................................................................................................................559
12.3 Circuito Y a Y ......................................................................................................................562
12.4 Fuente y carga conectadas a � .............................................................................................571
12.5 Circuito Y a � ......................................................................................................................573
12.6 Circuitos trifásicos balanceados ..........................................................................................576
12.7 Potencias promedio e instantánea en una carga trifásica balanceada ..................................578
12.8 Medición de potencia con dos vatímetros ...........................................................................581
12.9 ¿Cómo lo podemos comprobar . . . ? ......................................................................................584
12.10 Ejemplo de diseño — Corrección del factor de potencia  ...................................................587
12.11 Resumen ..............................................................................................................................588
 Problemas ............................................................................................................................589
 Problemas PSpice ................................................................................................................593
 Problemas de diseño ............................................................................................................593

CAPÍTULO 13

Respuesta de frecuencia .................................................................................................594
13.1 Introducción .........................................................................................................................594
13.2 Ganancia, cambio de fase y la función de red .....................................................................594
13.3 Diagramas de Bode ..............................................................................................................606
13.4 Circuitos resonantes .............................................................................................................623
13.5 Respuesta de frecuencia de circuitos de amplificadores operacionales ...............................630
13.6 Trazo de diagramas de Bode utilizando MATLAB .............................................................632
13.7 Uso de PSpice para trazar un diagrama de respuesta de frecuencia ....................................634
13.8 ¿Cómo lo podemos comprobar . . . ? ......................................................................................636

A01_DORF_1571_8ED_SE_i-xxii.indd   xixA01_DORF_1571_8ED_SE_i-xxii.indd   xix 5/10/11   10:07 AM5/10/11   10:07 AM



Alfaomega Circuitos Eléctricos - Dorf

 xx Contenido

13.9 Ejemplo de diseño — Sintonizador de radio .......................................................................640
13.10 Resumen ..............................................................................................................................642
 Problemas ............................................................................................................................643
 Problemas de PSpice  ...........................................................................................................656
 Problemas de diseño ............................................................................................................658

CAPÍTULO 14

Transformada de Laplace ................................................................................................660
14.1 Introducción .........................................................................................................................660
14.2 Transformada de Laplace .....................................................................................................661
14.3 Entradas de pulso .................................................................................................................667
14.4 Transformada inversa de Laplace ........................................................................................671
14.5 Teoremas del valor inicial y final ........................................................................................677
14.6 Solución de ecuaciones diferenciales que describen un circuito .........................................680
14.7 Análisis de circuitos utilizando impedancia y condiciones iniciales ...................................681
14.8 Función de transferencia e impedancia ................................................................................692
14.9 Convolución .........................................................................................................................695
14.10 Estabilidad ...........................................................................................................................699
14.11 Expansión de fracción parcial utilizando MATLAB ...........................................................702
14.12 ¿Cómo lo podemos comprobar . . . ? ......................................................................................707
14.13 Ejemplo de diseño — Compuerta de carga del transbordador espacial ..............................710
14.14 Resumen ..............................................................................................................................713
 Problemas ............................................................................................................................714
 Problemas de PSpice ............................................................................................................728
 Problemas de diseño ............................................................................................................729

CAPÍTULO 15

Serie y transformada de Fourier .....................................................................................730
15.1 Introducción .........................................................................................................................730
15.2 Serie de Fourier ....................................................................................................................731
15.3 Simetría de la función f (t) ...................................................................................................739
15.4 Serie de Fourier de formas de onda seleccionadas ..............................................................744
15.5 Forma exponencial de la serie de Fourier ............................................................................746
15.6 Espectro de Fourier ..............................................................................................................754
15.7 Circuitos y serie de Fourier ..................................................................................................758
15.8 Uso de PSpice para determinar la serie de Fourier ..............................................................761
15.9 Transformada de Fourier .....................................................................................................766
15.10 Propiedades de la transformada de Fourier .........................................................................769
15.11 Espectro de las señales .........................................................................................................773
15.12 Convolución y respuesta del circuito ...................................................................................774
15.13 Transformada de Fourier y la transformada de Laplace ......................................................777
15.14 ¿Cómo lo podemos comprobar . . . ? ......................................................................................779
15.15 Ejemplo de diseño — Alimentación de potencia de CD .....................................................781
15.16 Resumen ..............................................................................................................................784
 Problemas ............................................................................................................................785
 Problemas de PSpice ............................................................................................................791
 Problemas de diseño ............................................................................................................791

A01_DORF_1571_8ED_SE_i-xxii.indd   xxA01_DORF_1571_8ED_SE_i-xxii.indd   xx 5/10/11   10:07 AM5/10/11   10:07 AM



Circuitos Eléctricos - Dorf Alfaomega

 Contenido xxi

CAPÍTULO 16

Circuitos de filtro .............................................................................................................793
16.1 Introducción .........................................................................................................................793
16.2 Filtro eléctrico ......................................................................................................................793
16.3 Filtros ...................................................................................................................................794
16.4 Filtros de segundo orden ......................................................................................................797
16.5 Filtros de alto orden .............................................................................................................805
16.6 Simulación de circuitos de filtro utilizando PSpice .............................................................811
16.7 ¿Cómo lo podemos comprobar . . . ? ......................................................................................815
16.8 Ejemplo de diseño — Filtro antiseudónimo ........................................................................817
16.9 Resumen ..............................................................................................................................820
 Problemas ............................................................................................................................820
 Problemas de PSpice ............................................................................................................825
 Problemas de diseño ............................................................................................................828

CAPÍTULO 17

Redes de dos y tres puertos ...........................................................................................829
17.1 Introducción .........................................................................................................................829
17.2 Transformación de T a � y redes de dos puertos y tres terminales .....................................830
17.3 Ecuaciones de redes de dos puertos .....................................................................................832
17.4 Parámetros Z y Y para un circuito con fuentes dependientes ...............................................835
17.5 Parámetros híbridos y de transmisión ..................................................................................837
17.6 Relaciones entre parámetros de dos puertos ........................................................................839
17.7 Interconexión de redes de dos puertos .................................................................................841
17.8 ¿Cómo lo podemos comprobar . . . ? ......................................................................................844
17.9 Ejemplo de diseño — Amplificador de transistores ............................................................846
17.10 Resumen ..............................................................................................................................848
 Problemas ............................................................................................................................848
 Problemas de diseño ............................................................................................................852

APÉNDICE A

Inicios con PSpice ............................................................................................................853

APÉNDICE B

MATLAB, matrices y aritmética compuesta ..................................................................860

APÉNDICE C

Fórmulas matemáticas ....................................................................................................871

APÉNDICE D

Código de colores del resistor estándar ........................................................................874

Referencias .......................................................................................................................876

Índice ................................................................................................................................879

A01_DORF_1571_8ED_SE_i-xxii.indd   xxiA01_DORF_1571_8ED_SE_i-xxii.indd   xxi 5/10/11   10:07 AM5/10/11   10:07 AM



A01_DORF_1571_8ED_SE_i-xxii.indd   xxiiA01_DORF_1571_8ED_SE_i-xxii.indd   xxii 5/10/11   10:07 AM5/10/11   10:07 AM



Circuitos Eléctricos - Dorf Alfaomega

1

1.2 C I R C U I T O S  E L É C T R I C O S  Y  C O R R I E N T E

Al comparar con otras fuentes de potencia, las principales características de la electricidad son su 
movilidad y su flexibilidad. La energía eléctrica puede ser trasladada a cualquier punto a lo largo 
de un conjunto de cables y, dependiendo de las necesidades del usuario, convertida en luz, calor 
o movimiento.

1. 7 ¿Cómo lo podemos comprobar . . . ?
1. 8  EJEMPLO DE DISEÑO — Controlador de 

válvulas de un motor de propulsión a chorro
1. 9 Resumen
 Problemas
 Problemas de diseño

Variables  
de circuitos eléctricos

EN ESTE CAPÍTULO

1. 1 Introducción
1. 2 Circuitos eléctricos y corriente
1. 3 Sistemas de unidades
1. 4 Voltaje
1. 5 Potencia y energía
1. 6 Análisis y diseño de circuitos

1.1 I N T R O D U C C I Ó N

Un circuito consta de elementos eléctricos conectados entre sí. Los ingenieros utilizan los circuitos 
eléctricos para resolver problemas de importancia para la sociedad actual. En particular:

1.  Los circuitos eléctricos se usan en la generación, transmisión y consumo de la potencia eléctrica 
y la energía.

2.  Los circuitos eléctricos se emplean en la codificación, decodificación, almacenamiento, 
transmisión y procesamiento de la información.

En este capítulo haremos lo siguiente:

•  Representar la corriente y el voltaje de un elemento del circuito eléctrico, prestando particular 
atención a la dirección de referencia de la corriente y a la dirección de referencia o polaridad del 
voltaje.

• Calcular la potencia y la energía proporcionadas o recibidas por un circuito.
•  Utilizar la convención pasiva para determinar si el producto de la corriente y el voltaje de un 

elemento de circuito es la potencia proporcionada por ese elemento o la potencia recibida  
por el elemento.

•  Aplicar notación científica para representar cantidades eléctricas con un amplio margen de 
magnitudes.

CAPÍTULO
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 2 Variables de circuitos eléctricos

Cable

Cable

ResistenciaBatería

a b

i1

i2

ba

Un circuito eléctrico o red eléctrica es una interconexión de elementos eléctricos unidos 
entre sí en una vía cerrada, de modo que una corriente eléctrica pueda fluir constantemente.

 Considere un circuito sencillo que conste de dos elementos eléctricos bien conocidos, una ba-
tería y una resistencia, como se muestra en la figura 1.2-1. Cada elemento está representado por un 
elemento de dos terminales que se muestran en la figura 1.2-2. A estos elementos a veces se les llama 
dispositivos, y nodos a las terminales.

 La carga puede fluir en un circuito eléctrico. Corriente es la velocidad de cambio de carga que 
pasa en un punto dado. Carga es la propiedad intrínseca de materia que causa los fenómenos eléctri-
cos. La cantidad de carga q se puede expresar en términos de carga en un electrón, es decir, 21.602 3 
10219 culombios. Por tanto, 21 culombio es la carga en 6.24 3 1018 electrones. La corriente a través 
de un área específica es definida por la carga eléctrica que pasa por el área por unidad de tiempo. En 
consecuencia, q se define como la carga expresada en culombios (C).

Carga es la cantidad de electricidad causante de los fenómenos eléctricos.

 Entonces, lo podemos expresar como
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An electric circuit or electric network is an interconnection of electrical elements linked

together in a closed path so that an electric current may flow continuously.

Consider a simple circuit consisting of two well-known electrical elements, a battery and a

resistor, as shown in Figure 1.2-1. Each element is represented by the two-terminal element

shown in Figure 1.2-2. Elements are sometimes called devices, and terminals are sometimes

called nodes.

Charge may flow in an electric circuit. Current is the time rate of change of charge past a given

point. Charge is the intrinsic property of matter responsible for electric phenomena. The quantity of

charge q can be expressed in terms of the charge on one electron, which is�1.602� 10�19 coulombs.

Thus, �1 coulomb is the charge on 6.24� 1018 electrons. The current through a specified area is

defined by the electric charge passing through the area per unit of time. Thus, q is defined as the charge

expressed in coulombs (C).

Charge is the quantity of electricity responsible for electric phenomena.

Then we can express current as

i ¼ dq

dt
ð1:2-1Þ

The unit of current is the ampere (A); an ampere is 1 coulomb per second.

Current is the time rate of flow of electric charge past a given point.

Note that throughout this chapter we use a lowercase letter, such as q, to denote a variable that is

a function of time, q(t). We use an uppercase letter, such as Q, to represent a constant.

The flow of current is conventionally represented as a flow of positive charges. This convention

was initiated by Benjamin Franklin, the first great American electrical scientist. Of course, we

now know that charge flow in metal conductors results from electrons with a negative charge.

Nevertheless, we will conceive of current as the flow of positive charge, according to accepted

convention.

Figure 1.2-3 shows the notation that we use to describe a current. There are two parts to

this notation: a value (perhaps represented by a variable name) and an assigned direction. As a

matter of vocabulary, we say that a current exists in or through an element. Figure 1.2-3 shows

that there are two ways to assign the direction of the current through an element. The current i1
is the rate of flow of electric charge from terminal a to terminal b. On the other hand, the

current i2 is the flow of electric charge from terminal b to terminal a. The currents i1 and i2 are

Wire

Wire

ResistorBattery

FIGURE 1.2-1 A simple circuit.

a b

FIGURE 1.2-2 A general two-terminal electrical

element with terminals a and b.

i1

i2

ba

FIGURE 1.2-3 Current

in a circuit element.

2 Electric Circuit Variables

 (1.2-1)

 La unidad de corriente es el amperio (A); un amperio es 1 culombio por segundo.

Corriente es la velocidad de flujo de la carga eléctrica que pasa por un punto dado.

 Observe que a lo  largo de este capítulo utilizamos una letra minúscula, como q, para indicar una 
variable que es una función de tiempo, q(t); y una mayúscula, como Q, para representar una constante.
 El flujo de corriente se representa por convención como un flujo de cargas positivas. Esta con-
vensión la inició Benjamín Franklin, primer gran científico estadounidense de la electricidad. Desde 
luego, ahora sabemos que la carga que fluye en conductores de metal es el resultado de electrones 
con carga negativa. No obstante, consideraremos la corriente como el flujo de una carga positiva, de 
acuerdo con la convención aceptada.

FIGURA 1.2-3 La 
corriente en un circuito.

 La figura 1.2-3 muestra la notación para describir una corriente. Hay dos partes para 
esta notación: un valor (quizá representado por un nombre de variable) y una dirección asig-
nada. A manera de vocabulario, decimos que se da una corriente en o a través de un elemento. 
La figura muestra que hay dos maneras de asignar la dirección de la corriente a través del 
elemento. La corriente i1 es la proporción del flujo de carga de electricidad de la terminal a a 
la b. Por otro lado, la corriente i2 es el flujo de la carga de electricidad de la terminal b a la a. 

FIGURA 1.2-1 Circuito sencillo.
FIGURA 1.2-2 Elemento eléctrico de dos terminales 
a y b generales.
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 Circuitos eléctricos y corriente 3

0

i

I
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(b)(a) (c)

0
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(A)

t (s)

M

i = Mt, t 0

0 t (s)

i = Ie–bt, t 0

0

–I

I I

t (s)

i = I sen    t, t 0

Las corrientes i1 e i2 son semejantes pero diferentes. Tienen el mismo tamaño pero diferentes direc-
ciones. Por lo tanto, i2 es la negativa de i1 y entonces

 i1 � �i2
Siempre se asocia una flecha con una corriente para indicar su dirección. Una descripción completa de 
corriente requiere un valor (que puede ser positivo o negativo) y una dirección (indicada por una flecha).
 Si la corriente que fluye a través de un elemento es constante, se representa por la constante I, 
como se muestra en la figura 1.2-4. Una corriente constante se denomina corriente directa (cd).

Una corriente directa (cd) es una corriente de magnitud constante.

 Una corriente que varía con el tiempo i(t) puede tomar varias formas, ya sea de rampa, sinusoide o 
exponencial, como se ven en la figura 1.2-5. La corriente sinusoidal se denomina corriente alterna (ca).

FIGURA 1.2-4 Corriente directa de magnitud I. 

 Si se conoce la carga q, la corriente i se encuentra fácilmente mediante la ecuación 1.2-1. O bien, 
si se conoce la corriente i, se puede calcular la carga q. Observe que de la ecuación 1.2-1 obtenemos

  
q ¼

Z t

�1
i dt ¼

Z t

0
i dt þ q 0ð Þ  (1.2-2)

donde q(0) es la carga en t � 0.

FIGURA 1.2-5 (a) Rampa con una pendiente M. (b) Sinusoide. (c) Exponencial. I es una constante. La corriente i es 
cero para t � 0.

Obtenga la corriente en un elemento cuando la carga entrante sea

 q � 12t C

donde t es el tiempo en segundos.

E J E M P L O  1. 2 - 1  Corriente a partir de una carga
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 4 Variables de circuitos eléctricos

Solución
Recuerde que la unidad de carga es el culombio, C. Por tanto, la corriente, a partir de la ecuación 1.2-1 es
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2

����
3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

donde la unidad de corriente son los amperios, A.

FIGURA 1.2-6 Forma de onda de corriente del ejemplo 1.2-2.

Obtenga la carga que ha entrado a la terminal de un elemento de t 5 0 a t 5 3 s cuando la corriente entrante al 
elemento es como se muestra en la figura 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s)

Solución
De la figura 1.2-6 podemos describir i(t) como
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2

����
3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

Con la ecuación 1.2-2, tenemos
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1
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4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2
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3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

De manera alternativa, observamos que esa integración de i(t) de t 5 0 a t 5 3 s sólo requiere calcular el área bajo 
la curva que se muestra en la figura 1.2-6. Entonces tenemos que
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.
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Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2
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3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

EJERCICIO 1.2-1  Obtenga la carga que ha entrado en un elemento en tiempo t cuando 
i 5 8t 2 2 4t A, t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0. Suponga que q(t) 5 0 para que t  0.

Respuesta: 
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2

����
3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

EJERCICIO 1.2-2  La carga total que ha entrado en un circuito es q(t) 5 4 sen 3t C cuando 
t 
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JET VALVE CONTROLLER
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for the one-minute period is 40 mJ. Element 1 is a
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required constants D and B and describe the required battery.
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1. The current enters the plus terminal of the second element.
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3. The wires are perfect and have no effect on the circuit (they do not absorb energy).
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two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.
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State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0, y q(t) 5 0 cuando t  0. Determine la corriente en este circuito para que t  0.

Respuesta: 
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2

����
3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

 sen 
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EXERCISE 1.2-1 Find the charge that has entered an element by time t when

i¼ 8t 2 � 4t A, t� 0. Assume q(t)¼ 0 for t< 0.

Answer: q tð Þ ¼ 8

3
t3 � 2t2 C

EXERCISE 1.2-2 The total charge that has entered a circuit element is q(t)¼ 4 sin 3t C when

t � 0, and q(t)¼ 0 when t < 0. Determine the current in this circuit element for t> 0.

Answer: i tð Þ ¼ d

dt
4 sin 3t ¼ 12 cos 3t A

Solution
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is

i ¼ dq

dt
¼ 12 A

where the unit of current is amperes, A.

E X A M P L E 1 . 2 - 2 Charge from Current

Find the charge that has entered the terminal of an element from t¼ 0 s to t¼ 3 s when the current entering the

element is as shown in Figure 1.2-6.

1

0 1 2 3–1

2

3

4

i (A)

t (s) FIGURE 1.2-6 Current waveform for Example 1.2-2.

Solution
From Figure 1.2-6, we can describe i(t) as

i tð Þ ¼
0 t < 0
1 0 < t � 1
t t > 1

8<
:

Using Eq. 1.2-2, we have

q 3ð Þ � q 0ð Þ ¼
Z 3

0
i tð Þdt ¼

Z 1

0
1 dt þ

Z 3

1
t dt

¼ t

����
1

0

þ t2

2

����
3

1

¼ 1þ 1

2
9� 1ð Þ ¼ 5 C

Alternatively, we note that integration of i(t) from t¼ 0 to t¼ 3 s simply requires the calculation of the area under

the curve shown in Figure 1.2-6. Then, we have

q ¼ 1þ 2� 2 ¼ 5 C

4 Electric Circuit Variables

e j e m p l o  1. 2 - 2  Carga a partir de corriente
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1.3 S I S T E M A S  D E  U N I D A D E S

Para representar un circuito y sus elementos, debemos definir un sistema que conste de unidades para 
las cantidades que ocurran en el circuito. En la reunión general de la Conferencia General de Pesos y 
Medidas de 1960, los representantes modernizaron el sistema métrico y crearon el Système Interna-
tional d’Unites, más conocido como Unidades SI.

SI es el Système International d’Unités; o International System of Units.

 Las unidades fundamentales, o básicas, del SI se muestran en la tabla 1.3-1. Los símbolos de 
unidades que representan nombres propios (de persona) van con inicial mayúscula, los demás no. No 
se usan puntos después de los símbolos, y los símbolos no tienen forma plural. Las unidades derivadas 
de otras cantidades físicas se obtienen de la combinación de unidades fundamentales. La tabla 1.3-2 
muestra las unidades derivadas más comunes junto con sus fórmulas en términos de unidades funda-
mentales o unidades derivadas anteriores. Se muestran los símbolos para las unidades que los tienen.

Tabla 1.3-1 Unidades base del SI

UNIDAD SI

CANTIDAD NOMBRE SÍMBOLO

Longitud metro m
Masa kilogramo kg
Tiempo segundo s
Corriente eléctrica amperio A
Temperatura termodinámica kelvin K
Cantidad de sustancia mol mol
Intensidad luminosa candela cd

Tabla 1.3-2 Unidades derivadas del SI

CANTIDAD NOMBRE DE UNIDAD FÓRMULA SÍMBOLO

Aceleración – lineal metro por segundo por segundo m/s2

Velocidad – lineal metro por segundo m/s
Frecuencia hertz s21 Hz

Fuerza newton kg  m/s2  N
Presión o tensión pascal N/m2 Pa
Densidad kilogramo por metro cúbico kg/m3

Energía de trabajo joule (julio) N  m J
Potencia watt (vatio) J/s W
Carga eléctrica culombio A  s C
Potencial eléctrico voltio W/A V
Resistencia eléctrica ohmio V/A V

Conductancia eléctrica siemens A/V S
Capacitancia eléctrica faradios C/V F
Flujo magnético weber V  s Wb

Inductancia henry Wb/A H
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 Las unidades básicas como las de longitud en metros (m), de tiempo en segundos (s), y de co-
rriente en amperios (A), se pueden usar para obtener unidades. Así, por ejemplo, tenemos la unidad de 
carga (C) resultado del producto de corriente y tiempo (A  s). La unidad fundamental para la energía 
es el joule (J), la cual es fuerza por distancia o N  m.
 La gran ventaja del sistema SI es que incorpora un sistema decimal para que haya una relación 
en cantidades mayores o menores con respecto a la unidad básica. Las potencias de 10 se representan 
por los prefijos estándar que se muestran en la tabla 1.3-3. Un ejemplo del uso común de un prefijo es 
el centímetro (cm), que es 0.01 metros, o la centésima parte de un metro.
 El multiplicador decimal siempre debe acompañar a las unidades apropiadas y nunca se escribe 
solo. De manera que podemos escribir 2 500 W como 2.5 kW. Del mismo modo, podemos escribir 
0.012 A como 12 mA.

Tabla 1.3-3 Prefijos SI

MÚLTIPLO PREFIJO SÍMBOLO

1012 tera T
109 giga G
106 mega M
103 kilo k

1022 centi c

1023 mili m

1026 micro m

1029 nano n

10212 pico p

10215 femto f

Una masa de 150 gramos experimenta una fuerza de 100 newtons. Obtenga la energía o trabajo que se consumió 
si la masa se movió 10 centímetros. Además, obtenga la potencia si la masa completa su movimiento en 1 mili-
segundo.

Solución
La energía se encuentra como

energía 5 fuerza 3 distancia 5 100 3 0.1 5 10 J
Observe que la distancia se utilizó en unidades de metros. La potencia se encuentra a partir de

potencia 
periodo de tiempo

energía

donde el periodo de tiempo es 1023 s. Por consiguiente,

potencia 5 
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The basic units such as length in meters (m), time in seconds (s), and current in amperes (A) can

be used to obtain the derived units. Then, for example, we have the unit for charge (C) derived from the

product of current and time (A � s). The fundamental unit for energy is the joule (J), which is force

times distance or N � m.

The great advantage of the SI system is that it incorporates a decimal system for relating larger or

smaller quantities to the basic unit. The powers of 10 are represented by standard prefixes given in

Table 1.3-3. An example of the common use of a prefix is the centimeter (cm), which is 0.01 meter.

The decimal multiplier must always accompany the appropriate units and is never written by itself.

Thus, we may write 2500W as 2.5 kW. Similarly, we write 0.012A as 12mA.

EXERCISE 1.3-1 Which of the three currents, i1¼ 45 mA, i2¼ 0.03 mA, and i3¼ 25 �
10�4 A, is largest?

Answer: i3 is largest.

Table 1.3-3 SI Prefixes

MULTIPLE PREFIX SYMBOL

1012 tera T

109 giga G

106 mega M

103 kilo k

10�2 centi c

10�3 milli m

10�6 micro m

10�9 nano n

10�12 pico p

10�15 femto f

E X A M P L E 1 . 3 - 1 SI Units

A mass of 150 grams experiences a force of 100 newtons. Find the energy or work expended if the mass moves 10

centimeters. Also, find the power if the mass completes its move in 1 millisecond.

Solution
The energy is found as

energy ¼ force� distance ¼ 100� 0:1 ¼ 10 J

Note that we used the distance in units of meters. The power is found from

power ¼ energy

time period

where the time period is 10�3 s. Thus,

power ¼ 10

10�3 ¼ 104 W ¼ 10 kW

6 Electric Circuit Variables

 5 104 W 5 10 kW

EJERCICIO 1.3-1  ¿Cuál de las tres corrientes i1 5 45 mA, i2 5 0.03 mA, e i3 5 25 3 1024 A, 
es la más grande?

Respuesta: i3 es la más grande.

e j e m p l o  1. 3 - 1  Unidades del SI
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1.4 VO LTA J E

Las variables básicas en un circuito eléctrico son la corriente y el voltaje. Estas variables descri-
ben el flujo de carga a través de los elementos de un circuito y la energía requerida para que la 
carga fluya. La figura 1.4-1 muestra la notación para describir un voltaje. Hay dos partes en esta 
notación: un valor (quizá representado por una variable de nombre) y una dirección asignada. El 
valor de un voltaje puede ser positivo o negativo. La dirección se la dan sus polaridades (1, 2). 
Como una cuestión de vocabulario, se dice que un voltaje ocurre a través de un elemento. La 
figura 1.4-1 muestra que hay dos formas de marcar el voltaje a través de un elemento. El voltaje 
vba es proporcional al trabajo requerido para mover una carga positiva de la terminal a a la b. Por otra 
parte, el voltaje vab es proporcional al trabajo requerido para mover una carga positiva de la terminal b 
a la a. En ocasiones vba se lee como “el voltaje de la terminal b con respecto a la terminal a”. Del mis-
mo modo, vab se puede leer como “el voltaje en la terminal a con respecto a la terminal b”. De manera 
alternativa, a veces se dice que vba es el voltaje que va de la terminal a a la b. Los voltajes vab y vba son 
semejantes pero diferentes. Tienen la misma magnitud pero diferentes polaridades. Eso significa que

vab 5 2vba

Si se considera vba, la terminal b se denomina “terminal 1” y la terminal a se denomina “terminal 2”. 
Por otra parte, cuando nos referimos a vab, la terminal a se denomina la “terminal 1” y la terminal b 
es la “terminal 2”.

El voltaje que pasa a través de un elemento es el trabajo (energía) que se requiere para mo-
ver una unidad de carga positiva de la terminal 2 a la terminal 1. La unidad de voltaje es 
el voltio, V.

 La ecuación para el voltaje que pasa a través del elemento es
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1.4 VOLTAGE

The basic variables in an electrical circuit are current and voltage. These variables

describe the flow of charge through the elements of a circuit and the energy required to

cause charge to flow. Figure 1.4-1 shows the notation we use to describe a voltage.

There are two parts to this notation: a value (perhaps represented by a variable name)

and an assigned direction. The value of a voltage may be positive or negative. The

direction of a voltage is given by its polarities (þ, �). As a matter of vocabulary, we

say that a voltage exists across an element. Figure 1.4-1 shows that there are two ways

to label the voltage across an element. The voltage vba is proportional to the work required to move a

positive charge from terminal a to terminal b. On the other hand, the voltage vab is proportional to the

work required to move a positive charge from terminal b to terminal a. We sometimes read vba as ‘‘the

voltage at terminal b with respect to terminal a.’’ Similarly, vab can be read as ‘‘the voltage at terminal

a with respect to terminal b.’’ Alternatively, we sometimes say that vba is the voltage drop from

terminal a to terminal b. The voltages vab and vba are similar but different. They have the same

magnitude but different polarities. This means that

vab ¼ �vba

When considering vba, terminal b is called the ‘‘þ terminal’’ and terminal a is called the ‘‘�
terminal.’’ On the other hand, when talking about vab, terminal a is called the ‘‘þ terminal’’ and

terminal b is called the ‘‘� terminal.’’

The voltage across an element is the work (energy) required to move a unit positive charge

from the � terminal to the þ terminal. The unit of voltage is the volt, V.

The equation for the voltage across the element is

v ¼ dw

dq
ð1:4-1Þ

where v is voltage, w is energy (or work), and q is charge. A charge of 1 coulomb delivers an energy of

1 joule as it moves through a voltage of 1 volt.

1.5 POWER AND ENERGY

The power and energy delivered to an element are of great importance. For example, the useful output

of an electric lightbulb can be expressed in terms of power. We know that a 300-watt bulb delivers

more light than a 100-watt bulb.

Power is the time rate of expending or absorbing energy.

Thus, we have the equation

p ¼ dw

dt
ð1:5-1Þ

vba

ba

–

–

+

+ vab

FIGURE 1.4-1 Voltage

across a circuit element.

Power and Energy 7

 (1.4-1)

donde v es el voltaje, w es la energía (o trabajo), y q es la carga. Una carga de 1 culombio entrega una 
energía de 1 joule al moverse a través de un voltaje de 1 voltio.

1.5 P O T E N C I A  Y  E N E R G Í A

La potencia y la energía que se entregan a un elemento tienen una gran importancia. Por ejemplo, la 
salida usual de una bombilla eléctrica, o foco, se puede expresar en términos de potencia. Un foco de  
300 watts (vatios) proporciona más luz que uno de 100 watts.

Potencia es el periodo de gasto o absorción de energía.

 Por lo tanto, tenemos la ecuación
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1.4 VOLTAGE

The basic variables in an electrical circuit are current and voltage. These variables

describe the flow of charge through the elements of a circuit and the energy required to

cause charge to flow. Figure 1.4-1 shows the notation we use to describe a voltage.

There are two parts to this notation: a value (perhaps represented by a variable name)

and an assigned direction. The value of a voltage may be positive or negative. The

direction of a voltage is given by its polarities (þ, �). As a matter of vocabulary, we

say that a voltage exists across an element. Figure 1.4-1 shows that there are two ways

to label the voltage across an element. The voltage vba is proportional to the work required to move a

positive charge from terminal a to terminal b. On the other hand, the voltage vab is proportional to the

work required to move a positive charge from terminal b to terminal a. We sometimes read vba as ‘‘the

voltage at terminal b with respect to terminal a.’’ Similarly, vab can be read as ‘‘the voltage at terminal

a with respect to terminal b.’’ Alternatively, we sometimes say that vba is the voltage drop from

terminal a to terminal b. The voltages vab and vba are similar but different. They have the same

magnitude but different polarities. This means that

vab ¼ �vba

When considering vba, terminal b is called the ‘‘þ terminal’’ and terminal a is called the ‘‘�
terminal.’’ On the other hand, when talking about vab, terminal a is called the ‘‘þ terminal’’ and

terminal b is called the ‘‘� terminal.’’

The voltage across an element is the work (energy) required to move a unit positive charge

from the � terminal to the þ terminal. The unit of voltage is the volt, V.

The equation for the voltage across the element is

v ¼ dw

dq
ð1:4-1Þ

where v is voltage, w is energy (or work), and q is charge. A charge of 1 coulomb delivers an energy of

1 joule as it moves through a voltage of 1 volt.

1.5 POWER AND ENERGY

The power and energy delivered to an element are of great importance. For example, the useful output

of an electric lightbulb can be expressed in terms of power. We know that a 300-watt bulb delivers

more light than a 100-watt bulb.

Power is the time rate of expending or absorbing energy.

Thus, we have the equation

p ¼ dw

dt
ð1:5-1Þ

vba

ba

–

–

+

+ vab

FIGURE 1.4-1 Voltage

across a circuit element.

Power and Energy 7

 (1.5-1)

FIGURA 1.4-1 
Voltaje a través de un 
elemento del circuito.

vba

ba

–

–

+

+ vab
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donde p es potencia en watts, w es energía en joules, y t es tiempo en segundos. La potencia 
asociada con la carga que fluye a través de un elemento es
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where p is power in watts, w is energy in joules, and t is time in seconds. The power associated

with the charge flow through an element is

p ¼ dw

dt
¼ dw

dq
� dq
dt

¼ v � i ð1:5-2Þ

From Eq. 1.5-2, we see that the power is simply the product of the voltage across an

element times the current through the element. The power has units of watts.

Two circuit variables are assigned to each element of a circuit: a voltage and a current.

Figure 1.5-1 shows that there are two different ways to arrange the direction of the current

and the polarity of the voltage. In Figure 1.5-1a, the current enters the circuit element at the

þ terminal of the voltage and exits at the � terminal. In contrast, in Figure 1.5-1b, the

current enters the circuit element at the� terminal of the voltage and exits at the þ terminal.

First, consider Figure 1.5-1a. When the current enters the circuit element at the þ
terminal of the voltage and exits at the� terminal, the voltage and current are said to ‘‘adhere

to the passive convention.’’ In the passive convention, the voltage pushes a positive charge in

the direction indicated by the current. Accordingly, the power calculated by multiplying the

element voltage by the element current

p ¼ vi

is the power absorbed by the element. (This power is also called ‘‘the power received by the element’’

and ‘‘the power dissipated by the element.’’) The power absorbed by an element can be either positive

or negative. This will depend on the values of the element voltage and current.

Next, consider Figure 1.5-1b. Here the passive convention has not been used. Instead, the

current enters the circuit element at the � terminal of the voltage and exits at the þ terminal. In this

case, the voltage pushes a positive charge in the direction opposite to the direction indicated by the

current. Accordingly, when the element voltage and current do not adhere to the passive convention,

the power calculated by multiplying the element voltage by the element current is the power supplied

by the element. The power supplied by an element can be either positive or negative, depending on

the values of the element voltage and current.

The power absorbed by an element and the power supplied by that same element are

related by

power absorbed ¼ �power supplied

The rules for the passive convention are summarized in Table 1.5-1. When the element voltage and

current adhere to the passive convention, the energy absorbed by an element can be determined from

ba

–+ v

ba

– +v

i

i

(b)

(a)

FIGURE 1.5-1 (a) The

passive convention is

used for element

voltage and current. (b)

The passive convention

is not used.

Table 1.5-1 Power Absorbed or Supplied by an Element

POWER ABSORBED BY AN ELEMENT POWER SUPPLIED BY AN ELEMENT

ba

+ –v

i
ba

+– v

i

Because the reference directions of

v and i adhere to the passive

convention, the power

p ¼ vi

is the power absorbed by the

element.

Because the reference directions of

v and i do not adhere to the

passive convention, the power

p ¼ vi

is the power supplied by the

element.

8 Electric Circuit Variables

 (1.5-2)

 A partir de la ecuación 1.5-2 vemos que potencia es simplemente el producto del voltaje 
a través de un elemento por la corriente mientras la corriente fluye a través del elemento. La 
potencia tiene unidades de watts.
 A cada elemento de un circuito se asignan dos variables de circuito: un voltaje y una 
corriente. La figura 1.5-1 muestra que hay dos diferentes maneras de arreglar la dirección de 
la corriente y la polaridad del voltaje. En la figura 1.5-1a, la corriente entra en el circuito en la 
terminal 1 del voltaje y sale en la terminal 2. Por el contrario, en la figura 1.5-b, la corriente 
entra en el elemento del circuito en la terminal 2 del voltaje y sale en la terminal 1.
 Primero veamos la figura 1.5-1a. Cuando la corriente entra en el elemento de circuito en 
la terminal 1 del voltaje y sale en la terminal 2, se dice que el voltaje y la corriente se “apegan 
a la convención pasiva”. En ella, el voltaje impulsa una carga positiva en la dirección indicada 
por la corriente. Según esto, la potencia calculada al multiplicar el voltaje del elemento por la 
corriente del elemento

p 5 vi

FIGURA 1.5-1 (a) La 
convención pasiva se  
usa para voltaje y  
corriente del elemento. 
(b) No se usa la 
convención pasiva.

ba

–+ v

ba

– +v

i

i

(b)

(a)

Tabla 1.5-1 Potencia absorbida o alimentada por un elemento

POTENCIA ABSORBIDA POR UN ELEMENTO POTENCIA ALIMENTADA POR UN ELEMENTO

ba

+ –v

i
ba

+– v

i

Dado que las direcciones de referencia 
de v e i se apegan a la convención 
pasiva, la potencia  

p 5 vi
es la potencia absorbida por el 
elemento.

Dado que las direcciones de referencia 
de v e i no se apegan a la convención 
pasiva, la potencia  

p 5 vi
es la potencia alimentada por el 
elemento.

es la potencia absorbida por el elemento. (Esta potencia también se denomina “potencia recibida por 
el elemento”). La potencia absorbida por un elemento puede ser tanto positiva como negativa, lo cual 
dependerá de los valores del voltaje y la corriente del elemento.
 A continuación, veamos la figura 1.5-1b. Aquí no se ha utilizado la convención pasiva. En cam-
bio, la corriente entra al elemento de circuito en la terminal 2 del voltaje y sale en la terminal 1. En 
este caso, el voltaje impulsa una carga positiva en la dirección opuesta a la indicada por la corriente. 
Por consiguiente, cuando el voltaje y la corriente del elemento no se apegan a la convención pasiva, la 
potencia calculada al multiplicar el voltaje de del elemento por la corriente del elemento es la potencia 
alimentada por el elemento. La potencia alimentada por un elemento puede ser positiva o negativa, 
dependiendo de los valores del voltaje y la corriente del elemento.
 La potencia absorbida por n elemento en la energía alimentada por ese mismo elemento están 
relacionadas por

potencia absorbida 5 2 potencia alimentada

En la tabla 1.5-1 se resumen las reglas de la convención pasiva. Cuando el voltaje y la corriente del 
elemento se apegan a la convención pasiva, la energía absorbida por un elemento se puede determinar 
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por la ecuación 1.5-1 al reescribirla como 
 dw 5 p dt (1.5-3)
Al integrarla tenemos
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Eq. 1.5-1 by rewriting it as

dw ¼ p dt ð1:5-3Þ
On integrating, we have

w ¼
Z t

�1
p dt ð1:5-4Þ

If the element receives power only for t � t0 and we let t0 ¼ 0, then we have

w ¼
Z t

0
p dt ð1:5-5Þ

Now let us consider an example when the passive convention is not used. Then p¼ vi is the

power supplied by the element.

E X A M P L E 1 . 5 - 1 Electrical Power and Energy

Let us consider the element shown in Figure 1.5-1a when v¼ 4V and i¼ 10A. Find the power absorbed by the

element and the energy absorbed over a 10-s interval.

Solution
The power absorbed by the element is

p ¼ vi ¼ 4 � 10 ¼ 40 W

The energy absorbed by the element is

w ¼
Z 10

0
p dt ¼

Z 10

0
40 dt ¼ 40 � 10 ¼ 400 J

E X A M P L E 1 . 5 - 2 Electrical Power and the Passive Convention

Consider the element shown in Figure 1.5-2. The current i and voltage vab adhere to the passive convention, so the

power absorbed by this element is

power absorbed ¼ i � vab ¼ 2 � �4ð Þ ¼ �8 W

The current i and voltage vba do not adhere to the passive convention, so the power supplied by this element is

power supplied ¼ i � vba ¼ 2 � 4ð Þ ¼ 8 W

As expected

power absorbed ¼ �power supplied

ba

–+ vab = –4 V

– +vba = 4 V
i = 2 A

FIGURE 1.5-2 The element

considered in Example 1.5-2.

Power and Energy 9

 (1.5-4)

Si el elemento sólo recibe potencia para t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 t0 y obtenemos t0 5 0, entonces tenemos
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Eq. 1.5-1 by rewriting it as

dw ¼ p dt ð1:5-3Þ
On integrating, we have

w ¼
Z t

�1
p dt ð1:5-4Þ

If the element receives power only for t � t0 and we let t0 ¼ 0, then we have

w ¼
Z t

0
p dt ð1:5-5Þ

Now let us consider an example when the passive convention is not used. Then p¼ vi is the

power supplied by the element.

E X A M P L E 1 . 5 - 1 Electrical Power and Energy

Let us consider the element shown in Figure 1.5-1a when v¼ 4V and i¼ 10A. Find the power absorbed by the

element and the energy absorbed over a 10-s interval.

Solution
The power absorbed by the element is

p ¼ vi ¼ 4 � 10 ¼ 40 W

The energy absorbed by the element is

w ¼
Z 10

0
p dt ¼

Z 10

0
40 dt ¼ 40 � 10 ¼ 400 J

E X A M P L E 1 . 5 - 2 Electrical Power and the Passive Convention

Consider the element shown in Figure 1.5-2. The current i and voltage vab adhere to the passive convention, so the

power absorbed by this element is

power absorbed ¼ i � vab ¼ 2 � �4ð Þ ¼ �8 W

The current i and voltage vba do not adhere to the passive convention, so the power supplied by this element is

power supplied ¼ i � vba ¼ 2 � 4ð Þ ¼ 8 W

As expected

power absorbed ¼ �power supplied

ba

–+ vab = –4 V

– +vba = 4 V
i = 2 A

FIGURE 1.5-2 The element

considered in Example 1.5-2.

Power and Energy 9

 (1.5-5)

Consideremos el elemento que se muestra en la figura 1.5-1a cuando v 5 4 V e i 5 10 A. Obtenga la potencia 
absorbida por el elemento y la energía absorbida durante un intervalo de 10 s.

Solución
La potencia absorbida por el elemento es

p 5 vi 5 4  10 5 40 W
La energía absorbida por el elemento es
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Power and Energy 9

Considere el elemento que se muestra en la figura 1.5-2. La corriente i y el voltaje vab se apegan a la convención 
pasiva, por lo tanto, la potencia absorbida por este elemento es

potencia absorbida 5 i  vab 5 2  1242 5 28 W
La corriente i y el voltaje vba no se apegan a la convención pasiva, por lo tanto la potencia alimentada por este 
elemento es

potencia alimentada 5 i  vab 5 2  142 5 8 W
Como se esperaba

potencia absorbida 5 2potencia alimentada

FIGURA 1.5-2 El elemento 
considerado en el ejemplo 1.5-2.

 Ahora veamos un ejemplo de cuando no se utiliza la convención pasiva. Entonces p 5 vi es la 
potencia alimentada por el elemento.

ba

–+ vab = –4 V

– +vba = 4 V
i = 2 A

e j e m p l o  1- 5 - 1  Potencia y energía eléctricas

e j e m p l o  1. 5 - 2  Potencia eléctrica y la convención pasiva
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Considere el circuito que se muestra en la figura 1.5-3 con v 5 8e2t V e i 5 20e2t A para que t 

E1C01_1 11/26/2009 14

1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0. Obtenga 
la potencia alimentada por este elemento y la energía alimentada por el elemento durante el primer segundo de 
operación. Supongamos que v e i son cero para que t  0.

Solución
La potencia alimentada es

p 5 vi 5 A8e2t B A20e2t B 5 160e22t W

Este elemento está proporcionando energía a la carga que fluye a través de él.
 La energía alimentada durante el primer segundo es

E1C01_1 11/26/2009 10

EXERCISE 1.5-1 Figure E 1.5-1 shows four circuit elements identified by the letters A, B,

C, and D.

(a) Which of the devices supply 12 W?

(b) Which of the devices absorb 12 W?

E X A M P L E 1 . 5 - 3 Power, Energy, and the Passive Convention

Consider the circuit shown in Figure 1.5-3 with v¼ 8e�t V and i¼ 20e�t A for t� 0. Find the power supplied by

this element and the energy supplied by the element over the first second of operation. We assume that v and i are

zero for t< 0.

a b

– +v

i

FIGURE 1.5-3 An element with the current

flowing into the terminal with a negative voltage sign.

Solution
The power supplied is

p ¼ vi ¼ 8e�tð Þ 20e�tð Þ ¼ 160e�2t W

This element is providing energy to the charge flowing through it.

The energy supplied during the first second is

w ¼
Z 1

0
p dt ¼

Z 1

0
160e�2t
� �

dt

¼ 160
e�2t

�2

����
1

0

¼ 160

�2
e�2 � 1
� � ¼ 80 1� e�2

� � ¼ 69:2 J

E X A M P L E 1 . 5 - 4 Energy in a Thunderbolt

The average current in a typical lightning thunderbolt is 2� 104 A, and its typical duration is 0.1 s (Williams,

1988). The voltage between the clouds and the ground is 5� 108 V. Determine the total charge transmitted to the

earth and the energy released.

Solution
The total charge is

Q ¼
Z 0:1

0
i tð Þ dt ¼

Z 0:1

0
2� 104 dt ¼ 2� 103 C

The total energy released is

w ¼
Z 0:1

0
i tð Þ � v tð Þ dt ¼

Z 0:1

0
2� 104
� �

5� 108
� �

dt ¼ 1012 J ¼ 1 TJ

10 Electric Circuit Variables

a b

– +
v

i

FIGURA 1.5-3 Elemento cuya corriente fluye 
hacia la terminal con un signo de voltaje negativo.

La corriente promedio en un rayo común es de 2 3 104 A, y su duración suele ser de 0.1 s (Williams, 1988). El 
voltaje entre las nubes y el suelo es de 5 3 108 V. Determine la carga total transmitida a la tierra y la energía 
liberada.

Solución
La carga total es
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10 Electric Circuit Variables

La energía total liberada es
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10 Electric Circuit Variables

EJERCICIO 1.5-1  La figura E 1.5-1 muestra cuatro elementos de circuito identificados con 
las letras A, B,C y D.

(a) ¿Cuál de los dispositivos alimenta 12 W?

(b) ¿Cuál de los dispositivos absorbe 12 W?

e j e m p l o  1. 5 - 3  Potencia, energía y la convención pasiva

e j e m p l o  1. 5 - 4  Energía en un rayo
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(c) ¿Cuál es el valor de la potencia recibida por el dispositivo B?

(d) ¿Cuál es el valor de la potencia entregada por el dispositivo B?

(e) ¿Cuál es el valor de la potencia entregada por el dispositivo D?

(A)

+ 4 V

3 A

–

(B)

– 2 V

6 A

(C)

++ 6 V

2 A

–

(D)

– 3 V

4 A

+

Respuestas: (a) B y C, (b) A y D, (c) 212 W, (d) 12 W, (e) 212W

1.6 A N Á L I S I S  Y  D I S E Ñ O  D E  C I R C U I T O S

El análisis y diseño de circuitos eléctricos son las actividades primarias que se describen en este libro, 
a la vez que son las habilidades propias de un ingeniero electricista. El análisis de un circuito tiene 
que ver con el estudio metódico del circuito dado diseñado para obtener la magnitud y dirección de 
una o más variables de circuitos, como una corriente o el voltaje.
 El proceso del análisis empieza con una exposición del problema, y por lo común se incluye un 
modelo de circuito dado. El objetivo es determinar la magnitud y la dirección de una o más variables 
de circuito, y la tarea final es verificar que la solución propuesta sea la correcta. Suele suceder que el 
ingeniero identifique primero lo que se conoce y los principios que utilizará para determinar la varia-
ble desconocida.
 En la figura 1.6-1 se muestra el método que se seguirá a lo largo de este libro para la solución 
del problema. Por lo general se da el planteamiento del problema. Entonces el proceso de análisis 
se mueve de manera secuencial pasando por las cinco etapas que se muestran en la figura 1.6-1. 
En la primera se describen la situación y los supuestos. En la segunda se establecen los objetivos y  

FIGURA E 1.5-1

CorrectaIncorrecta

Plantea el problema.

Describe la situación y 
los supuestos.

Establece los objetivos y 
requerimientos.

Genera un plan para obtener 
una solución del problema.

Actúa sobre el plan.

Se informa sobre la solución.

Verifica que la solución 
propuesta sea la correcta.

Problema

Situación

Objetivo

Plan

Acción

Verificación

Solución
FIGURA 1.6-1 El método para la solución del problema.
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requerimientos, y por lo común se registra la variable de circuito requerida que se ha de determinar. 
La tercera etapa es para generar un plan que ayudará a obtener la solución del problema. La cuarta 
etapa implica efectuar las actividades que se planearon y hacer un seguimiento a las etapas descritas 
en el plan. En la etapa final se verifica que la solución propuesta sea la correcta. Si lo es, se informa 
sobre la solución y se registra por escrito o se presenta de viva voz. Si la etapa de verificación indica 
que la solución propuesta no es la correcta o es inadecuada, entonces se vuelve a las etapas del plan, 
para reformular un plan mejorado y se repiten las etapas 4 y 5.
 Para ilustrar este método analítico se propone un ejemplo. En el ejemplo 1.6-1 utilizaremos las 
etapas descritas en el método de solución de problemas de la figura 1.6-1.

Un experimentador en un laboratorio supone que un elemento está absorbiendo potencia y utiliza un voltímetro y 
un amperímetro para medir el voltaje y la corriente como se muestra en al figura 1.6-2. Las mediciones indican que 
el voltaje es v 5 112 V y que la corriente es i 5 22 A. Determine si el supuesto del experimentador es correcto.
 Describa la situación y los supuestos: estrictamente hablando, el elemento está absorbiendo potencia. El 
valor de la potencia absorbida por el elemento puede ser positiva, nula o negativa. Cuando decimos que alguien 
“supone que un elemento está absorbiendo potencia” significa que alguien asume que la potencia absorbida por 
el elemento es positiva.
 Los medidores son ideales. Se conectan al elemento de tal manera que midan el voltaje marcado v y la 
corriente marcada como i. Los valores del voltaje y de la corriente aparecen en las lecturas de los medidores.
 Establecer los objetivos: es calcular la potencia absorbida por el elemento para determinar si el valor de la 
potencia absorbida es positivo.
 Generar un plan: es verificar que el voltaje y la corriente del elemento se apegan a la convención pasiva. 
Si es así, la potencia absorbida por el dispositivo es p 5 vi. Si no lo es, la potencia absorbida por el dispositivo 
es p 5 2vi.
 Actuar sobre el plan: refiriéndose a la tabla 1.5-1, podemos ver que el voltaje y la corriente del elemento 
se apegan a la convención pasiva. Por lo tanto, la potencia absorbida por el elemento es

p 5 vi 5 12  (22) 5 224 W

El valor de la potencia absorbida no es positivo.
 Verificar la solución propuesta: implica invertir las pruebas, como se muestra en la figura 1.6-3. Ahora el 
amperímetro mide la corriente i1 en vez de la corriente i, por lo que i1 5 2 A y v 5 12V. Puesto que i1 y v no se 
apegan a la convención pasiva, p 5 i1  v 5 24 W es la potencia alimentada por el elemento. Alimentar 24 W es 
el equivalente a absorber 224 W, por consiguiente, verificar la solución propuesta.

FIGURA 1.6-2 Un elemento con un voltímetro y un 
amperímetro.

Voltímetro

1 2 . 0

Amperímetro

i

v+ –

Elemento

– 2 . 0
Voltímetro

1 2 . 0

Amperímetro

i1

v+ –

Elemento

2 . 0 0

FIGURA 1.6.3 El circuito de la figura 1.6-2 probado al revés 
con el amperímetro.

e j e m p l o  1. 6 - 1  El método formal para la solución del problema
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 Diseño es una actividad con un propósito determinado en la cual un diseñador visualiza un 
resultado deseado. Es el proceso de originar circuitos y predecir cómo cumplirán tales circuitos su 
objetivo. Diseño en ingeniería es el proceso de producir un conjunto de descripciones de un circui-
to que satisfaga un conjunto de requerimientos de desempeño y exigencias.
 El proceso del diseño puede incorporar tres fases: análisis, síntesis y evaluación. La primer tarea 
es diagnosticar, definir y preparar, es decir, entender el problema y elaborar un enunciado explícito 
de objetivos; la segunda implica encontrar soluciones plausibles, la tercera se refiere a formarse una 
opinión sobre la validez de las soluciones en relación con los objetivos y la selección de diversas 
alternativas. Se impone un ciclo en el cual la solución sea revisada y mejorada por un nuevo examen 
del análisis. Estas tres fases forman parte de un marco de trabajo en la planeación, organización  
y desarrollo de los proyectos de diseño.

Diseño es el proceso de la creación de un circuito para cumplir con un conjunto de objetivos.

El proceso de la solución de problemas que se muestra en la figura 1.6-1 se utiliza en algunos ejem-
plos de diseño incluidos en este capítulo.

1.7 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Este texto incluye algunos ejemplos que ilustran útiles técnicas para comprobar las soluciones 
de determinados problemas que se analizan en el capítulo. Al final de cada capítulo se presentan algu-
nos problemas con los cuales se tiene la oportunidad de practicar las técnicas aprendidas.

El reporte de un laboratorio indica que los valores de v e i medidos por el elemento de cir-
cuito mostrado en la figura 1.7-1 son 25 V y 2 A, respectivamente. También establece que 
la potencia absorbida por el elemento es de 10 W. ¿Cómo podemos comprobar el valor 
reportado de la potencia absorbida por este elemento?

Solución
¿El elemento de circuito absorbe 210 W o 110 W? El voltaje y la corriente mostrados en 
la figura 1.1-7 no se apegan al signo de la convención pasiva. Si nos referimos a la tabla 1.5-1 podemos ver que 
el producto de este voltaje y corriente es la potencia alimentada por el elemento, más que la potencia absorbida 
por el elemento.
 Entonces, la potencia alimentada por el elemento es

p 5 vi 5 1252122 5 210 W
La potencia absorbida y la potencia alimentada por un elemento tienen la misma magnitud pero signos opuestos. 
Por lo tanto, hemos verificado que en realidad el elemento de circuito está absorbiendo 10 W.

FIGURA 1.7-1 Un 
elemento de circuito 
con voltaje y 
corriente medidos.

– +

i

v

ej e m p l o 1.7-1 ¿Cómo podemos comprobar la potencia y la convención pasiva?
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1. 8  E J E M P LO  D E  D I S E Ñ O

CONTROLADOR DE VÁLVULA DE UN  
MOTOR DE PROPULSIÓN A CHORRO

Un cohete espacial experimental pequeño utiliza 
un circuito de dos elementos, como se ve en la fi-
gura 1.8-1, para controlar la válvula de un motor 
de propulsión a chorro a partir del punto de des-
pegue en t 5 0 hasta la expiración del cohete un 
minuto después. La energía que el elemento 1 debe 
alimentar para un lapso de un minuto es de 40 mJ. 
El elemento 1 debe ser una batería.
 Se sabe que i(t) 5 De2t/60 mA para t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0, y 
que el voltaje que pasa por el segundo elemento es 
v2(t) 5 Be2t/60 V para t 
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Act on the Plan
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� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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 0. La magnitud máxima 
de la corriente, D, está limitada a 1 mA. Determine 
las constantes requeridas D y B y describa la batería requerida.

Describa la situación y los supuestos
1. La corriente entra por la terminal positiva del segundo elemento.

2. La corriente sale de la terminal positiva del primer elemento.
3.  Los cables son precisos y no tienen efecto alguno sobre el circuito (no absorben 

energía).
4.  El modelo del circuito, como se muestra en la figura 1.8-1, supone que el voltaje a través 

de los dos elementos es el mismo; es decir, v1 5 v2.
5.  El voltaje v1 de la batería es v1 5 Be2t/60

 V donde B es el voltaje inicial que se descargará 
de manera exponencial al abastecer de energía a la válvula.

6. El circuito opera de t 5 0 a t 5 60 s.
7. La corriente es limitada, por lo tanto, D 
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JET VALVE CONTROLLER
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until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a
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It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.
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1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that
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6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.
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The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
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Be�t/60 V
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FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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 1 mA.

Establezca el objetivo
Determine la energía alimentada por el primer elemento para un periodo de un minuto y luego 
seleccione las constantes D y B. Describa la batería seleccionada.

Genere un plan
Primero, encuentre v1(t) e i(t) y luego obtenga la potencia, p1(t), alimentada por el primer ele-
mento. A continuación, utilizando p1(t), encuentre la energía alimentada para los primeros 60 s.

OBJETIVO ECUACIÓN REQUERIDO INFORMACIÓN

La energía w1 para los 
primeros 60 s
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current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)
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FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

p1(t)
v1 e i son conocidas, excepto para 
las constantes D y B.

Actúe sobre el plan
En primer lugar, se requiere p1(t), de modo que hay que calcular antes
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Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,
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The energy w1 for the

first 60 s w1 ¼
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0
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v1 and i known except for

constants D and B
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FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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FIGURA 1.8-1 Circuito para controlar la 
válvula de un motor de propulsión a chorro 
para un cohete espacial.
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válvula de motor 
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 Problemas 15

En segundo lugar, se necesita encontrar w1 para los primeros 60 s como
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

Puesto que se requiere que w1 
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 40 mJ,
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

A continuación, seleccione el valor de limitación, D 5 1, para obtener
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that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0
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to cause charge to move through the element.
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power, p, and energy, w, are given by
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simply express electrical quantities with a wide range of
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Problems 15

Por lo tanto, seleccionamos una batería de 2 V a fin de que la magnitud de la corriente sea 
menor de 1 mA.

Verifique la solución propuesta
Habrá que verificar que con una batería de 2 V se alimenten al menos 40 mJ. Dado que  
i 5 e2t/60 mA y que v2 5 2e2t/60 V, la energía alimentada por la batería es
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 Por lo tanto, se ha verificado la solución, y se emite un comunicado registrando el reque-
rimiento de una batería de 2 V.

1.9 R E S U M E N
  La carga es la propiedad intrínseca de la sustancia que hace 

posibles los fenómenos eléctricos. La corriente en un ele-
mento de circuito es la proporción del movimiento de la 
carga a través del elemento. El voltaje que pasa a través de 
un elemento indica la energía disponible para hacer que la 
carga se mueva a través del elemento.

  Dada la corriente i, y el voltaje v, de un elemento de circuito, 
la potencia p y la energía w, resultan de
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

y
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

  La tabla 1.5-1 resume la utilización de la convención pasiva 
al calcular la potencia alimentada o recibida por un elemento 
de circuito.

  Las unidades SI (tabla 1.3-1) son de uso común entre inge-
nieros y científicos. Al usar prefijos decimales (tabla 1.-3) 
podemos simplificar la expresión de las cantidades eléctri-
cas con un amplio espectro de magnitudes.

Sección 1.2 Circuitos y corriente eléctricos

P 1.2-1 La carga total que ha entrado a un elemento de circuito 
es q(t) 5 1.25(12e25t ) cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 y q(t) 5 0 cuando t  0. 
Determine la corriente en este elemento de circuito para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Respuesta: i(t) 5 6.25e25t A

P 1.2-2 La corriente en un elemento de circuito es i(t) 5 
4(12e25t ) A cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 e i(t) 5 0 cuando t  0. Determine la 
carga total que ha entrado en un elemento de circuito para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Sugerencia: 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

Respuesta: 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 para 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Sugerencia: 

E1C01_1 11/26/2009 15

Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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 16 Variables de circuitos eléctricos

P 1.2-4 La corriente en un elemento de circuito es 
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P 1.2-4 The current in a circuit element is

i tð Þ ¼
0 t < 2
2 2 < t < 4
�1 4 < t < 8
0 8 < t

8>><
>>:

where the units of current are A and the units of time are s.

Determine the total charge that has entered a circuit element

for t� 0.

Answer:

q tð Þ ¼
0 t < 2
2t � 4 2 < t < 4
8� t 4 < t < 8
0 8 < t

where the units of

8>><
>>:

charge are C.

P 1.2-5 The total charge q(t), in coulombs, that enters the

terminal of an element is

q tð Þ ¼
0 t < 0
2t 0 � t � 2
3þ e�2 t�2ð Þ t > 2

8<
:

Find the current i(t) and sketch its waveform for t� 0.

P 1.2-6 An electroplating bath, as shown in Figure P 1.2-6, is

used to plate silver uniformly onto objects such as kitchen-

ware and plates. A current of 450 A flows for 20 minutes, and

each coulomb transports 1.118mg of silver.What is the weight

of silver deposited in grams?

Silver bar
Object to 
be plated

Bath

i i

Figure P 1.2-6 An electroplating bath.

P 1.2-7 Find the charge, q(t), and sketch its waveform when

the current entering a terminal of an element is as shown in

Figure P 1.2-7. Assume that q(t)¼ 0 for t< 0.

1

1 2 3

2

3

i (A)

4 t (s)

Figure P 1.2-7

Section 1.3 Systems of Units

P 1.3-1 A constant current of 3.2 mA flows through an

element. What is the charge that has passed through the

element in the first millisecond?

Answer: 3.2 nC

P 1.3-2 A charge of 45 nC passes through a circuit element

during a particular interval of time that is 5ms in duration.

Determine the average current in this circuit element during

that interval of time.

Answer: i¼ 9 mA

P 1.3-3 Ten billion electrons per second pass through a

particular circuit element. What is the average current in

that circuit element?

Answer: i¼ 1.602 nA

P 1.3-4 The charge flowing in a wire is plotted in Figure

P 1.3-4. Sketch the corresponding current.

2 4

15

7

q (t), nC

t, μs

Figure P 1.3-4

P 1.3-5 The current in a circuit element is plotted in Figure

P 1.3-5. Sketch the corresponding charge flowing through the

element for t > 0.

80 140

–450

–600

i (t), μA

t, ms

Figure P 1.3-5

P 1.3-6 The current in a circuit element is plotted in Figure

P 1.3-6. Determine the total charge that flows through the

circuit element between 300 and 1200 ms.

16 Electric Circuit Variables

donde las unidades de corriente son A y las unidades de tiempo 
son s. Determine la carga total que ha entrado en un elemento 
de circuito para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Respuesta:
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P 1.2-4 The current in a circuit element is

i tð Þ ¼
0 t < 2
2 2 < t < 4
�1 4 < t < 8
0 8 < t

8>><
>>:

where the units of current are A and the units of time are s.

Determine the total charge that has entered a circuit element

for t� 0.

Answer:

q tð Þ ¼
0 t < 2
2t � 4 2 < t < 4
8� t 4 < t < 8
0 8 < t

where the units of

8>><
>>:

charge are C.

P 1.2-5 The total charge q(t), in coulombs, that enters the

terminal of an element is

q tð Þ ¼
0 t < 0
2t 0 � t � 2
3þ e�2 t�2ð Þ t > 2

8<
:

Find the current i(t) and sketch its waveform for t� 0.

P 1.2-6 An electroplating bath, as shown in Figure P 1.2-6, is

used to plate silver uniformly onto objects such as kitchen-

ware and plates. A current of 450 A flows for 20 minutes, and

each coulomb transports 1.118mg of silver.What is the weight

of silver deposited in grams?

Silver bar
Object to 
be plated

Bath

i i

Figure P 1.2-6 An electroplating bath.

P 1.2-7 Find the charge, q(t), and sketch its waveform when

the current entering a terminal of an element is as shown in

Figure P 1.2-7. Assume that q(t)¼ 0 for t< 0.

1

1 2 3

2

3

i (A)

4 t (s)

Figure P 1.2-7

Section 1.3 Systems of Units

P 1.3-1 A constant current of 3.2 mA flows through an

element. What is the charge that has passed through the

element in the first millisecond?

Answer: 3.2 nC

P 1.3-2 A charge of 45 nC passes through a circuit element

during a particular interval of time that is 5ms in duration.

Determine the average current in this circuit element during

that interval of time.

Answer: i¼ 9 mA

P 1.3-3 Ten billion electrons per second pass through a

particular circuit element. What is the average current in

that circuit element?

Answer: i¼ 1.602 nA

P 1.3-4 The charge flowing in a wire is plotted in Figure

P 1.3-4. Sketch the corresponding current.

2 4

15

7

q (t), nC

t, μs

Figure P 1.3-4

P 1.3-5 The current in a circuit element is plotted in Figure

P 1.3-5. Sketch the corresponding charge flowing through the

element for t > 0.

80 140

–450

–600

i (t), μA

t, ms

Figure P 1.3-5

P 1.3-6 The current in a circuit element is plotted in Figure

P 1.3-6. Determine the total charge that flows through the

circuit element between 300 and 1200 ms.

16 Electric Circuit Variables

 donde las unidades de 
carga son C. 

P 1.2-5 La carga total q(t), en culombios, que entra en la ter-
minal de un elemento es 
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P 1.2-4 The current in a circuit element is

i tð Þ ¼
0 t < 2
2 2 < t < 4
�1 4 < t < 8
0 8 < t

8>><
>>:

where the units of current are A and the units of time are s.

Determine the total charge that has entered a circuit element

for t� 0.

Answer:

q tð Þ ¼
0 t < 2
2t � 4 2 < t < 4
8� t 4 < t < 8
0 8 < t

where the units of

8>><
>>:

charge are C.

P 1.2-5 The total charge q(t), in coulombs, that enters the

terminal of an element is

q tð Þ ¼
0 t < 0
2t 0 � t � 2
3þ e�2 t�2ð Þ t > 2

8<
:

Find the current i(t) and sketch its waveform for t� 0.

P 1.2-6 An electroplating bath, as shown in Figure P 1.2-6, is

used to plate silver uniformly onto objects such as kitchen-

ware and plates. A current of 450 A flows for 20 minutes, and

each coulomb transports 1.118mg of silver.What is the weight

of silver deposited in grams?

Silver bar
Object to 
be plated

Bath

i i

Figure P 1.2-6 An electroplating bath.

P 1.2-7 Find the charge, q(t), and sketch its waveform when

the current entering a terminal of an element is as shown in

Figure P 1.2-7. Assume that q(t)¼ 0 for t< 0.

1

1 2 3

2

3

i (A)

4 t (s)

Figure P 1.2-7

Section 1.3 Systems of Units

P 1.3-1 A constant current of 3.2 mA flows through an

element. What is the charge that has passed through the

element in the first millisecond?

Answer: 3.2 nC

P 1.3-2 A charge of 45 nC passes through a circuit element

during a particular interval of time that is 5ms in duration.

Determine the average current in this circuit element during

that interval of time.

Answer: i¼ 9 mA

P 1.3-3 Ten billion electrons per second pass through a

particular circuit element. What is the average current in

that circuit element?

Answer: i¼ 1.602 nA

P 1.3-4 The charge flowing in a wire is plotted in Figure

P 1.3-4. Sketch the corresponding current.

2 4

15

7

q (t), nC

t, μs

Figure P 1.3-4

P 1.3-5 The current in a circuit element is plotted in Figure

P 1.3-5. Sketch the corresponding charge flowing through the

element for t > 0.

80 140

–450

–600

i (t), μA

t, ms

Figure P 1.3-5

P 1.3-6 The current in a circuit element is plotted in Figure

P 1.3-6. Determine the total charge that flows through the

circuit element between 300 and 1200 ms.

16 Electric Circuit Variables

Obtenga la corriente i(t) y trace su forma de onda para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

P 1.2-6 Una solución de electroplastia, como se muestra en 
la figura P 1.2-6, se utiliza para platinar de manera uniforme 
objetos como utensilios de cocina y platos. Una corriente de 
450 A fluye durante 20 minutos, y cada culombio transporta 
1.118 mg de plata. ¿Cuál es el peso en gramos de la plata de-
positada?

Barra de plata
Objeto que se 
va a platinar

Baño

i i

Figura P 1.2-6 Baño de electroplastia.

P 1.2-7 Obtenga la carga, q(t), y trace su forma de onda cuan-
do la corriente que entra en una terminal de un elemento sea 
como se muestra en la figura P 1.2-7. Suponga que q(t) 5 0 
para t  0.

1

1 2 3

2

3

i (A)

4 t (s)

Figura P 1.2-7

Sección 1.3 Sistemas de unidades

P 1.3-1 Una corriente constante de 3.2 mA fluye a través 
de un elemento. ¿Cuál es la carga que ha pasado a través del  
elemento en el primer milisegundo?

Respuesta: 3.2 nC

P 1.3-2 Una carga de 45 nC pasa a través de un elemento 
de circuito durante un intervalo determinado cuya duración  
es de 5 ms. Determine la corriente promedio en este elemento 
de circuito durante ese intervalo.

Respuesta: i 5 9 mA.

P 1.3-3 A través de un elemento de circuito determinado pa-
san diez mil millones de electrones por segundo. ¿Cuál es la 
corriente promedio en ese elemento de circuito?

Respuesta: i 5 1.602 nA

P 1.3-4 La carga que fluye en un cable se ha diagramado en la 
figura P 1.3-4. Bosqueje la corriente correspondiente.

2 4

15

7

q (t), nC

t, µs

Figura P 1.3-4

P 1.3-5 La corriente en un elemento de circuito está diagra-
mada en la figura P 1.3-5. Bosqueje la carga correspondiente 
que fluye a través del elemento para t  0.

80 140

–450

–600

i (t), µA

t, ms

Figura P 1.3-5

P 1.3-6 La corriente en un circuito de elemento está diagra-
mada en la figura P 1.3-6. Determine la carga total que fluye a 
través del elemento de circuito entre 300 y 1200 ms.
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 Problemas 17

720

–720

400 800 1200

i (t), nA

t, µs

Figura P 1.3-6

Sección 1.5 Potencia y energía

P 1.5-1 La figura 1.5-1 muestra cuatro elementos de circuito 
identificados por las letras A, B, C y D.

(a) ¿Cuál de los dispositivos proporciona 30 mW?
(b) ¿Cuál de los dispositivos absorbe 0.03W?
(c) ¿Cuál es el valor de la potencia recibida por el dispositivo B?
(d) ¿Cuál es el valor de la potencia entregada por el dispositivo B?
(e) ¿Cuál es el valor de la potencia entregada por el dispositivo C?

(A)

+ 10 V

3 mA

–

(B)

+ 5 V

6 mA

(C)

–– 6 V

5 mA

+

(D)

– 15 V

2 mA

+

Figura P. 1.5-1

P 1.5-2 Un hornillo eléctrico tiene una corriente constante 
de 10 A que entra por la terminal de voltaje positiva con un 
voltaje de 110 V. El hornillo funciona durante dos horas. (a) 
Encuentre la carga en culombios que pasa a través del horni-
llo. (b) Obtenga la potencia absorbida por el hornillo. (c) Si la 
energía eléctrica tiene un costo de 12 centavos por kilovatio-
hora, determine el costo del funcionamiento del hornillo du-
rante dos horas.

P 1.5-3 Un reproductor portátil de sonido utiliza cuatro pi-
las AA en serie para proporcionar 6 V al circuito reproduc-
tor. Las cuatro celdas de pilas alcalinas almacenan un total 
de 200 watts por segundo de energía. Si el reproductor utiliza 
una constante de 10 mA del paquete de pilas, ¿cuánto tiempo 
funciona a una potencia normal?

P 1.5-4 La corriente y el voltaje que pasan a través de un 
elemento varían al paso del tiempo como se muestra en la fi-
gura P 1.5-4. Bosqueje la potencia entregada al elemento para  
t  0. ¿Cuál es la energía total entregada al elemento entre t 5 0 
y t 5 25 s? El voltaje y la corriente del elemento se apegan a 
la convención pasiva.

5

30

100 2515 t (s)

v (voltios)

(a)

5

30

100 2515 t (s)

i (amp)

(b)

Figura P 1-5-4 (a) Voltaje v(t), y (b) corriente i(t) para un 
elemento. 

P 1.5-5 Una batería de automóvil se carga con una corrien-
te constante de 2 A durante cinco horas. El voltaje terminal 
de la batería es v 5 11 1 0.5t V para t  0, donde t son las 
horas. (a) Obtenga la energía entregada a la batería durante 
las cinco horas. (b) Si la energía eléctrica tiene un costo de  
15 centavos/kWh, encuentre el costo de cargar la batería du-
rante cinco horas.

Respuesta: (b) 1.84 centavos.

P 1.5-6 Obtenga la potencia, p(t) alimentada por el elemento 
que se muestra en la figura P 1.5-6 cuando v(t) 5 4 cos 3t V 

e i(t) 5 
12

sen   3t
 A. Evalúe p(t) en t 5 0.5 s y en t 5 1 s. Ob- 

serve que la potencia alimentada por estos elementos tiene un 
valor positivo en algunos momentos y negativo en otros.

Sugerencia: (sen at)(cos bt) 5 
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720

–720

400 800 1200

i (t), nA

t, μs

Figure P 1.3-6

Section 1.5 Power and Energy

P 1.5-1 Figure P 1.5-1 shows four circuit elements identified

by the letters A, B, C, and D.

(a) Which of the devices supply 30 mW?

(b) Which of the devices absorb 0.03 W?

(c) What is the value of the power received by device B?

(d) What is the value of the power delivered by device B?

(e) What is the value of the power delivered by device C?

(A)

+ 10 V

3 mA

–

(B)

+ 5 V

6 mA

(C)

–– 6 V

5 mA

+

(D)

– 15 V

2 mA

+

Figure P 1.5-1

P 1.5-2 An electric range has a constant current of 10A entering

the positive voltage terminalwith a voltage of 110V. The range is

operated for two hours. (a) Find the charge in coulombs that

passes through the range. (b) Find the power absorbed by the

range. (c) If electric energy costs 12 cents per kilowatt-hour,

determine the cost of operating the range for two hours.

P 1.5-3 A walker’s cassette tape player uses four AA

batteries in series to provide 6V to the player circuit. The

four alkaline battery cells store a total of 200watt-seconds of

energy. If the cassette player is drawing a constant 10mA

from the battery pack, how long will the cassette operate at

normal power?

P 1.5-4 The current through and voltage across an element

vary with time as shown in Figure P 1.5-4. Sketch the power

delivered to the element for t> 0. What is the total energy

delivered to the element between t¼ 0 and t¼ 25 s? The

element voltage and current adhere to the passive convention.

5

30

100 2515 t (s)

v (volts)

(a)

5

30

100 2515 t (s)

i (amp)

(b)

Figure P 1.5-4 (a) Voltage v(t) and (b) current i(t) for an element.

P 1.5-5 An automobile battery is charged with a constant

current of 2A for five hours. The terminal voltage of the

battery is v¼ 11þ 0.5tV for t> 0, where t is in hours. (a) Find

the energy delivered to the battery during the five hours. (b) If

electric energy costs 15 cents/kWh, find the cost of charging

the battery for five hours.

Answer: (b) 1.84 cents

P 1.5-6 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 4 cos 3t V and i tð Þ ¼ sin 3t

12
A.

Evaluate p(t) at t¼ 0.5 s and at t¼ 1 s. Observe that the power

supplied by this element has a positive value at some times and

a negative value at other times.

Hint: sin atð Þ cos btð Þ ¼ 1

2
sin aþ bð Þt þ sin a� bð Þtð Þ

Answer:

p tð Þ ¼ 1

6
sin 6t W; p 0:5ð Þ ¼ 0:0235 W; p 1ð Þ ¼ �0:0466 W

i

v

+

–

Figure P 1.5-6 An element.

P 1.5-7 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 8 sin 3tV and i(t)¼ 2 sin 3t A.

Hint: sin atð Þ sin btð Þ ¼ 1

2
cos a� bð Þt � cos aþ bð Þtð Þ

Answer: p tð Þ ¼ 8� 8cos 6t W

P 1.5-8 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6. The element voltage is represented as

Problems 17

 (sen(a 1 b)t 1 sen(a2b)t)

Respuesta:

p(t) = 
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720

–720

400 800 1200

i (t), nA
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Figure P 1.3-6

Section 1.5 Power and Energy

P 1.5-1 Figure P 1.5-1 shows four circuit elements identified

by the letters A, B, C, and D.

(a) Which of the devices supply 30 mW?

(b) Which of the devices absorb 0.03 W?

(c) What is the value of the power received by device B?

(d) What is the value of the power delivered by device B?

(e) What is the value of the power delivered by device C?

(A)

+ 10 V

3 mA

–

(B)

+ 5 V

6 mA

(C)

–– 6 V

5 mA

+

(D)

– 15 V

2 mA

+

Figure P 1.5-1

P 1.5-2 An electric range has a constant current of 10A entering

the positive voltage terminalwith a voltage of 110V. The range is

operated for two hours. (a) Find the charge in coulombs that

passes through the range. (b) Find the power absorbed by the

range. (c) If electric energy costs 12 cents per kilowatt-hour,

determine the cost of operating the range for two hours.

P 1.5-3 A walker’s cassette tape player uses four AA

batteries in series to provide 6V to the player circuit. The

four alkaline battery cells store a total of 200watt-seconds of

energy. If the cassette player is drawing a constant 10mA

from the battery pack, how long will the cassette operate at

normal power?

P 1.5-4 The current through and voltage across an element

vary with time as shown in Figure P 1.5-4. Sketch the power

delivered to the element for t> 0. What is the total energy

delivered to the element between t¼ 0 and t¼ 25 s? The

element voltage and current adhere to the passive convention.

5

30

100 2515 t (s)

v (volts)

(a)

5

30

100 2515 t (s)

i (amp)

(b)

Figure P 1.5-4 (a) Voltage v(t) and (b) current i(t) for an element.

P 1.5-5 An automobile battery is charged with a constant

current of 2A for five hours. The terminal voltage of the

battery is v¼ 11þ 0.5tV for t> 0, where t is in hours. (a) Find

the energy delivered to the battery during the five hours. (b) If

electric energy costs 15 cents/kWh, find the cost of charging

the battery for five hours.

Answer: (b) 1.84 cents

P 1.5-6 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 4 cos 3t V and i tð Þ ¼ sin 3t

12
A.

Evaluate p(t) at t¼ 0.5 s and at t¼ 1 s. Observe that the power

supplied by this element has a positive value at some times and

a negative value at other times.

Hint: sin atð Þ cos btð Þ ¼ 1

2
sin aþ bð Þt þ sin a� bð Þtð Þ

Answer:

p tð Þ ¼ 1

6
sin 6t W; p 0:5ð Þ ¼ 0:0235 W; p 1ð Þ ¼ �0:0466 W

i

v

+

–

Figure P 1.5-6 An element.

P 1.5-7 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 8 sin 3tV and i(t)¼ 2 sin 3t A.

Hint: sin atð Þ sin btð Þ ¼ 1

2
cos a� bð Þt � cos aþ bð Þtð Þ

Answer: p tð Þ ¼ 8� 8cos 6t W

P 1.5-8 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6. The element voltage is represented as

Problems 17

 sen 6t W, p(0.5) = 0.0235 W, p(1) = 20.0466 W

i

v

+

–

Figura P 1.5-6 Un elemento.

P 1.5-7 Obtenga la potencia, p(t), alimentada por el elemento 
mostrado en la figura P 1.5-6 cuando v(t) 5 8 sen 3t V, e i(t) 5 
2 sen 3t A.

Sugerencia: (sen at)(sen bt) 5 
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Figure P 1.3-6

Section 1.5 Power and Energy

P 1.5-1 Figure P 1.5-1 shows four circuit elements identified

by the letters A, B, C, and D.

(a) Which of the devices supply 30 mW?

(b) Which of the devices absorb 0.03 W?

(c) What is the value of the power received by device B?

(d) What is the value of the power delivered by device B?

(e) What is the value of the power delivered by device C?

(A)

+ 10 V

3 mA

–

(B)

+ 5 V

6 mA

(C)

–– 6 V

5 mA

+

(D)

– 15 V

2 mA

+

Figure P 1.5-1

P 1.5-2 An electric range has a constant current of 10A entering

the positive voltage terminalwith a voltage of 110V. The range is

operated for two hours. (a) Find the charge in coulombs that

passes through the range. (b) Find the power absorbed by the

range. (c) If electric energy costs 12 cents per kilowatt-hour,

determine the cost of operating the range for two hours.

P 1.5-3 A walker’s cassette tape player uses four AA

batteries in series to provide 6V to the player circuit. The

four alkaline battery cells store a total of 200watt-seconds of

energy. If the cassette player is drawing a constant 10mA

from the battery pack, how long will the cassette operate at

normal power?

P 1.5-4 The current through and voltage across an element

vary with time as shown in Figure P 1.5-4. Sketch the power

delivered to the element for t> 0. What is the total energy

delivered to the element between t¼ 0 and t¼ 25 s? The

element voltage and current adhere to the passive convention.

5

30

100 2515 t (s)

v (volts)

(a)

5

30

100 2515 t (s)

i (amp)

(b)

Figure P 1.5-4 (a) Voltage v(t) and (b) current i(t) for an element.

P 1.5-5 An automobile battery is charged with a constant

current of 2A for five hours. The terminal voltage of the

battery is v¼ 11þ 0.5tV for t> 0, where t is in hours. (a) Find

the energy delivered to the battery during the five hours. (b) If

electric energy costs 15 cents/kWh, find the cost of charging

the battery for five hours.

Answer: (b) 1.84 cents

P 1.5-6 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 4 cos 3t V and i tð Þ ¼ sin 3t

12
A.

Evaluate p(t) at t¼ 0.5 s and at t¼ 1 s. Observe that the power

supplied by this element has a positive value at some times and

a negative value at other times.

Hint: sin atð Þ cos btð Þ ¼ 1

2
sin aþ bð Þt þ sin a� bð Þtð Þ

Answer:

p tð Þ ¼ 1

6
sin 6t W; p 0:5ð Þ ¼ 0:0235 W; p 1ð Þ ¼ �0:0466 W

i

v

+

–

Figure P 1.5-6 An element.

P 1.5-7 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6 when v(t)¼ 8 sin 3tV and i(t)¼ 2 sin 3t A.

Hint: sin atð Þ sin btð Þ ¼ 1

2
cos a� bð Þt � cos aþ bð Þtð Þ

Answer: p tð Þ ¼ 8� 8cos 6t W

P 1.5-8 Find the power, p(t), supplied by the element shown

in Figure P 1.5-6. The element voltage is represented as

Problems 17

 (cos(a 2 b)t 2 cos(a 1 b)t)

Respuesta: p(t) 5 8 2 8 cos 6t W

P 1.5-8 Obtenga la potencia, p(t), alimentada por el elemen-
to mostrado en la figura 1.5-6. El voltaje del elemento está 
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representado por v(t) 5 4(12e22t )V cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 y v(t) 5 0 
cuando t  0. La corriente del elemento está representada por 
i(t) 5 2e22t A cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0, e i(t) 5 0 cuando t  0.

Respuesta: p(t) 5 8(1 2 e22t )e22t W

P 1.5-9 La batería de una luz intermitente desarrolla 3V y la 
corriente a través del bulbo es de 200 mA. ¿Cuánta potencia 
absorbe el bulbo? Obtenga la energía absorbida por el bulbo 
en un periodo de cinco minutos.

P 1.5-10 Los investigadores médicos que estudian la hiperten-
sión suelen emplear una técnica llamada “electroforesis de gel  
2D” para analizar la proteína contenida en una muestra de te-
jido. La imagen de un “gel” típico se puede ver en la figura  
P 1.5-10a.
 El procedimiento para la preparación del gel emplea el 
circuito eléctrico que se muestra en la figura P 1.5-10b. La 
muestra consta de un gel y un filtro de papel que contiene pro-
teínas ionizadas. Una fuente de voltaje origina un voltaje largo 
y constante de 500 V que pasa a través de la muestra. Dicho 
voltaje mueve las proteínas ionizadas a través del filtro hacia 
el gel. La corriente en la muestra se da por

i(t) 5 2 1 30e2at mA
donde t es el tiempo consumido desde el inicio del procedi-
miento y el valor de la constante a es
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v(t)¼ 4(1�e�2t)V when t� 0 and v(t)¼ 0 when t< 0. The

element current is represented as i(t)¼ 2e�2tA when t� 0

and i(t)¼ 0 when t< 0.

Answer: p tð Þ ¼ 8 1� e�2tð Þe�2t W

P 1.5-9 The battery of a flashlight develops 3V, and the current

through the bulb is 200mA.What power is absorbed by the bulb?

Find the energy absorbed by the bulb in a five-minute period.

P 1.5-10 Medical researchers studying hypertension often

use a technique called ‘‘2D gel electrophoresis’’ to analyze the

protein content of a tissue sample. An image of a typical ‘‘gel’’

is shown in Figure P1.5-10a.

The procedure for preparing the gel uses the electric

circuit illustrated in Figure 1.5-10b. The sample consists of a gel

and a filter paper containing ionized proteins. A voltage source

causes a large, constant voltage, 500 V, across the sample. The

large, constant voltage moves the ionized proteins from the filter

paper to the gel. The current in the sample is given by

i tð Þ ¼ 2þ 30e�at mA

where t is the time elapsed since the beginning of the

procedure and the value of the constant a is

a ¼ 0:85
1

hr
Determine the energy supplied by the voltage source when the

gel preparation procedure lasts 3 hours.

+ 500 V

500 V

–

sample

i (t)

(b)

(a)

Figure P 1.5-10 (a) An image of a gel and (b) the electric circuit

used to prepare gel.

Section 1.7 How CanWe Check . . . ?

P 1.7-1 Conservation of energy requires that the sum of the

power absorbed by all of the elements in a circuit be zero.

Figure P 1.7-1 shows a circuit. All of the element voltages and

currents are specified. Are these voltage and currents correct?

Justify your answer.

Hint:Calculate the power absorbed by each element. Add up

all of these powers. If the sum is zero, conservation of energy

is satisfied and the voltages and currents are probably

correct. If the sum is not zero, the element voltages and

currents cannot be correct.

++ –

–

2 A

2 A 3 A 5 A

–5 A

4 V

+– 5 V

3 V

+

–

–2 V

+ –1 V

Figure P 1.7-1

P 1.7-2 Conservation of energy requires that the sum of the

power absorbed by all of the elements in a circuit be zero.

Figure P 1.7-2 shows a circuit. All of the element voltages and

currents are specified. Are these voltage and currents correct?

Justify your answer.

Hint:Calculate the power absorbed by each element. Add up

all of these powers. If the sum is zero, conservation of energy

is satisfied and the voltages and currents are probably

correct. If the sum is not zero, the element voltages and

currents cannot be correct.

+

+

–

–

3 A 2 A

2 A

–3 A

–3 A

3 A4 V

3 V

+

–

–3 V

+

–

3 V

+

–

3 V

+ –4 V

Figure P 1.7-2

P 1.7-3 The element currents and voltages shown in Figure

P 1.7-3 are correct with one exception: the reference direction

of exactly one of the element currents is reversed. Determine

which reference direction has been reversed.

a

d

c
b

–5A5V

−2A

–  1V  + –  2V  +

−6V 2A

4A

7A −8V

–3A

+ +

+

+

–

– –

– 3V

Figure P 1.7-3

18 Electric Circuit Variables

Determine la energía alimentada por la fuente de voltaje cuan-
do el procedimiento de la preparación del gel dura 3 horas.

+ 500 V

500 V

–

muestra

i (t)

(b)

(a)

Figura P 1.5-10 (a) Imagen de un gel, y (b) el circuito eléctrico 
que se usó en la preparación del gel.

Sección 1.7 ¿Cómo lo podemos comprobar . . . ?

P 1.7-1 La conservación de energía requiere que la suma de 
la potencia absorbida por todos los elementos en un circuito  

sea cero. La figura P 1.7-1 muestra un circuito. Todos los volta-
jes y corrientes del elemento están especificados; pero, ¿están  
correctos? Justifique su respuesta.

Sugerencia: Calcule la potencia absorbida por cada elemento. 
Conjunte todas estas potencias. Si la suma es cero, se cumple 
con la conservación de energía y probablemente los voltajes  
y corrientes estén correctos. Si la suma no es cero, es posible 
que los voltajes y corrientes del elemento no sean los correctos.

++ –

–

2 A

2 A 3 A 5 A

–5 A

4 V

+– 5 V

3 V

+

–

–2 V

+ –1 V
Figura P 1.7-1

P 1.7-2 La conservación de energía requiere que la suma de 
la potencia absorbida por todos los elementos en un circui-
to sea cero. La figura P 1.7-2 muestra un circuito. Todos los 
voltajes y corrientes del elemento están especificados; pero, 
¿están correctos? Justifique su respuesta.

Sugerencia: Calcule la potencia absorbida por cada elemento. 
Conjunte todas estas potencias. Si la suma es cero, se cumple 
con la conservación de energía y probablemente los voltajes  
y corrientes estén correctos. Si la suma no es cero, es posible 
que los voltajes y corrientes del elemento no sean los correctos.

+

+

–

–

3 A 2 A

2 A

–3 A

–3 A

3 A4 V

3 V

+

–

–3 V

+

–

3 V

+

–

3 V

+ –4 V

Figura P 1.7-2

P 1.7-3 Excepto por uno, los voltajes y corrientes que se 
muestran en la figura P 1.7-3 son correctos: la dirección de 
referencia de exactamente una de las corrientes del elemento 
está invertida. Determine cuál dirección de referencia es la que 
se ha invertido.

a

d

c
b

–5A5V

−2A

–  1V  + –  2V  +

−6V 2A

4A

7A −8V

–3A

+ +

+

+

–

– –

– 3V

Figura P 1.7-3
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Problemas de diseño
PD 1-1 Un elemento de circuito en particular está disponible 
en tres grados. El grado A garantiza que el elemento puede ab-
sorber con seguridad 1/2 W de manera continua. Del mismo 
modo, el grado B asegura que se puede absorber 1/4 W sin pro-
blemas, y el grado C confirma que puede ser incluso 1/8 W. Por 
regla general, los elementos que pueden absorber más potencia 
son incluso más costosos y voluminosos.
 Se espera que el voltaje que fluye a través de un elemento 
pueda ser de 20V y que la corriente sea de 8 mA. Ambas esti-
maciones tienen una certeza de 25%. La referencia de voltaje y 
corriente se apegan a la convención pasiva.

 Especifique el grado de este elemento. La seguridad es la 
consideración más importante, pero no especifique un elemento 
que sea más costoso de lo necesario.

PD 1-2 El voltaje que circula a través de un elemento de circuito 
es v(t) 5 20(12e28t ) V cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 y v(t) 5 0 cuando t  0. La 
corriente en este elemento es i(t) 5 30e28t mA cuando t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0, 
e i(t) 5 0 cuando t  0. La corriente y el voltaje del elemento 
se apegan a la convención pasiva. Especifique la potencia que 
este dispositivo pueda ser capaz de absorber de manera segura.

Sugerencia: utilice MATLAB, o un programa similar, para di-
señar el trazo de la potencia.
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2.2 I N G E N I E R Í A  Y  M O D E LO S  L I N E A L E S

El arte de la ingeniería es tomar una idea brillante y, con dinero, material, personas expertas y una mi-
rada al entorno, producir algo que el comprador quiere a un precio a su alcance.
 Los ingenieros utilizan modelos para representar los elementos de un circuito eléctrico. Un 
modelo es una descripción de aquellas propiedades de un dispositivo que se consideran impor-
tantes. En ocasiones el modelo constará de una ecuación relacionada con el voltaje y la corriente 
del elemento. Aun cuando el modelo sea diferente del dispositivo eléctrico, se puede usar en los 
cálculos manuales que predecirán cómo funcionará un circuito compuesto de dispositivos reales. A 
veces los ingenieros se topan con un dilema al seleccionar un modelo para un dispositivo. Es fácil 
trabajar con modelos sencillos, pero pueden no ser precisos. Los modelos de precisión suelen ser 

 2.8 Transductores
 2.9 Interruptores
2.10 ¿Cómo lo podemos comprobar . . . ?
2.11  EJEMPLO DE DISEÑO — Sensor de 

temperatura
2.12 Resumen
 Problemas
 Problemas de diseño

Elementos  
de circuitos

EN ESTE CAPÍTULO

2.1 Introducción
2.2 Ingeniería y modelos lineales
2.3 Elementos de circuito activos y pasivos 
2.4 Resistencias
2.5 Fuentes independientes
2.6 Voltímetros y amperímetros
2.7 Fuentes dependientes

2.1 I N T R O D U C C I Ó N

No es de sorprender que el comportamiento de un circuito eléctrico dependa del comportamiento 
individual de los elementos de circuito que comprenden el circuito. Desde luego, diferentes tipos de 
elementos de circuitos se comportan de manera diferente. Las ecuaciones que describen el compor-
tamiento de los diversos tipos de elementos de circuito se denominan ecuaciones constitutivas. Con 
frecuencia las ecuaciones constitutivas describen una relación entre la corriente y el voltaje del ele-
mento. La ley de Ohm es un ejemplo claro de una ecuación constitutiva.
 En este capítulo investigaremos el comportamiento de varios tipos comunes de elementos de 
circuito:

•  Resistencias
•  Fuentes independientes de voltaje y corriente
•  Circuitos abiertos y circuitos cerrados
•  Voltímetros y amperímetros
•  Fuentes dependientes
•  Transductores
•  Interruptores

CAPÍTULO
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complicados y pesados de usar. El consenso general indica que primero se deben usar los modelos 
sencillos y comprobar sus resultados para constatar que el uso de estos modelos es adecuado. Los 
modelos más precisos se usarán cuando sea necesario.
 Los modelos idealizados de dispositivos eléctricos se definen de manera muy precisa. Es de 
suma importancia hacer una clara distinción entre los dispositivos reales y sus modelos idealizados, a 
los cuales se les denomina elementos de circuitos. El objetivo del análisis de circuitos es pronosticar 
el comportamiento eléctrico cuantitativo de los circuitos físicos. Su propósito es prever y explicar los 
voltajes y las corrientes de las terminales de los elementos del circuito, y por consiguiente el funcio-
namiento total del circuito.
 Los modelos de elementos de circuitos se pueden clasificar de distintas maneras. 
Por ejemplo, es importante distinguir los modelos lineales de los no lineales dado que los 
circuitos que constan por completo de elementos de circuitos lineales son más fáciles de 
analizar que los que contienen algunos elementos no lineales.
 Un elemento o circuito es lineal si el estímulo y la respuesta del elemento cumplen con 
determinadas propiedades. Considere el elemento que se muestra en la figura 2.2-1. Suponga 
que el estímulo es la corriente i y la respuesta es el voltaje v. Cuando el elemento está sujeto 
a una corriente i1, proporciona una respuesta v1. Aún más, cuando el elemento está sujeto a una 
corriente i2, da una respuesta v2. En un elemento lineal es necesario que el impulso i1 1 i2 tenga como 
resultado una respuesta v1 1 v2. A esto se le conoce comúnmente como principio de superposición.
 Incluso, al multiplicar la entrada de un dispositivo lineal por una constante debe tener la conse-
cuencia de multiplicar la salida por la misma constante. Por ejemplo, al duplicar el tamaño de la entra-
da se ocasiona que el de la salida también se duplique. A esto se le llama propiedad de homogeneidad. 
Un elemento es lineal si, y sólo si, se cumplen las propiedades de superposición y homogeneidad para 
todos los impulsos y respuestas.

Un elemento lineal satisface las propiedades de superposición y homogeneidad.

 Declaremos de nuevo matemáticamente las dos propiedades requeridas de un circuito lineal, 
utilizando la flecha de notación para significar la transición del impulso a la respuesta:

i 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 v
Podemos establecer de este modo las propiedades requeridas.
Superposición:

entonces 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 (2.2-1)

Homogeneidad:

entonces  
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.
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a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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 (2.2-2)

Un dispositivo que no satisface los principios de superposición ni de homogeneidad se considera no 
lineal.

FIGURA 2.2-1  
Elemento con el impulso  
de una corriente i y 
respuesta v. 

+
v

i

–

E j E m p l o  2 . 2 - 1  Un dispositivo lineal

Considere el elemento representado por la relación entre la corriente y el voltaje como

v 5 Ri
Determine si este dispositivo es lineal.
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Solución
La respuesta a una corriente i1 es

v 5 Ri1
La respuesta a una corriente i2 es

v 5 Ri2
La suma de estas respuestas es

v1 1 v2 5 Ri1 1 Ri2 5 R1i1 1 i22
Dado que la suma de las respuestas a i1 e i2 es igual a la respuesta a i1 1 i2, se satisface el principio de superpo-
sición. A continuación veamos el principio de homogeneidad. Dado que

v1 5 Ri1
Tenemos para un impulso i2 5 ki1

v2 5 Ri2 5 Rki1
Por consiguiente,

v2 5 kv1

satisface el principio de homogeneidad. Dado que el elemento satisface las propiedades de superposición y ho-
mogeneidad, es lineal.

Ahora veamos un elemento representado por la relación entre corriente y voltaje.

v 5 i 2
Determine si este dispositivo es lineal.

Solución
La respuesta a una corriente i1 es 
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Solution
The response to a current i1 is

v1 ¼ Ri1

The response to a current i2 is

v2 ¼ Ri2

The sum of these responses is

v1 þ v2 ¼ Ri1 þ Ri2 ¼ R i1 þ i2ð Þ
Because the sum of the responses to i1 and i2 is equal to the response to i1 þ i2, the principle of superposition is

satisfied. Next, consider the principle of homogeneity. Because

v1 ¼ Ri1

we have for an excitation i2 ¼ ki1

v2 ¼ Ri2 ¼ Rki1

Therefore,

v2 ¼ kv1

satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and

homogeneity, it is linear.

E X A M P L E 2 . 2 - 2 A Nonlinear Device

Now let us consider an element represented by the relationship between current and voltage:

v ¼ i 2

Determine whether this device is linear.

Solution
The response to a current i1 is

v1 ¼ i 21

The response to a current i2 is

v2 ¼ i 2
1

The sum of these responses is

v1 þ v2 ¼ i 2
1 þ i 2

1

The response to i1 þ i2 is

i1 þ i2ð Þ2 ¼ i 2
1 þ 2i1i2 þ i 2

1

Because

i1
2 þ i 2

1 6¼ i1 þ i2ð Þ2

the principle of superposition is not satisfied. Therefore, the device is nonlinear.

22 Circuit Elements

La respuesta a una corriente i2 es 
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Solution
The response to a current i1 is

v1 ¼ Ri1
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v2 ¼ Ri2
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v1 þ v2 ¼ Ri1 þ Ri2 ¼ R i1 þ i2ð Þ
Because the sum of the responses to i1 and i2 is equal to the response to i1 þ i2, the principle of superposition is

satisfied. Next, consider the principle of homogeneity. Because

v1 ¼ Ri1

we have for an excitation i2 ¼ ki1

v2 ¼ Ri2 ¼ Rki1

Therefore,

v2 ¼ kv1

satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and

homogeneity, it is linear.

E X A M P L E 2 . 2 - 2 A Nonlinear Device

Now let us consider an element represented by the relationship between current and voltage:

v ¼ i 2

Determine whether this device is linear.

Solution
The response to a current i1 is

v1 ¼ i 21

The response to a current i2 is

v2 ¼ i 2
1

The sum of these responses is

v1 þ v2 ¼ i 2
1 þ i 2

1

The response to i1 þ i2 is

i1 þ i2ð Þ2 ¼ i 2
1 þ 2i1i2 þ i 2

1

Because

i1
2 þ i 2

1 6¼ i1 þ i2ð Þ2

the principle of superposition is not satisfied. Therefore, the device is nonlinear.

22 Circuit Elements

La suma de estas respuestas es 
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Solution
The response to a current i1 is

v1 ¼ Ri1

The response to a current i2 is

v2 ¼ Ri2

The sum of these responses is

v1 þ v2 ¼ Ri1 þ Ri2 ¼ R i1 þ i2ð Þ
Because the sum of the responses to i1 and i2 is equal to the response to i1 þ i2, the principle of superposition is

satisfied. Next, consider the principle of homogeneity. Because

v1 ¼ Ri1

we have for an excitation i2 ¼ ki1

v2 ¼ Ri2 ¼ Rki1

Therefore,

v2 ¼ kv1

satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and

homogeneity, it is linear.

E X A M P L E 2 . 2 - 2 A Nonlinear Device

Now let us consider an element represented by the relationship between current and voltage:

v ¼ i 2

Determine whether this device is linear.

Solution
The response to a current i1 is

v1 ¼ i 21

The response to a current i2 is

v2 ¼ i 2
1

The sum of these responses is

v1 þ v2 ¼ i 2
1 þ i 2

1

The response to i1 þ i2 is

i1 þ i2ð Þ2 ¼ i 2
1 þ 2i1i2 þ i 2

1

Because

i1
2 þ i 2

1 6¼ i1 þ i2ð Þ2

the principle of superposition is not satisfied. Therefore, the device is nonlinear.

22 Circuit Elements

La respuesta a i1 1 i2 es 
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Solution
The response to a current i1 is

v1 ¼ Ri1

The response to a current i2 is

v2 ¼ Ri2

The sum of these responses is

v1 þ v2 ¼ Ri1 þ Ri2 ¼ R i1 þ i2ð Þ
Because the sum of the responses to i1 and i2 is equal to the response to i1 þ i2, the principle of superposition is

satisfied. Next, consider the principle of homogeneity. Because

v1 ¼ Ri1

we have for an excitation i2 ¼ ki1

v2 ¼ Ri2 ¼ Rki1

Therefore,

v2 ¼ kv1

satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and

homogeneity, it is linear.

E X A M P L E 2 . 2 - 2 A Nonlinear Device

Now let us consider an element represented by the relationship between current and voltage:

v ¼ i 2

Determine whether this device is linear.

Solution
The response to a current i1 is

v1 ¼ i 21

The response to a current i2 is

v2 ¼ i 2
1

The sum of these responses is

v1 þ v2 ¼ i 2
1 þ i 2

1

The response to i1 þ i2 is

i1 þ i2ð Þ2 ¼ i 2
1 þ 2i1i2 þ i 2

1

Because

i1
2 þ i 2

1 6¼ i1 þ i2ð Þ2

the principle of superposition is not satisfied. Therefore, the device is nonlinear.

22 Circuit Elements

Debido a que
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Solution
The response to a current i1 is

v1 ¼ Ri1

The response to a current i2 is

v2 ¼ Ri2

The sum of these responses is

v1 þ v2 ¼ Ri1 þ Ri2 ¼ R i1 þ i2ð Þ
Because the sum of the responses to i1 and i2 is equal to the response to i1 þ i2, the principle of superposition is

satisfied. Next, consider the principle of homogeneity. Because

v1 ¼ Ri1

we have for an excitation i2 ¼ ki1

v2 ¼ Ri2 ¼ Rki1

Therefore,

v2 ¼ kv1

satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and

homogeneity, it is linear.

E X A M P L E 2 . 2 - 2 A Nonlinear Device

Now let us consider an element represented by the relationship between current and voltage:

v ¼ i 2

Determine whether this device is linear.

Solution
The response to a current i1 is

v1 ¼ i 21

The response to a current i2 is

v2 ¼ i 2
1

The sum of these responses is

v1 þ v2 ¼ i 2
1 þ i 2

1

The response to i1 þ i2 is

i1 þ i2ð Þ2 ¼ i 2
1 þ 2i1i2 þ i 2

1

Because

i1
2 þ i 2

1 6¼ i1 þ i2ð Þ2

the principle of superposition is not satisfied. Therefore, the device is nonlinear.

22 Circuit Elements

no satisface el principio de superposición. Por lo tanto, el dispositivo no es lineal.

E j E m p l o  2 . 2 - 2  Un dispositivo no lineal
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Un elemento lineal tiene un voltaje v y una corriente i como se muestra en la figura 2.2-2a. Los valores de la 
corriente i y del voltaje v correspondiente se han tabulado como se muestra en la figura 2.2-2b. Represente el ele-
mento por una ecuación que exprese v como una función de i. Esta ecuación es un modelo del elemento. Utilice 
el modelo para pronosticar el valor de v correspondiente a una corriente de i 5 100 mA y el valor de i correspon-
diente a un voltaje de v 5 18 V.

E j E m p l o  2 . 2 - 3  Un modelo de dispositivo lineal

Solución
La figura 2.2-3 es un diagrama del voltaje v comparado con la corriente i. Los puntos etiquetados por balas repre-
sentan los valores correspondientes a los valores de v e i a partir de los renglones de la tabla de la figura 2.2-2b. 
Como el elemento del circuito es lineal, se espera que esos puntos descansen en una línea recta, y de hecho lo 
hacen. La línea recta se puede representar por la ecuación

v 5 mi 1 b
donde m es la pendiente y b es la intersección en v. Observando que la línea recta pasa a través del origen, v 5 0 
cuando i 5 0, se ve que b 5 0. El resultado es

v 5 mi
La pendiente m se puede calcular a partir de los datos de cualquiera de las dos filas de la tabla en la figura 2.2-2b.  
Por ejemplo: 
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EXERCISE 2.2-1 Consider the circuit element shown in Figure E 2.2-1a. A plot of the

element voltage, v, versus the element current, i, is shown in Figure E 2.2-1b. The plot is a straight

line that passes through the origin and has a slope with value m. Consequently, v and i are related by

v ¼ mi

Show that this device is linear.

E X A M P L E 2 . 2 - 3 A Model of a Linear Device

A linear element has voltage v and current i as shown in Figure 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure 2.2-2b. Represent the element by an equation that expresses v as

a function of i. This equation is a model of the element. Use the model to predict the value of v corresponding to a

current of i ¼ 100mA and the value of i corresponding to a voltage of v ¼ 18V.

Solution
Figure 2.2-3 is a plot of the voltage v versus the current i. The points marked by dots represent corresponding

values of v and i from the rows of the table in Figure 2.2-2b. Because the circuit element is linear, we expect these

points to lie on a straight line, and indeed they do. We can represent the straight line by the equation

v ¼ miþ b

where m is the slope and b is the v-intercept. Noticing that the straight line passes through the origin, v ¼ 0 when

i ¼ 0, we see that b ¼ 0. We are left with

v ¼ mi

The slope m can be calculated from the data in any two rows of the table in Figure 2.2-2b. For example:

11:25� 4:5

25� 10
¼ 0:45

V

mA
;
22:5� 11:25

50� 25
¼ 0:45

V

mA
; and

22:5� 4:5

50� 10
¼ 0:45

V

mA

Consequently,

m ¼ 0:45
V

mA
¼ 450

V

A

and

v ¼ 450i

This equation is a model of the linear element. It predicts that the voltage v ¼ 450 0:1ð Þ ¼ 45V corresponds to the

current i ¼ 100mA ¼ 0:1A and that the current i ¼ 18=450 ¼ 0:04A ¼ 40mA corresponds to the voltage

v ¼ 18 V.

v, V i, mA

 4.5
 11.25
 22.5

10
25
50

–

+

v

i

(a) (b)

FIGURE 2.2-2 (a) A linear circuit element and (b) a tabulation

of corresponding values of its voltage and current.

v, V

i, mA

30

20

10

10 25 50

FIGURE 2.2-3 A plot of voltage versus current for the linear

element from Figure 2.2-2.
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EXERCISE 2.2-1 Consider the circuit element shown in Figure E 2.2-1a. A plot of the

element voltage, v, versus the element current, i, is shown in Figure E 2.2-1b. The plot is a straight

line that passes through the origin and has a slope with value m. Consequently, v and i are related by

v ¼ mi

Show that this device is linear.

E X A M P L E 2 . 2 - 3 A Model of a Linear Device

A linear element has voltage v and current i as shown in Figure 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure 2.2-2b. Represent the element by an equation that expresses v as

a function of i. This equation is a model of the element. Use the model to predict the value of v corresponding to a

current of i ¼ 100mA and the value of i corresponding to a voltage of v ¼ 18V.

Solution
Figure 2.2-3 is a plot of the voltage v versus the current i. The points marked by dots represent corresponding

values of v and i from the rows of the table in Figure 2.2-2b. Because the circuit element is linear, we expect these

points to lie on a straight line, and indeed they do. We can represent the straight line by the equation

v ¼ miþ b

where m is the slope and b is the v-intercept. Noticing that the straight line passes through the origin, v ¼ 0 when

i ¼ 0, we see that b ¼ 0. We are left with

v ¼ mi

The slope m can be calculated from the data in any two rows of the table in Figure 2.2-2b. For example:

11:25� 4:5

25� 10
¼ 0:45

V

mA
;
22:5� 11:25

50� 25
¼ 0:45

V

mA
; and

22:5� 4:5

50� 10
¼ 0:45

V

mA

Consequently,

m ¼ 0:45
V

mA
¼ 450

V

A

and

v ¼ 450i

This equation is a model of the linear element. It predicts that the voltage v ¼ 450 0:1ð Þ ¼ 45V corresponds to the

current i ¼ 100mA ¼ 0:1A and that the current i ¼ 18=450 ¼ 0:04A ¼ 40mA corresponds to the voltage

v ¼ 18 V.
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FIGURE 2.2-2 (a) A linear circuit element and (b) a tabulation

of corresponding values of its voltage and current.
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FIGURE 2.2-3 A plot of voltage versus current for the linear

element from Figure 2.2-2.
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En consecuencia,
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EXERCISE 2.2-1 Consider the circuit element shown in Figure E 2.2-1a. A plot of the

element voltage, v, versus the element current, i, is shown in Figure E 2.2-1b. The plot is a straight

line that passes through the origin and has a slope with value m. Consequently, v and i are related by

v ¼ mi

Show that this device is linear.

E X A M P L E 2 . 2 - 3 A Model of a Linear Device

A linear element has voltage v and current i as shown in Figure 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure 2.2-2b. Represent the element by an equation that expresses v as

a function of i. This equation is a model of the element. Use the model to predict the value of v corresponding to a

current of i ¼ 100mA and the value of i corresponding to a voltage of v ¼ 18V.

Solution
Figure 2.2-3 is a plot of the voltage v versus the current i. The points marked by dots represent corresponding

values of v and i from the rows of the table in Figure 2.2-2b. Because the circuit element is linear, we expect these

points to lie on a straight line, and indeed they do. We can represent the straight line by the equation

v ¼ miþ b

where m is the slope and b is the v-intercept. Noticing that the straight line passes through the origin, v ¼ 0 when

i ¼ 0, we see that b ¼ 0. We are left with

v ¼ mi

The slope m can be calculated from the data in any two rows of the table in Figure 2.2-2b. For example:

11:25� 4:5

25� 10
¼ 0:45

V

mA
;
22:5� 11:25

50� 25
¼ 0:45

V

mA
; and

22:5� 4:5

50� 10
¼ 0:45

V

mA

Consequently,

m ¼ 0:45
V

mA
¼ 450

V

A

and

v ¼ 450i

This equation is a model of the linear element. It predicts that the voltage v ¼ 450 0:1ð Þ ¼ 45V corresponds to the

current i ¼ 100mA ¼ 0:1A and that the current i ¼ 18=450 ¼ 0:04A ¼ 40mA corresponds to the voltage

v ¼ 18 V.
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FIGURE 2.2-2 (a) A linear circuit element and (b) a tabulation

of corresponding values of its voltage and current.
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FIGURE 2.2-3 A plot of voltage versus current for the linear

element from Figure 2.2-2.
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entonces 
v 5 450i

Esta ecuación es un modelo de un elemento lineal. Pronostica que el voltaje v 5 450(0.1) 5 45 V corresponde a la 
corriente i 5 100 mA 5 0.1 A y que la corriente i 5 18>450 5 0.04 A 5 40 mA corresponde al voltaje v 5 18 V.

FIGURA 2.2-2 (a) Elemento de circuito lineal y (b) tabulación 
de los valores correspondientes a su voltaje y corriente.

FIGURA 2.2-3 Diagrama del voltaje comparado con la 
corriente del elemento lineal de la figura 2.2-2.

EJERCICIO 2.2-1  Considere el elemento de circuito que se muestra en la figura E 2.2-1a. En 
la figura E 2.2-1b se muestra un diagrama del voltaje v, del elemento, comparado con la corriente i del 
elemento. El diagrama es una línea recta que pasa a través del origen y su pendiente tiene un valor m. 
En consecuencia, v e i se relacionan por

v 5 mi
Muestre que este dispositivo es lineal.

v, V i, mA
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 11.25
 22.5
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50
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(a) (b)
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i, mA

30

20

10

10 25 50
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EJERCICIO 2.2-2  Considere el elemento de circuito que se muestra en la figura E 2.2-2a. 
Un diagrama del voltaje del elemento, v, comparado con la corriente del elemento, i, se muestra en la 
figura E 2.2-2b. El diagrama es una línea recta con una intersección en y de valor b y una pendiente 
con valor m. En consecuencia, v e i están relacionados por

v = mi + b

Muestre que este dispositivo es no lineal.

2.3 E L E M E N T O S  D E  C I R C U I T O  A C T I VO S  Y  PA S I VO S

Los elementos de circuito se pueden clasificar en dos categorías, pasivos y activos, al determinar si 
absorben o alimentan energía. Se dice que un elemento es pasivo si toda la energía que se le proporcio-
nó por el resto del circuito siempre es no negativa (cero o positiva). Entonces, para un elemento pasivo 
con la corriente que fluye a la terminal � como se muestra en la figura 2.3-1a, esto significa que

 
w ¼

Z t

�1
vi dt � 0 (2.3-1)

para todos los valores de t.

Un elemento pasivo absorbe energía.

(a)

+ v

i

–

(b)

v

i

m

(a)

+ v

i

–

(b)

v

i

m

b

FIGURA E 2.2-1 FIGURA E 2.2-2

+

v

+

v

i

i

Nodo de 
salida

Nodo de 
salida

Nodo de
entrada

Nodo de
entrada

(b)(a)

– –

FIGURA 2.3-1 (a) El nodo de entrada de la corriente i es el nodo positivo del voltaje v; 
(b) el nodo de entrada de la corriente i es el nodo negativo del voltaje v. La corriente fl uye 
desde el nodo de entrada hasta el nodo de salida.

 Se dice que un elemento es activo si es capaz de proporcionar energía. Por consiguiente, un 
elemento activo no satisface la ecuación 2.3-1 cuando se representa por la figura 2.3-1a. En otras 
palabras, un elemento activo es aquel que es capaz de generar energía. Los elementos activos son 
fuentes potenciales de energía, mientras que los elementos pasivos son reductores o absorbedores de 
energía. Las baterías y los generadores son ejemplos de elementos activos. Considere el elemento que 
se muestra en la figura 2.3-1b. Observe que la corriente fluye hacia la terminal negativa y sale de la 
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Un circuito tiene un elemento representado por la figura 2.3-1b donde la corriente es una constante de 5 A y el 
voltaje es una constante de 6 V. Obtenga la energía alimentada durante el intervalo de 0 a T.

Solución
Dado que la corriente entra por la terminal negativa, la energía alimentada por el elemento resulta de
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terminal. This element is said to be active if

w ¼
Z t

�1
vi dt � 0 ð2:3-2Þ

for at least one value of t.

An active element is capable of supplying energy.

2.4 R ES I S TORS

The ability of a material to resist the flow of charge is called its resistivity, r. Materials that are good

electrical insulators have a high value of resistivity. Materials that are good conductors of electric

current have low values of resistivity. Resistivity values for selected materials are given in Table 2.4-1.

Copper is commonly used for wires because it permits current to flow relatively unimpeded. Silicon is

commonly used to provide resistance in semiconductor electric circuits. Polystyrene is used as an

insulator.

Resistance is the physical property of an element or device that impedes the flow of current;

it is represented by the symbol R.

Georg Simon Ohm was able to show that the current in a circuit composed of a battery and a

conducting wire of uniform cross-section could be expressed as

i ¼ Av

rL
ð2:4-1Þ

E X A M P L E 2 . 3 - 1 An Active Circuit Element

A circuit has an element represented by Figure 2.3-1b where the current is a constant 5 A and the voltage is a

constant 6 V. Find the energy supplied over the time interval 0 to T.

Solution
Because the current enters the negative terminal, the energy supplied by the element is given by

w ¼
Z T

0
6ð Þ 5ð Þdt ¼ 30T J

Thus, the device is a generator or an active element, in this case a dc battery.

Table 2.4-1 Resistivities of SelectedMaterials

MATERIAL RESISTIVITY r (OHM.CM)

Polystyrene 1 � 1018

Silicon 2.3 � 105

Carbon 4 � 10�3

Aluminum 2.7 � 10�6

Copper 1.7 � 10�6

Resistors 25

Por lo tanto, el dispositivo es un generador o un elemento activo; en este caso es una batería de cd.

 Resistencias 25

terminal positiva. Se dice que este elemento es activo si
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EXERCISE 2.2-2 Consider the circuit element shown in Figure E 2.2-2a. A plot of the

element voltage, v, versus the element current, i, is shown in Figure E 2.2-2b. The plot is a straight

line that has a y-intercept with value b and has a slope with value m. Consequently, v and i are

related by

v ¼ miþ b

Show that this device is not linear.

2.3 ACT I V E AND PASS I VE C I RCU I T E L EMENTS

We may classify circuit elements in two categories, passive and active, by determining whether they

absorb energy or supply energy. An element is said to be passive if the total energy delivered to it from the

rest of the circuit is always nonnegative (zero or positive). Then for a passive element, with the current

flowing into the þ terminal as shown in Figure 2.3-1a, this means that

w ¼
Z t

�1
vi dt � 0 ð2:3-1Þ

for all values of t.

A passive element absorbs energy.

An element is said to be active if it is capable of delivering energy. Thus, an active element violates

Eq. 2.3-1 when it is represented by Figure 2.3-1a. In other words, an active element is one that is capable of

generating energy. Active elements are potential sources of energy, whereas passive elements are sinks or

absorbers of energy. Examples of active elements include batteries and generators. Consider the element

shown in Figure 2.3-1b. Note that the current flows into the negative terminal and out of the positive
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FIGURE 2.3-1 (a) The entry node of the current i is the positive node of the voltage v; (b) the

entry node of the current i is the negative node of the voltage v. The current flows from the

entry node to the exit node.
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 (2.3-2)

 para al menos un valor de t.

Un elemento activo es capaz de alimentar energía.

E j E m p l o  2 . 3 - 1  Un elemento de circuito activo

2.4 R E S I S T E N C I A S

La capacidad de un material de resistir el flujo de carga se denomina resistividad, 
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terminal. This element is said to be active if

w ¼
Z t

�1
vi dt � 0 ð2:3-2Þ

for at least one value of t.

An active element is capable of supplying energy.

2.4 R ES I S TORS

The ability of a material to resist the flow of charge is called its resistivity, r. Materials that are good

electrical insulators have a high value of resistivity. Materials that are good conductors of electric

current have low values of resistivity. Resistivity values for selected materials are given in Table 2.4-1.

Copper is commonly used for wires because it permits current to flow relatively unimpeded. Silicon is

commonly used to provide resistance in semiconductor electric circuits. Polystyrene is used as an

insulator.

Resistance is the physical property of an element or device that impedes the flow of current;

it is represented by the symbol R.

Georg Simon Ohm was able to show that the current in a circuit composed of a battery and a

conducting wire of uniform cross-section could be expressed as

i ¼ Av

rL
ð2:4-1Þ

E X A M P L E 2 . 3 - 1 An Active Circuit Element

A circuit has an element represented by Figure 2.3-1b where the current is a constant 5 A and the voltage is a

constant 6 V. Find the energy supplied over the time interval 0 to T.

Solution
Because the current enters the negative terminal, the energy supplied by the element is given by

w ¼
Z T

0
6ð Þ 5ð Þdt ¼ 30T J

Thus, the device is a generator or an active element, in this case a dc battery.

Table 2.4-1 Resistivities of SelectedMaterials

MATERIAL RESISTIVITY r (OHM.CM)

Polystyrene 1 � 1018

Silicon 2.3 � 105

Carbon 4 � 10�3

Aluminum 2.7 � 10�6

Copper 1.7 � 10�6

Resistors 25

. Los materiales 
que son buenos aisladores eléctricos tienen un alto valor de resistividad. Los materiales que son bue-
nos conductores de electricidad tienen bajos valores de resistividad. En la tabla 2.4-1 se registran los 
valores de resistividad de materiales selectos. Por lo común el cobre se utiliza en los cables porque 
permite que la corriente fluya relativamente sin problemas. El silicio se emplea para proporcionar 
resistencia en circuitos eléctricos semiconductores. Por su parte, el poliestireno se usa como aislante.

Resistencia es la propiedad física de un elemento o dispositivo de impedir el flujo de co-
rriente; se representa con el símbolo R.

 Georg Simon Ohm pudo demostrar que la corriente en un circuito compuesto de una batería y 
un cable conductor seccional uniforme se expresaría como
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terminal. This element is said to be active if

w ¼
Z t

�1
vi dt � 0 ð2:3-2Þ

for at least one value of t.

An active element is capable of supplying energy.

2.4 R ES I S TORS

The ability of a material to resist the flow of charge is called its resistivity, r. Materials that are good

electrical insulators have a high value of resistivity. Materials that are good conductors of electric

current have low values of resistivity. Resistivity values for selected materials are given in Table 2.4-1.

Copper is commonly used for wires because it permits current to flow relatively unimpeded. Silicon is

commonly used to provide resistance in semiconductor electric circuits. Polystyrene is used as an

insulator.

Resistance is the physical property of an element or device that impedes the flow of current;

it is represented by the symbol R.

Georg Simon Ohm was able to show that the current in a circuit composed of a battery and a

conducting wire of uniform cross-section could be expressed as

i ¼ Av

rL
ð2:4-1Þ

E X A M P L E 2 . 3 - 1 An Active Circuit Element

A circuit has an element represented by Figure 2.3-1b where the current is a constant 5 A and the voltage is a

constant 6 V. Find the energy supplied over the time interval 0 to T.

Solution
Because the current enters the negative terminal, the energy supplied by the element is given by

w ¼
Z T

0
6ð Þ 5ð Þdt ¼ 30T J

Thus, the device is a generator or an active element, in this case a dc battery.

Table 2.4-1 Resistivities of SelectedMaterials

MATERIAL RESISTIVITY r (OHM.CM)

Polystyrene 1 � 1018

Silicon 2.3 � 105

Carbon 4 � 10�3

Aluminum 2.7 � 10�6

Copper 1.7 � 10�6

Resistors 25

 (2.4-1)

Tabla 2.4-1 Resistividad de materiales selectos

MATERIAL RESISTIVIDAD r (OHMCM)

Poliestireno 1 3 1018

Silicio 2.3 3 105

Carbono 4 3 1023

Aluminio 2.7 3 1026

Cobre 1.7 3 1026
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donde A es el área transversal, 
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terminal. This element is said to be active if

w ¼
Z t

�1
vi dt � 0 ð2:3-2Þ

for at least one value of t.

An active element is capable of supplying energy.

2.4 R ES I S TORS

The ability of a material to resist the flow of charge is called its resistivity, r. Materials that are good

electrical insulators have a high value of resistivity. Materials that are good conductors of electric

current have low values of resistivity. Resistivity values for selected materials are given in Table 2.4-1.

Copper is commonly used for wires because it permits current to flow relatively unimpeded. Silicon is

commonly used to provide resistance in semiconductor electric circuits. Polystyrene is used as an

insulator.

Resistance is the physical property of an element or device that impedes the flow of current;

it is represented by the symbol R.

Georg Simon Ohm was able to show that the current in a circuit composed of a battery and a

conducting wire of uniform cross-section could be expressed as

i ¼ Av

rL
ð2:4-1Þ

E X A M P L E 2 . 3 - 1 An Active Circuit Element

A circuit has an element represented by Figure 2.3-1b where the current is a constant 5 A and the voltage is a

constant 6 V. Find the energy supplied over the time interval 0 to T.

Solution
Because the current enters the negative terminal, the energy supplied by the element is given by

w ¼
Z T

0
6ð Þ 5ð Þdt ¼ 30T J

Thus, the device is a generator or an active element, in this case a dc battery.

Table 2.4-1 Resistivities of SelectedMaterials

MATERIAL RESISTIVITY r (OHM.CM)

Polystyrene 1 � 1018

Silicon 2.3 � 105

Carbon 4 � 10�3

Aluminum 2.7 � 10�6

Copper 1.7 � 10�6

Resistors 25

 la resistividad, L la longitud, y v el voltaje a través del 
elemento cable. Ohm, cuya imagen aparece en la figura 2.4-1, definió la resistencia cons-
tante R como
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where A is the cross-sectional area, r the resistivity, L the length, and v the voltage across the

wire element. Ohm, who is shown in Figure 2.4-1, defined the constant resistance R as

R ¼ rL

A
ð2:4-2Þ

Ohm’s law, which related the voltage and current, was published in 1827 as

v ¼ Ri ð2:4-3Þ
The unit of resistance Rwas named the ohm in honor of Ohm and is usually abbreviated by the

V (capital omega) symbol, where 1 V ¼ 1 V/A. The resistance of a 10-m length of common

TV cable is 2 mV.

An element that has a resistance R is called a resistor. A resistor is represented by the

two-terminal symbol shown in Figure 2.4-2. Ohm’s law, Eq. 2.4-3, requires that the i-versus-v

relationship be linear. As shown in Figure 2.4-3, a resistor may become nonlinear outside its

normal rated range of operation. We will assume that a resistor is linear unless stated

otherwise. Thus, we will use a linear model of the resistor as represented by Ohm’s law.

In Figure 2.4-4, the element current and element voltage of a resistor are labeled. The

relationship between the directions of this current and voltage is important. The voltage direction

marks one resistor terminalþ and the other�. The current ia flows from the terminal markedþ to the

terminal marked �. This relationship between the current and voltage reference directions is a

convention called the passive convention. Ohm’s law states that when the element voltage and the

element current adhere to the passive convention, then

v ¼ Ria ð2:4-4Þ
Consider Figure 2.4-4. The element currents ia and ib are the same except for the assigned direction, so

ia ¼ �ib

The element current ia and the element voltage v adhere to the passive convention,

v ¼ Ria

Replacing ia by �ib gives

v ¼ �Rib

There is a minus sign in this equation because the element current ib and the element voltage v do not

adhere to the passive convention. We must pay attention to the current direction so that we don’t

overlook this minus sign.

Ohm’s law, Eq. 2.4-3, can also be written as

i ¼ Gv ð2:4-5Þ
where G denotes the conductance in siemens (S) and is the reciprocal of R; that is, G ¼ 1=R. Many

engineers denote the units of conductance as mhos with the I symbol, which is an inverted omega (mho is

ohm spelled backward). However, we will use SI units and retain siemens as the units for conductance.

R

FIGURE 2.4-2 Symbol for a

resistor having a resistance of R

ohms.

0

v

im–
im

FIGURE 2.4-3 A resistor operating

within its specified current range, �
im, can be modeled by Ohm’s law.

–+ v

Ria ib

FIGURE 2.4-4 A resistor with

element current and element

voltage.

FIGURE 2.4-1

Georg Simon Ohm

(1787–1854), who

determined Ohm’s law

in 1827. The ohm was

chosen as the unit of

electrical resistance in

his honor.
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 (2.4-2)

 La ley de Ohm, que relaciona el voltaje y la corriente, se publicó en 1827 como
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where A is the cross-sectional area, r the resistivity, L the length, and v the voltage across the

wire element. Ohm, who is shown in Figure 2.4-1, defined the constant resistance R as

R ¼ rL

A
ð2:4-2Þ

Ohm’s law, which related the voltage and current, was published in 1827 as

v ¼ Ri ð2:4-3Þ
The unit of resistance Rwas named the ohm in honor of Ohm and is usually abbreviated by the

V (capital omega) symbol, where 1 V ¼ 1 V/A. The resistance of a 10-m length of common

TV cable is 2 mV.

An element that has a resistance R is called a resistor. A resistor is represented by the

two-terminal symbol shown in Figure 2.4-2. Ohm’s law, Eq. 2.4-3, requires that the i-versus-v

relationship be linear. As shown in Figure 2.4-3, a resistor may become nonlinear outside its

normal rated range of operation. We will assume that a resistor is linear unless stated

otherwise. Thus, we will use a linear model of the resistor as represented by Ohm’s law.

In Figure 2.4-4, the element current and element voltage of a resistor are labeled. The

relationship between the directions of this current and voltage is important. The voltage direction

marks one resistor terminalþ and the other�. The current ia flows from the terminal markedþ to the

terminal marked �. This relationship between the current and voltage reference directions is a

convention called the passive convention. Ohm’s law states that when the element voltage and the

element current adhere to the passive convention, then

v ¼ Ria ð2:4-4Þ
Consider Figure 2.4-4. The element currents ia and ib are the same except for the assigned direction, so

ia ¼ �ib

The element current ia and the element voltage v adhere to the passive convention,

v ¼ Ria

Replacing ia by �ib gives

v ¼ �Rib

There is a minus sign in this equation because the element current ib and the element voltage v do not

adhere to the passive convention. We must pay attention to the current direction so that we don’t

overlook this minus sign.

Ohm’s law, Eq. 2.4-3, can also be written as

i ¼ Gv ð2:4-5Þ
where G denotes the conductance in siemens (S) and is the reciprocal of R; that is, G ¼ 1=R. Many

engineers denote the units of conductance as mhos with the I symbol, which is an inverted omega (mho is

ohm spelled backward). However, we will use SI units and retain siemens as the units for conductance.

R
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 (2.4-3)

La unidad de resistencia R se denominó ohmio en honor de Ohm y suele abreviarse con el 
símbolo V (letra omega mayúscula), donde 1 V 5 1 V>A. La resistencia de un cable común 
de TV de 10 m de largo es de 2 mV.
 Un elemento con una resistencia R se denomina resistor. Un resistor se representa 
por el símbolo de dos terminales que se muestra en la figura 2.4-2. La ley de Ohm, ecua-
ción 2.4-3, requiere que la relación de i comparada con v sea lineal. Como se muestra en la 
figura 2.4-3, un resistor puede llegar a convertirse en no lineal fuera de su rango proporcio-
nal de operación. Supondremos que un resistor es lineal si no se establece otra cosa. Por lo 
tanto, utilizaremos un modelo lineal de resistor como el que representa la ley de Ohm.

R

0

v

im–
im

–+ v

Ria ib

FIGURA 2.4-1  
Georg Simon Ohm 
(1787-1854) determinó 
la ley de Ohm en 1827. 
En su honor, el ohmio 
fue elegido como la 
unidad de resistencia 
eléctrica.

 En la figura 2.4-4 se han etiquetado la corriente y el voltaje de un elemento de resistor. La re-
lación entre las direcciones de esta corriente y el voltaje es importante. La dirección del voltaje indica 
una terminal de resistor 1 y la otra 2. La corriente ia fluye de la terminal etiquetada 1 a la terminal 
etiquetada 2. Esta relación entre las direcciones de referencia de la corriente y el voltaje es una con-
vención denominada convención pasiva. La ley de Ohm establece que cuando la corriente y el voltaje 
del elemento se apegan a la convención pasiva, entonces
 v 5 Ria  (2.4-4)
Considere la figura 2.4-4. Las corrientes ia e ib en el elemento son las mismas excepto por la dirección 
asignada, por lo tanto,

ia 5 ib
La corriente ia y el voltaje v del elemento se apegan a la convención pasiva, 

v 5 Ria
Sustituyendo ia por 2ib resulta

v 5 2Rib
En esta ecuación hay un signo de menos porque la corriente ib y el voltaje v del elemento no se apegan 
a la convención pasiva. Hay que poner especial atención a la dirección de corriente de modo que no 
se pase por alto este signo menos.
 La ley de Ohm, ecuación 2.4-3, también se puede escribir
 i 5 Gv (2.4-5)
donde G indica la conductancia en siemens (S) y es la recíproca de R; es decir, G 5 1>R. Muchos ingenie-
ros denotan las unidades de conductancia como mhos, con el símbolo 
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where A is the cross-sectional area, r the resistivity, L the length, and v the voltage across the

wire element. Ohm, who is shown in Figure 2.4-1, defined the constant resistance R as

R ¼ rL

A
ð2:4-2Þ

Ohm’s law, which related the voltage and current, was published in 1827 as

v ¼ Ri ð2:4-3Þ
The unit of resistance Rwas named the ohm in honor of Ohm and is usually abbreviated by the

V (capital omega) symbol, where 1 V ¼ 1 V/A. The resistance of a 10-m length of common

TV cable is 2 mV.

An element that has a resistance R is called a resistor. A resistor is represented by the

two-terminal symbol shown in Figure 2.4-2. Ohm’s law, Eq. 2.4-3, requires that the i-versus-v

relationship be linear. As shown in Figure 2.4-3, a resistor may become nonlinear outside its

normal rated range of operation. We will assume that a resistor is linear unless stated

otherwise. Thus, we will use a linear model of the resistor as represented by Ohm’s law.

In Figure 2.4-4, the element current and element voltage of a resistor are labeled. The

relationship between the directions of this current and voltage is important. The voltage direction

marks one resistor terminalþ and the other�. The current ia flows from the terminal markedþ to the

terminal marked �. This relationship between the current and voltage reference directions is a

convention called the passive convention. Ohm’s law states that when the element voltage and the

element current adhere to the passive convention, then

v ¼ Ria ð2:4-4Þ
Consider Figure 2.4-4. The element currents ia and ib are the same except for the assigned direction, so

ia ¼ �ib

The element current ia and the element voltage v adhere to the passive convention,

v ¼ Ria

Replacing ia by �ib gives

v ¼ �Rib

There is a minus sign in this equation because the element current ib and the element voltage v do not

adhere to the passive convention. We must pay attention to the current direction so that we don’t

overlook this minus sign.

Ohm’s law, Eq. 2.4-3, can also be written as

i ¼ Gv ð2:4-5Þ
where G denotes the conductance in siemens (S) and is the reciprocal of R; that is, G ¼ 1=R. Many

engineers denote the units of conductance as mhos with the I symbol, which is an inverted omega (mho is

ohm spelled backward). However, we will use SI units and retain siemens as the units for conductance.
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 que es una omega invertida (mho 
es ohm al revés). Sin embargo, utilizaremos unidades del SI y se mantendrá el siemens como unidad de 
conductancia.

FIGURA 2.4-4 Un resistor con 
corriente y voltaje del elemento.

FIGURA 2.4-2 Símbolo para un 
resistor que tenga una resistencia 
de R ohmios.

FIGURA 2.4-3 Un resistor funcionando 
dentro de su rango de corriente especificado, 
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where A is the cross-sectional area, r the resistivity, L the length, and v the voltage across the

wire element. Ohm, who is shown in Figure 2.4-1, defined the constant resistance R as

R ¼ rL

A
ð2:4-2Þ

Ohm’s law, which related the voltage and current, was published in 1827 as

v ¼ Ri ð2:4-3Þ
The unit of resistance Rwas named the ohm in honor of Ohm and is usually abbreviated by the

V (capital omega) symbol, where 1 V ¼ 1 V/A. The resistance of a 10-m length of common

TV cable is 2 mV.

An element that has a resistance R is called a resistor. A resistor is represented by the

two-terminal symbol shown in Figure 2.4-2. Ohm’s law, Eq. 2.4-3, requires that the i-versus-v

relationship be linear. As shown in Figure 2.4-3, a resistor may become nonlinear outside its

normal rated range of operation. We will assume that a resistor is linear unless stated

otherwise. Thus, we will use a linear model of the resistor as represented by Ohm’s law.

In Figure 2.4-4, the element current and element voltage of a resistor are labeled. The

relationship between the directions of this current and voltage is important. The voltage direction

marks one resistor terminalþ and the other�. The current ia flows from the terminal markedþ to the

terminal marked �. This relationship between the current and voltage reference directions is a

convention called the passive convention. Ohm’s law states that when the element voltage and the

element current adhere to the passive convention, then

v ¼ Ria ð2:4-4Þ
Consider Figure 2.4-4. The element currents ia and ib are the same except for the assigned direction, so

ia ¼ �ib

The element current ia and the element voltage v adhere to the passive convention,

v ¼ Ria

Replacing ia by �ib gives

v ¼ �Rib

There is a minus sign in this equation because the element current ib and the element voltage v do not

adhere to the passive convention. We must pay attention to the current direction so that we don’t

overlook this minus sign.

Ohm’s law, Eq. 2.4-3, can also be written as

i ¼ Gv ð2:4-5Þ
where G denotes the conductance in siemens (S) and is the reciprocal of R; that is, G ¼ 1=R. Many

engineers denote the units of conductance as mhos with the I symbol, which is an inverted omega (mho is

ohm spelled backward). However, we will use SI units and retain siemens as the units for conductance.
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 im, se puede modelar por la ley de Ohm.

M02_DORF_1571_8ED_SE_020-052.indd   26 4/12/11   5:17 PM



Circuitos Eléctricos - Dorf Alfaomega

 Resistencias 27

 La mayoría de resistores discretos caen en una de cuatro categorías básicas: compuesto de car-
bón, película de carbón, película de metal y embobinado. Los resistores de compuesto de carbón se 
han utilizado por más de 100 años y siguen siendo populares. Los resistores de película de carbón han 
desplazado a los de compuesto de carbón para muchos propósitos generales por su bajo costo y mejor 
tolerancia. En la figura 2.4-5 se muestran dos resistores de embobinado.
 Los resistores de película gruesa, como los de la figura 2.4-6, se usan en circuitos por su bajo 
costo y tamaño pequeño. Los resistores de propósito general están disponibles en valores estándar 
para tolerancias de 2, 5, 10, y 20 por ciento. Los resistores de compuesto de carbón y algunos de 
embobinado tienen un código de color con tres a cinco bandas. El código de color es un sistema de 
colores estándar adoptado para identificar la resistencia de los resistores. La figura 2.4-7 muestra un 
resistor de película de metal con sus bandas de colores. Es un resistor de 1>4 de watt, lo que indica 
que debe funcionar a 1>4 de watt o por debajo de la energía que se le suministre. El rango normal de 
resistores va de menos de 1 ohmio a 10 megaohmios. En el Apéndice D se dan los valores comunes 
de algunos resistores disponibles comercialmente.
 La potencia transmitida a un resistor (cuando se utiliza la convención pasiva) es

 

E1C02_1 10/23/2009 27

Most discrete resistors fall into one of four basic categories: carbon composition, carbon film,

metal film, or wirewound. Carbon composition resistors have been in use for nearly 100 years and

are still popular. Carbon film resistors have supplanted carbon composition resistors for many

general-purpose uses because of their lower cost and better tolerances. Two wirewound resistors are

shown in Figure 2.4-5.

Thick-film resistors, as shown in Figure 2.4-6, are used in circuits because of their low cost and

small size. General-purpose resistors are available in standard values for tolerances of 2, 5, 10, and 20

percent. Carbon composition resistors and some wirewounds have a color code with three to five

bands. A color code is a system of standard colors adopted for identification of the resistance of

resistors. Figure 2.4-7 shows a metal film resistor with its color bands. This is a 1=4-watt resistor,
implying that it should be operated at or below 1=4 watt of power delivered to it. The normal range of

resistors is from less than 1 ohm to 10 megohms. Typical values of some commercially available

resistors are given in Appendix D.

The power delivered to a resistor (when the passive convention is used) is

p ¼ vi ¼ v
v

R

� �
¼ v2

R
ð2:4-6Þ

Alternatively, because v ¼ iR, we can write the equation for power as

p ¼ vi ¼ iRð Þi ¼ i2R ð2:4-7Þ
Thus, the power is expressed as a nonlinear function of the current i through the resistor or of the

voltage v across it.

Recall the definition of a passive element as one for which the energy absorbed is always

nonnegative. The equation for energy delivered to a resistor is

w ¼
Z t

�1
pdt ¼

Z t

�1
i2Rdt ð2:4-8Þ

FIGURE 2.4-5 (a) Wirewound resistor with an

adjustable center tap. (b) Wirewound resistor with a

fixed tap. Courtesy of Dale Electronics.

FIGURE 2.4-6 Small thick-film resistor chips used for

miniaturized circuits. Courtesy of Corning Electronics.

FIGURE 2.4-7 A 1=4-watt metal film resistor. The body

of the resistor is 6 mm long. Courtesy of Dale Electronics.

Resistors 27

 (2.4-6)

De manera alternativa, dado que v 5 iR, la ecuación de la potencia se puede escribir como
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 (2.4-7)
Por lo tanto, la potencia se expresa como una función no lineal de la corriente i, o del voltaje v, a través 
del resistor.
 Recuerde la definición de elemento pasivo, según la cual es aquel cuya energía absorbida es 
siempre no negativa. La ecuación de la energía transmitida a un resistor es
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 (2.4-8)

FIGURA 2.4-7 Resistor de película de metal 
de 1>4 de watt. El cuerpo del resistor tiene 
6mm de largo. Cortesía de Dale Electronics.

FIGURA 2.4-5 (a) Resistor embobinado con una 
tapa al centro ajustable. (b) Resistor embobinado 
con tapa fija. Cortesía de Dale Electronics.

FIGURA 2.4-6 Pequeños chips resistores de película gruesa que se 
usan para circuitos miniaturizados. Cortesía de Corning Electronics.
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 28 Elementos de circuitos

Como i2 siempre es positiva, la energía siempre es positiva y el resistor es un elemento pasivo.

Resistencia es una medida de la capacidad de un elemento de disipar potencia de manera 
irreversible.

Inventemos un modelo para una batería de automóvil cuando las luces han quedado 
encendidas y se ha apagado el motor. Si el automóvil se deja así durante un tiempo, la 
batería seguirá funcionando hasta que se baje o se agote. La batería de un automóvil 
es una fuente constante de 12-V, y el bulbo puede estar modelado por un resistor de 6 
ohmios. En la figura 2.4-8 se muestra el circuito. Encuentre la corriente i, la potencia p, 
y la energía alimentada por la batería para un periodo de una hora.

Solución
Según la ley de Ohm, ecuación 2.4-3, tenemos

v 5 Ri
Puesto que v 5 12 V y R 5 6 V, tenemos que i 5 2 A.
 Para encontrar la potencia transmitida por la batería, se utiliza

E1C02_1 10/23/2009 28

Because i2 is always positive, the energy is always positive and the resistor is a passive element.

Resistance is a measure of an element’s ability to dissipate power irreversibly.

EXERCISE 2.4-1 Find the power absorbed by a 100-ohm resistor when it is connected directly

across a constant 10-V source.

Answer: 1-W

EXERCISE 2.4-2 Avoltage source v¼ 10 cos tV is connected across a resistor of 10 ohms. Find

the power delivered to the resistor.

Answer: 10 cos2t W

2.5 I NDEPENDENT SOURCES

Some devices are intended to supply energy to a circuit. These devices are called sources. Sources are

categorized as being one of two types: voltage sources and current sources. Figure 2.5-1a shows the

symbol that is used to represent a voltage source. The voltage of a voltage source is specified, but the

E X A M P L E 2 . 4 - 1 Power Dissipated by a Resistor

Let us devise a model for a car battery when the lights are left on and the engine is

off. We have all experienced or seen a car parked with its lights on. If we leave the car

for a period, the battery will run down or go dead. An auto battery is a 12-V constant-

voltage source, and the lightbulb can be modeled by a resistor of 6 ohms. The circuit is

shown in Figure 2.4-8. Let us find the current i, the power p, and the energy supplied

by the battery for a four-hour period.

Solution
According to Ohm’s law, Eq. 2.4-3, we have

v ¼ Ri

Because v ¼ 12 V and R ¼ 6 V, we have i ¼ 2 A.

To find the power delivered by the battery, we use

p ¼ vi ¼ 12 2ð Þ ¼ 24W

Finally, the energy delivered in the four-hour period is

w ¼
Z t

0
pdt ¼ 24t ¼ 24 60� 60� 4ð Þ ¼ 3:46� 105 J

Because the battery has a finite amount of stored energy, it will deliver this energy and eventually be unable to

deliver further energy without recharging. We then say the battery is run down or dead until recharged. A typical

auto battery may store 106 J in a fully charged condition.

R

i

12 V 6 Ω+
–

FIGURE 2.4-8 Model of a

car battery and the

headlight lamp.

28 Circuit Elements

Por último, la energía transmitida en un lapso de cuatro horas es
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28 Circuit Elements

Dado que la batería tiene una cantidad finita de energía almacenada, transmitirá esta energía y acabará por no 
poder hacerlo más si no se recarga. Se dice entonces que la batería se baja o muere hasta que se recargue. Una 
batería normal de automóvil puede almacenar 106 julios a carga plena.

E j E m p l o  2 . 4 - 1  Potencia disipada por un resistor

FIGURA 2.4-8 Modelo de 
una batería de automóvil y 
la lámpara.

R

i

12 V 6 Ω+
–

EJERCICIO 2.4-1  Obtenga la potencia absorbida por una resistencia de 100 ohmios cuando 
se conecta directamente a una fuente constante de 10-V.

Respuesta: 1-W

EJERCICIO 2.4-2  Una fuente de voltaje v 5 10 cos t V está conectada a través de una resis-
tencia de 10 ohmios. Obtenga la potencia transmitida al resistor.

Respuesta: 10 cos2t W

2.5 F U E N T E S  I N D E P E N D I E N T E S

Algunos dispositivos tienen como propósito suministrar energía a un circuito. A estos dispositivos 
se les llama fuentes. Están clasificados para funcionar en dos tipos, como fuentes de voltaje y como 
fuentes de corriente. La figura 2.5-1a muestra el símbolo con que se representa una fuente de voltaje. 
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El voltaje de una fuente de voltaje es específico, pero la corriente la determina el resto del circuito. 
Una fuente de voltaje se describe especificando la función v(t), por ejemplo,

v tð Þ ¼ 12 cos 1 000t o v tð Þ ¼ 9 o v tð Þ ¼ 12� 2t

Un elemento activo de dos terminales que alimenta energía a un circuito es una fuente de energía. Una 
fuente de voltaje independiente proporciona un voltaje específico independiente de la corriente que 
fluye a través de él y es independiente de cualquier otra variable de circuito.

Una fuente es un generador de corriente o voltaje capaz de suministrar energía a un circuito.

 Una fuente de corriente independiente proporciona una corriente independiente del voltaje que 
fluye a través del elemento de fuente y es independiente de cualquier otra variable de circuito. Por lo 
tanto, cuando se dice que una fuente es independiente, significa que es independiente de cualquier otra 
corriente o voltaje en el circuito.

Una fuente independiente es un generador de voltaje o de corriente que no depende de 
otras variables del circuito.

 Supongamos que la fuente de voltaje es una batería y
v1t2 � 9 voltios

Se sabe que el voltaje de esta batería es de 9 voltios independientemente del circuito en que se use la 
batería. Por el contrario, la corriente de la fuente de voltaje no se conoce y depende del circuito en que 
se use la fuente. La corriente podría ser de 6 amperios cuando la fuente de voltaje está conectada a un 
circuito y de 6 miliamperios cuando está conectada a otro circuito.
 La figura 2.5-1b muestra con qué símbolo se representa una fuente de corriente. La corriente de 
una fuente de corriente se especifica, pero el voltaje lo determina el resto del circuito. Una fuente 
de corriente se describe especificando la función i(t), por ejemplo,

i tð Þ ¼ 6 sen 500t o i tð Þ ¼ �0:25 o i tð Þ ¼ t þ 8

Una fuente de corriente especificada por i(t) � �0.25 miliamperios tendrá una corriente de �0.25 
miliamperios en cualquier circuito que se use. El voltaje que fluye a través de esa fuente de corriente 
dependerá del circuito en particular.
 En los párrafos anteriores se han dejado de lado algunas complejidades para presentar una 
descripción sencilla de la manera como funcionan las fuentes. El voltaje a través de una batería de 
9 voltios puede no ser en realidad de 9 voltios. Este voltaje depende del tiempo de vida de la batería, 
la temperatura, las variaciones en su fabricación, y la corriente de la batería. Aquí conviene hacer 
una distinción entre las fuentes reales, como las baterías, y las fuentes sencillas de voltaje y corriente 
descritas anteriormente. Sería ideal que las fuentes reales funcionaran como estas fuentes sencillas. 
En verdad, la palabra ideal se usa para hacer esta distinción. A las fuentes sencillas descritas en los 
párrafos anteriores se les denomina fuentes de voltaje ideales y fuentes de corriente ideales.

 El voltaje de una fuente de voltaje ideal se proporciona para una función específica, 
digamos v(t). La corriente la determina el resto del circuito.

 La corriente de una fuente de corriente ideal se proporciona para una función específica, 
digamos i(t). El voltaje lo determina el resto del circuito.
 Una fuente ideal es un generador de voltaje o de corriente independiente de la corriente 
a través de la fuente de voltaje o del voltaje a través de la fuente de corriente.

FIGURA 2.5-1
(a) Fuente 
de voltaje. 
(b) Fuente de 
corriente.

+

(b)

(a)

+
– v(t)

i(t)

–

v(t) i(t)
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 30 Elementos de circuitos

Veamos lo que hace un ingeniero que necesita analizar un circuito que contiene una batería de 9 voltios. ¿En rea-
lidad es necesario que este ingeniero incluya la dependencia del voltaje de la batería en el tiempo de vida de la 
batería, la temperatura, las variaciones en su fabricación, y la corriente de la batería en este análisis? Es de esperar-
se que no. La expectativa es que la batería funcione lo bastante parecido a una fuente de voltaje ideal de 9 voltios 
de modo que las diferencias se puedan pasar por alto. En este caso se dice que la batería está modelada como una 
fuente de voltaje ideal.
 Para ser concretos, considere una batería especificada por el diagrama de voltaje comparado con la corrien-
te que se muestra en la figura 2.5-2a. Este diagrama indica que el voltaje de la batería será v 5 9 voltios cuando 
i 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 10 miliamperios. Conforme la corriente se incrementa por arriba de 10 miliamperios, el voltaje baja de 
9 voltios. Cuando i 
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14 Electric Circuit Variables

 10 miliamperios, la dependencia del voltaje de la batería en la corriente de la batería 
se puede obviar y la batería se puede modelar como una fuente de voltaje ideal.

E j E m p l o  2 . 5 - 1  Una batería modelada como fuente de voltaje

 Suponga que hay una resistencia conectada a través de las terminales de la batería, como se muestra en la 
figura 2.5-2b. La corriente de la batería será

 

E1C02_1 10/23/2009 30

Engineers frequently face a trade-off when selecting a model for a device. Simple models

are easy to work with but may not be accurate. Accurate models are usually more complicated and

harder to use. The conventional wisdom suggests that simple models be used first. The results

obtained using the models must be checked to verify that use of these simple models is

appropriate. More accurate models are used when necessary.

E X A M P L E 2 . 5 - 1 A Battery Modeled as a Voltage Source

Consider the plight of the engineer who needs to analyze a circuit containing a 9-volt battery. Is it really necessary

for this engineer to include the dependence of battery voltage on the age of the battery, the temperature, variations

in manufacturing, and the battery current in this analysis? Hopefully not. We expect the battery to act enough like

an ideal 9-volt voltage source that the differences can be ignored. In this case, it is said that the battery is modeled

as an ideal voltage source.

To be specific, consider a battery specified by the plot of voltage versus current shown in Figure 2.5-2a. This

plot indicates that the battery voltage will be v¼ 9 volts when i� 10 milliamps. As the current increases above 10

milliamps, the voltage decreases from 9 volts. When i � 10 milliamps, the dependence of the battery voltage on

the battery current can be ignored and the battery can be modeled as an ideal voltage source.

+
–

(b)(a)

10 i, mA

9

v, volts

v = 9 V

Battery

i

R

FIGURE 2.5-2 (a) A plot of battery voltage versus

battery current. (b) The battery is modeled as an

independent voltage source.

Suppose a resistor is connected across the terminals of the battery as shown in Figure 2.5-2b. The battery

current will be

i ¼ v

R
ð2:5-1Þ

The relationship between v and i shown in Figure 2.5-2a complicates this equation. This complication can be

safely ignored when i� 10 milliamps. When the battery is modeled as an ideal 9-volt voltage source, the voltage

source current is given by

i ¼ 9

R
ð2:5-2Þ

The distinction between these two equations is important. Eq. 2.5-1, involving the v�i relationship shown in

Figure 2.5-2a, is more accurate but also more complicated. Equation 2.5-2 is simpler but may be inaccurate.

Suppose that R ¼ 1000 ohms. Equation 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

1000
¼ 9 mA ð2:5-3Þ

Because this current is less than 10 milliamps, the ideal voltage source is a good model for the battery, and it is

reasonable to expect that the battery current is 9 milliamps.

Suppose, instead, that R ¼ 600 ohms. Once again, Eq. 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

600
¼ 15 mA ð2:5-4Þ

Because this current is greater than 10milliamps, the ideal voltage source is not a goodmodel for the battery. In this

case, it is reasonable to expect that the battery current is different from the current for the ideal voltage source.

30 Circuit Elements

 (2.5-1)

La relación entre v e i que se muestra en la figura 2.5-2a complica esta ecuación. Tal complicación se puede pasar 
por alto sin problema cuando i 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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 10 miliamperios. Cuando la batería se modela como una fuente de voltaje ideal 
de 9 voltios, la corriente de la fuente de voltaje resulta de
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Engineers frequently face a trade-off when selecting a model for a device. Simple models

are easy to work with but may not be accurate. Accurate models are usually more complicated and

harder to use. The conventional wisdom suggests that simple models be used first. The results

obtained using the models must be checked to verify that use of these simple models is

appropriate. More accurate models are used when necessary.

E X A M P L E 2 . 5 - 1 A Battery Modeled as a Voltage Source

Consider the plight of the engineer who needs to analyze a circuit containing a 9-volt battery. Is it really necessary

for this engineer to include the dependence of battery voltage on the age of the battery, the temperature, variations

in manufacturing, and the battery current in this analysis? Hopefully not. We expect the battery to act enough like

an ideal 9-volt voltage source that the differences can be ignored. In this case, it is said that the battery is modeled

as an ideal voltage source.

To be specific, consider a battery specified by the plot of voltage versus current shown in Figure 2.5-2a. This

plot indicates that the battery voltage will be v¼ 9 volts when i� 10 milliamps. As the current increases above 10

milliamps, the voltage decreases from 9 volts. When i � 10 milliamps, the dependence of the battery voltage on

the battery current can be ignored and the battery can be modeled as an ideal voltage source.

+
–

(b)(a)

10 i, mA

9

v, volts

v = 9 V

Battery

i

R

FIGURE 2.5-2 (a) A plot of battery voltage versus

battery current. (b) The battery is modeled as an

independent voltage source.

Suppose a resistor is connected across the terminals of the battery as shown in Figure 2.5-2b. The battery

current will be

i ¼ v

R
ð2:5-1Þ

The relationship between v and i shown in Figure 2.5-2a complicates this equation. This complication can be

safely ignored when i� 10 milliamps. When the battery is modeled as an ideal 9-volt voltage source, the voltage

source current is given by

i ¼ 9

R
ð2:5-2Þ

The distinction between these two equations is important. Eq. 2.5-1, involving the v�i relationship shown in

Figure 2.5-2a, is more accurate but also more complicated. Equation 2.5-2 is simpler but may be inaccurate.

Suppose that R ¼ 1000 ohms. Equation 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

1000
¼ 9 mA ð2:5-3Þ

Because this current is less than 10 milliamps, the ideal voltage source is a good model for the battery, and it is

reasonable to expect that the battery current is 9 milliamps.

Suppose, instead, that R ¼ 600 ohms. Once again, Eq. 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

600
¼ 15 mA ð2:5-4Þ

Because this current is greater than 10milliamps, the ideal voltage source is not a goodmodel for the battery. In this

case, it is reasonable to expect that the battery current is different from the current for the ideal voltage source.

30 Circuit Elements

 (2.5-2)

La distinción entre estas dos ecuaciones es importante. La ecuación 2.5-1, que implica la relación v 2 i que se 
muestra en la figura 2.5-2a, es más exacta pero también más complicada. La ecuación 2.5-2 es más sencilla pero 
puede ser errónea.
 Suponga que R 5 1000 ohmios. La ecuación 2.5-2 da la corriente de la fuente de voltaje ideal:

 
i 

9
1 000

 9 mA (2.5-3)

Como esta corriente es menor que 10 miliamperios, la fuente de voltaje ideal es un buen modelo para la batería, 
y es razonable esperar que la corriente de la batería sea de 9 miliamperios.
 Suponga, por el contrario, que R 5 600 ohmios. Una vez más, la ecuación 2.5-2 da la corriente de la fuente 
de voltaje ideal: 
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Engineers frequently face a trade-off when selecting a model for a device. Simple models

are easy to work with but may not be accurate. Accurate models are usually more complicated and

harder to use. The conventional wisdom suggests that simple models be used first. The results

obtained using the models must be checked to verify that use of these simple models is

appropriate. More accurate models are used when necessary.

E X A M P L E 2 . 5 - 1 A Battery Modeled as a Voltage Source

Consider the plight of the engineer who needs to analyze a circuit containing a 9-volt battery. Is it really necessary

for this engineer to include the dependence of battery voltage on the age of the battery, the temperature, variations

in manufacturing, and the battery current in this analysis? Hopefully not. We expect the battery to act enough like

an ideal 9-volt voltage source that the differences can be ignored. In this case, it is said that the battery is modeled

as an ideal voltage source.

To be specific, consider a battery specified by the plot of voltage versus current shown in Figure 2.5-2a. This

plot indicates that the battery voltage will be v¼ 9 volts when i� 10 milliamps. As the current increases above 10

milliamps, the voltage decreases from 9 volts. When i � 10 milliamps, the dependence of the battery voltage on

the battery current can be ignored and the battery can be modeled as an ideal voltage source.

+
–

(b)(a)

10 i, mA

9

v, volts

v = 9 V

Battery

i

R

FIGURE 2.5-2 (a) A plot of battery voltage versus

battery current. (b) The battery is modeled as an

independent voltage source.

Suppose a resistor is connected across the terminals of the battery as shown in Figure 2.5-2b. The battery

current will be

i ¼ v

R
ð2:5-1Þ

The relationship between v and i shown in Figure 2.5-2a complicates this equation. This complication can be

safely ignored when i� 10 milliamps. When the battery is modeled as an ideal 9-volt voltage source, the voltage

source current is given by

i ¼ 9

R
ð2:5-2Þ

The distinction between these two equations is important. Eq. 2.5-1, involving the v�i relationship shown in

Figure 2.5-2a, is more accurate but also more complicated. Equation 2.5-2 is simpler but may be inaccurate.

Suppose that R ¼ 1000 ohms. Equation 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

1000
¼ 9 mA ð2:5-3Þ

Because this current is less than 10 milliamps, the ideal voltage source is a good model for the battery, and it is

reasonable to expect that the battery current is 9 milliamps.

Suppose, instead, that R ¼ 600 ohms. Once again, Eq. 2.5-2 gives the current of the ideal voltage source:

i ¼ 9

600
¼ 15 mA ð2:5-4Þ

Because this current is greater than 10milliamps, the ideal voltage source is not a goodmodel for the battery. In this

case, it is reasonable to expect that the battery current is different from the current for the ideal voltage source.

30 Circuit Elements

 (2.5-4)

Dado que esta corriente es mayor que 10 miliamperios, la fuente de voltaje ideal no es un buen modelo para la batería. 
En este caso, es razonable esperar que la corriente de la batería sea diferente de la corriente de la fuente de voltaje ideal.

FIGURA 2.5-2 (a) Diagrama de un voltaje de 
batería comparado con la corriente de la batería.  
(b) La batería está modelada como una fuente de 
voltaje independiente.

+
–

(b)(a)
10 i, mA

9

v, voltios

v = 9 V

Batería

i

R

 Suele suceder que los ingenieros se enfrenten a un dilema cuando tienen que seleccionar un 
modelo para un dispositivo. Los modelos sencillos son fáciles de trabajar pero pueden no ser exactos. 
Los modelos precisos son por lo común más complicados y difíciles de usar. El sentido común sugiere 
que primero se usen los modelos sencillos. Los resultados obtenidos al usar estos modelos se deben 
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comprobar para cerciorarse que es adecuado utilizar estos modelos sencillos. Los modelos más preci-
sos se usarán cuando sea necesario.
 El cortocircuito y el circuito abierto son casos especiales de fuentes ideales. Un cortocircuito es 
una fuente de voltaje ideal que tiene v(t) 5 0. La corriente en un cortocircuito está determinada por 
el resto del circuito. Un circuito abierto es una fuente de corriente ideal que tiene i(t) 5 0. El voltaje 
a través de un circuito abierto está determinado por el resto del circuito. La figura 2.5-3 muestra los 
símbolos con que se representan el cortocircuito y el circuito abierto. Observe que la potencia absor-
bida por cada uno de estos dispositivos es cero.
 Los circuitos abierto y corto se pueden agregar a un circuito sin alterar las corrientes y los volta-
jes de las derivaciones de todos los demás dispositivos en el circuito. La figura 2.6-3 muestra cómo se 
puede hacer esto. La figura 2.6-3a presenta un circuito de ejemplo. En la figura 2.6-3b se han agregado 
un cortocircuito y un circuito abierto a este circuito de ejemplo. El circuito abierto se conectó entre dos 
nodos del circuito original. Por el contrario, el cortocircuito se agregó al cortar un cable e insertar el 
cortocircuito. Agregar cortocircuitos y circuitos abiertos a una red de esta manera no modifica la red.
 Los cortocircuitos y los circuitos abiertos también se pueden describir como casos especiales de 
resistores. Un resistor con una resistencia R 5 0(G 5 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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) es un cortocircuito. Un resistor con conduc-
tancia G 5 0 (R 5 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)
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im = 0
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FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.
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i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.
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FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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) es un circuito abierto.

2.6 VO LT Í M E T R O S  Y  A M P E R Í M E T R O S

Las mediciones de corriente y voltaje se hacen con lectores directos (análogos) o medidores digitales, 
como se muestra en la figura 2.6-1. Un medidor de lectura directa tiene un apuntador cuya desviación 
an gular depende de la magnitud de la variable que está midiendo. Un medidor digital despliega un 
conjunto de dígitos que indican el valor de la variable medida.
 Para medir un voltaje o corriente se conecta un medidor a un circuito mediante unas terminales 
llamadas probadores. Estos probadores tienen colores codificados para indicar la dirección de refe-
rencia de la variable que se va a medir. Los probadores métricos suelen presentar los colores rojo y 
negro. Un voltímetro ideal mide los voltajes del probador rojo al negro. La terminal roja es positiva, 
y la negra es negativa (ver figura 2.6-2b).
 Un amperímetro ideal mide la corriente que fluye a través de sus terminales, como se muestra en 
la figura 2.6-2a y tiene voltaje cero, vm, a través de sus terminales. Un voltímetro ideal mide el voltaje 
a través de sus terminales, como se muestra en la figura 2.6-2b y tiene una corriente de terminal, im, 
igual a cero. Los instrumentos de medición útiles sólo se aproximan a las condiciones ideales. Para 
un amperímetro útil el voltaje a través de sus terminales suele ser insignificante de tan pequeño. Del 
mismo modo, la corriente en un voltímetro suele ser ínfima.
 Los voltímetros ideales actúan como circuitos abiertos, y los amperímetros ideales actúan como 
cortocircuitos. Es decir, el modelo de un voltímetro ideal es un circuito abierto, y el de un amperímetro 
ideal es un cortocircuito. Considere el circuito de la figura 2.6-3a y luego agregue un circuito abierto 
con un voltaje v y un cortocircuito con una corriente i como se muestra en la figura 2.6-3b. En la figura 
2.6-3c, el circuito abierto ha sido reemplazado por un voltímetro y el cortocircuito lo ha sido por un 

FIGURA 2.5-3 
(a) Circuito 
abierto. (b) 
Cortocircuito.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURA 2.6-1 
(a) Medidor de 
lectura directa 
(análogo). (b) 
Medidor digital.

(b)

(a)

Voltímetro

(b)(a)

Amperímetro + –

+ –

v

vm = 0

im = 0

iElemento

ii Elemento

FIGURA 2.6-2 (a) Amperímetro ideal. (b) Voltímetro ideal.
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 32 Elementos de circuitos

amperímetro. El voltímetro medirá el voltaje etiquetado v en la figura 2.6-3b en tanto que el amperíme-
tro medirá la corriente etiquetada i. Observe que la figura 2.6-3c podría obtenerse de la figura 2.6-3a al 
agregar un voltímetro y un amperímetro. Idealmente, agregar el voltímetro y el amperímetro de esta ma-
nera no debe alterar el circuito. Una interpretación más de la figura 2.6-3 es útil. La figura 2.6-3b podría 
formarse con la figura 2.6-3c si se reemplazan el voltímetro y el amperímetro por sus modelos (ideales).
 La dirección de referencia es una parte importante del voltaje o la corriente de un elemento. 
Las figuras 2.6-4 y 2.6-5 indican que se debe poner bastante atención a las direcciones de referencia 
cuando se mide un voltaje o la corriente de un elemento. La figura 2.6-4a muestra un voltímetro. Los 
voltímetros tienen probadores bicolores. Este color indica la dirección de referencia del voltaje que se 
ha de medir. En las figuras 2.6-4b y la figura 2.6-4c se ha utilizado un voltímetro para medir el voltaje 
a través de la resistencia de 6 kV. Cuando el voltímetro se conecta al circuito, como se muestra en la 

FIGURA 2.6-3 (a) Un circuito de ejemplo, (b) con un circuito abierto y un cortocircuito agregados. (c) El circuito 
abierto ha sido reemplazado por un voltímetro y el cortocircuito por un amperímetro.

10 Ω50 Ω

60 Ω20 Ω

10 Ω50 Ω

60 Ω20 Ω

10 Ω50 Ω

60 Ω20 Ω

+
–

+
–

+
–

Voltímetro Amperímetro

(b)(a)

(c)

2 voltios

2 voltios

2 voltios

i

i

+ –v

+ –v
Circuito abierto

Corto-
circuito

+

Voltímetro

(b)(a) (c)

+ –va

Voltímetro

+ –v

12 V

5 kΩ 6 kΩ
4 kΩ10 kΩ+

–

Voltímetro

– vb

12 V

5 kΩ 6 kΩ
4 kΩ10 kΩ+

–

+ 3 . 6 – 3 . 6

FIGURA 2.6-4 (a) Correspondencia entre los probadores del código de color del voltímetro y la dirección de referencia 
del voltaje medido. En (b), el signo 1 de va está a la izquierda, en tanto que en (c), el signo 1 de vb está a la derecha. 
El probador coloreado se muestra en gris. En el laboratorio este probador será rojo. Al referirnos al probador de color 
se dirá que es el “probador rojo”.
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figura 2.6-4b, el voltímetro mide va, con 1 a la izquierda, en el probador rojo. Cuando se intercambian 
las pruebas del voltímetro como se muestra en la figura 2.6-4c, el voltímetro mide vb, con el signo 1 
a la derecha, de nuevo en el probador rojo. Observe que vb 5 2va.
 La figura 2.6-5a muestra un amperímetro. Los amperímetros tienen probadores de código de 
dos colores. Esta codificación de color indica la dirección de referencia de la corriente que se va a 
medir. En las figura 2.6-5b y c, el amperímetro se utiliza para medir la corriente en el resistor de 6 kV. 
Cuando se conecta el amperímetro al circuito como se muestra en la figura 2.6-5b, el amperímetro 
mide ia, direccionada del probador rojo al probador negro. Cuando los probadores del amperíme-
tro están intercambiados como se muestra en la figura 2.6-5c, el amperímetro mide ib, de nuevo 
direccionado del probador rojo al negro. Observe ib 5 2ia.

2.7 F U E N T E S  D E P E N D I E N T E S

Las fuentes dependientes modelan la situación en la cual el voltaje o la corriente de un elemento de cir-
cuito es proporcional al voltaje o corriente del segundo elemento de circuito. (En contraste, un resistor 
es un elemento de circuito en el cual el voltaje del elemento es proporcional a la corriente del mismo ele-
mento.) Las fuentes dependientes se emplean para modelar dispositivos electrónicos como transistores o 
amplificadores. Por ejemplo, el voltaje de salida de un amplificador es proporcional al voltaje de entrada 
de ese amplificador, de modo que un amplificador puede ser modelado por una fuente dependiente.
 La figura 2.7-1a muestra un circuito que incluye una fuente dependiente. El símbolo de dia-
mante representa una fuente dependiente. Los signos más y menos dentro del diamante identifican la 
fuente dependiente como una fuente de voltaje e indican la polaridad de referencia del voltaje del ele-
mento. La etiqueta “5i ” representa el voltaje de esta fuente dependiente. Este voltaje es un producto 
de dos factores, 5 e i. El segundo factor, i, indica que el voltaje de esta fuente dependiente es controlado 
por la corriente, i, en el resistor de 18 V. El primer factor, 5, es la ganancia de esta fuente dependiente, 
la cual es la proporción del voltaje controlado, 5i, para la corriente predominante, i. Esta ganancia 
tiene unidades de V>A u V. Dado que esta fuente dependiente es una fuente de voltaje y como una co-
rriente controla el voltaje, la fuente dependiente se denomina fuente de voltaje de corriente controlada 
(CCVS, por sus siglas en inglés).
 La figura 2.7-2b muestra el circuito de 2.7-1a, desde un punto de vista diferente. En la figura 
2.7-1b, se ha insertado un cortocircuito en serie con el resistor de 18 V. Ante esto se considera la 
corriente predominante i como la corriente en un cortocircuito más que como la corriente en el re-
sistor de 18 V en sí. De este modo, se puede tratar siempre la corriente predominante de una fuente 
dependiente como la corriente en un cortocircuito. En esta sección usaremos este segundo punto de 
vista para clasificar las fuentes dependientes.

(b)(a) (c)

Amperímetro

12 V

6 kΩ

4 kΩ+
–

i

Amperímetro

+ 1 . 2

ia
12 V

6 kΩ

4 kΩ+
–

Amperímetro

– 1 . 2

ib

FIGURA 2.6-5 (a) Correspondencia entre los probadores del código de color del amperímetro y la dirección de 
referencia de la corriente medida. En (b) la corriente ia está dirigida a la derecha, en tanto que en (c) la corriente ib está 
dirigida a la izquierda. El probador coloreado se muestra aquí en gris. En el laboratorio será rojo. Nos referiremos al 
probador de color como el “probador rojo”.
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 La figura 2.7-1c muestra un circuito que incluye una fuente dependiente, representada por el 
símbolo del diamante. La flecha dentro del diamante identifica la fuente dependiente como una fuente 
de corriente e indica la dirección de referencia de la corriente del elemento. La etiqueta “0.2 v” repre-
senta la corriente de esta fuente dependiente. Esta corriente es producto de dos factores, 0.2 y v. El 
segundo factor, v, indica que la corriente de esta fuente dependiente está controlada por el voltaje, v, a 
través del resistor de 18 V. El primer factor, 0.2, es la ganancia de esta fuente dependiente, la cual es 
a su vez la proporción de fuente controlada, 0.2 v, para el voltaje predominante, v. Esta ganancia tiene 
unidades de A/V. Dado que esta fuente dependiente es una fuente de corriente y como un voltaje con-
trola la corriente, la fuente dependiente se denomina fuente de corriente de voltaje controlado (VCCS 
por sus siglas en inglés).
 La figura 2.7-1d muestra el circuito de la figura 2.7-1c, desde un punto de vista diferente. En la 
figura 2.7-1d, se ha agregado un circuito abierto en paralelo con el resistor de 18 V. Ahora consideramos 
el voltaje predominante v como el voltaje a través de un circuito abierto de la figura 2.7-1, en vez del 
voltaje a través del mismo resistor de 18 V. De este modo, se puede tratar siempre el voltaje predomi-
nante de una fuente dependiente como el voltaje a través de un circuito abierto.
 Estamos listos para clasificar las fuentes dependientes. Cada fuente dependiente consta de dos 
partes: la parte predominante y la parte controlada. La parte predominante es o bien un circuito abierto 
o un cortocircuito. La parte controlada puede ser una fuete de voltaje o una fuente de corriente. Hay 
cuatro tipos de fuente dependiente que corresponden a las cuatro formas de seleccionar una parte con-
troladora y una parte controlada. Estas cuatro fuentes dependientes se denominan (* por sus siglas en 
inglés) fuente de voltaje controlada por voltaje (VCVS*), fuente de voltaje controlada por corriente  
(CCVS*), fuente de corriente controlada por voltaje (VCCS*), y fuente de corriente controlada por 
corriente (CCCS*). En la tabla 2.7-1 se muestran los símbolos que representan las fuentes dependientes.
 Considere la CCVS de la tabla 2.7-1. El elemento predominante es un cortocircuito. La corriente 
y el voltaje del elemento que predomina están indicados como ic y vc. El voltaje a través de un cortocir-
cuito es cero, por lo tanto, vc 5 0. La corriente de cortocircuito, ic es la señal de control de esa fuente 
dependiente. El elemento controlado es una fuente de voltaje. La corriente y el voltaje del elemento 
controlado se representan por id y vd, respectivamente. El voltaje controlado vd es controlado por ic:

vd 5 ric
La constante r se denomina la ganancia de CCVS. La corriente id, como la corriente de toda fuente de 
voltaje, está determinada por el resto del circuito.

(a)

+ –v

18 Ω

+
– 12 Ω 5 i24 V

i

+
–

(b)

18 Ω

+
– 12 Ω 5 i24 V

i

+
–

(c)

18 Ω

+
– 12 Ω 0.2 v 0.2 v24 V

(d)

18 Ω

+
– 12 Ω24 V

+ –v

FIGURA 2.7-1 La corriente predominante de una fuente dependiente mostrada como (a) la corriente en un elemento, y 
(b) la corriente en un cortocircuito en serie con ese elemento. El voltaje predominante de una fuente dependiente se muestra 
como (c) el voltaje a través de un elemento y (d ) el voltaje a través de un circuito abierto en paralelo con ese elemento.
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 A continuación, considere la VCVS de la tabla 2-7-1. El elemento predominante es un circuito 
abierto. La corriente en un circuito abierto es cero, por lo tanto, ic 5 0. El voltaje del circuito abierto, vc, 
es la señal controladora de esta fuente dependiente. El elemento controlado es una fuente de voltaje. 
El voltaje vd es controlado por vc:

vd 5 bvc

La constante b se denomina ganancia de VCVS. La corriente id está determinada por el resto del 
circuito.
 El elemento controlador de la VCCS que se muestra en la tabla 2.7-1 es un circuito abierto. 
La corriente en este circuito abierto es ic 5 0. El voltaje del circuito abierto, vc, es la señal contro-
la do ra de esta fuente dependiente. El elemento controlado es una fuente de corriente. La corriente 
id está controlada por vc:

id 5 gvc

La constante g se denomina ganancia de VCCS. El voltaje vd, como el voltaje a través de toda fuente 
de corriente, está determinado por el resto del circuito.
 El elemento controlador de la CCCS que se muestra en la tabla 2.7-1 es un cortocircuito. El 
voltaje a través de este circuito abierto es vc 5 0. La corriente del cortocircuito, ic, es la señal contro-
ladora de esta fuente dependiente. El elemento controlado es una fuente de corriente. La corriente id 
está controlada por ic:

id 5 dic

Tabla 2.7-1 Fuentes dependientes

DESCRIPCIÓN SÍMBOLO

Fuente de voltaje controlada por corriente (CCVS)
r es la ganancia de la CCVS.
r tiene unidades de voltios/amperios

vc = 0

id

vd = ricic

+

–

+

–

vd = bvc

ic = 0 id

+

–
vc

+

–

id = gvcvd

+

–

ic = 0

+

–
vc

vc = 0 id = dicic

+

–

vd

+

–

Fuente de voltaje controlada por voltaje (VCVS)
b es la ganancia de la VCVS.
b tiene unidades de voltios/voltios

vc = 0

id

vd = ricic

+

–

+

–

vd = bvc

ic = 0 id

+

–
vc

+

–

id = gvcvd

+

–

ic = 0

+

–
vc

vc = 0 id = dicic

+

–

vd

+

–

Fuente de corriente controlada por voltaje (VCCS)
g es la ganancia de la VCCS.
g tiene unidades de amperios/voltios

vc = 0

id

vd = ricic

+

–

+

–

vd = bvc

ic = 0 id

+

–
vc

+

–

id = gvcvd

+

–

ic = 0

+

–
vc

vc = 0 id = dicic

+

–

vd

+

–

Fuente de corriente controlada por corriente (CCCS)
d es la ganancia de la CCCS
d tiene unidades de amperios/amperios

vc = 0

id

vd = ricic

+

–

+

–

vd = bvc

ic = 0 id

+

–
vc

+

–

id = gvcvd

+

–

ic = 0

+

–
vc

vc = 0 id = dicic

+

–

vd

+

–
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La constante d se denomina ganancia de CCCS. El voltaje, vd como el voltaje a través de toda fuente 
de corriente, está determinado por el resto del circuito.
 La figura 2.7-2 ilustra el uso de las fuentes dependientes para modelar dispositivos electrónicos. 
En ciertas circunstancias, el comportamiento del transistor que se muestra en la figura 2.7-2a se puede 
representar utilizando el modelo que se muestra en la figura 2.7-2b. Este modelo consta de una fuente 
dependiente y un resistor. El elemento controlador de la fuente dependiente es un circuito abierto a 
través del resistor. El voltaje controlador es vbe. La ganancia de la fuente dependiente es gm. La fuente 
dependiente se utiliza en este modelo para representar una propiedad del transistor, específicamente, 
que la corriente ic es proporcional al voltaje vbe, es decir,

ic 5 gmvbe

donde gm tiene unidades de amperios/voltios. Las figuras 2.7-2c y d ilustran la utilidad de este modelo. 
La figura 2.7-2d se obtiene de la figura 2.7-2c al reemplazar el transistor por el modelo de transistor.

FIGURA 2.7-2 (a) Símbolo para un transistor. (b) Modelo del transistor. (c) Amplificador de transistor. (d ) Modelo del 
amplificador de transistor.

+
– vin

+
– vin

r

RBRB

RC vo

gmvbe

+

–

vbe

+

–

RC vo

+

–



r gmvbe

+

–

vbe 

cb

e

c

b

e

(b)(a)

(c) (d)

ic

ic

ib

ib

Determine la potencia absorbida por la VCVS de la figura 2.7-3.

Solución
La VCVS consta de un circuito abierto y una fuente de voltaje controlado. En un circuito abierto no hay corriente, 
por lo tanto, no hay absorción de potencia en un circuito abierto.
 El voltaje, vc, a través del circuito abierto es la señal controladora de la VCVS. El voltímetro mide vc para que

vc 5 2 V
El voltaje de la fuente de voltaje controlado es

vd 5 2 vc 5 4 V

El amperímetro mide la corriente en la fuente de voltaje controlado para que

id 5 1.5 A

E j E m p l o  2 . 7- 1  Fuentes de poder y dependientes

M02_DORF_1571_8ED_SE_020-052.indd   36 4/12/11   5:17 PM



Circuitos Eléctricos - Dorf Alfaomega

 Transductores 37

La corriente del elemento, id, y el voltaje, vd, se apegan a la convención pasiva. Por lo tanto,

E1C02_1 10/23/2009 37

EXERCISE 2.7-1 Find the power absorbed by the CCCS in Figure E 2.7-1.

Voltmeter

12 V

2 Ω 2 Ω

+

4 Ω+
–

ic
vd

Ammeter

– 1. 2 0
+ 2 4. 0

id = 4ic

–

FIGURE E 2.7-1 A circuit containing a CCCS. The meters indicate that the current of the controlling element is ic ¼
�1.2 amperes and that the voltage of the controlled element is vd ¼ 24 volts.

Hint: The controlling element of this dependent source is a short circuit. The voltage across a short

circuit is zero. Hence, the power absorbed by the controlling element is zero. How much power is

absorbed by the controlled element?

Answer: �115.2 watts are absorbed by the CCCS. (The CCCS delivers þ115.2 watts to the rest of

the circuit.)

2.8 TRANSDUCERS

Transducers are devices that convert physical quantities to electrical quantities. This section describes

two transducers: potentiometers and temperature sensors. Potentiometers convert position to resist-

ance, and temperature sensors convert temperature to current.

The element current, id, and voltage, vd, adhere to the passive convention. Therefore,

p ¼ idvd ¼ 1:5ð Þ 4ð Þ ¼ 6W

is the power absorbed by the VCVS.

12 V

2 Ω
0.5 A 4 Ω+

–

id

Voltmeter

+ 2. 0 0

Ammeter

+ 1. 5 0

vd = 2vc

+ –

+ vc –

FIGURE 2.7-3 A circuit containing a VCVS. The meters

indicate that the voltage of the controlling element is vc ¼ 2.0

volts and that the current of the controlled element is id ¼ 1.5

amperes.

Transducers 37

es la potencia absorbida por la VCVS.

FIGURA 2.7-3 Un circuito que contiene una VCVS. Los 
medidores indican que el voltaje del elemento controlador es  
vc 5 2.0 voltios y que la corriente del elemento controlado 
es id 5 1.5 amperios.

EJERCICIO 2.7-1  Obtenga la potencia absorbida por la CCCS en la figura E 2.7-1.

Sugerencia: El elemento controlador de esta fuente dependiente es un cortocircuito. El voltaje a tra-
vés de un cortocircuito es cero. Por consiguiente, la potencia absorbida por el elemento controlador es 
cero. ¿Cuánta potencia absorbe el elemento controlado?

Respuesta: La CCCS absorbe 2115.2 watts (la CCCS entrega 1 115.2 watts al resto del circuito).

2.8 T R A N S D U C T O R E S

Los transductores son dispositivos que convierten cantidades físicas en cantidades eléctricas. Esta 
sección describe dos transductores: potenciómetros y sensores de temperatura. Los potencióme-
tros convierten la posición en resistencia y los sensores de temperatura convierten la temperatura  
en corriente.

12 V

2 Ω
0.5 A 4 Ω+

–

id

Voltímetro

+ 2. 0 0

Amperímetro

+ 1. 5 0

vd = 2vc

+ –

+ vc –

FIGURA E 2.7-1 Un circuito que contiene una CCCS. Los medidores indican que la corriente del elemento controlador 
es ic 5 21.2 amperios y que el voltaje del elemento controlado es vd 5 24 voltios.

Voltímetro

12 V

2 Ω 2 Ω

+

4 Ω+
–

ic
vd

Amperímetro

– 1. 2 0
+ 2 4. 0

id = 4ic

–
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 La figura 2.8-1a muestra el símbolo para el potenciómetro. El potenciómetro 
es un resistor que tiene un tercer contacto, llamado cursor, que se desliza a lo largo 
del resistor. Se necesitan dos parámetros, Rp y a, para describir el potenciómetro. El 
parámetro Rp especifica la resistencia del potenciómetro (Rp . 0). El parámetro a 
representa la posición del cursor y toma valores en el rango 0 

E1C01_1 11/26/2009 14

1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 a 
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control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1
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and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.
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Element
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+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 1. Los valores 
a 5 0 y a 5 1 corresponden a las posiciones extremas del cursor.
 La figura 2.8-1b muestra un modelo para el potenciómetro que consta de dos 
resistores. Las resistencias de estos resistores dependen de los parámetros Rp y a del 
potenciómetro.
 En ocasiones, la posición del cursor corresponde a la posición angular del eje 
conectado al potenciómetro. Suponga que 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 es el ángulo en grados y que 0 
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two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 

E1C01_1 11/26/2009 14
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JET VALVE CONTROLLER
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will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,
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Act on the Plan
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FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

FIGURA 2.8-1 (a) Símbolo y 
(b) modelo del potenciómetro.

La figura 2.8-2a muestra un circuito en el cual el voltaje medido por el instrumento medidor muestra una indi-
cación de la posición angular del eje. En la figura 2.8-2b, la fuente de corriente, el potenciómetro y el voltímetro 
han sido reemplazados por modelos de estos dispositivos. El análisis de la figura da como resultado
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the
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FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.
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Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter
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+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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(1 – a)Rp

aRp

Rp

(b)(a)

E j E m p l o  2 . 8 - 1  Circuito del potenciómetro

Despejando el ángulo se obtiene

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

Suponga que Rp 5 10 kV y que I 5 1 mA. Un ángulo de 163° podría ocasionar una salida de vm 5 4.53 V. Una 
lectura de medidor de 7.83 V indicaría que 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp
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(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 5 282°.

FIGURA 2.8-2 (a) Circuito que contiene un 
potenciómetro. (b) Circuito equivalente que contiene 
un modelo del potenciómetro.

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltímetro

+ vm –
+

vm

–

 Los sensores de temperatura, como el AD590 manufacturado por Analog Devices, son fuentes 
de corriente que tienen una corriente proporcional con la temperatura absoluta. La figura 2.8-3a mues-
tra el símbolo con el que se representa un sensor de temperatura. La figura 2.8-3b muestra el modelo 
del circuito del sensor de temperatura. Para que el sensor de temperatura funcione adecuadamente, el 
voltaje de derivación v debe satisfacer la condición

4 voltios 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-
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until expiration of the rocket after one minute.

The energy that must be supplied by element 1
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battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,
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Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.
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will discharge exponentially as it supplies energy to the valve.
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Determine the energy supplied by the first element for the one-minute period and then select
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Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for
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Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
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Be�t/60 V
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¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
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FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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Cuando se satisface esta condición, la corriente, i, en microamperios, es numéricamente igual a la 
temperatura T, en grados Kelvin. La frase numéricamente igual indica que la corriente y la temperatu-
ra tienen el mismo valor pero diferentes unidades. Esta relación se puede expresar como

i 5 k  T

donde 
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condition

4 volts � v � 30 volts

When this condition is satisfied, the current, i, in microamps, is numerically equal to

the temperature T, in degrees Kelvin. The phrase numerically equal indicates that the current

and temperature have the same value but different units. This relationship can be expressed

as

i ¼ k � T
where k ¼ 1

mA
�K

, a constant associated with the sensor.

EXERCISE 2.8-1 For the potentiometer circuit of Figure 2.8-2, calculate the meter voltage,

vm, when u ¼ 45�, Rp ¼ 20 kV, and I ¼ 2 mA.

Answer: vm ¼ 5 V

EXERCISE 2.8-2 The voltage and current of an AD590 temperature sensor of Figure 2.8-3

are 10 V and 280 mA, respectively. Determine the measured temperature.

Answer: T ¼ 280�K, or approximately 6.85�C

2.9 SW I TCHES

Switches have two distinct states: open and closed. Ideally, a switch acts as a short circuit

when it is closed and as an open circuit when it is open.

Figures 2.9-1 and 2.9-2 show several types of switches. In each case, the time when the switch

changes state is indicated. Consider first the single-pole, single-throw (SPST) switches shown in Figure

2.9-1. The switch in Figure 2.9-1a is initially open. This switch changes state, becoming closed, at time

t¼ 0 s. When this switch is modeled as an ideal switch, it is treated like an open circuit when t< 0 s and

like a short circuit when t > 0 s. The ideal switch changes state instantaneously. The switch in Figure

2.9-1b is initially closed. This switch changes state, becoming open, at time t ¼ 0 s.

Next, consider the single-pole, double-throw (SPDT) switch shown in Figure 2.9-1a. This SPDT

switch acts like two SPST switches, one between terminals c and a, another between terminals c and b.

Before t¼ 0 s, the switch between c and a is closed and the switch between c and b is open. At t¼ 0 s,

both switches change state; that is, the switch between a and c opens, and the switch between c and b

closes. Once again, the ideal switches are modeled as open circuits when they are open and as short

circuits when they are closed.

In some applications, it makes a difference whether the switch between c and b closes before, or

after, the switch between c and a opens. Different symbols are used to represent these two types of

+

v(t)

i(t)

–

+

v(t) i(t) = kT

–

AD590

(b)

(a)

FIGURE 2.8-3

(a) The symbol and

(b) a model for the

(b)(a)

t = 0
Initially open

t = 0
Initially closed

FIGURE 2.9-1 SPST switches. (a) Initially open and (b)

initially closed.

(b)(a)

t = 0

Break before make

t = 0

Make before break

a a

b b
cc

FIGURE 2.9-2 SPDT switches. (a) Break before make

and (b) make before break.
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 una constante asociada con el sensor. 

EJERCICIO 2.8-1  Para el circuito del potenciómetro de la figura 2.8-2, calcule la medición 
de voltaje vm, cuando 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 5 45°. Rp 5 20 kV, e I 5 2 mA.

Respuesta: vm 5 5 V

EJERCICIO 2.8.2  El voltaje y la corriente de un sensor de temperatura AD590 de la figura 
2.8-3 son 10 V y 280 mA, respectivamente. Determine la temperatura medida.

Respuesta: T 5 280 °K, o aproximadamente 6.85 °C.

2.9 I N T E R R U P T O R E S

Los interruptores tienen dos estados distintos: abierto y cerrado. Idealmente, un interruptor 
actúa como un cortocircuito cuando está cerrado y como circuito abierto cuando está abierto.

 Las figuras 2.9-1 y 2.9-2 muestran varios tipos de interruptor. En cada caso se indica el tiempo 
cuando el interruptor cambia de estado. Veamos primero los interruptores unipolares de una acción 
(SPST, por sus siglas en inglés) que se muestran en la figura 2.9-1. El interruptor de la figura 2.9-1a 
está abierto inicialmente. Este interruptor cambia de estado, a cerrado, en el tiempo t 5 0 s. Cuando 
este interruptor se modela como un interruptor ideal, se le trata como un circuito abierto cuando t , 
0 s y como cortocircuito cuando t . 0 s. El circuito ideal cambia de estado de manera instantánea. El 
interruptor de la figura 2.9-1b está cerrado inicialmente. Este interruptor cambia de estado, a abierto, 
en el tiempo t 5 0 s.
 A continuación, veremos el interruptor unipolar de doble acción (SPDT, por sus siglas en inglés) 
que se muestra en la figura 2.9-1a. Este interruptor SPDT funciona como dos interruptores SPST, uno 
entre las terminales c y a, y otro entre las terminales c y b. Antes de t 5 0 s, el interruptor que está en-
tre c y a está cerrado y el que está entre c y b está abierto. En t 5 0 s, ambos interruptores cambian de 
estado, es decir, el que está entre a y c está abierto, y el que está entre c y b está cerrado. Una vez más, 
los interruptores ideales se modelan como circuitos abiertos cuando están abiertos y como cortocircuitos 
cuando están cerrados.
 En algunas aplicaciones es importante si el interruptor entre c y b cierra antes o después, y que 
el interruptor entre c y a abra. Se utilizan diferentes símbolos para representar estos dos tipos de in-
terruptor unipolares, de doble acción. El interruptor abrir antes de cerrar está fabricado de tal manera  

FIGURA 2.8-3 
(a) Símbolo y 
(b) modelo del 
potenciómetro.
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FIGURA 2.9-1 Interruptores SPST. (a) Inicialmente 
abierto y (b) Inicialmente cerrado.

FIGURA 2.9-2 Interruptores SPDT. (a) Abrir antes de 
cerrar y (b) Cerrar antes de abrir 
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que entre c y b cierre después de que el interruptor entre c y a se abra. En la figura 2.9-2a se mues-
tra el símbolo del interruptor de abrir antes de cerrar. El interruptor de abrir antes de cerrar está 
fabricado de tal manera que el interruptor entre c y b cierre antes de que el interruptor entre c y a 
abra. El símbolo del interruptor cerrar antes de abrir se muestra en la figura 2.9-2b. Recuerde que 
la transición del interruptor de la terminal a a la b se supone que se efectúa de manera instantánea. 
Esta transición instantánea es un modelo preciso cuando la transición real de abrir antes de cerrar es 
muy rápida comparada con la respuesta del tiempo del circuito.

La figura 2.9-3 ilustra el uso de circuitos abiertos y cortos para modelar interruptores ideales. En la figura 2.9-3a 
se muestra un circuito con tres interruptores. En la figura 2.9-3b se muestra el circuito como si hubiera sido mo-
delado antes de t 5 0 s. Los dos interruptores unipolares de una acción cambian de estado en el tiempo t 5 0 s. La 
figura 2.9-3c muestra el circuito como si hubiera sido modelado cuando el tiempo está entre 0 s y 2 s. El interrup-
tor unipolar de doble acción cambia de estado en el tiempo t 5 2s. La figura 2.9.-3d muestra el circuito como si 
hubiera sido modelado después de 2 s.

FIGURA 2.9-3 
(a) Un circuito 
con varios 
interruptores. 
(b) El circuito 
equivalente 
para t 
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single-pole, double-throw switch. The break-before-make switch is manufactured so that the switch

between c and b closes after the switch between c and a opens. The symbol for the break-before-make

switch is shown in Figure 2.9-2a. The make-before-break switch is manufactured so that the switch

between c and b closes before the switch between c and a opens. The symbol for the make-before-

break switch is shown in Figure 2.9-2b. Remember: the switch transition from terminal a to terminal b

is assumed to take place instantaneously. This instantaneous transition is an accurate model when the

actual make-before-break transition is very fast compared to the circuit time response.

EXERCISE 2.9-1 What is the value of the current i in Figure E 2.9-1 at time t ¼ 4 s?

Answer: i ¼ 0 amperes at t ¼ 4 s (both switches are open).

EXERCISE 2.9-2 What is the value of the voltage v in Figure E 2.9-2 at time t¼ 4 s? At t¼ 6 s?

Answer: v ¼ 6 volts at t ¼ 4 s, and v ¼ 0 volts at t ¼ 6 s.

E X A M P L E 2 . 9 - 1 Switches

Figure 2.9-3 illustrates the use of open and short circuits for modeling ideal switches. In Figure 2.9-3a, a circuit

containing three switches is shown. In Figure 2.9-3b, the circuit is shown as it would be modeled before t ¼ 0 s.

The two single-pole, single-throw switches change state at time t¼ 0 s. Figure 2.9-3c shows the circuit as it would

be modeled when the time is between 0 s and 2 s. The single-pole, double-throw switch changes state at time t¼ 2

s. Figure 2.9-3d shows the circuit as it would be modeled after 2 s.
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FIGURE 2.9-3

(a) A circuit

containing

several switches.

(b) The

equivalent circuit

for t� 0 s.

(c) The

equivalent circuit

for 0< t< 2 s.

(d ) The

equivalent circuit

for t> 2 s.
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FIGURE E 2.9-1 A circuit with two SPST switches.

t = 5 s
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3 kΩ v

i

+

–

FIGURE E 2.9-2 A circuit with a make-before-break

SPDT switch.
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 0 s. 
(c) El circuito 
equivalente para 
0 , t , 2 s. 
(d) El circuito 
equivalente para  
t . 2 s.

FIGURA E. 2-9-2 Circuito con un interruptor SPDT cerrar 
antes de abrir. 

EJERCICIO 2.9-1  ¿Cuál es el valor de la corriente i en la figura E 2.9-a en el tiempo t 5 4 s?
Respuesta: i 5 0 amperios en t 5 4 s (ambos interruptores están abiertos).

EJERCICIO 2.9-2  ¿Cuál es el valor del voltaje v en la figura E 2.9-2 en el tiempo t 5 4 s? 
¿En t 5 6 s?
Respuesta: v 5 6 voltios en t 5 4 s, y v 5 0 voltios en t 5 6 s.

E j E m p l o  2 . 9 - 1  Interruptores
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FIGURA E 2.9-1 Circuito con dos interruptores SPST.
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2.10 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

Frecuentemente a los ingenieros se les solicita comprobar que la solución de un problema sea la correc-
ta. Por ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar 
que se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la compu-
tadora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

Los medidores del circuito de la figura 2.10-1 indican que v1 5 24 V, v2 5 8 V y que i 5 1 A. ¿Cómo podemos 
comprobar que los valores de v1, v2 e i se han medido correctamente? Verifiquemos los valores de v1, v2 e i de 
dos maneras:

(a) Verifique que los valores dados para ambos resistores cumplan con la ley de Ohm.
(b)  Verifique que la potencia alimentada por la fuente de voltaje sea igual a la potencia absorbida por los resis-

tores.

Solución
(a)  Considere el resistor de 8 V. La corriente i fluye a través de este resistor de arriba hacia abajo. Por lo tanto, 

la corriente i y el voltaje v2 se apegan a la convención pasiva. Además, la ley de Ohm requiere que v2 5 8i. 
Los valores v2 5 8 V e i 5 1 A satisfacen esta ecuación.

A continuación, considere el resistor 4 V. La corriente i fluye de izquierda a derecha a través de este 
resistor. Por lo tanto, la corriente i y el voltaje v1 se apegan a la convención pasiva. Además, la ley de Ohm 
requiere que v1 5 4(2i). Los valores v1 5 24 V e i 5 1 A satisfacen esta ecuación.

Por lo tanto, se satisface la ley de Ohm.

(b)  La corriente i fluye de arriba hacia abajo a través de la fuente de voltaje. Por lo tanto, la corriente i y el 
voltaje de 12 V no se apegan a la convención pasiva. En consecuencia, 12i 5 12(1) 5 12 W es la potencia 
alimentada por la fuente de voltaje. La potencia absorbida por el resistor de 4 V es 4i2 5 4(12) 5 4 W, y 
la potencia absorbida por el resistor de 8 V es 8i2 5 8(12) 5 8 W. La potencia alimentada por la fuente de 
voltaje es en realidad igual a la potencia absorbida por los resistores.

E j E m p l o  2 . 10 - 1  ¿Cómo comprobar los valores de voltajes y corrientes?

FIGURA 2.10-1 Circuito con medidores.
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2 . 11  E J E M P LO  D E  D I S E Ñ O

SENSOR DE TEMPERATURA
Las corrientes se pueden medir fácilmente utilizando amperímetros. Un sensor de temperatu-
ra, como el AD590 de Analog Devices, se puede usar para medir la temperatura al convertir 
la temperatura en corriente. La fi gura 2.11-1 muestra un símbolo para representar un sensor 
de temperatura. Para que este sensor funcione adecuadamente, el voltaje v debe cumplir satis-
factoriamente la condición

4 voltios � v � 30 voltios

 Cumplida esta condición, la corriente i, en mA, es numéricamente igual a la temperatura 
T, en °K. La frase numéricamente igual indica que las dos variables tienen el mismo valor 
pero unidades diferentes.

i ¼ k � T donde k ¼ 1
mA
�K

 El objetivo es diseñar un circuito utilizando el AD590 para medir la temperatura de un 
depósito de agua. Además del AD590 y un amperímetro, hay varios proveedores de energía 
disponibles y algunos resistores estándar de 2%. Los proveedores de energía son fuentes de 
voltaje. También se cuenta con alimentadores de energía con voltajes de 10, 12, 15, 18 o 
24 voltios.

Describa la situación y los supuestos
Para que el transductor de temperatura funcione adecuadamente, su voltaje del elemento debe 
estar entre 4 y 30 voltios. Para establecer este voltaje se utilizarán los alimentadores de energía y 
los resistores. Se usará un amperímetro para medir la corriente en el transductor de temperatura.
 El circuito debe poder medir temperaturas en el rango de los 0 °C a 100 °C porque a 
estas temperaturas el estado del agua es líquido. Recuerde que la temperatura en °C equivale 
a la temperatura en °K menos 273°.

Establezca el objetivo
Utilice los alimentadores de energía y los resistores para hacer que el voltaje, v, del transduc-
tor de temperatura esté entre los 4 y los 30 voltios.
 Utilice un amperímetro para medir la corriente, i, en el transductor de temperatura.

Genere un plan
Modele el alimentador de energía como una fuente de voltaje ideal y el transductor de tem-
peratura como una fuente de corriente ideal. El circuito que se muestra en la fi gura 2.11-2a 
hace que el voltaje a través del transductor de temperatura sea igual al voltaje del alimento 
de energía. Dado que todos los alimentadores de energía disponibles tienen voltajes entre 4 y 
30 voltios, se puede usar cualquiera de ellos. Observe que no se necesitan los resistores.
 En la fi gura 2.11-2b se ha agregado un cortocircuito de manera que no altere la red. En 
la fi gura 2.11-2c, este cortocircuito ha sido reemplazado con un amperímetro (ideal). Como el 
amperímetro medirá la corriente en el transductor de temperatura, la lectura del amperímetro 
será numéricamente igual a la temperatura en °K.

FIGURA 2.11-1
Un sensor de temperatura.

+

v(t)

i(t)

–

AD590
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 Aun cuando cualquiera de los alimentadores de energía es adecuado para satisfacer las 
especificaciones, una ventaja podría ser la elección de un alimentador de energía en particular. 
Por ejemplo, es razonable seleccionar el alimentador de energía que haga que el transductor 
absorba la menor cantidad posible de potencia.

Actúe sobre el plan
La potencia absorbida por el transductor es

p 5 v  i
donde v es el voltaje del alimentador de energía. Elegir un v lo más pequeño posible, en este 
caso de 10 voltios, hace que la potencia absorbida por el transductor de temperatura sea lo 
más pequeña posible. La figura 2.11-3a muestra el diseño final. La figura 2.11-3b muestra 
una gráfica que se puede utilizar para encontrar la temperatura que corresponda a cualquier 
corriente del amperímetro.

Verifique la solución propuesta
Hagamos la prueba con un ejemplo. Suponga que la temperatura del agua es 80.6 °F. Esta 
temperatura es igual a 27 °C o 300 °K. La corriente en el sensor de temperatura será

E1C02_1 10/23/2009 43

Although any of the available power supplies is adequate to meet the specifications, there

may still be an advantage to choosing a particular power supply. For example, it is reasonable

to choose the power supply that causes the transducer to absorb as little power as possible.

Act on the Plan
The power absorbed by the transducer is

p ¼ v � i
where v is the power supply voltage. Choosing v as small as possible, 10 volts in this case,

makes the power absorbed by the temperature transducer as small as possible. Figure 2.11-3a

shows the final design. Figure 2.11-3b shows a graph that can be used to find the temperature

corresponding to any ammeter current.

Verify the Proposed Solution
Let’s try an example. Suppose the temperature of the water is 80.6�F. This temperature is

equal to 27�C or 300�K. The current in the temperature sensor will be

i ¼ 1
mA
�K

� �
300�K ¼ 300 mA

Next, suppose that the ammeter in Figure 2.11-3a reads 300mA. A sensor current of 300

mA corresponds to a temperature of

T ¼ 300mA

1
mA
�K

¼ 300�K ¼ 27�C ¼ 80:6�F

The graph in Figure 2.11-3b indicates that a sensor current of 300 mA does correspond to a

temperature of 27�C.
This example shows that the circuit is working properly.
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FIGURE 2.11-2 (a) Measuring temperature with a temperature sensor. (b) Adding a short circuit. (c)

Replacing the short circuit by an ammeter.
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 A continuación, suponga que el amperímetro de la figura 2.11-3a lee 300 mA. Una co-
rriente en el sensor de 300 mA corresponde a una temperatura de
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corresponding to any ammeter current.

Verify the Proposed Solution
Let’s try an example. Suppose the temperature of the water is 80.6�F. This temperature is

equal to 27�C or 300�K. The current in the temperature sensor will be

i ¼ 1
mA
�K

� �
300�K ¼ 300 mA

Next, suppose that the ammeter in Figure 2.11-3a reads 300mA. A sensor current of 300

mA corresponds to a temperature of

T ¼ 300mA

1
mA
�K

¼ 300�K ¼ 27�C ¼ 80:6�F

The graph in Figure 2.11-3b indicates that a sensor current of 300 mA does correspond to a

temperature of 27�C.
This example shows that the circuit is working properly.
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La gráfica de la figura 2.11-3b indica que la corriente de un sensor de 300 mA corresponde a 
una temperatura de 27 °C.
 Este ejemplo muestra que el circuito está funcionando de manera adecuada.

FIGURA 2.11-2 (a) Medición de la temperatura con un sensor de temperatura. (b) Agregando un 
cortocircuito. (c) El cortocircuito ha sido reemplazado por un amperímetro.

FIGURA 2.11-3 (a) Diseño final de un circuito que mide la temperatura con un sensor de temperatura. 
(b) Gráfica de la temperatura comparada con la corriente del amperímetro.
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 44 Elementos de circuitos

2.12 R E S U M E N
  El ingeniero utiliza modelos, llamados elementos de circui-

to, para representar el dispositivo que integra un circuito. En 
este libro sólo se consideran elementos lineales o modelos 
lineales de dispositivos. Un dispositivo es lineal si satisface 
las propiedades de la superposición y la homogeneidad.

  La relación entre las direcciones de referencia de la corriente 
y el voltaje de un elemento de circuito es importante. La 
polaridad del voltaje marca una terminal 1 y la otra 2. El 
voltaje y la corriente del elemento se apegan a la convención 
pasiva si la corriente se dirige de la terminal marcada como 
+ a la terminal marcada como 2.

  Con gran frecuencia se utilizan resistores (o resistencias) 
como elementos de circuito. Cuando el voltaje y la resis-
tencia del resistor se apegan a la convención pasiva, los 
resistores obedecen a la ley de Ohm; el voltaje a través  
de las terminales del resistor se relaciona con la corriente en 
la terminal positiva como v 5 Ri. La potencia transmitida a 
una resistencia es p 5 i2R 5 v2>R watts.

  Una fuente independiente proporciona una corriente o un 
voltaje independiente de otras variables de circuito. El volta-
je de una fuente de voltaje independiente es específico, pero 
la corriente no lo es. Por el contrario, la corriente de una 
fuente de corriente independiente es específica aun cuando 
el voltaje no lo sea. Los voltajes de fuentes de voltaje in-
dependientes y las corrientes de fuentes de corriente inde-
pendientes se suelen utilizar como las entradas a circuitos 
eléctricos.

  Una fuente dependiente proporciona una corriente (o un vol-
taje) que es dependiente de otra variable en cualquier pun-
to del circuito. En la tabla 2.7-1 se resumen las ecuaciones 
constitutivas de fuentes dependientes.

  El cortocircuito y el circuito abierto son casos especiales 
de fuentes independientes. Un cortocircuito es una fuente de 
voltaje ideal que tiene v(t) 5 0. La corriente en un cortocir-
cuito está determinada por el resto del circuito. Un circuito 
abierto es una fuente de corriente ideal que tiene i(t) 5 0. 
El voltaje a través de un circuito abierto está determinado por 
el resto del circuito. Los circuitos abiertos y los cortocircuitos 
también se pueden considerar casos especiales de resistores. 
Un resistor con una resistencia R 5 0 (G 5 
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

) es un corto-
circuito. Un resistor con una conductancia G 5 0 (R 5 
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the
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P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.
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P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

) 
es un circuito abierto.

  Un amperímetro ideal mide la corriente que fluye a través 
de sus terminales y tiene cero voltaje a través de sus ter-
minales. Un voltímetro ideal mide el voltaje a través de 
sus terminales y tiene una corriente terminal igual a cero. 
Los voltímetros ideales funcionan como circuitos abiertos, 
y los amperímetros ideales como cortocircuitos.

  Los transductores son dispositivos que convierten cantida-
des físicas, como la posición de rotación, en cantidad eléctri-
ca, como un voltaje. En este capítulo se describen dos trans-
ductores: los potenciómetros y los sensores de temperatura.

  Los interruptores se utilizan ampliamente en los circuitos para 
conectar y desconectar elementos y circuitos. También se pue-
den utilizar para crear voltajes o corrientes discontinuos.

P R O B L E M AS

(b) Utilice el modelo para pronosticar el valor de v que corres-
ponda a la corriente de i 5 40 mA. (c) Utilice el modelo parar 
pronosticar el valor de i que corresponda a un voltaje de v 5 3 V.

Sugerencia: Diagrame los datos. Se espera que los puntos de 
datos se ubiquen en una línea recta. Obtenga un modelo lineal 
del elemento al representar la línea recta por una ecuación.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)
Figura P 2.2-2

P 2.2-3 Un elemento lineal tiene un voltaje v y una corriente 
i como se muestra en la figura 2.2-3a. Los valores de la co-
rriente i y el correspondiente voltaje v se han tabulado como se 
muestra en la figura P 2.2-3b. Represente el elemento por una 
ecuación que exprese v como una función de i. Esta ecuación es 
un modelo del elemento. (a) Verifique que el modelo sea lineal. 

Sección 2.2 Ingeniería y modelos lineales

P 2.2-1 Un elemento tiene un voltaje v y una corriente i como 
se muestra en la figura P 2.2-1a. Los valores de la corriente i y 
el correspondiente voltaje v se han tabulado como se muestra 
en la figura P 2.2-1b. Determine si el elemento es lineal.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figura P 2.2-1

P 2.2-2 Un elemento lineal tiene un voltaje v y una corriente 
i como se muestra en la figura P 2.2-2a. Los valores de la co-
rriente i y el correspondiente voltaje v se han tabulado como 
se muestra en la figura 2.2-2b. Represente el elemento con una 
ecuación que exprese v como una función de i. Esta ecuación es 
un modelo del elemento. (a) Verifique que el modelo es lineal. 
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Sección 2.4 Resistencias

P 2.4-1 Una fuente de corriente y un resistor están conecta-
dos en serie en el circuito que se muestra en la figura P 2.4-1. 
Los elementos conectados en serie tienen la misma corriente, 
por lo tanto, en este circuito i 5 is. Suponga que is 5 3 A y 
R 5 7 V. Calcule el voltaje v a través del resistor y la potencia 
absorbida por el resistor.

Respuesta: v 5 21 V y el resistor absorbe 63 W.

+

–

is v

i

R

Figura P 2.4-1

P 2.4-2 Una fuente de corriente y un resistor están conectados 
en serie en el circuito que se muestra en la figura P 2.4-1. Los 
elementos conectados en serie tienen la misma corriente, por lo 
tanto, en este circuito i 5 is. Suponga que i 5 3 mA y v 5 48 V. 
Calcule la resistencia R y la potencia absorbida por el resistor.

P 2.4-3 Una fuente de voltaje y un resistor están conectados en 
paralelo en el circuito que se muestra en la figura P 2.4-3. Los ele-
mentos conectados en paralelo tienen el mismo voltaje, por lo tanto, 
en este circuito v 5 vs. Suponga que vs 5 10 V y R 5 5 V. Calcule 
la corriente i en el resistor y la potencia absorbida por el resistor.

Respuesta: i 5 2 A y el resistor absorbe 20 W.

+
–

+

–

vs v

i

R

Figura P 2.4-3

P 2.4-4 Una fuente de voltaje y un resistor están conectados en 
paralelo en el circuito que se muestra en la figura P 2.4-3. Los 
elementos conectados en paralelo tienen el mismo voltaje, por lo 
tanto, en este circuito v 5 vs. Suponga que vs 5 24 V e i 5 3A. 
Calcule la resistencia R y la potencia absorbida por el resistor.

P 2.4-5 Una fuente de voltaje y dos resistores están conec-
tados en paralelo en el circuito que se muestra en la figura  
P 2.4-5. Los elementos conectados en paralelo tienen el mismo 
voltaje, por lo tanto, en este circuito v1 5 vs y v2 5 vs. Suponga 
que vs 5 150 V, R1 5 50 V, y R2 5 25 V. Calcule la corriente 
en cada resistor y la potencia absorbida por cada resistor.

Sugerencia: Observe las direcciones de referencia de las co-
rrientes de los resistores.

Respuesta: i1 5 3 e i2 5 26 A. R1 absorbe 450 W y R2 absorbe 
900 W. 

+
–

+

–

vs

+

–

v2v1 R2R1

i2i1

Figura P 2.4-5

(b) Use el modelo para pronosticar el valor de v que correspon-
da a una corriente de i 5 6 mA. (c) Utilice el modelo para pro-
nosticar el valor de i que corresponda a un voltaje de v 5 12 V.

Sugerencia: Diagrame los datos. Se espera que los puntos de 
datos se ubiquen en una línea recta. Obtenga un modelo lineal 
del elemento al representar la línea recta por una ecuación.

v, V i, mA

  3.078
  5.13
12.825

12
20
50

–

+

v

i

(a) (b)
Figura P 2.2-3

P 2.2-4 Un elemento está representado por la relación entre 
la corriente y el voltaje como

v = 3i 1 5

Determine si el elemento es lineal.

P 2.2-5 El circuito que se muestra en la figura P 2.2-5 consta 
de una fuente de corriente, un resistor y un elemento A. Con-
sidere tres casos.

10 Ω 

+

−

0.4 A v iA

Figura P 2.2-5

(a)  Cuando el elemento A es un resistor de 40 V, descrito por 
i 5 v>40, entonces el circuito se representa por
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function of i. This equation is a model of the element.

(a) Verify that the model is linear. (b) Use the model to predict

the value of v corresponding to a current of i ¼ 6 mA. (c) Use

the model to predict the value of i corresponding to a voltage

of v ¼ 12 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, mA

  3.078
  5.13
12.825

12
20
50

–

+

v

i

(a) (b)

Figure P 2.2-3

P 2.2-4 An element is represented by the relation between

current and voltage as

v ¼ 3iþ 5

Determine whether the element is linear.

P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a

current source, a resistor, and element A. Consider three cases.

10 Ω 

+

−

0.4 A v iA

Figure P 2.2-5

(a) When element A is a 40-V resistor, described by i¼ v / 40,

then the circuit is represented by

0:4 ¼ v

10
þ v

40

Determine the values of v and i. Notice that the above

equation has a unique solution.

(b) When element A is a nonlinear resistor described by

i ¼ v2=2, then the circuit is represented by

0:4 ¼ v

10
þ v 2

2

Determine the values of v and i. In this case, there are two

solutions of the above equation. Nonlinear circuits exhibit

more complicated behavior than linear circuits.

(c) When element A is a nonlinear resistor described by i ¼
0:8þ v 2

2
, then the circuit is described by

0:4 ¼ v

10
þ 0:8þ v 2

2

Show that this equation has no solution. This result usually

indicates a modeling problem. At least one of the three

elements in the circuit has not been modeled accurately.

Section 2.4 Resistors

P 2.4-1 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that is ¼ 3 A and R ¼ 7 V. Calculate the voltage v across the

resistor and the power absorbed by the resistor.

Answer: v ¼ 21 V and the resistor absorbs 63 W.

+

–

is v

i

R

Figure P 2.4-1

P 2.4-2 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that i¼ 3 mA and v¼ 48 V. Calculate the resistance R and the

power absorbed by the resistor.

P 2.4-3 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs¼ 10 V and R¼ 5V. Calculate the

current i in the resistor and the power absorbed by the resistor.

Answer: i ¼ 2 A and the resistor absorbs 20 W.

+
–

+

–

vs v

i

R

Figure P 2.4-3

P 2.4-4 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs ¼ 24 V and i ¼ 3 A. Calculate the

resistance R and the power absorbed by the resistor.

P 2.4-5 A voltage source and two resistors are connected in

parallel in the circuit shown in Figure P 2.4-5. Elements

connected in parallel have the same voltage, so v1 ¼ vs and

v2¼ vs in this circuit. Suppose that vs¼ 150 V, R1¼ 50V, and

R2¼ 25V. Calculate the current in each resistor and the power

absorbed by each resistor.

Hint: Notice the reference directions of the resistor currents.

Answer: i1 ¼ 3 A and i2 ¼ �6 A. R1 absorbs 450 W and R2

absorbs 900 W.

+
–

+

–

vs

+

–

v2v1 R2R1

i2i1

Figure P 2.4-5

Problems 45

Determine los valores de v e i. Observe que la ecuación 
anterior tiene una solución única.

(b)  Cuando el elemento A es un resistor no lineal descrito por 
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function of i. This equation is a model of the element.

(a) Verify that the model is linear. (b) Use the model to predict

the value of v corresponding to a current of i ¼ 6 mA. (c) Use

the model to predict the value of i corresponding to a voltage

of v ¼ 12 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, mA

  3.078
  5.13
12.825

12
20
50

–

+

v

i

(a) (b)

Figure P 2.2-3

P 2.2-4 An element is represented by the relation between

current and voltage as

v ¼ 3iþ 5

Determine whether the element is linear.

P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a

current source, a resistor, and element A. Consider three cases.

10 Ω 

+

−

0.4 A v iA

Figure P 2.2-5

(a) When element A is a 40-V resistor, described by i¼ v / 40,

then the circuit is represented by

0:4 ¼ v

10
þ v

40

Determine the values of v and i. Notice that the above

equation has a unique solution.

(b) When element A is a nonlinear resistor described by

i ¼ v2=2, then the circuit is represented by

0:4 ¼ v

10
þ v 2

2

Determine the values of v and i. In this case, there are two

solutions of the above equation. Nonlinear circuits exhibit

more complicated behavior than linear circuits.

(c) When element A is a nonlinear resistor described by i ¼
0:8þ v 2

2
, then the circuit is described by

0:4 ¼ v

10
þ 0:8þ v 2

2

Show that this equation has no solution. This result usually

indicates a modeling problem. At least one of the three

elements in the circuit has not been modeled accurately.

Section 2.4 Resistors

P 2.4-1 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that is ¼ 3 A and R ¼ 7 V. Calculate the voltage v across the

resistor and the power absorbed by the resistor.

Answer: v ¼ 21 V and the resistor absorbs 63 W.

+

–

is v

i

R

Figure P 2.4-1

P 2.4-2 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that i¼ 3 mA and v¼ 48 V. Calculate the resistance R and the

power absorbed by the resistor.

P 2.4-3 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs¼ 10 V and R¼ 5V. Calculate the

current i in the resistor and the power absorbed by the resistor.

Answer: i ¼ 2 A and the resistor absorbs 20 W.

+
–

+

–

vs v

i

R

Figure P 2.4-3

P 2.4-4 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs ¼ 24 V and i ¼ 3 A. Calculate the

resistance R and the power absorbed by the resistor.

P 2.4-5 A voltage source and two resistors are connected in

parallel in the circuit shown in Figure P 2.4-5. Elements

connected in parallel have the same voltage, so v1 ¼ vs and

v2¼ vs in this circuit. Suppose that vs¼ 150 V, R1¼ 50V, and

R2¼ 25V. Calculate the current in each resistor and the power

absorbed by each resistor.

Hint: Notice the reference directions of the resistor currents.

Answer: i1 ¼ 3 A and i2 ¼ �6 A. R1 absorbs 450 W and R2

absorbs 900 W.
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+

–

v2v1 R2R1

i2i1

Figure P 2.4-5

Problems 45

 entonces el circuito se representa por 
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function of i. This equation is a model of the element.

(a) Verify that the model is linear. (b) Use the model to predict

the value of v corresponding to a current of i ¼ 6 mA. (c) Use

the model to predict the value of i corresponding to a voltage

of v ¼ 12 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, mA

  3.078
  5.13
12.825

12
20
50

–

+

v

i

(a) (b)

Figure P 2.2-3

P 2.2-4 An element is represented by the relation between

current and voltage as

v ¼ 3iþ 5

Determine whether the element is linear.

P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a

current source, a resistor, and element A. Consider three cases.

10 Ω 

+

−

0.4 A v iA

Figure P 2.2-5

(a) When element A is a 40-V resistor, described by i¼ v / 40,

then the circuit is represented by

0:4 ¼ v

10
þ v

40

Determine the values of v and i. Notice that the above

equation has a unique solution.

(b) When element A is a nonlinear resistor described by

i ¼ v2=2, then the circuit is represented by

0:4 ¼ v

10
þ v 2

2

Determine the values of v and i. In this case, there are two

solutions of the above equation. Nonlinear circuits exhibit

more complicated behavior than linear circuits.

(c) When element A is a nonlinear resistor described by i ¼
0:8þ v 2

2
, then the circuit is described by

0:4 ¼ v

10
þ 0:8þ v 2

2

Show that this equation has no solution. This result usually

indicates a modeling problem. At least one of the three

elements in the circuit has not been modeled accurately.

Section 2.4 Resistors

P 2.4-1 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that is ¼ 3 A and R ¼ 7 V. Calculate the voltage v across the

resistor and the power absorbed by the resistor.

Answer: v ¼ 21 V and the resistor absorbs 63 W.

+

–

is v

i

R

Figure P 2.4-1

P 2.4-2 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that i¼ 3 mA and v¼ 48 V. Calculate the resistance R and the

power absorbed by the resistor.

P 2.4-3 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs¼ 10 V and R¼ 5V. Calculate the

current i in the resistor and the power absorbed by the resistor.

Answer: i ¼ 2 A and the resistor absorbs 20 W.
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+

–

vs v

i

R

Figure P 2.4-3

P 2.4-4 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs ¼ 24 V and i ¼ 3 A. Calculate the

resistance R and the power absorbed by the resistor.

P 2.4-5 A voltage source and two resistors are connected in

parallel in the circuit shown in Figure P 2.4-5. Elements

connected in parallel have the same voltage, so v1 ¼ vs and

v2¼ vs in this circuit. Suppose that vs¼ 150 V, R1¼ 50V, and

R2¼ 25V. Calculate the current in each resistor and the power

absorbed by each resistor.

Hint: Notice the reference directions of the resistor currents.

Answer: i1 ¼ 3 A and i2 ¼ �6 A. R1 absorbs 450 W and R2

absorbs 900 W.
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–

v2v1 R2R1

i2i1

Figure P 2.4-5

Problems 45

Determine los valores de v e i. En este caso, hay dos so-
luciones de la ecuación anterior. Los circuitos no lineales 
presentan un comportamiento más complejo que los cir-
cuitos lineales.

(c)  Cuando un elemento A es un resistor no lineal, descrito por 
i 5 
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function of i. This equation is a model of the element.

(a) Verify that the model is linear. (b) Use the model to predict

the value of v corresponding to a current of i ¼ 6 mA. (c) Use

the model to predict the value of i corresponding to a voltage

of v ¼ 12 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, mA

  3.078
  5.13
12.825

12
20
50

–

+

v

i

(a) (b)

Figure P 2.2-3

P 2.2-4 An element is represented by the relation between

current and voltage as

v ¼ 3iþ 5

Determine whether the element is linear.

P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a

current source, a resistor, and element A. Consider three cases.

10 Ω 

+

−

0.4 A v iA

Figure P 2.2-5

(a) When element A is a 40-V resistor, described by i¼ v / 40,

then the circuit is represented by

0:4 ¼ v

10
þ v

40

Determine the values of v and i. Notice that the above

equation has a unique solution.

(b) When element A is a nonlinear resistor described by

i ¼ v2=2, then the circuit is represented by

0:4 ¼ v

10
þ v 2

2

Determine the values of v and i. In this case, there are two

solutions of the above equation. Nonlinear circuits exhibit

more complicated behavior than linear circuits.

(c) When element A is a nonlinear resistor described by i ¼
0:8þ v 2

2
, then the circuit is described by

0:4 ¼ v

10
þ 0:8þ v 2

2

Show that this equation has no solution. This result usually

indicates a modeling problem. At least one of the three

elements in the circuit has not been modeled accurately.

Section 2.4 Resistors

P 2.4-1 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that is ¼ 3 A and R ¼ 7 V. Calculate the voltage v across the

resistor and the power absorbed by the resistor.

Answer: v ¼ 21 V and the resistor absorbs 63 W.

+

–

is v

i

R

Figure P 2.4-1

P 2.4-2 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that i¼ 3 mA and v¼ 48 V. Calculate the resistance R and the

power absorbed by the resistor.

P 2.4-3 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs¼ 10 V and R¼ 5V. Calculate the

current i in the resistor and the power absorbed by the resistor.

Answer: i ¼ 2 A and the resistor absorbs 20 W.

+
–

+

–

vs v

i

R

Figure P 2.4-3

P 2.4-4 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs ¼ 24 V and i ¼ 3 A. Calculate the

resistance R and the power absorbed by the resistor.

P 2.4-5 A voltage source and two resistors are connected in

parallel in the circuit shown in Figure P 2.4-5. Elements

connected in parallel have the same voltage, so v1 ¼ vs and

v2¼ vs in this circuit. Suppose that vs¼ 150 V, R1¼ 50V, and

R2¼ 25V. Calculate the current in each resistor and the power

absorbed by each resistor.

Hint: Notice the reference directions of the resistor currents.

Answer: i1 ¼ 3 A and i2 ¼ �6 A. R1 absorbs 450 W and R2

absorbs 900 W.
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i2i1

Figure P 2.4-5

Problems 45

 entonces el circuito lo describe por
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function of i. This equation is a model of the element.

(a) Verify that the model is linear. (b) Use the model to predict

the value of v corresponding to a current of i ¼ 6 mA. (c) Use

the model to predict the value of i corresponding to a voltage

of v ¼ 12 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, mA
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(a) (b)

Figure P 2.2-3

P 2.2-4 An element is represented by the relation between

current and voltage as

v ¼ 3iþ 5

Determine whether the element is linear.

P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a

current source, a resistor, and element A. Consider three cases.

10 Ω 

+

−

0.4 A v iA

Figure P 2.2-5

(a) When element A is a 40-V resistor, described by i¼ v / 40,

then the circuit is represented by

0:4 ¼ v

10
þ v

40

Determine the values of v and i. Notice that the above

equation has a unique solution.

(b) When element A is a nonlinear resistor described by

i ¼ v2=2, then the circuit is represented by

0:4 ¼ v

10
þ v 2

2

Determine the values of v and i. In this case, there are two

solutions of the above equation. Nonlinear circuits exhibit

more complicated behavior than linear circuits.

(c) When element A is a nonlinear resistor described by i ¼
0:8þ v 2

2
, then the circuit is described by

0:4 ¼ v

10
þ 0:8þ v 2

2

Show that this equation has no solution. This result usually

indicates a modeling problem. At least one of the three

elements in the circuit has not been modeled accurately.

Section 2.4 Resistors

P 2.4-1 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that is ¼ 3 A and R ¼ 7 V. Calculate the voltage v across the

resistor and the power absorbed by the resistor.

Answer: v ¼ 21 V and the resistor absorbs 63 W.

+

–

is v

i

R

Figure P 2.4-1

P 2.4-2 A current source and a resistor are connected in series

in the circuit shown in Figure P 2.4-1. Elements connected in

series have the same current, so i ¼ is in this circuit. Suppose

that i¼ 3 mA and v¼ 48 V. Calculate the resistance R and the

power absorbed by the resistor.

P 2.4-3 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs¼ 10 V and R¼ 5V. Calculate the

current i in the resistor and the power absorbed by the resistor.

Answer: i ¼ 2 A and the resistor absorbs 20 W.
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vs v

i

R

Figure P 2.4-3

P 2.4-4 A voltage source and a resistor are connected in

parallel in the circuit shown in Figure P 2.4-3. Elements

connected in parallel have the same voltage, so v ¼ vs in

this circuit. Suppose that vs ¼ 24 V and i ¼ 3 A. Calculate the

resistance R and the power absorbed by the resistor.

P 2.4-5 A voltage source and two resistors are connected in

parallel in the circuit shown in Figure P 2.4-5. Elements

connected in parallel have the same voltage, so v1 ¼ vs and

v2¼ vs in this circuit. Suppose that vs¼ 150 V, R1¼ 50V, and

R2¼ 25V. Calculate the current in each resistor and the power

absorbed by each resistor.

Hint: Notice the reference directions of the resistor currents.

Answer: i1 ¼ 3 A and i2 ¼ �6 A. R1 absorbs 450 W and R2

absorbs 900 W.
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v2v1 R2R1
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Figure P 2.4-5

Problems 45

Muestre que esta ecuación no tiene solución. Este resulta-
do suele indicar un problema de modelado. Al menos uno 
de los tres elementos en el circuito no ha sido modelado 
con certeza.

<<Nota: Favor de ajustar en figuras y 
ecuaciones las siguientes expresiones: is 
= if; vs = vf; io = is; vo = vs>>
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 46 Elementos de circuitos

P 2.4-10 La fuente de voltaje que se muestra en la figura 
P 2.4-10 es una fuente de voltaje ajustable de cd. En otras pa-
labras, el voltaje vs es un voltaje constante, pero el valor de esa 
constante se puede ajustar. La tabulación de los datos captura-
dos es como sigue. Se dio algún tipo de valor al voltaje, vs, y a 
los voltajes a través del resistor, va y vb, se les midió y registró. 
A continuación, el valor de vs se cambió, y los voltajes a través 
de los resistores se midieron de nuevo y se registraron. Este 
procedimiento se repitió varias veces. (No se registraron los 
valores de vs.) Determine el valor de la resistencia, R. 

+
– vb

+

–

40 

vs

va+ –

R

vb, Vva, V

11.75
7.5

5.625
10

4.375

7.05
4.5

3.375
6

2.625

Figura P 2.4-10

Sección 2.5 Fuentes independientes

P 2.5-1 Una fuente de corriente y una fuente de voltaje están 
conectados en paralelo con un resistor, como se muestra en la 
figura P 2.5-1. En este circuito todos los elementos conectados 
en paralelo tienen el mismo voltaje, vs. Suponga que vs = 15 V, 
if 5 3 A, y R 5 5 V. (a) Calcule la corriente i en el resistor y la 
potencia absorbida por el resistor. (b) Cambie la corriente de la 
fuente de corriente a is 5 5 A y calcule de nuevo la corriente, i, 
en el resistor y la potencia absorbida por el resistor.

Respuesta: i 5 3 A y el resistor absorbe 45 W cuando is 5 3 A 
cuando is 5 5 A.

+
–is vs R

i

Figura P 2.5-1

P 2.5-2 Una fuente de corriente y una fuente de voltaje están 
conectados en serie con un resistor, como se muestra en la fi-
gura P 2.5-2. Todos los elementos conectados en serie tienen la 
misma corriente, is, en este circuito. Suponga que vs 5 10 V, is 5 
3 A, y R 5 5 V. (a) Calcule el voltaje v a través del resistor y 
la potencia absorbida por el resistor. (b) Cambie la corriente 
de la fuente de voltaje a vs 5 5 V y calcule de nuevo el voltaje, 
v, a través del resistor y la potencia absorbida por el resistor.

+ –

is

vs +

–

vR

Figura P 2.5-2

P 2.4-6 Una fuente de corriente y dos resistores están conec-
tados en serie en el circuito que se muestra en la figura P 2.4-6. 
Los elementos conectados en serie tienen la misma corriente, 
por lo tanto, en este circuito i1 5 is e i2 5 if. Suponga que if 5 
25 mA, R1 5 4 V, y R2 5 8 V. Calcule el voltaje a través de 
cada resistor y la potencia absorbida por cada resistor.
Sugerencia: Observe las direcciones de referencia de los vol-
tajes de los resistores.

+

+–

–

if v2

v1

R1

R2

i2i1

Figura P 2.4-6
P 2.4-7 Un calentador eléctrico está conectado a una fuente de 
250 V constante y absorbe 1 000 W. Luego, este calentador se 
conecta a una fuente de 220 V constante. ¿Qué potencia absor-
be de la fuente de 220 V? ¿Cuál es la resistencia del calentador?
Sugerencia: Modele el calentador como una resistencia.
P 2.4-8 El equipo portátil de alumbrado para una mina se lo-
caliza a 100 metros de la fuente de alimento de cd. Las luces de 
la mina usan un total de 5 kW y funcionan a 120 V cd. Determi-
ne el área seccional requerida de cables de cobre que se usaron 
para conectar la fuente de las luces de la mina si se requiere que 
la potencia perdida en el cableado sea menor a o igual a 5% de la  
potencia requerida por las luces de la mina.
Sugerencia: Modele el equipo de iluminación y el cableado 
como resistencias.
P 2.4-9 La resistencia de un resistor útil depende de la resis-
tencia nominal y de la tolerancia de la resistencia como sigue: 
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P 2.4-6 A current source and two resistors are connected in

series in the circuit shown in Figure P 2.4-6. Elements

connected in series have the same current, so i1 ¼ is and

i2 ¼ is in this circuit. Suppose that is ¼ 25 mA, R1 ¼ 4 V, and

R2 ¼ 8 V. Calculate the voltage across each resistor and the

power absorbed by each resistor.

Hint: Notice the reference directions of the resistor voltages.

+

+–

–

is v2

v1

R1

R2

i2i1

Figure P 2.4-6

P 2.4-7 An electric heater is connected to a constant 250-V

source and absorbs 1000 W. Subsequently, this heater is con-

nected to a constant 220-V source. What power does it absorb

from the 220-V source? What is the resistance of the heater?

Hint: Model the electric heater as a resistor.

P 2.4-8 The portable lighting equipment for a mine is located

100 meters from its dc supply source. The mine lights use a

total of 5 kW and operate at 120 V dc. Determine the required

cross-sectional area of the copper wires used to connect the

source to the mine lights if we require that the power lost in the

copper wires be less than or equal to 5 percent of the power

required by the mine lights.

Hint:Model both the lighting equipment and thewire as resistors.

P 2.4-9 The resistance of a practical resistor depends on

the nominal resistance and the resistance tolerance as follows:

Rnom 1� t

100

� �
� R � Rnom 1þ t

100

� �

where Rnom is the nominal resistance and t is the resistance

tolerance expressed as a percentage. For example, a 100-V,

2 percent resistor will have a resistance given by

98V � R � 102V

The circuit shown in Figure P 2.4-9 has one input, vs, and one

output, vo. The gain of this circuit is given by

gain ¼ vo

vs
¼ R2

R1 þ R2

Determine the range of possible values of the gain when R1 is

the resistance of a 100-V, 2 percent resistor and R2 is the

resistance of a 400-V, 5 percent resistor. Express the gain in

terms of a nominal gain and a gain tolerance.

R2

R1

vo
+
–

vs

i

+

–

Figure P 2.4-9

P 2.4-10 The voltage source shown in Figure P 2.4-10 is an

adjustable dc voltage source. In other words, the voltage vs is a

constant voltage, but the value of that constant can be adjusted.

The tabulated data were collected as follows. The voltage, vs,

was set to some value, and the voltages across the resistor, va
and vb, were measured and recorded. Next, the value of vs was

changed, and the voltages across the resistors were measured

again and recorded. This procedure was repeated several

times. (The values of vs were not recorded.) Determine the

value of the resistance, R.
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– vb
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–

40 Ω

vs

va+ –

R

vb, Vva, V

11.75
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5.625
10

4.375

7.05
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3.375
6

2.625

Figure P 2.4-10

Section 2.5 Independent Sources

P 2.5-1 A current source and a voltage source are connected

in parallel with a resistor as shown in Figure P 2.5-1. All of the

elements connected in parallel have the same voltage, vs in this

circuit. Suppose that vs ¼ 15 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the current i in the resistor and the power

absorbed by the resistor. (b) Change the current source current

to is ¼ 5 A and recalculate the current, i, in the resistor and the

power absorbed by the resistor.

Answer: i ¼ 3 A and the resistor absorbs 45 W both when

is ¼ 3 A and when is ¼ 5 A.

+
–is vs R

i

Figure P 2.5-1

P 2.5-2 A current source and a voltage source are connected

in series with a resistor as shown in Figure P 2.5-2. All of the

elements connected in series have the same current, is, in this

circuit. Suppose that vs ¼ 10 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the voltage v across the resistor and the power

absorbed by the resistor. (b) Change the voltage source voltage

to vs ¼ 5 V and recalculate the voltage, v, across the resistor

and the power absorbed by the resistor.

+ –

is

vs +

–

vR

Figure P 2.5-2

46 Circuit Elements

donde Rnom es la resistencia nominal y t es la tolerancia de la 
resistencia expresada en un porcentaje. Por ejemplo, un re-
sistor de 2% de resistencia de 100 V, tendrá una resistencia 
dada por
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P 2.4-6 A current source and two resistors are connected in

series in the circuit shown in Figure P 2.4-6. Elements

connected in series have the same current, so i1 ¼ is and

i2 ¼ is in this circuit. Suppose that is ¼ 25 mA, R1 ¼ 4 V, and

R2 ¼ 8 V. Calculate the voltage across each resistor and the

power absorbed by each resistor.

Hint: Notice the reference directions of the resistor voltages.
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R1

R2
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Figure P 2.4-6

P 2.4-7 An electric heater is connected to a constant 250-V

source and absorbs 1000 W. Subsequently, this heater is con-

nected to a constant 220-V source. What power does it absorb

from the 220-V source? What is the resistance of the heater?

Hint: Model the electric heater as a resistor.

P 2.4-8 The portable lighting equipment for a mine is located

100 meters from its dc supply source. The mine lights use a

total of 5 kW and operate at 120 V dc. Determine the required

cross-sectional area of the copper wires used to connect the

source to the mine lights if we require that the power lost in the

copper wires be less than or equal to 5 percent of the power

required by the mine lights.

Hint:Model both the lighting equipment and thewire as resistors.

P 2.4-9 The resistance of a practical resistor depends on

the nominal resistance and the resistance tolerance as follows:

Rnom 1� t

100

� �
� R � Rnom 1þ t

100

� �

where Rnom is the nominal resistance and t is the resistance

tolerance expressed as a percentage. For example, a 100-V,

2 percent resistor will have a resistance given by

98V � R � 102V

The circuit shown in Figure P 2.4-9 has one input, vs, and one

output, vo. The gain of this circuit is given by

gain ¼ vo

vs
¼ R2

R1 þ R2

Determine the range of possible values of the gain when R1 is

the resistance of a 100-V, 2 percent resistor and R2 is the

resistance of a 400-V, 5 percent resistor. Express the gain in

terms of a nominal gain and a gain tolerance.

R2

R1

vo
+
–

vs

i

+

–

Figure P 2.4-9

P 2.4-10 The voltage source shown in Figure P 2.4-10 is an

adjustable dc voltage source. In other words, the voltage vs is a

constant voltage, but the value of that constant can be adjusted.

The tabulated data were collected as follows. The voltage, vs,

was set to some value, and the voltages across the resistor, va
and vb, were measured and recorded. Next, the value of vs was

changed, and the voltages across the resistors were measured

again and recorded. This procedure was repeated several

times. (The values of vs were not recorded.) Determine the

value of the resistance, R.

+
– vb

+

–

40 Ω

vs

va+ –

R

vb, Vva, V

11.75
7.5

5.625
10

4.375

7.05
4.5

3.375
6

2.625

Figure P 2.4-10

Section 2.5 Independent Sources

P 2.5-1 A current source and a voltage source are connected

in parallel with a resistor as shown in Figure P 2.5-1. All of the

elements connected in parallel have the same voltage, vs in this

circuit. Suppose that vs ¼ 15 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the current i in the resistor and the power

absorbed by the resistor. (b) Change the current source current

to is ¼ 5 A and recalculate the current, i, in the resistor and the

power absorbed by the resistor.

Answer: i ¼ 3 A and the resistor absorbs 45 W both when

is ¼ 3 A and when is ¼ 5 A.

+
–is vs R

i

Figure P 2.5-1

P 2.5-2 A current source and a voltage source are connected

in series with a resistor as shown in Figure P 2.5-2. All of the

elements connected in series have the same current, is, in this

circuit. Suppose that vs ¼ 10 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the voltage v across the resistor and the power

absorbed by the resistor. (b) Change the voltage source voltage

to vs ¼ 5 V and recalculate the voltage, v, across the resistor

and the power absorbed by the resistor.

+ –

is

vs +

–

vR

Figure P 2.5-2

46 Circuit Elements

El circuito que se muestra en la figura P 2.4-9 tiene una entra-
da, vs, y una salida, vo. La ganancia de este circuito la da

ganancia 
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P 2.4-6 A current source and two resistors are connected in

series in the circuit shown in Figure P 2.4-6. Elements

connected in series have the same current, so i1 ¼ is and

i2 ¼ is in this circuit. Suppose that is ¼ 25 mA, R1 ¼ 4 V, and

R2 ¼ 8 V. Calculate the voltage across each resistor and the

power absorbed by each resistor.

Hint: Notice the reference directions of the resistor voltages.

+

+–

–

is v2

v1

R1

R2

i2i1

Figure P 2.4-6

P 2.4-7 An electric heater is connected to a constant 250-V

source and absorbs 1000 W. Subsequently, this heater is con-

nected to a constant 220-V source. What power does it absorb

from the 220-V source? What is the resistance of the heater?

Hint: Model the electric heater as a resistor.

P 2.4-8 The portable lighting equipment for a mine is located

100 meters from its dc supply source. The mine lights use a

total of 5 kW and operate at 120 V dc. Determine the required

cross-sectional area of the copper wires used to connect the

source to the mine lights if we require that the power lost in the

copper wires be less than or equal to 5 percent of the power

required by the mine lights.

Hint:Model both the lighting equipment and thewire as resistors.

P 2.4-9 The resistance of a practical resistor depends on

the nominal resistance and the resistance tolerance as follows:

Rnom 1� t

100

� �
� R � Rnom 1þ t

100

� �

where Rnom is the nominal resistance and t is the resistance

tolerance expressed as a percentage. For example, a 100-V,

2 percent resistor will have a resistance given by

98V � R � 102V

The circuit shown in Figure P 2.4-9 has one input, vs, and one

output, vo. The gain of this circuit is given by

gain ¼ vo

vs
¼ R2

R1 þ R2

Determine the range of possible values of the gain when R1 is

the resistance of a 100-V, 2 percent resistor and R2 is the

resistance of a 400-V, 5 percent resistor. Express the gain in

terms of a nominal gain and a gain tolerance.
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P 2.4-10 The voltage source shown in Figure P 2.4-10 is an

adjustable dc voltage source. In other words, the voltage vs is a

constant voltage, but the value of that constant can be adjusted.

The tabulated data were collected as follows. The voltage, vs,

was set to some value, and the voltages across the resistor, va
and vb, were measured and recorded. Next, the value of vs was

changed, and the voltages across the resistors were measured

again and recorded. This procedure was repeated several

times. (The values of vs were not recorded.) Determine the

value of the resistance, R.
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– vb
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vb, Vva, V
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5.625
10

4.375
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3.375
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2.625
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Section 2.5 Independent Sources

P 2.5-1 A current source and a voltage source are connected

in parallel with a resistor as shown in Figure P 2.5-1. All of the

elements connected in parallel have the same voltage, vs in this

circuit. Suppose that vs ¼ 15 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the current i in the resistor and the power

absorbed by the resistor. (b) Change the current source current

to is ¼ 5 A and recalculate the current, i, in the resistor and the

power absorbed by the resistor.

Answer: i ¼ 3 A and the resistor absorbs 45 W both when

is ¼ 3 A and when is ¼ 5 A.

+
–is vs R

i

Figure P 2.5-1

P 2.5-2 A current source and a voltage source are connected

in series with a resistor as shown in Figure P 2.5-2. All of the

elements connected in series have the same current, is, in this

circuit. Suppose that vs ¼ 10 V, is ¼ 3 A, and R ¼ 5 V.

(a) Calculate the voltage v across the resistor and the power

absorbed by the resistor. (b) Change the voltage source voltage

to vs ¼ 5 V and recalculate the voltage, v, across the resistor

and the power absorbed by the resistor.

+ –

is

vs +

–

vR

Figure P 2.5-2
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Determine el rango de los valores posibles de la ganancia 
cuando R1 es la resistencia de 2% de un resistor de 100 V y 
R2 es la resistencia de 5% de un resistor de 400 V. Exprese 
la ganancia en términos de una ganancia nominal y de una 
tolerancia de ganancia.

R2

R1

vs
+
–

vf

i

+

–

Figura P 2.4-9

M02_DORF_1571_8ED_SE_020-052.indd   46 4/12/11   5:18 PM



Circuitos Eléctricos - Dorf Alfaomega

 Problemas 47

al producto del voltaje de la batería y la capacidad de la batería. 
Por lo común la capacidad se da con las unidades de ampe-
rios hora (Ah). Una batería nueva de 12 V con una capacidad 
de 800 mAh está conectada a la carga que jala una corriente de 
25 mA. (a) ¿Cuánto tiempo le tomará a la carga descargar la 
batería? (b) ¿Cuánta energía se alimentará a la carga durante el 
tiempo requerido para descargar la batería?

batería carga

Rv

i

+
–

Figura P 2.5-6

Sección 2.6 Voltímetros y amperímetros

P 2.6-1 Para el circuito de la fi gura P 2.6-1: 

(a) ¿Cuál es el valor de la resistencia R?
(b) ¿Cuánta energía transmite la fuente de voltaje?

+
–

Voltímetro

+ 5 . 0

Amperímetro

– . 5 0

R
12 V A1

2

Figura P 2.6-1

P 2.6-2 La fuente de corriente en la fi gura P 2.6-2 alimenta 
40 W. ¿Qué valores leen los medidores de la fi gura P 2.6-2?

+
–

Amperímetro

+ –v

Voltímetro
4 

12 V 2 A
i

Figura P 2.6-2

P 2.6-3 Se ha modelado un voltímetro ideal como un circuito 
abierto. Un modelo más real de un voltímetro es una resis-
tencia grande. La fi gura P 2.6-3a muestra un circuito con un 
voltímetro que mide el voltaje vm. En la fi gura P 2.6-3b, el vol-
tímetro ha sido reemplazado por el modelo de un voltímetro 
ideal, un circuito abierto. Idealmente, en el resistor de 100 � 
no hay corriente y el voltímetro mide vmi � 12 V, el valor ideal 

P 2.5-3 La fuente de corriente y la fuente de voltaje en el 
circuito que se muestra en la fi gura P 2.5-3 están conectadas 
en paralelo, por lo que tienen el mismo voltaje, vs. La fuente 
de corriente y la fuente de voltaje también están conectadas 
en serie, de modo que tienen la misma corriente, is. Suponga 
que vs � 12 V, e i � 3 A. Calcule la energía alimentada por 
cada fuente.

Respuesta: La fuente de voltaje alimenta �36 W, y la fuente 
de corriente alimenta 36 W.

+
–

–
is

is

vsvs

+

Figura P 2.5-3

P 2.5-4 La fuente de corriente y la fuente de voltaje en el 
circuito que se muestra en la fi gura P 2.5-4 están conectadas en 
paralelo por lo que tienen el mismo voltaje, vs. La fuente de co-
rriente y la fuente de voltaje también están conectadas en serie 
de modo que tiene la misma corriente is. Suponga que vs � 12 V, 
e i � 2 A. Calcule la energía alimentada por cada fuente.

+
–

–
is

is

vsvs

+

Figura P 2.5-4

P .2.5-5 
(a)  Encuentre la potencia alimentada por la fuente de voltaje que 

se muestra en la fi gura P 2.5-5 cuando para t � 0 tenemos
v ¼ 2 cos t V

y
i ¼ 10 cos tmA

(b)  Determine la energía alimentada por esta fuente de voltaje 
para el periodo 0 � t � 1 s.

+

–

v

i

Figura P 2.5-5

P 2.5-6 La fi gura 2.5-6 muestra una batería conectada a una 
carga. La carga en la fi gura 2.5-6 podría representar las luces 
de un automóvil, una cámara digital o un teléfono celular. La 
energía alimentada por la batería a la carga está dada por

w ¼
Z t2

t1

vi dt

Cuando el voltaje de la batería es constante y la resistencia de 
la carga es fi ja, la corriente de la batería será constante y 

w ¼ vi t2 � t1ð Þ
La capacidad de la batería es el producto de la corriente de la 
batería y el tiempo requerido para que la batería se descargue. 
En consecuencia, la energía almacenada en la batería es igual 
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(a)  Exprese el error de medición que ocurre cuando Rm 5 10 V 
como un porcentaje de imi.

(b)  Determine el valor máximo de Rm requerido para asegu-
rarse de que el error de medición es menor de 5 por ciento.

Amperímetro

2 A 1 k

im

(a)

2 A 1 k

imi = 2 A

(b)

2 A 1 k

im

Rm

(c)

Figura P 2.6-4

P 2.6-5 El voltímetro de la figura P 2.6-5a mide el voltaje a 
través de la fuente de corriente. La figura P 2.6-5b muestra el 
circuito después de eliminar el voltímetro y etiquetar el voltaje 
medido por el voltímetro como vm. Incluso, los demás vol-
tajes y corrientes del elemento están etiquetados en la figura  
P 2.6-5b.

+
–

25 

2 A12 V

Voltímetro

(a)

+
–

iR

vm

+

–

25 

2 A12 V
if

vR+ –

(b)

Figura 2.6-5

de vm. En la figura P 2.6-3c, el voltímetro está modelado por 
la resistencia Rm. Ahora el voltaje medido por el voltímetro es
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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Dado que Rm 
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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, el voltímetro se convierte en un voltíme-
tro ideal, y vm 
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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, el voltímetro 
no es ideal, y vm , vmi. La diferencia entre vm y vmi es un error 
de medición causado por el hecho de que el voltímetro sea 
no ideal.

(a)  Exprese el error de medición que ocurre cuando Rm 5 
900 V como un porcentaje de vmi.

(b)  Determine el valor mínimo de Rmi requerido para asegu-
rarse de que el error de medición es menor de 2% de vmi.

12 V

+

−

100 

(a)

vm

Voltímetro

+
–

12 V 12 V
+

−

100 

(b)

vmi =+
–

12 V

+

−

100 

(c)

vmRm+
–

Figura P 2-6-3

P 2.6-4 Un amperímetro ideal está modelado como un cor-
tocircuito. Un modelo más real de un amperímetro es una re-
sistencia pequeña. La figura P 2.6-4a muestra un circuito con 
un amperímetro que mide la corriente im. En la figura 2.6-4b, 
el amperímetro ha sido reemplazado por el modelo de un am-
perímetro ideal, un cortocircuito. Idealmente, a través del re-
sistor 1 kV no hay voltaje, y el amperímetro mide imi 5 2 A, 
el valor ideal de im. En la figura P 2.6-4c, el amperímetro está 
modelado por la resistencia Rm. Ahora, la corriente medida por 
el amperímetro es 

im 
1 000

1 000  Rm
2

Como Rm 
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5

48 Circuit Elements

 imi 5 2 A. Cuando Rm . 0, el amperímetro no es ideal, e 
im , imi. La diferencia entre im e imi es un error de medición 
causado por el hecho de que el amperímetro sea no ideal.
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Amperímetro

2 . 0 0

Voltímetro

r ia

R

vb

+

–

8 . 0 0

+
–

ia

vs
+

–

Figura P 2.7-1

P 2.7-2 El amperímetro en el circuito que se muestra en la 
figura P 2.7-2 indica que ia 5 2 A, y el voltímetro indica que 
vb 5 8 V. Determine el valor de g, la ganancia de la VCCS. 

Respuesta: g 5 0.25 A/V

Amperímetro

2 . 0 0

Voltímetro

vs vb

+

–

8 . 0 0

+
–

ia

g vb

R1

R2

Figura P 2.7-2

P 2.7-3 El amperímetro en el circuito que se muestra en la 
figura P 2.7-3 indica que ia 5 32 A e ib 5 8 A. Determine el 
valor de d, la ganancia de CCCS. 

Respuesta: d 5 4 A/A

Amperímetro

3 2 . 0

Amperímetro

vs

8 . 0 0

+
–

ia
ib

d ib

R

Figura P 2.7-3

P 2.7-4 Los voltímetros en el circuito que se muestra en la 
figura P 2.7-4 indican que va 5 2 V y que vb 5 8 V. Determine 
el valor de b, la ganancia de la VCVS. 

Respuesta: b 5 4 V/V

Dado que

12  vR  vm iR  if  2 A y 12  vR  vm iR  if  2 Ais12  vR  vm iR  if  2 A

y que
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Given that

12 ¼ vR þ vm and � iR ¼ is ¼ 2 A

and

vR ¼ 25iR

(a) Determine the value of the voltage measured by the meter.

(b) Determine the power supplied by each element.

P 2.6-6 The ammeter in Figure P 2.6-6ameasures the current

in the voltage source. Figure P 2.6-6b shows the circuit after

removing the ammeter and labeling the current measured by

the ammeter as im. Also, the other element voltages and

currents are labeled in Figure P 2.6-6b.

Given that

2þ im ¼ iR and vR ¼ vs ¼ 12 V

and

vR ¼ 25iR

(a) Determine the value of the current measured by the meter.

(b) Determine the power supplied by each element.

Ammeter

+
– 25 Ω 2 A12 V

(a)

iR

vs

+

–

im
vR

+
– 25 Ω 2 A12 V

+

–

(b)

Figure P 2.6-6

Section 2.7 Dependent Sources

P 2.7-1 The ammeter in the circuit shown in Figure P 2.7-1

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of r, the gain of the CCVS.

Answer: r ¼ 4 V/A

Ammeter

2 . 0 0

Voltmeter

r ia

R

vb

+

–

8 . 0 0

+
–

ia

vs
+

–

Figure P 2.7-1

P 2.7-2 The ammeter in the circuit shown in Figure P 2.7-2

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of g, the gain of the VCCS.

Answer: g ¼ 0.25 A/V

Ammeter

2 . 0 0

Voltmeter

vs vb

+

–

8 . 0 0

+
–

ia

g vb

R1

R2

Figure P 2.7-2

P 2.7-3 The ammeters in the circuit shown in Figure P 2.7-3

indicate that ia ¼ 32 A and ib ¼ 8 A. Determine the value of d,

the gain of the CCCS.

Answer: d ¼ 4 A/A

Ammeter

3 2 . 0

Ammeter

vs

8 . 0 0

+
–

ia
ib

d ib

R

Figure P 2.7-3

P 2.7-4 The voltmeters in the circuit shown in Figure P 2.7-4

indicate that va ¼ 2 V and vb ¼ 8 V. Determine the value of b,

the gain of the VCVS.

Answer: b ¼ 4 V/V

Problems 49

(a)  Determine el valor del voltaje medido por el medidor.
(b)  Determine la potencia alimentada por cada elemento.

P 2.6-6 El amperímetro de la figura P2.6-6a mide la corriente 
en la fuente de voltaje. La figura 2.6-6b muestra el circuito 
luego de eliminar el amperímetro y etiquetar la corriente me-
dida por el amperímetro como im. Incluso, los demás voltajes y 
corrientes del elemento están etiquetados en la figura P 2.6-6b. 
Dado que
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Given that

12 ¼ vR þ vm and � iR ¼ is ¼ 2 A

and

vR ¼ 25iR

(a) Determine the value of the voltage measured by the meter.

(b) Determine the power supplied by each element.

P 2.6-6 The ammeter in Figure P 2.6-6ameasures the current

in the voltage source. Figure P 2.6-6b shows the circuit after

removing the ammeter and labeling the current measured by

the ammeter as im. Also, the other element voltages and

currents are labeled in Figure P 2.6-6b.

Given that

2þ im ¼ iR and vR ¼ vs ¼ 12 V

and

vR ¼ 25iR

(a) Determine the value of the current measured by the meter.

(b) Determine the power supplied by each element.

Ammeter

+
– 25 Ω 2 A12 V

(a)

iR

vs

+

–

im
vR

+
– 25 Ω 2 A12 V

+

–

(b)

Figure P 2.6-6

Section 2.7 Dependent Sources

P 2.7-1 The ammeter in the circuit shown in Figure P 2.7-1

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of r, the gain of the CCVS.

Answer: r ¼ 4 V/A

Ammeter

2 . 0 0

Voltmeter

r ia

R

vb

+

–

8 . 0 0

+
–

ia

vs
+

–

Figure P 2.7-1

P 2.7-2 The ammeter in the circuit shown in Figure P 2.7-2

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of g, the gain of the VCCS.

Answer: g ¼ 0.25 A/V

Ammeter

2 . 0 0

Voltmeter

vs vb

+

–

8 . 0 0

+
–

ia

g vb

R1

R2

Figure P 2.7-2

P 2.7-3 The ammeters in the circuit shown in Figure P 2.7-3

indicate that ia ¼ 32 A and ib ¼ 8 A. Determine the value of d,

the gain of the CCCS.

Answer: d ¼ 4 A/A

Ammeter

3 2 . 0

Ammeter

vs

8 . 0 0

+
–

ia
ib

d ib

R

Figure P 2.7-3

P 2.7-4 The voltmeters in the circuit shown in Figure P 2.7-4

indicate that va ¼ 2 V and vb ¼ 8 V. Determine the value of b,

the gain of the VCVS.

Answer: b ¼ 4 V/V

Problems 49

y vR  vf  12 VvsvR  vf  12 V

y que
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Given that

12 ¼ vR þ vm and � iR ¼ is ¼ 2 A

and

vR ¼ 25iR

(a) Determine the value of the voltage measured by the meter.

(b) Determine the power supplied by each element.

P 2.6-6 The ammeter in Figure P 2.6-6ameasures the current

in the voltage source. Figure P 2.6-6b shows the circuit after

removing the ammeter and labeling the current measured by

the ammeter as im. Also, the other element voltages and

currents are labeled in Figure P 2.6-6b.

Given that

2þ im ¼ iR and vR ¼ vs ¼ 12 V

and

vR ¼ 25iR

(a) Determine the value of the current measured by the meter.

(b) Determine the power supplied by each element.

Ammeter

+
– 25 Ω 2 A12 V

(a)

iR

vs

+

–

im
vR

+
– 25 Ω 2 A12 V

+

–

(b)

Figure P 2.6-6

Section 2.7 Dependent Sources

P 2.7-1 The ammeter in the circuit shown in Figure P 2.7-1

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of r, the gain of the CCVS.

Answer: r ¼ 4 V/A

Ammeter

2 . 0 0

Voltmeter

r ia

R

vb

+

–

8 . 0 0

+
–

ia

vs
+

–

Figure P 2.7-1

P 2.7-2 The ammeter in the circuit shown in Figure P 2.7-2

indicates that ia ¼ 2 A, and the voltmeter indicates that vb ¼
8 V. Determine the value of g, the gain of the VCCS.

Answer: g ¼ 0.25 A/V

Ammeter

2 . 0 0

Voltmeter

vs vb

+

–

8 . 0 0

+
–

ia

g vb

R1

R2

Figure P 2.7-2

P 2.7-3 The ammeters in the circuit shown in Figure P 2.7-3

indicate that ia ¼ 32 A and ib ¼ 8 A. Determine the value of d,

the gain of the CCCS.

Answer: d ¼ 4 A/A

Ammeter

3 2 . 0

Ammeter

vs

8 . 0 0

+
–

ia
ib

d ib

R

Figure P 2.7-3

P 2.7-4 The voltmeters in the circuit shown in Figure P 2.7-4

indicate that va ¼ 2 V and vb ¼ 8 V. Determine the value of b,

the gain of the VCVS.

Answer: b ¼ 4 V/V

Problems 49

(a)  Determine el valor de la corriente medida por el medidor.
(b)  Determine la potencia alimentada por cada elemento.

Amperímetro

+
– 25  2 A12 V

(a)

iR

vs

+

–

im
vR

+
– 25  2 A12 V

+

–

(b)

Figura P 2.6-6

Sección 2.7 Fuentes dependientes

P 2.7-1 El amperímetro en el circuito que se muestra en la 
figura P 2.7-1 indica que ia 5 2 A, y el voltímetro indica que 
vb 5 8 V. Determine el valor de r, la ganancia de la CCVS.

Respuesta: r 5 4 V/A

M02_DORF_1571_8ED_SE_020-052.indd   49 4/12/11   5:18 PM



Alfaomega Circuitos Eléctricos - Dorf

 50 Elementos de circuitos

240 

10 va k va –10 V250 mA

200 mA 50 mA

+
+

–
–

+

–

Figura P 2.7-7

P 2.7-8 El circuito que se muestra en la fi gura 2.7-8 contiene 
una fuente dependiente. Determine el valor de la ganancia k 
de esa fuente dependiente.

10 V

20 

200 

k ia 10 V20 V

450 mA

+

+ –

–

+
–

ia

Figura P 2.7-8

P 2.7-9 El circuito que se muestra en la fi gura 2.7-9 contiene 
una fuente dependiente. La ganancia de esa fuente dependien-
te es

k ¼ 25
V

A

Determine el valor del voltaje vb.

120 

5 –1 V k ia vb250 mA

ia 50 mA

+
+

–
–

+

–

Figura P 2.7-9

P 2.7-10 El circuito que se muestra en la fi gura P 2.7-10 
contiene una fuente dependiente. La ganancia de esa fuente 
dependiente es

k ¼ 90
mA

V
¼ 0:09

A

V
Determine el valor de la corriente ib.

Amperímetro

2 . 0 0

Voltímetro

vs

8 . 0 0

+
–

va

vbb va

+

+

–

–

R
+

–

Figura P 2.7-4

P 2.7-5 En la fi gura 2.7-5 se muestran los valores de la co-
rriente y el voltaje de cada elemento del circuito.
 Determine los valores de la resistencia, R, y de la ga-
nancia de la fuente dependiente, A.

3.5 A2 A

12 V

 2 V 

 4 V 

4 A

14 V10 V 1.5 A

2.5 A

R

ia = 0.5 A
A ia = 2 V

+ –

+
–

+
–

Figura P 2.7-5

P 2.7-6 Encuentre la potencia alimentada por la VCCS en la 
fi gura P 2.7-6.

Respuesta: La VCCS alimentó 17.6 watts (pero absorbió 
�17.6 watts).

–15.8 V

0.2 

6.9 +
–

Voltímetro

– 2. 0 0

Voltímetro

2 

+

+

vd

vc

+ 2. 2 0

id = 4vc

–

–

Figura P 2.7-6

P 2.7-7 El circuito que se muestra en la fi gura P 2.7-7 contie-
ne una fuente dependiente. Determine el valor de la ganancia 
k de esa fuente dependiente.
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 Determine el valor de v para cada uno de los casos si-
guientes.

(a)  El interruptor está cerrado y Rs � 0 (un cortocircuito).
(b)  El interruptor está cerrado y Rs � 5 �.
(c)  El interruptor está cerrado y Rs � 1 (un cortocircuito)
(d)  El interruptor está cerrado y Rs � 10 k�.

v100 100 12 V 12 V

(a) (b)

v

Rs

Figura P 2.9-3

Sección 2.10 ¿Cómo lo podemos comprobar . . . ?

P 2.10-1 El circuito que se muestra en la fi gura P 2.10-1 se 
utiliza para probar la CCVS. Su compañero de laboratorio 
argumenta que esta medición muestra que la ganancia de la 
CVVS es �20 V/A en vez de � 20 V/A. ¿Está de acuerdo? 
Justifi que su respuesta.

4 0 . 0

VoltímetroAmperímetro

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figura P 2.10-1

P 2.10-2 El circuito de la fi gura P 2.10-2 se utiliza para me-
dir la corriente en el resistor. Una vez conocida esta corriente, 
se puede calcular la resistencia como R ¼ vs

i
. El circuito se 

construye utilizando una fuente de voltaje con vs � 12 V y 
un resistor de 1/2 W de 25 �. Luego de una voluta de humo y un 
olor desagradable, el amperímetro indica que i � 0 A. El resis-
tor debe estar mal. Se tienen más resistores de 1>2 W de 25 �. 
¿Debería probar con otro resistor? Justifi que su respuesta.

i
Amperímetro

vs

0 . 0 0

+
–

R

Figura P 2.10-2

Sugerencia: Los resistores de 1>2 W son capaces de disipar 
una potencia de 1>2 W. Pero pueden fallar si se requiere que 
disipen más de 1>2 W de potencia.

va

10 

100 

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figura P 2.7-10

Sección 2.8 Transductores

P 2.8-1 Para el circuito del potenciómetro de la fi gura 2.8-2, 
la corriente de la fuente de corriente y la resistencia del po-
tenciómetro son 1.1 mA y 100 k�, respectivamente. Calcule 
el ángulo requerido, u, de modo que el voltaje medido sea 
de 23 V.

P 2.8-2 Un sensor AD590 tiene una constante asociada k � 
1 mA
�
K
. El sensor tiene un voltaje v � 20 V. La corriente medida, 

i(t), como se muestra en la fi gura 2.8-3, es 4 mA � i � 13 mA 
en una fi jación en laboratorio. Encuentre el rango de la tem-
peratura medida.

Sección 2.9 Interruptores

P 2.9-1 Determine la corriente, i, en t � 1 s y en t � 4 s para 
el circuito de la fi gura P 2.9-1.

+
– 5 k15 V +

– 10 V

t = 3 s

i

t = 2 s

Figura P 2.9-1

P 2.9-2 Determine el voltaje, v, en t � 1 s y en t � 4 s para el 
circuito que se muestra en la fi gura P 2.9-1.

5 k
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figura P 2.9-2

P 2.9-3 Idealmente, un interruptor abierto se modela como 
un circuito abierto y un interruptor cerrado se modela como un 
circuito cerrado. En la realidad, un interruptor abierto se mo-
dela como una resistencia grande, y un interruptor cerrado se 
modela como una resistencia pequeña.
 La fi gura P 2.9-3a muestra un circuito con un interrup-
tor. En la fi gura 2.9-3b, el interruptor ha sido reemplazado por 
una resistencia. En la fi gura P 2.9-3b, el voltaje v lo da

v ¼ 100

Rs þ 100

� �
12

�
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Problemas de diseño

PD 2-1 Especifique la resistencia R en la figura PD 2-1 de 
modo que se cumpla con las dos siguientes condiciones:

1.  i . 40 mA.

2. La potencia absorbida por el resistor es menor de 0.5 W.

+
–

i

R10 V

Figura PD 2-1

PD 2-2 Especifique la resistencia R en la figura PD 2-2 de 
modo que se cumpla con las dos siguientes condiciones:

1. v . 40 V.

2. La potencia absorbida por el resistor es menor de 15 W.

R2 A v
+

–

Figura PD 2-2

Sugerencia: No hay una garantía de que siempre se cumpla con 
esas especificaciones.

PD 2-3 A los resistores se les da una potencia nominal. Por 
ejemplo, hay resistores de 1>8 W, 1>4 W, 1>2 W, y de 1 W. Un 
resistor de 1>2 W es capaz de disipar indefinidamente con segu-
ridad 1>2 W de potencia. Los resistores con potencia nominal 
más grande son más costosos y voluminosos que los de menor 
potencia nominal. Una buena práctica de ingeniería requiere 
que las potencias nominales de los resistores se especifiquen lo 
más grande posible, pero no más de lo necesario.
 Considere el circuito que se muestra en la figura PD 2-3. 
Los valores de las resistencias son

R1 5 1 000 V, R2 5 2 000 V, y R3 5 4 000 V

El valor de la corriente de la fuente de corriente es

is 5 30 mA

Especifique la potencia nominal para cada resistor.
R1 R2 R3

ir = is

is
Figura DP 2-3
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Circuitos 
resistivos

3.1 I N T R O D U C C I Ó N

En este capítulo haremos lo siguiente:

•  Escribir ecuaciones utilizando las leyes de Kirchhoff.
 No es de sorprender que el comportamiento de un circuito eléctrico esté determinado por los 
tipos de elementos que comprenden el circuito y por aquellos elementos con los que está conectado. 
Las ecuaciones constitutivas describen los elementos en sí mismos, y las leyes de Kirchhoff describen 
la manera en que los elementos están conectados entre sí para conformar el circuito.

•  Analizar circuitos eléctricos sencillos, utilizando solamente las leyes de Kirchhoff y las ecuaciones 
constitutivas de los elementos del circuito.

•	 	Analizar	dos	configuraciones	de	circuito	muy	comunes:	los	resistores	en	serie	y	los	resistores	en	
paralelo.
 Veremos que los resistores en serie actúan como un “divisor de voltaje”, y los resistores en serie 
lo hacen como un “divisor de corriente”. Además, los resistores en serie y los resistores en paralelo 
nos	proporcionan	nuestros	primeros	ejemplos	de	un	“circuito	equivalente”.	La	figura	3.1-1	ilustra	este	
importante concepto. En este punto, un circuito se ha dividido en dos partes, A y B. El reemplazo de B 
por un circuito equivalente, Beq,	no	modifica	la	corriente	o	el	voltaje	de	ningún	elemento	del	circuito	
en la parte A. En este sentido, Beq es equivalente a B. Veremos cómo obtener un circuito equivalente 
cuando la parte B consta de resistores en serie y resistores en paralelo.

•  Determinar circuitos equivalentes para fuentes de voltaje en serie y fuentes de corriente en paralelo.

•  Determinar la resistencia equivalente a un circuito resistivo.

 A veces, los circuitos que están constituidos totalmente por resistores se pueden reducir a un 
resistor equivalente único al reemplazar repetidamente resistores en serie y/o en paralelo por resistores 
equivalentes.

CAPÍTULO

EN ESTE CAPÍTULO

3.1 Introducción
3.2 Leyes de Kirchhoff
3.3 Resistores en serie y división de voltaje
3.4 Resistores en paralelo y división de corriente
3.5  Fuentes de voltaje en serie y fuentes de 

corriente en paralelo
3.6 Análisis de circuitos

 3.7  Análisis de circuitos resistivos utilizando 
MATLAB

 3.8 ¿Cómo	lo	podemos	comprobar . . . ?
 3.9  EJEMPLO DE DISEÑO — Fuente de 

voltaje ajustable
3.10 Resumen
 Problemas
 Problemas de diseño
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3.2 L E Y E S  D E  K I R C H H O F F

Un circuito eléctrico consta de elementos de circuito que están conectados entre sí. Los lugares en que 
los	elementos	están	conectados	entre	sí	se	llaman	nodos.	La	figura	3.2-1a muestra un circuito eléc-
trico que consta de seis elementos conectados entre sí en cuatro nodos. Es una práctica muy común 
trazar circuitos utilizando líneas rectas y posicionar los elementos horizontal o verticalmente, como 
se	muestra	en	la	figura	3.2-1b.

	 El	circuito	se	muestra	de	nuevo	en	la	figura	3.2-1c, esta vez remarcando los nodos. Observe que 
al trazar de nuevo el circuito, mediante líneas rectas y elementos horizontales y verticales, ha cambia-
do	la	forma	de	representar	los	nodos.	En	la	figura	3.2-1a los nodos están representados como puntos. 
En	las	figuras	3.2-1b,c, los nodos están representados tanto por puntos como por segmentos de línea.

FIGURA 3.1-1 Reemplazar B 
por un circuito equivalente Beq 
no	modifica	la	corriente	ni	el	
voltaje de ningún elemento de 
circuito en A.

FIGURA 3.2-1 (a) Un circuito eléctrico. 
(b) El mismo circuito, pero con un trazo 
nuevo, utilizando líneas rectas y elementos 
horizontales y verticales. (c) El circuito 
después de etiquetar los nodos y los 
elementos.
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 El mismo circuito puede trazarse de varias formas. Un dibujo de un circuito puede verse muy 
diferente de otro trazo del mismo circuito. ¿Cómo podemos discernir cuándo dos trazos de circuitos 
representan	el	mismo	circuito?	De	manera	informal,	decimos	que	dos	trazos	de	circuitos	representan	
el mismo circuito si los elementos correspondientes están conectados a sus nodos correspondientes. 
De manera más formal, decimos que los trazos de los circuitos A y B representan el mismo circuito 
cuando se cumplen las tres condiciones siguientes.

1.  Hay una correspondencia de uno a uno entre los nodos del trazo A y los nodos del trazo B. (Una 
correspondencia de uno a uno es igual a un emparejamiento. En esta correspondencia de uno 
a uno, cada nodo en el trazo A empata exactamente con un nodo del trazo B y viceversa. La 
posición de los nodos no es importante.).

2. Hay una correspondencia uno a uno entre los elementos del trazo A y los del B.

3. Los elementos correspondientes están conectados a los nodos correspondientes.

La	figura	3.2-2	muestra	cuatro	trazos	de	circuitos.	¿Cuál	de	éstos	representa	el	mismo	circuito	trazado	en	la	figura	
3.2-1c?	

E j E m p l o  3 . 2 - 1  Trazos diferentes del mismo circuito

FIGURA 3.2-2 Cuatro trazos de circuitos. 
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Solución
El	trazo	de	circuito	mostrado	en	la	figura	3.2-2a tiene cinco nodos, etiquetados r, s, t, u y v. El trazo de circuito de la 
figura	3.2-1c tiene cuatro nodos. Dado que los dos trazos tienen diferente cantidad de nodos, no puede haber una corres-
pondencia de uno a uno entre los nodos de los dos trazos. Por consiguiente, los trazos representan circuitos diferentes.
	 El	trazo	de	circuito	mostrado	en	la	figura	3.2-2b, tiene cuatro nodos y seis elementos, el mismo número de nodos 
y	de	elementos	que	el	trazo	del	circuito	de	la	figura	3.2-1c.	Los	nodos	de	la	figura	3.2-2b se han etiquetado de la misma 
manera	que	los	nodos	correspondientes	de	la	figura	3.2-1c.	Por	ejemplo,	el	nodo	c	en	la	figura	3.2-2b corresponde al 
nodo	c	de	la	figura	3.2-1c.	Los	elementos	de	la	figura	3.2-2b se han etiquetado de la misma manera que los elementos 
correspondientes	de	la	figura	3.2-1c.	Por	ejemplo,	el	elemento	5	en	la	figura	3.2-2b corresponde al elemento 5 de la 
figura	3.2-1c. Los elementos correspondientes, pues, están conectados a los nodos correspondientes. Por ejemplo, el 
elemento	2	está	conectado	a	los	nodos	a	y	b,	en	ambas	figuras	3.2-2b	y	3.2-1c.	En	consecuencia,	las	figuras	3.2-2b y 
3.2-1c representan el mismo circuito.
	 El	trazo	del	circuito	que	se	muestra	en	la	figura	3.2-2c tiene cuatro nodos y seis elementos, el mismo número 
de	nodos	y	elementos	que	el	trazo	del	circuito	de	la	figura	3.2-1c.	Los	nodos	y	elementos	de	la	figura	3.2-2c	se	han	
etiquetado	de	la	misma	manera	que	los	nodos	y	los	elementos	de	la	figura	3.2-1c. Los elementos correspondientes, 
pues,	están	conectados	a	los	nodos	correspondientes.	En	consecuencia,	las	figuras	3.2-2c	y	3.2-1c representan el mis-
mo circuito.
	 El	trazo	del	circuito	que	se	muestra	en	la	figura	3.2-2d tiene cuatro nodos y seis elementos, el mismo número de 
nodos	y	elementos	que	el	trazo	del	circuito	de	la	figura	3.2-1c.	Sin	embargo,	los	nodos	y	los	elementos	de	la	figura	3.2-2d 
no	se	han	podido	etiquetar	de	modo	que	los	elementos	correspondientes	de	la	figura	3.2-1c estén conectados a los nodos 
correspondientes.	(Por	ejemplo,	en	la	figura	3.2-1c, tres elementos están conectados entre el mismo par de nodos, a y 
b,	lo	que	no	sucede	en	la	figura	3.2-2d.)	En	consecuencia,	las	figuras	3.2-2d	y	3.2-1c representan circuitos diferentes.

	 En	1847,	Gustav	Robert	Kirchhoff,	profesor	de	la	universidad	de	Berlín,	formuló	dos	impor-
tantes leyes que constituyen los fundamentos del análisis de los circuitos eléctricos. Estas leyes se 
refieren en su honor como ley de la corriente de Kirchhoff (KCL, por sus siglas en inglés), y ley del 
voltaje de Kirchhoff (KVL). Las leyes de Kirchhoff son consecuencia de la carga y la conservación 
de	la	energía.	La	imagen	de	Gustav	Robert	Kirchhoff	aparece	en	la	figura	3.2-3.
 La ley de la corriente de Kirchhoff establece que la suma algebraica de las corrientes que 
entran en cualquier nodo es idéntica a cero en todo momento.

Ley de la corriente de Kirchhoff (KCL): La suma algebraica de las corrientes en un 
nodo es cero en todo instante.

La frase suma algebraica indica que se deben tomar en cuenta las direcciones de referencia al 
agregar las corrientes de los elementos conectados a un nodo en particular. Una manera de tomar 
en cuenta las direcciones de referencia es utilizar un signo más cuando la corriente se dirige hacia 
fuera del nodo, y un signo menos cuando la corriente se dirige hacia el nodo. Por ejemplo, conside-
re	el	circuito	mostrado	en	la	figura	3.2-1c.	Cuatro	elementos	de	este	circuito	—los	elementos	1,	2,	
3	y	4—	están	conectados	al	nodo	a.	Según	la	ley	de	la	corriente	de	Kirchhoff,	la	suma	algebraica	 
de las corrientes de los elementos i1, i2, i3 e i4 debe ser cero. Las corrientes i2 e i3 se dirigen hacia 
fuera del nodo a, por lo cual usaremos un signo más para i2 e i3. Por el contrario, las corrientes i1 e 

FIGURA 3.2-3 Gustav	
Robert Kirchhoff 
(1824-1887).	En	1847,	
Kirchhoff estableció 
dos leyes respecto de 
la corriente y el voltaje 
en un circuito eléctrico. 
Cortesía de la Institución 
Smithsonian.

i4 se dirigen al nodo a, por lo que usaremos el signo menos para i1 e i4. La ecuación de la KCL para el nodo 
a	de	la	figura	3.2-1c es
 

E1C03_1 11/25/2009 56

In 1847, Gustav Robert Kirchhoff, a professor at the University of Berlin, formulated

two important laws that provide the foundation for analysis of electric circuits. These laws are

referred to as Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL) in his honor.

Kirchhoff’s laws are a consequence of conservation of charge and conservation of energy.

Gustav Robert Kirchhoff is pictured in Figure 3.2-3.

Kirchhoff’s current law states that the algebraic sum of the currents entering any node is

identically zero for all instants of time.

Kirchhoff’s current law (KCL): The algebraic sum of the currents into a node at

any instant is zero.

The phrase algebraic sum indicates that we must take reference directions into account as

we add up the currents of elements connected to a particular node. One way to take

reference directions into account is to use a plus sign when the current is directed away from

the node and a minus sign when the current is directed toward the node. For example,

consider the circuit shown in Figure 3.2-1c. Four elements of this circuit—elements 1, 2, 3,

and 4—are connected to node a. By Kirchhoff’s current law, the algebraic sum of the

element currents i1, i2, i3, and i4 must be zero. Currents i2 and i3 are directed away from node a, so we

will use a plus sign for i2 and i3. In contrast, currents i1 and i4 are directed toward node a, so we will

use a minus sign for i1 and i4. The KCL equation for node a of Figure 3.2-1c is

�i1 þ i2 þ i3 � i4 ¼ 0 (3.2-1)

An alternate way of obtaining the algebraic sum of the currents into a node is to set the sum of all

the currents directed away from the node equal to the sum of all the currents directed toward that node.

Using this technique, we find that the KCL equation for node a of Figure 3.2-1c is

i2 þ i3 ¼ i1 þ i4 (3.2-2)

Clearly, Eqs. 3.2-1 and 3.2-2 are equivalent.

Solution
The circuit drawing shown in Figure 3.2-2a has five nodes, labeled r, s, t, u, and v. The circuit drawing in Figure

3.2-1c has four nodes. Because the two drawings have different numbers of nodes, there cannot be a one-to-one

correspondence between the nodes of the two drawings. Hence, these drawings represent different circuits.

The circuit drawing shown in Figure 3.2-2b has four nodes and six elements, the same numbers of nodes and

elements as the circuit drawing in Figure 3.2-1c. The nodes in Figure 3.2-2b have been labeled in the same way as the

corresponding nodes in Figure 3.2-1c. For example, node c in Figure 3.2-2b corresponds to node c in Figure 3.2-1c.

The elements in Figure 3.2-2b have been labeled in the same way as the corresponding elements in Figure 3.2-1c. For

example, element 5 in Figure 3.2-2b corresponds to element 5 in Figure 3.2-1c. Corresponding elements are indeed

connected to corresponding nodes. For example, element 2 is connected to nodes a and b, in both Figure 3.2-2b and in

Figure 3.2-1c. Consequently, Figure 3.2-2b and Figure 3.2-1c represent the same circuit.

The circuit drawing shown in Figure 3.2-2c has four nodes and six elements, the same number of nodes and

elements as the circuit drawing in Figure 3.2-1c. The nodes and elements in Figure 3.2-2c have been labeled in the

same way as the corresponding nodes and elements in Figure 3.2-1c. Corresponding elements are indeed

connected to corresponding nodes. Therefore, Figure 3.2-2c and Figure 3.2-1c represent the same circuit.

The circuit drawing shown in Figure 3.2-2d has four nodes and six elements, the same numbers of nodes and

elements as the circuit drawing in Figure 3.2-1c. However, the nodes and elements of Figure 3.2-2d cannot be

labeled so that corresponding elements of Figure 3.2-1c are connected to corresponding nodes. (For example, in

Figure 3.2-1c, three elements are connected between the same pair of nodes, a and b. That does not happen in

Figure 3.2-2d.) Consequently, Figure 3.2-2d and Figure 3.2-1c represent different circuits.

FIGURE 3.2-3 Gustav

Robert Kirchhoff (1824-

1887). Kirchhoff stated

two laws in 1847

regarding the current and

voltage in an electrical

circuit. Courtesy of

the Smithsonian

Institution.

56 Resistive Circuits

	 (3.2-1)
 Otra alternativa para obtener la suma algebraica de las corrientes en un nodo es establecer que la 
suma de todas las corrientes que se alejan del nodo es igual a la suma de todas las corrientes que se dirigen 
a	ese	nodo.	Con	esta	técnica	encontramos	que	la	ecuación	de	la	KCL	para	el	nodo	de	la	figura	3.2-1c es
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	 (3.2-2)
Desde	luego,	las	ecuaciones	3.2-1	y	3.2-2	son	equivalentes.
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E J E M P L O  I N T E R A C T I V O

	 Del	mismo	modo,	la	ecuación	de	la	ley	de	la	corriente	de	Kirchhoff	para	el	nodo	b	de	la	figura	3.2-1c es
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Similarly, the Kirchhoff’s current law equation for node b of Figure 3.2-1c is

i1 ¼ i2 þ i3 þ i6

Before we can state Kirchhoff’s voltage law, we need the definition of a loop. A loop is a closed

path through a circuit that does not encounter any intermediate node more than once. For example,

starting at node a in Figure 3.2-1c, we can move through element 4 to node c, then through element 5 to

node d, through element 6 to node b, and finally through element 3 back to node a. We have a closed

path, and we did not encounter any of the intermediate nodes—b, c, or d—more than once.

Consequently, elements 3, 4, 5, and 6 comprise a loop. Similarly, elements 1, 4, 5, and 6 comprise

a loop of the circuit shown in Figure 3.2-1c. Elements 1 and 3 comprise yet another loop of this circuit.

The circuit has three other loops: elements 1 and 2, elements 2 and 3, and elements 2, 4, 5, and 6.

We are now ready to state Kirchhoff’s voltage law.

Kirchhoff’s voltage law (KVL): The algebraic sum of the voltages around any loop in a

circuit is identically zero for all time.

The phrase algebraic sum indicates that we must take polarity into account as we add up the voltages

of elements that comprise a loop. One way to take polarity into account is to move around the loop in

the clockwise direction while observing the polarities of the element voltages. We write the voltage

with a plus sign when we encounter theþ of the voltage polarity before the�. In contrast, we write the

voltage with a minus sign when we encounter the� of the voltage polarity before theþ. For example,

consider the circuit shown in Figure 3.2-1c. Elements 3, 4, 5, and 6 comprise a loop of the circuit. By

Kirchhoff’s voltage law, the algebraic sum of the element voltages v3, v4, v5, and v6 must be zero. As

we move around the loop in the clockwise direction, we encounter theþ of v4 before the�, the� of v5
before theþ, the� of v6 before theþ, and the� of v3 before theþ. Consequently, we use a minus sign

for v3, v5, and v6 and a plus sign for v4. The KCL equation for this loop of Figure 3.2-1c is

v4 � v5 � v6 � v3 ¼ 0

Similarly, the Kirchhoff’s voltage law equation for the loop consisting of elements 1, 4, 5, and 6 is

v4 � v5 � v6 þ v1 ¼ 0

The Kirchhoff’s voltage law equation for the loop consisting of elements 1 and 2 is

�v2 þ v1 ¼ 0

E X A M P L E 3 . 2 - 2 Kirchhoff’s Laws INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 3.2-4a. Determine the power supplied by element C and the power received

by element D.

Solution
Figure 3.2-4a provides a value for the current in element C but not for the voltage, v, across element C. The voltage

and current of element C given in Figure 3.2-4a adhere to the passive convention, so the product of this voltage and

current is the power received by elementC. Figure 3.2-4a provides a value for the voltage across elementD but not for

the current, i, in elementD. The voltage and current of elementD given in Figure 3.2-4a do not adhere to the passive

convention, so the product of this voltage and current is the power supplied by element D.

We need to determine the voltage, v, across element C and the current, i, in element D. We will use Kirchhoff’s

laws to determine values of v and i. First, we identify and label the nodes of the circuit as shown in Figure 3.2-4b.
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 Antes de que podamos establecer la ley del voltaje de Kirchhoff, necesitamos la definición de un 
circuito cerrado (loop). Un circuito cerrado es una ruta cerrada a través de un circuito que no encuentra 
ningún	nodo	intermedio	más	de	una	vez.	Por	ejemplo,	si	empezamos	en	el	nodo	a	de	la	figura	3.2-1c, nos 
podemos	mover	a	través	del	elemento	4	al	nodo	c,	luego	proseguimos	a	través	del	elemento	5	hasta	el	nodo	
d,	continuamos	por	el	elemento	6	al	nodo	b	y,	finalmente,	por	el	elemento	3	de	vuelta	al	nodo	a.	Tenemos	
una ruta cerrada, y no nos encontramos con ninguno de los nodos intermedios (b, c o d) más de una vez. Por 
consiguiente,	los	elementos	3,	4,	5	y	6	comprenden	un	circuito	cerrado.	Del	mismo	modo,	los	elementos	
1,	4,	5	y	6	comprenden	un	circuito	cerrado	del	circuito	que	se	muestra	en	la	figura	3.2-1c.	Los	elementos	1	
y	3	conforman	otro	circuito	cerrado	más	de	este	circuito.	El	circuito	tiene	otros	tres	circuitos	cerrados:	los	
elementos	1	y	2,	los	elementos	2	y	3	y	los	elementos	2,	4,	5	y	6.
 Ya estamos preparados para establecer la ley del voltaje de Kirchhoff.

Ley del voltaje de Kirchhoff (KVL): la suma algebraica de los voltajes en torno a cualquier 
circuito cerrado en un circuito es idéntica a cero en todo momento.

La frase suma algebraica indica que se debe tener en cuenta la polaridad al agregar los voltajes de los 
elementos que comprenden un circuito cerrado. Una forma de tomar en cuenta la polaridad es moverse 
en torno al circuito cerrado en el sentido de las manecillas del reloj mientras se observan las polaridades 
de los voltajes del elemento. El voltaje se escribe con un signo más cuando encontramos el signo 2 de 
la polaridad del voltaje antes del signo 1. Por el contrario, el voltaje se escribe con un signo menos cuando 
encontramos el signo 2 de la polaridad del voltaje antes del signo 1. Por ejemplo, considere el circuito 
que	se	muestra	en	la	figura	3.2-1c.	Los	elementos	3,	4,	5	y	6,	comprenden	un	circuito	cerrado	del	circuito.	
Según la ley del voltaje de Kirchhoff, la suma algebraica de los voltajes de los elementos v3, v4, v5 y v6 debe 
ser cero. Al movernos en torno al circuito cerrado en el sentido de las manecillas del reloj, encontramos el 
signo 1 de v4 antes del signo 2; el signo 2 de v5 antes del signo 1; el signo 2 de v6 antes del signo 1 y 
el signo 2 de v3 antes del signo 1. En consecuencia, utilizamos un signo menos para v3, v5 y v6, y un signo 
más para v4.	La	ecuación	de	la	KCL	para	este	circuito	cerrado	de	la	figura	3.2-1c es
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Similarly, the Kirchhoff’s current law equation for node b of Figure 3.2-1c is

i1 ¼ i2 þ i3 þ i6

Before we can state Kirchhoff’s voltage law, we need the definition of a loop. A loop is a closed

path through a circuit that does not encounter any intermediate node more than once. For example,

starting at node a in Figure 3.2-1c, we can move through element 4 to node c, then through element 5 to

node d, through element 6 to node b, and finally through element 3 back to node a. We have a closed

path, and we did not encounter any of the intermediate nodes—b, c, or d—more than once.

Consequently, elements 3, 4, 5, and 6 comprise a loop. Similarly, elements 1, 4, 5, and 6 comprise

a loop of the circuit shown in Figure 3.2-1c. Elements 1 and 3 comprise yet another loop of this circuit.

The circuit has three other loops: elements 1 and 2, elements 2 and 3, and elements 2, 4, 5, and 6.

We are now ready to state Kirchhoff’s voltage law.

Kirchhoff’s voltage law (KVL): The algebraic sum of the voltages around any loop in a

circuit is identically zero for all time.

The phrase algebraic sum indicates that we must take polarity into account as we add up the voltages

of elements that comprise a loop. One way to take polarity into account is to move around the loop in

the clockwise direction while observing the polarities of the element voltages. We write the voltage

with a plus sign when we encounter theþ of the voltage polarity before the�. In contrast, we write the

voltage with a minus sign when we encounter the� of the voltage polarity before theþ. For example,

consider the circuit shown in Figure 3.2-1c. Elements 3, 4, 5, and 6 comprise a loop of the circuit. By

Kirchhoff’s voltage law, the algebraic sum of the element voltages v3, v4, v5, and v6 must be zero. As

we move around the loop in the clockwise direction, we encounter theþ of v4 before the�, the� of v5
before theþ, the� of v6 before theþ, and the� of v3 before theþ. Consequently, we use a minus sign

for v3, v5, and v6 and a plus sign for v4. The KCL equation for this loop of Figure 3.2-1c is

v4 � v5 � v6 � v3 ¼ 0

Similarly, the Kirchhoff’s voltage law equation for the loop consisting of elements 1, 4, 5, and 6 is

v4 � v5 � v6 þ v1 ¼ 0

The Kirchhoff’s voltage law equation for the loop consisting of elements 1 and 2 is

�v2 þ v1 ¼ 0

E X A M P L E 3 . 2 - 2 Kirchhoff’s Laws INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 3.2-4a. Determine the power supplied by element C and the power received

by element D.

Solution
Figure 3.2-4a provides a value for the current in element C but not for the voltage, v, across element C. The voltage

and current of element C given in Figure 3.2-4a adhere to the passive convention, so the product of this voltage and

current is the power received by elementC. Figure 3.2-4a provides a value for the voltage across elementD but not for

the current, i, in elementD. The voltage and current of elementD given in Figure 3.2-4a do not adhere to the passive

convention, so the product of this voltage and current is the power supplied by element D.

We need to determine the voltage, v, across element C and the current, i, in element D. We will use Kirchhoff’s

laws to determine values of v and i. First, we identify and label the nodes of the circuit as shown in Figure 3.2-4b.
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Del mismo modo, la ecuación de la ley del voltaje de Kirchhoff para el circuito cerrado que consta de los 
elementos	1,	4,	5	y	6	es
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Similarly, the Kirchhoff’s current law equation for node b of Figure 3.2-1c is

i1 ¼ i2 þ i3 þ i6

Before we can state Kirchhoff’s voltage law, we need the definition of a loop. A loop is a closed

path through a circuit that does not encounter any intermediate node more than once. For example,

starting at node a in Figure 3.2-1c, we can move through element 4 to node c, then through element 5 to

node d, through element 6 to node b, and finally through element 3 back to node a. We have a closed

path, and we did not encounter any of the intermediate nodes—b, c, or d—more than once.

Consequently, elements 3, 4, 5, and 6 comprise a loop. Similarly, elements 1, 4, 5, and 6 comprise

a loop of the circuit shown in Figure 3.2-1c. Elements 1 and 3 comprise yet another loop of this circuit.

The circuit has three other loops: elements 1 and 2, elements 2 and 3, and elements 2, 4, 5, and 6.

We are now ready to state Kirchhoff’s voltage law.

Kirchhoff’s voltage law (KVL): The algebraic sum of the voltages around any loop in a

circuit is identically zero for all time.

The phrase algebraic sum indicates that we must take polarity into account as we add up the voltages

of elements that comprise a loop. One way to take polarity into account is to move around the loop in

the clockwise direction while observing the polarities of the element voltages. We write the voltage

with a plus sign when we encounter theþ of the voltage polarity before the�. In contrast, we write the

voltage with a minus sign when we encounter the� of the voltage polarity before theþ. For example,

consider the circuit shown in Figure 3.2-1c. Elements 3, 4, 5, and 6 comprise a loop of the circuit. By

Kirchhoff’s voltage law, the algebraic sum of the element voltages v3, v4, v5, and v6 must be zero. As

we move around the loop in the clockwise direction, we encounter theþ of v4 before the�, the� of v5
before theþ, the� of v6 before theþ, and the� of v3 before theþ. Consequently, we use a minus sign

for v3, v5, and v6 and a plus sign for v4. The KCL equation for this loop of Figure 3.2-1c is

v4 � v5 � v6 � v3 ¼ 0

Similarly, the Kirchhoff’s voltage law equation for the loop consisting of elements 1, 4, 5, and 6 is

v4 � v5 � v6 þ v1 ¼ 0

The Kirchhoff’s voltage law equation for the loop consisting of elements 1 and 2 is

�v2 þ v1 ¼ 0

E X A M P L E 3 . 2 - 2 Kirchhoff’s Laws INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 3.2-4a. Determine the power supplied by element C and the power received

by element D.

Solution
Figure 3.2-4a provides a value for the current in element C but not for the voltage, v, across element C. The voltage

and current of element C given in Figure 3.2-4a adhere to the passive convention, so the product of this voltage and

current is the power received by elementC. Figure 3.2-4a provides a value for the voltage across elementD but not for

the current, i, in elementD. The voltage and current of elementD given in Figure 3.2-4a do not adhere to the passive

convention, so the product of this voltage and current is the power supplied by element D.

We need to determine the voltage, v, across element C and the current, i, in element D. We will use Kirchhoff’s

laws to determine values of v and i. First, we identify and label the nodes of the circuit as shown in Figure 3.2-4b.
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La	ecuación	de	la	ley	del	voltaje	de	Kirchhoff	para	el	circuito	cerrado	que	consta	de	los	elementos	1	y	2	es
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Similarly, the Kirchhoff’s current law equation for node b of Figure 3.2-1c is

i1 ¼ i2 þ i3 þ i6

Before we can state Kirchhoff’s voltage law, we need the definition of a loop. A loop is a closed

path through a circuit that does not encounter any intermediate node more than once. For example,

starting at node a in Figure 3.2-1c, we can move through element 4 to node c, then through element 5 to

node d, through element 6 to node b, and finally through element 3 back to node a. We have a closed

path, and we did not encounter any of the intermediate nodes—b, c, or d—more than once.

Consequently, elements 3, 4, 5, and 6 comprise a loop. Similarly, elements 1, 4, 5, and 6 comprise

a loop of the circuit shown in Figure 3.2-1c. Elements 1 and 3 comprise yet another loop of this circuit.

The circuit has three other loops: elements 1 and 2, elements 2 and 3, and elements 2, 4, 5, and 6.

We are now ready to state Kirchhoff’s voltage law.

Kirchhoff’s voltage law (KVL): The algebraic sum of the voltages around any loop in a

circuit is identically zero for all time.

The phrase algebraic sum indicates that we must take polarity into account as we add up the voltages

of elements that comprise a loop. One way to take polarity into account is to move around the loop in

the clockwise direction while observing the polarities of the element voltages. We write the voltage

with a plus sign when we encounter theþ of the voltage polarity before the�. In contrast, we write the

voltage with a minus sign when we encounter the� of the voltage polarity before theþ. For example,

consider the circuit shown in Figure 3.2-1c. Elements 3, 4, 5, and 6 comprise a loop of the circuit. By

Kirchhoff’s voltage law, the algebraic sum of the element voltages v3, v4, v5, and v6 must be zero. As

we move around the loop in the clockwise direction, we encounter theþ of v4 before the�, the� of v5
before theþ, the� of v6 before theþ, and the� of v3 before theþ. Consequently, we use a minus sign

for v3, v5, and v6 and a plus sign for v4. The KCL equation for this loop of Figure 3.2-1c is

v4 � v5 � v6 � v3 ¼ 0

Similarly, the Kirchhoff’s voltage law equation for the loop consisting of elements 1, 4, 5, and 6 is

v4 � v5 � v6 þ v1 ¼ 0

The Kirchhoff’s voltage law equation for the loop consisting of elements 1 and 2 is

�v2 þ v1 ¼ 0

E X A M P L E 3 . 2 - 2 Kirchhoff’s Laws INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 3.2-4a. Determine the power supplied by element C and the power received

by element D.

Solution
Figure 3.2-4a provides a value for the current in element C but not for the voltage, v, across element C. The voltage

and current of element C given in Figure 3.2-4a adhere to the passive convention, so the product of this voltage and

current is the power received by elementC. Figure 3.2-4a provides a value for the voltage across elementD but not for

the current, i, in elementD. The voltage and current of elementD given in Figure 3.2-4a do not adhere to the passive

convention, so the product of this voltage and current is the power supplied by element D.

We need to determine the voltage, v, across element C and the current, i, in element D. We will use Kirchhoff’s

laws to determine values of v and i. First, we identify and label the nodes of the circuit as shown in Figure 3.2-4b.
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Considere	el	circuito	que	se	muestra	en	la	figura	3.2-4a. Determine la energía alimentada por el elemento C y la energía 
recibida por el elemento D.

Solución
La	figura	3.2-4a proporciona un valor para la corriente en el elemento C pero no para el voltaje, v, a través del elemento 
C. El voltaje y la corriente del elemento C	dados	en	la	figura	3.2-4a se apegan a la convención pasiva, por lo tanto, el 
producto del voltaje y la corriente es la potencia recibida por el elemento C.	La	figura	3.2-4a proporciona un valor para 
el voltaje a través del elemento D, pero no para la corriente, i, en el elemento D. El voltaje y la corriente del elemento 
D	dados	en	la	figura	3.24a no se apegan a la convención pasiva, por lo tanto, el producto del voltaje y la corriente es la 
potencia alimentada por el elemento D.
 Necesitamos determinar el voltaje, v, a través del elemento C y la corriente, i, en el elemento D. Usaremos las 
leyes de Kirchhoff para determinar los valores v e i. Primero, identificamos y etiquetamos los nodos del circuito como 
se	muestra	en	la	figura	3.2-4b.

E j E m p l o  3 . 2 - 2  Leyes de Kirchhoff
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	 58	 Circuitos resistivos

 Aplique la ley del voltaje de Kirchhoff (KVL) al circuito cerrado que consta de los elementos C, D y B para 
obtener
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Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get

�v� �4ð Þ � 6 ¼ 0 ) v ¼ �2 V

The value of the current in elementC in Figure 3.2-4b is 7 A. The voltage and current of elementC given in Figure

3.2-4b adhere to the passive convention, so
pC ¼ v 7ð Þ ¼ (� 2)(7) ¼ �14W

is the power received by element C. Therefore, element C supplies 14 W.

Next, apply Kirchhoff’s current law (KCL) at node b to get

7þ �10ð Þ þ i ¼ 0 ) i ¼ 3 A

The value of the voltage across elementD in Figure 3.2-4b is�4 V. The voltage and current of elementD given in

Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by

pD ¼ �4Þi ¼ �4ð Þð3ð Þ ¼ �12W

Therefore, element D receives 12 W.

FIGURE 3.2-4 (a) The circuit considered in Example

3.2-2 and (b) the circuit redrawn to emphasize the

nodes.

E X A M P L E 3 . 2 - 3 Ohm’s and Kirchhoff’s Laws

Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference

directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and

each voltage when R1¼ 8 V, v2¼�10 V, i3¼ 2 A, and R3¼ 1 V. Also, determine the resistance R2.

Solution
The sum of the currents entering node a is

i1 � i2 � i3 ¼ 0

58 Resistive Circuits

El valor de la corriente en el elemento C	en	la	figura	3.2-4b es	7	A.	El	voltaje	y	la	corriente	del	elemento	C dados 
en	la	figura	3.2-4b se apegan a la convención pasiva, por lo tanto,
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Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get

�v� �4ð Þ � 6 ¼ 0 ) v ¼ �2 V

The value of the current in elementC in Figure 3.2-4b is 7 A. The voltage and current of elementC given in Figure

3.2-4b adhere to the passive convention, so
pC ¼ v 7ð Þ ¼ (� 2)(7) ¼ �14W

is the power received by element C. Therefore, element C supplies 14 W.

Next, apply Kirchhoff’s current law (KCL) at node b to get

7þ �10ð Þ þ i ¼ 0 ) i ¼ 3 A

The value of the voltage across elementD in Figure 3.2-4b is�4 V. The voltage and current of elementD given in

Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by

pD ¼ �4Þi ¼ �4ð Þð3ð Þ ¼ �12W

Therefore, element D receives 12 W.

FIGURE 3.2-4 (a) The circuit considered in Example

3.2-2 and (b) the circuit redrawn to emphasize the

nodes.

E X A M P L E 3 . 2 - 3 Ohm’s and Kirchhoff’s Laws

Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference

directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and

each voltage when R1¼ 8 V, v2¼�10 V, i3¼ 2 A, and R3¼ 1 V. Also, determine the resistance R2.

Solution
The sum of the currents entering node a is

i1 � i2 � i3 ¼ 0

58 Resistive Circuits

es la potencia recibida por el elemento C. Por consiguiente, el elemento C	alimenta	14	W.
 A continuación, aplique la ley de la corriente de Kirchhoff (KCL) al nodo b para obtener
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Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get

�v� �4ð Þ � 6 ¼ 0 ) v ¼ �2 V

The value of the current in elementC in Figure 3.2-4b is 7 A. The voltage and current of elementC given in Figure

3.2-4b adhere to the passive convention, so
pC ¼ v 7ð Þ ¼ (� 2)(7) ¼ �14W

is the power received by element C. Therefore, element C supplies 14 W.

Next, apply Kirchhoff’s current law (KCL) at node b to get

7þ �10ð Þ þ i ¼ 0 ) i ¼ 3 A

The value of the voltage across elementD in Figure 3.2-4b is�4 V. The voltage and current of elementD given in

Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by

pD ¼ �4Þi ¼ �4ð Þð3ð Þ ¼ �12W

Therefore, element D receives 12 W.

FIGURE 3.2-4 (a) The circuit considered in Example

3.2-2 and (b) the circuit redrawn to emphasize the

nodes.

E X A M P L E 3 . 2 - 3 Ohm’s and Kirchhoff’s Laws

Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference

directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and

each voltage when R1¼ 8 V, v2¼�10 V, i3¼ 2 A, and R3¼ 1 V. Also, determine the resistance R2.

Solution
The sum of the currents entering node a is

i1 � i2 � i3 ¼ 0

58 Resistive Circuits

El valor del voltaje a través del elemento D	en	la	figura	3.2-4b es 24	V.	El	voltaje	y	la	corriente	del	elemento	D 
dado	en	la	figura	3.2-4b no se apegan a la convención pasiva, por lo tanto, la energía alimentada por el elemento 
D es dada por
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Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get

�v� �4ð Þ � 6 ¼ 0 ) v ¼ �2 V

The value of the current in elementC in Figure 3.2-4b is 7 A. The voltage and current of elementC given in Figure

3.2-4b adhere to the passive convention, so
pC ¼ v 7ð Þ ¼ (� 2)(7) ¼ �14W

is the power received by element C. Therefore, element C supplies 14 W.

Next, apply Kirchhoff’s current law (KCL) at node b to get

7þ �10ð Þ þ i ¼ 0 ) i ¼ 3 A

The value of the voltage across elementD in Figure 3.2-4b is�4 V. The voltage and current of elementD given in

Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by

pD ¼ �4Þi ¼ �4ð Þð3ð Þ ¼ �12W

Therefore, element D receives 12 W.

FIGURE 3.2-4 (a) The circuit considered in Example

3.2-2 and (b) the circuit redrawn to emphasize the

nodes.

E X A M P L E 3 . 2 - 3 Ohm’s and Kirchhoff’s Laws

Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference

directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and

each voltage when R1¼ 8 V, v2¼�10 V, i3¼ 2 A, and R3¼ 1 V. Also, determine the resistance R2.

Solution
The sum of the currents entering node a is

i1 � i2 � i3 ¼ 0

58 Resistive Circuits

Por consiguiente, el elemento D recibe	12	W.

FIGURA 3.2-4 (a) El circuito considerado en el 
ejemplo	3.2-2,	y	(b) el circuito trazado de nuevo 
para destacar los nodos.

Considere	el	circuito	de	la	figura	3.2-5.	Observe	que	la	convención	pasiva	se	utilizó	para	asignar	direcciones	de	re-
ferencia a los voltajes y las corrientes de los resistores. Esto se anticipa al uso de las leyes de Ohm. Encuentre cada 
corriente y cada voltaje cuando R1 5	8	V, v2 5 210	V,	i3 5	2	A	y	R3 5	1	V. Además, determine la resistencia R2.

Solución
La suma de las corrientes que entran al nodo a es
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Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get

�v� �4ð Þ � 6 ¼ 0 ) v ¼ �2 V

The value of the current in elementC in Figure 3.2-4b is 7 A. The voltage and current of elementC given in Figure

3.2-4b adhere to the passive convention, so
pC ¼ v 7ð Þ ¼ (� 2)(7) ¼ �14W

is the power received by element C. Therefore, element C supplies 14 W.

Next, apply Kirchhoff’s current law (KCL) at node b to get

7þ �10ð Þ þ i ¼ 0 ) i ¼ 3 A

The value of the voltage across elementD in Figure 3.2-4b is�4 V. The voltage and current of elementD given in

Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by

pD ¼ �4Þi ¼ �4ð Þð3ð Þ ¼ �12W

Therefore, element D receives 12 W.

FIGURE 3.2-4 (a) The circuit considered in Example

3.2-2 and (b) the circuit redrawn to emphasize the

nodes.

E X A M P L E 3 . 2 - 3 Ohm’s and Kirchhoff’s Laws

Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference

directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and

each voltage when R1¼ 8 V, v2¼�10 V, i3¼ 2 A, and R3¼ 1 V. Also, determine the resistance R2.

Solution
The sum of the currents entering node a is

i1 � i2 � i3 ¼ 0

58 Resistive Circuits
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Utilizando la ley de Ohm para R3, encontramos que
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Using Ohm’s law for R3, we find that
v3 ¼ R3i3 ¼ 1(2) ¼ 2 V

Kirchhoff’s voltage law for the bottom loop incorporating v1, v3,

and the 10-V source is

�10þ v1 þ v3 ¼ 0

Therefore; v1 ¼ 10� v3 ¼ 8 V

Ohm’s law for the resistor R1 is

v1 ¼ R1i1

or i1 ¼ v1=R1 ¼ 8=8 ¼ 1 A

Next, apply Kirchhoff’s current law at node a to get

i2 ¼ i1 � i3 ¼ 1� 2 ¼ �1 A

We can now find the resistance R2 from
v2 ¼ R2i2

or R2 ¼ v2=i2 ¼ �10=�1 ¼ 10 V

FIGURE 3.2-5 Circuit with two

constant-voltage sources.

E X A M P L E 3 . 2 - 4 Ohm’s and

Kirchhoff’s Laws

INTERACT IVE EXAMPLE

Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.

Solution
An ideal ammeter is equivalent to a short circuit. The current measured by the ammeter is the current in the short

circuit. Figure 3.2-6b shows the circuit after replacing the ammeter by the equivalent short circuit.

The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.

FIGURE 3.2-6 (a) A circuit with dependent source and an

ammeter. (b) The equivalent circuit after replacing the ammeter

by a short circuit.

FIGURE 3.2-7 The circuit of Figure 3.2-6 after labeling the

nodes and some element currents and voltages.

Kirchhoff’s Laws 59

La ley del voltaje de Kirchhoff para el circuito cerrado inferior que incorpora  
v1, v3	y	la	fuente	de	10	V	es
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We can now find the resistance R2 from
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The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.

FIGURE 3.2-6 (a) A circuit with dependent source and an

ammeter. (b) The equivalent circuit after replacing the ammeter

by a short circuit.

FIGURE 3.2-7 The circuit of Figure 3.2-6 after labeling the

nodes and some element currents and voltages.
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Por consiguiente, 
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Ohm’s law for the resistor R1 is
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Next, apply Kirchhoff’s current law at node a to get

i2 ¼ i1 � i3 ¼ 1� 2 ¼ �1 A

We can now find the resistance R2 from
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Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.
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An ideal ammeter is equivalent to a short circuit. The current measured by the ammeter is the current in the short

circuit. Figure 3.2-6b shows the circuit after replacing the ammeter by the equivalent short circuit.

The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a
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controlling element of the CCCS, and the other short circuit is a model of the ammeter.

FIGURE 3.2-6 (a) A circuit with dependent source and an

ammeter. (b) The equivalent circuit after replacing the ammeter
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La ley de Ohm para el resistor R1 es
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Using Ohm’s law for R3, we find that
v3 ¼ R3i3 ¼ 1(2) ¼ 2 V

Kirchhoff’s voltage law for the bottom loop incorporating v1, v3,

and the 10-V source is

�10þ v1 þ v3 ¼ 0

Therefore; v1 ¼ 10� v3 ¼ 8 V
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v1 ¼ R1i1
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Next, apply Kirchhoff’s current law at node a to get
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We can now find the resistance R2 from
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Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.
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circuit. Figure 3.2-6b shows the circuit after replacing the ammeter by the equivalent short circuit.

The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.

FIGURE 3.2-6 (a) A circuit with dependent source and an

ammeter. (b) The equivalent circuit after replacing the ammeter

by a short circuit.
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Using Ohm’s law for R3, we find that
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Kirchhoff’s voltage law for the bottom loop incorporating v1, v3,

and the 10-V source is
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The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.

FIGURE 3.2-6 (a) A circuit with dependent source and an

ammeter. (b) The equivalent circuit after replacing the ammeter

by a short circuit.

FIGURE 3.2-7 The circuit of Figure 3.2-6 after labeling the

nodes and some element currents and voltages.
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A continuación, aplique la ley de la corriente de Kirchhoff al nodo a para obtener
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Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.
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controlling element of the CCCS, and the other short circuit is a model of the ammeter.
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Ahora ya podemos encontrar la resistencia R2 por 
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Therefore; v1 ¼ 10� v3 ¼ 8 V

Ohm’s law for the resistor R1 is
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Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.
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An ideal ammeter is equivalent to a short circuit. The current measured by the ammeter is the current in the short
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The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.
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Using Ohm’s law for R3, we find that
v3 ¼ R3i3 ¼ 1(2) ¼ 2 V

Kirchhoff’s voltage law for the bottom loop incorporating v1, v3,

and the 10-V source is

�10þ v1 þ v3 ¼ 0

Therefore; v1 ¼ 10� v3 ¼ 8 V

Ohm’s law for the resistor R1 is

v1 ¼ R1i1

or i1 ¼ v1=R1 ¼ 8=8 ¼ 1 A

Next, apply Kirchhoff’s current law at node a to get
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We can now find the resistance R2 from
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Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a.
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An ideal ammeter is equivalent to a short circuit. The current measured by the ammeter is the current in the short

circuit. Figure 3.2-6b shows the circuit after replacing the ammeter by the equivalent short circuit.

The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the

controlling element of the CCCS, and the other short circuit is a model of the ammeter.
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ammeter. (b) The equivalent circuit after replacing the ammeter
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FIGURA 3.2-5 Circuito con 
dos fuentes de voltaje constante.

E j E m p l o  3 . 2 - 4   Leyes de Ohm 
y Kirchhoff

Determine	el	valor	de	la	corriente,	en	amperios,	medido	por	el	amperímetro	en	la	figura	3.2-6a.

Solución
Un amperímetro ideal es equivalente a un cortocircuito. La corriente medida por el amperímetro es la corriente en 
el	cortocircuito.	La	figura	3.2-6b muestra el circuito después de reemplazar el amperímetro por el cortocircuito 
equivalente.
	 El	circuito	se	ha	trazado	de	nuevo	en	la	figura	3.2-7	para	etiquetar	los	nodos	del	circuito.	El	circuito	consta	
de una fuente de voltaje, una fuente de corriente dependiente, dos resistores y dos cortocircuitos. Uno de los cor-
tocircuitos es el elemento predominante de la CCCS y el otro es un modelo del amperímetro.

FIGURA 3.2.7 El	circuito	de	la	figura	3.2-6	después	de	etiquetar	
los nodos y algunas corrientes y voltajes del elemento.

FIGURA 3.2-6 (a) Circuito con fuente dependiente y un 
amperímetro. (b) El circuito equivalente después de sustituir 
el amperímetro por un cortocircuito.

Amperímetro
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 Aplicando dos veces la KCL, una en el nodo d y otra en el nodo a, se muestra que la corriente en la fuente 
de	voltaje	y	la	corriente	en	el	resistor	de	4	V equivalen ambas a ia. Estas corrientes están etiquetadas en la figura 
3.2-7.	Aplicando	una	vez	más	la	KCL	en	el	nodo	c,	se	muestra	que	la	corriente	en	el	resistor	de	2	V es igual a im. 
Esta	corriente	está	etiquetada	en	la	figura	3.2-7.
	 A	continuación,	la	ley	de	Ohm	nos	dice	que	el	voltaje	a	través	del	resistor	de	4	V	es	igual	a	4ia y que el 
voltaje	a	través	del	resistor	de	2	V	es	igual	a	2im.	Ambas	tensiones	están	etiquetadas	en	la	figura	3.2-7.
 Aplicando la KCL en el nodo b, da
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Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the

current in the 4-V resistor are both equal to ia. These currents are labeled in Figure 3.2-7. Applying KCL again, at

node c, shows that the current in the 2-V resistor is equal to im. This current is labeled in Figure 3.2-7.

Next, Ohm’s law tells us that the voltage across the 4-V resistor is equal to 4ia and that the voltage across the

2-V resistor is equal to 2im. Both of these voltages are labeled in Figure 3.2-7.

Applying KCL at node b gives

�ia � 3ia � im ¼ 0

Applying KVL to closed path a-b-c-e-d-a gives

0 ¼ �4ia þ 2im � 12 ¼ �4 � 1

4
im

� �
þ 2im � 12 ¼ 3im � 12

Finally, solving this equation gives

im ¼ 4 A

E X A M P L E 3 . 2 - 5 Ohm’s and

Kirchhoff’s Laws

INTERACT IVE EXAMPLE

Determine the value of the voltage, in volts, measured by the voltmeter in Figure 3.2-8a.

Solution
An ideal voltmeter is equivalent to an open circuit. The voltage measured by the voltmeter is the voltage across the

open circuit. Figure 3.2-8b shows the circuit after replacing the voltmeter by the equivalent open circuit.

The circuit has been redrawn in Figure 3.2-9 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent voltage source, two resistors, a short circuit, and an open circuit. The short circuit is

the controlling element of the CCVS, and the open circuit is a model of the voltmeter.

Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the

current in the 4-V resistor are both equal to ia. These currents are labeled in Figure 3.2-9. Applying KCL again, at

FIGURE 3.2-8 (a) A circuit with dependent source and a

voltmeter. (b) The equivalent circuit after replacing the

voltmeter by an open circuit.
FIGURE 3.2-9 The circuit of Figure 3.2-8b after labeling the

nodes and some element currents and voltages.

60 Resistive Circuits

Aplicando	la	KVL	a	la	ruta	cerrada	a-b-c-e-d-a	resulta	en
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4
im
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þ 2im � 12 ¼ 3im � 12

Finally, solving this equation gives

im ¼ 4 A
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Determine the value of the voltage, in volts, measured by the voltmeter in Figure 3.2-8a.
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open circuit. Figure 3.2-8b shows the circuit after replacing the voltmeter by the equivalent open circuit.
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the controlling element of the CCVS, and the open circuit is a model of the voltmeter.
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FIGURE 3.2-8 (a) A circuit with dependent source and a

voltmeter. (b) The equivalent circuit after replacing the

voltmeter by an open circuit.
FIGURE 3.2-9 The circuit of Figure 3.2-8b after labeling the

nodes and some element currents and voltages.

60 Resistive Circuits

Finalmente, al resolver esta ecuación da por resultado
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Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the
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Next, Ohm’s law tells us that the voltage across the 4-V resistor is equal to 4ia and that the voltage across the
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Determine the value of the voltage, in volts, measured by the voltmeter in Figure 3.2-8a.
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An ideal voltmeter is equivalent to an open circuit. The voltage measured by the voltmeter is the voltage across the

open circuit. Figure 3.2-8b shows the circuit after replacing the voltmeter by the equivalent open circuit.

The circuit has been redrawn in Figure 3.2-9 to label the nodes of the circuit. This circuit consists of a

voltage source, a dependent voltage source, two resistors, a short circuit, and an open circuit. The short circuit is

the controlling element of the CCVS, and the open circuit is a model of the voltmeter.

Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the

current in the 4-V resistor are both equal to ia. These currents are labeled in Figure 3.2-9. Applying KCL again, at
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voltmeter. (b) The equivalent circuit after replacing the

voltmeter by an open circuit.
FIGURE 3.2-9 The circuit of Figure 3.2-8b after labeling the
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Determine	el	valor	del	voltaje,	en	voltios,	medido	por	el	voltímetro	en	la	figura	3.2-8a.

FIGURA 3.2-9 Circuito	de	la	figura	3.2-8b después de etiquetar 
los nodos y algunas corrientes y voltajes del elemento.

E j E m p l o  3 . 2 - 5   Leyes de Ohm 
y Kirchhoff

Solución
Un voltímetro ideal equivale a un circuito abierto. El voltaje medido por el voltímetro es el voltaje a través del 
circuito	abierto.	La	figura	3.2-8b muestra el circuito después de reemplazar el voltímetro por el circuito abierto 
equivalente.
	 En	la	figura	3.2-9	aparece	el	circuito	vuelto	a	trazar	para	etiquetar	los	nodos	del	circuito.	Este	circuito	consta	
de una fuente de voltaje, una fuente de voltaje dependiente, dos resistores, un cortocircuito y un circuito abierto. 
El cortocircuito es el elemento predominante de la CCVS y el circuito abierto es un modelo del voltímetro.
 Aplicando la KCL dos veces, una en el nodo d y otra en el nodo a, se muestra que la corriente en la fuente 
de	voltaje	y	la	corriente	en	el	resistor	de	4	V son iguales a ia.	Estas	corrientes	están	etiquetadas	en	la	figura	3.2-9.	
Aplicando la KCL una vez más, en el nodo c, se muestra que la corriente en el resistor de 5 V es igual a la corriente 

FIGURA 3.2-8 (a) Un circuito con fuente dependiente y un 
voltímetro. (b) El circuito equivalente después de reemplazar 
el voltímetro por un circuito abierto.

Voltímetro
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en	el	circuito	abierto,	es	decir,	cero.	Esta	corriente	se	etiquetó	en	la	figura	3.2-9.	La	ley	de	Ohm	nos	dice	que	el	
voltaje a través del resistor de 5 V también es igual a cero. A continuación, aplicando la KVL a la ruta cerrada 
b-c-f-e-b	resulta	vm 5	3ia.
	 Aplicando	la	KVL	a	la	ruta	cerrad	a-b-e-d-a	resulta
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EXERCISE 3.2-1 Determine the values of i3, i4, i6, v2, v4, and v6 in Figure E 3.2-1.

Answer: i3¼�3 A, i4¼ 3 A, i6¼ 4 A, v2¼�3 V, v4¼�6 V, v6¼ 6 V

FIGURE E 3.2-1

3.3 S ER I E S RES I S TORS AND VOLTAGE D I V I S I ON

Let us consider a single-loop circuit, as shown in Figure 3.3-1. In anticipation of using Ohm’s

law, the passive convention has been used to assign reference directions to resistor voltages

and currents.

The connection of resistors in Figure 3.3-1 is said to be a series connection because

all the elements carry the same current. To identify a pair of series elements, we look for

two elements connected to a single node that has no other elements connected to it. Notice,

for example, that resistors R1 and R2 are both connected to node b and that no other

circuit elements are connected to node b. Consequently, i1¼ i2, so both resistors have the

same current. A similar argument shows that resistors R2 and R3 are also connected in

series. Noticing that R2 is connected in series with both R1 and R3, we say that all three

resistors are connected in series. The order of series resistors is not important. For

example, the voltages and currents of the three resistors in Figure 3.3-1 will not change if

we interchange the positions R2 and R3.

Using KCL at each node of the circuit in Figure 3.3-1, we obtain

a : is ¼ i1
b : i1 ¼ i2
c : i2 ¼ i3
d : i3 ¼ is

Consequently, is ¼ i1 ¼ i2 ¼ i3

node c, shows that the current in the 5-V resistor is equal to the current in the open circuit, that is, zero. This

current is labeled in Figure 3.2-9. Ohm’s law tells us that the voltage across the 5-V resistor is also equal to zero.

Next, applying KVL to the closed path b-c-f-e-b gives vm¼ 3ia.

Applying KVL to the closed path a-b-e-d-a gives

�4ia þ 3ia � 12 ¼ 0

so ia ¼ �12 A

Finally

vm ¼ 3ia ¼ 3 �12ð Þ ¼ �36 V

FIGURE 3.3-1

Single-loop circuit with a

voltage source vs.
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por lo que 
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Finalmente 
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EJERCICIO 3.2-1  Determine los valores de i3, i4, i6, v2, v4 y v6	en	la	figura	E	3.2-1.

Respuesta: i3	5 23	A,	i4 5	3	A,	i6 5	4	A,	v2 5 23	V,	v4	5 26 V,  v6 5 6 V

 FIGURA E 3.2-1

3.3 R E S I S T O R E S  E N  S E R I E  Y  D I V I S I Ó N  D E  VO LTA J E

Consideremos	ahora	un	circuito	de	circuito	cerrado	único	como	se	muestra	en	la	figura	3.3-1.	 
Anticipándonos al uso de la ley de Ohm, la convención pasiva se ha utilizado para asignar 
direcciones de referencia a voltajes y corrientes.
	 Se	dice	que	la	conexión	de	resistores	en	la	figura	3.3-1	es	una	conexión	en serie porque 
todos los elementos transportan la misma corriente. Para identificar un par de elementos en 
serie, buscamos dos elementos conectados a un nodo único que no tenga otros elementos 
conectados a sí. Observe, por ejemplo, que los resistores R1 y R2 están conectados al nodo 
b y que ningún otros elemento del circuito lo está. En consecuencia, i1 5 i2, de modo que 
ambos resistores tiene la misma corriente. Un argumento parecido muestra que los resistores 
R2 y R3 también están conectados en serie. Al observar que R2 está conectado en serie con 
R1 y R3, decimos que los tres resistores están conectados en serie. El orden de los resistores 
en serie no es significativo. Por ejemplo, los voltajes y corrientes de los tres resistores en la 
figura	3.3-1	no	se	modificarán	si	intercambiamos	las	posiciones	de	R2 y R3.
	 Al	aplicar	la	KCL	en	cada	nodo	del	circuito	de	la	figura	3.3-1	obtenemos

En consecuencia,  

a : is  i1
b : i1  i2
c : i2  i3
d : i3  is

is  i1  i2  i3

FIGURA 3.3-1 
Circuito de circuito cerrado 
único con una fuente de 
voltaje vs.

s

s
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Para determinar i1, nos valemos de la KVL en torno al circuito cerrado para obtener

v1  v2  v3 vs  0

donde, por ejemplo, v1 es el voltaje a través del resistor R1. Aplicando la ley de Ohm para cada resistor, 

R1i1  R2i2  R2i3 vs  0 R1i1  R2i1  R2i1  vs

E1C05_1 10/19/2009 168

Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.

168 Circuit Theorems

Despejando i1 tenemos

i1 
vs

R1  R2  R3

Por lo tanto, el voltaje a través del enésimo resistor Rn es vn y se puede obtener como 

vn  i1Rn 
vsRn

R1  R2  R3

Por ejemplo, el voltaje a través del resistor R2 es 

v2 
R2

R1  R2  R3
vs

Por lo tanto, el voltaje a través de la combinación de resistores en serie se divide entre los resistores 
individuales de una manera predecible. El circuito demuestra el principio de la división de voltaje, y 
al circuito se le denomina divisor de voltaje.
 En general, podemos representar el principio del divisor de voltaje por la ecuación

vn 
Rn

R1 R2 RN
vs

donde vn es el voltaje a través del enésimo resistor de resistores N conectados en serie.
 Podemos reemplazar los resistores en serie por un resistor equivalente, el cual se ilustra en la 
figura	3.3-2.	Los	resistores	R1, R2 y R3	en	la	figura	3.3-2a están reemplazados por un único resistor Rs 
equivalente,	en	la	figura	3.3-2b.	Se	dice	que Rs debe ser equivalente para los resistores en serie R1, R2 
y R3, cuando al reemplazarlos por Rs no se modifica la corriente o el voltaje de ningún elemento del 
circuito. En este caso sólo hay un elemento en el circuito, que es la fuente de voltaje. Debemos elegir 
el valor de la resistencia Rs para que al reemplazar R1, R2 y R3 por Rs no se modifique la corriente de 
la	fuente	de	voltaje.	En	la	figura	3.3-2a tenemos

is 
vs

R1  R2  R3

En	la	figura	3.3-2b tenemos

is 
vs

Rs

Dado que la corriente de la fuente de voltaje debe ser la misma en ambos circuitos, se requiere que
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To determine i1, we use KVL around the loop to obtain

v1 þ v2 þ v3 � vs ¼ 0

where, for example, v1 is the voltage across the resistor R1. Using Ohm’s law for each resistor,

R1i1 þ R2i2 þ R2i3 � vs ¼ 0 ) R1i1 þ R2i1 þ R2i1 ¼ vs

Solving for i1, we have
i1 ¼ vs

R1 þ R2 þ R3

Thus, the voltage across the nth resistor Rn is vn and can be obtained as

vn ¼ i1Rn ¼ vsRn

R1 þ R2 þ R3

For example, the voltage across resistor R2 is

v2 ¼ R2

R1 þ R2 þ R3
vs

Thus, the voltage across the series combination of resistors is divided up between the individual

resistors in a predictable way. This circuit demonstrates the principle of voltage division, and the

circuit is called a voltage divider.

In general, we may represent the voltage divider principle by the equation

vn ¼ Rn

R1 þ R2 þ � � � þ RN

vs

where vn is the voltage across the nth resistor of N resistors connected in series.

We can replace series resistors by an equivalent resistor. This is illustrated in Figure 3.3-2. The

series resistors R1, R2, and R3 in Figure 3.3-2a are replaced by a single, equivalent resistor Rs in Figure

3.3-2b. Rs is said to be equivalent to the series resistors R1, R2, andR3 when replacingR1, R2, andR3 by Rs

does not change the current or voltage of any other element of the circuit. In this case, there is only one

other element in the circuit, the voltage source. We must choose the value of the resistance Rs so that

replacing R1, R2, andR3 byRs will not change the current of the voltage source. In Figure 3.3-2a, we have

is ¼ vs

R1 þ R2 þ R3

In Figure 3.3-2b, we have

is ¼ vs

Rs

Because the voltage source current must be the same in both circuits, we require that

Rs ¼ R1 þ R2 þ R3

FIGURE 3.3-2

62 Resistive Circuits

FIGURA 3.3-2

s f s
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En general, la conexión en serie de N resistores con resistencias R1, R2	. . .	RN es equivalente al resistor 
único cuya resistencia es 

E1C03_1 11/25/2009 63

In general, the series connection of N resistors having resistances R1, R2 . . . RN is equivalent to the

single resistor having resistance

Rs ¼ R1 þ R2 þ � � � þ RN

Replacing series resistors by an equivalent resistor does not change the current or voltage of any other

element of the circuit.

Next, let’s calculate the power absorbed by the series resistors in Figure 3.3-2a:

p ¼ is
2R1 þ is

2R2 þ is
2R3

Doing a little algebra gives

p ¼ is
2(R1 þ R2 þ R3) ¼ is

2Rs

which is equal to the power absorbed by the equivalent resistor in Figure 3.3-2b. We conclude

that the power absorbed by series resistors is equal to the power absorbed by the equivalent

resistor.

E X A M P L E 3 . 3 - 1 Voltage Divider

Let us consider the circuit shown in Figure 3.3-3 and determine the resistance R2 required so that the voltage

across R2 will be 1=4 of the source voltage when R1¼ 9 V. Determine the current i when vs¼ 12 V.

FIGURE 3.3-3 Voltage divider circuit with R1¼ 9 V.

Solution
The voltage across resistor R2 will be

v2 ¼ R2

R1 þ R2
vs

Because we desire v2=vs¼ 1=4, we have

R2

R1 þ R2
¼ 1

4

or R1 ¼ 3R2

Because R1¼ 9 V, we require that R2¼ 3 V. Using KVL around the loop, we have

�vs þ v1 þ v2 ¼ 0

or vs ¼ i R1 þ i R2

Therefore, i ¼ vs

R1 þ R2
¼ 12

9þ 3
¼ 1 A (3.3-1)

Series Resistors and Voltage Division 63

Reemplazar resistores en serie por un resistor equivalente no modifica la corriente de la fuente de 
voltaje de ningún otro elemento del circuito.
	 A	continuación,	calculemos	la	potencia	absorbida	por	los	resistores	en	serie	de	la	figura	3.3-2a:
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Series Resistors and Voltage Division 63

Con un poco de álgebra resulta
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lo	cual	es	igual	a	la	potencia	absorbida	por	el	resistor	equivalente	de	la	figura	3.3-2b. Concluiremos 
que la potencia absorbida por los resistores en serie es igual a la potencia absorbida por el resistor 
equivalente.

Consideremos	el	circuito	que	se	muestra	en	la	figura	3.3-3	y	determine	la	resistencia	R2 requerida para que el vol-
taje a través de Rs	sea	de	1>4	de	la	fuente	de	voltaje	cuando	R1 5	9	V. Determine la corriente i cuando vs 5	12	V.

E j E m p l o  3 . 3 - 1  Divisor de voltaje

FIGURA 3.3-3 Circuito de divisor de voltaje con R1 5	9	V.

s

Solución
El voltaje a través del resistor R2 será 

v2 
R2

R1  R2
vs

Porque se desea que v2 > vs 5	1>4,	tenemos

o bien 
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Series Resistors and Voltage Division 63

Dado que R1 5	9	V, se requiere que R2 5	3	V. Utilizando la KVL en torno al circuito cerrado, tenemos

o bien  

vs  v1  v2  0

vs  i R1  i R2

Por lo tanto,  i 
vs

R1  R2


12
9  3

 A1 	 (3.3-1)
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Para	el	circuito	de	la	figura	3.3-4a, encuentre la corriente medida por el amperímetro. Luego muestre que la po-
tencia absorbida por los dos resistores es igual a la alimentada por la fuente.

Amperímetro

FIGURA 3.3-4 (a) Un circuito con resistores en serie. (b) El circuito, luego de que el amperímetro ideal ha sido reemplazado por 
el cortocircuito equivalente, y se le ha agregado una etiqueta para indicar la corriente medida por el amperímetro, im.

Solución
La	figura	3.3-4b muestra el circuito después de que el amperímetro ideal ha sido reemplazado por el cortocircuito 
equivalente y se le ha agregado una etiqueta para indicar la corriente medida por el amperímetro, im. Aplicando 
la KVL resulta
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E X A M P L E 3 . 3 - 2 Series Resistors

For the circuit of Figure 3.3-4a, find the current measured by the ammeter. Then show that the power absorbed by

the two resistors is equal to that supplied by the source.

FIGURE 3.3-4 (a) A circuit containing series resistors. (b) The circuit after the ideal ammeter has been replaced by the equivalent

short circuit, and a label has been added to indicate the current measured by the ammeter, im.

Solution
Figure 3.3-4b shows the circuit after the ideal ammeter has been replaced by the equivalent short circuit and a

label has been added to indicate the current measured by the ammeter, im. Applying KVL gives

15þ 5im þ 10im ¼ 0

The current measured by the ammeter is

im ¼ � 15

5þ 10
¼ �1 A

(Why is im negative? Why can’t we just divide the source voltage by the equivalent resistance? Recall that when

we use Ohm’s law, the voltage and current must adhere to the passive convention. In this case, the current

calculated by dividing the source voltage by the equivalent resistance does not have the same reference direction

as im, so we need a minus sign.)

The total power absorbed by the two resistors is

pR ¼ 5im
2 þ 10im

2 ¼ 15 12
� � ¼ 15W

The power supplied by the source is
ps ¼ �vs im ¼ �15 �1ð Þ ¼ 15W

Thus, the power supplied by the source is equal to that absorbed by the series connection of resistors.

E X A M P L E 3 . 3 - 3 Voltage Divider Design

The input to the voltage divider in Figure 3.3-5 is the voltage, vs, of the voltage source. The output is the voltage,

vo, measured by the voltmeter. Design the voltage divider; that is, specify values of the resistances, R1 and R2, to

satisfy both of these specifications.

Specification 1: The input and output voltages are related by vo¼ 0.8 vs.

Specification 2: The voltage source is required to supply no more than 1 mW of power when the input to the

voltage divider is vs¼ 20 V.

64 Resistive Circuits

La corriente medida por el amperímetro es
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(¿Por qué im	es	negativa?	¿Por	qué	no	se	puede	sólo	dividir	el	voltaje	de	la	fuente	entre	la	resistencia	equivalente?	
Recuerde que cuando se utiliza la ley de Ohm, el voltaje y la corriente se deben apegar a la convención pasiva. En 
este caso, la corriente calculada al dividir el voltaje de la fuente entre la resistencia equivalente no tiene la misma 
dirección de referencia que im, por lo que se necesita un signo menos.)
 La potencia total absorbida por los dos resistores es
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La potencia alimentada por la fuente es
ps vs im 15 11 2 15 W

 Por lo tanto, la potencia alimentada por la fuente es igual a la absorbida por la conexión en serie de re-
sistores.

La	entrada	al	divisor	de	voltaje	de	la	figura	3.3-5	es	el	voltaje,	vs, de la fuente de voltaje. La salida es el voltaje 
vo, medido por el voltímetro. Diseñe el divisor de voltaje; es decir, especifique los valores de las resistencias, R1	
y R2 para satisfacer las siguientes especificaciones. 
Especificación 1 Los voltajes de entrada y salida están relacionados por vo 5	0.8	vs.
Especificación 2	Se	requiere	la	fuente	de	voltaje	para	alimentar	no	más	de	1	mW	de	potencia	cuando	la	entrada	
al divisor de voltaje sea vs 5	20	V.

E j E m p l o  3 . 3 - 3  Diseño del divisor de voltaje

E j E m p l o  3 . 3 - 2  Resistores en serie
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Solución
Analizaremos cada especificación para ver a qué se refiere respecto de los valores del resistor.
Especificación 1: Los voltajes de entrada y salida del divisor de voltaje se relacionan por

vo
R2

R1 R2
vs

Por lo que la especificación 1 requiere
R2

R1 þ R2
¼ 0:8 ) R2 ¼ 4R1

Especificación 2: La potencia alimentada por la fuente de voltaje es resultado de

ps isvs
vs

R1 R2
vs

vs
2

R1 R2

Por lo que la especificación 2 requiere

0:001 � 202

R1 þ R2
) R1 þ R2 � 400� 103 ¼ 400 kV

La combinación de estos resultados da
5R1 � 400 kV

La solución no es única. Una solución es
R1 ¼ 100 kV  y R2 ¼ 400 kV

FIGURA E 3.3-1 (a) Divisor de voltaje. (b) El divisor de voltaje después de que el voltímetro ideal ha sido reemplazado 
por el circuito abierto equivalente y se ha agregado una etiqueta para indicar el voltaje medido por el voltímetro, vm.

Divisor de voltaje

vovs

Voltímetro

FIGURA 3.3-5 Divisor de voltaje.

EJERCICIO 3.3-1  Determine el voltaje medido por el voltímetro en el circuito mostrado 
en la figura E 3.3-1a.

Sugerencia: La figura E 3.3-1b muestra el circuito luego de que el voltímetro ideal ha sido reempla-
zado por el circuito abierto equivalente y se ha agregado una etiqueta para indicar el voltaje medido 
por el voltímetro, vm.

Respuesta: vm � 2 V.

Voltímetro
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EJERCICIO 3.3-2  Determine el voltaje medido por el voltímetro en el circuito que se mues-
tra	en	la	figura	E	3.3.2a.

Voltímetro

FIGURA E 3.3-2 (a) Un divisor de voltaje. (b) El divisor de voltaje luego de que el voltímetro ideal ha sido reemplazado 
por el circuito abierto equivalente y se ha agregado una etiqueta para indicar el voltaje medido por el voltímetro, vm.

Sugerencia:	La	figura	E	3.3-2b muestra el circuito después de que el voltímetro ideal ha sido reem-
plazado por el circuito abierto equivalente y se ha agregado una etiqueta para indicar el voltaje medido 
por el voltímetro, vm.

Respuesta: vm 5 22	V

3.4  R E S I S T O R E S  E N  PA R A L E LO  Y 
D I V I S I Ó N  D E  L A  C O R R I E N T E

Los elementos de circuito, como los resistores, están conectados en paralelo cuando el voltaje a través 
de	cada	elemento	es	idéntico.	Los	resistores	de	la	figura	3.4-1	están	conectados	en	paralelo. Observe, 
por ejemplo, que los resistores R1 y R2 están conectados cada uno al nodo a y al nodo b. En consecuencia, 
v1 5 v2, de modo que ambos resistores tienen el mismo voltaje. Un argumento semejante muestra que los 
resistores R2 y R3 también están conectados en paralelo. Observando que R2 está conectado en paralelo 
con los resistores R1 y R3, decimos que estos tres resistores están conectados en paralelo. El orden de los 
resistores en paralelo no es importante. Por ejemplo, los voltajes y las corrientes de los tres resistores de 
la	figura	3.4-1	no	se	modificarán	si	se	intercambian	las	posiciones	de	los	resistores	R2 y R3.
 La característica determinante de los elementos en paralelo es que tienen el mismo voltaje. Para 
identificar un par de elementos en paralelo se deben buscar dos elementos entre el mismo par de nodos.
 Considere el circuito con dos resistores y una fuente de corriente que se muestra en la figura 
3.4-2.	Observe	que	ambos	resistores	están	conectados	a	las	terminales	a	y	b	y	que	el	voltaje	v aparece 
a través de cada elemento en paralelo. Antes de utilizar la ley de Ohm, se aplica la convención pasiva 
para asignar direcciones de referencia a los voltajes y corrientes de resistores. Podríamos escribir la 
KCL en el nodo a (o en el b, inclusive) para obtener

is 2 i1 2 i2 5	0
o bien

is 5 i1 1 i2
Sin embargo, por la ley de Ohm
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EXERCISE 3.3-2 Determine the voltage measured by the voltmeter in the circuit shown in

Figure E 3.3-2a.

FIGURE E 3.3-2 (a) A voltage divider. (b) The voltage divider after the ideal voltmeter has been replaced by the

equivalent open circuit and a label has been added to indicate the voltage measured by the voltmeter, vm.

Hint: Figure E 3.3-2b shows the circuit after the ideal voltmeter has been replaced by the equivalent

open circuit and a label has been added to indicate the voltage measured by the voltmeter, vm.

Answer: vm¼�2 V

3.4 PARAL L E L RES I S TORS AND CURRENT D I V I S I ON

Circuit elements, such as resistors, are connected in parallel when the voltage across each element is

identical. The resistors in Figure 3.4-1 are connected in parallel. Notice, for example, that resistors R1

and R2 are each connected to both node a and node b. Consequently, v1¼ v2, so both resistors have the

same voltage. A similar argument shows that resistors R2 and R3 are also connected in parallel.

Noticing that R2 is connected in parallel with both R1 and R3, we say that all three resistors are

connected in parallel. The order of parallel resistors is not important. For example, the voltages and

currents of the three resistors in Figure 3.4-1 will not change if we interchange the positions R2 and R3.

The defining characteristic of parallel elements is that they have the same voltage. To identify

a pair of parallel elements, we look for two elements connected between the same pair of nodes.

Consider the circuit with two resistors and a current source shown in Figure 3.4-2. Note that

both resistors are connected to terminals a and b and that the voltage v appears across each parallel

element. In anticipation of using Ohm’s law, the passive convention is used to assign reference

directions to the resistor voltages and currents. We may write KCL at node a (or at node b) to obtain

is � i1 � i2 ¼ 0

or

is ¼ i1 þ i2

However, from Ohm’s law

i1 ¼ v

R1
and i2 ¼ v

R2

FIGURE 3.4-1 A circuit with parallel resistors. FIGURE 3.4-2 Parallel circuit with a current source.
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FIGURA 3.4-2 Circuito en paralelo con una fuente de corriente.FIGURA 3.4-1 Un circuito con resistores en paralelo
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Entonces

 
is
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Then

is ¼ v

R1
þ v

R2
(3.4-1)

Recall that we defined conductance G as the inverse of resistance R. We may therefore rewrite Eq.

3.4-1 as

is ¼ G1vþ G2v ¼ G1 þ G2ð Þv (3.4-2)

Thus, the equivalent circuit for this parallel circuit is a conductance Gp, as shown in

Figure 3.4-3, where

Gp ¼ G1 þ G2

The equivalent resistance for the two-resistor circuit is found from

Gp ¼ 1

R1
þ 1

R2

Because Gp¼ 1=Rp, we have

1

Rp
¼ 1

R1
þ 1

R2

or

Rp ¼ R1R2

R1 þ R2
(3.4-3)

Note that the total conductance, Gp, increases as additional parallel elements are added and that the

total resistance, Rp, declines as each resistor is added.

The circuit shown in Figure 3.4-2 is called a current divider circuit because it divides the source

current. Note that

i1 ¼ G1v (3.4-4)

Also, because is¼ (G1 þ G2)v, we solve for v, obtaining

v ¼ is

G1 þ G2
(3.4-5)

Substituting v from Eq. 3.4-5 into Eq. 3.4-4, we obtain

i1 ¼ G1is

G1 þ G2
(3.4-6)

Similarly; i2 ¼ G2is

G1 þ G2

Note that we may use G2¼ 1=R2 and G1¼ 1=R1 to obtain the current i2 in terms of two resistances as

follows:

i2 ¼ R1is

R1 þ R2

The current of the source divides between conductances G1 and G2 in proportion to their conductance

values.

FIGURE 3.4-3

Equivalent circuit for a

parallel circuit.
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	 (3.4-1)

Recuerde que ya se definió la conductancia G como la inversa de la resistencia R. Por lo tanto, pode-
mos	escribir	la	ecuación	3.4-1	como

 is
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Por tanto, el circuito equivalente para este circuito en paralelo es una conductancia Gp, como 
se	muestra	en	la	figura	3.4-3,	donde
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La resistencia equivalente para el circuito de doble resistor se encuentra en 
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Dado que Gp 5	1>Rp, tenemos
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follows:

i2 ¼ R1is

R1 þ R2

The current of the source divides between conductances G1 and G2 in proportion to their conductance

values.

FIGURE 3.4-3

Equivalent circuit for a

parallel circuit.
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Then

is ¼ v

R1
þ v

R2
(3.4-1)

Recall that we defined conductance G as the inverse of resistance R. We may therefore rewrite Eq.

3.4-1 as

is ¼ G1vþ G2v ¼ G1 þ G2ð Þv (3.4-2)

Thus, the equivalent circuit for this parallel circuit is a conductance Gp, as shown in

Figure 3.4-3, where

Gp ¼ G1 þ G2

The equivalent resistance for the two-resistor circuit is found from

Gp ¼ 1

R1
þ 1

R2

Because Gp¼ 1=Rp, we have

1

Rp
¼ 1

R1
þ 1

R2

or

Rp ¼ R1R2

R1 þ R2
(3.4-3)

Note that the total conductance, Gp, increases as additional parallel elements are added and that the

total resistance, Rp, declines as each resistor is added.

The circuit shown in Figure 3.4-2 is called a current divider circuit because it divides the source

current. Note that

i1 ¼ G1v (3.4-4)

Also, because is¼ (G1 þ G2)v, we solve for v, obtaining

v ¼ is

G1 þ G2
(3.4-5)

Substituting v from Eq. 3.4-5 into Eq. 3.4-4, we obtain

i1 ¼ G1is

G1 þ G2
(3.4-6)

Similarly; i2 ¼ G2is

G1 þ G2

Note that we may use G2¼ 1=R2 and G1¼ 1=R1 to obtain the current i2 in terms of two resistances as

follows:

i2 ¼ R1is

R1 þ R2

The current of the source divides between conductances G1 and G2 in proportion to their conductance

values.

FIGURE 3.4-3

Equivalent circuit for a

parallel circuit.
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Observe que la conductancia total, Gp, se incrementa conforme se agregan los elementos adicionales 
en paralelo, y que la resistencia total, Rp, disminuye a cada resistor que se agrega. 
	 El	circuito	que	se	muestra	en	la	figura	3.4-2	se	denomina	circuito	divisor de corriente porque 
divide la corriente de la fuente. Observe que

 

E1C03_1 11/25/2009 67

Then

is ¼ v

R1
þ v

R2
(3.4-1)

Recall that we defined conductance G as the inverse of resistance R. We may therefore rewrite Eq.

3.4-1 as

is ¼ G1vþ G2v ¼ G1 þ G2ð Þv (3.4-2)

Thus, the equivalent circuit for this parallel circuit is a conductance Gp, as shown in

Figure 3.4-3, where

Gp ¼ G1 þ G2

The equivalent resistance for the two-resistor circuit is found from

Gp ¼ 1

R1
þ 1

R2

Because Gp¼ 1=Rp, we have

1

Rp
¼ 1

R1
þ 1

R2

or

Rp ¼ R1R2

R1 þ R2
(3.4-3)

Note that the total conductance, Gp, increases as additional parallel elements are added and that the

total resistance, Rp, declines as each resistor is added.

The circuit shown in Figure 3.4-2 is called a current divider circuit because it divides the source

current. Note that

i1 ¼ G1v (3.4-4)

Also, because is¼ (G1 þ G2)v, we solve for v, obtaining

v ¼ is

G1 þ G2
(3.4-5)

Substituting v from Eq. 3.4-5 into Eq. 3.4-4, we obtain

i1 ¼ G1is

G1 þ G2
(3.4-6)

Similarly; i2 ¼ G2is

G1 þ G2

Note that we may use G2¼ 1=R2 and G1¼ 1=R1 to obtain the current i2 in terms of two resistances as

follows:

i2 ¼ R1is

R1 þ R2

The current of the source divides between conductances G1 and G2 in proportion to their conductance

values.

FIGURE 3.4-3

Equivalent circuit for a

parallel circuit.
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	 (3.4-4)

Además, dado que is 5 (G1 1 G2)v, se obtiene para v

 
v 

is
G1  G2

	 (3.4-5)

Al sustituir v	desde	la	ecuación	3.4-5,	obtenemos

 
i1 

G1is

G1  G2
	 (3.4-6)

Del mismo modo,  
i2 

G2is
G1  G2

Observe que la manera de utilizar G2 5	1>R2 y G1 5	1>R1, para obtener la corriente i2 en términos de 
dos resistencias como sigue:

i2 
R1is

R1  R2

La corriente de la fuente se divide entre las conductancias G1 y G2 en proporción con sus valores de 
conductancia.

FIGURA 3.4-3 
Circuito equivalente para 
un circuito en paralelo.

f
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	 68	 Circuitos resistivos

 Consideremos el caso más común de división de corriente con un conjunto de conductores N en 
paralelo	como	se	muestra	en	la	figura	3.4-4.	La	KCL	da
 is
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-7)
para la cual
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-8)
para que n 5	1,	. . . ,	N.	Podemos	escribir	la	ecuación	3.4-7	como
 is
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-9)
Por consiguiente,

 
is
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-10)

 Dado que in 5 Gnv, podríamos obtener v	por	la	ecuación	3.4-10	y	sustituirla	en	la	ecuación	3.4-8,	
obteniendo
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-11)

Recuerde	que	el	circuito	equivalente,	figura	3.4-12,	tiene	una	conductancia	equivalente	Gp,	casi	como
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-12)

Por consiguiente,
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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	 (3.4-13)

la cual es la ecuación básica para las conductancias del divisor de corriente con N conductancias. 
Desde	luego,	la	ecuación	3.4-12	se	puede	reescribir	como
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.

68 Resistive Circuits

	 (3.4-14)

FIGURA 3.4-4 
Conjunto de N 
conductancias 
paralelas con 
una fuente de 
corriente is.

FIGURA 3.4-5 Circuito en paralelo para el 
ejemplo	3.3-2.

FIGURA 3.4-6 Circuito equivalente para el 
circuito	en	paralelo	de	la	figura	3.4-5.

Para	 el	 circuito	 en	 la	 figura	 3.4-5,	 encuentre	 (a) la corriente en 
cada extensión, (b) el circuito equivalente y (c) el voltaje v. Los 
resistores son
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)

FIGURE 3.4-4

Set of N parallel

conductances

with a current

source is.

E X A M P L E 3 . 4 - 1 Parallel Resistors

For the circuit in Figure 3.4-5, find (a) the current in each

branch, (b) the equivalent circuit, and (c) the voltage v. The

resistors are

R1 ¼ 1

2
V; R2 ¼ 1

4
V; R3 ¼ 1

8
V

Solution
The current divider follows the equation

in ¼ Gnis

Gp

so it is wise to find the equivalent circuit, as shown in

Figure 3.4-6, with its equivalent conductance Gp. We have

Gp ¼
XN
n¼1

Gn ¼ G1 þ G2 þ G3 ¼ 2þ 4þ 8 ¼ 14 S

FIGURE 3.4-5 Parallel circuit for Example 3.3-2.

FIGURE 3.4-6 Equivalent circuit for the parallel circuit

of Figure 3.4-5.
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Solución
El divisor de corriente sigue la ecuación
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Let us consider the more general case of current division with a set of N parallel conductors as

shown in Figure 3.4-4. The KCL gives

is ¼ i1 þ i2 þ i3 þ � � � þ iN (3.4-7)

for which

in ¼ Gnv (3.4-8)

for n¼ 1, . . . , N. We may write Eq. 3.4-7 as

is ¼ (G1 þ G2 þ G3 þ � � � þ GN )v (3.4-9)

Therefore,

is ¼ v
XN
n¼1

Gn (3.4-10)

Because in¼Gnv, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining

in ¼ Gnis

PN
n¼1

Gn

(3.4-11)

Recall that the equivalent circuit, Figure 3.4-12, has an equivalent conductance Gp such that

Gp ¼
XN
n¼1

Gn (3.4-12)

Therefore,

in ¼ Gnis

Gp
(3.4-13)

which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be

rewritten as

1

Rp
¼

XN
n¼1

1

Rn

(3.4-14)
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por lo que es sensato encontrar el circuito equivalente, como se 
muestra	 en	 la	 figura	3.4-6,	 con	 su	conductancia	 equivalente	Gp. 
Tenemos
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Recuerde que las unidades para la conductancia son siemens (S). Entonces
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Recall that the units for conductance are siemens (S). Then

i1 ¼ G1is

Gp
¼ 2

14
(28) ¼ 4 A

Similarly, i2 ¼ G2is

Gp
¼ 4(28)

14
¼ 8 A

and i3 ¼ G3is

Gp
¼ 16 A

Because in¼Gnv, we have

v ¼ i1

G1
¼ 4

2
¼ 2 V

E X A M P L E 3 . 4 - 2 Parallel Resistors INTERACT IVE EXAMPLE

For the circuit of Figure 3.4-7a, find the voltage measured by the voltmeter. Then show that the power absorbed by

the two resistors is equal to that supplied by the source.

FIGURE 3.4-7 (a) A circuit containing parallel resistors.

(b) The circuit after the ideal voltmeter has been replaced by

the equivalent open circuit and a label has been added to

indicate the voltage measured by the voltmeter, vm. (c) The

circuit after the parallel resistors have been replaced by an

equivalent resistance.

Solution
Figure 3.4-7b shows the circuit after the ideal voltmeter has been replaced by the equivalent open circuit, and a

label has been added to indicate the voltage measured by the voltmeter, vm. The two resistors are connected in

parallel and can be replaced with a single equivalent resistor. The resistance of this equivalent resistor is

calculated as

40 � 10
40þ 10

¼ 8 V

Figure 3.4-7c shows the circuit after the parallel resistors have been replaced by the equivalent resistor. The

current in the equivalent resistor is 250 mA, directed upward. This current and the voltage vm do not adhere to the

passive convention. The current in the equivalent resistance can also be expressed as �250 mA, directed

Parallel Resistors and Current Division 69

Del mismo modo,
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Dado que in 5 Gnv, tenemos
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Para	el	circuito	de	la	figura	3.4-7a, encuentre el voltaje medido por le voltímetro. Luego muestre que la potencia 
absorbida por los dos resistores es igual a la alimentada por la fuente.

Voltímetro

Solución
La	figura	3.4-7b muestra el circuito después de que el voltímetro ideal ha sido reemplazado por el circuito abierto 
equivalente, y se ha agregado una etiqueta para indicar el voltaje medido por el voltímetro, vm. Los dos resistores 
están conectados en paralelo y pueden ser sustituidos por un resistor equivalente único. La resistencia de este 
resistor equivalente se calcula como
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	 La	figura	3.4-7c muestra el circuito luego que los resistores en paralelo han sido reemplazados por el resistor 
equivalente.	La	corriente	en	el	resistor	equivalente	es	de	250	mA,	en	dirección	ascendente.	Esta	corriente	y	el	voltaje	
vm no se apegan a la convención pasiva. La corriente en la resistencia equivalente se puede expresar como 2250	mA,	

E j E m p l o  3 . 4 - 2  Resistores en paralelo

FIGURA 3.4-7 (a) Un circuito que contiene resistores 
en paralelo. (b) El circuito después de que el voltímetro 
ideal ha sido reemplazado por el circuito abierto 
equivalente y se ha agregado una etiqueta para indicar el 
voltaje medido por el voltímetro, vm. (c) El circuito después 
de que los resistores en paralelo han sido reemplazados por 
una resistencia equivalente.

M03_DORF_1571_8ED_SE_053-107.indd   69 4/12/11   5:21 PM



Alfaomega Circuitos Eléctricos - Dorf

 70 Circuitos resistivos

E J E M P L O  3 . 4 - 3  Diseño del divisor de corriente

con dirección descendente. Esta corriente y el voltaje vm se apegan a la convención pasiva. De la ley de Ohm surge

vm ¼ 8 �0:25ð Þ ¼ �2 V
 El voltaje vm en la figura 3.4-7b es igual al voltaje vm en la figura 3.4-7c. Esto es consecuencia de la equi-
valencia del resistor de 8 � para la combinación en paralelo de los resistores de 40-� y 10-�. Si vemos la figura 
3.4-7b observaremos que la potencia absorbida por los resistores es

pR ¼
vm

2

40
þ vm

2

10
¼ 22

40
þ 22

10
¼ 0:1þ 0:4 ¼ 0:5W

El voltaje vm  y la corriente de la fuente de corriente se apegan a la convención pasiva, por lo que 

ps ¼ vm(0:25) ¼ �2ð Þ 0:25ð Þ ¼ �0:5W
es la potencia recibida por la fuente de corriente. La fuente de corriente alimenta 0.5 W.
 Entonces, la potencia absorbida por los dos resistores es igual a la alimentada por la fuente.

La entrada a la corriente del divisor de corriente en la figura 3.4-8 es la corriente, is, de la fuente de corriente. 
La salida es la corriente, io, medida por el amperímetro. Especifique los valores de las resistencias R1 y R2 para 
satisfacer las dos siguientes especificaciones:

s

o

s

Divisor de corriente

Amperímetro

 FIGURA 3.4-8 Circuito de divisor de corriente.

Especificación 1: Las corrientes de entrada y salida se relacionan por io � 0.8 is.
Especificación 2: La fuente de corriente se requiere para alimentar no más de10 mW de potencia cuando la en-
trada al divisor de corriente es is � 2 mA.

Solución
Analicemos cada especificación para ver a qué se refiere respecto de los valores del resistor.
Especificación 1: Las corrientes de entrada y salida del divisor de corriente se relacionan por

io ¼
R2

R1 þ R2
is

Por lo que la especificación 1 requiere
R2

R1 þ R2
¼ 0:8 ) R2 ¼ 4R1

Especificación 2: La potencia alimentada por la fuente de corriente resulta de

ps isvs is is
R1R2

R1 R2
is2 R1R2

R1 R2
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Por	lo	que	la	especificación	2	requiere

E1C03_1 11/25/2009 71

EXERCISE 3.4-1 A resistor network consisting of parallel resistors is shown in a package

used for printed circuit board electronics in Figure E 3.4-1a. This package is only 2 cm � 0.7 cm,

and each resistor is 1 kV. The circuit is connected to use four resistors as shown in Figure E 3.4-1b.

Find the equivalent circuit for this network. Determine the current in each resistor when is¼ 1 mA.

FIGURE E 3.4-1

(a) A parallel resistor

network. Courtesy of

Dale Electronics.

(b) The connected

circuit uses four

resistors where R¼
1 kV.

Answer: Rp¼ 250 V

EXERCISE 3.4-2 Determine the current measured by the ammeter in the circuit shown in

Figure E 3.4-2a.

FIGURE E 3.4-2 (a) A current divider. (b) The

current divider after the ideal ammeter has been

replaced by the equivalent short circuit and a label

has been added to indicate the current measured by

the ammeter, im.

So specification 2 requires

0:01 � 0:002ð Þ2 R1R2

R1 þ R2

� �
) R1R2

R1 þ R2
� 2500

Combining these results gives

R1 4R2ð Þ
R1 þ 4R2

� 2500 ) 4

5
R1 � 2500 ) R1 � 3125V

The solution is not unique. One solution is

R1 ¼ 3 kV and R2 ¼ 12 kV

Parallel Resistors and Current Division 71

2	500

La combinación de estos resultados es
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3	125	V

La solución no es la única. Una solución es
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EJERCICIO 3.4-1 	 En	 la	 figura	E	3.4-1a se muestra una red de resistores que consta de 
resistores paralelos en un paquete utilizado para circuitos impresos de tableros electrónicos. Este pa-
quete	mide	sólo	2	3	0.7	cm,	y	cada	resistor	es	de	1	kV. El circuito está conectado para utilizar cuatro 
resistores,	como	se	muestra	en	 la	 figura	E	3.4-1b. Encuentre el circuito equivalente para esta red. 
Determine la corriente en cada resistor cuando is 5	1	mA.

Respuesta: Rp 5	250	V

EJERCICIO 3.4-2  Determine la corriente medida por el amperímetro en el circuito que se 
muestra	en	la	figura	E	3.4-2a.

Amperímetro

FIGURA E 3.4-1
(a) Red de resistores 
en paralelo. Cortesía 
de Dale Electronics. 
(b) El circuito 
conectado utiliza 
cuatro resistores 
cuando R 5	1	kV.

FIGURA E 3.4-2 (a) Divisor de corriente. (b) El 
divisor de corriente después de que el amperímetro 
ideal ha sido reemplazado por el cortocircuito 
equivalente y se ha agregado una etiqueta para 
indicar la corriente medida por el amperímetro, im.
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Sugerencia:	La	figura	E	3.4-2b muestra el circuito después de que el amperímetro ideal ha sido re-
emplazado por el cortocircuito equivalente, y se ha agregado una etiqueta para indicar la corriente 
medida por el amperímetro, im.

Respuesta: im 5 21	A

3.5  F U E N T E S  D E  VO LTA J E  E N  S E R I E  Y  F U E N T E S 
D E  C O R R I E N T E  E N  PA R A L E LO

Las fuentes de voltaje conectadas en serie equivalen a una fuente de voltaje única. El voltaje de la fuen-
te de voltaje equivalente es igual a la suma algebraica de los voltajes de las fuentes de voltaje en serie. 
	 Considere	el	circuito	mostrado	en	la	figura	3.5-1a. Observe que las corrientes de ambas fuentes 
de voltaje son iguales. En consecuencia, defina que la corriente, is, sea
 is
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Hint: Figure E 3.4-2b shows the circuit after the ideal ammeter has been replaced by the equivalent

short circuit, and a label has been added to indicate the current measured by the ammeter, im.

Answer: im¼�1 A

3.5 S ER I E S VOLTAGE SOURCES AND

PARAL L E L CURRENT SOURCES ________________________________________________________

Voltage sources connected in series are equivalent to a single voltage source. The voltage of the

equivalent voltage source is equal to the algebraic sum of voltages of the series voltage sources.

Consider the circuit shown in Figure 3.5-1a. Notice that the currents of both voltage sources are

equal. Accordingly, define the current, is, to be

is ¼ ia ¼ ib (3.5-1)

Next, define the voltage, vs, to be

vs ¼ va þ vb (3.5-2)

Using KCL, KVL, and Ohm’s law, we can represent the circuit in Figure 3.5-1a by the equations

ic ¼ v1

R1
þ is (3.5-3)

is ¼ v2

R2
þ i3 (3.5-4)

vc ¼ v1 (3.5-5)

v1 ¼ vs þ v2 (3.5-6)

v2 ¼ i3R3 (3.5-7)

where is¼ ia¼ ib and vs¼ va þ vb. These same equations result from applying KCL, KVL, and Ohm’s

law to the circuit in Figure 3.5-1b. If is¼ ia¼ ib and vs¼ va þ vb, then the circuits shown in Figures

3.5-1a and 3.5-1b are equivalent because they are both represented by the same equations.

For example, suppose that ic¼ 4 A, R1¼ 2 V, R2¼ 6 V, R3¼ 3 V, va¼ 1 V, and vb¼ 3 V. The

equations describing the circuit in Figure 3.5-1a become

4 ¼ v1

2
þ is (3.5-8)

is ¼ v2

6
þ i3 (3.5-9)

FIGURE 3.5-1 (a) A circuit containing

voltage sources connected in series and

(b) an equivalent circuit.
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	 (3.5-1)
A continuación, defina que el voltaje, vs, sea
 vs 
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Hint: Figure E 3.4-2b shows the circuit after the ideal ammeter has been replaced by the equivalent

short circuit, and a label has been added to indicate the current measured by the ammeter, im.
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PARAL L E L CURRENT SOURCES ________________________________________________________

Voltage sources connected in series are equivalent to a single voltage source. The voltage of the

equivalent voltage source is equal to the algebraic sum of voltages of the series voltage sources.

Consider the circuit shown in Figure 3.5-1a. Notice that the currents of both voltage sources are

equal. Accordingly, define the current, is, to be

is ¼ ia ¼ ib (3.5-1)

Next, define the voltage, vs, to be

vs ¼ va þ vb (3.5-2)

Using KCL, KVL, and Ohm’s law, we can represent the circuit in Figure 3.5-1a by the equations

ic ¼ v1

R1
þ is (3.5-3)

is ¼ v2

R2
þ i3 (3.5-4)

vc ¼ v1 (3.5-5)

v1 ¼ vs þ v2 (3.5-6)

v2 ¼ i3R3 (3.5-7)

where is¼ ia¼ ib and vs¼ va þ vb. These same equations result from applying KCL, KVL, and Ohm’s

law to the circuit in Figure 3.5-1b. If is¼ ia¼ ib and vs¼ va þ vb, then the circuits shown in Figures

3.5-1a and 3.5-1b are equivalent because they are both represented by the same equations.

For example, suppose that ic¼ 4 A, R1¼ 2 V, R2¼ 6 V, R3¼ 3 V, va¼ 1 V, and vb¼ 3 V. The

equations describing the circuit in Figure 3.5-1a become

4 ¼ v1

2
þ is (3.5-8)

is ¼ v2

6
þ i3 (3.5-9)

FIGURE 3.5-1 (a) A circuit containing

voltage sources connected in series and

(b) an equivalent circuit.
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	 (3.5-2)
	 Con	las	leyes	KCL,	KVL	y	de	Ohm,	podemos	representar	el	circuito	de	la	figura	3.5-1a por las 
ecuaciones
	 	 (3.5-3)

	 	 (3.5-4)

	 	 (3.5-5)
	 	 (3.5-6)
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Hint: Figure E 3.4-2b shows the circuit after the ideal ammeter has been replaced by the equivalent

short circuit, and a label has been added to indicate the current measured by the ammeter, im.

Answer: im¼�1 A

3.5 S ER I E S VOLTAGE SOURCES AND

PARAL L E L CURRENT SOURCES ________________________________________________________

Voltage sources connected in series are equivalent to a single voltage source. The voltage of the

equivalent voltage source is equal to the algebraic sum of voltages of the series voltage sources.

Consider the circuit shown in Figure 3.5-1a. Notice that the currents of both voltage sources are

equal. Accordingly, define the current, is, to be

is ¼ ia ¼ ib (3.5-1)

Next, define the voltage, vs, to be

vs ¼ va þ vb (3.5-2)

Using KCL, KVL, and Ohm’s law, we can represent the circuit in Figure 3.5-1a by the equations

ic ¼ v1

R1
þ is (3.5-3)

is ¼ v2

R2
þ i3 (3.5-4)

vc ¼ v1 (3.5-5)

v1 ¼ vs þ v2 (3.5-6)

v2 ¼ i3R3 (3.5-7)

where is¼ ia¼ ib and vs¼ va þ vb. These same equations result from applying KCL, KVL, and Ohm’s

law to the circuit in Figure 3.5-1b. If is¼ ia¼ ib and vs¼ va þ vb, then the circuits shown in Figures

3.5-1a and 3.5-1b are equivalent because they are both represented by the same equations.

For example, suppose that ic¼ 4 A, R1¼ 2 V, R2¼ 6 V, R3¼ 3 V, va¼ 1 V, and vb¼ 3 V. The

equations describing the circuit in Figure 3.5-1a become

4 ¼ v1

2
þ is (3.5-8)

is ¼ v2

6
þ i3 (3.5-9)

FIGURE 3.5-1 (a) A circuit containing

voltage sources connected in series and

(b) an equivalent circuit.
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	 (3.5-7)
donde is 5 ia 5 ib y vs 5 va 1 vb. Estas mismas ecuaciones son el resultado de la aplicación de las 
leyes	KCL,	KVL	y	de	Ohm	al	circuito	de	la	figura	3.5-1b. Si is 5 ia 5 ib y vs 5 va 1 vb, entonces los 
circuitos	que	se	muestran	en	las	figuras	3.5-1a	y	3.5-1b son equivalentes porque ambos están repre-
sentados por las mismas ecuaciones.
 Por ejemplo, suponga que ic 5	4	A,	R1 5	2	V, R2	5 6 V, R3 5	3	V, va 5	1	V	y	vb 5	3	V.	Las	
ecuaciones	que	describen	el	circuito	de	la	figura	3.5-1a son

	 	 (3.5-8)
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short circuit, and a label has been added to indicate the current measured by the ammeter, im.

Answer: im¼�1 A
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PARAL L E L CURRENT SOURCES ________________________________________________________

Voltage sources connected in series are equivalent to a single voltage source. The voltage of the

equivalent voltage source is equal to the algebraic sum of voltages of the series voltage sources.

Consider the circuit shown in Figure 3.5-1a. Notice that the currents of both voltage sources are

equal. Accordingly, define the current, is, to be

is ¼ ia ¼ ib (3.5-1)

Next, define the voltage, vs, to be

vs ¼ va þ vb (3.5-2)

Using KCL, KVL, and Ohm’s law, we can represent the circuit in Figure 3.5-1a by the equations

ic ¼ v1

R1
þ is (3.5-3)

is ¼ v2

R2
þ i3 (3.5-4)

vc ¼ v1 (3.5-5)

v1 ¼ vs þ v2 (3.5-6)

v2 ¼ i3R3 (3.5-7)

where is¼ ia¼ ib and vs¼ va þ vb. These same equations result from applying KCL, KVL, and Ohm’s

law to the circuit in Figure 3.5-1b. If is¼ ia¼ ib and vs¼ va þ vb, then the circuits shown in Figures

3.5-1a and 3.5-1b are equivalent because they are both represented by the same equations.

For example, suppose that ic¼ 4 A, R1¼ 2 V, R2¼ 6 V, R3¼ 3 V, va¼ 1 V, and vb¼ 3 V. The

equations describing the circuit in Figure 3.5-1a become

4 ¼ v1

2
þ is (3.5-8)

is ¼ v2

6
þ i3 (3.5-9)

FIGURE 3.5-1 (a) A circuit containing

voltage sources connected in series and

(b) an equivalent circuit.
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	 (3.5-9)

FIGURA 3.5-1 (a) Circuito con fuentes de voltaje 
conectadas en serie y (b) circuito equivalente.

s

s
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vc ¼ v1 (3.5-10)

v1 ¼ 4þ v2 (3.5-11)

v2 ¼ 3i3 (3.5-12)

The solution to this set of equations is v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A, v2¼ 2 V, and vc¼ 6 V. Eqs.

3.5-8 to 3.5-12 also describe the circuit in Figure 3.5-1b. Thus, v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A,

v2¼ 2 V, and vc¼ 6 V in both circuits. Replacing series voltage sources by a single, equivalent

voltage source does not change the voltage or current of other elements of the circuit.

Figure 3.5-2a shows a circuit containing parallel current sources. The circuit in Figure

3.5-2b is obtained by replacing these parallel current sources by a single, equivalent current

source. The current of the equivalent current source is equal to the algebraic sum of the currents

of the parallel current sources.

We are not allowed to connect independent current sources in series. Series elements have

the same current. This restriction prevents series current sources from being independent.

Similarly, we are not allowed to connect independent voltage sources in parallel.

Table 3.5-1 summarizes the parallel and series connections of current and voltage sources.

3.6 C I R CU I T ANALYS I S

In this section, we consider the analysis of a circuit by replacing a set of resistors with an

equivalent resistance, thus reducing the network to a form easily analyzed.

Consider the circuit shown in Figure 3.6-1. Note that it includes a set of resistors that is in

series and another set of resistors that is in parallel. It is desired to find the output voltage vo, so

we wish to reduce the circuit to the equivalent circuit shown in Figure 3.6-2.

Table 3.5-1 Parallel and Series Voltage and Current Sources

CIRCUIT EQUIVALENT CIRCUIT CIRCUIT EQUIVALENT CIRCUIT

FIGURE 3.5-2

(a) A circuit

containing parallel

current sources and (b)

an equivalent circuit.
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vc ¼ v1 (3.5-10)

v1 ¼ 4þ v2 (3.5-11)

v2 ¼ 3i3 (3.5-12)

The solution to this set of equations is v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A, v2¼ 2 V, and vc¼ 6 V. Eqs.

3.5-8 to 3.5-12 also describe the circuit in Figure 3.5-1b. Thus, v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A,

v2¼ 2 V, and vc¼ 6 V in both circuits. Replacing series voltage sources by a single, equivalent

voltage source does not change the voltage or current of other elements of the circuit.

Figure 3.5-2a shows a circuit containing parallel current sources. The circuit in Figure

3.5-2b is obtained by replacing these parallel current sources by a single, equivalent current

source. The current of the equivalent current source is equal to the algebraic sum of the currents

of the parallel current sources.

We are not allowed to connect independent current sources in series. Series elements have

the same current. This restriction prevents series current sources from being independent.

Similarly, we are not allowed to connect independent voltage sources in parallel.

Table 3.5-1 summarizes the parallel and series connections of current and voltage sources.

3.6 C I R CU I T ANALYS I S

In this section, we consider the analysis of a circuit by replacing a set of resistors with an

equivalent resistance, thus reducing the network to a form easily analyzed.

Consider the circuit shown in Figure 3.6-1. Note that it includes a set of resistors that is in

series and another set of resistors that is in parallel. It is desired to find the output voltage vo, so

we wish to reduce the circuit to the equivalent circuit shown in Figure 3.6-2.

Table 3.5-1 Parallel and Series Voltage and Current Sources

CIRCUIT EQUIVALENT CIRCUIT CIRCUIT EQUIVALENT CIRCUIT

FIGURE 3.5-2

(a) A circuit

containing parallel

current sources and (b)

an equivalent circuit.
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vc ¼ v1 (3.5-10)

v1 ¼ 4þ v2 (3.5-11)

v2 ¼ 3i3 (3.5-12)

The solution to this set of equations is v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A, v2¼ 2 V, and vc¼ 6 V. Eqs.

3.5-8 to 3.5-12 also describe the circuit in Figure 3.5-1b. Thus, v1¼ 6 V, is¼ 1 A, i3¼ 0.66 A,

v2¼ 2 V, and vc¼ 6 V in both circuits. Replacing series voltage sources by a single, equivalent

voltage source does not change the voltage or current of other elements of the circuit.

Figure 3.5-2a shows a circuit containing parallel current sources. The circuit in Figure

3.5-2b is obtained by replacing these parallel current sources by a single, equivalent current

source. The current of the equivalent current source is equal to the algebraic sum of the currents

of the parallel current sources.

We are not allowed to connect independent current sources in series. Series elements have

the same current. This restriction prevents series current sources from being independent.

Similarly, we are not allowed to connect independent voltage sources in parallel.

Table 3.5-1 summarizes the parallel and series connections of current and voltage sources.

3.6 C I R CU I T ANALYS I S

In this section, we consider the analysis of a circuit by replacing a set of resistors with an

equivalent resistance, thus reducing the network to a form easily analyzed.

Consider the circuit shown in Figure 3.6-1. Note that it includes a set of resistors that is in

series and another set of resistors that is in parallel. It is desired to find the output voltage vo, so

we wish to reduce the circuit to the equivalent circuit shown in Figure 3.6-2.

Table 3.5-1 Parallel and Series Voltage and Current Sources

CIRCUIT EQUIVALENT CIRCUIT CIRCUIT EQUIVALENT CIRCUIT

FIGURE 3.5-2

(a) A circuit

containing parallel

current sources and (b)

an equivalent circuit.
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La solución para este conjunto de ecuaciones es v1 5 6 V, is 5	1A,	 i3	5	0.66	A,	v2 5	2V	y	
vc 5	6	V.	Las	ecuaciones	3.5-8	a	3.5-12	también	describen	el	circuito	de	la	figura	3.5-1b. Por lo 
tanto, v1 5 6 V, is 5	1	A,	i3 5	0.66	A,	v2 5	2	V	y	vc 5 6 V en ambos circuitos. Al reemplazar las 
fuentes de voltaje en serie por una única, la fuente de voltaje equivalente no modifica el voltaje o 
la corriente de otros elementos del circuito.
	 La	figura	3.5-2a muestra un circuito con fuentes de corriente en paralelo. El circuito de la 
figura	3.5-2b se obtiene reemplazando estas fuentes de corriente en paralelo por una fuente de 
corriente equivalente única. La corriente de la fuente de corriente equivalente es igual a la suma 
algebraica de las corrientes de las fuentes de corriente en paralelo.
 No nos está permitido conectar fuentes de corriente independientes en serie. Los elementos 
en serie tienen la misma corriente. Esta restricción evita que las fuentes de corriente en serie se 
tornen independientes. Del mismo modo, tampoco se nos permite conectar fuentes de voltaje 
independientes en paralelo.
	 La	tabla	3.5-1	resume	las	conexiones	en	paralelo	y	en	serie	de	las	fuentes	de	corriente	y	de	
voltaje.

3.6 A N Á L I S I S  D E  C I R C U I T O S

En esta sección consideramos el análisis de un circuito mediante el reemplazo de un conjunto de 
resistores con una resistencia equivalente, con lo que se reduce la red para tener así una forma 
más fácil de analizar.
	 Considere	el	circuito	que	se	muestra	en	la	figura	3.6-1.	Observe	que	incluye	un	conjunto	
de resistores que está en serie y otro que está en paralelo. Como lo que se pretende es encontrar 
el voltaje de salida vo, habrá que reducir el circuito al circuito equivalente que se muestra en la 
figura	3.6-2.

Tabla 3.5-1 Fuentes de voltaje y corriente en paralelo y en serie

CIRCUITO CIRCUITO EQUIVALENTE CIRCUITO CIRCUITO EQUIVALENTE

No permitido

No permitido

FIGURA 3.5-2 
(a) Circuito con 
fuentes de corriente 
en paralelo y (b) 
circuito equivalente.
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 Observamos que la resistencia equivalente en serie es
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We note that the equivalent series resistance is

Rs ¼ R1 þ R2 þ R3

and the equivalent parallel resistance is

Rp ¼ 1

Gp

where Gp ¼ G4 þ G5 þ G6

Then, using the voltage divider principle, with Figure 3.6-2, we have

vo ¼ Rp

Rs þ Rp
vs

Replacing the series resistors by the equivalent resistor Rs did not change the current or voltage of

any other circuit element. In particular, the voltage vo did not change. Also, the voltage vo across the

equivalent resistor Rp is equal to the voltage across each of the parallel resistors. Consequently, the

voltage vo in Figure 3.6-2 is equal to the voltage vo in Figure 3.6-1. We can analyze the simple

circuit in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more

complicated circuit shown in Figure 3.6-1 has the same value.

FIGURE 3.6-1 Circuit with a set of series resistors and

a set of parallel resistors.

FIGURE 3.6-2 Equivalent circuit for the circuit of

Figure 3.6-2.

E X A M P L E 3 . 6 - 1 Series and Parallel Resistors

Consider the circuit shown in Figure 3.6-3. Find the current i1 when

R4 ¼ 2V and R2 ¼ R3 ¼ 8V

FIGURE 3.6-3 (a) Circuit for Example 3.6-1. (b) Partially reduced circuit for Example 3.6-1.

Solution
Because the objective is to find i1, we will attempt to reduce the circuit so that the 3-V resistor is in parallel with

one resistor and the current source is. Then we can use the current divider principle to obtain i1. Because R2 and R3

are in parallel, we find an equivalent resistance as

Rp1 ¼ R2R3

R2 þ R3
¼ 4 V

74 Resistive Circuits

y que la resistencia equivalente en paralelo es

donde  
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We note that the equivalent series resistance is

Rs ¼ R1 þ R2 þ R3

and the equivalent parallel resistance is

Rp ¼ 1

Gp

where Gp ¼ G4 þ G5 þ G6

Then, using the voltage divider principle, with Figure 3.6-2, we have

vo ¼ Rp

Rs þ Rp
vs

Replacing the series resistors by the equivalent resistor Rs did not change the current or voltage of

any other circuit element. In particular, the voltage vo did not change. Also, the voltage vo across the

equivalent resistor Rp is equal to the voltage across each of the parallel resistors. Consequently, the

voltage vo in Figure 3.6-2 is equal to the voltage vo in Figure 3.6-1. We can analyze the simple

circuit in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more

complicated circuit shown in Figure 3.6-1 has the same value.

FIGURE 3.6-1 Circuit with a set of series resistors and

a set of parallel resistors.

FIGURE 3.6-2 Equivalent circuit for the circuit of

Figure 3.6-2.

E X A M P L E 3 . 6 - 1 Series and Parallel Resistors

Consider the circuit shown in Figure 3.6-3. Find the current i1 when

R4 ¼ 2V and R2 ¼ R3 ¼ 8V

FIGURE 3.6-3 (a) Circuit for Example 3.6-1. (b) Partially reduced circuit for Example 3.6-1.

Solution
Because the objective is to find i1, we will attempt to reduce the circuit so that the 3-V resistor is in parallel with

one resistor and the current source is. Then we can use the current divider principle to obtain i1. Because R2 and R3

are in parallel, we find an equivalent resistance as

Rp1 ¼ R2R3

R2 þ R3
¼ 4 V
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Entonces,	utilizando	el	principio	del	divisor	de	voltaje,	con	la	figura	3.6-2,	tenemos
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We note that the equivalent series resistance is

Rs ¼ R1 þ R2 þ R3

and the equivalent parallel resistance is

Rp ¼ 1

Gp

where Gp ¼ G4 þ G5 þ G6

Then, using the voltage divider principle, with Figure 3.6-2, we have

vo ¼ Rp

Rs þ Rp
vs

Replacing the series resistors by the equivalent resistor Rs did not change the current or voltage of

any other circuit element. In particular, the voltage vo did not change. Also, the voltage vo across the

equivalent resistor Rp is equal to the voltage across each of the parallel resistors. Consequently, the

voltage vo in Figure 3.6-2 is equal to the voltage vo in Figure 3.6-1. We can analyze the simple

circuit in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more

complicated circuit shown in Figure 3.6-1 has the same value.

FIGURE 3.6-1 Circuit with a set of series resistors and

a set of parallel resistors.

FIGURE 3.6-2 Equivalent circuit for the circuit of

Figure 3.6-2.

E X A M P L E 3 . 6 - 1 Series and Parallel Resistors

Consider the circuit shown in Figure 3.6-3. Find the current i1 when

R4 ¼ 2V and R2 ¼ R3 ¼ 8V

FIGURE 3.6-3 (a) Circuit for Example 3.6-1. (b) Partially reduced circuit for Example 3.6-1.

Solution
Because the objective is to find i1, we will attempt to reduce the circuit so that the 3-V resistor is in parallel with

one resistor and the current source is. Then we can use the current divider principle to obtain i1. Because R2 and R3

are in parallel, we find an equivalent resistance as

Rp1 ¼ R2R3

R2 þ R3
¼ 4 V
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Reemplazar los resistores en serie por el resistor equivalente Rs no modifica la corriente o el voltaje de 
ningún otro elemento del circuito. En particular, el voltaje vo no cambia. Además, el voltaje vo a través 
del resistor equivalente Rp es igual al voltaje que pasa por cada uno de los resistores en paralelo. En 
consecuencia, el voltaje vo	de	la	figura	3.6-2	es	igual	al	voltaje	vo	de	la	figura	3.6-1.	Podemos	analizar	
el	circuito	sencillo	de	la	figura	3.6-2	para	encontrar	el	valor	del	voltaje	vo y saber que el voltaje vo 
en	el	circuito	más	complejo	de	la	figura	3.6-1	tiene	el	mismo	valor.

FIGURA 3.6-2 Circuito equivalente para el circuito 
de	la	figura	3.6-1.

Considere	el	circuito	mostrado	en	la	figura	3.6-3.	Encuentre	la	corriente	i1 cuando
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We note that the equivalent series resistance is

Rs ¼ R1 þ R2 þ R3

and the equivalent parallel resistance is

Rp ¼ 1

Gp

where Gp ¼ G4 þ G5 þ G6

Then, using the voltage divider principle, with Figure 3.6-2, we have

vo ¼ Rp

Rs þ Rp
vs

Replacing the series resistors by the equivalent resistor Rs did not change the current or voltage of

any other circuit element. In particular, the voltage vo did not change. Also, the voltage vo across the

equivalent resistor Rp is equal to the voltage across each of the parallel resistors. Consequently, the

voltage vo in Figure 3.6-2 is equal to the voltage vo in Figure 3.6-1. We can analyze the simple

circuit in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more

complicated circuit shown in Figure 3.6-1 has the same value.

FIGURE 3.6-1 Circuit with a set of series resistors and

a set of parallel resistors.

FIGURE 3.6-2 Equivalent circuit for the circuit of

Figure 3.6-2.
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Consider the circuit shown in Figure 3.6-3. Find the current i1 when

R4 ¼ 2V and R2 ¼ R3 ¼ 8V

FIGURE 3.6-3 (a) Circuit for Example 3.6-1. (b) Partially reduced circuit for Example 3.6-1.

Solution
Because the objective is to find i1, we will attempt to reduce the circuit so that the 3-V resistor is in parallel with

one resistor and the current source is. Then we can use the current divider principle to obtain i1. Because R2 and R3

are in parallel, we find an equivalent resistance as

Rp1 ¼ R2R3

R2 þ R3
¼ 4 V
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FIGURA 3.6-3 (a)	Circuito	para	el	ejemplo	3.6-1.	(b)	Circuito	reducido	parcialmente	para	el	ejemplo	3.6-1.

Solución
Como el objetivo es encontrar i1,	intentaremos	reducir	el	circuito	de	manera	que	el	resistor	de	3-V esté en paralelo 
con un resistor y la fuente de corriente is. Luego podemos aplicar el principio del divisor de corriente para obtener 
i1. Puesto que R2 y R3 están en paralelo, encontramos una resistencia equivalente como 
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We note that the equivalent series resistance is
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and the equivalent parallel resistance is

Rp ¼ 1

Gp

where Gp ¼ G4 þ G5 þ G6

Then, using the voltage divider principle, with Figure 3.6-2, we have

vo ¼ Rp

Rs þ Rp
vs

Replacing the series resistors by the equivalent resistor Rs did not change the current or voltage of

any other circuit element. In particular, the voltage vo did not change. Also, the voltage vo across the

equivalent resistor Rp is equal to the voltage across each of the parallel resistors. Consequently, the

voltage vo in Figure 3.6-2 is equal to the voltage vo in Figure 3.6-1. We can analyze the simple

circuit in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more

complicated circuit shown in Figure 3.6-1 has the same value.
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one resistor and the current source is. Then we can use the current divider principle to obtain i1. Because R2 and R3
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FIGURA 3.6-1 Circuito con un conjunto de resistores en 
serie y otro de resistores en paralelo.

E j E m p l o  3 . 6 - 1  Resistores en serie y en paralelo
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 FIGURA 3.6-4	 Circuito	equivalente	para	la	figura	3.6-3.
Este resistor equivalente está conectado en serie con R4. Al agregar Rp1 a R4, tenemos un resistor equivalente en serie 
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find

Gp2 ¼ 1

9
þ 1

18
þ 1

Rs
¼ 1

9
þ 1

18
þ 1

6
¼ 1

3
S ) Rp2 ¼ 1

Gp2
¼ 3V

Then, using the current divider principle,

i1 ¼ G1is

Gp

where Gp ¼ G1 þ Gp2 ¼ 1

3
þ 1

3
¼ 2

3

Therefore,

i1 ¼ 1=3

2=3
is ¼ 1

2
is

E X A M P L E 3 . 6 - 2 Equivalent Resistance

The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.

FIGURE 3.6-4 Equivalent circuit for Figure 3.6-3.
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Ahora el resistor Rs	está	en	paralelo	con	los	tres	resistores	como	se	muestra	en	la	figura	3.6-3b. Sin embargo, el 
objetivo	es	obtener	el	circuito	equivalente	que	se	muestra	en	la	figura	3.6-4	para	que	podamos	encontrar	i1. Por 
consiguiente,	combinamos	el	resistor	de	9	V,	el	de	18-V y el Rs	que	aparece	a	la	derecha	de	las	terminales	a-b	en	
la	figura	3.63b en una conductancia equivalente en paralelo, Gp2. Entonces, encontramos
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find
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3
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Gp2
¼ 3V

Then, using the current divider principle,

i1 ¼ G1is

Gp

where Gp ¼ G1 þ Gp2 ¼ 1

3
þ 1

3
¼ 2

3

Therefore,

i1 ¼ 1=3

2=3
is ¼ 1

2
is
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.

FIGURE 3.6-4 Equivalent circuit for Figure 3.6-3.
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Luego, aplicando el principio del divisor de corriente,

E1C03_1 11/25/2009 75

This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find

Gp2 ¼ 1

9
þ 1

18
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Rs
¼ 1

9
þ 1

18
þ 1

6
¼ 1

3
S ) Rp2 ¼ 1

Gp2
¼ 3V

Then, using the current divider principle,

i1 ¼ G1is

Gp

where Gp ¼ G1 þ Gp2 ¼ 1

3
þ 1

3
¼ 2

3

Therefore,

i1 ¼ 1=3

2=3
is ¼ 1

2
is
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.

FIGURE 3.6-4 Equivalent circuit for Figure 3.6-3.
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donde  
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in
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Determine the resistance measured by the ohmmeter in Figure 3.6-5a.
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In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.
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In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
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Por consiguiente,
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor
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Then, using the current divider principle,
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In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is
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In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
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In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.
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El	circuito	de	la	figura	3.6-5a contiene un ohmímetro. Éste es un instrumento que mide en ohmios la resistencia. 
El ohmímetro medirá la resistencia equivalente del circuito de resistores conectado a sus terminales. Determine 
la	resistencia	medida	por	el	ohmímetro	en	la	figura	3.6-5a.

Solución
Funcionando	de	izquierda	a	derecha,	el	resistor	de	30-V	está	en	paralelo	con	el	resistor	de	60-V. La resistencia 
equivalente es
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find

Gp2 ¼ 1
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¼ 1
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¼ 1
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¼ 3V

Then, using the current divider principle,

i1 ¼ G1is

Gp

where Gp ¼ G1 þ Gp2 ¼ 1
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3
¼ 2

3

Therefore,
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2=3
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.
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En	la	figura	3.6-5b,	la	combinación	en	paralelo	de	los	resistores	de	30-V	y	de	60	V ha sido reemplazada por el 
resistor	de	20-V.	Ahora	los	dos	resistores	de	20-V están en serie.
 La resistencia equivalente es
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find
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¼ 3V

Then, using the current divider principle,
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Gp

where Gp ¼ G1 þ Gp2 ¼ 1
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3
¼ 2

3
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.
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En	la	figura	3.6-5c,	la	combinación	en	serie	de	los	dos	resistores	de	20-V ha sido reemplazada por el resistor equi-
valente	de	40-V.	Ahora,	el	resistor	de	40-V	está	en	paralelo	con	el	resistor	de	10-V. La resistencia equivalente es
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This equivalent resistor is connected in series with R4. Then adding Rp1 to R4, we have a series equivalent resistor

Rs ¼ R4 þ Rp1 ¼ 2þ 4 ¼ 6 V

Now the Rs resistor is in parallel with three resistors as shown in Figure 3.6-3b. However, we wish to obtain the

equivalent circuit as shown in Figure 3.6-4 so that we can find i1. Therefore, we combine the 9-V resistor, the

18-V resistor, and Rs shown to the right of terminals a-b in Figure 3.6-3b into one parallel equivalent conductance

Gp2. Thus, we find
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¼ 3V

Then, using the current divider principle,

i1 ¼ G1is

Gp

where Gp ¼ G1 þ Gp2 ¼ 1

3
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3
¼ 2

3

Therefore,

i1 ¼ 1=3
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is ¼ 1
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The circuit in Figure 3.6-5a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in

ohms. The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals.

Determine the resistance measured by the ohmmeter in Figure 3.6-5a.

Solution
Working from left to right, the 30-V resistor is parallel to the 60-V resistor. The equivalent resistance is

60 � 30
60þ 30

¼ 20V

In Figure 3.6-5b, the parallel combination of the 30-V and 60-V resistors has been replaced with the equivalent

20-V resistor. Now the two 20-V resistors are in series.

The equivalent resistance is

20þ 20 ¼ 40V

In Figure 3.6-5c, the series combination of the two 20-V resistors has been replaced with the equivalent 40-V
resistor. Now the 40-V resistor is parallel to the 10-V resistor. The equivalent resistance is

40 � 10
40þ 10

¼ 8V

In Figure 3.6-5d the parallel combination of the 40-V and 10-V resistors has been replaced with the equivalent

8-V resistor. Thus, the ohmmeter measures a resistance equal to 8 V.

FIGURE 3.6-4 Equivalent circuit for Figure 3.6-3.
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En	la	figura	3.6-5d	la	combinación	en	paralelo	de	los	resistores	de	40-V	y	20-V ha sido reemplazada por el resistor 
equivalente	de	8-V.	Por	consiguiente,	el	ohmímetro	mide	una	resistencia	igual	a	8	V.

E j E m p l o  3 . 6 - 2  Resistencia equivalente
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FIGURA 3.6-5

Determine los valores de i3, v4, i5 y v6	en	el	circuito	que	se	muestra	en	la	figura	3.6-6.

Solución
El	circuito	de	la	figura	3.6-7	se	obtuvo	a	partir	del	circuito	que	se	muestra	en	la	figura	3.6-6	al	reemplazar	las	
combinaciones en serie y en paralelo de las resistencias por resistencias equivalentes. Podemos utilizar el circuito 
equivalente para resolver este problema en tres pasos:

1.  Determine los valores de las resistencias R1, R2 y R3	de	la	figura	3.6-7	que	conforman	el	circuito	de	la	figura	
3.6-7	equivalente	al	circuito	de	la	figura	3.6-6.

 FIGURA 3.6-6	 El	circuito	considerado	en	el	ejemplo	3.6-3.

E j E m p l o  3 . 6 . 3  Análisis de circuitos utilizando resistencias equivalentes
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2. Determine los valores de v1, v2 e i	en	la	figura	3.6-7.

3.  Como los circuitos son equivalentes, los valores de v1, v2 e i	de	la	figura	3.6-6	son	iguales	a	los	valores	de	
v1, v2 e i	de	la	figura	3.6-7.	Utilice	la	división	de	voltaje	y	de	corriente	para	determinar	los	valores	de	i3, v4, 
i5 y v6	de	la	figura	3.6-6.

 Paso 1:	La	figura	3.6-8a	muestra	los	tres	resistores	en	la	parte	alta	del	circuito	de	la	figura	3.6-6.	Vemos	
que	el	resistor	de	6-V	está	conectado	en	serie	con	el	resistor	de	18-V.	En	la	figura	3.6-8b, estos resistores en serie 
han	sido	reemplazados	por	el	resistor	equivalente	de	24-V.	Ahora	el	resistor	de	24-V está conectado en paralelo 
con	el	resistor	de	12-V. Reemplazar los resistores en serie por una resistencia equivalente no modifica el voltaje 
o la corriente en ningún otro elemento del circuito. En particular, v1,	el	voltaje	a	través	del	resistor	de	12-V, no 
cambia cuando los resistores en serie son reemplazados por el resistor equivalente. Por el contrario, v4 no es un 
voltaje	del	elemento	del	circuito	mostrado	en	la	figura	3.6-8b.
	 En	la	figura	3.6-8c,	los	resistores	en	paralelo	han	sido	reemplazados	por	el	resistor	equivalente	de	8-V. El 
voltaje a través del resistor equivalente es igual al voltaje a través de cada uno de los resistores en paralelo, v1 en 
este caso. En resumen, la resistencia R1	de	la	figura	3.6-7	resulta	de

E1C03_1 11/25/2009 77

2. Determine the values of v1, v2, and i in Figure 3.6-7.

3. Because the circuits are equivalent, the values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1,

v2, and i in Figure 3.6-7. Use voltage and current division to determine the values of i3, v4, i5, and v6 in

Figure 3.6-6.

Step 1: Figure 3.6-8a shows the three resistors at the top of the circuit in Figure 3.6-6. We see that the 6-V
resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by

the equivalent 24-V resistor. Now the 24-V resistor is connected in parallel with the 12-V resistor. Replacing

series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get

R1iþ R2iþ R3iþ 8i� 18 ¼ 0 ) i ¼ 18

R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.

Returning our attention to Figure 3.6-6, and paying attention to reference directions, we can determine the values

of i3, v4, i5, and v6 using voltage division, current division, and Ohm’s law:

i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A

v4 ¼ � 18

6þ 18
v1 ¼ � 3

4
4ð Þ ¼ �3 V

i5 ¼ � 5

20þ 5
i ¼ � 1

5

� �
0:5ð Þ ¼ �0:1 A

v6 ¼ 20 k 5ð Þi ¼ 4 0:5ð Þ ¼ 2 V

FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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Del mismo modo, las resistencias R2 y R3	de	la	figura	3.6-7	resultan	de
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2. Determine the values of v1, v2, and i in Figure 3.6-7.
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resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by
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series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get

R1iþ R2iþ R3iþ 8i� 18 ¼ 0 ) i ¼ 18

R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.
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i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A

v4 ¼ � 18

6þ 18
v1 ¼ � 3

4
4ð Þ ¼ �3 V

i5 ¼ � 5

20þ 5
i ¼ � 1

5

� �
0:5ð Þ ¼ �0:1 A

v6 ¼ 20 k 5ð Þi ¼ 4 0:5ð Þ ¼ 2 V

FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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 Paso 2:	Aplique	la	KVL	al	circuito	de	la	figura	3.6-7	para	obtener
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Step 1: Figure 3.6-8a shows the three resistors at the top of the circuit in Figure 3.6-6. We see that the 6-V
resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by

the equivalent 24-V resistor. Now the 24-V resistor is connected in parallel with the 12-V resistor. Replacing

series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get
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R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.

Returning our attention to Figure 3.6-6, and paying attention to reference directions, we can determine the values

of i3, v4, i5, and v6 using voltage division, current division, and Ohm’s law:

i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A
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v1 ¼ � 3

4
4ð Þ ¼ �3 V
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FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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A continuación la ley de Ohm proporciona
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resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by

the equivalent 24-V resistor. Now the 24-V resistor is connected in parallel with the 12-V resistor. Replacing

series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get

R1iþ R2iþ R3iþ 8i� 18 ¼ 0 ) i ¼ 18

R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.

Returning our attention to Figure 3.6-6, and paying attention to reference directions, we can determine the values

of i3, v4, i5, and v6 using voltage division, current division, and Ohm’s law:

i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A

v4 ¼ � 18
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v1 ¼ � 3

4
4ð Þ ¼ �3 V
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5

� �
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FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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2. Determine the values of v1, v2, and i in Figure 3.6-7.

3. Because the circuits are equivalent, the values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1,

v2, and i in Figure 3.6-7. Use voltage and current division to determine the values of i3, v4, i5, and v6 in

Figure 3.6-6.

Step 1: Figure 3.6-8a shows the three resistors at the top of the circuit in Figure 3.6-6. We see that the 6-V
resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by

the equivalent 24-V resistor. Now the 24-V resistor is connected in parallel with the 12-V resistor. Replacing

series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get

R1iþ R2iþ R3iþ 8i� 18 ¼ 0 ) i ¼ 18

R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.

Returning our attention to Figure 3.6-6, and paying attention to reference directions, we can determine the values

of i3, v4, i5, and v6 using voltage division, current division, and Ohm’s law:

i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A

v4 ¼ � 18

6þ 18
v1 ¼ � 3

4
4ð Þ ¼ �3 V

i5 ¼ � 5

20þ 5
i ¼ � 1
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� �
0:5ð Þ ¼ �0:1 A

v6 ¼ 20 k 5ð Þi ¼ 4 0:5ð Þ ¼ 2 V

FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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 Paso 3: Los valores de v1, v2 e i	de	la	figura	3.6-6	son	iguales	a	los	valores	de	v1, v2 e i	de	la	figura	3.6-7.	
Si	volvemos	la	atención	a	la	figura	3.6-6	y	vemos	con	más	detenimiento	las	direcciones	de	referencia,	podemos	
determinar los valores de i3, v4, i5 y v6 mediante la división de voltajes, la división de la corriente y la ley de Ohm:
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2. Determine the values of v1, v2, and i in Figure 3.6-7.

3. Because the circuits are equivalent, the values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1,

v2, and i in Figure 3.6-7. Use voltage and current division to determine the values of i3, v4, i5, and v6 in

Figure 3.6-6.

Step 1: Figure 3.6-8a shows the three resistors at the top of the circuit in Figure 3.6-6. We see that the 6-V
resistor is connected in series with the 18-V resistor. In Figure 3.6-8b, these series resistors have been replaced by

the equivalent 24-V resistor. Now the 24-V resistor is connected in parallel with the 12-V resistor. Replacing

series resistors by an equivalent resistance does not change the voltage or current in any other element of the

circuit. In particular, v1, the voltage across the 12-V resistor, does not change when the series resistors are

replaced by the equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-8b.

In Figure 3.6-8c, the parallel resistors have been replaced by the equivalent 8-V resistor. The voltage across

the equivalent resistor is equal to the voltage across each of the parallel resistors, v1 in this case. In summary, the

resistance R1 in Figure 3.6-7 is given by

R1 ¼ 12 k 6þ 18ð Þ ¼ 8V

Similarly, the resistances R2 and R3 in Figure 3.6-7 are given by

R2 ¼ 12þ 20 k 5ð Þ ¼ 16V

R3 ¼ 8 k 2þ 6ð Þ ¼ 4V

Step 2: Apply KVL to the circuit of Figure 3.6-7 to get

R1iþ R2iþ R3iþ 8i� 18 ¼ 0 ) i ¼ 18

R1 þ R2 þ R3 þ 8
¼ 18

8þ 16þ 4þ 8
¼ 0:5 A

Next, Ohm’s law gives

v1 ¼ R1i ¼ 8 0:5ð Þ ¼ 4 V and v2 ¼ R3i ¼ 4 0:5ð Þ ¼ 2 V

Step 3: The values of v1, v2, and i in Figure 3.6-6 are equal to the values of v1, v2, and i in Figure 3.6-7.

Returning our attention to Figure 3.6-6, and paying attention to reference directions, we can determine the values

of i3, v4, i5, and v6 using voltage division, current division, and Ohm’s law:

i3 ¼ 8

8þ 2þ 6ð Þ i ¼
1

2
0:5ð Þ ¼ 0:25 A
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v1 ¼ � 3
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4ð Þ ¼ �3 V

i5 ¼ � 5
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FIGURE 3.6-7 An equivalent circuit for the

circuit in Figure 3.3-6. FIGURE 3.6-8
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FIGURA 3.6-7 Circuito equivalente 
para	el	circuito	de	la	figura	3.3-6.

FIGURA 3.6-8 
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 En general, podemos encontrar la resistencia equivalente para una parte de un circuito que sólo 
conste de resistores y luego reemplazar esa parte del circuito con la resistencia equivalente. Por ejem-
plo,	considere	el	circuito	que	se	muestra	en	la	figura	3.6-9.	El	circuito	resistivo	en	(a) es equivalente 
al	resistor	de	56	Ω	único	en	(b). Indiquemos ahora la resistencia equivalente como Req. Decimos que 
Req	es	“la	resistencia	equivalente	que	aparece	dentro	del	circuito	de	la	figura	3.6-9(a) a partir de las 
terminales a-b”.	La	figura	3.6-9(c) muestra una notación que se usa para indicar la resistencia equi-
valente. La resistencia equivalente es un concepto importante que se presenta en diversas situaciones  
y tiene varios nombres. “Resistencia de entrada”, “resistencia de salida”, “resistencia de Thevenin”, y  
“resistencia de Norton”, son algunos de los nombres con que se conoce la resistencia equivalente.

FIGURA 3.6-9 El circuito resistivo en (a) es equivalente al resistor único de (b). La notación utilizada para indicar la 
resistencia equivalente se muestra en (c).

EJERCICIO 3.6-1 	 Determine	la	resistencia	medida	por	el	ohmímetro	en	la	figura	E	3.6-1.

Ohmímetro

 FIGURA E 3.6-1

Respuesta: 
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In general, we may find the equivalent resistance for a portion of a circuit consisting only of

resistors and then replace that portion of the circuit with the equivalent resistance. For example,

consider the circuit shown in Figure 3.6-9. The resistive circuit in (a) is equivalent to the single 56 V
resistor in (b). Let’s denote the equivalent resistance as Req. We say that Req is ‘‘the equivalent

resistance seen looking into the circuit of Figure 3.6-9(a) from terminals a-b.’’ Figure 3.6-9(c) shows a

notation used to indicate the equivalent resistance. Equivalent resistance is an important concept that

occurs in a variety of situations and has a variety of names. ‘‘Input resistance,’’ ‘‘output resistance,’’

‘‘Thevenin resistance,’’ and ‘‘Norton resistance’’ are some names used for equivalent resistance.

FIGURE 3.6-9 The resistive circuit in (a) is equivalent to the single resistor in (b). The notation used to indicate the

equivalent resistance is shown in (c).

EXERCISE 3.6-1 Determine the resistance measured by the ohmmeter in Figure E 3.6-1.

FIGURE E 3.6-1

Answer:
(30þ 30) � 30
(30þ 30)þ 30

þ 30 ¼ 50V

3.7 ANALYZ ING RES I S T I V E C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

We can analyze simple circuits by writing and solving a set of equations. We use Kirchhoff’s law and

the element equations, for instance, Ohm’s law, to write these equations. As the following example

illustrates, MATLAB provides a convenient way to solve the equations describing an electric circuit.

E X A M P L E 3 . 7 - 1 MATLAB for Simple Circuits

Determine the values of the resistor voltages and currents for the circuit shown in Figure 3.7-1.

FIGURE 3.7-1 The circuit considered in Example 3.7-1.

78 Resistive Circuits

3.7  A N Á L I S I S  D E  C I R C U I T O S  R E S I S T I VO S 
U T I L I Z A N D O  M AT L A B

Podemos analizar circuitos sencillos mediante la escritura y despeje de un conjunto de ecuaciones. 
Empleamos la ley de Kirchhoff y las ecuaciones de elementos, por ejemplo, la ley de Ohm, para es-
cribir estas ecuaciones. Como ilustra el ejemplo siguiente, MATLAB proporciona una manera más 
cómoda de despejar las ecuaciones que describen un circuito eléctrico.

Determine	los	valores	de	los	voltajes	y	corrientes	de	los	resistores	para	el	circuito	mostrado	en	la	figura	3.7-1.

 FIGURA 3.7-1	 Circuito	considerado	en	el	ejemplo	3.7-1.

E j E m p l o  3 . 7- 1  MATLAB para circuitos sencillos
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FIGURA 3.7-2 El	circuito	de	la	figura	3.7-1	después	del	etiquetado	de	los	voltajes	y	las	corrientes.

Solución
Etiquetemos, entonces, los voltajes y corrientes de los resistores. Antes de utilizar la ley de Ohm, etiquetaremos 
el voltaje y la corriente de cada resistor para que se apeguen a la convención pasiva. (Seleccione una de las va-
riables, ya sea la corriente o el voltaje del resistor, y etiquete la dirección de referencia como desee. Etiquete la 
dirección de referencia de la otra variable para que se apegue a la convención pasiva con la primera variable.)  
La	figura	3.7-2	muestra	el	circuito	etiquetado.
 A continuación, aplicaremos las leyes de Kirchhoff. Primero aplicamos la KCL al nodo al cual están conec-
tados	la	fuente	de	corriente	y	los	resistores	de	40-V,	48-V	y	80-V entre sí, para escribir
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.

Analyzing Resistive Circuits Using MATLAB 79

	 (3.7-1)

Luego	aplicamos	la	KCL	al	nodo	en	el	que	los	resistores	de	48-V y 32-V están conectados entre sí para escribir

 

E1C03_1 11/25/2009 79

Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-2)

Aplicamos	la	KVL	al	circuito	cerrado	que	consta	de	la	fuente	de	voltaje	y	los	resistores	de	40-V	y	80-V para 
escribir
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-3)

Aplicamos	la	KVL	al	circuito	cerrado	que	consta	de	los	resistores	de	48-V,	32-V,	y	80-V para escribir
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-4)

Aplicamos la ley de Ohm a los resistores.
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-5)

Podemos utilizar las ecuaciones de la ley de Ohm para eliminar las variables que representen a los voltajes del 
resistor.	Hacerlo	nos	permite	reescribir	la	ecuación	3.7-3	como	
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-6)

Del	mismo	modo,	podemos	reescribir	la	ecuación	3.7-4	como
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-7)

A	continuación,	usamos	la	ecuación	3.7-2	para	eliminar	i6	de	la	ecuación	3.7-6	como	sigue
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-8)

Usamos	la	ecuación	3.7-8	para	eliminar	i5	de	la	ecuación	3.7-1.
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.
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	 (3.7-9)

Usamos	la	ecuación	3.7-9	para	eliminar	i4	de	la	ecuación	3.7-6.	Despejamos	la	ecuación	resultante	para	determi-
nar el valor de i2.
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Solution
Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the

resistor voltage—and label the reference direction however you like. Label the reference direction of the other

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit.

Next, we will use Kirchhoff’s laws. First, apply KCL to the node at which the current source and the 40-V,

48-V, and 80-V resistors are connected together to write

i2 þ i5 ¼ 0:5þ i4 (3.7-1)

Next, apply KCL to the node at which the 48-V and 32-V resistors are connected together to write

i5 ¼ i6 (3.7-2)

Apply KVL to the loop consisting of the voltage source and the 40-V and 80-V resistors to write

12 ¼ v2 þ v4 (3.7-3)

Apply KVL to the loop consisting of the 48-V, 32-V, and 80-V resistors to write

v4 þ v5 þ v6 ¼ 0 (3.7-4)

Apply Ohm’s law to the resistors.

v2 ¼ 40 i2; v4 ¼ 80 i4; v5 ¼ 48 i5; v6 ¼ 32 i6 (3.7-5)

We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us

to rewrite Eq. 3.7-3 as:

12 ¼ 40 i2 þ 80 i4 (3.7-6)

Similarly, we can rewrite Eq. 3.7-4 as

80 i4 þ 48 i5 þ 32 i6 ¼ 0 (3.7-7)

Next, use Eq. 3.7-2 to eliminate i6 from Eq. 3.7-6 as follows

80 i4 þ 48 i5 þ 32 i5 ¼ 0 ) 80 i4 þ 80 i5 ¼ 0 ) i4 ¼ �i5 (3.7-8)

Use Eq. 3.7-8 to eliminate i5 from Eq. 3.7-1.

i2 � i4 ¼ 0:5þ i4 ) i2 ¼ 0:5þ 2 i4 (3.7-9)

Use Eq. 3.7-9 to eliminate i4 from Eq. 3.7-6. Solve the resulting equation to determine the value of i2.

12 ¼ 40 i2 þ 80
i2 � 0:5

2

� �
¼ 80 i2 � 20 ) i2 ¼ 12þ 20

80
¼ 0:4 A (3.7-10)

FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the resistor voltages and currents.

Analyzing Resistive Circuits Using MATLAB 79

	 (3.7-10)
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Ya estamos listos para calcular los valores del resto de los voltajes y corrientes de los resistores como sigue

y 
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Now we are ready to calculate the values of the rest of the resistor voltages and currents as follows:

i4 ¼ i2 � 0:5

2
¼ 0:4� 0:5

2
¼ �0:05 A;

i6 ¼ i5 ¼ �i4 ¼ 0:05 A;

v2 ¼ 40 i2 ¼ 40 0:4ð Þ ¼ 1:6 V;

v4 ¼ 80 i4 ¼ 80 �0:05ð Þ ¼ �4 V;

v5 ¼ 48 i5 ¼ 48 0:05ð Þ ¼ 2:4 V;

and v6 ¼ 32 i6 ¼ 32 0:05ð Þ ¼ 1:6 V:

MATLAB Solution 1

The preceding algebra shows that this circuit can be represented by these equations:

12 ¼ 80 i2 � 20; i4 ¼ i2 � 0:5

2
; i6 ¼ i5 ¼ �i4; v2 ¼ 40 i2; v4 ¼ 80 i4;

v5 ¼ 48 i5; and v6 ¼ 32 i6

These equations can be solved consecutively, using MATLAB as shown in Figure 3.7-3.

FIGURE 3.7-3 Consecutive equations. FIGURE 3.7-4 Simultaneous equations.
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Solución 1 con MATLAB
El álgebra anterior muestra que este circuito se puede representar por estas ecuaciones:
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Estas	ecuaciones	se	pueden	despejar	de	manera	consecutiva	utilizando	MATLAB	como	muestra	la	figura	3.7-3.

FIGURA 3.7-3 Ecuaciones consecutivas. FIGURA 3.7-4 Ecuaciones simultáneas.
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Solución 2 con MATLAB
Podemos pasar por alto algo de álgebra si nos inclinamos a despejar las ecuaciones simultáneas.
 Después de aplicar las leyes de Kirchhoff y luego de utilizar las ecuaciones de la ley de Ohm para eliminar 
las	variables	que	representan	los	voltajes	de	los	resistores,	tenemos	las	ecuaciones	3.7-1,	2,	6	y	7:
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A circuit consisting of n elements has n currents and n voltages. A set of equations representing that

circuit could have as many as 2n unknowns. We can reduce the number of unknowns by labeling the

currents and voltages carefully. For example, suppose two of the circuit elements are connected in series.

We can choose the reference directions for the currents in those elements so that they are equal and use

one variable to represent both currents. Table 3.7-1 presents some guidelines that will help us reduce the

number of unknowns in the set of equations describing a given circuit.

MATLAB Solution 2

We can avoid some algebra if we are willing to solve simultaneous equations.

After applying Kirchhoff’s laws and then using the Ohm’s law equations to eliminate the variables

representing resistor voltages, we have Eqs 3.7-1, 2, 6, and 7:

i2 þ i5 ¼ 0:5þ i4; i5 ¼ i6; 12 ¼ 40 i2 þ 80 i4;

and 80 i4 þ 48 i5 þ 32 i6 ¼ 0

This set of four simultaneous equations in i2, i4, i5, and i6 can be written as a single matrix equation.

1 �1 1 0
0 0 1 �1
40 80 0 0
0 80 48 32

2
664

3
775

i2
i4
i5
i6

2
664

3
775 ¼

0:5
0
12
0

2
664

3
775 (3.7-11)

We can write this equation as

Ai ¼ B (3.7-12)

where

A ¼
1 �1 1 0
0 0 1 �1
40 80 0 0
0 80 48 32

2
664

3
775; i ¼

i2
i4
i5
i6

2
664

3
775 and B ¼

0:5
0
12
0

2
664

3
775

This matrix equation can be solved using MATLAB as shown in Figure 3.7-4. After entering matrices A and B,

the statement

i ¼ A=B

tells MATLAB to calculate i by solving Eq 3.7-12.

Table 3.7-1 Guidelines for Labeling Circuit Variables

CIRCUIT FEATURE GUIDELINE

Resistors Label the voltage and current of each resistor to adhere to the passive convention. Use

Ohm’s law to eliminate either the current or voltage variable.

Series elements Label the reference directions for series elements so that their currents are equal. Use one

variable to represent the currents of series elements.

Parallel elements Label the reference directions for parallel elements so that their voltages are equal. Use one

variable to represent the voltages of parallel elements.

Ideal Voltmeter Replace each (ideal) voltmeter by an open circuit. Label the voltage across the open circuit

to be equal to the voltmeter voltage.

Ideal Ammeter Replace each (ideal) ammeter by a short circuit. Label the current in the short circuit to be

equal to the ammeter current.

Analyzing Resistive Circuits Using MATLAB 81
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the statement
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tells MATLAB to calculate i by solving Eq 3.7-12.
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Este conjunto de cuatro ecuaciones simultáneas en i2, i4, i5 e i6 se puede escribir como una ecuación de matriz única.

 

E1C03_1 11/25/2009 81

A circuit consisting of n elements has n currents and n voltages. A set of equations representing that

circuit could have as many as 2n unknowns. We can reduce the number of unknowns by labeling the

currents and voltages carefully. For example, suppose two of the circuit elements are connected in series.

We can choose the reference directions for the currents in those elements so that they are equal and use

one variable to represent both currents. Table 3.7-1 presents some guidelines that will help us reduce the

number of unknowns in the set of equations describing a given circuit.

MATLAB Solution 2

We can avoid some algebra if we are willing to solve simultaneous equations.

After applying Kirchhoff’s laws and then using the Ohm’s law equations to eliminate the variables

representing resistor voltages, we have Eqs 3.7-1, 2, 6, and 7:

i2 þ i5 ¼ 0:5þ i4; i5 ¼ i6; 12 ¼ 40 i2 þ 80 i4;

and 80 i4 þ 48 i5 þ 32 i6 ¼ 0

This set of four simultaneous equations in i2, i4, i5, and i6 can be written as a single matrix equation.

1 �1 1 0
0 0 1 �1
40 80 0 0
0 80 48 32

2
664

3
775

i2
i4
i5
i6

2
664

3
775 ¼

0:5
0
12
0

2
664

3
775 (3.7-11)

We can write this equation as

Ai ¼ B (3.7-12)

where

A ¼
1 �1 1 0
0 0 1 �1
40 80 0 0
0 80 48 32

2
664

3
775; i ¼

i2
i4
i5
i6

2
664

3
775 and B ¼

0:5
0
12
0

2
664

3
775

This matrix equation can be solved using MATLAB as shown in Figure 3.7-4. After entering matrices A and B,

the statement

i ¼ A=B

tells MATLAB to calculate i by solving Eq 3.7-12.

Table 3.7-1 Guidelines for Labeling Circuit Variables

CIRCUIT FEATURE GUIDELINE

Resistors Label the voltage and current of each resistor to adhere to the passive convention. Use

Ohm’s law to eliminate either the current or voltage variable.

Series elements Label the reference directions for series elements so that their currents are equal. Use one

variable to represent the currents of series elements.

Parallel elements Label the reference directions for parallel elements so that their voltages are equal. Use one

variable to represent the voltages of parallel elements.

Ideal Voltmeter Replace each (ideal) voltmeter by an open circuit. Label the voltage across the open circuit

to be equal to the voltmeter voltage.

Ideal Ammeter Replace each (ideal) ammeter by a short circuit. Label the current in the short circuit to be

equal to the ammeter current.

Analyzing Resistive Circuits Using MATLAB 81

	 (3.7-11)

Podemos escribir esta ecuación como
 Ai 5 B	 (3.7-12)
donde 
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Esta	ecuación	de	matriz	se	puede	despejar	utilizando	MATLAB	como	se	muestra	en	la	figura	3.7-4.	Después	de	
introducir las matrices A y B, la expresión
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indica a MATLAB que calcule i	despejando	la	ecuación	3.7-12.

Tabla 3.7-1 Lineamientos para el etiquetado de variables de circuito

CARACTERÍSTICA  
DEL CIRCUITO

 
LINEAMIENTO

Resistores Etiquete el voltaje y la corriente de cada resistor para que se apeguen a la convención pasiva. 
Use la ley de Ohm para eliminar la variable ya sea de la corriente o el voltaje.

Elementos en serie Etiquete las direcciones de referencia para elementos en serie de modo que sus corrientes 
sean iguales. Utilice una variable para representar las corrientes de los elementos en serie.

Elementos en paralelo Etiquete las direcciones de referencia para elementos en paralelo de modo que sus voltajes 
sean iguales. Utilice una variable para representar las corrientes de los elementos en paralelo.

Voltímetro ideal Reemplace cada voltímetro (ideal) por un circuito abierto. Etiquete el voltaje a través  
del circuito abierto para que sea igual al voltaje del voltímetro.

Amperímetro ideal Reemplace cada amperímetro (ideal) por un cortocircuito. Etiquete la corriente en el  
cortocircuito para que sea igual a la corriente del amperímetro.

 Un circuito con n elementos tiene n corrientes y n voltajes. Un conjunto de ecuaciones que 
representen	ese	circuito	podría	tener	incógnitas	de	hasta	2	enésimas. Podemos reducir la cantidad de 
incógnitas si etiquetamos con gran cuidado las corrientes y los voltajes. Por ejemplo, suponga que dos 
de los elementos del circuito están conectados en serie. Elegimos las direcciones de referencia para 
las corrientes en esos elementos de modo que sean iguales y utilicen una variable para representar 
ambas	corrientes.	La	tabla	3.7-1	presenta	algunos	lineamientos	que	nos	ayudarán	a	reducir	el	número	
de incógnitas en el conjunto de ecuaciones que describen un circuito dado.
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	 82	 Circuitos resistivos

3.8 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que se 
ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computadora  
para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, las 
cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

El	circuito	que	se	muestra	en	la	figura	3.8-1a se analizó escribiendo y despejando un conjunto de ecuaciones 
simultáneas: 
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3.8 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

E X A M P L E 3 . 8 - 1 How Can We Check Voltage and Current Values?

The circuit shown in Figure 3.8-1a was analyzed by writing and solving a set of simultaneous equations:

12 ¼ v2 þ 4i3; i4 ¼ v2

5
þ i3; v5 ¼ 4i3; and

v5

2
¼ i4 þ 5i4

The computer Mathcad (Mathcad User’s Guide, 1991) was used to solve the equations as shown in Figure 3.8-

1b. It was determined that

v2 ¼ �60 V; i3 ¼ 18 A; i4 ¼ 6 A; and v5 ¼ 72 V:

How can we check that these currents and voltages are correct?

FIGURE 3.8-1 (a) An example circuit and (b) computer analysis using Mathcad.
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Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

E X A M P L E 3 . 8 - 1 How Can We Check Voltage and Current Values?

The circuit shown in Figure 3.8-1a was analyzed by writing and solving a set of simultaneous equations:

12 ¼ v2 þ 4i3; i4 ¼ v2

5
þ i3; v5 ¼ 4i3; and

v5

2
¼ i4 þ 5i4

The computer Mathcad (Mathcad User’s Guide, 1991) was used to solve the equations as shown in Figure 3.8-

1b. It was determined that

v2 ¼ �60 V; i3 ¼ 18 A; i4 ¼ 6 A; and v5 ¼ 72 V:

How can we check that these currents and voltages are correct?

FIGURE 3.8-1 (a) An example circuit and (b) computer analysis using Mathcad.
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Para	resolver	las	ecuaciones	que	se	muestran	en	la	figura	3.8-1b se empleó la computadora Mathcad (Mathcad 
User’s Guide, 1991). Se determinó que 
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 ¿Cómo podemos comprobar que	estas	corrientes	y	voltajes	son	correctos?

FIGURA 3.8-1 (a) Circuito de ejemplo y (b) análisis por computadora utilizando Mathcad.

EjEmplo 3.8-1 ¿Cómo	podemos	comprobar	los	valores	del	voltaje	y	la	corriente?
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 ¿Cómo lo podemos comprobar . . . ? 83

Solución
La corriente i2 se puede calcular desde v2, i3, i4 y v5 en un par de maneras distintas. Primero, la ley de Ohm da
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Solution
The current i2 can be calculated from v2, i3, i4, and v5 in a couple of different ways. First, Ohm’s law gives

i2 ¼ v2

5
¼ �60

5
¼ �12 A

Next, applying KCL at node b gives

i2 ¼ i3 þ i4 ¼ 18þ 6 ¼ 24 A

Clearly, i2 cannot be both �12 and 24 A, so the values calculated for v2, i3, i4, and v5 cannot be correct.

Checking the equations used to calculate v2, i3, i4, and v5, we find a sign error in the KCL equation

corresponding to node b. This equation should be

i4 ¼ v2

5
� i3

After making this correction, v2, i3, i4, and v5 are calculated to be

v2 ¼ 7:5 V; i3 ¼ 1:125 A; i4 ¼ 0:375 A; v5 ¼ 4:5 V

Now i2 ¼ v2

5
¼ 7:5

5
¼ 1:5 A

and i2 ¼ i3 þ i4 ¼ 1:125þ 0:375 ¼ 1:5A

This checks as we expected.

As an additional check, consider v3. First, Ohm’s law gives

v3 ¼ 4i3 ¼ 4(1:125) ¼ 4:5 V

Next, applying KVL to the loop consisting of the voltage source and the 4-V and 5-V resistors gives

v3 ¼ 12� v2 ¼ 12� 7:5 ¼ 4:5 V

Finally, applying KVL to the loop consisting of the 2-V and 4-V resistors gives

v3 ¼ v5 ¼ 4:5 V

The results of these calculations agree with each other, indicating that

v2 ¼ 7:5 V; i3 ¼ 1:125 A; i4 ¼ 0:375 A; v5 ¼ 4:5 V

are the correct values.
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A continuación, aplicando la KCL en el nodo b resulta
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Desde luego, i2 no puede ser ni de 212	ni	de	24	A,	por	lo	que	los	valores	calculados	para	v2, i3, i4 y v5 no pueden 
ser correctos. Al verificar las ecuaciones que se usaron para calcular v2, i3, i4 y v5, encontramos un error de signo 
en la ecuación de la KCL correspondiente al nodo b. Esta ecuación debería ser 
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Luego de haber hecho esta corrección, se calcula que v2, i3, i4 y v5 sean
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v3 ¼ 4i3 ¼ 4(1:125) ¼ 4:5 V

Next, applying KVL to the loop consisting of the voltage source and the 4-V and 5-V resistors gives
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Finally, applying KVL to the loop consisting of the 2-V and 4-V resistors gives
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are the correct values.
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Como se esperaba, esto ya concuerda.
 Como una comprobación adicional, considere v3. Primero, la ley de Ohm da
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The results of these calculations agree with each other, indicating that

v2 ¼ 7:5 V; i3 ¼ 1:125 A; i4 ¼ 0:375 A; v5 ¼ 4:5 V

are the correct values.
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A	continuación,	aplicando	la	KVL	al	circuito	cerrado	que	consta	de	la	fuente	de	voltaje	y	los	resistores	de	4-V y 
5-V, nos da
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v2 ¼ 7:5 V; i3 ¼ 1:125 A; i4 ¼ 0:375 A; v5 ¼ 4:5 V

are the correct values.
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Finalmente,	aplicando	la	KVL	al	circuito	cerrado	que	consta	de	los	resistores	de	2-V	y	4-V, resulta
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Los resultados de estos cálculos concuerdan entre sí, lo que indica que
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son los valores correctos.
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	 84	 Circuitos resistivos

3 . 9  E J E M P LO  D E  D I S E Ñ O

FUENTE DE VOLTAJE AJUSTABLE
Se	requiere	que	un	circuito	proporcione	un	voltaje	ajustable.	Las	especificaciones	para	este	
circuito son que:

1.  El voltaje debe poderse ajustar a cualquier valor entre 25 V y 15 V. No deberá haber 
posibilidad de que se obtenga de manera accidental un voltaje fuera de ese margen.

2. La	corriente	de	carga	debe	ser	insignificante.

3. El circuito debe utilizar la menor potencia posible.

Los componentes disponibles son:

1. Potenciómetros:	hay	en	existencia	valores	de	resistencia	de	10	V,	20	V	y	50	V.

2. 	Un	gran	surtido	de	resistores	estándar	de	2%	con	valores	entre	10	V	y	1	V	(vea	apén-
dice D).

3. 	Dos	alimentadores	de	potencia	(fuentes	de	voltaje):	uno	de	12	V	y	otro	de	212	V,	ambos	
clasificados	a	100	mA	(máximo).

Describa la situación y los supuestos
La	figura	3.9-1	muestra	la	situación.	El	voltaje	v es el voltaje ajustable. Al circuito que utiliza 
la salida del circuito que se va a diseñar se le llama a veces la carga. En este caso, la corriente 
de	carga	no	es	significativa:	por	lo	tanto,	i 5	0.

Corriente de carga

Circuito 
de carga

Circuito 
que se ha 
de diseñar

 

FIGURA 3.9.1 El circuito que se 
va a diseñar proporciona un voltaje 
ajustable, v, a la carga del circuito.

Establezca el objetivo
Un circuito que proporciona el voltaje ajustable
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3 . 9 DES IGN EXAMPLE

ADJUSTABLE VOLTAGE SOURCE

A circuit is required to provide an adjustable voltage. The specifications for this circuit are

that:

1. It should be possible to adjust the voltage to any value between�5 V andþ5 V. It should

not be possible accidentally to obtain a voltage outside this range.

2. The load current will be negligible.

3. The circuit should use as little power as possible.

The available components are:

1. Potentiometers: resistance values of 10 kV, 20 kV, and 50 kV are in stock

2. A large assortment of standard 2 percent resistors having values between 10V and 1 MV
(see Appendix D)

3. Two power supplies (voltage sources): one 12-V supply and one �12-V supply, both

rated at 100 mA (maximum)

Describe the Situation and the Assumptions
Figure 3.9-1 shows the situation. The voltage v is the adjustable voltage. The circuit that uses

the output of the circuit being designed is frequently called the load. In this case, the load

current is negligible, so i¼ 0.

FIGURE 3.9-1 The circuit being

designed provides an adjustable

voltage, v, to the load circuit.

State the Goal
A circuit providing the adjustable voltage

�5V � v � þ5V

must be designed using the available components.

Generate a Plan
Make the following observations.

1. The adjustability of a potentiometer can be used to obtain an adjustable voltage v.

2. Both power supplies must be used so that the adjustable voltage can have both positive

and negative values.

3. The terminals of the potentiometer cannot be connected directly to the power supplies

because the voltage v is not allowed to be as large as 12 V or �12 V.

84 Resistive Circuits

se debe diseñar utilizando los componentes disponibles.

Genere un plan
Haga las siguientes observaciones:

1.  La adaptabilidad de un potenciómetro se puede utilizar para obtener un voltaje v ajustable.

2.  Se deben utilizar los dos alimentadores de energía de modo que el voltaje ajustable pueda 
contar con los dos valores, positivo y negativo.

3.  Las terminales del potenciómetro no se deben conectar directamente a los suministros de 
energía porque no se permite que el voltaje v	sea	tanto	de	12	V	o	de	212	V.
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Estas	observaciones	nos	recuerdan	el	circuito	que	se	muestra	en	la	figura	3.9-2a. El circuito 
de	la	figura	3.9-2b se obtiene utilizando el modelo más sencillo para cada componente de la 
figura	3.9-2a.

Circuito 
de carga

FIGURA 3.9-2 (a) Propuesta de un circuito para producir el voltaje variable, v, y (b) el circuito equivalente 
después de que el potenciómetro ha sido modelado.

	 Para	completar	el	diseño	se	necesitan	especificar	los	valores	de	R1, R2 y Rp. Después, se 
requiere que cada resultado se compruebe y se le hagan los ajustes que fueren necesarios.

1. ¿El voltaje v se puede ajustar a cualquier valor en el rango de 25 V a 15	V?

2. 	¿Las	corrientes	de	 la	 fuente	de	voltaje	 son	menores	de	100	mA?	Se	debe	satisfacer	esta	
condición si se han de modelar los alimentadores de potencia como fuentes de voltaje ideales.

3. ¿Se puede reducir la potencia absorbida por R1, R2 y Rp?

Actúe sobre el plan
Pareciera que R1 y R2	tuvieran el mismo valor, por lo que R1 5 R2 5 Rp. Entonces es conve-
niente	hacer	un	nuevo	dibujo	de	la	figura	3.9-2b	como	se	muestra	en	la	figura	3.9-3.

 FIGURA 3.9-3 El circuito, después de haber establecido R1	5 R2 5 R.

 Aplicar la KVL al circuito cerrado exterior da como resultado
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These observations suggest the circuit shown in Figure 3.9-2a. The circuit in Figure 3.9-2b is

obtained by using the simplest model for each component in Figure 3.9-2a.

FIGURE 3.9-2 (a) A proposed circuit for producing the variable voltage, v, and (b) the equivalent circuit

after the potentiometer is modeled.

To complete the design, values need to be specified for R1, R2, and Rp. Then several

results need to be checked and adjustments made, if necessary.

1. Can the voltage v be adjusted to any value in the range �5 V to þ5V?

2. Are the voltage source currents less than 100 mA? This condition must be satisfied if the

power supplies are to be modeled as ideal voltage sources.

3. Is it possible to reduce the power absorbed by R1, R2, and Rp?

Act on the Plan
It seems likely that R1 and R2 will have the same value, so let R1¼R2¼R. Then it is

convenient to redraw Figure 3.9-2b as shown in Figure 3.9-3.

FIGURE 3.9-3 The circuit after setting R1¼R2¼R.

Applying KVL to the outside loop yields

�12þ Ria þ aRp ia þ (1� a)Rp ia þ Ria � 12 ¼ 0

so ia ¼ 24

2Rþ Rp

Next, applying KVL to the left loop gives

v ¼ 12� (Rþ aRp)ia

Substituting for ia gives

v ¼ 12� 24 Rþ aRp

� �
2Rþ Rp

Design Example 85

por lo que  
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These observations suggest the circuit shown in Figure 3.9-2a. The circuit in Figure 3.9-2b is

obtained by using the simplest model for each component in Figure 3.9-2a.

FIGURE 3.9-2 (a) A proposed circuit for producing the variable voltage, v, and (b) the equivalent circuit

after the potentiometer is modeled.

To complete the design, values need to be specified for R1, R2, and Rp. Then several

results need to be checked and adjustments made, if necessary.

1. Can the voltage v be adjusted to any value in the range �5 V to þ5V?

2. Are the voltage source currents less than 100 mA? This condition must be satisfied if the

power supplies are to be modeled as ideal voltage sources.

3. Is it possible to reduce the power absorbed by R1, R2, and Rp?

Act on the Plan
It seems likely that R1 and R2 will have the same value, so let R1¼R2¼R. Then it is

convenient to redraw Figure 3.9-2b as shown in Figure 3.9-3.

FIGURE 3.9-3 The circuit after setting R1¼R2¼R.

Applying KVL to the outside loop yields

�12þ Ria þ aRp ia þ (1� a)Rp ia þ Ria � 12 ¼ 0

so ia ¼ 24

2Rþ Rp

Next, applying KVL to the left loop gives

v ¼ 12� (Rþ aRp)ia

Substituting for ia gives

v ¼ 12� 24 Rþ aRp

� �
2Rþ Rp

Design Example 85

A continuación, aplicando la KVL al circuito cerrado de la izquierda resulta
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These observations suggest the circuit shown in Figure 3.9-2a. The circuit in Figure 3.9-2b is

obtained by using the simplest model for each component in Figure 3.9-2a.

FIGURE 3.9-2 (a) A proposed circuit for producing the variable voltage, v, and (b) the equivalent circuit

after the potentiometer is modeled.

To complete the design, values need to be specified for R1, R2, and Rp. Then several

results need to be checked and adjustments made, if necessary.

1. Can the voltage v be adjusted to any value in the range �5 V to þ5V?

2. Are the voltage source currents less than 100 mA? This condition must be satisfied if the

power supplies are to be modeled as ideal voltage sources.

3. Is it possible to reduce the power absorbed by R1, R2, and Rp?

Act on the Plan
It seems likely that R1 and R2 will have the same value, so let R1¼R2¼R. Then it is

convenient to redraw Figure 3.9-2b as shown in Figure 3.9-3.

FIGURE 3.9-3 The circuit after setting R1¼R2¼R.

Applying KVL to the outside loop yields

�12þ Ria þ aRp ia þ (1� a)Rp ia þ Ria � 12 ¼ 0

so ia ¼ 24

2Rþ Rp

Next, applying KVL to the left loop gives

v ¼ 12� (Rþ aRp)ia

Substituting for ia gives

v ¼ 12� 24 Rþ aRp

� �
2Rþ Rp

Design Example 85

Sustituyendo ia nos da
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These observations suggest the circuit shown in Figure 3.9-2a. The circuit in Figure 3.9-2b is

obtained by using the simplest model for each component in Figure 3.9-2a.

FIGURE 3.9-2 (a) A proposed circuit for producing the variable voltage, v, and (b) the equivalent circuit

after the potentiometer is modeled.

To complete the design, values need to be specified for R1, R2, and Rp. Then several

results need to be checked and adjustments made, if necessary.

1. Can the voltage v be adjusted to any value in the range �5 V to þ5V?

2. Are the voltage source currents less than 100 mA? This condition must be satisfied if the

power supplies are to be modeled as ideal voltage sources.

3. Is it possible to reduce the power absorbed by R1, R2, and Rp?

Act on the Plan
It seems likely that R1 and R2 will have the same value, so let R1¼R2¼R. Then it is

convenient to redraw Figure 3.9-2b as shown in Figure 3.9-3.

FIGURE 3.9-3 The circuit after setting R1¼R2¼R.

Applying KVL to the outside loop yields

�12þ Ria þ aRp ia þ (1� a)Rp ia þ Ria � 12 ¼ 0

so ia ¼ 24

2Rþ Rp

Next, applying KVL to the left loop gives

v ¼ 12� (Rþ aRp)ia

Substituting for ia gives

v ¼ 12� 24 Rþ aRp

� �
2Rþ Rp

Design Example 85
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Cuando a 5	0,	v debe ser 5 V, por lo tanto, 

E1C03_1 11/25/2009 86

When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

Despejando R resulta

R 5	0.7Rp

Suponga que la resistencia del potenciómetro se ha seleccionado como Rp 5	20	kV, el valor 
intermedio de los tres valores disponibles.
 Entonces,

R 5	14	kV

Verifique la solución propuesta
A guisa de comprobación, observe que cuando a 5	1,

E1C03_1 11/25/2009 86

When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

Como	se	requería.	La	especificación	de	que

E1C03_1 11/25/2009 86

When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

se ha satisfecho. La potencia absorbida por las tres resistencias es
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

por lo tanto,  p 5	12	mW

Observe que esta potencia se puede reducir si se elige que Rp	sea	lo	más	grande	posible,	50	V 
en este caso. Cambiar Rp	a	50	V requiere un nuevo valor de R:
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

Porque
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

la	especificación	de	que
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

se ha satisfecho. Ahora la potencia absorbida por las tres resistencias es 
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

Finalmente, la corriente del suministro de energía es
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When a¼ 0, v must be 5 V, so

5 ¼ 12� 24R

2Rþ Rp

Solving for R gives

R ¼ 0:7Rp

Suppose the potentiometer resistance is selected to be Rp¼ 20 kV, the middle of the three

available values.

Then,

R ¼ 14 kV

Verify the Proposed Solution
As a check, notice that when a¼ 1,

v ¼ 12� 14,000þ 20,000

28,000 kþ 20,000

� �
24 ¼ �5

as required. The specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is

p ¼ ia
2(2Rþ Rp) ¼ 242

2Rþ Rp

so p ¼ 12 mW

Notice that this power can be reduced by choosing Rp to be as large as possible, 50 kV in

this case. Changing Rp to 50 kV requires a new value of R:

R ¼ 0:7� Rp ¼ 35 kV

Because

�5 V ¼ 12� 35,000þ 50,000

70,000þ 50,000

� �
24 � v � 12� 35,000

70,000þ 50,000

� �
24 ¼ 5 V

the specification that

�5 V � v � 5 V

has been satisfied. The power absorbed by the three resistances is now

p ¼ 242

50,000þ 70,000
¼ 5 mW

Finally, the power supply current is

ia ¼ 24

50,000þ 70,000
¼ 0:2 mA

which is well below the 100 mA that the voltage sources are able to supply. The design is

complete.

86 Resistive Circuits

la	cual	está	bien	por	debajo	de	los	100	mA	que	las	fuentes	de	voltaje	son	capaces	de	alimentar.	
El diseño está completo.
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3.10 RESUMEN
  La ley de la corriente de Kirchhoff (KCL) establece que la 

suma algebraica de las corrientes que entran en un nodo es 
cero. La ley del voltaje de Kirchhoff (KVL) establece que la 
suma algebraica de los voltajes en torno a un circuito cerra-
do (loop) es cero.

  Se pueden analizar circuitos eléctricos sencillos utilizando 
solamente las leyes de Kirchhoff y las ecuaciones constituti-
vas de los elementos del circuito.

  Los resistores en serie actúan como un “divisor de voltaje”, 
los resistores en paralelo funcionan como un “divisor de co-
rriente”.	Las	primeras	dos	hileras	de	la	tabla	3.10-1	resumen	
estas ecuaciones tan importantes.

  Los resistores en serie equivalen a un “resistor equivalente” 
único. Del mismo modo, los resistores en paralelo equivalen 
a un “resistor equivalente” único. Las dos primeras hileras 
de	la	tabla	3.10-1	resumen	tan	importantes	ecuaciones.

  Las fuentes de voltaje en serie equivalen a una “fuente de 
voltaje equivalente” única. Del mismo modo, las fuentes  
de corriente en paralelo equivalen a una “corriente equiva-
lente”	única.	Las	dos	últimas	hileras	de	la	tabla	3.10-1	resu-
men tan importantes ecuaciones.

  En ocasiones, los circuitos que constan por completo de re-
sistores se pueden reducir a un resistor equivalente único al 
reemplazar de manera repetida los resistores en serie o en 
paralelo por resistores equivalentes.

Tabla 3.10-1 Circuitos equivalentes para elementos en serie y en paralelo

Fuentes de corriente
en paralelo

Resistores en serie Circuito Circuito

Circuito Circuito

Circuito Circuito

Circuito Circuito

Resistores en paralelo

Fuentes de voltaje
en serie

y

e y

y

y

e
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Sección 3.2 Leyes de Kirchhoff

P 3.2-1	 Considere	el	circuito	que	se	muestra	en	la	figura	3.2-1.	
Determine los valores de la potencia alimentada por la exten-
sión B y la potencia alimentada por la extensión F.

Figura P 3.2-1

P 3.2-2 Determine los valores de i2, i4, v2, v3 y v6	en	la	figura	
P	3.3-2.

Figura P 3.2-2

P 3.2-3	 Considere	el	circuito	que	se	muestra	en	la	figura	P	3.2-3.

(a)  Suponga que R1 5	8	V y R2 5	4	V. Encuentre la corriente 
i y el voltaje v.

(b)  Suponga, en cambio, que i 5	2.25	A	y	v 5	42	V.	Determi-
ne las resistencias R1 y R2.

(c)  Suponga, en cambio, que la fuente de voltaje alimenta 
24	W	de	potencia	y	que	 la	 fuente	de	 corriente	 alimenta	 
9	W	de	potencia.	Determine	la	corriente	i, el voltaje v y las 
resistencias R1 y R2.

Figura P 3.2-3

P 3.2-4 Determine la potencia absorbida por cada resistor en 
el	circuito	que	se	muestra	en	la	figura	P	3.2-4.

Respuesta:	El	resistor	de	4-V	absorbe	100	W,	el	de	6-V absor-
be	24	W	y	el	de	8-V	absorbe	72	W.

Figura P 3.2-4

P 3.2-5 Determine la potencia absorbida por cada resistor en 
el	circuito	que	se	muestra	en	la	figura	P	3.2-5.

Respuesta:	El	resistor	de	4	V	absorbe	16	W,	el	de	6	V absorbe 
24	W	y	el	de	8	V	absorbe	8	W.

Figura P 3.2-5

P 3.2-6 Determine la potencia alimentada por cada fuente de 
corriente	en	el	circuito	de	la	figura	P	3.2-6.

Respuesta:	La	fuente	de	corriente	de	2-mA	alimenta	6	mW	y	
la	fuente	de	corriente	de	1-mA	alimenta	27	mW.

Figura P 3.2-6

P 3.2-7 Determine la potencia alimentada por cada fuente de 
voltaje	en	el	circuito	de	la	figura	P	3.2-7.

Respuesta:	La	fuente	de	voltaje	de	2	V	alimenta	2	mW	y	la	
fuente	de	voltaje	de	3-V	alimenta	26	mW.

Figura P 3.2-7
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Figura P 3.2-11

P 3.2-12 Determine la potencia recibida por cada resistor en 
el	circuito	mostrado	en	la	figura	P	3.2-12.

Figura P 3.2-12

P 3.2-13 Determine el voltaje y la corriente de cada uno de 
los elementos de circuito en el circuito que se muestra en la 
figura	P	3.2-13

Sugerencia:	Necesitará	especificar	las	direcciones	de	referen-
cia para los voltajes y las corrientes. Hay más de una manera 
de hacerlo, y sus respuestas dependerán de las direcciones de 
referencia que elija.

Figura P 3.2-13

P 3.2-14 Determine el voltaje y la corriente de cada uno de 
los	elementos	de	circuito	en	el	circuito	de	la	figura	P	3.2-14.

Sugerencia:	Necesitará	especificar	las	direcciones	de	referen-
cia para los voltajes y corrientes de los elementos. Hay más 
de una manera de hacerlo, y sus respuestas dependerán de las 
direcciones de referencia que elija.

P 3.2-8 ¿Cuál es el valor de la resistencia R	en	la	figura	P	3.2-8?

Sugerencia: Suponga un amperímetro ideal, pues equivale a 
un cortocircuito.

Respuesta: R 5	4	V

Amperímetro

Figura P 3.2-8

P 3.2-9	 El	voltímetro	de	la	figura	P	3.2-9	mide	el	valor	del	
voltaje a través de la fuente de corriente a 56 V. ¿Cuál es el 
valor de la resistencia R?

Sugerencia: Suponga un voltímetro ideal, el cual es equiva-
lente a un circuito abierto.

Respuesta: R 5	10	V

Voltímetro

Figura P 3.2-9

P 3.2-10 Determine los valores de las resistencias R1 y R2 en 
la	figura	P	3.2-10.

Voltímetro Voltímetro

Figura P 3.2-10

P 3.2-11	 El	circuito	que	se	muestra	en	la	figura	P	3.2-11	cons-
ta de cinco fuentes de voltaje y cuatro fuentes de corriente. 
Exprese la potencia alimentada por cada fuente en términos de 
los voltajes de las fuentes de voltaje y de las corrientes de las 
fuentes de corriente. 
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P 3.2-19	 La	fuente	de	voltaje	en	la	figura	P	3.2-19	alimenta	
3.6	W	de	potencia.	La	fuente	de	corriente	alimenta	4.8	W.	De-
termine los valores de las resistencias R1 y R2.

Figura P 3.2-19

P 3.2-20 Determine la corriente i	en	la	figura	3.2-20.

Respuesta: i 5	4	A

Figura P 3.2-20

P 3.2-21 Determine el valor de la corriente im	 en	 la	figura	
P	3.2-21a.

Figura P 3.2-21 (a) Un circuito que contiene una VCCS. (b) 
El circuito después de haber etiquetado los nodos y algunas 
corrientes y voltajes de elementos.

Sugerencia:	Aplicar	la	KVL	a	la	ruta	cerrada	a-b-d-c-a	en	la	
figura	P	3.2-21a para determinar va. Luego aplique la KCL en 
el nodo b para encontrar im.

Respuesta: im 5	9	A

P 3.2-22 Determine el valor del voltaje vm	en	la	figura	P	3.2-22a.

Sugerencia:	Aplicar	la	KVL	a	la	ruta	cerrada	a-b-d-c-a	en	la	
figura	P	3.2-22b para determinar va.

Respuesta: vm 5	24	V

Figura P 3.2-14

P 3.2-15 Determine el valor de la corriente medida por el 
contador	en	la	figura	P	3.2-15.	

Amperímetro

Figura P 3.2-15

P 3.2-16 Determine el valor de la corriente medida por el 
contador	en	la	figura	P	3.2-16.

Amperímetro

Figura P 3.2-16

P 3.2-17 Determine el valor del voltaje medido por el conta-
dor	en	la	figura	P	3.2-17.

Voltímetro

Figura P 3.2-17

P 3.2-18 Determine el valor de la corriente medida por el 
contador	en	la	figura	P	3.2-18.

Voltímetro

Figura P 3.2-18
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P 3.2-26 Determine el valor del voltaje v5 para el circuito que 
se	muestra	en	la	figura	P	3.2-26.

Figura P 3.2-26

P 3.2-27 Determine el valor del voltaje v6 para el circuito que 
se	muestra	en	la	figura	P	3.2-27.

Figura P 3.2-27

P 3.2-28 Determine el valor del voltaje v5 para el circuito que 
se	muestra	en	la	figura	P	3.2-28.

Figura P 3.2-28

P 3.2-29 La fuente de voltaje en el circuito que se muestra 
en	la	figura	P	3.2-29	alimenta	2	W	de	potencia.	El	valor	del	
voltaje	a	través	del	resistor	de	25-V es v2 5	4	V.	Determine	los	
valores de la resistencia R1 y de la ganancia, G, de las VCCS.

Figura P 3.2-29

P 3.2-30	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.2-30.	Determine	los	valores	de

(a) La corriente ia	en	el	resistor	de	20-V.
(b) El voltaje vb	a	través	del	resistor	de	10-V.
(c) La corriente ic en la fuente de voltaje independiente.

Figura P 3.2-22 (a) Un circuito que contiene una VCVS. (b) 
El circuito después de haber etiquetado los nodos y algunas 
corrientes y voltajes de los elementos.

P 3.2-23 Determine el valor del voltaje v6 para el circuito que 
se	muestra	en	la	figura	P	3.2-23.

Figura P 3.2-23

P 3.2-24 Determine el valor del voltaje v6 para el circuito que 
se	muestra	en	la	figura	P	3.2-24.

Figura P 3.2-24

P 3.2-25 Determine el valor del voltaje v5 para el circuito que 
se	muestra	en	la	figura	P	3.2-25.

Figura P 3.2-25
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Voltímetro

Figura P 3.3-3

P 3.3-4 Determine el voltaje v en el circuito que se muestra 
en	la	figura	3.3-4.

Figura P 3.3-4

P 3.3-5	 En	la	figura	P	3.3-5	se	muestra	el	modelo	de	un	ca-
ble y resistor de carga conectado a una fuente. Determine la 
resistencia apropiada del cable, R, de modo que el voltaje 
de salida, vo,	se	mantenga	entre	9	V	y	13	V	cuando	la	fuente	de	
voltaje, vs,	tenga	una	variación	entre	20	V	y	28	V.	La	resisten-
cia del cable puede asumir valores enteros sólo en el rango de  
20	, R ,	100	V.

Figura P 3.3-5 Circuito con un cable.

P 3.3-6	 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.3-6	es	el	voltaje	de	la	fuente	de	voltaje,	va. La salida de este 
circuito es el voltaje medido por el voltímetro vb. El circuito 
produce una salida que es proporcional a la entrada, es decir,

E1C03_1 11/25/2009 92

Figure P 3.2-30

Section 3.3 Series Resistors and Voltage Division

P 3.3-1 Use voltage division to determine the voltages v1, v2,

v3, and v4 in the circuit shown in Figure P 3.3-1.

Figure P 3.3-1

P 3.3-2 Consider the circuits shown in Figure P 3.3-2.

(a) Determine the value of the resistance R in Figure P 3.3-2b

that makes the circuit in Figure P 3.3-2b equivalent to the

circuit in Figure P 3.3-2a.

(b) Determine the current i in Figure P 3.3-2b. Because the

circuits are equivalent, the current i in Figure P 3.3-2a is

equal to the current i in Figure P 3.3-2b.

(c) Determine the power supplied by the voltage source.

Figure P 3.3-2

P 3.3-3 The ideal voltmeter in the circuit shown in Figure

P 3.3-3 measures the voltage v.

(a) Suppose R2¼ 50 V. Determine the value of R1.

(b) Suppose, instead, R1¼ 50 V. Determine the value of

R2.

(c) Suppose, instead, that the voltage source supplies 1.2W of

power. Determine the values of both R1 and R2.

Figure P 3.3-3

P 3.3-4 Determine the voltage v in the circuit shown in

Figure P 3.3-4.

Figure P 3.3-4

P 3.3-5 The model of a cable and load resistor connected to a

source is shown in Figure P 3.3-5. Determine the appropriate

cable resistance, R, so that the output voltage, vo, remains

between 9 V and 13 V when the source voltage, vs, varies

between 20 V and 28 V. The cable resistance can assume

integer values only in the range 20 < R < 100 V.

Figure P 3.3-5 Circuit with a cable.

P 3.3-6 The input to the circuit shown in Figure P 3.3-6 is

the voltage of the voltage source, va. The output of this circuit is

the voltagemeasured by the voltmeter, vb. This circuit produces

an output that is proportional to the input, that is,

vb ¼ k va

where k is the constant of proportionality.

(a) Determine the value of the output, vb, when R¼ 180V and

va¼ 18 V.

(b) Determine the value of the power supplied by the voltage

source when R¼ 180 V and va¼ 18 V.

(c) Determine the value of the resistance, R, required to cause

the output to be vb¼ 2 V when the input is va¼ 18 V.

(d) Determine the value of the resistance, R, required to cause

vb¼ 0.2va ðthat is, the value of the constant of proportion-
ality is k ¼ 2

10
Þ.

92 Resistive Circuits

donde k es la constante de proporcionalidad.

(a)  Determine el valor de la salida, vb, cuando R 5	180	V y 
va 5	18	V.

(b)  Determine el valor de la potencia alimentada por la fuente 
de voltaje cuando R 5	180	V y va 5	18	V.

(c)  Determine el valor de la resistencia, R, requerida para que 
la salida sea vb 5	2	V	cuando	la	entrada	va 5	18	V.

(d)  Determine el valor de la resistencia, R, requerida para que 
vb 5	0.2	va (es decir, que el valor de la constante de pro-
porcionalidad sea 
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Figure P 3.2-30

Section 3.3 Series Resistors and Voltage Division

P 3.3-1 Use voltage division to determine the voltages v1, v2,

v3, and v4 in the circuit shown in Figure P 3.3-1.

Figure P 3.3-1

P 3.3-2 Consider the circuits shown in Figure P 3.3-2.

(a) Determine the value of the resistance R in Figure P 3.3-2b

that makes the circuit in Figure P 3.3-2b equivalent to the

circuit in Figure P 3.3-2a.

(b) Determine the current i in Figure P 3.3-2b. Because the

circuits are equivalent, the current i in Figure P 3.3-2a is

equal to the current i in Figure P 3.3-2b.

(c) Determine the power supplied by the voltage source.

Figure P 3.3-2

P 3.3-3 The ideal voltmeter in the circuit shown in Figure

P 3.3-3 measures the voltage v.

(a) Suppose R2¼ 50 V. Determine the value of R1.

(b) Suppose, instead, R1¼ 50 V. Determine the value of

R2.

(c) Suppose, instead, that the voltage source supplies 1.2W of

power. Determine the values of both R1 and R2.

Figure P 3.3-3

P 3.3-4 Determine the voltage v in the circuit shown in

Figure P 3.3-4.

Figure P 3.3-4

P 3.3-5 The model of a cable and load resistor connected to a

source is shown in Figure P 3.3-5. Determine the appropriate

cable resistance, R, so that the output voltage, vo, remains

between 9 V and 13 V when the source voltage, vs, varies

between 20 V and 28 V. The cable resistance can assume

integer values only in the range 20 < R < 100 V.

Figure P 3.3-5 Circuit with a cable.

P 3.3-6 The input to the circuit shown in Figure P 3.3-6 is

the voltage of the voltage source, va. The output of this circuit is

the voltagemeasured by the voltmeter, vb. This circuit produces

an output that is proportional to the input, that is,

vb ¼ k va

where k is the constant of proportionality.

(a) Determine the value of the output, vb, when R¼ 180V and

va¼ 18 V.

(b) Determine the value of the power supplied by the voltage

source when R¼ 180 V and va¼ 18 V.

(c) Determine the value of the resistance, R, required to cause

the output to be vb¼ 2 V when the input is va¼ 18 V.

(d) Determine the value of the resistance, R, required to cause

vb¼ 0.2va ðthat is, the value of the constant of proportion-
ality is k ¼ 2

10
Þ.

92 Resistive Circuits

Figura P 3.2-30

Sección 3.3 Resistores en serie y división de voltaje

P 3.3-1 Utilice la división de voltaje para determinar los vol-
tajes v1, v2, v3	y v4	en	el	circuito	que	se	muestra	en	la	figura	
P	3.3-1.

Figura P 3.3-1

P 3.3-2	 Considere	los	circuitos	que	se	muestran	en	la	figura	
P	3.3-2.

(a)  Determine el valor de la resistencia R	en	la	figura	P	3.3-2b 
que	hace	que	el	circuito	de	la	figura	P	3.3-2b sea equiva-
lente	al	circuito	de	la	figura	P	3.3-2a.

(b)  Determine la corriente i	en	la	figura	P	3.3-2b. Dado que 
los circuitos son equivalentes, la corriente i	de	 la	figura	
P	3.3-2a es igual a la corriente i	en	la	figura	P	3.3-2b.

(c) Determine la potencia alimentada por la fuente de voltaje.

Figura P 3.3-2

P 3.3-3 El voltímetro ideal en el circuito que se muestra en la 
figura	P	3.3-3	mide	el	voltaje	v.

(a) Suponga que R2 5	50	V. Determine el valor de R1.
(b)  Suponga, en cambio, que R1 5	50	V. Determine el valor 

de R2.
(c)  Suponga, en cambio, que la fuente de voltaje alimenta 

1.2	W	de	potencia.	Determine	los	valores	de	R1 y R2.
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Voltímetro

Figura P 3.3-9

P 3.3-10 Determine el valor del voltaje medido por el conta-
dor	en	la	figura	3.3-10.

Voltímetro

Figura P 3.3-10

P 3.3-11 Para	el	circuito	de	la	figura	P	3.3-11,	encuentre	el	
voltaje v3 y la corriente i y muestre que la potencia entregada a 
los tres resistores es igual a la alimentada por la fuente.

Respuesta: v3 5	3V,	i 5	1	A

Figura P 3.3-11

P 3.3-12 Considere el divisor de voltaje que se muestra en 
la	figura	P	3.3-12	cuando	R1 5	 8	V. Lo deseable es que la 
potencia de salida absorbida por R1	sea	de	4.5	W.	Encuentre	el	
voltaje vo y la fuente requerida vs.

os

Figura P 3.3-12

Voltímetro

Figura P 3.3-6

P 3.3-7 Determine el valor del voltaje v en el circuito que se 
muestra	en	la	figura	P	3.3-7.

Figura P 3.3-7

P 3.3-8 Determine la potencia alimentada por la fuente de-
pendiente	en	el	circuito	que	se	muestra	en	la	figura	P	3.3-8.

Figura P 3.3-8

P 3.3-9 Se puede utilizar un potenciómetro a manera de 
transductor para convertir la posición de rotación de un cua-
drante	a	una	cantidad	eléctrica.	La	figura	P	3.3-9	ilustra	esta	
situación.	 La	 figura	 3.3-9a muestra un potenciómetro cuya 
resistencia Rp está conectada a una fuente de voltaje. El poten-
ciómetro tiene tres terminales, una en cada terminal y otra más 
conectada a un contacto deslizante llamado wiper. Un voltí-
metro mide el voltaje entre el wiper y una de las terminales 
del potenciómetro. 
	 La	figura	3.3-9b muestra el circuito después de que el 
potenciómetro es reemplazado por un modelo del potencióme-
tro, que consta de dos resistores. El parámetro a depende del 
ángulo, 
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51

, del dial. Aquí 
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Figure P 3.3-6

P 3.3-7 Determine the value of voltage v in the circuit shown

in Figure P 3.3-7.

Figure P 3.3-7

P 3.3-8 Determine the power supplied by the dependent

source in the circuit shown in Figure P 3.3-8.

Figure P 3.3-8

P 3.3-9 A potentiometer can be used as a transducer to

convert the rotational position of a dial to an electrical

quantity. Figure P 3.3-9 illustrates this situation. Figure

P 3.3-9a shows a potentiometer having resistance Rp con-

nected to a voltage source. The potentiometer has three

terminals, one at each end and one connected to a sliding

contact called a wiper. A voltmeter measures the voltage

between the wiper and one end of the potentiometer.

Figure P 3.3-9b shows the circuit after the potentiome-

ter is replaced by a model of the potentiometer that consists of

two resistors. The parameter a depends on the angle, u, of the

dial. Here a ¼ u
360�, and u is given in degrees. Also, in Figure P

3.3-9b, the voltmeter has been replaced by an open circuit, and

the voltage measured by the voltmeter, vm, has been labeled.

The input to the circuit is the angle u, and the output is the

voltage measured by the meter, vm.

(a) Show that the output is proportional to the input.

(b) Let Rp¼ 1 kV and vs¼ 24 V. Express the output as a

function of the input. What is the value of the output when

u¼ 45�? What is the angle when vm¼ 10 V?

Figure P 3.3-9

P 3.3-10 Determine the value of the voltage measured by the

meter in Figure P 3.3-10.

Figure P 3.3-10

P 3.3-11 For the circuit of Figure P 3.3-11, find the voltage v3
and the current i and show that the power delivered to the three

resistors is equal to that supplied by the source.

Answer: v3¼ 3 V, i¼ 1 A

Figure P 3.3-11

P 3.3-12 Consider the voltage divider shown in Figure

P 3.3-12 when R1¼ 8 V. It is desired that the output power

absorbed by R1 be 4.5 W. Find the voltage vo and the

required source vs.

Figure P 3.3-12
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va

10 Ω

100 Ω

k va 5 V10 V
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–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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 están dados en grados. 
Además,	en	la	figura	P	3.3-9b,	el	voltímetro	ha	sido	reempla-
zado por un circuito abierto, a la vez que se ha etiquetado el 
voltaje medido por el voltímetro, vm. La entrada al circuito es 
el ángulo 
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Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.
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Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.
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1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.
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Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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, y la salida es el voltaje medido por el contador, vm.

(a) Muestre que la salida es proporcional a la entrada.
(b)  Sean Rp 5	1	kV y vs 5	24	V.	Exprese	la	salida	como	una	

función de la entrada. ¿Cuál es el valor de la salida cuando 
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Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA
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K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.
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P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.
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Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter
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vs is vo
vo

is

+

–
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CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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 5	45°?	¿Cuál	es	el	ángulo	cuando	vm 5	10	V?
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Figura P 3.4-2

P 3.4-3 El voltímetro ideal en el circuito que se muestra en la 
figura	P	3.4-3	mide	el	voltaje	v.

(a)  Suponga R2 5 6 V. Determine el valor de R1 y de la 
corriente i. 

(b)  Suponga, en cambio, R1 5 6 V. Determine el valor de R2 
y de la corriente i.

(c)  En cambio, elija R1 y R2 para minimizar la potencia absor-
bida por algún resistor.

Voltímetro

Figura P 3.4-3

P 3.4-4 Determine la corriente i en el circuito que se muestra 
en	la	figura	P	3.4-4.

Figura P 3.4-4

P 3.4-5	 Considere	 el	 circuito	 que	 se	 muestra	 en	 la	 figura	
P	3.4-5	cuando	4	V 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 R1 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.
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P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.
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Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.
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P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?
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Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?
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Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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 6 V y R2 5	10	V. Seleccione la 
fuente is de modo que vo	se	mantenga	entre	9	V	y	13	V.

Figura P 3.4-5

P 3.4-6	 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.4-6	es	la	corriente	de	la	fuente	de	corriente,	ia. La salida de 
este circuito es la corriente medida por el amperímetro, ib. Este 
circuito produce una salida que es proporcional a la entrada, 
es decir,
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P 3.3-13 Consider the voltage divider circuit shown in Figure

P 3.3-13. The resistor R represents a temperature sensor. The

resistance R, inV, is related to the temperature T, in �C, by the
equation

R ¼ 50þ 1

2
T

(a) Determine the meter voltage, vm, corresponding to tem-

peratures 0�C, 75�C and 100�C.
(b) Determine the temperature, T, corresponding to the meter

voltages 8 V, 10 V, and 15 V.

Figure P 3.3-13

P 3.3-14 Consider the circuit shown in Figure P 3.3-14.

(a) Determine the value of the resistance R required to cause

vo ¼ 17:07 V.
(b) Determine the value of the voltage vo when R = 14 V.

(c) Determine the power supplied by the voltage source when

vo ¼ 14:22 V.

Figure P 3.3-14

Section 3.4 Parallel Resistors and Current Division

P 3.4-1 Use current division to determine the currents i1, i2,

i3, and i4 in the circuit shown in Figure P 3.4-1.

Figure P 3.4-1

P 3.4-2 Consider the circuits shown in Figure P 3.4-2.

(a) Determine the value of the resistance R in Figure P 3.4-2b

that makes the circuit in Figure P 3.4-2b equivalent to the

circuit in Figure P 3.4-2a.

(b) Determine the voltage v in Figure P 3.4-2b. Because the

circuits are equivalent, the voltage v in Figure P 3.4-2a is

equal to the voltage v in Figure P 3.4-2b.

(c) Determine the power supplied by the current source.

Figure P 3.4-2

P 3.4-3 The ideal voltmeter in the circuit shown in Figure

P 3.4-3 measures the voltage v.

(a) Suppose R2¼ 6 V. Determine the value of R1 and of the

current i.

(b) Suppose, instead, R1¼ 6V. Determine the value of R2 and

of the current i.

(c) Instead, choose R1 and R2 to minimize the power absorbed

by any one resistor.

Figure P 3.4-3

P 3.4-4 Determine the current i in the circuit shown in Figure

P 3.4-4.

Figure P 3.4-4

P 3.4-5 Consider the circuit shown in Figure P 3.4-5 when

4 V � R1 � 6 V and R2¼ 10 V. Select the source is so that

vo remains between 9 V and 13 V.

Figure P 3.4-5

P 3.4-6 The input to the circuit shown in Figure P 3.4-6 is the

current of the current source, ia. The output of this circuit is the

current measured by the ammeter, ib. This circuit produces an

output that is proportional to the input, that is,

ib ¼ k ia
where k is the constant of proportionality.

(a) Determine the value of the output, ib, when R¼ 24 V and

ia¼ 2.1 A.

94 Resistive Circuits

donde k es la constante de proporcionalidad.

(a)  Determine el valor de la salida, ib, cuando R 5	 24	V e 
ia 5	2.1	A.

P 3.3-13 Considere el circuito divisor de voltaje que se 
muestra	en	la	figura	P	3.3-13.El	resistor	R representa un sensor 
de temperatura La resistencia R, en V, está relacionada con la 
temperatura T, en °C mediante la ecuación
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peratures 0�C, 75�C and 100�C.
(b) Determine the temperature, T, corresponding to the meter

voltages 8 V, 10 V, and 15 V.
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P 3.3-14 Consider the circuit shown in Figure P 3.3-14.

(a) Determine the value of the resistance R required to cause

vo ¼ 17:07 V.
(b) Determine the value of the voltage vo when R = 14 V.

(c) Determine the power supplied by the voltage source when

vo ¼ 14:22 V.

Figure P 3.3-14

Section 3.4 Parallel Resistors and Current Division

P 3.4-1 Use current division to determine the currents i1, i2,

i3, and i4 in the circuit shown in Figure P 3.4-1.

Figure P 3.4-1

P 3.4-2 Consider the circuits shown in Figure P 3.4-2.

(a) Determine the value of the resistance R in Figure P 3.4-2b

that makes the circuit in Figure P 3.4-2b equivalent to the

circuit in Figure P 3.4-2a.

(b) Determine the voltage v in Figure P 3.4-2b. Because the

circuits are equivalent, the voltage v in Figure P 3.4-2a is

equal to the voltage v in Figure P 3.4-2b.

(c) Determine the power supplied by the current source.

Figure P 3.4-2

P 3.4-3 The ideal voltmeter in the circuit shown in Figure

P 3.4-3 measures the voltage v.

(a) Suppose R2¼ 6 V. Determine the value of R1 and of the

current i.

(b) Suppose, instead, R1¼ 6V. Determine the value of R2 and

of the current i.

(c) Instead, choose R1 and R2 to minimize the power absorbed

by any one resistor.

Figure P 3.4-3

P 3.4-4 Determine the current i in the circuit shown in Figure

P 3.4-4.

Figure P 3.4-4

P 3.4-5 Consider the circuit shown in Figure P 3.4-5 when

4 V � R1 � 6 V and R2¼ 10 V. Select the source is so that

vo remains between 9 V and 13 V.

Figure P 3.4-5

P 3.4-6 The input to the circuit shown in Figure P 3.4-6 is the

current of the current source, ia. The output of this circuit is the

current measured by the ammeter, ib. This circuit produces an

output that is proportional to the input, that is,

ib ¼ k ia
where k is the constant of proportionality.

(a) Determine the value of the output, ib, when R¼ 24 V and

ia¼ 2.1 A.
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(a)  Determine el voltaje medido, vm, que corresponde a las 
temperaturas	0	°C,	75	°C	y	100	°C.

(b)  Determine el valor de la temperatura, T, que corresponda 
a	los	voltajes	medidos	8	V,	10	V	y	15	V.	

Voltímetro

Figura P 3.3-13

P 3.3-14	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.314.

(a)  Determine el valor de la resistencia R requerida para que 
vo 5	17.07	V.

(b) Determine el valor del voltaje vo cuando R 5	14	V.
(c)  Determine la potencia alimentada por la fuente de voltaje 

cuando vo 5	14.22	V.

Figura P 3.3-14

Sección 3.4 Resistores en paralelo y división  
de corriente

P 3.4-1 Utilice la división de corriente para determinar las 
corrientes i1, i2, i3 e i4	en	el	circuito	que	se	muestra	en	la	figura	
P	3.4-1.	

Figura P 3.4-1

P 3.4-2	 Considere	los	circuitos	que	se	muestran	en	la	figura	
P	3.4-2.

(a)  Determine el valor de la resistencia R	de	la	figura	P	3.4-2b 
que	hace	que	el	circuito	de	la	figura	P	3.4-2b sea equiva-
lente	al	circuito	de	la	figura	P	3.4-2a.

(b)  Determine el voltaje v	de	la	figura	P	3.4-2b. Dado que los 
circuitos son equivalentes, el voltaje v	de	la	figura	P	3.2-
4a es igual al voltaje v	de	la	figura	P	3.4-2b.

(c) Determine la potencia alimentada por la fuente de corriente.
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P 3.4-9 Determine el valor del voltaje v	en	la	figura	P	3.4-9.

Figura P 3.4-9

P 3.4-10 Un panel solar fotovoltaico se puede representar por 
el	modelo	 de	 circuito	 que	 se	muestra	 en	 la	 figura	P	 3.4-10,	
donde RL es el resistor de carga. Determine los valores de las 
resistencias R1 y RL.

Figura P 3.4-10

P 3.4-11 Determine la potencia alimentada por la fuente de-
pendiente	en	la	figura	P	3.4-11.

Figura P 3.4-11

P 3.4-12	 El	voltímetro	en	la	figura	P	3.4-12	mide	el	valor	del	
voltaje vm.

(a) Determine el valor de la resistencia R.
(b)  Determine el valor de la potencia alimentada por la fuente 

de corriente.

Voltímetro

Figura P 3.4-12

P 3.4-13 Determine los valores de las resistencias R1 y R2 
para	el	circuito	que	se	muestra	en	la	figura	P	3.4-13.

(b)  Determine el valor de la resistencia, R, requerida para que 
la salida sea ib 5	1.5	A	cuando	la	salida	sea	ia 5	2	A.

(c)  Determine el valor de la resistencia, R, requerida para que 
ib 5	0.4	ia (es decir, el valor de la constante de proporcio-
nalidad es 
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(b) Determine the value of the resistance, R, required to cause

the output to be ib¼ 1.5 A when the input is ia¼ 2 A.

(c) Determine the value of the resistance, R, required to cause

ib¼ 0.4 ia ðthat is, the value of the constant of proportion-
ality is k ¼ 4

10
Þ.

Figure P 3.4-6

P 3.4-7 Figure P 3.4-7 shows a transistor amplifier. The values

ofR1 andR2 are to be selected. ResistancesR1 andR2 are used to

bias the transistor, that is, to create useful operating conditions.

In this problem,wewant to selectR1 andR2 so that vb¼ 5V.We

expect the value of ib to be approximately 10 mA. When i1 �
10ib, it is customary to treat ib as negligible, that is, to assume

ib¼ 0. In that case, R1 and R2 comprise a voltage divider.

(a) Select values for R1 and R2 so that vb¼ 5 V, and the

total power absorbed by R1 and R2 is no more than 5 mW.

(b) An inferior transistor could cause ib to be larger than

expected. Using the values of R1 and R2 from part (a),

determine the value of vb that would result from ib¼ 15mA.

Figure P 3.4-7

P 3.4-8 Determine the value of the current i in the circuit

shown in Figure P 3.4-8.

Figure P 3.4-8

P 3.4-9 Determine the value of the voltage v in Figure P 3.4-9.

Figure P 3.4-9

P 3.4-10 A solar photovoltaic panelmay be represented by the

circuit model shown in Figure P 3.4-10, where RL is the load

resistor. Determine the values of the resistances R1 and RL.

Figure P 3.4-10

P 3.4-11 Determine the power supplied by the dependent

source in Figure P 3.4-11.

Figure P 3.4-11

P 3.4-12 The voltmeter in Figure P 3.4-12measures the value

of the voltage vm.

(a) Determine the value of the resistance R.

(b) Determine the value of the power supplied by the current

source.

Figure P 3.4-12

P 3.4-13 Determine the values of the resistances R1 and R2

for the circuit shown in Figure P 3.4-13.

Problems 95

Amperímetro

Figura P 3.4-6

P 3.4-7	 Figura	P	3.4-7	muestra	un	amplificador	de	transistor.	
Hay que seleccionar los valores de R1 y R2. Las resistencias 
R1 y R2 se utilizan para polarizar el transistor, es decir, para 
constituir las condiciones operativas útiles. En este problema 
queremos seleccionar R1 y R2 para que vb 5 5 V. Esperamos que 
el valor de ib	sea	aproximadamente	de	10	µA.	Cuando	i1 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.
+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

	10ib, 
lo habitual es tratar que ib	sea	insignificante,	es	decir,	suponer	
que ib 5	0.	En	ese	caso,	R1 incluye un divisor de voltaje.

(a)  Seleccione los valores para R1 y R2 de modo que vb 5 5 V, y la 
potencia total absorbida por R1 y R2	no	sea	de	más	de	5	mW.

(b)  Un transistor inferior podría hacer que ib fuera más grande 
de lo esperado. Utilizando los valores de R1 y R2 desde la 
parte (a), determine el valor de vb que podría resultar de 
ib 5	15	µA.

Figura P 3.4-7

P 3.4-8 Determine el valor de la corriente i en el circuito que 
se	muestra	en	la	figura	P	3.4-8.

Figura P 3.4-8
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P 3.4-17 Considere la combinación de los resistores que se 
muestran	en	la	figura	P	3.4-17.	Rp denotará la resistencia equi-
valente.

(a)  Suponga	que	40	
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 R 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

	400	V. Determine el rango corres-
pondiente de valores de Rp.

(b)  Suponga, en cambio, R 5	0	(un	cortocircuito).	Determine	
el valor de Rp.

(c)  Suponga, en cambio, R 5 
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

 (un circuito abierto). Deter-
mine el valor de Rp.

(d)  Suponga, en cambio, que la resistencia equivalente es 
Rp 5	80	V. Determine el valor de R.

Figura P 3.4-17

P 3.4-18 Considere la combinación de los resistores que se 
muestran	en	la	figura	P	3.4-18.	Rp denotará la resistencia equi-
valente.

(a)  Suponga	que	50	V 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 R 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

	800	V. Determine el rango co-
rrespondiente de valores de Rp.

(b)  Suponga, en cambio, R 5	0	(un	cortocircuito).	Determine	
el valor de Rp.

(c)  Suponga, en cambio, R 5 
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

 (un circuito abierto). Deter-
mine el valor de Rp.

(d)  Suponga, en cambio, la resistencia equivalente es Rp 5 
150	V. Determine el valor de R.

Figura P 3.4-18

P 3.4-19	 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	3.4-19	es	la	corriente	de	la	fuente,	is. La salida es la corriente 
medida por el contador, io. Un divisor de corriente conecta la 
fuente al medidor. Dadas las observaciones siguientes:

(a) La entrada is 5 5 A hace que la salida sea io 5	2	A.
(b) Cuando is 5	2	A,	la	fuente	alimenta	48	W.

Determine los valores de las resistencias R1 y R2.

Figura P 3.4-13

P 3.4-14 Determine los valores de las resistencias R1 y R2 
para	el	circuito	que	se	muestra	en	la	figura	P	3.4-13.

Figura P 3.4-14

P 3.4-15 Determine el valor de la corriente medida por el 
contador	en	la	figura	P	3.4-15.

Amperímetro

Figura P 3.4-15

P 3.4-16 Considere la combinación de los resistores que se 
muestran	en	la	figura	P	3.4-16.	Rp denotará la resistencia equi-
valente.

(a)  Suponga	que	20	
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 R 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

	320	V. Determine el rango corres-
pondiente de valores de Rp.

(b)  Suponga, en cambio, R 5	0	(un	cortocircuito).	Determine	
el valor de Rp.

(c)  Suponga, en cambio, R 5 
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

 (un circuito abierto). Deter-
mine el valor de Rp.

(d)  Suponga, en cambio, que la resistencia equivalente es 
Rp 5	40	V. Determine el valor de R.

Figura P 3.4-16
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(a)  Determine el valor de la resistencia R en la fi gura P 3.6-1b 
que hace que el circuito en la fi gura P 3.6-1b sea equiva-
lente al circuito de la fi gura P.3.6-1a. 

(b)  Encuentre la corriente i y el voltaje v que se muestran en la 
fi gura P 3.6-1b. Por la equivalencia, la corriente i y el voltaje 
v que se muestran en la fi gura P 3.6-1a son iguales a la co-
rriente i y al voltaje v que se muestran en la fi gura P 3.6-1b.

(c)  Encuentre la corriente i2 que se muestra en la fi gura P 3.6-a, 
utilizando la división de corrientes.

Figura P 3.6-1

P 3.6-2 El circuito que se muestra en la fi gura P 3.6-2a ha 
sido dividido en tres partes. En la fi gura P 3.6-2b, la parte ex-
trema derecha ha sido reemplazada con un circuito equivalen-
te. El resto del circuito no se ha modifi cado. El circuito se ha 
modifi cado más en la fi gura 3.6-2c. Ahora las partes interme-
dia y extrema derecha han sido reemplazadas por una resisten-
cia equivalente única. La parte extrema izquierda permanece 
sin sufrir modifi caciones.

(a)  Determine el valor de la resistencia R1 en la fi gura P 3.6-2b 
que hace que el circuito en la fi gura p 3.6-2b sea equiva-
lente al circuito de la fi gura P 3.6-2a.

(b)  Determine el valor de la resistencia R2 en la fi gura P 3.6-2c 
que hace que el circuito de la fi gura P 3.6-2c sea equiva-
lente al circuito en la fi gura P 3.6-2b.

(c)  Encuentre la corriente i1 y el voltaje v1 que se muestran en 
la fi gura P 3.6-2c. Por la equivalencia, la corriente i1 y el 
voltaje v1 que se muestran en la fi gura P 3.62b son iguales 
a la corriente i1 y al voltaje v1 que se muestran en la fi gura 
P 3.6-2c.

 Sugerencia: 24 � 6(i1 �2) � i1R2

(d)  Encuentre la corriente i2 y el voltaje v2 que se muestran en 
la fi gura P 3.6-2b. Por la equivalencia, la corriente i2 y el 
voltaje v que se muestran en la fi gura P 3.6-2a son iguales 
a la corriente i2 y el voltaje v2 que se muestran en la fi gura 
P 3.6-2b.

  Sugerencia: Utilice la división de corrientes para calcular 
i2 a partir de i1.

(e)  Determine la potencia absorbida por la resistencia de 3-� 
que se muestra a la derecha de la fi gura P 3.6-2a.

Amperímetro

Figura P 3.4-19

Sección 3.5 Fuentes de voltaje en serie y fuentes 
de voltaje en paralelo

P 3.5-1 Determine la potencia alimentada por cada fuente en 
el circuito que se muestra en la fi gura P 3.5-1.

Figura P 3.5-1

P 3.5-2 Determine la potencia alimentada por cada fuente en 
el circuito que se muestra en la fi gura P 3.5-2.

Figura P 3.5-2

P 3.5-3 Determine la potencia recibida por cada resistor en el 
circuito que se muestra en la fi gura P 3.5-3.

Figura P 3.5-3

Sección 3.6 Análisis de circuitos

P 3.6-1 El circuito que se muestra en la fi gura P 3.6-1a ha 
sido dividido en dos partes. En la fi gura P 3.6-1b, la parte del 
lado derecho ha sido reemplazada con un circuito equivalente. 
La parte izquierda del circuito no ha sido modifi cada.
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Figura P 3.6-4

P 3.6-5	 El	voltímetro	en	el	circuito	que	se	muestra	en	la	figu-
ra	P	3.6-5	muestra	que	el	voltaje	a	través	del	resistor	de	30-V 
es de 6 voltios. Determine el valor de la resistencia R1.

Sugerencia: Utilice la división de voltaje dos veces.

Respuesta: R1 5	40	V

Voltímetro

Figura P 3.6-5

P 3.6-6 Determine los voltajes va y vc y las corrientes ib e id 
para	el	circuito	que	se	muestra	en	la	figura	P	3.6-6.

Respuesta: va 5 22	V,	vc 5 6 V, ib 5 216	mA	e	id 5	2	mA

Figura P 3.6-6

P 3.6.-7 Determine el valor de la resistencia R	en	 la	figura	
P	3.6-7.

Respuesta: R 5	28	kV

Figura P 3.6-7

P 3.6-8 La mayoría hemos experimentado los efectos de un 
suave choque eléctrico. Pero los efectos de un choque eléctri-
co fuerte pueden ser devastadores e incluso fatales. El choque 
es el resultado del paso de la corriente a través del cuerpo. 
Una persona puede ser modelada como una red de resisten-
cias.	Considere	el	circuito	modelo	que	se	muestra	en	la	figura	
P	3.6-8.	Determine	el	voltaje	desarrollado	a	través	del	corazón	
y	la	corriente	que	fluye	a	través	del	corazón	de	la	persona	que	

Figura P 3.6-2

P 3.6-3 Encuentre i, utilizando las reducciones de circuito 
apropiadas y el principio del divisor de corriente para el cir-
cuito	de	la	figura	P	3.6-3.

Figura P 3.6-3

P 3.6-4

(a)  Determine los valores de R1 y R2	en	la	figura	P	3.6-4b que 
hacen	que	el	circuito	en	la	figura	P	3.6-4b sea equivalente 
al	circuito	de	la	figura	3.6-4a.

(b)  Analice	el	circuito	en	la	figura	P	3.6-4b para determinar 
los valores de las corrientes ia e ib.

(c)  Puesto que los circuitos son equivalentes, las corrientes ia 
e ib	que	se	muestran	en	la	figura	P	3.6-4b son iguales a las 
corrientes ia e ib	que	se	muestran	en	la	figura	p	3.6-4a. Con 
base en este hecho, determine los valores del voltaje v1 y 
la corriente i2	que	se	muestran	en	la	figura	P	3.6-4a.
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P 3.6-12	 El	ohmímetro	de	la	figura	P	3.6-12	mide	la	resis-
tencia equivalente, Req, del circuito del resistor. El valor de 
la resistencia equivalente, Req, depende del valor de la resis-
tencia R.

(a)  Determine el valor de la resistencia equivalente, Req, 
cuando R 5	9	V.

(b)  Determine el valor de la resistencia R requerida para hacer 
que la resistencia equivalente sea Req 5	12	V.

Ohmímetro

Figura P 3.6-12

P 3.6-13 Encuentre la Req	en	las	terminales	a-b	en	la	figura	
P	3.6-13.	También	determine	i, i1 e i2.

Respuesta: 

E1C03_1 11/25/2009 99

the voltage developed across the heart and the current flowing

through the heart of the person when he or she firmly grasps

one end of a voltage source whose other end is connected to the

floor. The heart is represented by Rh. The floor has resistance to

current flow equal to Rf, and the person is standing barefoot on

the floor. This type of accident might occur at a swimming pool

or boat dock. The upper-body resistance Ru and lower-body

resistance RL vary from person to person.

Figure P 3.6-8

P 3.6-9 Determine the value of the current i in Figure 3.6-9.

Answer: i¼ 0.5 mA

Figure P 3.6-9

P 3.6-10 Determine the values of ia, ib, and vc in Figure

P 3.6-10.

Figure P 3.6-10

P 3.6-11 Find i and Req a-b if vab¼ 40 V in the circuit of

Figure P 3.6-11.

Answer: Req a�b¼ 8 V, i¼ 5=6 A

Figure P 3.6-11

P 3.6-12 The ohmmeter in Figure P 3.6-12 measures the

equivalent resistance, Req, of the resistor circuit. The value of

the equivalent resistance, Req, depends on the value of the

resistance R.

(a) Determine the value of the equivalent resistance, Req,

when R¼ 9 V.

(b) Determine the value of the resistance R required to cause

the equivalent resistance to be Req¼ 12 V.

Figure P 3.6-12

P 3.6-13 Find the Req at terminals a-b in Figure P 3.6-13.

Also determine i, i1, and i2.

Answer: Req¼ 8 V, i¼ 5 A, i1¼ 5=3 A, i2¼ 5=2 A

Figure P 3.6-13

P 3.6-14 All of the resistances in the circuit shown in Figure

P 3.6-14 are multiples of R. Determine the value of R.

Figure P 3.6-14

P 3.6-15 The circuit shown in Figure P 3.6-15 contains seven

resistors, each having resistanceR. The input to this circuit is the

voltage source voltage, vs. The circuit has two outputs, va and vb.

Express each output as a function of the input.
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Figura P 3.6-13

P 3.6-14 Todas las resistencias en el circuito que se muestra 
en	la	figura	P	3.6-14	son	múltiplos	de	R. Determine el valor 
de R.

Figura P 3.6-14

P 3.6-15	 El	 circuito	 que	 se	 muestra	 en	 la	 figura	 P	 3.6-15	
contiene siete resistores, cada uno con una resistencia R. La 
entrada a este circuito es el voltaje de la fuente de voltaje, vs. 
El circuito tiene dos salidas, va y vb. Exprese cada salida como 
una función de la entrada.

sostiene	con	firmeza	una	terminal	de	una	fuente	de	voltaje	y	
la otra terminal está conectada al suelo. El corazón está re-
presentado por Rh.	El	suelo	tiene	una	resistencia	al	flujo	de	la	
corriente igual a Rf, y la persona está de pie, descalza sobre el 
suelo. Este tipo de accidente podría ocurrir en una alberca o 
en un desembarcadero. La resistencia Ru de la parte superior 
del cuerpo y la resistencia RL de la parte inferior varían de una 
persona a otra.

L

Figura P 3.6-8

P 3.6-9 Determine el valor de la corriente i	en	la	figura	3.6-9.

Respuesta: i 5	0.5	mA

Figura P 3.6-9

P 3.6-10 Determine los valores de ia, ib y vc	 en	 la	 figura	
P	3.6-10.

Figura P 3.6-10

P 3.6-11 Encuentre i y Req	a-b si vab 5	40	V	en	el	circuito	de	
la	figura	P	3.6-11.

Respuesta: 
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the voltage developed across the heart and the current flowing
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one end of a voltage source whose other end is connected to the

floor. The heart is represented by Rh. The floor has resistance to

current flow equal to Rf, and the person is standing barefoot on

the floor. This type of accident might occur at a swimming pool

or boat dock. The upper-body resistance Ru and lower-body

resistance RL vary from person to person.
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P 3.6-9 Determine the value of the current i in Figure 3.6-9.
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P 3.6-10 Determine the values of ia, ib, and vc in Figure

P 3.6-10.
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P 3.6-11 Find i and Req a-b if vab¼ 40 V in the circuit of

Figure P 3.6-11.

Answer: Req a�b¼ 8 V, i¼ 5=6 A

Figure P 3.6-11

P 3.6-12 The ohmmeter in Figure P 3.6-12 measures the

equivalent resistance, Req, of the resistor circuit. The value of

the equivalent resistance, Req, depends on the value of the

resistance R.

(a) Determine the value of the equivalent resistance, Req,

when R¼ 9 V.

(b) Determine the value of the resistance R required to cause

the equivalent resistance to be Req¼ 12 V.

Figure P 3.6-12

P 3.6-13 Find the Req at terminals a-b in Figure P 3.6-13.

Also determine i, i1, and i2.

Answer: Req¼ 8 V, i¼ 5 A, i1¼ 5=3 A, i2¼ 5=2 A

Figure P 3.6-13

P 3.6-14 All of the resistances in the circuit shown in Figure

P 3.6-14 are multiples of R. Determine the value of R.

Figure P 3.6-14

P 3.6-15 The circuit shown in Figure P 3.6-15 contains seven

resistors, each having resistanceR. The input to this circuit is the

voltage source voltage, vs. The circuit has two outputs, va and vb.

Express each output as a function of the input.
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Figura P 3.6-11
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Figura P 3.6-18

P 3.6-19 Determine los valores de v1, v2, i3 v4, v5 e i6 en la 
figura	P	3.6-19.	

Figura P 3.6-19

P 3.6-20 Determine los valores de i, v y Req para el circuito 
que	se	muestra	en	la	figura	3.6-20,	dado	que	vab 5	18	V.

Figura P 3.6-15

P 3.6-16	 El	circuito	que	se	muestra	en	la	figura	P	3.6-16	con-
tiene	tres	resistores	10-V,	1>4	W.	(Los	resistores	de	1>4	de	watt	
pueden	disipar	1>4	de	watt	con	toda	seguridad.)	Determine	el	
rango de los voltajes de la fuente de voltaje, vs, de modo que 
ninguno	de	los	resistores	absorba	más	de	1>4	w	de	potencia.

Figura P 3.6-16

P 3.6-17	 Los	cuatro	resistores	que	se	muestran	en	la	figura	
P	3.6-17	representan	indicadores	de	tensión.	Los	indicadores	
de tensión son transductores que miden la tensión resultante 
cuando un resistor es estirado o comprimido. Los indicadores 
de tensión se emplean para medir fuerzas, desplazamientos 
o	 presiones.	 Los	 cuatro	 indicadores	 de	 tensión	 en	 la	 figura	 
P	3.6-17	tienen	cada	uno	una	resistencia	nominal	(sin	tensio-
nes)	de	200	V	y	cada	uno	absorbe	sin	peligro	0.5	mW.	De-
termine el rango de los voltajes de la fuente de voltaje, vs, 
de modo que ningún indicador de tensión absorba más de  
0.5	mW	de	potencia.

vs

vo

+

−

200 Ω

200 Ω 200 Ω

200 Ω

+ –

Figura P 3.6-17

P 3.6-18	 El	circuito	que	se	muestra	en	la	figura	P	3.6-18b se 
ha	obtenido	del	circuito	que	se	muestra	en	la	figura	P	3.6-18a 
por el reemplazo de las combinaciones de resistencias en serie 
y en paralelo por resistencias equivalentes.

(a)  Determine los valores de las resistencias R1, R2 y R3 en 
la	figura	P	3.6-18b	de	modo	que	el	circuito	en	 la	figura	
P	3.6-18b sea equivalente al circuito que se muestra en 
la	figura	P	3.6-18a. 

(b) Determine los valores de v1, v2 e i	en	la	figura	P	3.6-18b.
(c)  Como los circuitos son equivalentes, los valores de v1, v2 

e i	en	la	figura	P	3.6-18a son iguales a los valores de v1, v2 e 
i	en	la	figura	P	3.6-18b. Determine los valores de v4, i5, i6 
y v7	en	la	figura	P	3.6-18a.
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por el contador, vo. Muestre que la salida de este circuito es 
proporcional a la entrada. Determine el valor de la constante 
de proporcionalidad.

o

s Voltímetro

Figura P 3.6-24

P 3.6-25	 La	entrada	al	circuito	en	la	figura	P	3.6-25	es	el	vol-
taje de la fuente de voltaje, vf. La salida es la corriente medida 
por el contador, io. Muestre que la salida de este circuito es 
proporcional a la entrada. Determine el valor de la constante 
de proporcionalidad.

s

o

Amperímetro

Figura P 3.6-25

P 3.6-26 Determine el voltaje medido por el voltímetro en el 
circuito	que	se	muestra	en	la	figura	P	3.6-26.

Voltímetro

Figura P 3.6-26

Figura P 3.6-20

P 3.6-21 Determine el valor de la resistencia R en el circuito 
que	se	muestra	en	la	figura	P	3.6-21,	dado	que	Req 5	9	V.

Respuesta: R 5	15	V

Figura P 3.6-21

P 3.6-22 Determine el valor de la resistencia R en el circuito 
que	se	muestra	en	la	figura	P	3.6-22,	dado	que	Req 5	40	V.

Figura P 3.6-22

P 3.6-23 Determine los valores de r, la ganancia de la CCVS, 
y de g, la ganancia de la VCCS, para el circuito que se muestra 
en	la	figura	P	3.6-23.

Figura P 3.6-23

P 3.6-24	 La	entrada	al	circuito	en	la	figura	P	3.6-24	es	el	vol-
taje de la fuente de voltaje, vs. La salida es el voltaje medido 
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Amperímetro

Figura P 3.6-29

P 3.6-30	 El	ohmímetro	de	 la	figura	P	3.6-30	mide	 la	resis-
tencia equivalente del circuito de resistores conectado a los 
probadores del medidor.

(a)  Determine el valor de la resistencia R requerido para que 
la resistencia equivalente sea Req 5	12	V.

(b)  Determine el valor de la resistencia equivalente cuando 
R 5	14	V.

Ohmímetro

Figura P 3.6-30

P 3.6-31	 El	voltímetro	en	la	figura	P	3.6-31	mide	el	voltaje	a	
través de la fuente de corriente.

(a)  Determine el valor del voltaje medido por el contador.
(b)  Determine la potencia alimentada por cada elemento del 

circuito.

Voltímetro

Figura P 3.6-31

P 3.6-32 Determine la resistencia medida por el ohmímetro 
en	la	figura	P	3.6-32.

Ohmímetro

Figura P 3.6-32

P 3.6-27 Determine la corriente medida por el amperímetro 
en	el	circuito	que	se	muestra	en	la	figura	P	3.6-27.

Amperímetro

Figura P 3.6-27

P 3.6-28 Determine el valor de la resistencia R que hace que 
el voltaje medido por el voltímetro en el circuito que se mues-
tra	en	la	figura	P	3.6-28	sea	6	V.

Voltímetro

Figura P 3.6-28

P 3.6-29	 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	3.6-29	es	el	voltaje	de	la	fuente	de	voltaje,	vf. La salida es la 
corriente medida por el contador, im.

(a)  Suponga que vs 5	15	V.	Determine	el	valor	de	la	resisten-
cia R que hace que el valor de la corriente medida por el 
contador sea im 5	12	A.

(b)  Suponga que vs 5	15	V	y	R 5	80	V. Determine la corrien-
te medida por el amperímetro.

(c)  Suponga que R 5	24	V. Determine el valor del voltaje de 
entrada, vs, que hace que el valor de la corriente medida 
por el contador sea im 5	3	A.
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P 3.6-36	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.6-36.	Dado

E1C03_1 11/25/2009 103

P 3.6-33 Determine the resistance measured by the ohmme-

ter in Figure P 3.6-33.

Figure P 3.6-33

P 3.6-34 Consider the circuit shown in Figure P 3.6-34.

Given the values of the following currents and voltages:

i1 ¼ 0:625 A; v2 ¼ �25 V; i3 ¼ �1:25 A;
and v4 ¼ �18:75 V;

determine the values of R1, R2, R3, and R4.

Figure P 3.6-34

P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The

equivalent circuit is obtained from the original circuit by replac-

ing series and parallel combinations of resistors with equivalent

resistors. The value of the current in the equivalent circuit is is ¼
0.8 A. Determine the values of R1, R2, R5, v2, and i3.

a

b

a

b

c

d

c

dv2+ –

– +

– +

40 V

original circuit

equivalent circuit

40 V

18 Ω 32 Ω

28 Ω

10 Ω

32 ΩR1

R2

is

is

i3

R56 Ω

Figure P 3.6-35

P 3.6-36 Consider the circuit shown in Figure P 3.6-36.

Given

v2 ¼ 2

3
vs; i3 ¼ 1

5
i1; and v4 ¼ 3

8
v2;

determine the values of R1, R2, and R4.

Hint: Interpret v2 ¼ 2
3
vs; i3 ¼ 1

5
i1; and v4 ¼ 3

8
v2 as current

and voltage division.

Figure P 3.6-36

P 3.6-37 Consider the circuit shown in Figure P 3.6-37. Given

i2 ¼ 2

5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2;

determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2 as current and

voltage division.

Figure P 3.6-37

P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.

Figure P 3.6-38

P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?

Problems 103
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Given the values of the following currents and voltages:
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P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The

equivalent circuit is obtained from the original circuit by replac-

ing series and parallel combinations of resistors with equivalent

resistors. The value of the current in the equivalent circuit is is ¼
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P 3.6-36 Consider the circuit shown in Figure P 3.6-36.
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P 3.6-37 Consider the circuit shown in Figure P 3.6-37. Given

i2 ¼ 2

5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2;

determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2 as current and

voltage division.

Figure P 3.6-37

P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.

Figure P 3.6-38

P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
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(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the
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(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
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4
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resistors. The value of the current in the equivalent circuit is is ¼
0.8 A. Determine the values of R1, R2, R5, v2, and i3.
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P 3.6-36 Consider the circuit shown in Figure P 3.6-36.
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determine the values of R1, R2, and R4.

Hint: Interpret v2 ¼ 2
3
vs; i3 ¼ 1

5
i1; and v4 ¼ 3

8
v2 as current
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5
is; v3 ¼ 2

3
v1; and i4 ¼ 4
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i2;

determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
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5
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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Figura P 3.6-37

P 3.6-38	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.6-38.	

(a)  Suponga que 
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determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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. ¿Cuál es el valor de la resistencia R?
(b)  Suponga, en cambio, v2 5	4.8	V.	¿Cuál	es	el	valor	de	la	

resistencia	equivalente	de	los	resistores	en	paralelo?
(c)  Suponga, en cambio, R 5	20	V. ¿Cuál es el valor de la 

corriente	en	el	resistor	de	40-V?
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P 3.6-34 Consider the circuit shown in Figure P 3.6-34.

Given the values of the following currents and voltages:
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and v4 ¼ �18:75 V;
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P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The

equivalent circuit is obtained from the original circuit by replac-

ing series and parallel combinations of resistors with equivalent

resistors. The value of the current in the equivalent circuit is is ¼
0.8 A. Determine the values of R1, R2, R5, v2, and i3.

a

b

a

b

c

d

c

dv2+ –

– +

– +

40 V

original circuit

equivalent circuit

40 V

18 Ω 32 Ω

28 Ω

10 Ω

32 ΩR1

R2

is

is

i3

R56 Ω

Figure P 3.6-35

P 3.6-36 Consider the circuit shown in Figure P 3.6-36.
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determine the values of R1, R2, and R4.
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P 3.6-37 Consider the circuit shown in Figure P 3.6-37. Given
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Hint: Interpret i2 ¼ 2
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3
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5
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-39	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.6-39.

(a)  Suponga que v3 5 
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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. ¿Cuál es el valor de la resistencia R?	
(b)  Suponga que i2 5	1.2	A.	¿Cuál	es	el	valor	de	la	resistencia	R?
(c)  Suponga que R 5	70	V. ¿Cuál es el voltaje a través del 

resistor	de	20-V?

P 3.6-33 Determine la resistencia medida por el ohmímetro 
en	la	figura	3.6-33.

Ohmímetro

Figura P 3.6-33

P 3.6-34 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	 3.6-23.	 Dados	 los	 valores	 de	 las	 corrientes	 y	 voltajes	 si-
guientes:
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P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The

equivalent circuit is obtained from the original circuit by replac-

ing series and parallel combinations of resistors with equivalent

resistors. The value of the current in the equivalent circuit is is ¼
0.8 A. Determine the values of R1, R2, R5, v2, and i3.
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determine the values of R1, R2, and R4.
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Hint: Interpret i2 ¼ 2
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5
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
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P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?
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determine los valores de R1, R2, R3 y R4.
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P 3-6-35	 Considere	los	circuitos	que	se	muestran	en	la	figura	
P	3.6-35.	El	circuito	equivalente	se	obtuvo	a	partir	del	circuito	
original por el reemplazo de las combinaciones de resistores 
en serie y en paralelo con resistores equivalentes. El valor de 
la corriente en el circuito equivalente es is 5	0.8	A.	Determine	
los valores de R1, R2, R5, v2 e i3.

a

b

a

b

c

d

c

dv2+ –

– +

– +

40 V

circuito original

circuito equivalente

40 V

18 Ω 32 Ω

28 Ω

10 Ω

32 ΩR1

R2

is

is

i3

R56 Ω

Figura P 3.6-35
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Sugerencia:	Utilice	los	lineamientos	dados	en	la	sección	3.7	
para etiquetar el diagrama del circuito. Utilice MATLAB para 
resolver las ecuaciones que representan el circuito.

Figura P 3.7-1

P 3.7-2 Determine la potencia alimentada por cada fuente, 
independiente y dependiente, en el circuito que se muestra en 
la	figura	P	3.7-2.

Sugerencia:	Utilice	los	lineamientos	dados	en	la	sección	3.7	
para etiquetar el diagrama de circuito. Utilice MATLAB para 
resolver las ecuaciones que representan el circuito.

Figura P 3.7-2

Sección 3.8 ¿Cómo lo podemos comprobar . . . ?

P 3.8-1 Un programa de análisis por computadora, utiliza-
do	 para	 el	 circuito	 de	 la	 figura	 P	 3.8-1,	 proporciona	 los	 si-
guientes voltajes y corrientes de la derivación: i1 5 20.833	A,	
i2 5 20.333	A,	i3 5 21.167	A	y	v 5 220	V.	¿Estas	respuestas	
son	correctas?

Sugerencia:	Verifique	que	se	satisfaga	la	KCL	en	el	nodo	cen-
tral, y que se satisfaga la KVL en torno al circuito cerrado ex-
terior	que	consta	de	dos	resistores	de	6-V y la fuente de voltaje.

Figura P 3.8-1

P 3.8-2	 El	 circuito	de	 la	figura	P	3.8-2	 se	 asignó	como	un	
problema de tarea. La respuesta en la parte posterior del libro 
dice que la corriente, i,	 es	 1.25	A.	Verifique	 esta	 respuesta,	
utilizando la división de corrientes.

(d)  Suponga que R 5	30	V. ¿Cuál es el valor de la corriente 
en	este	resistor	de	30-V?

Sugerencia: Interprete v3 5 
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P 3.6-33 Determine the resistance measured by the ohmme-

ter in Figure P 3.6-33.

Figure P 3.6-33

P 3.6-34 Consider the circuit shown in Figure P 3.6-34.

Given the values of the following currents and voltages:

i1 ¼ 0:625 A; v2 ¼ �25 V; i3 ¼ �1:25 A;
and v4 ¼ �18:75 V;

determine the values of R1, R2, R3, and R4.

Figure P 3.6-34

P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The

equivalent circuit is obtained from the original circuit by replac-

ing series and parallel combinations of resistors with equivalent

resistors. The value of the current in the equivalent circuit is is ¼
0.8 A. Determine the values of R1, R2, R5, v2, and i3.

a

b

a

b

c

d

c

dv2+ –

– +

– +

40 V

original circuit

equivalent circuit

40 V

18 Ω 32 Ω

28 Ω

10 Ω

32 ΩR1

R2

is

is

i3

R56 Ω

Figure P 3.6-35

P 3.6-36 Consider the circuit shown in Figure P 3.6-36.

Given

v2 ¼ 2

3
vs; i3 ¼ 1

5
i1; and v4 ¼ 3

8
v2;

determine the values of R1, R2, and R4.

Hint: Interpret v2 ¼ 2
3
vs; i3 ¼ 1

5
i1; and v4 ¼ 3

8
v2 as current

and voltage division.

Figure P 3.6-36

P 3.6-37 Consider the circuit shown in Figure P 3.6-37. Given

i2 ¼ 2

5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2;

determine the values of R1, R2, and R4.

Hint: Interpret i2 ¼ 2
5
is; v3 ¼ 2

3
v1; and i4 ¼ 4

5
i2 as current and

voltage division.

Figure P 3.6-37

P 3.6-38 Consider the circuit shown in Figure P 3.6-38.

(a) Suppose i3 ¼ 1
3
i1. What is the value of the resistance R?

(b) Suppose, instead, v2 ¼ 4.8 V. What is the value of the

equivalent resistance of the parallel resistors?

(c) Suppose, instead, R ¼ 20 V. What is the value of the

current in the 40-V resistor?

Hint: Interpret i3 ¼ 1
3
i1 as current division.

Figure P 3.6-38

P 3.6-39 Consider the circuit shown in Figure P 3.6-39.

(a) Suppose v3 ¼ 1
4
v1. What is the value of the resistance R?

(b) Suppose i2 ¼ 1.2 A.What is the value of the resistance R?

(c) Suppose R ¼ 70 V. What is the voltage across the

20-V resistor?

Problems 103

 como división de corriente.

Figura P 3.6-39

P 3.6-40	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.6-40.	Dado	que	el	voltaje	de	la	fuente	de	voltaje	depen-
diente es va 5	8	V,	determine	los	valores	de	R1 y vo.

o

Figura P 3.6-40

P 3.6-41	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P	3.6-41.	Dado	que	la	corriente	de	la	fuente	de	corriente	de-
pendiente es ia 5	2	V,	determine	los	valores	de	R1 e io.

o

Figura P 3.6-41

P 3.6-42 Determine los valores de ia, ib, i2 y v1 en el circuito 
que	se	muestra	en	la	figura	P	3.6-42.

i2

ibia

v1

12 Ω 24 Ω4 ia

2 Ω8 Ω
5 Ω

20 Ω6 V

+ –

+
–

Figura P 3.6-42

Sección 3.7 Análisis de circuitos resistivos  
utilizando MATLAB

P 3.7-1 Determine la potencia alimentada por cada una de las 
fuentes, independientes y dependientes, en el circuito que se 
muestra	en	la	figura	P	3.7-1.
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P 3.8-6	 El	análisis	por	computadora	del	circuito	en	la	figura	
P	3.8-6	muestra	que	 ia 5 20.5	mA	e	 ib 5 4.5	mA.	¿Estuvo	
correcto	el	análisis	hecho	por	computadora?

Sugerencia:	Primero,	verifique	que	se	cumpla	con	las	ecuacio-
nes de la KVL para los cinco nodos cuando ia 5	0.5	mA	e	ib 5 
4.5	mA.	Luego,	verifique	que	se	cumpla	con	 la	ecuación	de	
la	KVL	para	el	enlace	inferior	izquierdo	(a-e-d-a).	(Las	ecua-
ciones de la KVL para el resto de enlaces no son útiles porque 
cada una implica un voltaje desconocido.)

Figura P 3.8-6

P 3.8-7	 Verifique	que	las	corrientes	y	voltajes	del	elemento	
que	se	muestran	en	la	figura	P	3.8-7	cumplen	con	las	leyes	de	
Kirchhoff:

(a)  Compruebe que las corrientes dadas satisfacen las ecua-
ciones de la KCL que corresponden a los nodos a, b y c.

(b)  Compruebe que los voltajes dados satisfacen las ecuacio-
nes de la KVL que corresponden a los circuitos cerrados 
a-b-d-c-a	y	a-b-c-d-a.

Figura P 3.8-7

*P 3.8-8	 La	figura	P	3.8-8	muestra	un	circuito	y	algunos	da-
tos que se corresponden. Los datos tabulados proporcionan 
valores de la corriente, i, y el voltaje, v, que corresponden a 
diversos valores de la resistencia R2.

(a)  Utilice	los	datos	de	las	filas	1	y	2	de	la	tabla	para	encontrar	
los valores de vs y R1.

(b)  Utilice	los	resultados	de	la	parte	(a)	para	verificar	que	los	
datos tabulados son consistentes.

(c)  Llene las entradas faltantes en la tabla.

Figura P 3.8-2

P 3.8-3	 El	 circuito	 de	 la	 figura	 P	 3.8-3	 se	 construyó	 en	 el	
laboratorio, y se midió que vo	fuera	de	6.25	V.	Verifique	esta	
medición, utilizando el principio del divisor de voltaje.

o

Figura P 3.8-3

P 3.8-4	 El	circuito	de	la	figura	P	3.8-4	representa	un	sistema	
eléctrico de un automóvil. Un reporte establece que iH 5	9	A,	
iB 5 29	A	e	iA 5	19.1	A.	Verifique	que	este	resultado	sea	el	
correcto.

Sugerencia: Compruebe que en cada nodo la KCL se haya 
satisfecho y que en torno a cada circuito cerrado se satisfaga 
la KVL.

Luces

Batería

Alternador

Figura P 3.8-4 Modelo de circuito eléctrico del sistema eléctrico 
de un automóvil.

P 3.8-5	 El	análisis	por	computadora	del	circuito	en	la	figura	
P	3.8-5	muestra	que	 ia 5 20.5	mA	e	 ib 5 22	mA.	¿Estuvo	
correcto	el	análisis	hecho	por	computadora?

Sugerencia:	Verifique	 que	 se	 satisfagan	 las	 ecuaciones	 de	 la	
KVL para los tres enlaces cuando ia 5 20.5	mA	e	ib 5 22	mA.

Figura P 3.8-5

M03_DORF_1571_8ED_SE_053-107.indd   105 4/12/11   5:23 PM



Alfaomega Circuitos Eléctricos - Dorf

	 106	 Circuitos resistivos

s

Figura P 3.8-8

*P 3.8-9	 La	figura	3.8-9	muestra	un	circuito	y	algunos	datos	
correspondientes. Los datos tabulados proporcionan valores 

de la corriente, i, el voltaje, v, que corresponden a diversos 
valores de la resistencia R2.

(a)  Utilice	los	datos	de	las	filas	1	y	2	de	la	tabla	para	encon-
trar los valores de is y R1.

(b)  Utilice	los	resultados	de	la	parte	(a)	para	verificar	que	
los datos tabulados son consistentes.

(c)  Llene las entradas faltantes en la tabla.

s

Figura P 3.8-9

Problemas de diseño

PD 3-1	 El	circuito	que	se	muestra	en	la	figura	PD	3-1	utiliza	
un potenciómetro para producir una voltaje variable. El voltaje 
vm varía al girar un botón conectado al contacto deslizante del 
potenciómetro.	 Especifique	 las	 resistencias	R1 y R2 de modo 
que se cumpla con los tres requerimientos siguientes:

1.  El voltaje vm	varía	de	8	a	12	V	al	moverse	el	control	desli-
zante de uno a otro lado del potenciómetro.

2. La	fuente	de	voltaje	alimenta	menos	de	0.5	W	de	potencia.

3. Cada resistencia R1, R2 y Rp	disipa	menos	de	0.25	W.

Voltímetro

Figura PD 3-1

PD 3-2 La resistencia RL	en	la	figura	PD	3-2	es	la	resistencia	
equivalente	de	un	 transductor	 de	presiones.	Se	ha	 especifica-
do	que	esta	 resistencia	 sea	de	200	V 
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Figure P 3.8-8

*P 3.8-9 Figure P 3.8-9 shows a circuit and some corre-

sponding data. The tabulated data provide values of the

current, i, and voltage, v, corresponding to several values of

the resistance R2.

(a) Use the data in rows 1 and 2 of the table to find the values

of is and R1.

(b) Use the results of part (a) to verify that the tabulated data

are consistent.

(c) Fill in the missing entries in the table.

Figure P 3.8-9

Design Problems

DP 3-1 The circuit shown in Figure DP 3-1 uses a potentiom-

eter to produce a variable voltage. The voltage vm varies as a

knob connected to the wiper of the potentiometer is turned.

Specify the resistances R1 and R2 so that the following three

requirements are satisfied:

1. The voltage vm varies from 8 V to 12 V as the wiper moves

from one end of the potentiometer to the other end of the

potentiometer.

2. The voltage source supplies less than 0.5 W of power.

3. Each of R1, R2, and RP dissipates less than 0.25 W.

Figure DP 3-1

DP 3-2 The resistance RL in Figure DP 3-2 is the equivalent

resistance of a pressure transducer. This resistance is specified

to be 200 V � 5 percent. That is, 190 V � RL � 210 V. The

voltage source is a 12 V� 1 percent source capable of supplying

5 W. Design this circuit, using 5 percent, 1=8-watt resistors for
R1 and R2, so that the voltage across RL is

vo ¼ 4 V� 10%
(A 5 percent, 1/8-watt 100-V resistor has a resistance between

95 and 105 V and can safely dissipate 1/8-W continuously.)

Figure DP 3-2

DP 3-3 A phonograph pickup, stereo amplifier, and speaker are

shown in Figure DP 3-3a and redrawn as a circuit model as

shown in Figure DP 3-3b. Determine the resistance R so that the

voltage v across the speaker is 16 V. Determine the power

delivered to the speaker.

106 Resistive Circuits

	 5%.	Es	decir,	190	V 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 RL 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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	210	V.	La	fuente	de	voltaje	es	una	fuente	de	12	V	
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Figure P 3.8-8

*P 3.8-9 Figure P 3.8-9 shows a circuit and some corre-

sponding data. The tabulated data provide values of the

current, i, and voltage, v, corresponding to several values of

the resistance R2.

(a) Use the data in rows 1 and 2 of the table to find the values

of is and R1.

(b) Use the results of part (a) to verify that the tabulated data

are consistent.

(c) Fill in the missing entries in the table.

Figure P 3.8-9

Design Problems

DP 3-1 The circuit shown in Figure DP 3-1 uses a potentiom-

eter to produce a variable voltage. The voltage vm varies as a

knob connected to the wiper of the potentiometer is turned.

Specify the resistances R1 and R2 so that the following three

requirements are satisfied:

1. The voltage vm varies from 8 V to 12 V as the wiper moves

from one end of the potentiometer to the other end of the

potentiometer.

2. The voltage source supplies less than 0.5 W of power.

3. Each of R1, R2, and RP dissipates less than 0.25 W.

Figure DP 3-1

DP 3-2 The resistance RL in Figure DP 3-2 is the equivalent

resistance of a pressure transducer. This resistance is specified

to be 200 V � 5 percent. That is, 190 V � RL � 210 V. The

voltage source is a 12 V� 1 percent source capable of supplying

5 W. Design this circuit, using 5 percent, 1=8-watt resistors for
R1 and R2, so that the voltage across RL is

vo ¼ 4 V� 10%
(A 5 percent, 1/8-watt 100-V resistor has a resistance between

95 and 105 V and can safely dissipate 1/8-W continuously.)

Figure DP 3-2

DP 3-3 A phonograph pickup, stereo amplifier, and speaker are

shown in Figure DP 3-3a and redrawn as a circuit model as

shown in Figure DP 3-3b. Determine the resistance R so that the

voltage v across the speaker is 16 V. Determine the power

delivered to the speaker.

106 Resistive Circuits

	1%	

capaz	de	alimentar	5	W.	Diseñe	este	circuito	utilizando	resisto-
res	de	1/8	de	watt	de	5%	para	R1 y R2, de modo que el voltaje 
a través de RL sea 
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Figure P 3.8-8

*P 3.8-9 Figure P 3.8-9 shows a circuit and some corre-

sponding data. The tabulated data provide values of the

current, i, and voltage, v, corresponding to several values of

the resistance R2.

(a) Use the data in rows 1 and 2 of the table to find the values

of is and R1.

(b) Use the results of part (a) to verify that the tabulated data

are consistent.

(c) Fill in the missing entries in the table.

Figure P 3.8-9

Design Problems

DP 3-1 The circuit shown in Figure DP 3-1 uses a potentiom-

eter to produce a variable voltage. The voltage vm varies as a

knob connected to the wiper of the potentiometer is turned.

Specify the resistances R1 and R2 so that the following three

requirements are satisfied:

1. The voltage vm varies from 8 V to 12 V as the wiper moves

from one end of the potentiometer to the other end of the

potentiometer.

2. The voltage source supplies less than 0.5 W of power.

3. Each of R1, R2, and RP dissipates less than 0.25 W.

Figure DP 3-1

DP 3-2 The resistance RL in Figure DP 3-2 is the equivalent

resistance of a pressure transducer. This resistance is specified

to be 200 V � 5 percent. That is, 190 V � RL � 210 V. The

voltage source is a 12 V� 1 percent source capable of supplying

5 W. Design this circuit, using 5 percent, 1=8-watt resistors for
R1 and R2, so that the voltage across RL is

vo ¼ 4 V� 10%
(A 5 percent, 1/8-watt 100-V resistor has a resistance between

95 and 105 V and can safely dissipate 1/8-W continuously.)

Figure DP 3-2

DP 3-3 A phonograph pickup, stereo amplifier, and speaker are

shown in Figure DP 3-3a and redrawn as a circuit model as

shown in Figure DP 3-3b. Determine the resistance R so that the

voltage v across the speaker is 16 V. Determine the power

delivered to the speaker.
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(Un	resistor	de	100	V	de	1/8	de	watt	de	5%,	tiene	una	resisten-
cia	de	entre	95	y	105	V	y	puede	disipar	con	toda	seguridad	1/8	
W	de	manera	continua.)

Lo

Figura PD 3-2

PD 3-3	 En	 la	 figura	 PD	3-3a se muestran un fonocaptor de 
fonógrafo,	un	amplificador	de	estéreo	y	altoparlantes,	y	vueltos	
a trazar como un modelo de circuito como el que se muestra 
en	la	figura	PD	3-3b. Determine la resistencia R de modo que 
el voltaje v	a	través	del	altoparlante	sea	de	16	V.	Determine	la	
potencia transmitida al altoparlante.

Fonógrafo Amplificador
Altopralante

M03_DORF_1571_8ED_SE_053-107.indd   106 4/12/11   5:23 PM



Circuitos Eléctricos - Dorf Alfaomega

 Problemas de diseño 107

Fonocaptor Amplificador Altoparlante

Figura PD 3-3 Un sistema de fonógrafo estereofónico.

PD 3-4 Se requiere que un conjunto de luces para arbolitos de 
Navidad funcione con una batería de 6 V en un árbol de un parque 
citadino.	La	batería	de	trabajo	pesado	puede	proveer	9	A	durante	
un periodo de cuatro horas de operación cada noche. Diseñe un 
conjunto de luces en paralelo (seleccione el número máximo de 
luces)	cuando	la	resistencia	de	cada	bombillo	sea	de	12	V.

PD 3-5	 La	entrada	al	circuito	que	se	muestra	en	la	figura	PD	3-5	
es el voltaje de la fuente de voltaje, vs. La salida es el voltaje vo. 
La salida se relaciona con la entrada por

vo 
R2

R1  R2
vs  gvs

La salida del divisor de voltaje es proporcional a la entrada. 
La constante de proporcionalidad, g, se denomina ganancia del 
divisor de voltaje y la da
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Figure DP 3-3 A phonograph stereo system.

DP 3-4 A Christmas tree light set is required that will operate

from a 6-V battery on a tree in a city park. The heavy-duty

battery can provide 9 A for the four-hour period of operation

each night. Design a parallel set of lights (select the maximum

number of lights) when the resistance of each bulb is 12 V.

DP 3-5 The input to the circuit shown in Figure DP 3-5 is the

voltage source voltage, vs. The output is the voltage vo. The

output is related to the input by

vo ¼ R2

R1 þ R2
vs ¼ gvs

The output of the voltage divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

voltage divider and is given by

g ¼ R2

R1 þ R2

The power supplied by the voltage source is

p ¼ vsis ¼ vs
vs

R1 þ R2

� �
¼ vs

2

R1 þ R2
¼ vs

2

Rin

where

Rin ¼ R1 þ R2

is called the input resistance of the voltage divider.

(a) Design a voltage divider to have a gain, g¼ 0.65.

(b) Design a voltage divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 2500 V.

Figure DP 3-5

DP 3-6 The input to the circuit shown in Figure DP 3-6 is the

current source current, is. The output is the current io. The

output is related to the input by

io ¼ R1

R1 þ R2
is ¼ gis

The output of the current divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

current divider and is given by

g ¼ R1

R1 þ R2

The power supplied by the current source is

p ¼ vsis ¼ is
R1R2

R1 þ R2

� �� �
is ¼ R1R2

R1 þ R2
is
2 ¼ Rinis

2

where

Rin ¼ R1R2

R1 þ R2

is called the input resistance of the current divider.

(a) Design a current divider to have a gain, g¼ 0.65.

(b) Design a current divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 10000 V.

Figure DP 3-6

DP 3-7 Design the circuit shown in Figure DP 3-7 to have an

output vo¼ 8.5 Vwhen the input is vs¼ 12 V. The circuit should

require no more than 1 mW from the voltage source.

Figure DP 3-7

DP 3-8 Design the circuit shown in Figure DP 3-8 to have an

output io¼ 1.8 mA when the input is is¼ 5 mA. The circuit should

require no more than 1 mW from the current source.

Figure DP 3-8

Design Problems 107

La potencia alimentada por la fuente de voltaje es

p  vsis  vs
vs

R1  R2


vs
2

R1  R2


vs
2

Rent

donde
Rent 5 R1 1 R2

se denomina la resistencia de entrada del divisor de voltaje.

(a)  Diseñe un divisor de voltaje que tenga una ganancia, g 5	0.65.
(b)  Diseñe un divisor de voltaje que tenga una ganancia, g 5	0.65,	

y una resistencia de entrada, Rent 5	2	500	V.

os

Figura PD 3-5

PD 3-6	 La	entrada	al	circuito	que	se	muestra	en	la	figura	PD	
3-6	es	la	corriente	de	la	fuente	de	corriente,	is. La salida es la 
corriente io. La salida se relaciona con la entrada por

io 
R1

R1  R2
is  gis

La salida del divisor de corriente es proporcional a la entrada. 
La constante de proporcionalidad, g, se denomina la ganancia 
del divisor de corriente y la da
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Figure DP 3-3 A phonograph stereo system.

DP 3-4 A Christmas tree light set is required that will operate

from a 6-V battery on a tree in a city park. The heavy-duty

battery can provide 9 A for the four-hour period of operation

each night. Design a parallel set of lights (select the maximum

number of lights) when the resistance of each bulb is 12 V.

DP 3-5 The input to the circuit shown in Figure DP 3-5 is the

voltage source voltage, vs. The output is the voltage vo. The

output is related to the input by

vo ¼ R2

R1 þ R2
vs ¼ gvs

The output of the voltage divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

voltage divider and is given by

g ¼ R2

R1 þ R2

The power supplied by the voltage source is

p ¼ vsis ¼ vs
vs

R1 þ R2

� �
¼ vs

2

R1 þ R2
¼ vs

2

Rin

where

Rin ¼ R1 þ R2

is called the input resistance of the voltage divider.

(a) Design a voltage divider to have a gain, g¼ 0.65.

(b) Design a voltage divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 2500 V.

Figure DP 3-5

DP 3-6 The input to the circuit shown in Figure DP 3-6 is the

current source current, is. The output is the current io. The

output is related to the input by

io ¼ R1

R1 þ R2
is ¼ gis

The output of the current divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

current divider and is given by

g ¼ R1

R1 þ R2

The power supplied by the current source is

p ¼ vsis ¼ is
R1R2

R1 þ R2

� �� �
is ¼ R1R2

R1 þ R2
is
2 ¼ Rinis

2

where

Rin ¼ R1R2

R1 þ R2

is called the input resistance of the current divider.

(a) Design a current divider to have a gain, g¼ 0.65.

(b) Design a current divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 10000 V.

Figure DP 3-6

DP 3-7 Design the circuit shown in Figure DP 3-7 to have an

output vo¼ 8.5 Vwhen the input is vs¼ 12 V. The circuit should

require no more than 1 mW from the voltage source.

Figure DP 3-7

DP 3-8 Design the circuit shown in Figure DP 3-8 to have an

output io¼ 1.8 mA when the input is is¼ 5 mA. The circuit should

require no more than 1 mW from the current source.

Figure DP 3-8

Design Problems 107

La potencia alimentada por la fuente de corriente es

p  vsis  is
R1R2

R1  R2
is 

R1R2

R1  R2
is

2  Rent is2

donde

Rent
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Figure DP 3-3 A phonograph stereo system.

DP 3-4 A Christmas tree light set is required that will operate

from a 6-V battery on a tree in a city park. The heavy-duty

battery can provide 9 A for the four-hour period of operation

each night. Design a parallel set of lights (select the maximum

number of lights) when the resistance of each bulb is 12 V.

DP 3-5 The input to the circuit shown in Figure DP 3-5 is the

voltage source voltage, vs. The output is the voltage vo. The

output is related to the input by

vo ¼ R2

R1 þ R2
vs ¼ gvs

The output of the voltage divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

voltage divider and is given by

g ¼ R2

R1 þ R2

The power supplied by the voltage source is

p ¼ vsis ¼ vs
vs

R1 þ R2

� �
¼ vs

2

R1 þ R2
¼ vs

2

Rin

where

Rin ¼ R1 þ R2

is called the input resistance of the voltage divider.

(a) Design a voltage divider to have a gain, g¼ 0.65.

(b) Design a voltage divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 2500 V.

Figure DP 3-5

DP 3-6 The input to the circuit shown in Figure DP 3-6 is the

current source current, is. The output is the current io. The

output is related to the input by

io ¼ R1

R1 þ R2
is ¼ gis

The output of the current divider is proportional to the input.

The constant of proportionality, g, is called the gain of the

current divider and is given by

g ¼ R1

R1 þ R2

The power supplied by the current source is

p ¼ vsis ¼ is
R1R2

R1 þ R2

� �� �
is ¼ R1R2

R1 þ R2
is
2 ¼ Rinis

2

where

Rin ¼ R1R2

R1 þ R2

is called the input resistance of the current divider.

(a) Design a current divider to have a gain, g¼ 0.65.

(b) Design a current divider to have a gain, g¼ 0.65, and an

input resistance, Rin¼ 10000 V.

Figure DP 3-6

DP 3-7 Design the circuit shown in Figure DP 3-7 to have an

output vo¼ 8.5 Vwhen the input is vs¼ 12 V. The circuit should

require no more than 1 mW from the voltage source.

Figure DP 3-7

DP 3-8 Design the circuit shown in Figure DP 3-8 to have an

output io¼ 1.8 mA when the input is is¼ 5 mA. The circuit should

require no more than 1 mW from the current source.

Figure DP 3-8

Design Problems 107

se denomina la resistencia de entrada del divisor de corriente.

(a)  Diseñe un divisor de corriente que tenga una ganancia, g 5	0.65.
(b)  Diseñe un divisor de corriente que tenga una ganancia, g 5	0.65	

y una resistencia de entrada , Rent 5	10	000	V.

o

ss

Figura PD 3-6

PD 3-7	 Diseñe	el	circuito	que	se	muestra	en	la	figura	PD	3-7	que	
tenga una salida vo 5	8.5	V	cuando	 la	entrada	 sea	vs 5	12	V.	
El	circuito	podría	requerir	no	más	de	1	mW	desde	la	fuente	de	
voltaje.

s o

Figura PD 3-7

PD 3-8	 Diseñe	el	circuito	que	se	muestra	en	la	figura	PD	3-8	que	
tenga una salida io 5	1.8	mA	cuando	la	entrada	sea	is 5 5 mA. 
El	circuito	debería	requerir	no	más	de	1	mW	desde	la	fuente	de	
corriente.

s s

o

Figura PD 3-8
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108

Métodos  
de análisis de  
circuitos resistivos

4.1 I N T R O D U C C I Ó N

Para analizar un circuito eléctrico se requiere escribir y despejar un conjunto de ecuaciones. Aplicamos las 
leyes de la corriente y el voltaje de Kirchhoff para obtener algunas ecuaciones. Las ecuaciones constituti-
vas de los elementos del circuito, como la ley de Ohm, proporcionan las ecuaciones restantes. Las varia-
bles desconocidas son las corrientes y voltajes de los elementos. El despeje de las ecuaciones proporciona 
los valores de las corrientes y los voltajes de los elementos.
 Este método funciona bien con circuitos pequeños, pero el conjunto de ecuaciones puede ser muy 
extenso, incluso en circuitos de dimensiones moderadas. Un circuito con sólo 6 elementos tiene 6 co-
rrientes del elemento y 6 voltajes del elemento. Podríamos tener 12 ecuaciones en 12 incógnitas. En este 
capítulo consideramos dos métodos para escribir un conjunto más pequeño de ecuaciones simultáneas:

• El método de los voltajes de nodos

• El método de las corrientes de enlaces

El método de los voltaje de nodos utiliza un nuevo tipo de variable llamado voltaje de nodos. Las “ecua-
ciones de voltaje de nodos” o, más sencillo, las “ecuaciones nodales” son un conjunto de ecuaciones 
simultáneas que representan un circuito eléctrico dado. Las variables desconocidas de las ecuaciones de 
voltajes de nodos son los voltajes del nodo. Después de resolver las ecuaciones de los voltajes de nodos, 
determinamos los valores de las corrientes y los voltajes de los elementos para los valores de los voltajes 
de nodos.

CAPÍTULO

 4.8  Comparación entre el método de voltajes de 
nodos y el método de corrientes de enlaces

 4.9  Análisis de corrientes de enlaces utilizando 
MATLAB

4.10  Uso de PSpice para determinar los voltajes 
de nodos y las corrientes de enlaces 

4.11 ¿Cómo lo podemos comprobar . . . ?
4.12  EJEMPLO DE DISEÑO — Despliegue 

angular del potenciómetro
4.13 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño

EN ESTE CAPÍTULO

4.1 Introducción
4.2  Análisis de voltajes de nodos de circuitos 

con fuentes de corriente
4.3  Análisis de voltajes de nodos de circuitos 

con fuentes de corriente y de voltaje
4.4  Análisis de voltajes de nodos con fuentes 

dependientes
4.5  Análisis de corrientes de enlaces con 

fuentes de voltaje independientes
4.6  Análisis de corrientes de enlaces con 

fuentes de corriente y de voltaje 
4.7  Análisis de corrientes de enlaces con 

fuentes dependientes
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 Es más fácil escribir ecuaciones de voltajes de nodos para algunos tipos de circuitos que para 
otros. Empezando con el caso más fácil, aprenderemos cómo escribir ecuaciones de voltaje de nodos 
para circuitos que constan de:

• Resistores y fuentes de corriente independientes
• Resistores y fuentes de corriente y de voltaje independientes
• Resistores y fuentes de corriente y de voltaje independientes y dependientes

El método de corrientes de enlaces utiliza un nuevo tipo de variable denominado corriente de enlace. 
Las “ecuaciones de corrientes de enlaces” o, más sencillo, las “ecuaciones de enlaces” son un conjun-
to de ecuaciones simultáneas que representan un circuito eléctrico dado. Las variables desconocidas 
de las ecuaciones de corrientes de enlaces son las corrientes de enlaces. Después de despejar las ecua-
ciones de corrientes de enlaces, determinamos los valores de las corrientes y voltajes de los elementos 
a partir de los valores de las corrientes de enlaces.
 Es más fácil escribir ecuaciones de corrientes de enlaces para algunos tipos de circuitos que 
para otros. Empezando con el caso más fácil, aprenderemos cómo escribir ecuaciones de corrientes de 
enlaces para circuitos que constan de:

• Resistores y fuentes de voltaje independientes
• Resistores y fuentes de corriente y de voltaje independientes
• Resistores y fuentes de corriente y de voltaje independientes y dependientes

4.2  A N Á L I S I S  D E  VO LTA J E S  D E  N O D O S  D E  C I R C U I T O S 
C O N  F U E N T E S  D E  C O R R I E N T E

Considere el circuito que se muestra en la figura 4.2-1a. El circuito contiene cuatro elementos: tres 
resistores y una fuente de corriente. Los nodos de un circuito son los lugares en que los elementos están 
conectados entre sí. El circuito que se muestra en la figura 4.2-1a tiene tres nodos. Lo común es trazar 
los elementos horizontal o verticalmente y conectar estos elementos con líneas horizontales y verticales 
que representan los cables. En otras palabras, los nodos se dibujan como puntos o bien utilizando líneas 
horizontales o verticales. La figura 4.21b muestra el mismo circuito, pero trazado de nuevo de modo 
que los tres nodos están dibujados como puntos en vez de líneas. En la figura 4.2-1b, los nodos están 
etiquetados como nodo a, nodo b, y nodo c.

FIGURA 4.2-1 (a) Circuito con tres 
nodos. (b) El circuito después de que 
se han etiquetado los tres nodos y se 
ha seleccionado y marcado un nodo de 
referencia. (c) Utilizando voltímetros 
para medir los voltajes de los nodos.

(a)

(b)

R1R1

R2R2 R3
is

is

R3

va –+ vb –+

Voltímetro Voltímetro

a
b

c

(c)

R1

R2

is

R3

a
b

c
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 La KCL no se aplica si se llama al nodo de referencia. Cualquier nodo del circuito puede ser selec-
cionado como nodo de referencia. Con frecuencia elegiremos el nodo al final del circuito para que sea el 
nodo de referencia. (Cuando el circuito contiene un alimentador de energía aterrizado, el nodo de tierra 
del alimentador de energía es el que se suele seleccionar como nodo de referencia.) En la figura 4.21b, el 
nodo c es el seccionado como nodo de referencia y marcado con el símbolo que lo identifica como tal.
 El voltaje en cualquier nodo del circuito, respecto del nodo de referencia, se denomina voltaje de 
nodos. En la figura 4.2-1b hay dos nodos de voltaje: el voltaje en el nodo a respecto del nodo de refe-
rencia, el nodo c, y el voltaje en el nodo b, de nuevo con respecto al nodo de referencia, el nodo c. En la 
figura 4.2-1c, se han agregado voltímetros para medir los voltajes en los nodos. Para medir el voltaje de 
nodos en el nodo a, conecte el probador rojo del voltímetro en el nodo a y conecte el probador negro en 
el nodo c, que es el de referencia. Para medir el voltaje de nodos en el nodo b, conecte el probador rojo 
del voltímetro en el nodo b, y el probador negro en el nodo c, que es el nodo de referencia.
 Los voltajes de nodos en la figura 4.2-1c se pueden representar como vac y vbc, pero es conven-
cional excluir el subíndice c y referirse a ellos como va y vb. Observe que el voltaje de nodos en el 
nodo de referencia es vcc 5 vc 5 0 V porque un voltímetro que mide el voltaje de nodos en el nodo de 
referencia podría tener ambos probadores conectados en el mismo punto.
 Uno de los métodos comunes de analizar un circuito eléctrico es escribir y despejar un conjunto 
de ecuaciones simultáneas denominado ecuaciones nodales. Las variables desconocidas en las ecua-
ciones de nodos son los voltajes de nodos del circuito. Determinamos los valores de los voltajes del 
nodo despejando las ecuaciones nodales.

Para escribir un conjunto de ecuaciones nodales, se hacen dos cosas:

1. Expresar las corrientes del elemento como funciones de los voltajes de nodos.

2.  Aplicar la ley de la corriente de Kirchhofff (KCL) en cada uno de los nodos del circuito, 
excepto en el nodo de referencia.

 Considere el problema de expresar corrientes de elementos como funciones de voltajes de 
nodos. Aun cuando nuestro objetivo es expresar corrientes de elementos como funciones, empeza-
remos por expresar voltajes de elementos como funciones de los voltajes de nodos. La figura 4.2-2 
muestra cómo se hace. Los voltímetros en la figura 4.2-2 miden los voltajes de nodos, v1 y v2, en los 
nodos del elemento de circuito. El voltaje del elemento se ha etiquetado como va. Aplicando la ley del 
voltaje de Kirchhoff al circuito cerrado que se muestra en la figura 4.2-2 resulta 

va 5 v1 2 v2

Esta ecuación expresa el voltaje del elemento, va, como una función de los voltajes de nodos, v1 y v2. 
(Hay una manera fácil de recordar esta ecuación. Observe la polaridad de referencia del voltaje del 
elemento, va. El voltaje del elemento es igual al voltaje del nodo en el nodo cercano a la polaridad de 
referencia 1 menos el voltaje de nodos en el nodo cercano a la polaridad de referencia 2.)
 Ahora considere la figura 4.2-3. En la figura 4-2-3a, aplicamos lo que hemos aprendido a usar 
para expresar el voltaje de un elemento de circuito como una función de voltajes de nodos. El elemento 

Voltímetro

v1

va

v2

+

+

–

–

v1

+

–

Voltímetro

v2

FIGURA 4.2-2 Voltajes de nodos, v1 y v2, y voltaje del elemento, va, de un elemento del circuito.
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–+ v1 – v2 v1 – v2 v1 – v2

v1 – v2

v1 v2 v1
Vf v2 v1 v2

(a)

–+

(b)

–+

R

R

i =

(c)

+ –

de circuito en la figura 4.2-3a podría ser cualquier cosa: un resistor, una fuente de corriente, una fuen-
te de corrientes dependiente, etcétera. En las figuras 4.2-3b y c, consideramos tipos específicos de 
elementos de circuito. En la figura 4.2-3b, el elemento de circuito es una fuente de voltaje. El voltaje 
de elemento se ha representado dos veces, una como el voltaje de la fuente de voltaje, Vs, y otra como 
una función de los voltajes de nodos, v1 2 v2. Es interesante observar que las polaridades de referencia 
para Vs y v1 2 v2 son las mismas (ambas 1 a la izquierda), escribimos

Vs 5 v1 2 v2
Éste es un resultado importante. Cuantas veces tengamos una fuente de voltaje conectada entre dos 
nodos de un circuito, podemos expresar el voltaje de la fuente de voltaje, Vs, como una función de 
los voltajes de nodos, v1 y v2. 
 Con frecuencia conocemos el valor del voltaje de la fuente de voltaje. Por ejemplo, suponga que 
Vs 5 12 V. Entonces 12 5 v1 2 v2

Esta ecuación se relaciona con los valores de los dos voltajes de nodos.
 A continuación, considere la figura 4.2-3c. En ella el elemento de circuito es un resistor. Aplica-
remos la ley de Ohm para expresar la corriente del resistor, i, como una función de voltajes de nodos. 
En primer lugar, expresamos el voltaje del resistor como una función de voltajes de nodos, v1 2 v2. 
Como el voltaje del resistor, v1 2 v2, y la corriente, i, se apegan a la convención pasiva, aplicamos la 
ley de Ohm para escribir
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ

–+ v1 – v2 v1 – v2 v1 – v2

v1 – v2

v1 v2 v1
Vs v2 v1 v2

(a)

–+

(b)

–+

R

R

i =

(c)

+ –

FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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En ocasiones, conocemos el valor de la resistencia. Por ejemplo, cuando R 5 8 V, esta ecuación se 
convierte
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ
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i =
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FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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Esta ecuación expresa la corriente del resistor, i, como una función de los voltajes de nodos, v1 y v2.
 A continuación, escribamos ecuaciones nodales para representar el circuito que se muestra en 
la figura 4.2-4a. La entrada a este circuito en la corriente de la fuente de corriente, is. Para escribir 
ecuaciones nodales, primero expresaremos las corrientes del resistor como funciones de voltajes de 
nodos y después aplicaremos la ley de la corriente de Kirchhoff en los nodos a y b. Los voltajes del 
resistor se expresan como funciones de los voltajes de nodos en la figura 4.2-4b, y luego las corrientes 
del resistor se expresan como funciones de los voltajes de nodos en la figura 4.2-4c.
 Las ecuaciones nodales que representan el circuito en la figura 4.2-4 se obtienen aplicando la 
ley de la corriente de Kirchhoff en los nodos a y b. Usar la KCL en el nodo a nos da
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ
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FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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 (4.2-1)

Del mismo modo, la ecuación de KCL en el nodo b es
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ
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FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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 (4.2-2)

Si R1 5 1 V, R2 5 R3 5 0.5 V e is 5 4 A, las ecuaciones 4.2-1 y 4.2-2 se pueden reescribir así
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ

–+ v1 – v2 v1 – v2 v1 – v2

v1 – v2

v1 v2 v1
Vs v2 v1 v2

(a)

–+

(b)

–+

R

R

i =

(c)

+ –

FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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 (4.2-3)
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anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c,

we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source.

The element voltage has been represented twice, once as the voltage source voltage, Vs, and once as a

function of the node voltages, v1 � v2. Noticing that the reference polarities for Vs and v1 � v2 are the

same (both þ on the left), we write

V s ¼ v1 � v2

This is an important result. Whenever we have a voltage source connected between two nodes of a

circuit, we can express the voltage source voltage, Vs, as a function of the node voltages, v1 and v2.

Frequently, we know the value of the voltage source voltage. For example, suppose that

Vs ¼ 12 V. Then

12 ¼ v1 � v2

This equation relates the values of two of the node voltages.

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use

Ohm’s law to express the resistor current, i, as a function of the node voltages. First, we express the

resistor voltage as a function of the node voltages, v1 � v2. Noticing that the resistor voltage, v1 � v2,

and the current, i, adhere to the passive convention, we use Ohm’s law to write

i ¼ v1 � v2

R

Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

i ¼ v1 � v2

8
This equation expresses the resistor current, i, as a function of the node voltages, v1 and v2.

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this

circuit is the current source current, is. To write node equations, we will first express the resistor currents as

functions of the node voltages and then apply Kirchhoff’s current law at nodes a and b. The resistor voltages

are expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed

as functions of the node voltages in Figure 4.2-4c.

The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’s

current law at nodes a and b. Using KCL at node a gives

is ¼ va

R2
þ va � vb

R1
ð4:2-1Þ

Similarly, the KCL equation at node b is

va � vb

R1
¼ vb

R3
ð4:2-2Þ

If R1 ¼ 1V; R2 ¼ R3 ¼ 0:5V, and is ¼ 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as

4 ¼ va � vb

1
þ va

0:5
ð4:2-3Þ

va � vb

1
¼ vb

0:5
ð4:2-4Þ
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FIGURE 4.2-3 Node voltages, v1
and v2, and element voltage,

v1 � v2, of a (a) generic circuit

element, (b) voltage source, and

(c) resistor.
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 (4.2-4)

FIGURA 4.3-3 Los voltajes 
de nodos, v1 y v2, y los voltajes de 
elemento, v1 2 v2, de (a) un elemento 
de circuito genérico, (b) fuente de 
voltaje, y (c) resistor.
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El despeje de la ecuación 4.2-4 para vb resulta
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1

2
V

Thus, the node voltages of this circuit are

va ¼ 3

2
V and vb ¼ 1

2
V

(a)

R1

R3R2 vb

v1

–

–
+

va
–

+
+

is

a b

(b)

R1

R3R2 vb

(va – vb)

–

–
+

va
–

+
+

(va – vb) –+

is

a b

(c)

R1R1

R3R2 vb

va – vb

–

+
va
–

+
is

a b

R2

va
R3

vb

FIGURE 4.2-4

(a) A circuit with three

resistors. (b) The

resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0

112 Methods of Analysis of Resistive Circuits

 (4.2-5)

Al sustituir la ecuación 4.2-5 en la ecuación 4.2-3 da
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1

2
V

Thus, the node voltages of this circuit are

va ¼ 3

2
V and vb ¼ 1

2
V

(a)

R1

R3R2 vb

v1

–

–
+

va
–

+
+

is

a b

(b)
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+
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a b
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FIGURE 4.2-4

(a) A circuit with three

resistors. (b) The

resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0

112 Methods of Analysis of Resistive Circuits

 (4.2-6)

Al despejar la ecuación 4.2-6 para va da
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1

2
V

Thus, the node voltages of this circuit are

va ¼ 3

2
V and vb ¼ 1

2
V

(a)

R1

R3R2 vb

v1
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+

va
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a b
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FIGURE 4.2-4

(a) A circuit with three

resistors. (b) The

resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0

112 Methods of Analysis of Resistive Circuits

Finalmente, la ecuación 4.2-5 da
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1

2
V

Thus, the node voltages of this circuit are

va ¼ 3

2
V and vb ¼ 1

2
V

(a)

R1

R3R2 vb

v1

–

–
+

va
–

+
+

is

a b

(b)
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a b
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FIGURE 4.2-4

(a) A circuit with three

resistors. (b) The

resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0
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Entonces, los voltajes de nodos de este circuito son
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives
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Finally, Eq. 4.2-5 gives
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resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1
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V

Thus, the node voltages of this circuit are

va ¼ 3
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resistor voltages
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of the node voltages.

(c) The resistor currents
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of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0
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FIGURA 4.2-4 
(a) Circuito con 
tres resistores. (b) 
Los voltajes de los  
resistores expresados  
como funciones de  
los voltajes de nodos.  
(c) Las corrientes de 
los resistores expresadas  
como funciones de los  
voltajes de nodos.
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Determine el valor de la resistencia R en el circuito que se muestra en la figura 4.2-5a.

Solución
Sea va el voltaje del nodo a, y vb el voltaje de nodos en el nodo b. El voltímetro en la figura 4.2-5 mide el valor del 
voltaje de nodos en el nodo b, vb. En la figura 4.2-5b, las corrientes de los resistores se expresan como funciones 
de los voltajes de nodos. Aplique la KCL en el nodo a para obtener
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Solving Eq. 4.2-4 for vb gives

vb ¼ va

3
ð4:2-5Þ

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

4 ¼ va � va

3
þ 2va ¼ 8

3
va ð4:2-6Þ

Solving Eq. 4.2-6 for va gives

va ¼ 3

2
V

Finally, Eq. 4.2-5 gives

vb ¼ 1

2
V

Thus, the node voltages of this circuit are

va ¼ 3
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V and vb ¼ 1
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FIGURE 4.2-4

(a) A circuit with three

resistors. (b) The

resistor voltages

expressed as functions

of the node voltages.

(c) The resistor currents

expressed as functions

of the node voltages.

E X A M P L E 4 . 2 - 1 Node Equations

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution
Let va denote the node voltage at node a and vb denote the node voltage at node b. The voltmeter in Figure 4.2-5

measures the value of the node voltage at node b, vb. In Figure 4.2-5b, the resistor currents are expressed as

functions of the node voltages. Apply KCL at node a to obtain

4þ va

10
þ va � vb

5
¼ 0
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Utilizar vb 5 5 V da
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Using vb ¼ 5 V gives

4þ va

10
þ va � 5

5
¼ 0

Solving for va, we get

va ¼ �10 V

Next, apply KCL at node b to obtain

� va � vb

5

� �
þ vb

R
� 4 ¼ 0

Using va ¼ �10 V and vb ¼ 5 V gives

� �10� 5

5

� �
þ 5

R
� 4 ¼ 0

Finally, solving for R gives

R ¼ 5V

5 Ω 5 Ω

10 Ω 10 Ω4 A 4 A 4 A 4 A

(a)

Voltmeter

a b

(b)

a b

R R
10

5

R

vbva

va – vb

5 . 0 0

FIGURE 4.2-5 (a) The

circuit for Example 4.2-1.

(b) The circuit after the

resistor currents are

expressed as functions of

the node voltages.

E X A M P L E 4 . 2 - 2 Node Equations

Obtain the node equations for the circuit in Figure 4.2-6.

Solution
Let va denote the node voltage at node a, vb denote

the node voltage at node b, and vc denote the node

voltage at node c. Apply KCL at node a to obtain

� va � vc

R1

� �
þ i1 � va � vc

R2

� �
þ i2 � va � vb

R5

� �
¼ 0

Separate the terms of this equation that involve va
from the terms that involve vb and the terms that

involve vc to obtain.

1

R1
þ 1

R2
þ 1

R5

� �
va � 1

R5

� �
vb � 1

R1
þ 1

R2

� �
vc ¼ i1 þ i2

R2R1 R4
R3

R6

R5

i2

i3i1

a

c

b

FIGURE 4.2-6 The circuit for Example 4.2-2
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Al despejar va, obtenemos
va 5 210 V

A continuación, aplicar la KCL en el nodo b para obtener
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Using vb ¼ 5 V gives

4þ va

10
þ va � 5

5
¼ 0

Solving for va, we get

va ¼ �10 V

Next, apply KCL at node b to obtain

� va � vb

5
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þ vb

R
� 4 ¼ 0

Using va ¼ �10 V and vb ¼ 5 V gives

� �10� 5

5
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þ 5

R
� 4 ¼ 0

Finally, solving for R gives

R ¼ 5V
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FIGURE 4.2-5 (a) The

circuit for Example 4.2-1.

(b) The circuit after the

resistor currents are

expressed as functions of

the node voltages.

E X A M P L E 4 . 2 - 2 Node Equations

Obtain the node equations for the circuit in Figure 4.2-6.

Solution
Let va denote the node voltage at node a, vb denote

the node voltage at node b, and vc denote the node

voltage at node c. Apply KCL at node a to obtain

� va � vc

R1
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þ i1 � va � vc

R2
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R5

� �
¼ 0

Separate the terms of this equation that involve va
from the terms that involve vb and the terms that

involve vc to obtain.
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FIGURE 4.2-6 The circuit for Example 4.2-2
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Utilizando va 5 210 V y vb 5 5 V resulta
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Using vb ¼ 5 V gives

4þ va

10
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5
¼ 0

Solving for va, we get

va ¼ �10 V

Next, apply KCL at node b to obtain

� va � vb

5
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þ vb

R
� 4 ¼ 0

Using va ¼ �10 V and vb ¼ 5 V gives

� �10� 5
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R
� 4 ¼ 0

Finally, solving for R gives

R ¼ 5V
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E X A M P L E 4 . 2 - 2 Node Equations

Obtain the node equations for the circuit in Figure 4.2-6.
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Let va denote the node voltage at node a, vb denote

the node voltage at node b, and vc denote the node

voltage at node c. Apply KCL at node a to obtain

� va � vc

R1

� �
þ i1 � va � vc

R2
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þ i2 � va � vb

R5
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¼ 0

Separate the terms of this equation that involve va
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FIGURE 4.2-6 The circuit for Example 4.2-2
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Finalmente, despejar R, da
R 5 5 V

Obtener las ecuaciones nodales para el circuito en la figura 4.2-6.

Solución
Sea va el voltaje de nodos en el nodo a, vb el voltaje de 
nodos en el nodo b, y vc el voltaje de nodos en el nodo c. 
Aplique la KCL al nodo a para obtener
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Using vb ¼ 5 V gives

4þ va

10
þ va � 5

5
¼ 0

Solving for va, we get

va ¼ �10 V

Next, apply KCL at node b to obtain
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5
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� 4 ¼ 0

Using va ¼ �10 V and vb ¼ 5 V gives
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Obtain the node equations for the circuit in Figure 4.2-6.
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Let va denote the node voltage at node a, vb denote
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FIGURE 4.2-6 The circuit for Example 4.2-2
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Separe los términos de esta ecuación que impliquen va 
de los términos que impliquen vb y los que incluyan vc 
para obtener 
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Using vb ¼ 5 V gives
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Solving for va, we get

va ¼ �10 V

Next, apply KCL at node b to obtain
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E X A M P L E 4 . 2 - 2 Node Equations

Obtain the node equations for the circuit in Figure 4.2-6.
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Let va denote the node voltage at node a, vb denote

the node voltage at node b, and vc denote the node

voltage at node c. Apply KCL at node a to obtain

� va � vc

R1
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þ i1 � va � vc

R2
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þ i2 � va � vb

R5

� �
¼ 0

Separate the terms of this equation that involve va
from the terms that involve vb and the terms that

involve vc to obtain.
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FIGURE 4.2-6 The circuit for Example 4.2-2
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FIGURA 4.2-5 (a) 
Circuito para el ejemplo 
4.2-1. (b) El circuito 
después de las corrientes 
del resistor se expresan 
como funciones de los 
voltajes de nodos.

FIGURA 4.2-6 El circuito para el ejemplo 4.2-2.
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	 114	 Métodos de análisis de circuitos resistivos

E j E m p l o  4 . 2 - 3  Ecuaciones nodales

Hay un patrón en las ecuaciones nodales de circuitos que contienen sólo resistores y fuentes de corriente. En la 
ecuación nodal en el nodo a, el coeficiente de va es la suma de los recíprocos de las resistencia de todos los re-
sistores conectados al nodo a. El coeficiente de vb es la resta de la suma de los recíprocos de las resistencias de 
todos los resistores conectados entre los nodos a y b. El coeficiente vc es la resta de la suma de los recíprocos 
de las resistencias de todos los resistores conectados entre los nodos c y a. El lado derecho de esta ecuación es la 
suma algebraica de corrientes de la fuente de corriente dirigidas al nodo a.
 Aplique la KCL en el nodo b para obtener
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There is a pattern in the node equations of circuits that contain only resistors and current sources. In the node

equation at node a, the coefficient of va is the sum of the reciprocals of the resistances of all resistors connected to

node a. The coefficient of vb is minus the sum of the reciprocals of the resistances of all resistors connected

between node b and node a. The coefficient vc is minus the sum of the reciprocals of the resistances of all resistors

connected between node c and node a. The right-hand side of this equation is the algebraic sum of current source

currents directed into node a.

Apply KCL at node b to obtain

�i2 þ va � vb

R5

� �
� vb � vc

R3

� �
� vb

R4

� �
þ i3 ¼ 0

Separate the terms of this equation that involve va from the terms that involve vb and the terms that involve vc to obtain

� 1

R5

� �
va þ 1

R3
þ 1

R4
þ 1

R5

� �
vb � 1

R3

� �
vc ¼ i3 � i2

As expected, this node equation adheres to the pattern for node equations of circuits that contain only resistors and

current sources. In the node equation at node b, the coefficient of vb is the sum of the reciprocals of the resistances

of all resistors connected to node b. The coefficient of va is minus the sum of the reciprocals of the resistances of all

resistors connected between node a and node b. The coefficient of vc is minus the sum of the reciprocals of the

resistances of all resistors connected between node c and node b. The right-hand side of this equation is the

algebraic sum of current source currents directed into node b.

Finally, use the pattern for the node equations of circuits that contain only resistors and current sources to

obtain the node equation at node c:

� 1

R1
þ 1

R2

� �
va � 1

R3

� �
vb þ 1

R1
þ 1

R2
þ 1

R3
þ 1

R6

� �
vc ¼ i1

E X A M P L E 4 . 2 - 3 Node Equations

Determine the node voltages for the circuit in Figure 4.2-6 when i1 ¼ 1 A; i2 ¼ 2 A; i3 ¼ 3 A; R1 ¼ 5V; R2 ¼
2V; R3 ¼ 10V; R4 ¼ 4V; R5 ¼ 5V, and R6 ¼ 2V.

Solution
The node equations are

1

5
þ 1

2
þ 1

5

� �
va � 1

5

� �
vb � 1

5
þ 1

2

� �
vc ¼ 1þ 2

� 1

5

� �
va þ 1

10
þ 1

5
þ 1

4

� �
vb � 1

10

� �
vc ¼�2þ 3

� 1

5
þ 1

2

� �
va � 1

10

� �
vb þ 1

5
þ 1

2
þ 1

10
þ 1

2

� �
vc ¼�1

0:9va � 0:2vb � 0:7vc ¼ 3

�0:2va þ 0:55vb � 0:1vc ¼ 1

�0:7va � 0:1vb þ 1:3vc ¼ �1

The node equations can be written using matrices as

A v ¼ b

114 Methods of Analysis of Resistive Circuits

Separe los términos de esta ecuación que impliquen va de los términos que incluyan vb y los términos que impli-
quen vc para obtener
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There is a pattern in the node equations of circuits that contain only resistors and current sources. In the node

equation at node a, the coefficient of va is the sum of the reciprocals of the resistances of all resistors connected to

node a. The coefficient of vb is minus the sum of the reciprocals of the resistances of all resistors connected

between node b and node a. The coefficient vc is minus the sum of the reciprocals of the resistances of all resistors

connected between node c and node a. The right-hand side of this equation is the algebraic sum of current source

currents directed into node a.

Apply KCL at node b to obtain

�i2 þ va � vb

R5

� �
� vb � vc

R3

� �
� vb

R4

� �
þ i3 ¼ 0

Separate the terms of this equation that involve va from the terms that involve vb and the terms that involve vc to obtain

� 1

R5

� �
va þ 1

R3
þ 1

R4
þ 1

R5

� �
vb � 1

R3

� �
vc ¼ i3 � i2

As expected, this node equation adheres to the pattern for node equations of circuits that contain only resistors and

current sources. In the node equation at node b, the coefficient of vb is the sum of the reciprocals of the resistances

of all resistors connected to node b. The coefficient of va is minus the sum of the reciprocals of the resistances of all

resistors connected between node a and node b. The coefficient of vc is minus the sum of the reciprocals of the

resistances of all resistors connected between node c and node b. The right-hand side of this equation is the

algebraic sum of current source currents directed into node b.

Finally, use the pattern for the node equations of circuits that contain only resistors and current sources to

obtain the node equation at node c:

� 1

R1
þ 1

R2

� �
va � 1

R3

� �
vb þ 1

R1
þ 1

R2
þ 1

R3
þ 1

R6

� �
vc ¼ i1

E X A M P L E 4 . 2 - 3 Node Equations

Determine the node voltages for the circuit in Figure 4.2-6 when i1 ¼ 1 A; i2 ¼ 2 A; i3 ¼ 3 A; R1 ¼ 5V; R2 ¼
2V; R3 ¼ 10V; R4 ¼ 4V; R5 ¼ 5V, and R6 ¼ 2V.

Solution
The node equations are
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� �
vb þ 1

5
þ 1

2
þ 1

10
þ 1

2

� �
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0:9va � 0:2vb � 0:7vc ¼ 3

�0:2va þ 0:55vb � 0:1vc ¼ 1

�0:7va � 0:1vb þ 1:3vc ¼ �1

The node equations can be written using matrices as

A v ¼ b
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Como se esperaba, esta ecuación nodal se apega al patrón para ecuaciones nodales de circuitos que contienen 
solamente resistores y fuentes de corriente. En la ecuación nodal en el nodo b, el coeficiente de vb es la suma de 
los recíprocos de las resistencias de los resistores conectados al nodo b. El coeficiente de va es la resta de la suma 
de los recíprocos de las resistencias de todos los resistores conectados entre los nodos a y b. El coeficiente de vc 
es la resta de la suma de los recíprocos de las resistencias de todos los resistores conectados entre los nodos c y b. 
El lado derecho de esta ecuación es la suma algebraica de corrientes de la fuente de corriente dirigidas al nodo b.
 Finalmente, utilice el patrón de ecuaciones nodales de circuitos que contiene solamente resistores y fuentes 
de corriente para obtener la ecuación nodal en el nodo c:
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There is a pattern in the node equations of circuits that contain only resistors and current sources. In the node

equation at node a, the coefficient of va is the sum of the reciprocals of the resistances of all resistors connected to

node a. The coefficient of vb is minus the sum of the reciprocals of the resistances of all resistors connected

between node b and node a. The coefficient vc is minus the sum of the reciprocals of the resistances of all resistors

connected between node c and node a. The right-hand side of this equation is the algebraic sum of current source

currents directed into node a.

Apply KCL at node b to obtain

�i2 þ va � vb

R5

� �
� vb � vc
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� �
� vb
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� �
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Determine los voltajes de nodos para el circuito en la figura 4.2-6 cuando i1 5 1 A, i2 5 2 A, i3 5 3 A, R1 5 5 V, 
R2 5 2 V, R3 5 10 V, R4 5 4 V y R6 5 2 V.

Solución
Las ecuaciones nodales son 
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As expected, this node equation adheres to the pattern for node equations of circuits that contain only resistors and

current sources. In the node equation at node b, the coefficient of vb is the sum of the reciprocals of the resistances

of all resistors connected to node b. The coefficient of va is minus the sum of the reciprocals of the resistances of all
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E X A M P L E 4 . 2 - 3 Node Equations

Determine the node voltages for the circuit in Figure 4.2-6 when i1 ¼ 1 A; i2 ¼ 2 A; i3 ¼ 3 A; R1 ¼ 5V; R2 ¼
2V; R3 ¼ 10V; R4 ¼ 4V; R5 ¼ 5V, and R6 ¼ 2V.
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The node equations can be written using matrices as

A v ¼ b

114 Methods of Analysis of Resistive Circuits

 Las ecuaciones nodales se pueden escribir utilizando matrices como

Av 5 b
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donde
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EXERCISE 4.2-1 Determine the node voltages, va and vb, for the circuit of Figure E 4.2-1.

Answer: va ¼ 3 V and vb ¼ 11 V

EXERCISE 4.2-2 Determine the node voltages, va and vb, for the circuit of Figure E 4.2-2.

Answer: va ¼ �4=3 V and vb ¼ 4 V

4.3 NODE VOLTAGE ANALYS I S OF C I RCU I TS

W I TH CURRENT AND VOLTAGE SOURCES

In the preceding section, we determined the node voltages of circuits with independent current sources

only. In this section, we consider circuits with both independent current and voltage sources.

First we consider the circuit with a voltage source between ground and one of the other nodes.

Because we are free to select the reference node, this particular arrangement is easily achieved.

where

A ¼
0:9 �0:2 �0:7

�0:2 0:55 �0:1
�0:7 0:1 1:3

2
4

3
5; b ¼

3
1

�1

2
4

3
5 and; v ¼

va
vb
vc

2
4

3
5

This matrix equation is solved using MATLAB in Figure 4.2-7.

v ¼
va

vb

vc

2
4

3
5 ¼

7:1579

5:0526

3:4737

2
4

3
5

Consequently, va ¼ 7:1579 V; vb ¼ 5:0526 V, and vc ¼ 3:4737 V

FIGURE 4.2-7 Using MATLAB to solve the

node equation in Example 4.2-3.

2 Ω

3 Ω 1 A

3 A

a b

FIGURE E 4.2-1

2 Ω

3 Ω4 Ω 3 A 4 A

a b

FIGURE E 4.2-2
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Esta ecuación de matriz se despeja utilizando MATLAB en la fi-
gura 4.2-7.
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En consecuencia, va 5 7.1579 V, vb 5 5.0526 V y vc 5 3.4737 V.

FIGURA 4.2-7 Uso de MATLAB para despejar 
la ecuación nodal del ejemplo 4.2-3.

EJERCICIO 4.2-1 Determine los voltajes de nodos va y vb, para el circuito de la figura E 4.2-1.
Respuesta: va 5 3 V y vb 5 11 V

EJERCICIO 4.2-2 Determine los voltajes de nodos va y vb, para el circuito de la figura E 4.2-2.
Respuesta: va 5 24>3 V y vb 5 24V

2 Ω

3 Ω 1 A

3 A

a b

 FIGURA E 4.2-1   

2 Ω

3 Ω4 Ω 3 A 4 A

a b

 FIGURA E 4.2-2

4.3  A N Á L I S I S  D E  VO LTA J E S  D E  N O D O S  D E  C I R C U I T O S 
C O N  F U E N T E S  D E  C O R R I E N T E  Y  D E  VO LTA J E

En la sección anterior determinamos los voltajes de nodos de circuitos que únicamente incluían fuen-
tes de corriente independientes. En esta sección consideramos circuitos con fuentes tanto de corriente 
como de voltaje independientes. 
 En primer lugar consideremos un circuito con una fuente de voltaje entre tierra y uno de los 
nodos restantes. Puesto que hay libertad de seleccionar el nodo de referencia, esta disposición en par-
ticular se logra fácilmente.
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Un circuito como ese se muestra en la figura 4.3-1. Inmediatamente observamos que la fuente está 
conectada entre la terminal a y la tierra, por lo que

va 5 vs
Entonces, va es conocida y sólo vb es incógnita. Escribimos la ecuación de la KCL en el nodo b para 
obtener
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Such a circuit is shown in Figure 4.3-1. We immediately note that the source is connected between

terminal a and ground and, therefore,

va ¼ vs

Thus, va is known and only vb is unknown. We write the KCL equation at node b to obtain

is ¼ vb

R3
þ vb � va

R2

However, va ¼ vs. Therefore,

is ¼ vb

R3
þ vb � vs

R2

Then, solving for the unknown node voltage vb, we get

vb ¼ R2R3is þ R3vs

R2 þ R3

Next, let us consider the circuit of Figure 4.3-2, which includes a voltage source between two nodes.

Because the source voltage is known, use KVL to obtain

va � vb ¼ vs
or va � vs ¼ vb

To account for the fact that the source voltage is known, we consider both node a and node b as

part of one larger node represented by the shaded ellipse shown in Figure 4.3-2. We require a larger

node because va and vb are dependent. This larger node is often called a supernode or a generalized

node. KCL says that the algebraic sum of the currents entering a supernode is zero. That means that we

apply KCL to a supernode in the same way that we apply KCL to a node.

A supernode consists of two nodes connected by an independent or a dependent voltage source.

We then can write the KCL equation at the supernode as
va

R1
þ vb

R2
¼ is

However, because va ¼ vs þ vb, we have

vs þ vb

R1
þ vb

R2
¼ is

Then, solving for the unknown node voltage vb, we get

vb ¼ R1R2is � R2vs

R1 þ R2

We can now compile a summary of both methods of dealing with independent voltage sources in

a circuit we wish to solve by node voltage methods, as recorded in Table 4.3-1.

a bR2

R1 R3 isvs
+
–

FIGURE 4.3-1 Circuit with an independent

voltage source and an independent current source.

va vb
vs

R1 R2 is

+ –

Supernode

FIGURE 4.3-2 Circuit with a supernode

that incorporates va and vb.
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Sin embargo, va 5 vb, por lo que,
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Entonces, al despejar la incógnita del voltaje de nodos vb, obtenemos
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A continuación, consideremos el circuito de la figura 4.3-2, el cual incluye una fuente de voltaje entre 
dos nodos. Dado que se conoce el voltaje de la fuente, usamos la KVL para obtener

va 2 vb 5 vs
o bien  va 2 vs 5 vb
 Para tener en cuenta que el voltaje de la fuente es conocido, consideramos tanto el nodo a como 
el b como parte de un nodo más grande representado por la elipse sombreada que se muestra en la 
figura 4.3-2. Requerimos un nodo más grande porque va y vb son dependientes. Este nodo más grande 
suele denominarse supernodo o nodo generalizado. La KCL dice que la suma algebraica de las co-
rrientes que entran a un supernodo es cero. Eso significa que aplicamos la KCL a un supernodo de la 
misma manera que se aplica la KCL a un nodo.

Un supernodo consta de dos nodos conectados por una fuente de voltaje independiente o dependiente.

Entonces podemos escribir la ecuación de la KCL en el supernodo como
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Sin embargo, como va 5 vs 1 vb, tenemos
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node because va and vb are dependent. This larger node is often called a supernode or a generalized

node. KCL says that the algebraic sum of the currents entering a supernode is zero. That means that we

apply KCL to a supernode in the same way that we apply KCL to a node.

A supernode consists of two nodes connected by an independent or a dependent voltage source.

We then can write the KCL equation at the supernode as
va

R1
þ vb

R2
¼ is

However, because va ¼ vs þ vb, we have

vs þ vb

R1
þ vb

R2
¼ is

Then, solving for the unknown node voltage vb, we get

vb ¼ R1R2is � R2vs

R1 þ R2

We can now compile a summary of both methods of dealing with independent voltage sources in

a circuit we wish to solve by node voltage methods, as recorded in Table 4.3-1.

a bR2

R1 R3 isvs
+
–

FIGURE 4.3-1 Circuit with an independent

voltage source and an independent current source.

va vb
vs

R1 R2 is

+ –

Supernode

FIGURE 4.3-2 Circuit with a supernode

that incorporates va and vb.
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Entonces, despejando la incógnita del voltaje de nodos vb, tenemos
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 Podemos ahora compilar un resumen de ambos métodos de tratar con fuentes de voltaje inde-
pendientes en un circuito, y deseamos despejar por medio de los métodos de voltaje de nodos, como 
se registra en la tabla 4.3-1.

FIGURA 4.3-1 Circuito con una fuente de voltaje 
independiente y una fuente de corriente independiente

FIGURA 4.3-2 Circuito con un supernodo 
que incorpora va y vb.

a bR2

R1 R3 isvs
+
–

va vb
vs

R1 R2 is

+ –

Supernodo
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Tabla 4.3-1 Método de análisis del voltaje de nodos con una fuente de voltaje

CASO MÉTODO

1.  La fuente de voltaje conecta el nodo q y  
el nodo de referencia (tierra).

Establecer vq igual al voltaje de la fuente, teniendo en cuenta las 
polaridades y procesos para escribir la KCL en los nodos restantes.

2.  La fuente de voltaje está entre dos  
nodos, a y b.

Crear un supernodo que incorpore a y b e igualar a cero la suma de 
todas las corrientes en el supernodo.

Determine los voltajes de nodos para el circuito que se muestra en 
la figura 4.3-3.

Solución
En esta solución se ejemplifican los métodos resumidos en la tabla 
4.3-1. La fuente de voltaje de 4 V conectada al nodo ejemplifica el mé-
todo 1. La fuente de 8 V entre los nodos b y c ejemplifica el método 2.
 Utilizando el método 1 para la fuente de 4 V, observamos que

va 5 24 V
 Utilizando el método 2 para la fuente de 8 V, tenemos un 
supernodo en los nodos b y c. Los voltajes de nodos en los nodos b 
y c se relacionan por
 vb 5 vc 1 8

Al escribir una ecuación KCL par el supernodo tenemos
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Table 4.3-1 Node Voltage Analysis Method with a Voltage Source

CASE METHOD

1. The voltage source connects node q and

the reference node (ground).

Set vq equal to the source voltage accounting for the polarities and

proceed to write the KCL at the remaining nodes.

2. The voltage source lies between two

nodes, a and b.

Create a supernode that incorporates a and b and equate the sum of all the

currents into the supernode to zero.

E X A M P L E 4 . 3 - 1 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-3.

Solution
The methods summarized in Table 4.3-1 are exemplified in this

solution. The 4-V voltage source connected to node a exemplifies

method1.The8-Vsourcebetweennodesbandcexemplifiesmethod2.

Using method 1 for the 4-V source, we note that

va ¼ �4 V

Using method 2 for the 8-V source, we have a supernode at

nodes b and c. The node voltages at nodes b and c are related by

vb ¼ vc þ 8

Writing a KCL equation for the supenode, we have
vb � va

6
þ vb

12
þ vc

12
¼ 2

or 3 vb þ vc ¼ 24þ 2 va

Using va ¼ �4 V and vb ¼ vc þ 8 to eliminate va and vb, we have

3 vc þ 8ð Þ þ vs ¼ 24þ 2 �4ð Þ
Solving this equation for vc, we get

vc ¼ �2 V

Now we calculate vb to be

vb ¼ vc þ 8 ¼ �2þ 8 ¼ 6 V

6 Ω

12 Ω 12 Ω4 V 2 A

8 V
ba c

+
–

+ –

FIGURE 4.3-3 A circuit containing two voltage

sources, only one of which is connected to the

reference node.

E X A M P L E 4 . 3 - 2 Supernodes

Determine the values of the node voltages, va and vb, for the

circuit shown in Figure 4.3-4.

Solution
We can write the first node equation by considering the voltage

source. The voltage source voltage is related to the node voltages by

vb � va ¼ 12 ) vb ¼ va þ 12

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-4 The circuit for Example 4.3-2.
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o bien 3 vb 1 vc 5 24 1 2 va

Utilizando va 5 24 V y vb 5 vc 1 8 para eliminar va y vb, tenemos
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+
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FIGURE 4.3-3 A circuit containing two voltage

sources, only one of which is connected to the

reference node.

E X A M P L E 4 . 3 - 2 Supernodes

Determine the values of the node voltages, va and vb, for the

circuit shown in Figure 4.3-4.

Solution
We can write the first node equation by considering the voltage

source. The voltage source voltage is related to the node voltages by

vb � va ¼ 12 ) vb ¼ va þ 12

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-4 The circuit for Example 4.3-2.
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Despejando esta ecuación vc, tenemos
 vc 5 22 V
Ahora calculamos que vb sea
 vb 5 vc 1 8 5 22 1 8 5 6 V

Determine los valores de los voltajes de nodos, va y vb para el 
circuito que se muestra en la figura 4.3-4.

Solución
Podemos escribir la primera ecuación nodal considerando la 
fuente de voltaje. El voltaje de la fuente de voltaje está relacio-
nado con los voltajes de nodos por
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Table 4.3-1 Node Voltage Analysis Method with a Voltage Source

CASE METHOD

1. The voltage source connects node q and

the reference node (ground).

Set vq equal to the source voltage accounting for the polarities and

proceed to write the KCL at the remaining nodes.

2. The voltage source lies between two

nodes, a and b.

Create a supernode that incorporates a and b and equate the sum of all the

currents into the supernode to zero.

E X A M P L E 4 . 3 - 1 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-3.

Solution
The methods summarized in Table 4.3-1 are exemplified in this

solution. The 4-V voltage source connected to node a exemplifies

method1.The8-Vsourcebetweennodesbandcexemplifiesmethod2.

Using method 1 for the 4-V source, we note that

va ¼ �4 V

Using method 2 for the 8-V source, we have a supernode at

nodes b and c. The node voltages at nodes b and c are related by

vb ¼ vc þ 8

Writing a KCL equation for the supenode, we have
vb � va
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¼ 2
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Using va ¼ �4 V and vb ¼ vc þ 8 to eliminate va and vb, we have

3 vc þ 8ð Þ þ vs ¼ 24þ 2 �4ð Þ
Solving this equation for vc, we get

vc ¼ �2 V

Now we calculate vb to be

vb ¼ vc þ 8 ¼ �2þ 8 ¼ 6 V

6 Ω
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FIGURE 4.3-3 A circuit containing two voltage

sources, only one of which is connected to the

reference node.

E X A M P L E 4 . 3 - 2 Supernodes

Determine the values of the node voltages, va and vb, for the

circuit shown in Figure 4.3-4.

Solution
We can write the first node equation by considering the voltage

source. The voltage source voltage is related to the node voltages by

vb � va ¼ 12 ) vb ¼ va þ 12

va

+

–
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E j E m p l o  4 . 3 - 1   Ecuaciones nodales para un circuito que contiene 
fuentes de voltaje

FIGURA 4.3-3 Un circuito que contiene dos 
fuentes de voltaje, de las cuales sólo una está 
conectada al nodo de referencia.

FIGURA 4.3-4 Circuito del ejemplo 4.3-2.

6 Ω

12 Ω 12 Ω4 V 2 A

8 V
ba c

+
–

+ –

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

E j E m p l o  4 . 3 - 2  Supernodos
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	 118	 Métodos de análisis de circuitos resistivos

Para escribir la segunda ecuación nodal, debemos decidir qué hacer respecto de la corriente de la fuente de volta-
je. (Observe que no es fácil expresar la corriente de la fuente de corriente en términos de voltajes de nodos.) En 
este ejemplo, ilustramos dos métodos de escritura de la segunda ecuación nodal.
 Método 1: Asignar un nombre a la corriente de fuente de voltaje. Aplicar la KCL en ambos nodos de la 
fuente de voltaje. Eliminar la corriente de la fuente de voltaje de las ecuaciones KCL.
 La figura 4.3-5 muestra el circuito después de etiquetar la corriente de la fuente de voltaje. La ecuación de 
la KCL en el nodo a es
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To write the second node equation, we must decide what to do about the voltage source current. (Notice that there

is no easy way to express the voltage source current in terms of the node voltages.) In this example, we illustrate

two methods of writing the second node equation.

Method 1: Assign a name to the voltage source current. Apply KCL at both of the voltage source nodes.

Eliminate the voltage source current from the KCL equations.

Figure 4.3-5 shows the circuit after labeling the voltage source current. The KCL equation at node a is

1:5þ i ¼ va

6
The KCL equation at node b is

iþ 3:5þ vb

3
¼ 0

Combining these two equations gives

1:5� 3:5þ vb

3

� �
¼ va

6
) �2:0 ¼ va

6
þ vb

3

Method 2: Apply KCL to the supernode corresponding to the voltage source. Shown in Figure 4.3-6, this

supernode separates the voltage source and its nodes from the rest of the circuit. (In this small circuit, the rest of

the circuit is just the reference node.)

Apply KCL to the supernode to get

1:5 ¼ va

6
þ 3:5þ vb

3
) �2:0 ¼ va

6
þ vb

3
This is the same equation that was obtained using method 1. Applying KCL to the supernode is a shortcut for

doings three things:

1. Labeling the voltage source current as i

2. Applying KCL at both nodes of the voltage source

3. Eliminating i from the KCL equations

In summary, the node equations are

vb � va ¼ 12

and
va

6
þ vb

3
¼ �2:0

Solving the node equations gives

va ¼ �12 V; and vb ¼ 0 V

(We might be surprised that vb is 0 V, but it is easy to check that these values are correct by substituting them

into the node equations.)

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va bi

FIGURE 4.3-5 Method 1 For Example 4.3-2.

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-6 Method 2 for Example 4.3-2.
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La ecuación KCL en el nodo b es
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FIGURE 4.3-5 Method 1 For Example 4.3-2.

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-6 Method 2 for Example 4.3-2.
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La combinación de estas dos ecuaciones da
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va

+

–

+–

6 Ω 3 Ωvb
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–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-6 Method 2 for Example 4.3-2.
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 Método 2: Aplicar la KCL al supernodo que corresponda a la fuente de voltaje. En la figura 4.3-6 se mues-
tra esta fuente que separa la fuente de voltaje y sus nodos del resto del circuito. (En este pequeño circuito, el resto 
del circuito es sólo la referencia del nodo.)
 Aplicar la KCL al supernodo para obtener
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To write the second node equation, we must decide what to do about the voltage source current. (Notice that there

is no easy way to express the voltage source current in terms of the node voltages.) In this example, we illustrate

two methods of writing the second node equation.

Method 1: Assign a name to the voltage source current. Apply KCL at both of the voltage source nodes.

Eliminate the voltage source current from the KCL equations.

Figure 4.3-5 shows the circuit after labeling the voltage source current. The KCL equation at node a is

1:5þ i ¼ va

6
The KCL equation at node b is

iþ 3:5þ vb

3
¼ 0

Combining these two equations gives

1:5� 3:5þ vb

3

� �
¼ va

6
) �2:0 ¼ va

6
þ vb

3

Method 2: Apply KCL to the supernode corresponding to the voltage source. Shown in Figure 4.3-6, this

supernode separates the voltage source and its nodes from the rest of the circuit. (In this small circuit, the rest of

the circuit is just the reference node.)

Apply KCL to the supernode to get

1:5 ¼ va

6
þ 3:5þ vb

3
) �2:0 ¼ va

6
þ vb

3
This is the same equation that was obtained using method 1. Applying KCL to the supernode is a shortcut for

doings three things:

1. Labeling the voltage source current as i

2. Applying KCL at both nodes of the voltage source

3. Eliminating i from the KCL equations

In summary, the node equations are

vb � va ¼ 12

and
va

6
þ vb

3
¼ �2:0

Solving the node equations gives

va ¼ �12 V; and vb ¼ 0 V

(We might be surprised that vb is 0 V, but it is easy to check that these values are correct by substituting them

into the node equations.)

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va bi

FIGURE 4.3-5 Method 1 For Example 4.3-2.
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6 Ω 3 Ωvb
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1.5  A 3.5  A

12  Va b

FIGURE 4.3-6 Method 2 for Example 4.3-2.
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Ésta es la misma ecuación que se obtenía con el método 1. Aplicar la KCL al supernodo es un cortocircuito para 
hacer estas tres cosas:

1. Etiquetar la corriente de la fuente de voltaje como i

2. Aplicar la KCL a los dos nodos de la fuente de voltaje

3. Eliminar i de las ecuaciones de la KCL

 En resumen, las ecuaciones nodales son

y 
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va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURE 4.3-6 Method 2 for Example 4.3-2.

118 Methods of Analysis of Resistive Circuits

Despejando las ecuaciones nodales queda
va 5 212 V, y vb 5 0 V

(Debía sorprendernos que vb sea 0 V, pero es fácil verificar que estos valores son correctos si los sustituimos en 
las ecuaciones nodales.)

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va bi

va

+

–

+–

6 Ω 3 Ωvb

+

–

1.5  A 3.5  A

12  Va b

FIGURA 4.3-5 Método 1 para el ejemplo 4.3-2. FIGURA 4.3-6 Método 2 para el ejemplo 4.3-2.
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 Análisis de voltajes de nodos de circuitos con fuentes de corriente y de voltaje 119

Determine los voltajes de nodos para el circuito que se muestra en la 
figura 4.3-7.

Solución
Calcularemos los voltajes de nodos en este circuito escribiendo una ecua-
ción KCL para el supernodo que corresponda a la fuente de voltaje de 10 V.  
Primero observamos que

vb 5 212 V
y que

va 5 vc 1 10

Al escribir una ecuación KCL para el supernodo, tenemos
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EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1.

Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source.

Answer: 2þ vb þ 10

20
þ vb

30
¼ 5 ) vb ¼ 30 V and va ¼ 40 V

EXERCISE 4.3-2 Find the voltages va and vb for the circuit of Figure E 4.3-2.

Answer:
vb þ 8ð Þ � �12ð Þ

10
þ vb

40
¼ 3 ) vb ¼ 8 V and va ¼ 16 V

E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.

Solution
We will calculate the node voltages of this circuit by writing a KCL

equation for the supernode corresponding to the 10-V voltage source.

First notice that

vb ¼ �12 V

and that

va ¼ vc þ 10

Writing a KCL equation for the supernode, we have
va � vb

10
þ 2þ vc � vb

40
¼ 5

or

4 va þ vc � 5 vb ¼ 120

Using va ¼ vc þ 10 and vb ¼ �12 to eliminate va and vb, we have

4 vc þ 10ð Þ þ vc � 5 �12ð Þ ¼ 120

Solving this equation for vc, we get

vc ¼ 4 V

2 A12 V5 A

40 Ω

10 V

10 Ω 

+
–

+ –

a
b

c

FIGURE 4.3-7 The circuit for Example 4.3-3.

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –

FIGURE E 4.3-1

10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–

FIGURE E 4.3-2

Node Voltage Analysis of Circuits with Current and Voltage Sources 119

o bien
 4 va 1 vc 2 5 vb 5 120

Utilizando va 5 vc 1 10 y vb 5 212 para eliminar va y vb, tenemos
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EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1.

Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source.
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20
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30
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EXERCISE 4.3-2 Find the voltages va and vb for the circuit of Figure E 4.3-2.

Answer:
vb þ 8ð Þ � �12ð Þ

10
þ vb

40
¼ 3 ) vb ¼ 8 V and va ¼ 16 V

E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.
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equation for the supernode corresponding to the 10-V voltage source.

First notice that
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and that
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va � vb

10
þ 2þ vc � vb

40
¼ 5

or

4 va þ vc � 5 vb ¼ 120

Using va ¼ vc þ 10 and vb ¼ �12 to eliminate va and vb, we have

4 vc þ 10ð Þ þ vc � 5 �12ð Þ ¼ 120

Solving this equation for vc, we get

vc ¼ 4 V

2 A12 V5 A

40 Ω

10 V

10 Ω 

+
–

+ –

a
b

c

FIGURE 4.3-7 The circuit for Example 4.3-3.

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –

FIGURE E 4.3-1

10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–

FIGURE E 4.3-2
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Despejando esta ecuación para vc, tenemos
 vc 5 4 V

E j E m p l o  4 . 3 - 3   Ecuaciones nodales para un circuito que contiene 
fuentes de voltaje

2 A12 V5 A

40 Ω

10 V

10 Ω 

+
–

+ –

a
b

c

FIGURA 4.3-7 Circuito del ejemplo 4.3-3.

EJERCICIO 4.3-1  Encuentre los voltajes de nodos para el circuito de la figura 4.3-1.

Sugerencia: Escriba una ecuación de KCL para el supernodo que corresponda a la fuente de voltaje 
de 10 V.

Respuesta: 
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EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1.

Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source.

Answer: 2þ vb þ 10

20
þ vb

30
¼ 5 ) vb ¼ 30 V and va ¼ 40 V

EXERCISE 4.3-2 Find the voltages va and vb for the circuit of Figure E 4.3-2.

Answer:
vb þ 8ð Þ � �12ð Þ

10
þ vb

40
¼ 3 ) vb ¼ 8 V and va ¼ 16 V

E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.

Solution
We will calculate the node voltages of this circuit by writing a KCL

equation for the supernode corresponding to the 10-V voltage source.
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þ 2þ vc � vb

40
¼ 5

or

4 va þ vc � 5 vb ¼ 120

Using va ¼ vc þ 10 and vb ¼ �12 to eliminate va and vb, we have

4 vc þ 10ð Þ þ vc � 5 �12ð Þ ¼ 120

Solving this equation for vc, we get

vc ¼ 4 V

2 A12 V5 A

40 Ω

10 V

10 Ω 
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+ –

a
b

c

FIGURE 4.3-7 The circuit for Example 4.3-3.

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –

FIGURE E 4.3-1

10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–

FIGURE E 4.3-2
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Answer: 2þ vb þ 10

20
þ vb

30
¼ 5 ) vb ¼ 30 V and va ¼ 40 V

EXERCISE 4.3-2 Find the voltages va and vb for the circuit of Figure E 4.3-2.

Answer:
vb þ 8ð Þ � �12ð Þ

10
þ vb

40
¼ 3 ) vb ¼ 8 V and va ¼ 16 V

E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.

Solution
We will calculate the node voltages of this circuit by writing a KCL

equation for the supernode corresponding to the 10-V voltage source.

First notice that

vb ¼ �12 V

and that

va ¼ vc þ 10

Writing a KCL equation for the supernode, we have
va � vb

10
þ 2þ vc � vb

40
¼ 5

or

4 va þ vc � 5 vb ¼ 120

Using va ¼ vc þ 10 and vb ¼ �12 to eliminate va and vb, we have
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vc ¼ 4 V

2 A12 V5 A

40 Ω

10 V

10 Ω 
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a
b

c

FIGURE 4.3-7 The circuit for Example 4.3-3.

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –

FIGURE E 4.3-1

10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–

FIGURE E 4.3-2
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EJERCICIO 4.3-2  Encuentre los voltajes va y vb para el circuito de la figura E 4.3-2.

Respuesta: 

E1C04_1 11/25/2009 119

EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1.
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30
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Answer:
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40
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E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.
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equation for the supernode corresponding to the 10-V voltage source.
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40
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FIGURE 4.3-7 The circuit for Example 4.3-3.
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EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1.

Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source.

Answer: 2þ vb þ 10

20
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30
¼ 5 ) vb ¼ 30 V and va ¼ 40 V

EXERCISE 4.3-2 Find the voltages va and vb for the circuit of Figure E 4.3-2.

Answer:
vb þ 8ð Þ � �12ð Þ

10
þ vb

40
¼ 3 ) vb ¼ 8 V and va ¼ 16 V

E X A M P L E 4 . 3 - 3 Node Equations for a Circuit Containing

Voltage Sources

Determine the node voltages for the circuit shown in Figure 4.3-7.

Solution
We will calculate the node voltages of this circuit by writing a KCL

equation for the supernode corresponding to the 10-V voltage source.

First notice that

vb ¼ �12 V

and that

va ¼ vc þ 10

Writing a KCL equation for the supernode, we have
va � vb

10
þ 2þ vc � vb

40
¼ 5

or

4 va þ vc � 5 vb ¼ 120

Using va ¼ vc þ 10 and vb ¼ �12 to eliminate va and vb, we have

4 vc þ 10ð Þ þ vc � 5 �12ð Þ ¼ 120

Solving this equation for vc, we get

vc ¼ 4 V

2 A12 V5 A

40 Ω

10 V

10 Ω 

+
–

+ –
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b

c

FIGURE 4.3-7 The circuit for Example 4.3-3.

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –

FIGURE E 4.3-1

10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–

FIGURE E 4.3-2
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FIGURA E 4.3-1 FIGURA E 4.3-2

20 Ω 30 Ω2 A 5 A

10 V
a b

+ –
10 Ω

40 Ω12 V 3 A

8 V
a b

+ –

+
–
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	 120	 Métodos de análisis de circuitos resistivos

4.4  A N Á L I S I S  D E  VO LTA J E S  D E  N O D O S 
C O N  F U E N T E S  D E P E N D I E N T E S

Cuando un circuito contiene una fuente dependiente, la corriente o el voltaje controladores de 
esa fuente dependiente se deben expresar como una función de los voltajes de nodos.

Entonces es sencillo expresar la corriente o voltajes controlados como una función de los voltajes 
de nodos, y las ecuaciones nodales se obtienen mediante las técnicas descritas en las dos sec cio-
nes anteriores.

FIGURA 4.4-1 Un circuito con una 
CCVS. 

Determine los voltajes de nodos para el circuito que se muestra en la figura 
4.4-1.

Solución 
La corriente controladora de la fuente dependiente es ix. Nuestra primera 
tarea es expresar esta corriente como una función de los voltajes de nodos:
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4.4 NODE VOLTAGE ANALYS I S

W I TH DEPENDENT SOURCES

When a circuit contains a dependent source the controlling current or voltage of that

dependent source must be expressed as a function of the node voltages.

It is then a simple matter to express the controlled current or voltage as a function of the node voltages.

The node equations are then obtained using the techniques described in the previous two sections.

E X A M P L E 4 . 4 - 1 Node Equations for a Circuit Containing

a Dependent Source

Determine the node voltages for the circuit shown in Figure 4.4-1.

Solution
The controlling current of the dependent source is ix. Our first task

is to express this current as a function of the node voltages:

ix ¼ va � vb

6

The value of the node voltage at node a is set by the 8-V voltage

source to be

va ¼ 8 V

So ix ¼ 8� vb

6

The node voltage at node c is equal to the voltage of the dependent source, so

vc ¼ 3ix ¼ 3
8� vb

6

� �
¼ 4� vb

2
ð4:4-1Þ

Next, apply KCL at node b to get

8� vb

6
þ 2 ¼ vb � vc

3
ð4:4-2Þ

Using Eq. 4.4-1 to eliminate vc from Eq. 4.4-2 gives

8� vb

6
þ 2 ¼

vb � 4� vb

2

� �

3
¼ vb

2
� 4

3

Solving for vb gives

vb ¼ 7 V

Then, vc ¼ 4� vb

2
¼ 1

2
V

6 Ω 3 Ω

8 V 2 A

ba c

+
–

+

–

ix

3ix

FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

El valor del voltaje de nodos en el nodo a lo establece la fuente de voltaje 
de 8 V para que sea

Por lo tanto,  
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4.4 NODE VOLTAGE ANALYS I S

W I TH DEPENDENT SOURCES

When a circuit contains a dependent source the controlling current or voltage of that

dependent source must be expressed as a function of the node voltages.

It is then a simple matter to express the controlled current or voltage as a function of the node voltages.

The node equations are then obtained using the techniques described in the previous two sections.
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Then, vc ¼ 4� vb

2
¼ 1
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V

6 Ω 3 Ω

8 V 2 A
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+
–

+

–

ix

3ix

FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

El voltaje de nodos en el nodo c es igual al voltaje de la fuente dependiente, por lo tanto,
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4.4 NODE VOLTAGE ANALYS I S

W I TH DEPENDENT SOURCES

When a circuit contains a dependent source the controlling current or voltage of that

dependent source must be expressed as a function of the node voltages.

It is then a simple matter to express the controlled current or voltage as a function of the node voltages.

The node equations are then obtained using the techniques described in the previous two sections.
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FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

 (4.4-1)

A continuación, aplique la KCL al nodo b para obtener
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4.4 NODE VOLTAGE ANALYS I S

W I TH DEPENDENT SOURCES

When a circuit contains a dependent source the controlling current or voltage of that

dependent source must be expressed as a function of the node voltages.

It is then a simple matter to express the controlled current or voltage as a function of the node voltages.

The node equations are then obtained using the techniques described in the previous two sections.
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FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

 (4.4-2)

Utilizando la ecuación 4.4-1 para eliminar vc de la ecuación 4.4-2 resulta
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4.4 NODE VOLTAGE ANALYS I S

W I TH DEPENDENT SOURCES
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FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

Despejando vb resulta

Entonces, 
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W I TH DEPENDENT SOURCES
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FIGURE 4.4-1 A circuit with a CCVS.

120 Methods of Analysis of Resistive Circuits

E j E m p l o  4 . 4 - 1   Ecuaciones nodales para un circuito que contiene 
una fuente dependiente

6 Ω 3 Ω

8 V 2 A

ba c

+
–

+

–

ix

3ix
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Determine los voltajes de nodos para el circuito que se muestra en la 
figura 4.4.-2.

Solución
El voltaje controlador de la fuente dependiente es vx. Nuestra primera 
tarea es expresar este voltaje como una función de los voltajes de nodos:

vx 5 2va
La diferencia entre los voltajes de los nodos a y b la establece el voltaje 
de fuente dependiente:
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Determine the node voltages for the circuit shown in Figure 4.4-2.

Solution
The controlling voltage of the dependent source is vx. Our first task

is to express this voltage as a function of the node voltages:

vx ¼ �va

The difference between the node voltages at nodes a and b is set

by voltage of the dependent source:

va � vb ¼ 4 vx ¼ 4 �vað Þ ¼ �4 va

Simplifying this equation gives

vb ¼ 5 va ð4:4-3Þ
Applying KCL to the supernode corresponding to the dependent voltage source gives

3 ¼ va

4
þ vb

10
ð4:4-4Þ

Using Eq. 4.4-3 to eliminate vb from Eq. 4.4-4 gives

3 ¼ va

4
þ 5va

10
¼ 3

4
va

Solving for va, we get

va ¼ 4 V

Finally, vb ¼ 5 va ¼ 20 V
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FIGURE 4.4-2 A circuit with a VCVS.
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shown in Figure 4.4-3.
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The controlling current of the dependent source is ia. Our first task is to express

this current as a function of the node voltages. Apply KCL at node a to get

6� va

10
¼ ia þ va � vb

20
Node a is connected to the reference node by a short circuit, so va ¼ 0 V.

Substituting this value of va into the preceding equation and simplifying gives

ia ¼ 12þ vb

20
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Next, apply KCL at node b to get
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Using Eq. 4.4-5 to eliminate ia from Eq. 4.4-6 gives
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Solving for vb gives
vb ¼ �10 V
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FIGURE 4.4-3 A circuit with a CCCS.
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Simplificando esta ecuación resulta
 vb 5 5 va (4.4-3)
Al aplicar la KCL al supernodo correspondiente a la fuente de voltaje dependiente da
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 (4.4-4)

Utilizando la ecuación 4.4-3 para eliminar vb de la ecuación 4.4-4 da

E1C04_1 11/25/2009 121

E X A M P L E 4 . 4 - 2

Determine the node voltages for the circuit shown in Figure 4.4-2.

Solution
The controlling voltage of the dependent source is vx. Our first task

is to express this voltage as a function of the node voltages:

vx ¼ �va

The difference between the node voltages at nodes a and b is set

by voltage of the dependent source:

va � vb ¼ 4 vx ¼ 4 �vað Þ ¼ �4 va

Simplifying this equation gives

vb ¼ 5 va ð4:4-3Þ
Applying KCL to the supernode corresponding to the dependent voltage source gives

3 ¼ va

4
þ vb

10
ð4:4-4Þ

Using Eq. 4.4-3 to eliminate vb from Eq. 4.4-4 gives

3 ¼ va

4
þ 5va

10
¼ 3

4
va

Solving for va, we get

va ¼ 4 V

Finally, vb ¼ 5 va ¼ 20 V

4 Ω 10 Ω3 A

ba
4vx

+ –

vx

+

–

FIGURE 4.4-2 A circuit with a VCVS.

E X A M P L E 4 . 4 - 3

Determine the node voltages corresponding to nodes a and b for the circuit

shown in Figure 4.4-3.

Solution
The controlling current of the dependent source is ia. Our first task is to express

this current as a function of the node voltages. Apply KCL at node a to get

6� va

10
¼ ia þ va � vb

20
Node a is connected to the reference node by a short circuit, so va ¼ 0 V.

Substituting this value of va into the preceding equation and simplifying gives

ia ¼ 12þ vb

20
ð4:4-5Þ

Next, apply KCL at node b to get

0� vb

20
¼ 5 ia ð4:4-6Þ

Using Eq. 4.4-5 to eliminate ia from Eq. 4.4-6 gives

0� vb

20
¼ 5

12þ vb

20

� �

Solving for vb gives
vb ¼ �10 V

10 Ω 20 Ω

6 V

ba

+
–

ia 5ia

FIGURE 4.4-3 A circuit with a CCCS.

Node Voltage Analysis with Dependent Sources 121

Despejando va, obtenemos

Finalmente,  
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Determine los voltajes de nodos correspondientes a los nodos a y b para el 
circuito que se muestra en la figura 4.4-3.

Solución
La corriente controladora de la fuente dependiente es ia. Nuestra primera 
tarea es expresar esta corriente como una función de los voltajes de nodos. 
Aplique la KCL al nodo a para obtener
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El nodo a está conectado al nodo de referencia por un cortocircuito, de 
modo que va 5 0 V. Al sustituir este valor de va en la ecuación anterior y 
simplificando, resulta
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 (4.4-5)

A continuación, aplique la KCL al nodo b para obtener
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 (4.4-6)

Al utilizar la ecuación 4.4-5 para eliminar ia de la ecuación 4.4-6, resulta
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Despejando vb resulta
vb 5 210 V

 Análisis de voltajes de nodos con fuentes dependientes 121
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FIGURA 4.4-2 Un circuito con una VCVS. 
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FIGURA 4.4-3 Circuito con una CCCS.
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	 122	 Métodos de análisis de circuitos resistivos

EJERCICIO 4.4-1  Encuentre el voltaje de nodos vb para el circuito que se muestra en la 
figura E 4.4-1.
Sugerencia: Aplique la KCL al nodo a para expresar ia como una función de los voltajes de nodos. 
Sustituya el resultado en vb = 4ia y despeje vb.

Respuesta: 
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EXERCISE 4.4-1 Find the node voltage vb for the circuit shown in Figure E 4.4-1.

Hint: Apply KCL at node a to express ia as a function of the node voltages. Substitute the result into

vb ¼ 4ia and solve for vb.

Answer: � 6

8
þ vb

4
� vb

12
¼ 0 ) vb ¼ 4:5 V

EXERCISE 4.4-2 Find the node voltages for the circuit shown in Figure E 4.4-2.

Hint: The controlling voltage of the dependent source is a node voltage, so it is already expressed as a

function of the node voltages. Apply KCL at node a.

Answer:
va � 6

20
þ va � 4va

15
¼ 0 ) va ¼ �2 V

4.5 MESH CURRENT ANALYS I S W I TH

INDEPENDENT VOLTAGE SOURCES

In this and succeeding sections, we consider the analysis of circuits using Kirchhoff’s voltage law

(KVL) around a closed path. A closed path or a loop is drawn by starting at a node and tracing a path

such that we return to the original node without passing an intermediate node more than once.

A mesh is a special case of a loop.

A mesh is a loop that does not contain any other loops within it.

Mesh current analysis is applicable only to planar networks. A planar circuit is one that can be

drawn on a plane, without crossovers. An example of a nonplanar circuit is shown in Figure 4.5-1, in

which the crossover is identified and cannot be removed by redrawing the circuit. For planar networks,

the meshes in the network look like windows. There are four meshes in the circuit shown in Figure 4.5-2.

8 Ω 12 Ω

6 V

ba

ia 4ia
+

–
+
–

FIGURE E 4.4-1 A circuit with a CCVS.

20 Ω 15 Ω

6 V

ba

va 4va
+

–
+
–

–

+

FIGURE E 4.4-2 A circuit with a VCVS.

is

Crossover

FIGURE 4.5-1 Nonplanar circuit with a crossover.

122 Methods of Analysis of Resistive Circuits

EJERCICIO 4.4-2  Encuentre los voltajes de nodos para el circuito que se muestra en la 
figura E 4.4-2.
Sugerencia: El voltaje controlador de la fuente dependiente es un voltaje de nodos, de modo que ya 
está expresado como una función de los voltajes de nodos. Aplique una KCL en el nodo a.

Respuesta: 
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A mesh is a loop that does not contain any other loops within it.

Mesh current analysis is applicable only to planar networks. A planar circuit is one that can be

drawn on a plane, without crossovers. An example of a nonplanar circuit is shown in Figure 4.5-1, in

which the crossover is identified and cannot be removed by redrawing the circuit. For planar networks,

the meshes in the network look like windows. There are four meshes in the circuit shown in Figure 4.5-2.
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4.5  A N Á L I S I S  D E  C O R R I E N T E S  D E  E N L A C E S  C O N 
F U E N T E S  D E  VO LTA J E  I N D E P E N D I E N T E S 

En ésta y en las siguientes secciones consideramos el análisis de circuitos aplicando la ley del voltaje 
de Kirchhoff (KVL) en torno a una ruta cerrada. Una ruta cerrada (también conocida como loop) se 
traza empezando en un nodo y se continúa por una ruta de tal modo que se vuelva al nodo original sin 
pasar más de una vez por un nodo intermedio.
 Un enlace es un caso especial en un circuito cerrado.

Un enlace es un circuito cerrado que no contiene ningún otro circuito cerrado dentro de sí.

 El análisis de corriente de enlaces es aplicable sólo a redes planares. Un circuito planar es aquel 
que se puede trazar en un plano, sin cruces. Un ejemplo de un circuito no planar se muestra en la fi-
gura 4.5-1, en el cual el cruce está identificado y no se puede eliminar volviendo a dibujar el circuito. 
Para redes planares, los enlaces en la red se ven como ventanas. Hay cuatro enlaces en el circuito que 
se muestra en la figura 4.5-2.

FIGURA E 4.42 Circuito con una VCVS.
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FIGURA E 4.4-1 Circuito con una CCVS.

FIGURA 4.5-1 Circuito no planar con un cruce.
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Cruce
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Están identificados como Mi. El enlace 2 contiene los elementos R3, R4 y R5. Observe que el resistor 
R3 es común para el enlace 1 y el enlace 2.
 Definimos una corriente de enlaces como la corriente que fluye a través de los elementos que 
constituyen el enlace. La figura 4.5-3a muestra un circuito que tiene dos enlaces con las corrientes de 
enlaces etiquetadas como i1 e i2. Usaremos la convención de una corriente de enlaces que fluye en el 
sentido de las manecillas del reloj, como se muestra en la figura 4.5-3a. En la figura 4.5-3b se han 
insertado amperímetros en los enlaces para medir las corrientes de enlaces.
 Uno de los métodos normales para analizar un circuito eléctrico es escribir y despejar un con-
junto de ecuaciones simultáneas denominadas ecuaciones de enlaces. Las variables desconocidas en 
las ecuaciones de enlaces son las corrientes de enlaces del circuito. Determinamos los valores de las 
corrientes de enlaces despejando las ecuaciones de enlaces. 

Para escribir un conjunto de ecuaciones de enlaces, se hacen dos cosas:

1. Expresar voltajes de elementos como funciones de las corrientes de enlaces
2.  Aplicar la ley de los voltajes de Kirchhoff a cada uno de los enlaces del circuito

 Considere el problema de expresar voltajes de elementos como funciones de corrientes de enla-
ces. Aun cuando nuestro objetivo es expresar voltajes de elementos como funciones de las corrientes 
de enlaces, empezaremos por expresar corrientes de elementos como funciones de las corrientes de 
enlaces. La figura 4.5-3b muestra cómo se hace esto. Los amperímetros en la figura 4.5-3b miden las 
corrientes de enlaces, i1 e i2. Los elementos C y E están en el enlace derecho pero no en el izquierdo. 
Aplique la ley de la corriente de Kirchhoff en el nodo c y luego en el nodo f para ver que las corrientes  
en los elementos C y E son iguales a la corriente de enlaces del enlace de la derecha, i2, como se 
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FIGURA 4.5-2 Circuito con cuatro enlaces. Cada enlace 
está identificado por líneas punteadas.

FIGURA 4.5-3 (a) Un circuito con dos enlaces. (b) Inserción de amperímetros para medir las corrientes de enlaces.
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muestra en la figura 4.5-3b. Del mismo modo, los elementos A y D sólo están en el enlace izquierdo. 
Las corrientes en los elementos A y D son iguales a la corriente de enlaces del enlace de la izquierda, 
i1, como se muestra en la figura 4.5-3b.
 El elemento B está en ambos enlaces. La corriente del elemento B se ha etiquetado como ib. Al 
aplicar la ley de la corriente de Kirchhoff en el nodo b en la figura 4.5-3b resulta

ib 5 i1 2i2
 Esta ecuación expresa la corriente del elemento, ib, como una función de las corrientes de enla-
ces i1 e i2. 
 La figura 4.5-4a muestra un elemento de circuito que está en dos enlaces. La corriente del elemen-
to de circuito se expresa como una función de las corrientes de enlaces de los dos enlaces. El elemento  
de circuito en la figura 4.5-4a podría ser cualquier cosa: un resistor, una fuente de corriente, una fuen-
te de voltaje dependiente, etcétera. En las figuras 4.5-4b y c, consideramos tipos específicos de ele-
mentos de circuito. En la figura 4.5-4b, el elemento de circuito es una fuente de corriente. La corriente 
del elemento se ha representado dos veces, una como la corriente de la fuente de corriente, 3 A, y otra 
como una función de corrientes de enlaces, i1 2i2. Observando que las direcciones de referencia para 
3 A e i1 2i2 son diferentes (una apunta hacia arriba, la otra hacia abajo), escribimos

23 5 i1 2i2 
Esta ecuación relaciona los valores de dos de las corrientes de enlaces.
 A continuación consideramos la figura 4.5-4c, en la cual el elemento de circuito es un resistor. 
Usaremos la ley de Ohm para expresar los voltajes del resistor, v, como funciones de las corrientes de 
enlaces. Primero, expresamos la corriente del resistor como una función de las corrientes de enlaces, 
i1 2i2. Observando que la corriente del resistor, i1 –i2, y el voltaje, v, se apegan a la convención pasiva, 
usamos la ley de Ohm para escribir
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E are equal to the mesh current of the right mesh, i2, as shown in Figure 4.5-3b. Similarly, elements A and

D are only in the left mesh. The currents in elements A and D are equal to the mesh current of the left

mesh, i1, as shown in Figure 4.5-3b.

Element B is in both meshes. The current of element B has been labeled as ib. Applying

Kirchhoff’s current law at node b in Figure 4.5-3b gives

ib ¼ i1 � i2

This equation expresses the element current, ib, as a function of the mesh currents, i1 and i2.

Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit element is

expressed as a function of the mesh currents of the two meshes. The circuit element in Figure 4.5-4a

could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.5-4b

and c, we consider specific types of circuit element. In Figure 4.5-4b, the circuit element is a current

source. The element current has been represented twice, once as the current source current, 3 A, and

once as a function of the mesh currents, i1 � i2. Noticing that the reference directions for 3 A and

i1 � i2 are different (one points up, the other points down), we write

�3 ¼ i1 � i2

This equation relates the values of two of the mesh currents.

Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor.We will use Ohm’s

law to express the resistor voltage, v, as functions of the mesh currents. First, we express the resistor

current as a function of the mesh currents, i1 � i2. Noticing that the resistor current, i1 � i2, and the

voltage, v, adhere to the passive convention, we use Ohm’s law to write

v ¼ R i1 � i2ð Þ
Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

v ¼ 8 i1 � i2ð Þ
This equation expresses the resistor voltage, v, as a function of the mesh currents, i1 and i2.

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input to this

circuit is the voltage source voltage, vs. To write mesh equations, we will first express the resistor

voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law to the meshes. The

resistor currents are expressed as functions of the mesh currents in Figure 4.5-5b, and then the resistor

voltages are expressed as functions of the mesh currents in Figure 4.5-5c.

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention

for obtaining the algebraic sum of voltages around a mesh. We will move around the mesh in the

clockwise direction. If we encounter theþ sign of the voltage reference polarity of an element voltage

before the � sign, we add that voltage. Conversely, if we encounter the – of the voltage reference

polarity of an element voltage before the þ sign, we subtract that voltage. Thus, for the circuit of

Figure 4.5-5c, we have

mesh 1: �vs þ R1i1 þ R3 i1 � i2ð Þ ¼ 0 ð4:5-1Þ
mesh 2: �R3 i1 � i2ð Þ þ R2i2 ¼ 0 ð4:5-2Þ

(a)

i1 i2 Rv

+

–

i1 – i2

(b)

i1 i2

i1 – i2

3 A

(c)

i1 i2

i = i1 – i2

FIGURE 4.5-4 Mesh currents, i1 and i2, and element current, i1 � i2, of a (a) generic circuit element, (b) current

source, and (c) resistor.
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Con frecuencia, conocemos el valor de la resistencia. Por ejemplo, cuando R 5 8 V, esta ecuación se 
convierte en
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E are equal to the mesh current of the right mesh, i2, as shown in Figure 4.5-3b. Similarly, elements A and

D are only in the left mesh. The currents in elements A and D are equal to the mesh current of the left

mesh, i1, as shown in Figure 4.5-3b.

Element B is in both meshes. The current of element B has been labeled as ib. Applying

Kirchhoff’s current law at node b in Figure 4.5-3b gives

ib ¼ i1 � i2

This equation expresses the element current, ib, as a function of the mesh currents, i1 and i2.

Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit element is

expressed as a function of the mesh currents of the two meshes. The circuit element in Figure 4.5-4a

could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.5-4b

and c, we consider specific types of circuit element. In Figure 4.5-4b, the circuit element is a current

source. The element current has been represented twice, once as the current source current, 3 A, and

once as a function of the mesh currents, i1 � i2. Noticing that the reference directions for 3 A and

i1 � i2 are different (one points up, the other points down), we write

�3 ¼ i1 � i2

This equation relates the values of two of the mesh currents.

Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor.We will use Ohm’s

law to express the resistor voltage, v, as functions of the mesh currents. First, we express the resistor

current as a function of the mesh currents, i1 � i2. Noticing that the resistor current, i1 � i2, and the

voltage, v, adhere to the passive convention, we use Ohm’s law to write

v ¼ R i1 � i2ð Þ
Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

v ¼ 8 i1 � i2ð Þ
This equation expresses the resistor voltage, v, as a function of the mesh currents, i1 and i2.

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input to this

circuit is the voltage source voltage, vs. To write mesh equations, we will first express the resistor

voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law to the meshes. The

resistor currents are expressed as functions of the mesh currents in Figure 4.5-5b, and then the resistor

voltages are expressed as functions of the mesh currents in Figure 4.5-5c.

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention

for obtaining the algebraic sum of voltages around a mesh. We will move around the mesh in the

clockwise direction. If we encounter theþ sign of the voltage reference polarity of an element voltage

before the � sign, we add that voltage. Conversely, if we encounter the – of the voltage reference

polarity of an element voltage before the þ sign, we subtract that voltage. Thus, for the circuit of

Figure 4.5-5c, we have

mesh 1: �vs þ R1i1 þ R3 i1 � i2ð Þ ¼ 0 ð4:5-1Þ
mesh 2: �R3 i1 � i2ð Þ þ R2i2 ¼ 0 ð4:5-2Þ
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FIGURE 4.5-4 Mesh currents, i1 and i2, and element current, i1 � i2, of a (a) generic circuit element, (b) current

source, and (c) resistor.
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Esta ecuación expresa el voltaje del resistor, v, como una función de las corrientes de enlaces, i1 e i2.
 A continuación escribamos las ecuaciones de enlaces para representar el circuito que se muestra 
en la figura 4.5-5a. La entrada a este circuito es el voltaje de la fuente de voltaje, vs. Para escribir 
ecuaciones de enlaces, antes debemos expresar los voltajes del resistor como funciones de las corrien-
tes de enlaces y luego aplicar la ley del voltaje de Kirchhoff a los enlaces. Las corrientes del resistor 
se expresan como funciones de las corrientes de enlaces en la figura 4.5-5b, y luego los voltajes del 
resistor se expresan como funciones de las corrientes de enlaces en la figura 4.5-5c.
 Podemos aplicar la ley del voltaje de Kirchhoff en torno a cada enlace. Utilizaremos la siguien-
te convención para obtener la suma algebraica de voltajes en torno a un enlace. Nos moveremos en 
torno al enlace en el sentido de las manecillas del reloj. Si encontramos el signo 1 de la polaridad 
de referencia del voltaje de un elemento antes del signo 2, agregamos el voltaje. Por el contrario, si 
encontramos el signo 2 de la polaridad de referencia del voltaje de un elemento antes del signo 1, 
restamos ese voltaje. Por lo tanto, para el circuito de la figura 4.5-5c, tenemos
 enlace 1: 2vs

E1C04_1 11/25/2009 124

E are equal to the mesh current of the right mesh, i2, as shown in Figure 4.5-3b. Similarly, elements A and

D are only in the left mesh. The currents in elements A and D are equal to the mesh current of the left

mesh, i1, as shown in Figure 4.5-3b.

Element B is in both meshes. The current of element B has been labeled as ib. Applying

Kirchhoff’s current law at node b in Figure 4.5-3b gives

ib ¼ i1 � i2

This equation expresses the element current, ib, as a function of the mesh currents, i1 and i2.

Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit element is

expressed as a function of the mesh currents of the two meshes. The circuit element in Figure 4.5-4a

could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.5-4b

and c, we consider specific types of circuit element. In Figure 4.5-4b, the circuit element is a current

source. The element current has been represented twice, once as the current source current, 3 A, and

once as a function of the mesh currents, i1 � i2. Noticing that the reference directions for 3 A and

i1 � i2 are different (one points up, the other points down), we write

�3 ¼ i1 � i2

This equation relates the values of two of the mesh currents.

Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor.We will use Ohm’s

law to express the resistor voltage, v, as functions of the mesh currents. First, we express the resistor

current as a function of the mesh currents, i1 � i2. Noticing that the resistor current, i1 � i2, and the

voltage, v, adhere to the passive convention, we use Ohm’s law to write

v ¼ R i1 � i2ð Þ
Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

v ¼ 8 i1 � i2ð Þ
This equation expresses the resistor voltage, v, as a function of the mesh currents, i1 and i2.

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input to this

circuit is the voltage source voltage, vs. To write mesh equations, we will first express the resistor

voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law to the meshes. The

resistor currents are expressed as functions of the mesh currents in Figure 4.5-5b, and then the resistor

voltages are expressed as functions of the mesh currents in Figure 4.5-5c.

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention

for obtaining the algebraic sum of voltages around a mesh. We will move around the mesh in the

clockwise direction. If we encounter theþ sign of the voltage reference polarity of an element voltage

before the � sign, we add that voltage. Conversely, if we encounter the – of the voltage reference

polarity of an element voltage before the þ sign, we subtract that voltage. Thus, for the circuit of

Figure 4.5-5c, we have

mesh 1: �vs þ R1i1 þ R3 i1 � i2ð Þ ¼ 0 ð4:5-1Þ
mesh 2: �R3 i1 � i2ð Þ þ R2i2 ¼ 0 ð4:5-2Þ
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FIGURE 4.5-4 Mesh currents, i1 and i2, and element current, i1 � i2, of a (a) generic circuit element, (b) current

source, and (c) resistor.
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 (4.5-1)
 enlace 2: 
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E are equal to the mesh current of the right mesh, i2, as shown in Figure 4.5-3b. Similarly, elements A and

D are only in the left mesh. The currents in elements A and D are equal to the mesh current of the left

mesh, i1, as shown in Figure 4.5-3b.

Element B is in both meshes. The current of element B has been labeled as ib. Applying

Kirchhoff’s current law at node b in Figure 4.5-3b gives

ib ¼ i1 � i2

This equation expresses the element current, ib, as a function of the mesh currents, i1 and i2.

Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit element is

expressed as a function of the mesh currents of the two meshes. The circuit element in Figure 4.5-4a

could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.5-4b

and c, we consider specific types of circuit element. In Figure 4.5-4b, the circuit element is a current

source. The element current has been represented twice, once as the current source current, 3 A, and

once as a function of the mesh currents, i1 � i2. Noticing that the reference directions for 3 A and

i1 � i2 are different (one points up, the other points down), we write

�3 ¼ i1 � i2

This equation relates the values of two of the mesh currents.

Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor.We will use Ohm’s

law to express the resistor voltage, v, as functions of the mesh currents. First, we express the resistor

current as a function of the mesh currents, i1 � i2. Noticing that the resistor current, i1 � i2, and the

voltage, v, adhere to the passive convention, we use Ohm’s law to write

v ¼ R i1 � i2ð Þ
Frequently, we know the value of the resistance. For example, when R ¼ 8V, this equation becomes

v ¼ 8 i1 � i2ð Þ
This equation expresses the resistor voltage, v, as a function of the mesh currents, i1 and i2.

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input to this

circuit is the voltage source voltage, vs. To write mesh equations, we will first express the resistor

voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law to the meshes. The

resistor currents are expressed as functions of the mesh currents in Figure 4.5-5b, and then the resistor

voltages are expressed as functions of the mesh currents in Figure 4.5-5c.

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention

for obtaining the algebraic sum of voltages around a mesh. We will move around the mesh in the

clockwise direction. If we encounter theþ sign of the voltage reference polarity of an element voltage

before the � sign, we add that voltage. Conversely, if we encounter the – of the voltage reference

polarity of an element voltage before the þ sign, we subtract that voltage. Thus, for the circuit of

Figure 4.5-5c, we have

mesh 1: �vs þ R1i1 þ R3 i1 � i2ð Þ ¼ 0 ð4:5-1Þ
mesh 2: �R3 i1 � i2ð Þ þ R2i2 ¼ 0 ð4:5-2Þ
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i1 – i2

3 A

(c)
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i = i1 – i2

FIGURE 4.5-4 Mesh currents, i1 and i2, and element current, i1 � i2, of a (a) generic circuit element, (b) current

source, and (c) resistor.
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 (4.5-2)

(a)

i1 i2 Rv
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(b)

i1 i2
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i = i1 – i2

FIGURA 4.5-4 Las corrientes de enlaces, i1 e i2, y la corriente de elemento, i1 2i2, de un (a) elemento de circuito 
genérico, (b) fuente de corriente y (c) resistor.
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Observe que el voltaje a través de R3 en el enlace 1 está determinado por la ley de Ohm, donde
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Note that the voltage across R3 in mesh 1 is determined from Ohm’s law, where

v ¼ R3ia ¼ R3 i1 � i2ð Þ
where ia is the actual element current flowing downward through R3.

Equations 4.5-1 and 4.5-2 will enable us to determine the two mesh currents, i1 and i2. Rewriting

the two equations, we have

i1 R1 þ R3ð Þ � i2R3 ¼ vs

and

�i1R3 þ i2 R3 þ R2ð Þ ¼ 0

If R1 ¼ R2 ¼ R3 ¼ 1V, we have
2i1 � i2 ¼ vs

and
�i1 þ 2i2 ¼ 0

Add twice the first equation to the second equation, obtaining 3i1 ¼ 2vs. Then we have

i1 ¼ 2vs
3

and i2 ¼ vs

3
Thus, we have obtained two independent mesh current equations that are readily solved for the

two unknowns. If we have N meshes and write Nmesh equations in terms of Nmesh currents, we can

obtain N independent mesh equations. This set of N equations is independent and thus guarantees a

solution for the N mesh currents.

A circuit that contains only independent voltage sources and resistors results in a specific format

of equations that can readily be obtained. Consider a circuit with three meshes, as shown in Figure

4.5-6. Assign the clockwise direction to all of the mesh currents. Using KVL, we obtain the three mesh

vs vg

R1 R2 R3

R4 R5
+
–

+
–i1 i2 i3 FIGURE 4.5-6 Circuit with three

mesh currents and two voltage sources.
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FIGURE 4.5-5 (a) A circuit. (b) The resistor currents expressed as functions of the mesh currents. (c) The resistor

voltages expressed as functions of the mesh currents.
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donde ia es la corriente del elemento real que fluye hacia abajo a través de R3. 
 Las ecuaciones 4.5-1 y 4.5-2 nos permitirán determinar la corrientes de los dos enlaces, i1 e i2. 
Reescribiendo las dos ecuaciones tenemos
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Note that the voltage across R3 in mesh 1 is determined from Ohm’s law, where
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solution for the N mesh currents.
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of equations that can readily be obtained. Consider a circuit with three meshes, as shown in Figure

4.5-6. Assign the clockwise direction to all of the mesh currents. Using KVL, we obtain the three mesh

vs vg

R1 R2 R3

R4 R5
+
–

+
–i1 i2 i3 FIGURE 4.5-6 Circuit with three

mesh currents and two voltage sources.
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FIGURE 4.5-5 (a) A circuit. (b) The resistor currents expressed as functions of the mesh currents. (c) The resistor

voltages expressed as functions of the mesh currents.
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Si R1 5 R2 5 R3 5 1 V, tenemos
2i1 2 i2 5 vs

y
2i1 1 2i2 5 0

Sume dos veces la primera ecuación a la segunda, obteniendo 3i1 5 2vs. Entonces tenemos

i1 
2vs
3

y i2 
vs
3

Por lo tanto, hemos obtenido dos ecuaciones de corriente de enlaces independiente que ya están total-
mente despejadas para las dos incógnitas. Si tenemos N enlaces y escribimos N ecuaciones en términos 
de N corrientes de enlaces, podemos obtener N ecuaciones de enlaces independientes. Este conjunto de 
N ecuaciones es independiente y por eso garantiza una solución para las N corrientes de enlaces. 
 Un circuito que contiene sólo fuentes de voltaje independiente y resistores da como resultado 
un formato específico de ecuaciones que se pueden obtener fácilmente. Piense en un circuito con tres 
enlaces, como se muestra en la figura 4.5-6. Asigne la dirección en el sentido de las manecillas del 

FIGURA 4.4-5 (a) Circuito. (b) Las corrientes del resistor expresadas como funciones de las corrientes de enlaces. 
(c) Los voltajes del resistor expresados como funciones de las corrientes de enlaces.

+
–

(c)

i1 i2

i1
i2

R2i2

R2

R3

R1

vs

+

+

–

–

R1i1+ –

R3(i1 – i2)

i1 – i2

+
–

(b)

i1 i2

i1 i2

R2

R3

R1

vs

i1 – i2

+
–

(a)

i1 i2

R2

R3

R1

vs

FIGURA 4.5-6 Circuito con tres 
corrientes de enlaces y dos fuentes de voltaje.
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reloj a todas la corrientes de enlaces. Utilizando la KVL, obtenemos las tres ecuaciones de enlaces
enlace 1: vs  R1i1  R4 i1 i21 2� �0
enlace 2: R2i2  R5 i2 i31 2 �R4 i2 i11 2� 0
enlace 3: R5 i3 i21 2 R3i3  vg  0

Estas tres ecuaciones de enlaces se pueden reescribir al conjuntar los coeficientes para cada corriente 
de enlaces como

enlace 1: 1R1  R42i1  R4i2  vs
enlace 2: R4i1  R5  1R4  R2  R52i2  R5i3  0
enlace 3: R5i2  1R3  R52i3  vg

 Por lo tanto, observamos que el coeficiente de la corriente de enlaces i1 para el primer enlace es 
la suma de resistencias en el enlace 1, y el coeficiente de la segunda corriente de enlaces es la negativa 
de la resistencia común a los enlaces 1 y 2. En general, planteamos que para la corriente de enlaces in, 
la ecuación para el enésimo enlace con fuentes de voltaje independientes sólo se obtiene como sigue:
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equations

mesh 1: �vs þ R1i1 þ R4 i1 � i2ð Þ ¼ 0
mesh 2: R2i2 þ R5 i2 � i3ð Þ þ R4 i2 � i1ð Þ ¼ 0
mesh 3: R5 i3 � i2ð Þ þ R3i3 þ vg ¼ 0

These three mesh equations can be rewritten by collecting coefficients for each mesh current as

mesh 1: R1 þ R4ð Þi1 � R4i2 ¼ vs
mesh 2: �R4i1 þ R5 þ R4 þ R2 þ R5ð Þi2 � R5i3 ¼ 0
mesh 3: �R5i2 þ R3 þ R5ð Þi3 ¼ �vg

Hence, we note that the coefficient of the mesh current i1 for the first mesh is the sum of

resistances in mesh 1, and the coefficient of the second mesh current is the negative of the resistance

common to meshes 1 and 2. In general, we state that for mesh current in, the equation for the nth mesh

with independent voltage sources only is obtained as follows:

�
XQ

q¼1

Rkiq þ
XP
j¼1

Rjin ¼ �
XN
n¼1

vsn ð4:5-3Þ

That is, for mesh n we multiply in by the sum of all resistances Rj around the mesh. Then we add the

terms due to the resistances in common with another mesh as the negative of the connecting resistance

Rk, multiplied by the mesh current in the adjacent mesh iq for all Q adjacent meshes. Finally, the

independent voltage sources around the loop appear on the right side of the equation as the negative of

the voltage sources encountered as we traverse the loop in the direction of the mesh current.

Remember that the preceding result is obtained assuming all mesh currents flow clockwise.

The general matrix equation for the mesh current analysis for independent voltage sources

present in a circuit is

R i ¼ vs ð4:5-4Þ
where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each mesh and

the off-diagonal elements are the negative of the sum of the resistances common to two meshes. The

matrix i consists of the mesh current as

i ¼

i1
i2
_
_
_
iN

2
6666664

3
7777775

For N mesh currents, the source matrix vs is

vs ¼

vs1
vs2
_
_
_

vsN

2
6666664

3
7777775

where vsj is the algebraic sum of the voltages of the voltage sources in the jth mesh with the

appropriate sign assigned to each voltage.

For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have

R ¼
R1 þ R4ð Þ �R4 0
�R4 R2 þ R4 þ R5ð Þ �R5

0 �R5 R3 þ R5ð Þ

2
4

3
5

Note that R is a symmetric matrix, as we expected.
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 (4.5-3)

Es decir, para el enlace n multiplicamos in por la suma de todas las resistencias Rj en torno al enlace. 
Entonces agregamos los términos respecto de las resistencias en común con otro enlace como la ne-
gativa de la resistencia de conexión Rk, multiplicada por la corriente de enlaces en el enlace adyacente 
iq para todos los Q enlaces adyacentes. Finalmente, las fuentes de voltaje independientes en torno al 
circuito cerrado aparecen a la derecha de la ecuación como la negativa de las fuentes de voltaje en-
contradas conforme cruzamos el circuito cerrado en dirección a la corriente de enlaces. Recuerde que 
el resultado anterior se obtuvo suponiendo que todas las corrientes de enlaces fluyen en el sentido de 
las manecillas del reloj.
 La ecuación matriz general para el análisis de la corriente de enlaces para fuentes de voltaje 
independiente en un circuito es
 R i 5 vs  (4.5-4)
donde R es una matriz simétrica con una diagonal que consta de la suma de las resistencias en cada 
enlace y los elementos fuera de la diagonal son la negativa de la suma de las resistencias comunes a 
dos enlaces. La matriz i consta de la corriente de enlaces como
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equations

mesh 1: �vs þ R1i1 þ R4 i1 � i2ð Þ ¼ 0
mesh 2: R2i2 þ R5 i2 � i3ð Þ þ R4 i2 � i1ð Þ ¼ 0
mesh 3: R5 i3 � i2ð Þ þ R3i3 þ vg ¼ 0

These three mesh equations can be rewritten by collecting coefficients for each mesh current as

mesh 1: R1 þ R4ð Þi1 � R4i2 ¼ vs
mesh 2: �R4i1 þ R5 þ R4 þ R2 þ R5ð Þi2 � R5i3 ¼ 0
mesh 3: �R5i2 þ R3 þ R5ð Þi3 ¼ �vg

Hence, we note that the coefficient of the mesh current i1 for the first mesh is the sum of

resistances in mesh 1, and the coefficient of the second mesh current is the negative of the resistance

common to meshes 1 and 2. In general, we state that for mesh current in, the equation for the nth mesh

with independent voltage sources only is obtained as follows:

�
XQ

q¼1

Rkiq þ
XP
j¼1

Rjin ¼ �
XN
n¼1

vsn ð4:5-3Þ

That is, for mesh n we multiply in by the sum of all resistances Rj around the mesh. Then we add the

terms due to the resistances in common with another mesh as the negative of the connecting resistance

Rk, multiplied by the mesh current in the adjacent mesh iq for all Q adjacent meshes. Finally, the

independent voltage sources around the loop appear on the right side of the equation as the negative of

the voltage sources encountered as we traverse the loop in the direction of the mesh current.

Remember that the preceding result is obtained assuming all mesh currents flow clockwise.

The general matrix equation for the mesh current analysis for independent voltage sources

present in a circuit is

R i ¼ vs ð4:5-4Þ
where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each mesh and

the off-diagonal elements are the negative of the sum of the resistances common to two meshes. The

matrix i consists of the mesh current as

i ¼

i1
i2
_
_
_
iN

2
6666664

3
7777775

For N mesh currents, the source matrix vs is

vs ¼

vs1
vs2
_
_
_

vsN

2
6666664

3
7777775

where vsj is the algebraic sum of the voltages of the voltage sources in the jth mesh with the

appropriate sign assigned to each voltage.

For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have

R ¼
R1 þ R4ð Þ �R4 0
�R4 R2 þ R4 þ R5ð Þ �R5

0 �R5 R3 þ R5ð Þ

2
4

3
5

Note that R is a symmetric matrix, as we expected.
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Para las N corrientes de enlaces, la matriz fuente vs es
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equations

mesh 1: �vs þ R1i1 þ R4 i1 � i2ð Þ ¼ 0
mesh 2: R2i2 þ R5 i2 � i3ð Þ þ R4 i2 � i1ð Þ ¼ 0
mesh 3: R5 i3 � i2ð Þ þ R3i3 þ vg ¼ 0

These three mesh equations can be rewritten by collecting coefficients for each mesh current as

mesh 1: R1 þ R4ð Þi1 � R4i2 ¼ vs
mesh 2: �R4i1 þ R5 þ R4 þ R2 þ R5ð Þi2 � R5i3 ¼ 0
mesh 3: �R5i2 þ R3 þ R5ð Þi3 ¼ �vg

Hence, we note that the coefficient of the mesh current i1 for the first mesh is the sum of

resistances in mesh 1, and the coefficient of the second mesh current is the negative of the resistance

common to meshes 1 and 2. In general, we state that for mesh current in, the equation for the nth mesh

with independent voltage sources only is obtained as follows:

�
XQ

q¼1

Rkiq þ
XP
j¼1

Rjin ¼ �
XN
n¼1

vsn ð4:5-3Þ

That is, for mesh n we multiply in by the sum of all resistances Rj around the mesh. Then we add the

terms due to the resistances in common with another mesh as the negative of the connecting resistance

Rk, multiplied by the mesh current in the adjacent mesh iq for all Q adjacent meshes. Finally, the

independent voltage sources around the loop appear on the right side of the equation as the negative of

the voltage sources encountered as we traverse the loop in the direction of the mesh current.

Remember that the preceding result is obtained assuming all mesh currents flow clockwise.

The general matrix equation for the mesh current analysis for independent voltage sources

present in a circuit is

R i ¼ vs ð4:5-4Þ
where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each mesh and

the off-diagonal elements are the negative of the sum of the resistances common to two meshes. The

matrix i consists of the mesh current as

i ¼

i1
i2
_
_
_
iN

2
6666664

3
7777775

For N mesh currents, the source matrix vs is

vs ¼

vs1
vs2
_
_
_

vsN

2
6666664

3
7777775

where vsj is the algebraic sum of the voltages of the voltage sources in the jth mesh with the

appropriate sign assigned to each voltage.

For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have

R ¼
R1 þ R4ð Þ �R4 0
�R4 R2 þ R4 þ R5ð Þ �R5

0 �R5 R3 þ R5ð Þ

2
4

3
5

Note that R is a symmetric matrix, as we expected.
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donde vsj es la suma algebraica de los voltajes de las fuentes de voltaje en el jotaésimo enlace con el 
signo apropiado asignado a cada voltaje.
 Para el circuito de la figura 4.5-6 y la ecuación 4.5-4 matriz, tenemos
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equations

mesh 1: �vs þ R1i1 þ R4 i1 � i2ð Þ ¼ 0
mesh 2: R2i2 þ R5 i2 � i3ð Þ þ R4 i2 � i1ð Þ ¼ 0
mesh 3: R5 i3 � i2ð Þ þ R3i3 þ vg ¼ 0

These three mesh equations can be rewritten by collecting coefficients for each mesh current as

mesh 1: R1 þ R4ð Þi1 � R4i2 ¼ vs
mesh 2: �R4i1 þ R5 þ R4 þ R2 þ R5ð Þi2 � R5i3 ¼ 0
mesh 3: �R5i2 þ R3 þ R5ð Þi3 ¼ �vg

Hence, we note that the coefficient of the mesh current i1 for the first mesh is the sum of

resistances in mesh 1, and the coefficient of the second mesh current is the negative of the resistance

common to meshes 1 and 2. In general, we state that for mesh current in, the equation for the nth mesh

with independent voltage sources only is obtained as follows:

�
XQ

q¼1

Rkiq þ
XP
j¼1

Rjin ¼ �
XN
n¼1

vsn ð4:5-3Þ

That is, for mesh n we multiply in by the sum of all resistances Rj around the mesh. Then we add the

terms due to the resistances in common with another mesh as the negative of the connecting resistance

Rk, multiplied by the mesh current in the adjacent mesh iq for all Q adjacent meshes. Finally, the

independent voltage sources around the loop appear on the right side of the equation as the negative of

the voltage sources encountered as we traverse the loop in the direction of the mesh current.

Remember that the preceding result is obtained assuming all mesh currents flow clockwise.

The general matrix equation for the mesh current analysis for independent voltage sources

present in a circuit is

R i ¼ vs ð4:5-4Þ
where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each mesh and

the off-diagonal elements are the negative of the sum of the resistances common to two meshes. The

matrix i consists of the mesh current as

i ¼

i1
i2
_
_
_
iN

2
6666664

3
7777775

For N mesh currents, the source matrix vs is

vs ¼

vs1
vs2
_
_
_

vsN

2
6666664

3
7777775

where vsj is the algebraic sum of the voltages of the voltage sources in the jth mesh with the

appropriate sign assigned to each voltage.

For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have

R ¼
R1 þ R4ð Þ �R4 0
�R4 R2 þ R4 þ R5ð Þ �R5

0 �R5 R3 þ R5ð Þ

2
4

3
5

Note that R is a symmetric matrix, as we expected.
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Observe que R es una matriz simétrica, como se esperaba.
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EJERCICIO 4.5-1 Determine el valor del voltaje medido por el voltímetro en la figura E 4.5-1.

8 V12 V

3 Ω

6 Ω

6 Ω +
–

+
–

Voltímetro

 FIGURA E 4.5-1

Respuesta: 21 V

4.6  A N Á L I S I S  D E  C O R R I E N T E S  D E  E N L A C E S 
C O N  F U E N T E S  D E  C O R R I E N T E  Y  D E  VO LTA J E

Hasta aquí solamente hemos considerado circuitos con fuentes de voltaje independientes para análi-
sis por el método de corrientes de enlaces. Si el circuito tiene una fuente de corriente independiente, 
como se muestra en la figura 4.6-1, aceptamos que la segunda corriente de enlaces es igual a la nega-
tiva de la corriente de la fuente de corriente. Entonces podemos escribir

i2 5 2is
y solamente necesitamos determinar la primera corriente de enlaces i1. Escribiendo KVL para el pri-
mer enlace, obtenemos

1R1 1 R22i1 2 R2i2 5 vs

Dado que i2 5 2is, tenemos

 
i1 

vs R2is

R1  R2
 (4.6-1)

donde is y vs son fuentes de magnitud conocida.
 Si nos encontramos con un circuito como el que se muestra en la figura 4.6-2, tenemos una fuen-
te de corriente is que tiene un voltaje desconocido vab a través de sus terminales. Fácilmente podemos 
observar que
 i2 2 i1 5 is (4.6-2)
al escribir la KCL en el nodo a. Las dos ecuaciones de enlaces son
 enlace 1: R1i1 1 vab 5 vs (4.6-3)

 enlace 2: 1R2 1 R32i2 2 vab 5 0 (4.6-4)

vs is

R1 R3

R2
+
– i1 i2

vs is

R1 R2

R3
+
– i1 i2

a

b

FIGURA 4.6-1 Circuito con una fuente de voltaje 
independiente y una fuente de corriente independiente.

FIGURA 4.6-2 Circuito con una fuente de corriente 
independiente común a ambos enlaces.
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Observamos que si agregamos las ecuaciones 4.6-3 y 4.6-4 eliminamos vab, obteniendo

 R1i1  R2  R31 2�i2  vs 
Sin embargo, dado que i2 5 is 1 i1, obtenemos

 R1i1  R2  R31 2 �is  i1 v1 2 s 
o bien

 
i1 

vs R2  R31 2is

R1  R2  R3
 (4.6-5)

 Por lo tanto, nos inclinamos por las fuentes de corriente independientes al registrar la relación 
entre las corrientes de enlaces y la corriente de la fuente de corriente. Si la fuente de corriente influye 
en sólo una corriente de enlaces, escribimos la ecuación que relaciona esa corriente de enlaces con 
la corriente de la fuente de corriente y escribimos las ecuaciones KVL para los enlaces restantes. Si la 
fuente de corriente influye en dos corrientes de enlaces, escribimos la ecuación KVL para los dos en-
laces, suponiendo un voltaje vab a través de las terminales de la fuente de corriente. Luego, agregando 
estas dos ecuaciones de enlaces, obtenemos una ecuación independiente de vab.

Considere el circuito de la figura 4.6-3, donde R1 5 R2 5 1 V y 
R3 5 2 V. Encuentre las corrientes de estos tres enlaces.

Solución
Como la fuente 4-A sólo está en el enlace 1, observamos que

i1 5 4
Para la fuente 5-A tenemos

 i2 2 i3 5 5 (4.6-6)

Si escribimos la KVL para los enlaces 2 y 3, obtenemos

 enlace 2: R1 1i2 2 i1) 1 vab 5 10 (4.6-7)

 enlace 3: R21i3 2 i12 1 R3i3 2 vab 5 0 (4.6-8)

Se sustituye i1 5 4 y se agregan las ecuaciones 4.6-7 y 4.6-8 para obtener
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We note that if we add Eqs. 4.6-3 and 4.6-4, we eliminate vab, obtaining

R1i1 þ R2 þ R3ð Þi2 ¼ vs

However, because i2 ¼ is þ i1, we obtain

R1i1 þ R2 þ R3ð Þ is þ i1ð Þ ¼ vs

or

i1 ¼ vs � R2 þ R3ð Þis
R1 þ R2 þ R3

ð4:6-5Þ

Thus, we account for independent current sources by recording the relationship between the mesh

currents and the current source current. If the current source influences only one mesh current, we write

the equation that relates that mesh current to the current source current and write the KVL equations for

the remaining meshes. If the current source influences two mesh currents, we write the KVL equation for

both meshes, assuming a voltage vab across the terminals of the current source. Then, adding these two

mesh equations, we obtain an equation independent of vab.

Another technique for the mesh analysis method when a current source is common to two

meshes involves the concept of a supermesh. A supermesh is one mesh created from two meshes that

have a current source in common, as shown in Figure 4.6-4.

E X A M P L E 4 . 6 - 1 Mesh Equations

Consider the circuit of Figure 4.6-3 where R1 ¼ R2 ¼ 1V and

R3 ¼ 2V. Find the three mesh currents.

Solution
Because the 4-A source is in mesh 1 only, we note that

i1 ¼ 4

For the 5-A source, we have

i2 � i3 ¼ 5 ð4.6-6Þ
Writing KVL for mesh 2 and mesh 3, we obtain

mesh 2: R1 i2 � i1ð Þ þ vab ¼ 10 ð4.6-7Þ
mesh 3: R2 i3 � i1ð Þ þ R3i3 � vab ¼ 0 ð4.6-8Þ

We substitute i1 ¼ 4 and add Eqs. 4.6-7 and 4.6-8 to obtain

R1 i2 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10 ð4.6-9Þ
From Eq. 4.6-6, i2 ¼ 5þ i3, substituting into Eq. 4.6-9, we have

R1 5þ i3 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10

Using the values for the resistors, we obtain

i3 ¼ 13

4
A and i2 ¼ 5þ i3 ¼ 33

4
A

R1 R2

R3i2

i1

i3

a

b

5 A

4 A

10 V +
–

FIGURE 4.6-3 Circuit with two independent

current sources.
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 (4.6-9)

De la ecuación 4.6-6, i2 5 5 1 i3, sustituimos la ecuación 4.6-9 y obtenemos
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We note that if we add Eqs. 4.6-3 and 4.6-4, we eliminate vab, obtaining

R1i1 þ R2 þ R3ð Þi2 ¼ vs

However, because i2 ¼ is þ i1, we obtain

R1i1 þ R2 þ R3ð Þ is þ i1ð Þ ¼ vs

or

i1 ¼ vs � R2 þ R3ð Þis
R1 þ R2 þ R3

ð4:6-5Þ

Thus, we account for independent current sources by recording the relationship between the mesh

currents and the current source current. If the current source influences only one mesh current, we write

the equation that relates that mesh current to the current source current and write the KVL equations for

the remaining meshes. If the current source influences two mesh currents, we write the KVL equation for

both meshes, assuming a voltage vab across the terminals of the current source. Then, adding these two

mesh equations, we obtain an equation independent of vab.

Another technique for the mesh analysis method when a current source is common to two

meshes involves the concept of a supermesh. A supermesh is one mesh created from two meshes that

have a current source in common, as shown in Figure 4.6-4.

E X A M P L E 4 . 6 - 1 Mesh Equations

Consider the circuit of Figure 4.6-3 where R1 ¼ R2 ¼ 1V and

R3 ¼ 2V. Find the three mesh currents.

Solution
Because the 4-A source is in mesh 1 only, we note that

i1 ¼ 4

For the 5-A source, we have

i2 � i3 ¼ 5 ð4.6-6Þ
Writing KVL for mesh 2 and mesh 3, we obtain

mesh 2: R1 i2 � i1ð Þ þ vab ¼ 10 ð4.6-7Þ
mesh 3: R2 i3 � i1ð Þ þ R3i3 � vab ¼ 0 ð4.6-8Þ

We substitute i1 ¼ 4 and add Eqs. 4.6-7 and 4.6-8 to obtain

R1 i2 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10 ð4.6-9Þ
From Eq. 4.6-6, i2 ¼ 5þ i3, substituting into Eq. 4.6-9, we have

R1 5þ i3 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10

Using the values for the resistors, we obtain

i3 ¼ 13

4
A and i2 ¼ 5þ i3 ¼ 33

4
A

R1 R2

R3i2

i1

i3

a

b

5 A

4 A

10 V +
–

FIGURE 4.6-3 Circuit with two independent

current sources.
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Utilizando los valores para los resistores, obtenemos
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We note that if we add Eqs. 4.6-3 and 4.6-4, we eliminate vab, obtaining

R1i1 þ R2 þ R3ð Þi2 ¼ vs

However, because i2 ¼ is þ i1, we obtain

R1i1 þ R2 þ R3ð Þ is þ i1ð Þ ¼ vs

or

i1 ¼ vs � R2 þ R3ð Þis
R1 þ R2 þ R3

ð4:6-5Þ

Thus, we account for independent current sources by recording the relationship between the mesh

currents and the current source current. If the current source influences only one mesh current, we write

the equation that relates that mesh current to the current source current and write the KVL equations for

the remaining meshes. If the current source influences two mesh currents, we write the KVL equation for

both meshes, assuming a voltage vab across the terminals of the current source. Then, adding these two

mesh equations, we obtain an equation independent of vab.

Another technique for the mesh analysis method when a current source is common to two

meshes involves the concept of a supermesh. A supermesh is one mesh created from two meshes that

have a current source in common, as shown in Figure 4.6-4.

E X A M P L E 4 . 6 - 1 Mesh Equations

Consider the circuit of Figure 4.6-3 where R1 ¼ R2 ¼ 1V and

R3 ¼ 2V. Find the three mesh currents.

Solution
Because the 4-A source is in mesh 1 only, we note that

i1 ¼ 4

For the 5-A source, we have

i2 � i3 ¼ 5 ð4.6-6Þ
Writing KVL for mesh 2 and mesh 3, we obtain

mesh 2: R1 i2 � i1ð Þ þ vab ¼ 10 ð4.6-7Þ
mesh 3: R2 i3 � i1ð Þ þ R3i3 � vab ¼ 0 ð4.6-8Þ

We substitute i1 ¼ 4 and add Eqs. 4.6-7 and 4.6-8 to obtain

R1 i2 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10 ð4.6-9Þ
From Eq. 4.6-6, i2 ¼ 5þ i3, substituting into Eq. 4.6-9, we have

R1 5þ i3 � 4ð Þ þ R2 i3 � 4ð Þ þ R3i3 ¼ 10

Using the values for the resistors, we obtain

i3 ¼ 13

4
A and i2 ¼ 5þ i3 ¼ 33

4
A

R1 R2

R3i2

i1

i3

a

b
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FIGURE 4.6-3 Circuit with two independent

current sources.
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FIGURA 4.6-3 Circuito con dos fuentes de 
corriente independientes.

R1 R2

R3i2

i1

i3

a

b

5 A

4 A

10 V +
–

E j E m p l o  4 . 6 - 1  Ecuaciones de enlaces

 Otra técnica para el método de análisis de enlaces cuando una fuente de corriente es común a 
dos enlaces implica el concepto de un superenlace. Un superenlace es un enlace creado a partir de dos 
enlaces que tienen una fuente de corriente en común, como se muestra en la figura 4.6-4.
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Un superenlace es un enlace más grande, creado a partir de dos enlaces que tienen en común 
una fuente de corriente independiente o dependiente.

 Por ejemplo, considere el circuito de la figura 4.6-4. La fuente de corriente 5-A es común a los 
enlaces 1 y 2. El superenlace consta de los enlaces internos 1 y 2. Al escribir la KVL en torno a la 
periferia del superenlace mostrado por la línea punteada, obtenemos

 �10þ 1 i1 � i3ð Þ þ 3 i2 � i3ð Þ þ 2i2 ¼ 0 

Para el enlace 3 tenemos

 1 i3 � i1ð Þ þ 2i3 þ 3 i3 � i2ð Þ ¼ 0 

Finalmente, la ecuación que relaciona la corriente de la fuente de corriente con las corrientes de en-
laces es 

i1 � i2 � 5

Entonces las tres ecuaciones se pueden reducir a

 superenlace:
 enlace 3: 

fuente de corriente: 

1i1 þ 5i2 � 4i3 ¼ 10
�1i1 � 3i2 þ 6i3 ¼ 0
1i1 � 1i2 ¼ 5

Por consiguiente, al despejar simultáneamente las tres ecuaciones encontramos que i2 � 2.5 A, 
i1 � 7.5 A e i3 � 2.5 A.
 El método de análisis de las corrientes de enlaces utilizado cuando hay una fuente de corriente 
se resume en la tabla 4.6-1.

1 

3 

2 

2 

1 

5 A10 V +
–

i2

i3

i1

Superenlace
FIGURA 4.6-4 Circuito con un superenlace que 
incorpora los enlaces 1 y 2. El superenlace está 
indicado por la línea punteada.

Tabla 4.6-1 Métodos de análisis de corrientes de enlaces con una fuente de corriente

CASO MÉTODO

1.  Una fuente de corriente aparece en 
la periferia de sólo un enlace, n.

Igualar la corriente de enlaces in con la corriente de la fuente de corriente, 
teniendo en cuenta la dirección de la fuente de corriente.

2.  Una fuente de corriente es común a 
dos enlaces.

A.  Suponga un voltaje vab a través de las terminales de la fuente de 
corriente, escriba las ecuaciones de la KVL para los dos enlaces, y 
agréguelas para eliminar vba, o bien,

B.  Cree un superenlace en la periferia de los dos enlaces y escriba una 
ecuación de la KVL en torno a la periferia del superenlace. Además, 
escriba la ecuación restrictiva para las dos corrientes de enlaces en 
términos de la fuente de corriente.
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Determine los valores de las corrientes de enlaces, i1 e i2, para el circuito que se muestra en la figura 4.6-5.

Solución
Podemos escribir la primera ecuación de enlaces considerando la fuente de corriente. La corriente de la fuente de 
corriente se relaciona con las corrientes de enlaces por
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E X A M P L E 4 . 6 - 2 Supermeshes

Determine the values of the mesh currents, i1 and i2, for the circuit shown in Figure 4.6-5.

Solution
We can write the first mesh equation by considering the current source. The current source current is related to the

mesh currents by
i1 � i2 ¼ 1:5 ) i1 ¼ i2 þ 1:5

To write the second mesh equation, we must decide what to do about the current source voltage. (Notice that there

is no easy way to express the current source voltage in terms of the mesh currents.) In this example, we illustrate

two methods of writing the second mesh equation.

Method 1: Assign a name to the current source voltage. Apply KVL to both of the meshes. Eliminate the

current source voltage from the KVL equations.

Figure 4.6-6 shows the circuit after labeling the current source voltage. The KVL equation for mesh 1 is

9i1 þ v� 12 ¼ 0

The KVL equation for mesh 2 is

3i2 þ 6i2 � v ¼ 0

Combining these two equations gives

9i1 þ 3i2 þ 6i2ð Þ � 12 ¼ 0 ) 9i1 þ 9i2 ¼ 12

Method 2: Apply KVL to the supermesh corresponding to the current source. Shown in Figure 4.6-7, this

supermesh is the perimeter of the twomeshes that each contain the current source. ApplyKVL to the supermesh to get

9i1 þ 3i2 þ 6i2 � 12 ¼ 0 ) 9i1 þ 9i2 ¼ 12

This is the same equation that was obtained using method 1. Applying KVL to the supermesh is a shortcut for

doing three things:

1. Labeling the current source voltage as v

2. Applying KVL to both meshes that contain the current source

3. Eliminating v from the KVL equations

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-5 The circuit for Example 4.6-2.

9 Ω

6 Ωv

+

–

1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-6 Method 1 of Example 4.6-2.

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-7 Method 2 of Example 4.6-2.
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Para escribir la segunda ecuación de enlaces debemos decidir que hacer respecto del voltaje de la fuente de co-
rriente. (Observe que no es fácil expresar el voltaje de la fuente de corriente en términos de corrientes de enlaces.) 
En este ejemplo ilustramos dos métodos de escritura de la segunda ecuación de enlaces.
 Método 1: Asignar un nombre al voltaje de la fuente de corriente. Aplicar la KVL a los dos enlaces. Elimi-
nar el voltaje de la fuente de corriente desde las ecuaciones de la KVL.
 La figura 4.6-6 muestra el circuito después de etiquetar el voltaje de la fuente de corriente. La ecuación de 
la KVL para el enlace 1 es

9i1 1 v 2 12 5 0
La ecuación de la KVL para el enlace 2 es

3i2 1 6i2 2 v 5 0
La combinación de estas dos ecuaciones da
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 Método 2: Aplicar la KVL al superenlace que corresponda a la fuente de corriente. Este superenlace que se 
muestra en la figura 4.6-7 es el perímetro de los dos enlaces, los cuales contienen cada uno la fuente de corriente. 
Aplicar la KVL al superenlace para obtener
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E X A M P L E 4 . 6 - 2 Supermeshes

Determine the values of the mesh currents, i1 and i2, for the circuit shown in Figure 4.6-5.

Solution
We can write the first mesh equation by considering the current source. The current source current is related to the

mesh currents by
i1 � i2 ¼ 1:5 ) i1 ¼ i2 þ 1:5

To write the second mesh equation, we must decide what to do about the current source voltage. (Notice that there

is no easy way to express the current source voltage in terms of the mesh currents.) In this example, we illustrate

two methods of writing the second mesh equation.

Method 1: Assign a name to the current source voltage. Apply KVL to both of the meshes. Eliminate the

current source voltage from the KVL equations.

Figure 4.6-6 shows the circuit after labeling the current source voltage. The KVL equation for mesh 1 is

9i1 þ v� 12 ¼ 0

The KVL equation for mesh 2 is

3i2 þ 6i2 � v ¼ 0

Combining these two equations gives

9i1 þ 3i2 þ 6i2ð Þ � 12 ¼ 0 ) 9i1 þ 9i2 ¼ 12

Method 2: Apply KVL to the supermesh corresponding to the current source. Shown in Figure 4.6-7, this

supermesh is the perimeter of the twomeshes that each contain the current source. ApplyKVL to the supermesh to get

9i1 þ 3i2 þ 6i2 � 12 ¼ 0 ) 9i1 þ 9i2 ¼ 12

This is the same equation that was obtained using method 1. Applying KVL to the supermesh is a shortcut for

doing three things:

1. Labeling the current source voltage as v

2. Applying KVL to both meshes that contain the current source

3. Eliminating v from the KVL equations

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-5 The circuit for Example 4.6-2.

9 Ω

6 Ωv

+

–

1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-6 Method 1 of Example 4.6-2.

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω

FIGURE 4.6-7 Method 2 of Example 4.6-2.

130 Methods of Analysis of Resistive Circuits

Ésta es la misma ecuación que se obtuvo con el método 1. Aplicar la KVL al superenlace es un atajo para hacer 
estas tres cosas:

1. Etiquetar el voltaje de la fuente de corriente como v.

2. Aplicar la KVL a los don enlaces que contienen la fuente de corriente.

3. Eliminar v a partir de las ecuaciones de la KVL.

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω

 FIGURA 4.6-7 Método 2 del ejemplo 4.6-2.

E j E m p l o  4 . 6 - 2  Superenlaces

9 Ω

6 Ω1.5  A12  V i1
+
– i2

3 Ω 9 Ω

6 Ωv

+

–

1.5  A12  V i1
+
– i2

3 Ω

FIGURA 4.6-5 El circuito para el ejemplo 4.6-2. FIGURA 4.6-6 Método 1 del ejemplo 4.6-2.
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 En resumen, las ecuaciones de enlace son

i1 5 i2 1 1.5

y 9i1 1 9i2 5 12

Despejar las ecuaciones nodales da por resultado

i1 5 1.4167 A e i2 5 283.3 mA

EJERCICIO 4.6-1  Determine el valor del voltaje medido por el voltímetro en la figura 
E 4.6-1.

A 3 Ω4 Ω

9 V

2 Ω

Voltímetro+ –

3 4

 FIGURA E 4.6-1

Sugerencia: Escriba y despeje una ecuación de enlaces única para determinar la corriente en el resis-
tor de 3 V.

Respuesta: 24 V.

EJERCICIO 4.6-2  Determine el valor de la corriente medida por el amperímetro en la fi-
gura E 4.6-2.

3 A

15 V

6 Ω
3 Ω

Amperímetro + –

 FIGURA E 4.6-2

Sugerencia: Escriba y despeje una ecuación de enlaces única.

Respuesta: 23.67 A

4.7  A N Á L I S I S  D E  C O R R I E N T E S  D E  E N L A C E S 
C O N  F U E N T E S  D E P E N D I E N T E S

Cuando un circuito contiene una fuente dependiente la corriente controladora o el voltaje de esa 
fuente dependiente se debe expresar como una función de las corrientes de enlaces.

De este modo, entonces ya es sencillo expresar la corriente controlada o el voltaje como una función 
de las corrientes de enlaces. Las ecuaciones de enlaces se pueden obtener entonces de la aplicación de 
la ley del voltaje de Kirchhoff para los enlaces del circuito.
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E J E M P L O  I N T E R A C T I V OE j E m p l o  4 . 7- 1   Ecuaciones de enlaces 
y fuentes dependientes

Considere el circuito que se muestra en la figura 4.7-1a. Encuentre el valor del voltaje medido por el voltímetro.

Voltímetro+
–

vm

+

–

32 Ω

24 V

+
– 24 V

32 Ω

32 Ω32 Ω

ia 5ia

5iaia

(a)

(b)

vm

+

–

+
–24 V

32 Ω32 Ω

1 2 5iaia

(c)

FIGURA 4.7-1 (a) El circuito 
considerado en el ejemplo 4.7-1.  
(b) El circuito luego de reemplazar 
el voltímetro por un circuito abierto.  
(c) El circuito después de haber 
etiquetado los enlaces.

Solución
La figura 4.7-1b muestra el circuito después de que el voltímetro ha sido reemplazado por un circuito abierto 
equivalente y que el voltaje se ha etiquetado vm, medido por el voltímetro. La figura 4.7-1c muestra el circuito 
luego de numerar los enlaces. Sean i1 e i2 las corrientes de enlaces en los enlaces 1 y 2, respectivamente. 
 La corriente controladora de la fuente dependiente, ia, es la corriente en un cortocircuito. Éste es común para 
los enlaces 1 y 2. La corriente del cortocircuito se puede expresar en términos de las corrientes de enlaces como

ia 5 i1 2i2
La fuente dependiente está en sólo un enlace, el enlace 2. La dirección de referencia de la fuente de corriente 
dependiente no concuerda con la dirección de referencia de i2. En consecuencia,

5ia 5 2i2
Despejando i2, resulta

Entonces,  
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E X A M P L E 4 . 7 - 1 Mesh Equations and

Dependent Sources

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 4.7-1a. Find the value of the voltage measured by the voltmeter.

Solution
Figure 4.7-1b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the

voltage, vm, measured by the voltmeter. Figure 4.7-lc shows the circuit after numbering the meshes. Let i1 and i2
denote the mesh currents in meshes 1 and 2, respectively.

The controlling current of the dependent source, ia, is the current in a short circuit. This short circuit is

common to meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

ia ¼ i1 � i2

The dependent source is in only one mesh, mesh 2. The reference direction of the dependent source current does

not agree with the reference direction of i2. Consequently,

5ia ¼ �i2

Solving for i2 gives

i2 ¼ �5ia ¼ �5 i1 � i2ð Þ
Therefore; �4i2 ¼ �5i1 ) i2 ¼ 5

4
i1

Apply KVL to mesh 1 to get

32i1 � 24 ¼ 0 ) i1 ¼ 3

4
A

Consequently, the value of i2 is

i2 ¼ 5

4

3

4

� �
¼ 15

16
A

Apply KVL to mesh 2 to get

32i2 � vm ¼ 0 ) vm ¼ 32i2

Finally; vm ¼ 32
15

16

� �
¼ 30 V

Voltmeter+
–

vm

+

–

32 Ω

24 V

+
– 24 V

32 Ω

32 Ω32 Ω

ia 5ia

5iaia

(a)

(b)

vm

+

–

+
–24 V

32 Ω32 Ω

1 2 5iaia

(c)

FIGURE 4.7-1 (a) The circuit

considered in Example 4.7-1.

(b) The circuit after replacing the

voltmeter by an open circuit.

(c) The circuit after labeling the

meshes.
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Aplicar la KVL al enlace 1 para obtener
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En consecuencia, el valor de i2 es
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Consider the circuit shown in Figure 4.7-1a. Find the value of the voltage measured by the voltmeter.

Solution
Figure 4.7-1b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the

voltage, vm, measured by the voltmeter. Figure 4.7-lc shows the circuit after numbering the meshes. Let i1 and i2
denote the mesh currents in meshes 1 and 2, respectively.

The controlling current of the dependent source, ia, is the current in a short circuit. This short circuit is

common to meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

ia ¼ i1 � i2

The dependent source is in only one mesh, mesh 2. The reference direction of the dependent source current does

not agree with the reference direction of i2. Consequently,

5ia ¼ �i2

Solving for i2 gives

i2 ¼ �5ia ¼ �5 i1 � i2ð Þ
Therefore; �4i2 ¼ �5i1 ) i2 ¼ 5

4
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Apply KVL to mesh 1 to get
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4
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Consequently, the value of i2 is
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considered in Example 4.7-1.
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voltmeter by an open circuit.

(c) The circuit after labeling the

meshes.
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Considere el circuito que se muestra en la figura 4.7-2a. Encuentre el valor de la ganancia, A, de la CCVS.

Voltímetro+
–

+

–

4 Ω
–7.2 V

36 V

+
– 36 V

10 Ω

4 Ω10 Ω

ia Aia

Aiaia

(a)

(b)

+
–36 V–7.2 V

+

–

–7.2 V

4 Ω10 Ω

1 2 Aiaia

(c)

+
–

+
–

+
–

FIGURA 4.7-2 (a) El circuito considerado en el ejemplo 4.7-2. (b) El circuito después de reemplazar el voltímetro por un circuito 
abierto. (c) El circuito después de etiquetar los enlaces.

Solución
La figura 4.7-2b muestra el circuito después de reemplazar el voltímetro por un circuito abierto equivalente y de 
etiquetar el voltaje medido por el voltímetro. La figura 4.7-2c muestra el circuito luego de enumerar los enlaces. 
Sean i1 e i2 las corrientes de enlaces en los enlaces 1 y 2, respectivamente.
 El voltaje a través de la fuente dependiente está representado de dos maneras. Como Aia con el signo 1 de 
la dirección de referencia al final, y como 27.2 V con el signo 1 arriba. En consecuencia,

Aia 5 2127.22 5 7.2 V

La corriente controladora de la fuente dependiente, ia, es la corriente en un cortocircuito. Este cortocircuito es 
común para los enlaces 1 y 2. La corriente del cortocircuito se puede expresar en términos de las corrientes de 
enlaces como

ia 5 i1 2 i2
Aplique la KVL al enlace 1 para obtener
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INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 4.7-2a. Find the value of the gain, A, of the CCVS.

Solution
Figure 4 7-2b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage

measured by the voltmeter. Figure 4.7-2c shows the circuit after numbering the meshes. Let i1 and i2 denote the

mesh currents in meshes 1 and 2, respectively.

The voltage across the dependent source is represented in two ways. It is Aia with the þ of reference

direction at the bottom and �7.2 V with the þ at the top. Consequently,

Aia ¼ � �7:2ð Þ ¼ 7:2 V

The controlling current of the dependent source, ia, is the current in a short circuit. This short circuit is common to

meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

ia ¼ i1 � i2

Apply KVL to mesh 1 to get

10i1 � 36 ¼ 0 ) i1 ¼ 3:6 A

Apply KVL to mesh 2 to get

4i2 þ �7:2ð Þ ¼ 0 ) i2 ¼ 1:8 A

Finally; A ¼ Aia

ia
¼ Aia

i1 � i2
¼ 7:2

3:6� 1:8
¼ 4 V/A
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+

–

–7.2 V

4 Ω10 Ω
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–

+
–

+
–

FIGURE 4.7-2 (a) The circuit considered in Example 4.7-2. (b) The circuit after replacing the voltmeter by an open circuit.

(c) The circuit after labeling the meshes.
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mesh currents in meshes 1 and 2, respectively.
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FIGURE 4.7-2 (a) The circuit considered in Example 4.7-2. (b) The circuit after replacing the voltmeter by an open circuit.

(c) The circuit after labeling the meshes.
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Consider the circuit shown in Figure 4.7-2a. Find the value of the gain, A, of the CCVS.

Solution
Figure 4 7-2b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage

measured by the voltmeter. Figure 4.7-2c shows the circuit after numbering the meshes. Let i1 and i2 denote the

mesh currents in meshes 1 and 2, respectively.

The voltage across the dependent source is represented in two ways. It is Aia with the þ of reference

direction at the bottom and �7.2 V with the þ at the top. Consequently,

Aia ¼ � �7:2ð Þ ¼ 7:2 V

The controlling current of the dependent source, ia, is the current in a short circuit. This short circuit is common to

meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

ia ¼ i1 � i2

Apply KVL to mesh 1 to get

10i1 � 36 ¼ 0 ) i1 ¼ 3:6 A

Apply KVL to mesh 2 to get
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FIGURE 4.7-2 (a) The circuit considered in Example 4.7-2. (b) The circuit after replacing the voltmeter by an open circuit.

(c) The circuit after labeling the meshes.
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	 134	 Métodos de análisis de circuitos resistivos

4.8  C O M PA R A C I Ó N  E N T R E  E L  M É T O D O  D E 
VO LTA J E S  D E  N O D O S  Y  E L  M É T O D O  
D E  C O R R I E N T E S  D E  E N L A C E S

El análisis de un circuito compuesto se suele completar tanto por el método de voltajes de nodos como 
por el de corrientes de enlaces. La ventaja de utilizar estos métodos son los procedimientos sistemáti-
cos que se proporcionan para obtener las ecuaciones simultáneas.
 En algunos casos se tiene preferencia por un método sobre el otro. Por ejemplo, cuando el 
circuito contiene sólo fuentes de voltaje, quizá sea más fácil utilizar el método de las corrientes de 
enlaces. Pero si el circuito sólo contiene fuentes de corriente, entonces lo más sencillo sería utilizar el 
método de voltajes de nodos.
 Si un circuito tiene tanto fuentes de corriente como de voltaje, se puede analizar por cualquier 
método. Un enfoque puede ser comparar el número de ecuaciones que se requieren para cada método. 
Si el circuito contiene menos nodos que enlaces, lo sensato sería elegir el método de voltaje de nodos. 
Pero si el circuito consta de menos enlaces que nodos, entonces lo prudente es seguir el método de las 
corrientes de enlaces.
 Otro punto a considerar al momento de seleccionar los métodos es qué información se requiere. 
Si lo que necesita es conocer las diversas corrientes, lo aconsejable sería proceder directamente con 
el análisis de corrientes de enlaces. Recuerde: el análisis de corrientes de enlaces sólo funciona para 
redes planares.
 En ocasiones es útil determinar cuál método es el más apropiado para los requerimientos del 
problema y tener en consideración ambos métodos.

E J E M P L O  I N T E R A C T I V O

Considere el circuito que se muestra en la figura 4.8-1. Encuentre el valor de la resistencia, R.

Amperímetro

2 Ω
0.5 A

3 A

2 Ω

12 Ω6 Ω

1 A

R

 FIGURA 4.8-1 El circuito considerado en el ejemplo 4.8-1.

Solución
La figura 4.8-2a muestra el circuito de la figura 4.8-1 después de reemplazar el amperímetro por un cortocircuito 
equivalente y etiquetar la corriente medida por el amperímetro. Este circuito se puede analizar empleando ecua-
ciones de enlaces o ecuaciones nodales. Para decidir cuál podría ser más fácil, primero se cuentan los nodos y 
los enlaces. Este circuito tiene cinco nodos. Seleccionar un nodo de referencia y luego aplicar la KCL a los otros 

E j E m p l o  4 . 8 - 1  Ecuaciones de enlaces

(b)(a)

R3 A 0.5 A

1

2 3

1 A

2 Ω 2 Ω

6 Ω 12 Ω
R3 A 0.5 A

1 A

2 Ω 2 Ω

6 Ω 12 Ω

FIGURA 4.8-2 (a) El 
circuito de la figura 4.8-1,  
luego de reemplazar al  
amperímetro por un corto- 
circuito. (b) El circuito, 
luego de etiquetar los 
enlaces.
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 Comparación entre el método de voltajes de nodos y el método de corrientes de enlaces 135

cuatro nodos producirá un conjunto de cuatro ecuaciones nodales. El circuito tiene tres enlaces. Aplicar la KVL a 
estos tres enlaces producirá un conjunto de tres ecuaciones de enlaces. Por consiguiente, analizar este circuito uti-
lizando ecuaciones de enlaces en vez de ecuaciones nodales producirá un conjunto menor de ecuaciones. Además, 
observe que dos de las tres corrientes de enlaces se pueden determinar directamente por las corrientes de la fuente 
de corriente. Esto hace que las ecuaciones de enlaces sean más fáciles de despejar. Analizaremos este circuito 
mediante la escritura y despeje de ecuaciones de enlaces.
 La figura 4.8-2b muestra el circuito después de numerar los enlaces. Sean i1, i2 e i3 las corrientes de enlaces 
en los enlaces 1, 2 y 3, respectivamente. La corriente de enlaces i1 es igual a la corriente en la fuente de corriente 
1-A, por lo que

i1 5 1 A
La corriente de enlaces i2 es igual a la corriente en la fuente de corriente de 3 A, de modo que

i1 5 3 A
La corriente de enlaces i3 es igual a la corriente en el cortocircuito que reemplazó al amperímetro, de modo que

i1 5 0.5 A
Aplicar la KVL al enlace 3 para obtener

E1C04_1 11/25/2009 135
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Consider the circuit shown in Figure 4.8-3. Find the value of the resistance, R.

R
Voltmeter

2 Ω

16 V

16 V

18 V

2 Ω

2 A

+ –

+
–

FIGURE 4.8-3 The circuit considered in Example 4.8-2.

Solution
Figure 4.8-4a shows the circuit from Figure 4.8-3 after replacing the voltmeter by an equivalent open circuit and

labeling the voltagemeasured by the voltmeter. This circuit can be analyzed using mesh equations or node equations.

To decide which will be easier, we first count the nodes andmeshes. This circuit has four nodes. Selecting a reference

node and then applying KCL at the other three nodes will produce a set of three node equations. The circuit has three

meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Analyzing this circuit using

mesh equations requires the same number of equations as are required to analyze the circuit using node equations.

Notice that one of the three mesh currents can be determined directly from the current source current, but two of the

three node voltages can be determined directly from the voltage source voltages. This makes the node equations

easier to solve. We will analyze this circuit by writing and solving node equations.

Figure 4.8-4b shows the circuit after selecting a reference node and numbering the other nodes. Let v1, v2,

and v3 denote the node voltages at nodes 1, 2, and 3, respectively. The voltage of the 16-V voltage source can be

expressed in terms of the node voltages as

16 ¼ v1 � 0 ) v1 ¼ 16 V

reference node and then applying KCL at the other four nodes will produce a set of four node equations. The circuit

has three meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Hence, analyzing

this circuit usingmesh equations instead of node equationswill produce a smaller set of equations. Further, notice that

two of the three mesh currents can be determined directly from the current source currents. This makes the mesh

equations easier to solve. We will analyze this circuit by writing and solving mesh equations.

Figure 4.8-2b shows the circuit after numbering the meshes. Let i1, i2, and i3 denote the mesh currents in

meshes 1, 2, and 3, respectively. The mesh current i1 is equal to the current in the 1-A current source, so

i1 ¼ 1 A

The mesh current i2 is equal to the current in the 3-A current source, so

i2 ¼ 3 A

The mesh current i3 is equal to the current in the short circuit that replaced the ammeter, so

i3 ¼ 0:5 A

Apply KVL to mesh 3 to get

2 i3 � i1ð Þ þ 12 i3ð Þ þ R i3 � i2ð Þ ¼ 0

Substituting the values of the mesh currents gives

2 0:5� 1ð Þ þ 12 0:5ð Þ þ R 0:5� 3ð Þ ¼ 0 ) R ¼ 2 V

The Node Voltage Method and Mesh Current Method Compared 135

Sustituir los valores de las corrientes de enlaces da
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Consider the circuit shown in Figure 4.8-3. Find the value of the resistance, R.
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FIGURE 4.8-3 The circuit considered in Example 4.8-2.

Solution
Figure 4.8-4a shows the circuit from Figure 4.8-3 after replacing the voltmeter by an equivalent open circuit and

labeling the voltagemeasured by the voltmeter. This circuit can be analyzed using mesh equations or node equations.

To decide which will be easier, we first count the nodes andmeshes. This circuit has four nodes. Selecting a reference

node and then applying KCL at the other three nodes will produce a set of three node equations. The circuit has three

meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Analyzing this circuit using

mesh equations requires the same number of equations as are required to analyze the circuit using node equations.

Notice that one of the three mesh currents can be determined directly from the current source current, but two of the

three node voltages can be determined directly from the voltage source voltages. This makes the node equations

easier to solve. We will analyze this circuit by writing and solving node equations.

Figure 4.8-4b shows the circuit after selecting a reference node and numbering the other nodes. Let v1, v2,

and v3 denote the node voltages at nodes 1, 2, and 3, respectively. The voltage of the 16-V voltage source can be

expressed in terms of the node voltages as

16 ¼ v1 � 0 ) v1 ¼ 16 V

reference node and then applying KCL at the other four nodes will produce a set of four node equations. The circuit

has three meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Hence, analyzing

this circuit usingmesh equations instead of node equationswill produce a smaller set of equations. Further, notice that

two of the three mesh currents can be determined directly from the current source currents. This makes the mesh

equations easier to solve. We will analyze this circuit by writing and solving mesh equations.

Figure 4.8-2b shows the circuit after numbering the meshes. Let i1, i2, and i3 denote the mesh currents in

meshes 1, 2, and 3, respectively. The mesh current i1 is equal to the current in the 1-A current source, so

i1 ¼ 1 A

The mesh current i2 is equal to the current in the 3-A current source, so

i2 ¼ 3 A

The mesh current i3 is equal to the current in the short circuit that replaced the ammeter, so

i3 ¼ 0:5 A

Apply KVL to mesh 3 to get

2 i3 � i1ð Þ þ 12 i3ð Þ þ R i3 � i2ð Þ ¼ 0

Substituting the values of the mesh currents gives

2 0:5� 1ð Þ þ 12 0:5ð Þ þ R 0:5� 3ð Þ ¼ 0 ) R ¼ 2 V
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Considere el circuito que se muestra en la figura 4.8-3. Encuentre el valor de la resistencia, R.

R
Voltímetro

2 Ω

16 V

16 V

18 V

2 Ω

2 A

+ –

+
–

 FIGURA 4.8-3 El circuito considerado en el ejemplo 4.8-2.

Solución
La figura 4.8-4a muestra el circuito de la figura 4.8-3 después de reemplazar el voltímetro por un circuito abierto 
equivalente y etiquetar el voltaje medido por el voltímetro. Este circuito se puede analizar utilizando las ecua-
ciones de enlaces o las ecuaciones nodales. Para decidir cuál será la más fácil, primero se cuentan los nodos y  
los enlaces. Este circuito tiene cuatro nodos. Seleccionar un nodo de referencia y luego aplicar la KCL a los  
otros tres nodos producirá un conjunto de tres ecuaciones nodales. El circuito tiene tres enlaces. Aplicar la KVL 
a estos tres enlaces producirá un conjunto de tres ecuaciones de enlaces. Analizar este circuito utilizando ecua-
ciones de enlaces requiere el mismo número de ecuaciones como el que se requiere para analizar el circuito uti-
lizando ecuaciones nodales. Observe que una de las tres corrientes de enlaces se puede determinar directamente 
a partir de la corriente de la fuente de corriente, pero dos de los tres voltajes de nodos se pueden determinar 
directamente a partir de los voltajes de la fuente de voltaje. Esto hace que las ecuaciones nodales se despejen más 
fácilmente. Analizaremos este circuito escribiendo y despejando ecuaciones nodales.
 La figura 4.8-4b muestra el circuito después de seleccionar un nodo de referencia y enumerar los nodos 
restantes. Sean v1, v2 y v3 los voltajes de nodos en los nodos 1, 2 y 3, respectivamente. El voltaje de la fuente de 
voltaje de 16 V se puede expresar en términos de voltajes de nodos como 
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Consider the circuit shown in Figure 4.8-3. Find the value of the resistance, R.
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Voltmeter

2 Ω

16 V
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18 V
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FIGURE 4.8-3 The circuit considered in Example 4.8-2.

Solution
Figure 4.8-4a shows the circuit from Figure 4.8-3 after replacing the voltmeter by an equivalent open circuit and

labeling the voltagemeasured by the voltmeter. This circuit can be analyzed using mesh equations or node equations.

To decide which will be easier, we first count the nodes andmeshes. This circuit has four nodes. Selecting a reference

node and then applying KCL at the other three nodes will produce a set of three node equations. The circuit has three

meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Analyzing this circuit using

mesh equations requires the same number of equations as are required to analyze the circuit using node equations.

Notice that one of the three mesh currents can be determined directly from the current source current, but two of the

three node voltages can be determined directly from the voltage source voltages. This makes the node equations

easier to solve. We will analyze this circuit by writing and solving node equations.

Figure 4.8-4b shows the circuit after selecting a reference node and numbering the other nodes. Let v1, v2,

and v3 denote the node voltages at nodes 1, 2, and 3, respectively. The voltage of the 16-V voltage source can be

expressed in terms of the node voltages as

16 ¼ v1 � 0 ) v1 ¼ 16 V

reference node and then applying KCL at the other four nodes will produce a set of four node equations. The circuit

has three meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Hence, analyzing

this circuit usingmesh equations instead of node equationswill produce a smaller set of equations. Further, notice that

two of the three mesh currents can be determined directly from the current source currents. This makes the mesh

equations easier to solve. We will analyze this circuit by writing and solving mesh equations.

Figure 4.8-2b shows the circuit after numbering the meshes. Let i1, i2, and i3 denote the mesh currents in

meshes 1, 2, and 3, respectively. The mesh current i1 is equal to the current in the 1-A current source, so

i1 ¼ 1 A

The mesh current i2 is equal to the current in the 3-A current source, so

i2 ¼ 3 A

The mesh current i3 is equal to the current in the short circuit that replaced the ammeter, so

i3 ¼ 0:5 A

Apply KVL to mesh 3 to get

2 i3 � i1ð Þ þ 12 i3ð Þ þ R i3 � i2ð Þ ¼ 0

Substituting the values of the mesh currents gives

2 0:5� 1ð Þ þ 12 0:5ð Þ þ R 0:5� 3ð Þ ¼ 0 ) R ¼ 2 V
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FIGURA 4.8-4 (a) El 
circuito de la figura 4.8-3 
después de reemplazar el 
voltímetro por un circuito 
abierto. (b) El circuito 
después de etiquetar los 
nodos.

El voltaje de la fuente de voltaje de 18 V se puede expresar en términos de voltajes de nodos como
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4.9 MESH CURRENT ANALYS I S US ING MATLAB

We have seen that circuits that contain resistors and independent or dependent sources can be analyzed

in the following way:

1. Writing a set of node or mesh equations

2. Solving those equations simultaneously

In this section, we will use the MATLAB computer program to solve the equations.

Consider the circuit shown in Figure 4.9-1a. This circuit contains a potentiometer. In Figure

4.9-1b, the potentiometer has been replaced by a model of a potentiometer. Rp is the resistance of
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FIGURE 4.9-1 (a) A circuit that contains a potentiometer and (b) an equivalent circuit formed by replacing the

potentiometer with a model of a potentiometer 0 < a < 1Þð .

The voltage of the 18-V voltage source can be expressed in terms of the node voltages as

18 ¼ v1 � v2 ) 18 ¼ 16� v2 ) v2 ¼ �2 V

The voltmeter measures the node voltage at node 3, so

v3 ¼ 16 V

Applying KCL at node 3 to get
v1 � v3

2
þ 2 ¼ v3

R

Substituting the values of the node voltages gives

16� 16

2
þ 2 ¼ 16

R
) R ¼ 8V
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FIGURE 4.8-4 (a) The

circuit from Figure 4.8-3

after replacing the

voltmeter by an open

circuit. (b) The circuit

after labeling the

nodes.
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El voltímetro mide el voltaje de nodos en el nodo 3, de modo que
v3 5 16 V

Aplicar la KCL al nodo 3 para obtener
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4.9 MESH CURRENT ANALYS I S US ING MATLAB

We have seen that circuits that contain resistors and independent or dependent sources can be analyzed

in the following way:

1. Writing a set of node or mesh equations

2. Solving those equations simultaneously

In this section, we will use the MATLAB computer program to solve the equations.

Consider the circuit shown in Figure 4.9-1a. This circuit contains a potentiometer. In Figure

4.9-1b, the potentiometer has been replaced by a model of a potentiometer. Rp is the resistance of
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FIGURE 4.9-1 (a) A circuit that contains a potentiometer and (b) an equivalent circuit formed by replacing the

potentiometer with a model of a potentiometer 0 < a < 1Þð .

The voltage of the 18-V voltage source can be expressed in terms of the node voltages as

18 ¼ v1 � v2 ) 18 ¼ 16� v2 ) v2 ¼ �2 V

The voltmeter measures the node voltage at node 3, so

v3 ¼ 16 V

Applying KCL at node 3 to get
v1 � v3

2
þ 2 ¼ v3

R

Substituting the values of the node voltages gives

16� 16

2
þ 2 ¼ 16

R
) R ¼ 8V
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FIGURE 4.8-4 (a) The

circuit from Figure 4.8-3

after replacing the

voltmeter by an open

circuit. (b) The circuit

after labeling the

nodes.
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Sustituir los valores de los voltajes de nodos da
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4.9 MESH CURRENT ANALYS I S US ING MATLAB

We have seen that circuits that contain resistors and independent or dependent sources can be analyzed

in the following way:

1. Writing a set of node or mesh equations

2. Solving those equations simultaneously

In this section, we will use the MATLAB computer program to solve the equations.

Consider the circuit shown in Figure 4.9-1a. This circuit contains a potentiometer. In Figure

4.9-1b, the potentiometer has been replaced by a model of a potentiometer. Rp is the resistance of
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FIGURE 4.9-1 (a) A circuit that contains a potentiometer and (b) an equivalent circuit formed by replacing the

potentiometer with a model of a potentiometer 0 < a < 1Þð .

The voltage of the 18-V voltage source can be expressed in terms of the node voltages as

18 ¼ v1 � v2 ) 18 ¼ 16� v2 ) v2 ¼ �2 V

The voltmeter measures the node voltage at node 3, so

v3 ¼ 16 V

Applying KCL at node 3 to get
v1 � v3

2
þ 2 ¼ v3

R

Substituting the values of the node voltages gives

16� 16

2
þ 2 ¼ 16

R
) R ¼ 8V
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FIGURE 4.8-4 (a) The

circuit from Figure 4.8-3

after replacing the

voltmeter by an open

circuit. (b) The circuit

after labeling the

nodes.
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4.9  A N Á L I S I S  D E  C O R R I E N T E S  D E 
E N L A C E S  U T I L I Z A N D O  M AT L A B

Hemos visto que los circuitos que contienen resistores y fuentes independientes o dependientes se 
pueden analizar de la siguiente manera:

1. Escribiendo un conjunto de ecuaciones nodales o de enlaces

2. Despejando simultáneamente esas ecuaciones 

En esta sección usaremos el programa de computación MATLAB para despejar las ecuaciones.
 Considere el circuito que se muestra en la figura 4.9-1a. Este circuito contiene un potencióme-
tro. En la figura 4.9-1b, el potenciómetro ha sido reemplazado por un modelo de potenciómetro. Rp 

FIGURA 4.9-1 (a) Circuito que contiene un potenciómetro y (b) un circuito equivalente formado por el reemplazo del 
potenciómetro con un modelo de un potenciómetro (0 , a , 1).
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es la resistencia del potenciómetro. El parámetro a varía de 0 a 1 en cuanto el contacto deslizante del 
potenciómetro se mueve de un extremo al otro del potenciómetro. Las resistencias R4 y R5 se descri-
ben mediante las ecuaciones

 R4 5 aRp (4.9-1)
y 
 R5 5 11 2 a2Rp (4.9-2)

Nuestro objetivo es analizar este circuito para determinar cómo cambia el voltaje de salida al cambiar 
la posición del contacto deslizante del potenciómetro.

% mesh.m solves mesh equations

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Enter values of the parameters that describe the circuit.
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

% circuit parameters
R11000; % ohms
R21000; % ohms
R35000; % ohms
V1 15; % volts
V215; % volts

% potentiometer parameters
Rp20e3; % ohms

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% the parameter a varies from 0 to 1 in 0.05 increments.
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

a00.051; % dimensionless

for k1length(a)
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Here is the mesh equation, RIV:
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––

R  [R1a(k)*RpR3 R3; % ––––––
R3 (1a(k))*RpR2R3]; % eqn.

V[ V1; % 4.9-6
V2]; % ––––––

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Tell MATLAB to solve the mesh equation:
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––
I

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Calculate the output voltage from the mesh currents.
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––

Vo(k)R3*(I(1)I(2)); % eqn. 4.9-7

end

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Plot Vo versus a
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
plot(a, Vo)
axis([0 1 15 15])

V’/R;

xlabel(‘a, dimensionless’)
ylabel(‘Vo, V’)

FIGURA 4.9-2 Archivo de entrada de MATLAB que se utilizó para analizar el circuito que se muestra en la figura 4.9-1.
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 El circuito en la figura 4.9-1b se puede representar por ecuaciones de enlaces como
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The circuit in Figure 4.9-1b can be represented by mesh equations as

R1i1 þ R4i1 þ R3 i1 � i2ð Þ � v1 ¼ 0
R5i2 þ R2i2 þ v2 � R3 i1 � i2ð Þ½ � ¼ 0

ð4:9-3Þ
These mesh equations can be rearranged as

R1 þ R4 þ R3ð Þi1 � R3i2 ¼ v1
�R3i1 þ R5 þ R2 þ R3ð Þi2 ¼�v2

ð4:9-4Þ
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives

R1 þ aRp þ R3

� �
i1 � R3i2 ¼ v1

�R3i1 þ 1� að ÞRp þ R2 þ R3

� �
i2 ¼�v2

ð4:9-5Þ

Equation 4.9-5 can be written using matrices as

R1 þ aRP þ R3 �R3

�R3 1� að ÞRP þ R2 þ R3

� �
i1
i2

� �
¼ v1

�v2

� �

ð4:9-6Þ
Next, i1 and i2 are calculated by using MATLAB to solve the mesh

equation, Eq. 4.9-6. Then the output voltage is calculated as

vo ¼ R3 i1 � i2ð Þ ð4:9-7Þ
Figure 4.9-2 shows the MATLAB input file. The parameter

a varies from 0 to 1 in increments of 0.05. At each value of a,

MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to calculate the

output voltage. Finally, MATLAB produces the plot of vo versus a

that is shown in Figure 4.9-3.

4.10 US ING PSP I C E TO DETERM INE

NODE VOLTAGES AND MESH CURRENTS

To determine the node voltages of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace

2. Specify a ‘Bias Point’ simulation

3. Run the simulation

PSpice will label the nodes with the values of the node voltages.

An extra step is needed to use PSpice to determine the mesh currents. PSpice does not label the

values of the mesh currents, but it does provide the value of the current in each voltage source. Recall

that a 0-V voltage source is equivalent to a short circuit. Consequently, we can insert 0-V current

sources into the circuit without altering the values of the mesh currents. We will insert those sources

into the circuit in such a way that their currents are also the mesh currents. To determine the mesh

currents of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace.

2. Add 0-V voltage sources to measure the mesh currents.

3. Specify a Bias Point simulation.

4. Run the simulation.

PSpice will write the voltage source currents in the output file.
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FIGURE 4.9-3 Plot of vo versus a for the circuit shown

in Figure 4.9-1.
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 (4.9-3)

Estas ecuaciones de enlaces se pueden reacomodar como
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The circuit in Figure 4.9-1b can be represented by mesh equations as

R1i1 þ R4i1 þ R3 i1 � i2ð Þ � v1 ¼ 0
R5i2 þ R2i2 þ v2 � R3 i1 � i2ð Þ½ � ¼ 0

ð4:9-3Þ
These mesh equations can be rearranged as

R1 þ R4 þ R3ð Þi1 � R3i2 ¼ v1
�R3i1 þ R5 þ R2 þ R3ð Þi2 ¼�v2

ð4:9-4Þ
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives

R1 þ aRp þ R3

� �
i1 � R3i2 ¼ v1

�R3i1 þ 1� að ÞRp þ R2 þ R3

� �
i2 ¼�v2

ð4:9-5Þ

Equation 4.9-5 can be written using matrices as

R1 þ aRP þ R3 �R3

�R3 1� að ÞRP þ R2 þ R3

� �
i1
i2

� �
¼ v1

�v2

� �

ð4:9-6Þ
Next, i1 and i2 are calculated by using MATLAB to solve the mesh

equation, Eq. 4.9-6. Then the output voltage is calculated as

vo ¼ R3 i1 � i2ð Þ ð4:9-7Þ
Figure 4.9-2 shows the MATLAB input file. The parameter

a varies from 0 to 1 in increments of 0.05. At each value of a,

MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to calculate the

output voltage. Finally, MATLAB produces the plot of vo versus a

that is shown in Figure 4.9-3.

4.10 US ING PSP I C E TO DETERM INE

NODE VOLTAGES AND MESH CURRENTS

To determine the node voltages of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace

2. Specify a ‘Bias Point’ simulation

3. Run the simulation

PSpice will label the nodes with the values of the node voltages.

An extra step is needed to use PSpice to determine the mesh currents. PSpice does not label the

values of the mesh currents, but it does provide the value of the current in each voltage source. Recall

that a 0-V voltage source is equivalent to a short circuit. Consequently, we can insert 0-V current

sources into the circuit without altering the values of the mesh currents. We will insert those sources

into the circuit in such a way that their currents are also the mesh currents. To determine the mesh

currents of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace.

2. Add 0-V voltage sources to measure the mesh currents.

3. Specify a Bias Point simulation.

4. Run the simulation.

PSpice will write the voltage source currents in the output file.
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FIGURE 4.9-3 Plot of vo versus a for the circuit shown

in Figure 4.9-1.
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 (4.9-4)

Sustituyendo las ecuaciones 4.9-1 y 4.9-2 en la ecuación 4.9-4 
resulta 
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The circuit in Figure 4.9-1b can be represented by mesh equations as

R1i1 þ R4i1 þ R3 i1 � i2ð Þ � v1 ¼ 0
R5i2 þ R2i2 þ v2 � R3 i1 � i2ð Þ½ � ¼ 0

ð4:9-3Þ
These mesh equations can be rearranged as

R1 þ R4 þ R3ð Þi1 � R3i2 ¼ v1
�R3i1 þ R5 þ R2 þ R3ð Þi2 ¼�v2

ð4:9-4Þ
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives

R1 þ aRp þ R3

� �
i1 � R3i2 ¼ v1

�R3i1 þ 1� að ÞRp þ R2 þ R3

� �
i2 ¼�v2

ð4:9-5Þ

Equation 4.9-5 can be written using matrices as

R1 þ aRP þ R3 �R3

�R3 1� að ÞRP þ R2 þ R3

� �
i1
i2

� �
¼ v1

�v2

� �

ð4:9-6Þ
Next, i1 and i2 are calculated by using MATLAB to solve the mesh

equation, Eq. 4.9-6. Then the output voltage is calculated as

vo ¼ R3 i1 � i2ð Þ ð4:9-7Þ
Figure 4.9-2 shows the MATLAB input file. The parameter

a varies from 0 to 1 in increments of 0.05. At each value of a,

MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to calculate the

output voltage. Finally, MATLAB produces the plot of vo versus a

that is shown in Figure 4.9-3.

4.10 US ING PSP I C E TO DETERM INE

NODE VOLTAGES AND MESH CURRENTS

To determine the node voltages of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace

2. Specify a ‘Bias Point’ simulation

3. Run the simulation

PSpice will label the nodes with the values of the node voltages.

An extra step is needed to use PSpice to determine the mesh currents. PSpice does not label the

values of the mesh currents, but it does provide the value of the current in each voltage source. Recall

that a 0-V voltage source is equivalent to a short circuit. Consequently, we can insert 0-V current

sources into the circuit without altering the values of the mesh currents. We will insert those sources

into the circuit in such a way that their currents are also the mesh currents. To determine the mesh

currents of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace.

2. Add 0-V voltage sources to measure the mesh currents.

3. Specify a Bias Point simulation.

4. Run the simulation.

PSpice will write the voltage source currents in the output file.
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in Figure 4.9-1.
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 (4.9-5)

La ecuación 4.9-5 se puede escribir usando matrices como
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The circuit in Figure 4.9-1b can be represented by mesh equations as

R1i1 þ R4i1 þ R3 i1 � i2ð Þ � v1 ¼ 0
R5i2 þ R2i2 þ v2 � R3 i1 � i2ð Þ½ � ¼ 0

ð4:9-3Þ
These mesh equations can be rearranged as

R1 þ R4 þ R3ð Þi1 � R3i2 ¼ v1
�R3i1 þ R5 þ R2 þ R3ð Þi2 ¼�v2

ð4:9-4Þ
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives

R1 þ aRp þ R3

� �
i1 � R3i2 ¼ v1

�R3i1 þ 1� að ÞRp þ R2 þ R3

� �
i2 ¼�v2

ð4:9-5Þ

Equation 4.9-5 can be written using matrices as

R1 þ aRP þ R3 �R3

�R3 1� að ÞRP þ R2 þ R3

� �
i1
i2

� �
¼ v1

�v2

� �

ð4:9-6Þ
Next, i1 and i2 are calculated by using MATLAB to solve the mesh

equation, Eq. 4.9-6. Then the output voltage is calculated as

vo ¼ R3 i1 � i2ð Þ ð4:9-7Þ
Figure 4.9-2 shows the MATLAB input file. The parameter

a varies from 0 to 1 in increments of 0.05. At each value of a,

MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to calculate the

output voltage. Finally, MATLAB produces the plot of vo versus a

that is shown in Figure 4.9-3.

4.10 US ING PSP I C E TO DETERM INE

NODE VOLTAGES AND MESH CURRENTS

To determine the node voltages of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace

2. Specify a ‘Bias Point’ simulation

3. Run the simulation

PSpice will label the nodes with the values of the node voltages.

An extra step is needed to use PSpice to determine the mesh currents. PSpice does not label the

values of the mesh currents, but it does provide the value of the current in each voltage source. Recall

that a 0-V voltage source is equivalent to a short circuit. Consequently, we can insert 0-V current

sources into the circuit without altering the values of the mesh currents. We will insert those sources

into the circuit in such a way that their currents are also the mesh currents. To determine the mesh

currents of a dc circuit using PSpice, we

1. Draw the circuit in the OrCAD Capture workspace.

2. Add 0-V voltage sources to measure the mesh currents.

3. Specify a Bias Point simulation.

4. Run the simulation.

PSpice will write the voltage source currents in the output file.
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(4.9-6)

Enseguida, i1 e i2 se calculan utilizando MATLAB para despejar 
la ecuación de enlaces, 4.9-6. Luego se calcula el voltaje de salida 
como 
 vo 5 R31i1 2 i22 (4.9-7)

 La figura 4.9-2 muestra el archivo de entrada de MATLAB. 
El parámetro a varía de 0 a 1 en incrementos de 0.05. En cada valor 
de a, MATLAB despeja la ecuación 4.9-6 y luego utiliza la ecuación 
4.9.7 para calcular el voltaje de salida. Finalmente, MATLAB produ-
ce el trazo de vo comparado con a que se muestra en la figura 4.9-3.

4.10  U S O  D E  P S P I C E  PA R A  D E T E R M I N A R  LO S  VO LTA J E S 
D E  N O D O S  Y  L A S  C O R R I E N T E S  D E  E N L A C E S

Para determinar los voltajes de nodos de un circuito utilizando PSpice,

1. Dibujamos el circuito en el área de trabajo de OrCAD Capture

2. Especificamos una simulación ‘Bias Point’

3. Ejecutamos la simulación

PSpice etiquetará los nodos con los valores de los voltajes de nodos.
 Se necesita un paso extra para utilizar PSpice para determinar las corrientes. PSpice no etiqueta 
los valores de las corrientes de enlaces, pero proporciona el valor de la corriente en cada fuente de 
voltaje. Recuerde que una fuente de voltaje de 0 V equivale a un cortocircuito. En consecuencia, pode-
mos insertar fuentes de voltaje de 0 V en el circuito sin alterar los valores de las corrientes de enlaces. 
Insertaremos esas fuentes en el circuito de tal manera que sus corrientes sean también corrientes de 
enlaces. Para determinar las corrientes de enlaces de un circuito de cd usando PSpice, 

1. Dibujamos el circuito en el área de trabajo de OrCAD Capture.

2. Agregamos fuentes de voltaje de 0 V para medir las corrientes de enlaces.

3. Especificamos un simulación Bias Point.

4. Ejecutamos la simulación.

PSpice escribirá las corrientes de fuente de voltaje en el archivo de salida.

–15

–10

–5

0

5

10

15

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V
o,

 V

a, sin dimensiones

FIGURA 4.9-3 Trazo de vo versus a para el circuito que 
se muestra en la figura 4.9.1.
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Utilice PSpice para determinar los valores de los voltajes de nodo y las corrientes de enlaces para el circuito que 
se muestra en la figura 4.10-1.

Solución
La figura 4.10-2 muestra el resultado de dibujar el circuito en el área de trabajo de OrCAD (vea Apéndice A) y 
ejecutar una simulación Bias Point. (En la barra de menús de OrCAD seleccione el menú PSpice y haga clic en la 
opción New Simulation Profile; luego seleccione Bias Point de la lista descendente Analysis Type en el cuadro de 
diálogo Simulation Settings, para especificar un punto de simulación de desvío. En la barra de menús de OrCAD 
Capture, seleccione el menú PSpice, y haga clic en la opción Run Simulation Profile para ejecutar la simulación.) 
PSpice etiqueta los nodos con los valores de los voltajes de nodos mediante números blancos que destacan sobre 
fondos negros. Al comparar las figuras 4.10-1 y 4.10-2 vemos que los voltajes de nodos son

v1 5 26.106 V, v2 5 210.61 V, v3 5 222.34 V y v4 5 27.660 V.
La figura 4.10-3 muestra el circuito de la figura 4.10-2 después de insertar una fuente de corriente de 0 V en el 
exterior de cada enlace. Las corrientes en estas fuentes de 0 V serán las corrientes de enlaces que se muestran en la 
figura 4.10-1. En particular, la fuente V2 mide la corriente de enlaces i1, la fuente V3 mide la corriente de enlaces 
i2, la fuente V4 mide la corriente de enlaces i3, y la fuente V5 mide la corriente de enlaces i4.
 Luego ejecute una vez más la simulación (de la barra de menús de OrCAD seleccione el menú PSpice y 
haga clic en la opción Run), OrCAD Capture abrirá una ventana Schematics. En la barra de menús de la ventana 
Schematics seleccione el menú View y haga clic en la opción Output File. Mueva hacia abajo la barra deslizadora 

E j E m p l o  4 . 10 - 1   Uso de PSpice para encontrar voltajes de nodos 
y corrientes de enlaces

10 Ω

5 Ω

15 Ω

25 Ω

20 Ω

i2 i3

i1

i4

0.2 A

0.5 A 30 V
v2 v3 v3v1 + –

FIGURA 4.10-2 El circuito de la figura 4.10-1 dibujado en el 
área de trabajo de OrCAD. Los números blancos que se muestran 
en los fondos negros son los valores de los voltajes de nodos.

FIGURA 4.10-1 Circuito con voltajes de nodos v1, v2, v3 
y v4 y corrientes de enlaces i1, i2, i3 e i4.

FIGURA 4.10-3 Circuito de la figura 4.10-1 dibujado en el taller 
de OrCAD con fuentes de voltaje de 0 V agregadas para medir las 
corrientes de enlaces.
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a través del archivo de salida para encontrar las corrientes en las fuentes de voltajes:
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4.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able quickly to identify

those solutions that need more work.

The following examples illustrate techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

down through the output file to find the currents in the voltage sources:

VOLTAGE SOURCE CURRENTS
NAME CURRENT

V V1 � 6:170E� 01

V V2 3:106E� 01

V V3 � 3:064E� 01

V V4 8:106E� 01

V V5 6:106E� 01

TOTAL POWER DISSIPATION 1:85Eþ 01 WATTS

JOB CONCLUDED

PSpice uses the passive convention for the current and voltage of all circuit elements, including voltage sources.

Noticing the small þ and � signs on the voltage source symbols in Figure 4.10-3, we see that the currents

provided by PSpice are directed form left to right in sources VI and V2 and are directed from right to left in

sources V3, V4, and V5. In particular, the mesh currents are

i1 ¼ 0:3106 A; i2 ¼ 0:6106 A; i3 ¼ 0:8106 A; and i4 ¼ �0:3064 A:

E X A M P L E 4 . 1 1 - 1 How Can We Check Node Voltages?

The circuit shown in Figure 4.11-1a was analyzed using PSpice. The PSpice output file, Figure 4.11-1b, includes

the node voltages of the circuit. How can we check that these node voltages are correct?

Solution
The node equation corresponding to node 2 is

V 2ð Þ � V 1ð Þ
100

þ V 2ð Þ
200

þ V 2ð Þ � V 3ð Þ
100

¼ 0

140 Methods of Analysis of Resistive Circuits

PSpice utiliza la convención pasiva para la corriente y el voltaje de todos los elementos de circuito, incluyendo las 
fuentes de voltaje. Observando los signos 1 y 2 en los símbolos de la fuente de voltaje en la figura 4.10-3, vemos 
que las corrientes provistas por PSpice se dirigen de izquierda a derecha en las fuentes V1 y V2, y de derecha a 
izquierda en las fuentes V3, V4 y V5. En particular, las corrientes de enlaces son 

i1 5 0.3106 A, i2 5 0.6106 A, i3 5 0.8106 A e i4 5 20.3064 A.

4.11 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de trabajo.
 Los siguientes ejemplos ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

El circuito que se muestra en la figura 4.11-1a se analizó utilizando PSpice. El archivo de salida de PSpice, figura 
4.11-1b, incluye los voltajes de nodos del circuito. ¿Cómo podemos comprobar que esos voltajes de nodos son 
correctos?

Solución
La ecuación nodal que corresponde al nodo 2 es
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sources V3, V4, and V5. In particular, the mesh currents are

i1 ¼ 0:3106 A; i2 ¼ 0:6106 A; i3 ¼ 0:8106 A; and i4 ¼ �0:3064 A:

E X A M P L E 4 . 1 1 - 1 How Can We Check Node Voltages?

The circuit shown in Figure 4.11-1a was analyzed using PSpice. The PSpice output file, Figure 4.11-1b, includes

the node voltages of the circuit. How can we check that these node voltages are correct?

Solution
The node equation corresponding to node 2 is

V 2ð Þ � V 1ð Þ
100

þ V 2ð Þ
200

þ V 2ð Þ � V 3ð Þ
100

¼ 0

140 Methods of Analysis of Resistive Circuits

E j E m p l o  4 . 11- 1  ¿Cómo podemos comprobar los voltajes de nodos?
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+
–

+
–

(a) (b)

1 2 3 4

100 Ω 100 Ω 200 Ω
200 Ω 200 Ω12 V 8 V

0

FIGURA 4.11-1 (a) Circuito y (b) los voltajes de nodos calculados utilizando PSpice. El nodo inferior se ha elegido como el nodo 
de referencia, el cual está indicado por el símbolo de tierra y el número de nodo 0. Los voltajes y los resistores tienen unidades de 
voltajes y ohmios, respectivamente.

donde, por ejemplo, V(2) es el voltaje de nodos en el nodo 2. Cuando los voltajes de nodos de la figura 4.11-1b 
están sustituidos en el lado izquierdo de esta ecuación, el resultado es 
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where, for example, V(2) is the node voltage at node 2. When the node voltages from Figure 4.11-1b are

substituted into the left-hand side of this equation, the result is

7:2727� 12

100
þ 7:2727

200
þ 7:2727� 5:0909

100
¼ 0:011

The right-hand side of this equation should be 0 instead of 0.011. It looks like something is wrong. Is a current of

only 0.011 negligible? Probably not in this case. If the node voltages were correct, then the currents of the 100-V
resistors would be 0.047 A and 0.022 A, respectively. The current of 0.011 A does not seem negligible when

compared to currents of 0.047 A and 0.022 A.

Is it possible that PSpice would calculate the node voltages incorrectly? Probably not, but the PSpice

input file could easily contain errors. In this case, the value of the resistance connected between nodes 2 and

3 has been mistakenly specified to be 200 V. After changing this resistance to 100 V, PSpice calculates the

node voltages to be

V 1ð Þ ¼ 12:0; V 2ð Þ ¼ 7:0; V 3ð Þ ¼ 5:5; V 4ð Þ ¼ 8:0

Substituting these voltages into the node equation gives

7:0� 12:0

100
þ 7:0

200
þ 7:0� 5:5

100
¼ 0:0

so these node voltages do satisfy the node equation corresponding to node 2.

+
–

+
–

(a) (b)

1 2 3 4

100 Ω 100 Ω 200 Ω
200 Ω 200 Ω12 V 8 V

0

FIGURE 4.11-1 (a) A circuit and (b) the node voltages calculated using PSpice. The bottom node has been chosen as the

reference node, which is indicated by the ground symbol and the node number 0. The voltages and resistors have units of voltages

and ohms, respectively.
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El lado derecho de esa ecuación podría ser 0 en vez de 0.011. Al parecer algo anda mal. ¿Una corriente de 0.011 
no es significativa? En este caso probablemente no. Si los voltajes de nodos fueran correctos, entonces las co-
rrientes de los resistores de 100 V serían de 0.047 A y 0.022 A, respectivamente. La corriente de 0.011 A no 
parece insignificante si se le compara con las corrientes de 0.047 A y 0.022 A.
 ¿Es posible que PSpice haya calculado incorrectamente los voltajes de nodos? Quizá no, pero el archivo de 
entrada de PSpice podría contener errores. En este caso, el valor de la resistencia conectada entre los nodos 2 y 3 
se especificó erróneamente a 200 V. Después de cambiar esta resistencia a 100 V, PSpice calcula que los voltajes 
de nodos deben ser
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FIGURE 4.11-1 (a) A circuit and (b) the node voltages calculated using PSpice. The bottom node has been chosen as the

reference node, which is indicated by the ground symbol and the node number 0. The voltages and resistors have units of voltages

and ohms, respectively.
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Al sustituir estos voltajes en las ecuaciones nodales resulta
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How Can We Check . . . ? 141

por lo que estos voltajes de nodos satisfacen la ecuación nodal que corresponde al nodo 2.
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E j E m p l o  4 . 11- 2  ¿Cómo podemos comprobar las corrientes de enlaces?

El circuito que se muestra en la figura 4.11-2a se analizó utilizando PSpice. El archivo de salida de PSpice, fi-
gura 4.11-2b, incluye las corrientes de enlaces del circuito. ¿Cómo podemos comprobar que estas corrientes de 
enlaces son correctas?

+
–

–
+

–
+

(a) (b)

1 2

3

5

4

100 Ω

200 Ω

250 Ω
250 Ω

250 Ω

500 Ω

200 Ω

7

6

8 V

0

0 V

0 Vi2

i3

i1

FIGURA 4.11-2 (a) Un circuito y (b) las corrientes de enlaces calculadas utilizando PSpice. Los voltajes y resistencias están dados 
en voltios y ohmios respectivamente.

 (El archivo de salida de PSpice incluirá las corrientes a través de las fuentes de voltaje. Recuerde que PSpice  
utiliza la convención pasiva, de modo que la corriente en la fuente de 8 V será –i1 en vez de i1. Las dos fuentes de 0 V 
se han agregado para incluir las corrientes de enlaces i2 e i3 en el archivo de salida de PSpice.)

Solución
La ecuación de enlace correspondiente al enlace 2 es

2001i2 2 i12 1 500i2 1 2501i2 2 i32 5 0
Cuando las corrientes de enlaces de la figura 4.11-2b se sustituyen en el lado izquierdo de esta ecuación el resul-
tado es

200120.004068 2 0.017632 1 500120.0040682 1 250120.004068 2 120.00135622 5 1.629
El lado derecho de esta ecuación debe ser 0 en vez de 1.629. Parece que algo está mal. Lo más probable es que el 
archivo de entrada de PSpice contenga un error. Así es en este caso. Los nodos de las dos fuentes de 0 V de voltaje 
se han instalado en el orden equivocado. Recuerde que el primer nodo debe ser el nodo positivo de la fuente de 
voltaje. Una vez corregido el error, PSpice da

i1 5 0.01763, i2 5 0.004068, i3 5 0.001356
Utilizando estos valores en la ecuación de enlaces, resulta

20010.004068 2 0.017632 1 50010.0040682 1 25010.004068 2 0.0013562 5 0.0
Estas corrientes de enlaces cumplen satisfactoriamente con la ecuación de enlaces que corresponde al enlace 2.
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Se necesita que un circuito mida y despliegue la posición angular del eje de un potenciómetro. 
La posición angular, u, variará de 2180° a 180°.
 La figura 4.12-1 ilustra un circuito que pudiera funcionar. Los suministradores de po-
tencia de 1 15 V y 2 15 V, el potenciómetro y los resistores R1 y R2 se emplean para obtener 
un voltaje, vi, que es proporcional a u. El amplificador sirve para modificar la constante de 
proporcionalidad para obtener una relación sencilla entre u y el voltaje, vo, desplegado por el 
voltímetro. En este ejemplo el amplificador se utilizará para obtener la relación

 
vo  k u donde k  0.1

voltios
grados

 (4.12-1)

de modo que u se puede determinar multiplicando la lectura del medidor por 10. Por ejemplo, 
una lectura de medidor de 27.32 V indica que u 5 273.2°.

Describa la situación y los supuestos
El diagrama de circuito en la figura 4.12-2 se obtiene por el modelado de los suministradores 
de potencia como fuentes de voltaje ideales, el voltímetro como un circuito abierto, y el po-
tenciómetro por dos resistores. El parámetro, a, en el modelo del potenciómetro varía de 0 a 1 
como u varía de 2180° a 180°. Eso quiere decir que
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4 . 1 2 DES IGN EXAMPLE

POTENTIOMETER ANGLE DISPLAY

A circuit is needed to measure and display the angular position of a potentiometer shaft. The

angular position, u, will vary from �180� to 180�.
Figure 4.12-1 illustrates a circuit that could do the job. The +15-V and –15-V power

supplies, the potentiometer, and resistors R1 and R2 are used to obtain a voltage, vi, that is

proportional to u. The amplifier is used to change the constant of proportionality to obtain a

simple relationship between u and the voltage, vo, displayed by the voltmeter. In this example,

the amplifier will be used to obtain the relationship

vo ¼ k � u where k ¼ 0:1
volt

degree
ð4:12-1Þ

so that u can be determined by multiplying the meter reading by 10. For example, a meter

reading of �7.32 V indicates that u ¼ �73:2�.

Describe the Situation and the Assumptions
The circuit diagram in Figure 4.12-2 is obtained by modeling the power supplies as ideal

voltage sources, the voltmeter as an open circuit, and the potentiometer by two resistors.

The parameter, a, in the model of the potentiometer varies from 0 to 1 as u varies from

�180� to 180�. That means

a ¼ u

360�
þ 1

2
ð4:12-2Þ

+

–

R1

Rp

R2

+15 V

–15 V

Amplifier

vi bvi

vo
100 Ω

2 MΩ

+

–

+ –

Voltmeter

FIGURE 4.12-1 Proposed circuit for measuring and displaying the angular position of the potentiometer shaft.

+
–

+
–

R1 R2

vobvivi

+

–

+

–

15 V –15 V

aRp (1 – a)Rp

+

–

100 Ω

2 MΩ
FIGURE 4.12-2 Circuit diagram

containing models of the power supplies,

voltmeter, and potentiometer.

Design Example 143

 (4.12-2)

+

–

R1

Rp

R2

+15 V

–15 V

Amplificador

vi bvi

vo
100 Ω

2 MΩ

+

–

+ –

Voltímetro

FIGURA 4.12-1 Circuito propuesto para medición y despliegue de la posición angular del eje del potenciómetro.
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+
–

R1 R2

vobvivi

+

–

+

–

15 V –15 V

aRp (1 – a)Rp

+

–

100 Ω

2 MΩ

 

FIGURA 4.12-2 Diagrama de circuito 
con modelos de los suministradores de 
potencia, voltímetro y potenciómetro.

4 . 1 2  E J E M P LO  D E  D I S E Ñ O

DESPLIEGUE ANGULAR DEL POTENCIÓMETRO
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Despejando u resulta
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Solving for u gives

u ¼ a� 1

2

� �
� 360� ð4:12-3Þ

State the Goal
Specify values of resistors R1 and R2, the potentiometer resistance RP, and the amplifier gain b

that will cause the meter voltage, vo, to be related to the angle u by Eq. 4.12-1.

Generate a Plan
Analyze the circuit shown in Figure 4.12-2 to determine the relationship between vi and u.

Select values of R1, R2, and Rp. Use these values to simplify the relationship between vi and

u. If possible, calculate the value of b that will cause the meter voltage, vo, to be related to

the angle u by Eq. 4.12-1. If this isn’t possible, adjust the values of R1, R2, and Rp and try

again.

Act on the Plan
The circuit has been redrawn in Figure 4.12-3. A single node equation will provide the

relationship between between vi and u:

vi

2 MV
þ vi � 15

R1 þ aRp
þ vi � �15ð Þ
R2 þ 1� að ÞRp

¼ 0

Solving for vi gives

vi ¼
2MV Rp 2a� 1ð Þ þ R1 � R2

� �
15

R1 þ aRp

� �
R2 þ 1� að ÞRp

� �þ 2MV R1 þ R2 þ Rp

� � ð4:12-4Þ

This equation is quite complicated. Let’s put some restrictions on R1,R2, and Rp that will make

it possible to simplify this equation. First, let R1=R2=R. Second, require that both R and Rp be
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Despejando vi resulta
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 (4.12-4)

Esta ecuación es bastante complicada. Pongamos algunas restricciones a R1, R2 y Rp que posi-
bilitarán la simplificación de esta ecuación. Primero, sean R1 5 R2 5 R. Segundo, se requiere 
que tanto R como Rp sean mucho menores que 2 MV (por ejemplo, R , 20 kV). Entonces,
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Es decir, el primer término en el denominador del lado izquierdo de la ecuación 4.12-4 es 
insignificante comparado con el segundo término. La ecuación 4.12-4 se puede simplificar a
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This equation is quite complicated. Let’s put some restrictions on R1,R2, and Rp that will make
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FIGURA 4.12-3 El circuito, dibujado de nuevo, muestra el modo vi.
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A continuación, utilizando la ecuación 4.12-3,
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Next, using Eq. 4.12-3,

vi ¼ Rp

2Rþ Rp

� �
15 V

180�

� �
u

It is time to pick values for R and Rp. Let R ¼ 5 kV and Rp ¼ 10 kV; then

vi ¼ 7:5 V

180�

� �

Referring to Figure 4.12-2, the amplifier output is given by

vo ¼ bvi ð4:12-5Þ

so vo ¼ b
7:5 V

180�

� �
u

Comparing this equation to Eq. 4.12-1 gives

b
7:5 V

180�

� �
¼ 0:1

volt

degree

or b ¼ 180

7:5
0:1ð Þ ¼ 2:4

The final circuit is shown in Figure 4.12-4.

Verify the Proposed Solution
As a check, suppose u ¼ 150�. From Eq. 4.12-2, we see that

a ¼ 150�

360�
þ 1

2
¼ 0:9167

Using Eq. 4.12-4, we calculate

vi ¼ 2MV 10 kV 2� 0:9167� 1ð Þð Þ15
5 kVþ 0:9167� 10 kVð Þ 5 kVþ 1� 0:9167ð Þ10 kVð Þ þ 2MV 2� 5 kVþ 10 kVð Þ ¼ 6:24

Finally, Eq. 4.12-5 indicates that the meter voltage will be

vo � 2:4 � 6:24 ¼ 14:98

This voltage will be interpreted to mean that the angle was

u ¼ 10 � vo ¼ 149:8�

which is correct to three significant digits.

+

–

+15 V

–15 V

Amplifier

vi 2.4vi

vo
100 Ω

2 MΩ

20 kΩ

10 kΩ

10 kΩ

+

–

+ –

Voltmeter

FIGURE 4.12-4 The final designed circuit.
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Es hora de captar los valores para R y Rp. Sea R = 5 kV y Rp = 10 kV; entonces
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Refiriéndonos a la figura 4.12-2, la salida del amplificador está dada por

 vo 5 bvi (4.12-5)

por lo tanto, 
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Comparando esta ecuación con la ecuación 4.12-1 resulta

b
7.5 V
180

 0.1
voltio
grado

o bien  
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En la figura 4.12-4 se muestra el circuito final.

Verifique la solución propuesta
A modo de verificación, suponga que u = 150°. De la ecuación 4.12-2 vemos que

E1C04_1 11/25/2009 145

Next, using Eq. 4.12-3,

vi ¼ Rp

2Rþ Rp

� �
15 V

180�

� �
u

It is time to pick values for R and Rp. Let R ¼ 5 kV and Rp ¼ 10 kV; then

vi ¼ 7:5 V

180�

� �

Referring to Figure 4.12-2, the amplifier output is given by

vo ¼ bvi ð4:12-5Þ

so vo ¼ b
7:5 V

180�

� �
u

Comparing this equation to Eq. 4.12-1 gives

b
7:5 V

180�

� �
¼ 0:1

volt

degree

or b ¼ 180

7:5
0:1ð Þ ¼ 2:4

The final circuit is shown in Figure 4.12-4.

Verify the Proposed Solution
As a check, suppose u ¼ 150�. From Eq. 4.12-2, we see that

a ¼ 150�

360�
þ 1

2
¼ 0:9167

Using Eq. 4.12-4, we calculate

vi ¼ 2MV 10 kV 2� 0:9167� 1ð Þð Þ15
5 kVþ 0:9167� 10 kVð Þ 5 kVþ 1� 0:9167ð Þ10 kVð Þ þ 2MV 2� 5 kVþ 10 kVð Þ ¼ 6:24

Finally, Eq. 4.12-5 indicates that the meter voltage will be

vo � 2:4 � 6:24 ¼ 14:98

This voltage will be interpreted to mean that the angle was

u ¼ 10 � vo ¼ 149:8�

which is correct to three significant digits.

+

–

+15 V

–15 V

Amplifier

vi 2.4vi

vo
100 Ω

2 MΩ

20 kΩ

10 kΩ

10 kΩ

+

–

+ –

Voltmeter

FIGURE 4.12-4 The final designed circuit.

Design Example 145

Con la ecuación 4.12-4 calculamos
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Finalmente, la ecuación 4.12-5 indica que el voltaje del medidor será de 
vo 3 2.4  6.24 5 14.98

La interpretación de este voltaje significa que el ángulo era
u 5 10  vo 5 149.8°

lo cual es correcto para tres dígitos importantes.

+

–

+15 V

–15 V

Amplificador

vi 2.4vi

vo
100 Ω

2 MΩ

20 kΩ

10 kΩ

10 kΩ

+

–

+ –

Voltímetro

FIGURA 4.12-4 El circuito final diseñado.
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	 146	 Métodos de análisis de circuitos resistivos

4.13 R E S U M E N
  El método del voltaje de nodos del análisis de circuitos iden-

tifica los nodos de un circuito donde están conectados dos 
o más elementos. Cuando el circuito consta solamente de 
resistores y fuentes de corriente, se toma el procedimiento 
siguiente para obtener las ecuaciones nodales.
1.  Elegimos un nodo para que funcione como nodo de refe-

rencia. Etiquetamos los voltajes de nodos en los demás 
nodos.

2.  Expresamos corrientes de elementos como funciones 
de voltajes de nodos. La figura 4.13-1a ilustra la rela-
ción entre la corriente en un resistor y los voltajes en los 
nodos del resistor.

3.  Aplicamos la KCL en todos los nodos, excepto en el 
nodo de referencia. La solución de las ecuaciones simul-
táneas da como resultado el conocimiento de los voltajes 
de nodos. Todos los voltajes y corrientes en el circuito se 
pueden determinar cuando los voltajes son conocidos.

  Cuando un circuito tiene fuentes de voltaje y a la vez fuen-
tes de corriente aún podemos aplicar el método de voltajes 
de nodos utilizando el concepto de un supernodo. Un super-
nodo es un nodo grande que incluye dos nodos conectados 
mediante una fuente de voltaje conocida. Si la fuente de vol-
taje está conectada directamente entre un nodo q y el nodo 
de referencia, podemos establecer que vq = vs y escribir las 
ecuaciones KCL en los nodos restantes.

  Si el circuito contiene una fuente dependiente, primero 
expresamos el voltaje controlador o corriente de la fuente 
dependiente como una función de los voltajes de nodos. A 
continuación expresamos el voltaje o corriente controlado-
res como una función de los voltajes de nodos. Finalmente, 
aplicamos la KCL a nodos y supernodos.

  El análisis de corrientes de enlaces se complementa con la 
aplicación de la KVL a los enlaces de un circuito planar. 
Cuando el circuito consta solamente de resistores y fuentes de 
voltaje, se aplica el procedimiento siguiente para obtener las 
ecuaciones de enlaces.

1. Etiquetar las corrientes de enlaces.
2.  Expresar los voltajes de elementos como funciones de 

corrientes de enlaces. La figura 4.13-1b ilustra la rela-
ción entre el voltaje a través de un resistor y las corrien-
tes de los enlaces que incluyen al resistor.

3. Aplicar la KVL a todos los enlaces. 
La solución de las ecuaciones simultáneas da por resul-
tado el conocimiento de las corrientes de enlaces. Todos 
los voltajes y corrientes en el circuito se pueden determi-
nar cuando las corrientes de enlaces son conocidas.

  Si una fuente de corriente es común a dos enlaces que se 
juntan, definimos el interior de los dos enlaces como un su-
perenlace. Entonces escribimos la ecuación de la corriente 
de enlace en torno a la periferia del superenlace. Si en la 
periferia de sólo un enlace aparece una fuente de corrien-
te, podemos definir esa corriente de enlace como igual a la 
corriente de la fuente, teniendo en cuenta la dirección de la 
fuente de corriente.

  Si el circuito contiene una fuente dependiente, primero ex-
presamos el voltaje o corriente controladores de la fuente 
dependiente como una función de las corrientes de enlaces. 
A continuación expresamos el voltaje o corriente controla-
dos como una función de las corrientes de enlaces. Final-
mente, aplicamos la KVL a enlaces y superenlaces.

  En general, se pueden utilizar los análisis tanto de voltajes 
de nodos como de corrientes de enlaces para obtener las co-
rrientes o los voltajes en un circuito. Sin embargo, un circui-
to con menos ecuaciones nodales que ecuaciones de corrien-
tes de nodos puede requerir que seleccionemos el método de 
los voltajes de nodos. Por el contrario, el análisis por medio 
de corrientes de enlaces es fácilmente aplicable para un cir-
cuito con menos ecuaciones de corrientes de enlaces que las 
ecuaciones de voltaje de nodos.

  MATLAB reduce en gran manera la monotonía de despejar 
ecuaciones de nodos o de enlaces.

(a) (b)

R1

R1

R1

R3 R3R2

R2

R2i2

vb

(va – vb) (i1 – i2)

R3(i1 – i2)

va – vb

–

–

–

–
+

+

+

R1i1 –+

va
–

+
+

is va vb

a b

R2

va
R3

vb

i2i1

+
–

+
–i1 i2

FIGURA 4.13-1 Expresión de corrientes y voltajes de resistor en términos de (a) voltajes de nodos o (b) corrientes de enlaces.
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P 4.2-4 Considere el circuito que se muestra en la figura 
P 4.2-4. Encuentre los valores de las resistencias R1 y R2 que 
ocasionan que los voltajes v1 y v2 sean v1 5 1 V y v2 5 2 V.

R1 R2v1

+

–
v2

+

–

500 Ω

3 mA 5 mA

Figura P 4.2-4

P 4.2-5 Encuentre el voltaje v para el circuito que se muestra 
en la figura P 4.2-5.

Respuesta: v 5 21.7 mV

1 mA

250 Ω
250 Ω

125 Ω 

v

500 Ω500 Ω 

+ –

Figura P 4.2-5

P 4.2-6 Simplifique el circuito que se muestra en la figura 
P 4.2-6 reemplazando resistores en serie y en paralelo con 
resistores equivalentes; luego analice el circuito simplificado 
escribiendo y despejando ecuaciones nodales. (a) Determine 
la potencia suministrada por cada fuente de corriente. (b) De-
termine la potencia recibida por el resistor de 12 V.

3 mA 2 mA

20 Ω

40 Ω
10 Ω12 Ω

10 Ω 60 Ω 120 Ω

Figura P 4.2-6

P 4.2-7 Los voltajes de nodos en el circuito que se muestran en 
la figura P 4.2-7 son va 5 7 V y vb 5 10 V. Determine los valores 
de la corriente de la fuente de corriente, is, y la resistencia, R.

2 Ω

a

4 Ω 8 Ω 8 Ω

b

isR
2 A

Figura P 4.2-7

Sección 4.2 Análisis de voltajes de nodos de  
circuitos con fuentes de corriente

P 4.2-1 Los voltajes de nodos en el circuito de la figura 
P 4.2-1 son v1 5 2 4 V y v2 5 2 V. Determine i, la corriente 
de la fuente de corriente.

Respuesta: i 5 1.5 A

6 Ω

8 Ω

v1 v2

4 Ω

i

Figura P 4.2-1

P 4.2-2 Determine los voltajes de nodos para el circuito de 
la figura 4.2-2.

Respuesta: v1 5 2 V, v2 5 30 V, y v3 5 24 V

v1
v2

v3

2 A

10 Ω

1 A

20 Ω 

15 Ω5 Ω 

Figura P 4.2-2

P 4.2-3 Los voltajes de nodos en el circuito de la figura 
P 4.2-3 son v1 5 4 V, v2 5 15 V y v3 5 18 V. Determine i1 e i2, 
las corrientes de las fuentes de corriente.

Respuesta: i1 5 22 A e i2 5 2 A

v1
v2

v3

i1

i2

15 Ω5 Ω 

10 Ω20 Ω 

Figura P 4.2-3
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P 4.3-5 Los voltajes va, vb y vc en la figura P 4.3-5 son los 
voltajes de nodos correspondientes a los nodos a, b y c.  
Los valores de estos voltajes son

va 5 12 V, vb 5 9.882 V, y vc 5 5.294 V.

Determine la potencia suministrada por la fuente de voltaje.

12 V 1 A

a c
b

6 Ω

4 Ω 3 Ω

2 Ω+
–

+

–

vc

+

–

vb

+

–

va

Figura P 4.3-5

P 4.3-6 El voltímetro en el circuito de la figura P 4.3-6 mide 
un voltaje de nodos. El valor de ese voltaje de nodos depende 
del valor de la resistencia R.

(a)  Determine el valor de la resistencia R que ocasionará que 
el voltaje medido por el voltímetro sea 4 V.

(b)  Determine el voltaje medido por el voltímetro cuando 
R 5 1.2 kV 5 1200 V.

Respuesta: (a) 6 kV (b) 2V

+
–

+
–

6 kΩ

12 V 8 V2 mA

3 kΩ

Voltímetro

R

Figura P 4.3-6

P 4.3-7 Determine los valores de los voltajes de nodos v1 y 
v2, en la figura P 4.3-7. Determine los valores de las corrientes 
ia e ib.

Sección 4.3 Análisis de voltajes de nodos  
de circuitos con fuentes de corriente y voltaje

P 4.3-1 El voltímetro en la figura P 4.3-2 mide vc, el voltaje 
de nodos en el nodo c. Determine el valor de vc.

Respuesta: vc 5 2 V

Voltímetro
+
–

10 Ω

8 Ω6 V 2 A

a b c6 Ω

vc

+

–

Figura P 4.3-1

P 4.3-2 Los voltajes va, vb, vc y vd en la figura P 4.3-2 son los 
voltajes de nodos correspondientes a los nodos a, b, c y d. La 
corriente i es la corriente en un cortocircuito conectado entre 
los nodos b y c. Determine los valores de va, vb, vc y vd y de i.

Respuesta: va 5 212 V, vb 5 vc 5 4 V, vd 5 24 V, i 5 2 mA

+
–

+ –

va

+

–

vd

+

–

vc

+

–

vb

+

–

4 kΩ

4 kΩ

8 V

1 mA2 mA12 V

a b c d
i

Figura P 4.3-2

P 4.3-3 Determine el voltaje de nodos va para el circuito de 
la figura P 4.3-3.

Respuesta: va 5 7 V

va

+

–
10 V 30 mA

8 V

+ –

+
– 100 Ω

100 Ω

100 Ω

Figura P 4.3-3

P 4.3-4 Determine el voltaje de nodos va para el circuito de 
la figura P 4.3-4.

Respuesta: va 5 4 V

va

+

–

8 V

+ –

+
– 12 V

250 Ω125 Ω 

500 Ω500 Ω 

Figura P 4.3-4
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Voltímetro

6 V12 V

4   .   5  0

R1

R2
R3

+
–

+
–

Figura P 4.3-10

*P 4.3-11 Determine los valores de los voltajes de nodos del 
circuito que se muestra en la figura P 4.3-11.

6 Ω

20 Ω

3 Ω 10 Ω8 V

16 Ω

3 A

2 A 12 Ω 7 Ω

+ –

+ –
i

28 V

Figura P 4.3-11

P 4.3-12 Determine los valores de los voltajes de nodos del 
circuito que se muestra en la figura P 4.3-12.

8 V

0.25 A12 V

4 Ω

5 Ω

10 Ω

v2v1

v3

+–

+
–

Figura P 4.3-12

Sección 4.4 Análisis de voltajes de nodos  
con fuentes dependientes

P 4.4-1 Los voltajes va, vb y vc, en la figura P 4.4-1 son los vol-
tajes de nodos que corresponden a los nodos a, b, y c. Los valores 
de estos voltaje son:

va 5 8.667 V, vb 5 2 V y vc 5 10 V

10 V v1 v2

ib
ia

4 kΩ

5 kΩ

3 kΩ

1 kΩ

2 kΩ

+
–

Figura P 4.3-7

P 4.3-8 El circuito que se muestra en la figura P 4.3-8 tiene 
dos entradas, v1 y v2, y una salida, vo. La salida se relaciona 
con la entrada por la ecuación

vo 5 av1 1 bv2

donde a y b son constantes que dependen de R1, R2 y R3.

(a)  Determine los valores de los coeficientes a y b cuando 
R1 5 10 V, R2 5 40 V y R3 5 8 V.

(b)  Determine los valores de los coeficientes a y b cuando 
R1 5 R2 y R3 5 

E1C04_1 11/25/2009 149

10 V v1 v2

ib
ia

4 kΩ

5 kΩ

3 kΩ

1 kΩ

2 kΩ

+
–

Figure P 4.3-7

P 4.3-8 The circuit shown in Figure P 4.3-8 has two inputs, v1
and v2, and one output, vo. The output is related to the input by

the equation

vo ¼ av1 þ bv2

where a and b are constants that depend on R1, R2, and R3.

(a) Determine the values of the coefficients a and b when

R1 ¼ 10V;R2 ¼ 40V; and R3 ¼ 8V.

(b) Determine the values of the coefficients a and b when

R1 ¼ R2 and R3 ¼ R1jjR2.

v1 v2
+
–

+
–

R1 R2

R3

+

−

vo

Figure P 4.3-8

P 4.2-9 Determine the values of the node voltages of the

circuit shown in Figure P 4.3-9.

v1 v4

v2

v3

20 Ω

8 Ω

40 Ω

12 Ω

5 V

1.25 A 15 V+
–

+–

Figure P 4.3-9

P 4.3-10 Figure P 4.3-10 shows a measurement made in the

laboratory. Your lab partner forgot to record the values of R1,

R2, and R3. He thinks that the two resistors were 10-kV

resistors and the other was a 5-kV resistor. Is this possible?

Which resistor is the 5-kV resistor?

Voltmeter

6 V12 V

4   .   5  0

R1

R2
R3

+
–

+
–

Figure P 4.3-10

*P 4.3-11 Determine the values of the node voltages of the

circuit shown in Figure P 4.3-11.

6 Ω

20 Ω

3 Ω 10 Ω8 V

16 Ω

3 A

2 A 12 Ω 7 Ω

+ –

+ –
i

28 V

Figure P 4.3-11

P 4.3-12 Determine the values of the node voltages of the

circuit shown in Figure P 4.3-12.

8 V

0.25 A12 V

4 Ω

5 Ω

10 Ω

v2v1

v3

+–

+
–

Figure P 4.3-12

Section 4.4 Node Voltage Analysis with Dependent
Sources

P 4.4-1 The voltages va, vb, and vc in Figure P 4.4-1 are the

node voltages corresponding to nodes a, b, and c. The values of

these voltages are:

va ¼ 8:667 V; vb ¼ 2 V; and vc ¼ 10 V

Problems 149

v1 v2
+
–

+
–

R1 R2

R3

+

−

vo

Figura P 4.3-8

P 4.3-9 Determine los valores de los voltajes de nodos del 
circuito que se muestra en la figura P 4.3-9.

v1 v4

v2

v3

20 Ω

8 Ω

40 Ω

12 Ω

5 V

1.25 A 15 V+
–

+–

Figura P 4.3-9

P 4.3-10 La figura P 4.3-10 muestra una medición hecha en 
el laboratorio. Su compañero de laboratorio olvidó registrar 
los valores de R1, R2 y R3. Piensa que los dos resistores eran 
de 10 kV y que el restante era un resistor de 5 kV. ¿Eso es 
posible? ¿Cuál resistor es el de 5 kV?
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+
–

+
–

ia

ib

ria
2  

4  

10 V
12 V

3
2

1 +–

A1 2

Figura P 4.4-4

P 4.4-5 Determine el valor de la corriente ix en el circuito de 
la fi gura P 4.4-5.

Respuesta: ix � 2.4 A

+
–

ix

3ix
2  

2  12 V

+ –

1 A

Figura P 4.4-5

P 4.4-6 Determine la potencia suministrada por la fuente de 
voltaje de 12-V en la fi gura P 4.4-6. 

3 4 

6 12 V 2 i4
i4

+

–
+
–

Figura P 4.4-6

P 4.4-7 Determine el voltaje de la corriente ic en la fi gura 
P 4.4-7. 

2 8 

10 V

4 

va

3 va
8 ib

ib ic

+
–

+

–

+ –

Figura P 4.4-7

P 4.4-8 Determine el valor de la potencia suministrada por la 
fuente dependiente en la fi gura P 4.4-8.

Determine el valor de A, la ganancia de la fuente dependiente.

vc

+

–
va

+

–

vb

+

–

1 2 

2 2 

a b

c

3 A

i1

Ai1

i2

Figura P 4.4-1

P 4.4-2 Encuentre ib para el circuito en la fi gura P 4.4-2. 

Respuesta: ib � �12 mA

+

–

1 k 3 k

2 k6 V 4va
+
–

+

–
va

ib

Figura P 4.4-2

P 4.4-3 Determine el voltaje del nodo vb para el circuito de 
la fi gura P 4.4-3. 

Respuesta: vb � 1.54 V

ia

+

–

4 k

2 k2 V 5ia
+
–

vb

Figura P 4.4-3

P 4.4-4 Los números circulados en la fi gura P 4.4-4 son nú-
meros de nodos. Los voltajes de nodos de este circuito son 
v1 � 10 V, v2 � 14 V y v3 � 12 V.

(a)  Determine el valor de la corriente ib.
(b)  Determine el valor de r, la ganancia de la CCVS.

Respuestas: (a) �2 A (b) 4 V/A
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*P 4.4-12 Determine los valores de los voltajes de nodos, v1, 
v2, v3, v4 y v5 en el circuito que se muestra en la figura P 4.4-12. 

4ix

8 Ω1 A

2 Ω

2 Ω

8 V

16 V

3 Ω 

6 Ω 

+ –

+ –

+

–

 ix

v3

v2

v4
v5

v1

Figura P 4.4-12

*P 4.4-13 Determine los valores de los voltajes de nodos, v1, 
v2, v3, v4 y v5 en el circuito que se muestra en la figura P 4.4-13. 

4ix 8 Ω2 A

2 Ω

10 Ω

16 V

8 V

5 Ω 

4 Ω 

+ –

+ –

+

–

ix

v3

v2

v4

 v1

v5

Figura P 4.4-13

*P 4.4-14 Determine los valores de los voltajes de nodos, v1, 
v2, v3, v4 y v5 en el circuito que se muestra en la figura P 4.4-14. 

ix3ix
+

–

+
–12 V 2vy

3 A

vy

+

–

5 Ω

4 Ω

8 Ω
2 Ω

v3 v4

v1 v2

Figura P 4.4-14

*P 4.4-15 Los voltajes v1, v2, v3 y v4 son los voltajes de nodos 
que corresponden a los nodos 1, 2, 3 y 4 en la figura P 4.4-15. 
Determine los valores de estos voltajes de nodos.

4 Ω

12 Ω 8 Ω

16 Ωia

8 ia

10 V+
–

+ –

Figura P 4.4-8

P 4.4-9 Los voltajes de nodos en el circuito que se muestran 
en la figura P 4.4-9 son

v1 5 4 V, v2 5 0 V, y v3 5 26 V

Determine los valores de la resistencia R, y de la ganancia, b, 
de la CCCS.

10 Ω

40 Ω 20 Ω

10 V

bia R

v1

v2
ia

v3

–+

Figura P 4.4-9

P 4.4-10 El valor del voltaje de nodos en el nodo b en el cir-
cuito que se muestra en la figura P 4.4-10 es vb 5 18 V.
(a)  Determine el valor de A, la ganancia de la fuente depen-

diente.
(b)  Determine la potencia suministrada por la fuente depen-

diente.

100 Ω

200 Ω+
–

9 V

b

A va

va+ −

vb

+

−

Figura P 4.4-10

*P 4.4-11 Determine la potencia suministrada por la fuente 
dependiente en el circuito que se muestra en la figura P 4.4-11. 

vx

+

–

+

–

+

–

4 A

10 V20 V

10 Ω

x

2 Ω 

0.1vx

Figura P 4.4-11
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P 4.4-18 Los voltajes v1, v2 y v3 en la figura P 4.4-18 son los 
voltajes de nodos que corresponden a los nodos 1, 2 y 3.  
Los valores de estos voltajes son

v1 5 12 V, v2 5 9.6 V y v3 5 1.33 V

(a)  Determine los valores de las resistencias R1 y R2.
(b)  Determine la potencia suministrada por cada fuente.

+
– 12 V

R1

R2

2 A

8 Ω

3
2

1

4 Ω

Figura P 4.4-18

P 4.4-19 Los voltajes v2, v3 y v4 para el circuito que se mues-
tra en la figura P 4.4-19 son

v2 5 16 V, v3 5 8 V y v4 5 6 V

Determine los valores de lo siguiente:

(a)  La ganancia, A, de las VCVS
(b)  La resistencia R5.
(c)  Las corrientes ib e ic
(d)  La potencia recibida por el resistor R4

v4

+

+ –

–
v3

+

–
15 Ω

12 Ω

va

R5

Ava

R4 = 15 Ω

ic

v2

+

–
12 Ω40 V–

+

+ –

ib

Figura P 4.4-19

P 4.4-20 Determine los valores de los voltajes de nodos v1 y 
v2, para el circuito que se muestra en la figura P 4.4-20.

v2

v3

4v3

+

+ –

–

4 Ω

6 Ωv1

+

–
28 V–

+

5 Ω

3v1

Figura P 4.4-20

+ –

+
–

ib
3ib

5va

va

+

–

3
4

2

1

10 Ω

20 Ω

30 Ω25 V 2 A

Figura P 4.4-15

P 4.4-16 Los voltajes v1, v2, v3 y v4 son los voltajes de nodos 
que corresponden a los nodos 1, 2, 3 y 4 en la figura P 4.4-16. 
Los valores de estos voltajes son

v1 5 10 V, v2 5 75 V, v3 5 215 V y v4 5 22.5 V

Determine los valores de las ganancias de la fuentes depen-
dientes, A y B, y de la resistencia R1.

+ –

+
–

ib

va

+

–

3
4

2

1
50 Ω

20 Ω10 V 2.5 A

Bib

R1

Ava

Figura P 4.4-16

P 4.4-17 Los voltajes v1, v2 y v3 son los voltajes de nodos 
que corresponden a los nodos 1, 2 y 3. Los valores de estos 
voltajes son

v1 5 12 V, v2 5 21 V y v3 5 23V

(a)  Determine los valores de las resistencias R1 y R2.
(b)  Determine la potencia suministrada por cada fuente.

+
– 12 V

R1

R2

2 A

3
2

1

1.25 A

0.5 A

Figura P 4.4-17
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P 4.5-2 Los valores de las corrientes de enlaces en el circuito 
que se muestra en la figura P 4.5-2 son i1 5 2 A, i2, 5 3 A 
e i3 5 4 A. Determine los valores de la resistencia R y de los 
voltajes v1 y v2 de las fuentes de voltaje.

Respuestas: R 5 12 V, v1 5 24 A y v2 5 228 V

+
–

+
–

4 Ω 

8 Ω 

10 Ω 

i3 v2v1 i2

i1

R

Figura P 4.5-2

P 4.5-3 Las corrientes i1 e i2 en la figura P 4.5-3 son las co-
rrientes de enlaces. Determine el valor de la resistencia R re-
querido para que va 5 26 V.

Respuesta: R 5 4 V

+
–

+
–

va

+

–

18 V

4 Ω

3 V

8 Ωi1

R

i2

Figura P 4.5-3

P 4.5-4 Determine las corrientes de enlaces ia e ib en el cir-
cuito que se muestra en la figura P 4.5-4.

75 Ω 100 Ω

25 Ω 200 Ω

vc

+

–

+
–

+
–

+
–

8 V2 V

4 V

100 Ω

100 Ω250 Ω 

ibia

Figura P 4.5-4

P 4.5-5 Encuentre la corriente i para el circuito de la figura 
P 4.5-5.

Sugerencia: Un cortocircuito se puede tratar como una fuente 
de voltaje de 0-V.

P 4.4-21 Los números circulados en la figura P 4.4-21 son 
números de nodos. Determine los valores de v1, v2 y v3 los 
voltajes de nodos correspondientes a los nodos 1, 2 y 3. 

– +va

10 Ω 10 V

30 Ω

–
+

– +

–

+
5va

10 V 2 Ω
1 2 3

Figura P 4.4-21

P 4.4-22 Determine los valores de los voltajes de nodos v1, 
v2 y v3, para el circuito que se muestra en la figura P 4.4-22.

v3

+

–
v2

+

–
v1

+

–

2 Ω

ia

4ia
2 Ω

2 Ω2 Ω12 V 1 A–
+

+ –

Figura P 4.4-22

P 4.4-23 Determine los valores de los voltajes de nodos v1, 
v2 y v3, para el circuito que se muestra en la figura P 4.4-23.

v3

+

–
v2

+

–
v1

+

–

2 Ω

ia

4ia
2 Ω

2 Ω2 Ω12 V 1 A–
+

Figura P 4.4-23

Sección 4.5 Análisis de corrientes de enlaces con 
fuentes de voltaje independientes

P 4.5-1 Determine las corrientes de enlaces i1, i2 e i3, para el 
circuito que se muestra en la figura P 4.5-1.

Respuestas: i1 5 3 A, i2 5 2 A e i3 5 4 A.

+
–

+
–

3 Ω 

6 Ω 15 V

9 Ω 

2 Ω 

21 Vi3i2

i1

Figura P 4.5-1

M04_DORF_1571_8ED_SE_108-161.indd   153 4/12/11   5:27 PM



Alfaomega Circuitos Eléctricos - Dorf

	 154	 Métodos de análisis de circuitos resistivos

P 4.6-3 Encuentre v2 para el circuito que se muestra en la 
figura P 4.6-3.

Respuesta: v2 5 2 V

20 Ω

30 Ω

60 Ω

30 Ω
10 V

+
–

+ –v2

i1 i2 i3

0.5 A

Figura P 4.6-3

P 4.6-4 Encuentre vc para el circuito que se muestra en la 
figura P 4.6-4.

vc

+

–

+
– 9 V

20 mA

100 Ω

100 Ω

250 Ω ibia

Figura P 4.6-4

P 4.6-5 Encuentre el valor del voltaje medido por el voltíme-
tro en la figura P 4.6-5.

Respuesta: 8 V

12 V

8 V 2 A

+
–

+ –

Voltímetro

6 Ω

3 Ω5 Ω

Figura P 4.6-5

P 4.6-6 Determine el valor de la corriente medida por el am-
perímetro en la figura P 4.6-6.

Sugerencia: Escriba y despeje una ecuación de enlace única.

Amperímetro2 A

3 A
5 Ω 2 Ω

7 Ω 4 Ω

6 Ω

Figura P 4.6-6

P 4.6-7 Las corrientes i1, i2 e i3 en la figura P 4.6-7 son las 
corrientes de enlaces. Determine el valor de la resistencia R.

2 Ω 4 Ω

2 Ω 6 Ω10 V

i

+
–

Figura P 4.5-5

P 4.5-6 Simplifique el circuito que se muestra en la figura 
P 4.5-6 reemplazando los resistores en serie y en paralelo por 
resistores equivalentes. A continuación, analice el circuito 
simplificado al escribir y despejar ecuaciones de enlaces.

(a)  Determine la potencia suministrada por cada fuente.
(b)  Determine la potencia absorbida por cada resistor de 30 V.

100 Ω

60 Ω

40 Ω

300 Ω

8 V

60 Ω

30 Ω

80 Ω 560 Ω

12 V +
–

+
–

Figura P 4.5-6

Sección 4.6 Análisis de corrientes de enlaces con 
fuentes de corriente y voltaje 

P 4.6-1 Encuentre ib para el circuito que se muestra en la 
figura P 4.6-1.

Respuesta: ib 5 0.6 A
75 Ω50 Ω

25 Ω50 Ω

10 V+
–

ibi1 i20.5 A

Figura P 4.6-1

P 4.6-2 Encuentre vc para el circuito que se muestra en la 
figura P 4.6-2.

Respuesta: vc 5 15 V
75 Ω 100 Ω

25 Ω 200 Ω

vc

+

–

+
–

0.4 A0.25 A

4 V

100 Ω

100 Ω250 Ω 

ibia

Figura P 4.6-2
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24 V

32 V

Is

R1

R3

20 Ω

50 Ω

i2i1

i3

+
–

+
–

Figura P 4.6-10

P 4.6-11 Determine el valor del voltaje medido por el ampe-
rímetro en la figura P 4.6-11.

Sugerencia: Aplique la KVL a un superenlace para determi-
nar la corriente en el resistor de 2-V.

Respuesta: 4>3 V

A9 V+
– 2 Ω

4 Ω 3 Ω
Voltímetro

3 4

Figura P 4.6-11

P 4.6-12 Determine el valor de la corriente medida por el 
amperímetro en la figura P 4.6-12.

Sugerencia: Aplique la KVL a un superenlace.

Respuesta: 20.333 A

3 A15 V+
–

6 Ω 3 Ω
Amperímetro

Figura P 4.6-12

P 4.6-13 Los valores de las corrientes de enlaces en los cir-
cuitos que se muestran en la figura P 4.6-13 son

i1 5 0.2 A, i2 5 0.7 A e i3 5 08 A

Determine los valores de lo siguiente:

(a)  La potencia alimentada por cada fuente de voltaje.
(b)  La resistencia R.
(c)  La corriente de la fuente de corriente.
(d)  El voltaje vs a través de la fuente de corriente.

R3 A –1 A

1

2

5 A

3

2 Ω

2 Ω

6 Ω 4 Ω

Figura P 4.6-7

P 4.6-8 Determine los valores de las corrientes de enlaces i1, 
i2 e i3 en el circuito que se muestra en la figura P 4.6-8.

1 kΩ

4 kΩ

2 kΩ

1 kΩ

7 kΩ

2 mA
3 V +

–

i1

i2

i3

Figura P 4.6-8

*P 4.6-9 El circuito que se muestra en la figura P 4.6-9 tiene 
tres entradas: ix, iy y vz. La salida de los circuitos es is. La sali-
da se relaciona con las entradas por

is 5 a ix 1 b iy 1 c vz

Donde a, b y c, son constantes. Determine los valores de a, 
b y c.

4 Ω

12 Ω 6 Ω2 Ω

+ –

vz

iy

ix

is

Figura P 4.6-9

P 4.6-10 Las corrientes de enlaces en el circuito que se mues-
tra en la figura 4.6-10 son

i1 5 22.2213 A, i2 5 0.7787 A e i3 5 0.0770 A

(a)  Determine los valores de las resistencias R1 y R3.
(b)  Determine el valor de la potencia suministrada por la fuen-

te de corriente.
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R

i2

i1

i316 V

20 Ω

20 V 20 V+
–

+
–

– +vs

is

Figura P 4.6-13

Sección 4.7 Análisis de corrientes de enlaces con 
fuentes dependientes

P 4.7-1 Encuentre v2 para el circuito que se muestra en la 
figura P 4.7-1.

Respuesta: v2 5 10 V
v2+ –

50 Ω

100 Ω 10 V0.04v2
+
–i1

Figura P 4.7-1

P 4.7-2 Determine la corriente de enlaces ia para el circuito 
que se muestra en la figura P 4.7-2.

Respuesta: ia 5 248 mA
200 Ω

100 Ω 8 V4ib  ib +
–ia

Figura P 4.7-2

P 4.7-3 Encuentre vo para el circuito que se muestra en la 
figura P 4.7-3.

Respuesta: vo 5 2.5 V

60 mA 100 Ω 250 Ω

vo = 50ib

 ib ia

+ –

Figura P 4.7-3

P 4.7-4 Determine la corriente de enlace ia para el circuito 
que se muestra en la figura P 4.7-4.

Respuesta: ia 5 224 mA

vb

+

–
6 mA 100 Ω 250 Ω

3vb

ia

+ –

Figura P 4.7-4

P 4.7-5 Aun cuando los científicos continúan debatiendo 
acerca de cuán exactamente y cómo funciona el proceso del 
uso de la electricidad para ayudar en la reparación y creci-
miento de huesos, que se ha aplicado sobre todo con las frac-
turas, es posible que pronto se extienda al arreglo de otros pro-
blemas, los cuales van desde la osteoporosis y la osteoartritis 
hasta la unión de vértebras y la cura de úlceras de la piel.
 Se aplica una corriente eléctrica a las fracturas de hue-
sos que no han sanado en el tiempo normal. El proceso pre-
tende imitar las fuerzas eléctricas naturales del cuerpo. Sólo se 
aplica un pequeña cantidad de simulación eléctrica para ace-
lerar la recuperación ósea. El método de la corriente directa 
utiliza un electrodo que se implanta en el hueso. Dicho método 
tiene aproximadamente 80% de éxito.
 El implante se muestra en la figura P 4.7-5a y el modelo 
del circuito en la figura 4.7-5b. Encuentre la energía transmi-
tida al cátodo durante un periodo de 24 horas. El cátodo está 
representado por la fuente de voltaje dependiente y el resistor 
de 100-kV.

3 V 20 kΩ 100 kΩ

10 kΩ

Microconector

5i1

 i1

+ –

+
–

(b)

(a)

Generador
Ánodo

Cátodo

Figura P 4.7-5 (a) Asistencia eléctrica en la reparación de un 
hueso. (b) Modelo del circuito.

P 4.7-6 En la figura P 4.7-6 se muestra el modelo de un tran-
sistor de unión bipolar (BJT).

(a)  Determine la ganancia vo > vi.
(b)  Calcule el valor requerido de g para obtener una ganancia 

vo > vi 5 2170 cuando RL 5 5 kV, R1 5 100 V y R2 5 1 kV.
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vo

+

–

+

–

v g v+
–

R1

R2 RLvi

Figura P 4.7-6

P 4.7-7 Las corrientes i1, i2 e i3 son las corrientes de enlaces 
del circuito que se muestra en la figura P 4.7-7. Determine los 
valores de i1, i2 e i3.

10 V

5 Ω20 Ω

10 Ω 3 va

20 ib

ib

+

−

va

i3

i2

i1

+
–+–

+
–

Figura P 4.7-7

P 4.7-8 Determine el valor de la potencia suministrada por la 
fuente dependiente en la figura P 4.7-8.

10 V

40 Ω

80 Ω20 Ω

60 Ω
2 ia

ia

+
–

Figura P 4.7-8

P 4.7-9 Determine el valor de la resistencia R en el circuito 
que se muestra en la figura P 4.7-9.

0.5 mA25 V

5 kΩ 10 kΩ

4 ib
ib R+

–

Figura P 4.7-9

P 4.7-10 El circuito que se muestra en la figura P 4.7-10 es 
el modelo de señal pequeña de un amplificador. La entrada al 
amplificador es el voltaje de la fuente de voltaje vs. La  salida 
del amplificador es el voltaje vo.

(a)  La razón de salida a entrada, vo > vs, se denomina ganancia 
del amplificador. Determine la ganancia del amplificador.

(b)  La razón de la corriente de la fuente de entrada con el vol-
taje de entrada, madurez de ib > vs, se denomina resistencia 
de entrada del amplificador. Determine la resistencia de 
entrada.

1 kΩ

2 kΩ

3 kΩ

300 Ω

40 ibib

vs

+

−

vo+
–

Figura P 4.7-10

P 4.7-11 Determine los valores de las corrientes de enlaces si, 
i1, i2, i3 e i4 en el circuito que se muestra en la figura P 4.7-11.

4ix

8 Ω
1 A

2 Ω

2 Ω

8 V

16 V

3 Ω 

6 Ω 

+ –

+ –

+

–

 ix

i1

i3 i4

i2

Figura P 4.7-11

P 4.7-12 Determine los valores de las corrientes de enlaces 
que se muestran en la figura P 4.7-12.

4ix

ix

b

a c

0.5 A

5 Ω

10 Ω25 Ω

20 Ω

Figura P 4.7-12

P 4.7-13 Las corrientes i1, i2 e i3 son las corrientes de enlaces 
que corresponden a los enlaces 1, 2 y 3 en la figura P 4.7-13. 
Determine los valores de estas corrientes de enlace.

+ –

+
–

ib
3ib

5va

va

+

–

30 Ω

20 Ω

10 Ω25 V 2 Ai2i1

i3

Figura P 4.7-13
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P 4.7-14 Las corrientes i1, i2 e i3 son las corrientes de enlaces 
que corresponden a los enlaces 1, 2 y 3 en la figura P 4.7-14. 
Los valores de estas corrientes son

i1, 5 1.375 A, i2 5 22.5 A e i3 5 23.25 A 

Determine los valores de las ganancias de las fuentes depen-
dientes, A y B.

+ –

+
–

ib

va

+

–

20 Ω

50 Ω

20 Ω10 V 2.5 Ai2i1

i3

Ava

Bib

Figura P 4.7-14

P 4.7-15 Determine la corriente i en el circuito que se mues-
tra en la figura P 4.7-15.

Respuesta: i 5 3 A

12 A 28 Ω

4 Ω

2i

8 Ω
i

Figura P 4.7-15

P 4.7-16 Determine los valores de las corrientes de enlace i1 
e i2 para el circuito que se muestra en la figura P 4.7-16.

2 Ω

ia

4ia
2 Ω

2 Ω2 Ω12 V 1 A–
+ i2i1

Figura P 4.7-16

P 4.7-17 Determine los valores de las corrientes de enlaces i1 
e i2 para el circuito que se muestra en la figura P 4.7-17.

2 Ω

ia

4ia
2 Ω

2 Ω2 Ω12 V 1 A–
+ i2i1

+ –

Figura P 4.7-17

Sección 4.8 Comparación entre el método de  
voltajes de nodos y el método de corrientes  
de enlaces

P 4.8-1 El circuito que se muestra en la figura P 4.8-1 tiene 
dos entradas, los voltajes de la fuente de voltaje, v1 y v2. Di-
señe este circuito de modo que la salida se relacione con las 
entradas por

vo 5 2v1 1 0.5v2

Sugerencia: Determine los valores requeridos de A, R1, R2, 
R3 y R4.

R1

R2

R3

R4v1

v2

+

−

va vo = Ava

+
–

+
–

+

–

Figura P 4.8-1

P 4.8-2 El circuito que se muestra en la figura P 4.8-2 tiene 
dos entradas, vs e is, y una salida vo. La salida se relaciona con 
las entradas por la ecuación

vo 5 ais 1 bvs

donde a y b son constantes que se deben determinar. Determi-
ne los valores a y b (a) escribiendo y despejando ecuaciones 
de enlaces, y (b) escribiendo y despejando ecuaciones nodales.

vs

is

120 Ω 30 Ω

32 Ω96 Ω

+

−
vo

+ –

Figura P 4.8-2

P 4.8-3 Determine la potencia suministrada por la fuente de-
pendiente en el circuito que se muestra en la figura P 4.8-3 
escribiendo y despejando (a) ecuaciones nodales y (b) ecua-
ciones de enlaces.

120 V

ia = 0.2 va

50 Ω 10 Ω

+ −va

+ –

Figura P 4.8-3
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Sección 4.11 ¿Cómo lo podemos comprobar . . . ?

P 4.11-1 El análisis por computadora del circuito que se 
muestra en la fi gura P 4.11-1 indica que los voltajes de nodos 
son, va � 5.2 V, vb � �4.8 V y vc � 3.0 V. ¿Es correcto el 
análisis?

Sugerencia: Utilice los voltajes de nodos para calcular todas 
las corrientes de los elementos. Verifi que que se cumpla la 
KCL en cada nodo.

10 V

A

a

3 2 

4 5 

+ –

b
c

1 2

Figura P 4.11-1

P 4.11-2 Un antiguo reporte de laboratorio asevera que los 
voltajes de nodos del circuito de la fi gura P 4.11-2 son, va � 4 V, 
vb � �20 V y vc � 12 V. ¿Son correctos?

2 2 

4 

2 

2ix

ix

b

a c

2 A

Figura P 4.11-2

P 4.11-3 Su compañero de laboratorio olvidó registrar los 
valores de R1, R2 y R3. Piensa que dos de los resistores en la 
fi gura P 4.11-3 tienen valores de 10 k� y que el otro tiene un 
valor de 5 k�. ¿Es posible esto? ¿Cuál resistor es el de 5 k�?

7 . 5 0

R1 R2

R312 V 6 V+
–

+
–

Voltímetro

Figura P 4.11-3

P 4.11-4 El análisis por computadora del circuito que se 
muestra en la fi gura P 4.11-4 indica que los voltajes de nodos 
son, v1 � �8 V, v2 � �20 V y v3 � �6 V. Verifi que que este 
análisis esté correcto.

Sugerencia: Utilice los voltajes de nodos para calcular las co-
rrientes de los elementos. Verifi que que se satisfaga la KCL 
en cada nodo.

v1
v2

v3

2 A

10 

1 A

20  

15 5  

Figura P 4.11-4

P 4.11-5 El análisis por computadora del circuito que se 
muestra en la fi gura P 4.11-5 indica que las corrientes de enla-
ces son, i1 � 2 A, i2 � 4 A e i3 � 3 A. Verifi que que el análisis 
esté correcto.

Sugerencia: Utilice las corrientes de enlaces para calcular los 
voltajes de los elementos. Verifi que que se cumpla la KCL en 
cada enlace.

+
–

+
–

10  

8  

4  

12  

i3i2

i1

4 V28 V

Figura P 4.11-5
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Problemas de diseño

PD 4-1 Un instrumento electrónico incorpora un alimentador 
de potencia de 15-V. Se agrega un pantalla digital que requiere 
un alimentador de potencia de 5-V. Por desgracia, el proyecto 
rebasa el presupuesto y a usted se le han dado instrucciones de 
que utilice el alimentador de potencia con que se cuenta. Con un 
divisor de voltaje, como se muestra en la fi gura PD 4-1, usted es 
capaz de obtener 5 V. La hoja de especifi caciones para la panta-
lla digital muestra que la pantalla funcionará adecuadamente por 
arriba de 4.8 V hasta 5.4 V. Además, la pantalla usará 300 mA (I ) 
cuando esté activa, y 100 mA cuando descanse (esté inactiva).
(a)  Seleccione valores de R1 de modo que la pantalla reciba una 

alimentación de 4.8 V a 5.4 V bajo todas las condiciones de 
la corriente I.

(b)  Calcule la potencia máxima disipada por cada resistor, R1 y 
R2, y la corriente máxima utilizada de la alimentación de 15-V.

(c)  ¿Utilizar un divisor de voltaje es una buena solución de inge-
niería? Si no lo es, ¿por qué? ¿Qué problemas podrían surgir?

Problemas de PSpice

PS 4-1 Utilice PSpice para determinar los voltajes de nodos 
del circuito que se muestra en la fi gura PS 4-1.

4 i1

i1

a

2 2 

1 2 

3 A

b

c

Figura PS 4-1

PS 4-2 Utilice PSpice para determinar las corrientes de enla-
ces del circuito que se muestra en la fi gura PS 4-2.

va

+

–
3 V

18 V

4 

8 

i2i1

+
–

+
–

R

Figura PS 4-2

Alimentación
de potencia
de 15 voltios

Pantalla
digital

R1

I

R2

+

–

Figura PD 4-1

PD 4-2 Para el circuito que se muestra en la fi gura PD 4-2, se 
desea que el voltaje en el nodo a sea igual al control de un motor 
eléctrico de 0 V. Seleccione los voltajes v1 y v2 para lograr que 
va � 0 V cuando v1 y v2 sean menores de 20 V y mayores de 
cero, y que R � 2 �. 

PS 4-3 Los voltajes va, vb y vc en la fi gura SP 4-3 son los 
voltajes de nodos que corresponden a los nodos a, b y c. La 
corriente i es la corriente en un cortocircuito conectado entre 
los nodos b y c. Utilice PSpice para determinar los valores de 
va, vb, vc y vd, al igual que el de i.

vd

+

–
vc

+

–
4 k 

4 k 

1 mA

8 Vi

vb

+

–
va

+

–
2 mA12 V+

–

+ –

a b c d

Figura PS 4-3

PS 4-4 Determine la corriente, i, que se muestra en la fi gura 
PS 4-4.

Respuesta: i � 0.56 A

1 2 

1 1 

3 

3 2 

2 

+
–

+–

4 V

4 V

i

Figura PS 4-4
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v2+
–

a

+
–

R

v1

R R

+–

8 V R

R

Figura PD 4-2

PD 4-3 En la figura PD 4-3 se muestra un circuito de cablea-
do para una lámpara especial doméstica. La lámpara tiene una 
resistencia de 2 V, y el diseñador selecciona R 5 100 V. La 
lámpara brillará cuando I 

E1C01_1 11/26/2009 15

Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 50 mA pero se quemará cuando 
I . 75 mA.

(a)  Determine la corriente en la lámpara y si brillará por R 5 
100 V.

(b)  Seleccione R de modo que la lámpara brille pero que no se 
queme si R cambia en 
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Figure P 3.8-8

*P 3.8-9 Figure P 3.8-9 shows a circuit and some corre-

sponding data. The tabulated data provide values of the

current, i, and voltage, v, corresponding to several values of

the resistance R2.

(a) Use the data in rows 1 and 2 of the table to find the values

of is and R1.

(b) Use the results of part (a) to verify that the tabulated data

are consistent.

(c) Fill in the missing entries in the table.

Figure P 3.8-9

Design Problems

DP 3-1 The circuit shown in Figure DP 3-1 uses a potentiom-

eter to produce a variable voltage. The voltage vm varies as a

knob connected to the wiper of the potentiometer is turned.

Specify the resistances R1 and R2 so that the following three

requirements are satisfied:

1. The voltage vm varies from 8 V to 12 V as the wiper moves

from one end of the potentiometer to the other end of the

potentiometer.

2. The voltage source supplies less than 0.5 W of power.

3. Each of R1, R2, and RP dissipates less than 0.25 W.

Figure DP 3-1

DP 3-2 The resistance RL in Figure DP 3-2 is the equivalent

resistance of a pressure transducer. This resistance is specified

to be 200 V � 5 percent. That is, 190 V � RL � 210 V. The

voltage source is a 12 V� 1 percent source capable of supplying

5 W. Design this circuit, using 5 percent, 1=8-watt resistors for
R1 and R2, so that the voltage across RL is

vo ¼ 4 V� 10%
(A 5 percent, 1/8-watt 100-V resistor has a resistance between

95 and 105 V and can safely dissipate 1/8-W continuously.)

Figure DP 3-2

DP 3-3 A phonograph pickup, stereo amplifier, and speaker are

shown in Figure DP 3-3a and redrawn as a circuit model as

shown in Figure DP 3-3b. Determine the resistance R so that the

voltage v across the speaker is 16 V. Determine the power

delivered to the speaker.

106 Resistive Circuits

10% ante el cambio de temperatura 
en la casa.

5 V +
– I de 2Ω300 Ω

50 Ω R

Lámpara

Figura PD 4-3 Circuito de una lámpara.

PD 4-4 Para controlar un dispositivo que utiliza el circuito que 
se muestra en la figura PD 4-4, es necesario que vab 5 10 V. 
Seleccione los resistores cuando se requiera que todos los resis-
tores sean mayores de 1 V y que R3 1 R4 5 20 V.

R2+
–25 V R4

R3

5 Ω

10 Ω

R1

a

b

Figura PD 4-4

PD 4-5 La corriente i que se muestra en el circuito de la figura 
PD 4-5 se utiliza para medir la tensión entre dos lados de una 
línea de falla terrestre. El voltaje v1 se obtiene desde un lado 
de la falla, y el v2 desde el otro lado de la falla. Seleccione las 
resistencias R1, R2 y R3 de modo que la magnitud de la corriente 
i se mantenga en un rango de 0.5 mA y 2 mA cuando v1 y v2 
pudieran variar de manera independiente entre 11 V y 12 V 
(1V 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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 2V).

v1
+
–

i

R3 v2
+
–

R2R1

Figura PD 4-5 Un circuito para medición de la tensión de una 
falla terrestre.
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Teoremas 
de circuitos

5.1 I N T R O D U C C I Ó N

En este capítulo consideramos cinco teoremas de circuitos:

•  Una transformación de fuentes que nos permite reemplazar una fuente de voltaje y un resistor en 
serie por una fuente de corriente y un resistor en paralelo. Hacerlo así no modifica la corriente o el 
voltaje del elemento de cualquier otro elemento del circuito.

•  La superposición dice que la respuesta de un circuito lineal a varias entradas que trabajan en 
conjunto es igual a la suma de las respuestas de cada una de las entradas que trabajan por separado. 

•  El teorema de Thévenin nos permite reemplazar parte de un circuito por una fuente de voltaje y 
un resistor en serie. Hacerlo así no modifica la corriente o el voltaje del elemento o el voltaje de 
cualquier otro elemento del circuito.

•  El teorema de la transferencia de potencia máxima describe las condiciones en las cuales un 
circuito transfiere a otro circuito tanta potencia cuanta le es posible.

Se podría considerar cada uno de estos teoremas de circuitos como una vía corta, una manera de reducir lo 
complejo de un circuito eléctrico para analizarlo más fácilmente. Sin embargo, lo más importante es que 
estos teoremas proporcionan una visión al interior de la naturaleza de los circuitos eléctricos lineales.

5.2 T R A N S F O R M A C I O N E S  D E  F U E N T E S

La fuente de voltaje ideal es el modelo más sencillo de una fuente de voltaje, pero ocasionalmente 
necesitamos un modelo más preciso. La figura 5.2a muestra un modelo más preciso pero más com-
plicado de una fuente de voltaje. Al circuito que se muestra en la figura 5.2-1 a veces se le llama 
fuente de voltaje no ideal. (El voltaje de una fuente de voltaje útil disminuye en cuanto la fuente de 
voltaje suministra más potencia. La fuente de voltaje no ideal modela este comportamiento, en tanto 
que la fuente de voltaje ideal no lo hace. La fuente de voltaje no ideal es un modelo más preciso de 

CAPÍTULO

 5.8   Uso de PSpice para determinar el circuito 
equivalente de Thévenin

 5.9 ¿Cómo lo podemos comprobar . . . ?
5.10  EJEMPLO DE DISEÑO — Puente de 

indicador de tensión 
5.11 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño

EN ESTE CAPÍTULO

5.1 Introducción
5.2 Transformaciones de fuentes
5.3 Superposición
5.4 Teorema de Thévenin
5.5 Circuito equivalente de Norton
5.6 Transferencia de potencia máxima
5.7  Uso de MATLAB para determinar el 

circuito equivalente de Thévenin
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una fuente de voltaje práctica que la fuente de voltaje ideal, pero también es más complicada. Por 
lo común utilizaremos las fuentes de voltaje ideales para modelar fuentes de voltaje prácticas, pero 
incluso en ocasiones necesitaremos utilizar una fuente de voltaje no ideal.) La figura 5.2-1b muestra 
una fuente de corriente no ideal. Es un modelo más preciso pero más complicado de una fuente de 
corriente práctica.
 En determinadas circunstancias (Rp 5 Rs y vs 5 Rsis), la fuente de voltaje no ideal y la fuente 
de corriente no ideal son equivalentes entre sí. La figura 5.2-1 ilustra el significado de “equivalente”. 
En la figura 5.2-1c, una fuente de voltaje no ideal está conectada al circuito B. En la figura 5.2-1d, 
una fuente de corriente no ideal está conectada al mismo circuito B. Quizá la figura 5.2-1d se obtuvo 
de la figura 5.2-1c, reemplazando la fuente de voltaje no ideal con una fuente de corriente no ideal. 
Reemplazar la fuente de voltaje no ideal por la fuente de corriente no ideal equivalente no modifica el 
voltaje o la corriente de ningún elemento en el circuito B. Eso significa que si buscó entre una lista de 
valores de las corrientes y voltajes de todos los elementos de circuito en el circuito B, no podría decir 
si el circuito B estaba conectado a una fuente de voltaje no ideal o a una fuente de corriente no ideal 
equivalente. Del mismo modo, podemos imaginar que la figura 5.2-1c se obtuvo de la figura 5.2-1d 
al reemplazar la fuente de corriente no ideal con una fuente de voltaje no ideal. Reemplazar la fuente  
de corriente no ideal por la fuente de voltaje no ideal equivalente no modifica el voltaje o la corriente de  
ningún elemento en el circuito B. Al proceso de transformar la figura 5.2-1c en la figura 5.2-1d, o 
viceversa, se le llama transformación de fuentes.
 Queremos transformar el circuito de la figura 5.2-1a en el de la figura 5.2-1b. Entonces re-
querimos que ambos circuitos tengan las mismas características para todos los valores de un resistor 
externo R conectado entre las terminales a-b (figuras 5.2-2a,b). Trataremos los dos valores extremos 
R 5 0 y R 5
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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.
 Cuando la resistencia externa R 5 0, tenemos un cortocircuito a través de las terminales a-b. 
Primero, requerimos que la corriente del cortocircuito sea la misma para cada circuito. La corriente 
del cortocircuito para la figura 5.2-2a es

 
i 

vs

Rs
 (5.2-1)

Circuito B+
– vs

Rs a

b

+
– vs

Rs a

b

(a)

(c)

Circuito Bis

is

a

b

(d)

Rp

a

b

(b)

Rp

FIGURA 5.2-1 (a) Una fuente de 
voltaje no ideal. (b) Una fuente 
de corriente no ideal. (c) El circuito 
B conectado a una fuente de voltaje 
no ideal. (d) El circuito B conectado 
a una fuente de corriente no ideal.

(b)(a)

vs is Rp RR

Rs a

b

+
– v

ii +

–

a

b

v

+

–
FIGURA 5.2-2 (a) Fuente de voltaje con 
un resistor externo R. (b) Fuente de corriente 
con una resistencia externa R.
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La corriente del cortocircuito para la figura 5.2-2b es i � is. Por consiguiente, requerimos que

 
is

vs

Rs
 (5.2-2)

 Para la condición de circuito abierto, R es infinita, y a partir de la figura 5.2-2a, tenemos el 
voltaje v � vs. Para el voltaje del circuito abierto de la figura 5.2-2b, tenemos

v � is Rp 

Dado que v debe ser igual para que ambos circuitos sean equivalentes, requerimos que

 vs � is Rp  (5.2-3)

Además, de la ecuación 5.2-2 requerimos is � vs /Rs. Así, debemos tener

 
vs

vs

Rs
Rp 

y, por lo tanto, requerimos que

 Rs � Rp (5.2-4)

Las ecuaciones 5.2-2 y 5.2-4 deben ser ciertas simultáneamente para que las dos fuentes no ideales 
sean equivalentes. Desde luego, hemos comprobado que las dos fuentes son equivalentes en los dos 
valores (R � 0 y R � 1). No hemos comprobado que los circuitos son iguales para todas las R, pero 
aseveramos que la relación de igualdad se mantiene para todas las R para estos dos circuitos como se 
muestra a continuación.
 Para el circuito de la figura 5.2-2a, aplicamos la KVL para obtener

vs � iRs � v

Dividir entre Rs resulta

 
vs

Rs
i

v
Rs

 

Si aplicamos la KCL al circuito de la figura 5.2-2b, tenemos

 
is i

v
Rp

 

Así, los dos circuitos son equivalentes cuando is � vs /Rs y Rs � Rp.

Una fuente de voltaje vs conectada en serie con un resistor Rs, y una fuente de corriente is co-
nectada en paralelo con un resistor Rp son circuitos equivalentes siempre que 

Rp � Rs  y  vs � Rsis

Reemplazar una fuente de voltaje en serie con un resistor por su circuito equivalente no modificará 
las corrientes o voltajes del elemento en el resto del circuito. Del mismo modo, reemplazar una fuen-
te de corriente en paralelo con un resistor por su circuito equivalente no modificará las corrientes o 
voltajes del elemento en el resto del circuito.
 Las transformaciones de fuentes son útiles en la simplificación de circuitos y también lo pueden 
ser en análisis de nodos o enlaces. El método de transformar una forma de fuente en otra se resume 
en la figura 5.2-3.
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Encuentre la transformación de fuentes para los circuitos en las figuras 5.2-4a, b.

(b)(a)

is Rp 2 A28 V

14 Ω

12 Ω+
– vs

Rs

+
–

FIGURA 5.2-4 Los 
circuitos del ejemplo 5.2-1.

Solución
Utilizando el método resumido en la figura 5.2-3, observamos que la fuente de voltaje de la figura 5.2-4a se puede 
transformar en una fuente de corriente con Rp 5 Rs 5 14 V. La fuente de corriente es

is 
vs

Rs


28
14

 2 A

 La fuente transformada resultante se muestra en la parte derecha de la figura 5.2-4a.
 Empezando con la fuente de corriente de la figura 5.2.-4, tenemos Rs 5 Rp 5 12 V. La fuente de voltaje es

vs 5 is Rp 5 2(12) 5 24V
La fuente transformada resultante se muestra en la parte derecha de la figura 5.2-4b. Observe que el signo posi-
tivo de la fuente de voltaje, vs, aparece en la terminal más baja porque la flecha de la fuente de corriente apunta 
hacia abajo.

En la figura 5.2-5 se muestra un circuito. Encuentre la corriente y reduciendo 
a su forma más simple, el circuito a la derecha de las terminales a-b, median-
te las transformaciones de fuentes.

(b)

(a)

vs is Rp

Rs
a

b

a

b

a

b
Thévenin

Fije    is =

Método

Norton

is Rp

a

b

+
–

vs

Rs

+
–

Norton Thévenin

vs

Rs

Fije  Rp = Rs

Fije   vs = is Rp

Fije  Rs = Rp FIGURA 5.2-3 Método de 
transformaciones de fuentes.

E j E m p l o  5 . 2 - 1  Transformaciones de fuentes

E j E m p l o  5 . 2 - 2  Transformaciones de fuentes

FIGURA 5.2-5 El circuito del ejemplo 5.2-2.

+
–

+
–

a

b

3 V5 V 20 Ω

30 Ω5 Ωi
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Solución
El primer paso es transformar el resistor de 30 V y la fuente de 3 V en serie en una fuente de corriente con una 
resistencia en paralelo. Primero, observe que Rp 5 Rs 5 30 V. La fuente de corriente es

is 
vs

Rp


3
30

 0.1 A

como se muestra en la figura 5.2-6a. Al combinar las dos resistencias en paralelo en la figura 5.2-6a, tenemos que 
Rp2 5 12 V, como se muestra en la figura 5.2-6b. 
 La resistencia en paralelo de 12 V y la fuente de corriente de 0.1 A se pueden transformar en una fuente de 
voltaje en serie con Rs2 5 12 V, como se muestra en la figura 5.2-6c. La fuente de voltaje vs se encuentra utili-
zando la ecuación 5.2-3:

vs 5 is Rs2 5 0.1(12) 5 1.2 V
 Las transformaciones de fuentes no modifican las corrientes y voltajes en el resto del circuito. Por lo tanto,  
la corriente i en la figura 5.2-5 es igual a la corriente i en la figura 5.2-6c. La corriente i se encuentra utilizando la 
KVL en torno al circuito cerrado de la figura 5.2-6c, con el resultado de i 5 3.8>17 5 0.224 A.

EJERCICIO 5.2-1  Determine los valores de R e is de modo que los circuitos que se mues-
tran en las figuras E 5.2-1a, b sean equivalentes entre sí debido a una transformación de fuentes.

Respuesta: R 5 10 V e is 5 1.2 A

EJERCICIO 5.2-2  Determine los valores de R e is de modo que los circuitos que se mues-
tran en las figuras E 5.2-2a, b sean equivalentes entre sí debido a una transformación de fuentes. 

Sugerencia: Observe que la polaridad de la fuente de voltaje en la figura E 5.2-2a no es la misma 
como en la figura E 5.2-1a.

Respuesta: R 5 10 V e is 5 1.2 A

+
–

(a)

5 V 20 Ω 30 Ω

5 Ω a

b

0.1 A +
–

(b)

5 V 12 Ω

5 Ω a

b

0.1 A

+
–

+
–

(c)

5 V

5 Ω 12 Ωa

b

1.2 V 

i i

i

FIGURA 5.2-6 
Pasos de transformaciones de  
fuentes para el ejemplo 5.2-2.

FIGURA E 5.2-1 FIGURA E 5.2-2

R

is12 V 10 Ω+
–

(a) (b)

R

is12 V 10 Ω+
–

(a) (b)
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EJERCICIO 5.2-3  Determine los valores de R y vs de modo que los circuitos que se mues-
tran en la figura E 5.2-3a,b sean equivalentes entre sí debido a una transformación de fuentes.

Rvs 3 A

8 Ω

+
–

(a) (b)  FIGURA E 5.2-3

Respuesta: R 5 8 V y vs 5 24 V

EJERCICIO 5.2-4  Determine los valores de R y vs de modo que los circuitos que se mues-
tran en las figuras E 5.2-4a, b sean equivalentes entre sí debido a una transformación de fuentes.

Rvs 3 A

8 Ω

+
–

(a) (b)  FIGURA E 5.2-4

Sugerencia: Observe que la dirección de referencia de la fuente de corriente en la figura E 5.2-4b no 
es la misma que en la figura E 5.2-3b.

Respuesta: R 5 8 V y vs 5 224 V

5.3 S U P E R P O S I C I Ó N

La salida de un circuito lineal se puede expresar como una combinación lineal de sus entradas. Por 
ejemplo, considere cualquier circuito que tenga las tres propiedades siguientes:

1. El circuito consta totalmente de resistores y fuentes dependientes e independientes.

2.  La entradas del circuito son los voltajes de todas las fuentes de voltaje independientes, y las 
corrientes de todas las fuentes de corriente independientes.

3. La salida es el voltaje o la corriente de cualquier elemento del circuito.

Un circuito con estas características es un circuito lineal. En consecuencia, la entrada del circuito se 
puede expresar como una combinación lineal de la entrada del circuito. Por ejemplo:

 vo 5 a1v1 1 a2v2 1 . . . 1 anvn  (5.3-1)

donde v0 es la salida del circuito (que podría ser una corriente en vez de un voltaje) y v1, v2, . . . , vn 
son las entradas al circuito (alguna o todas las entradas podrían ser corrientes en vez de voltajes). Los 
coeficientes a1, a2, . . . , an, de la combinación lineal son constantes reales llamadas ganancias.
 A continuación consideremos qué pasaría si estableciéramos que todas las entradas menos una 
fueran cero. Sea voi la salida cuando todas las entradas excepto la iésima entrada tuvieran que ser cero. 
Por ejemplo, suponga que establecemos v2, v3, . . . , vn a cero.

M05_DORF_1571_8ED_SE_162-207.indd   167 4/12/11   5:30 PM



Alfaomega Circuitos Eléctricos - Dorf

	 168	 Teoremas de circuitos

Entonces
 vo1 5 a1v1 (5.3-2)

Podemos interpretar vo1 5 a1v1 como la salida del circuito debido a que la entrada v1 está actuando de 
manera separada. Por el contrario, vo en la ecuación 5.3-1 es la salida del circuito debido a que todas 
las entradas están trabajando en conjunto. Ahora tenemos la siguiente interpretación importante de la 
ecuación 5.3-1:

La salida de un circuito lineal debida a que varias entradas trabajan en conjunto es la suma de 
las salidas porque cada entrada funciona de manera separada.

 Las entradas a nuestro circuito son los voltajes de fuentes de voltaje independientes y las co-
rrientes de fuentes de corriente independientes. Cuando se establecen todas las entradas menos una 
a cero, las demás entradas se convierten en fuentes de voltaje de 0 V y fuentes de corriente de 0 A. 
Como las fuentes de voltaje de 0 V son equivalentes a cortocircuitos y las fuentes de corriente de 0 A 
son equivalentes a circuitos abiertos, las fuentes correspondientes a las demás entradas se reemplazan 
por cortocircuitos o circuitos abiertos.
 La ecuación 5.3-2 sugiere un método para determinar los valores de los coeficientes a1, a2, . . . , an 
de la combinación lineal. Por ejemplo, para determinar a1, se establecen v2, v3, . . . , vn a cero. Entonces, 
al dividir ambos lados de la ecuación entre v1, obtenemos

a1 
vo1

v1

Las otras ganancias se determinan de la misma manera.

El circuito que se muestra en la figura 5.3-1 tiene una salida, vo, y tres entradas, v1, i2 y v3. (Como se esperaba, las 
entradas son voltajes de fuentes de voltaje independientes y las corrientes de fuentes de corrientes independien-
tes.) Exprese la salida como una combinación linear de las entradas.

Solución
Analicemos el circuito utilizando ecuaciones nodales. Etiquete el voltaje de nodos en el nodo alto de la fuente 
de corriente e identifique el supernodo correspondiente a la fuente de voltaje horizontal como se muestra en la 
figura 5.3-2. Aplique la KCL al supernodo para obtener

v1 v3  v1 2o
40

 i2 
vo

10
Multiplique ambos lados de esta ecuación por 40 para eliminar las fracciones. Así tenemos
 v1 2 (v3 1 vo) 1 40i2 5 4vo 
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Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.

168 Circuit Theorems

 v1 1 40i2 2 v3 5 5vo

E j E m p l o  5 . 3 - 1  Superposición

FIGURA 5.3-1 Circuito lineal para el ejemplo 5.3-1. FIGURA 5.3-2 Un supernodo.

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω
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Dividiendo ambos lados entre 5, exprese las salida como una combinación lineal de las entradas:

vo 
v1

5
 8i2

v3

5
Incluso ahora podemos determinar que los coeficientes de la combinación lineal sean

a1 
vo1

v1


1
5

V/V, a2 
vo2

i2
 8V/A, y a3  

vo3

v3

1
5

V/V

Solución alterna
La figura 5.3-3 muestra el circuito de la figura 5.3-1 cuando i2 5 0 A y v3 5 0 V. (Una fuente de corriente cero 
equivale a un circuito abierto, y una fuente de voltaje cero es equivalente a un cortocircuito.)

v1
+
– vo1

+

–
10 Ω

40 Ω

Fuente de voltaje cero

Fuente de corriente cero  FIGURA 5.3-3 Salida ocasionada por la primera entrada.

 Aplicando la división de voltaje

vo1 
10

40  10
v1 

1
5

v1

En otras palabras,

a1 
vo1

v1


1
5

V/V

A continuación, la figura 5.3-4 muestra el circuito cuando v1 5 0 V y v3 5 0 V. Los resistores están conectados 
en paralelo. Aplicar la ley de Ohm a la resistencia equivalente da por resultado

vo2 
40 10
40  10

i2  8i2

En otras palabras,

a2 
vo2

i2
 8V/A

Finalmente, la figura 5.3-5 muestra el circuito cuando v1 5 0 V e i2 5 0 A. Utilizando la división de voltaje,

vo3  
10

40  10
v3

1
5

v3

FIGURA 5.3-4 Salida ocasionada por la segunda entrada. FIGURA 5.3-5 Salida ocasionada por la tercera entrada.

i2 vo2

+

–
10 Ω

40 Ω

Fuente de voltaje cero

Otra fuente de voltaje cero

vo3

v3

+

–
10 Ω

40 Ω
Fuente de
voltaje cero

Fuente de corriente cero

+ –
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E j E m p l o  5 . 3 - 2

En otras palabras,

a3
vo3

v3

1
5

V/V

Ahora la salida se puede expresar como una combinación lineal de las entradas

vo
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In other words,

a3 ¼ vo3

v3
¼ � 1

5
V/V

Now the output can be expressed as a linear combination of the inputs

vo ¼ a1v1 þ a2i2 þ a3v3 ¼ 1

5
v1 þ 8i2 þ � 1

5

� �
v3

as before.

E X A M P L E 5 . 3 - 2

Find the current i for the circuit of Figure 5.3-6a.

FIGURE 5.3-6 (a) The circuit for Example 5.3-2. (b) The independent voltage source acting alone. (c) The independent current

source acting alone.

Solution
Independent sources provide the inputs to a circuit. The circuit in Figure 5.3-6a has two inputs: the voltage of the

independent voltage source and the current of the independent current source. The current, i, caused by the two

sources acting together is equal to the sum of the currents caused by each independent source acting separately.

Step 1: Figure 5.3-6b shows the circuit used to calculate the current caused by the independent voltage

source acting alone. The current source current is set to zero for this calculation. (A zero current source is

equivalent to an open circuit, so the current source has been replaced by an open circuit.) The current due to the

voltage source alone has been labeled as i1 in Figure 5.3-6b.

Apply Kirchhoff’s voltage law to the loop in Figure 5.3-6b to get

�24þ 3þ 2ð Þi1 þ 3i1 þ 0 ) i1 ¼ 3 A

(Notice that we did not set the dependent source to zero. The inputs to a circuit are provided by the independent

sources, not by the dependent sources.When we find the response to one input acting alone, we set the other inputs

to zero. Hence, we set the other independent sources to zero, but there is no reason to set the dependent source to

zero.)

170 Circuit Theorems

como antes.

Encuentre la corriente i para el circuito de la figura 5.3-6a.

FIGURA 5.3-6 (a) El circuito para el ejemplo 5.3-2. (b) La fuente de voltaje independiente actuando sola. (c) La fuente de corriente 
independiente actuando sola.

Solución
Fuentes independientes proporcionan las entradas a un circuito. El circuito en la figura 5.3-6a tiene dos entradas: el 
voltaje de la fuente de voltaje independiente y la corriente de la fuente de corriente independiente. La corriente, i, 
causada por las dos fuentes que actúan en conjunto es igual a la suma de las corrientes causada por cada fuente 
independiente actuando por separado.
 Paso 1: La figura 5.3-6b muestra el circuito utilizado para calcular la corriente causada por la fuente de 
voltaje independiente actuando sola. Para este cálculo, la corriente de la fuente de corriente se establece en cero. 
(Una fuente de corriente en cero equivale a un circuito abierto, por lo que la fuente de corriente ha sido reem-
plazada por un circuito abierto.) En la figura 5.3-6b, la corriente ocasionada por la fuente de voltaje sola ha sido 
etiquetada como i1.
 Aplique la ley del voltaje de Kirchhoff al circuito cerrado en la figura 5.3-6b para obtener
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In other words,

a3 ¼ vo3

v3
¼ � 1

5
V/V

Now the output can be expressed as a linear combination of the inputs

vo ¼ a1v1 þ a2i2 þ a3v3 ¼ 1
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v1 þ 8i2 þ � 1

5

� �
v3

as before.
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Find the current i for the circuit of Figure 5.3-6a.

FIGURE 5.3-6 (a) The circuit for Example 5.3-2. (b) The independent voltage source acting alone. (c) The independent current

source acting alone.

Solution
Independent sources provide the inputs to a circuit. The circuit in Figure 5.3-6a has two inputs: the voltage of the

independent voltage source and the current of the independent current source. The current, i, caused by the two

sources acting together is equal to the sum of the currents caused by each independent source acting separately.

Step 1: Figure 5.3-6b shows the circuit used to calculate the current caused by the independent voltage

source acting alone. The current source current is set to zero for this calculation. (A zero current source is

equivalent to an open circuit, so the current source has been replaced by an open circuit.) The current due to the

voltage source alone has been labeled as i1 in Figure 5.3-6b.

Apply Kirchhoff’s voltage law to the loop in Figure 5.3-6b to get

�24þ 3þ 2ð Þi1 þ 3i1 þ 0 ) i1 ¼ 3 A

(Notice that we did not set the dependent source to zero. The inputs to a circuit are provided by the independent

sources, not by the dependent sources.When we find the response to one input acting alone, we set the other inputs

to zero. Hence, we set the other independent sources to zero, but there is no reason to set the dependent source to

zero.)

170 Circuit Theorems

(Observe que la fuente dependiente no se ha establecido en cero. Las entradas para un circuito las proporcionan 
las fuentes independientes, no las dependientes. Cuando encontramos la respuesta a una entrada que actúa sola, 
establecemos las otras entradas en cero. Entonces, establecemos las demás fuentes independientes en cero, pero 
no hay razón para establecer en cero la fuente dependiente.)

M05_DORF_1571_8ED_SE_162-207.indd   170 4/12/11   5:30 PM



Circuitos Eléctricos - Dorf Alfaomega

 Teorema de Thévenin 171

 Paso 2: La figura 5.3-6c muestra el circuito que se utilizó para calcular la corriente causada por la fuente 
de corriente actuando sola. Para este cálculo, el voltaje de la fuente de voltaje independiente se establece en cero. 
(Una fuente de voltaje cero es equivalente a un cortocircuito, de modo que la fuente de voltaje independiente ha 
sido reemplazada por un cortocircuito.) La corriente ocasionada por la fuente de voltaje sola se ha etiquetado 
como i2 en la figura 5.3-6c.
 Primero, exprese la corriente controladora de la fuente dependiente en términos del voltaje de nodos, va, 
utilizando la ley de Ohm:

i2 ¼ � va

3
) va ¼ �3i2

Luego, aplique la ley de la corriente de Kirchhoff al nodo a para obtener

i2 þ 7 ¼ va � 3i2
2

) i2 þ 7 ¼ �3i2 � 3i2
2

) i2 ¼ � 7

4
A

 Paso 3: La corriente, i, causada por las dos fuentes independientes actuando en conjunto es igual a la suma 
de  las corrientes, i1 e i2, causadas por cada fuente actuando por separado:

i ¼ i1 þ i2 ¼ 3� 7

4
¼ 5

4
A

5.4 T E O R E M A  D E  T H É V E N I N

En esta sección presentamos el circuito equivalente de Thévenin, basado en un teorema 
desarrollado por M. L. Thévenin, ingeniero francés que publicó este principio en 1883. Pro-
bablemente Thévenin, a quien se acredita el teorema, basó sus investigaciones en un trabajo 
original de Hermann von Helmholtz (figura 5.4-1).
 La figura 5.4-2 ilustra el uso del circuito equivalente de Thévenin. En la figura 5.4-2a, 
se parte un circuito en dos, el circuito A y el B, que están conectados en un solo par de termi-
nales. (Ésta es la única conexión entre los circuitos A y B. En particular, si el circuito comple-
to contiene una fuente dependiente, entonces ambas partes de esa fuente dependiente deben 
estar en el circuito A o bien en el circuito B.) En la figura 5.4-2b, el circuito A es reemplazado 
por su circuito equivalente de Thévenin, el cual consiste en una fuente de voltaje ideal en 
serie con un resistor. Reemplazar el circuito A por su circuito equivalente de Thévenin no 
modifica el voltaje o la corriente de ningún elemento en el circuito B. Esto significa que si 
usted buscaba en una lista de valores de las corrientes y los voltajes de todos los elementos 
de circuito en el circuito B, no podría indicar si el circuito B estaba conectado al circuito A o 
a su circuito equivalente de Thévenin.
 Encontrar el circuito equivalente de Thévenin del circuito A implica tres parámetros: 
el voltaje del circuito abierto, voc, la corriente del cortocircuito, isc, y la resistencia de Théve-
nin, Rt. La figura 5.4-3 ilustra la interpretación de estos tres parámetros. En la figura 5.4-3a 
un circuito abierto está conectado a través de las terminales del circuito A. El voltaje a través 

FIGURA 5.4-1 A 
Hermann von Helmholtz 
(1821-1894) se le atribuye 
el trabajo original en que 
se basó Thévenin para 
elaborar su teorema. 
Cortesía de la New York 
Public Library.

FIGURA 5.4-2 (a) Un circuito partido en dos partes: el circuito 
A y el circuito B. (b) El circuito A, reemplazado por su circuito 
equivalente de Thévenin.

FIGURA 5.4-3 El circuito equivalente de Thévenin implica tres 
parámetros: (a) el voltaje, voc, del circuito abierto (b) la corriente, 
isc, del cortocircuito y (c) la resistencia, Rt, de Thévenin.

Circuito BCircuito A

a

b

a

b

(a)

Circuito B+
– voc

Rt

(b)

Circuito A

a

b

(a)

+

–

voc

Rt

Circuito A

a

b

(b)

Circuito A*

a

b

(c)

isc
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de ese circuito abierto es el voc, voltaje de circuito abierto. En la figura 5.4-3b, un cortocircuito está 
conectado a través de las terminales del circuito A. La corriente en ese cortocircuito es la corriente, 
isc, del cortocircuito.
 La figura 5.4-3c indica que la resistencia de Thévenin, Rt, es la resistencia equivalente del 
circuito A*. El circuito A* está formado a partir del circuito A al reemplazar todas las fuentes de 
voltaje independientes por cortocircuitos y reemplazar todas las fuentes de corriente independientes 
por circuitos abiertos. (Las fuentes de corriente y voltaje dependientes no se reemplazan con circui-
tos abiertos o cortocircuitos.) Con frecuencia, la resistencia de Thévenin, Rt, se puede determinar 
por  el reemplazo repetido de resistores en serie o en paralelo por resistores equivalentes. A veces se 
requiere un método más formal. La figura 5.4-4 ilustra un método formal para determinar el valor de 
la resistencia de Thévenin. Una fuente de corriente que tiene una corriente it está conectada a través 
de las terminales del circuito A*. El voltaje, vt, a través de la fuente de corriente se calcula o mide. La 
resistencia de Thévenin está determinada por los valores de i1 y vt, utilizando
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the open-circuit voltage, voc. In Figure 5.4-3b, a short circuit is connected across the terminals of

circuit A. The current in that short circuit is the short-circuit current, isc.

Figure 5.4-3c indicates that the Th�evenin resistance, Rt, is the equivalent resistance of circuit A
�.

Circuit A� is formed from circuit A by replacing all the independent voltage sources by short circuits

and replacing all the independent current sources by open circuits. (Dependent current and voltage

sources are not replaced with open circuits or short circuits.) Frequently, the Th�evenin resistance, Rt,

can be determined by repeatedly replacing series or parallel resistors by equivalent resistors.

Sometimes, a more formal method is required. Figure 5.4-4 illustrates a formal method for

determining the value of the Th�evenin resistance. A current source having current it is connected

across the terminals of circuit A�. The voltage, vt, across the current source is calculated or measured.

The Th�evenin resistance is determined from the values of it and vt, using

Rt ¼ vt

it

The open-circuit voltage, voc, the short-circuit current, isc, and the Th�evenin resistance, Rt,

are related by the equation

voc ¼ Rtisc

Consequently, the Th�evenin resistance can be calculated from the open-circuit voltage and the short-

circuit current.

In summary, the Th�evenin equivalent circuit for circuit A consists of an ideal voltage source,

having voltage voc, in series with a resistor, having resistance Rt. Replacing circuit A by its Th�evenin
equivalent circuit does not change the voltage or current of any element in circuit B.

Rt

Circuit A*

a

b

(a)

Circuit A*

a

b

(b)

vt it

+

–
FIGURE 5.4-4 (a) The Th�evenin resistance,

Rt, and (b) a method for measuring or

calculating the Th�evenin resistance, Rt.

E X A M P L E 5 . 4 - 1 Th�evenin Equivalent Circuit

Using Th�evenin’s theorem, find the current i through the resistor R

in the circuit of Figure 5.4-5.

Solution
Because we are interested in the current i, we identify the resistor

R as circuit B. Then circuit A is as shown in Figure 5.4-6a. The

Th�evenin resistance Rt is found from Figure 5.4-6b, where we have

set the voltage source voltage to zero and then replaced the 0-V

source by a short circuit. We calculate the equivalent resistance looking into the terminals, obtaining Rt ¼ 8 V.

5 Ω 4 Ω

20 Ω50 V

i

+
– R

FIGURE 5.4-5 Circuit for Example 5.4-1.

172 Circuit Theorems

El voltaje del circuito abierto, voc, la corriente del cortocircuito, isc, y la resistencia de Théve-
nin, Rt, están relacionados por la ecuación

voc 5 Rtisc 

En consecuencia, la resistencia de Thévenin se puede calcular a partir del voltaje y de la corriente del 
cortocircuito.
 En resumen, el circuito equivalente de Thévenin para el circuito A consiste en una fuente de 
voltaje ideal, que tiene un voltaje voc, en serie con un resistor que tiene una resistencia Rt. Al reempla-
zar el circuito A por su circuito equivalente de Thévenin no se modifican el voltaje ni la corriente de 
ningún elemento en el circuito B.

Rt

Circuito A*

a

b

(a)

Circuito A*

a

b

(b)

vt it

+

–
FIGURA 5.4-4 (a) La resistencia de Thévenin, 
Rt, y (b) un método para la medición o el 
cálculo de la resistencia, Rt, de Thévenin.

Utilizando el teorema de Thévenin, encuentre la corriente i a través 
del resistor R en el circuito de la figura 5.4-5.

Solución
Puesto que lo que nos interesa es la corriente i, identificamos el re-
sistor R como circuito B. Entonces el circuito A es como se muestra 
en la figura 5.4-6a. La resistencia Rt de Thévenin se encuentra a 
partir de la figura 5.4-6b, donde hemos establecido el voltaje de la fuente de voltaje a cero y luego reemplazado 
la fuente de 0 V por un cortocircuito. Calculamos la resistencia equivalente buscando en las terminales, y obte-
niendo que Rt 5 8 V.

E j E m p l o  5 . 4 - 1  El circuito equivalente de Thévenin

FIGURA 5.4-5 Circuito para el ejemplo 5.4-1.

5 Ω 4 Ω

20 Ω50 V

i

+
– R
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i

20 Ω50 V

5 Ω 4 Ω

(a)
Rt

R

+
– 20 Ω

5 Ω 4 Ω

(b)

voc = 40 V

Rt = 8 Ω

(c)

+
– 40 V

8 Ω

(d)

+
– FIGURA 5.4-6 Pasos para determinar el 

circuito equivalente de Thévenin para el 
circuito a la izquierda de las terminales  
de la figura 5.4-5.

Aplicando el principio del divisor de voltaje al circuito de la figura 5.4-6a, encontramos que voc 5 40 V. Si re-
conectamos el circuito B al circuito equivalente de Thévenin como se muestra en la figura 5.4-6d, obtenemos
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Using the voltage divider principle with the circuit of Figure 5.4-6a, we find voc ¼ 40 V.

Reconnecting circuit B to the Th�evenin equivalent circuit as shown in Figure 5.4-6d, we obtain

i ¼ 40

Rþ 8
A

E X A M P L E 5 . 4 - 2 Th�evenin Equivalent Circuit

Find the Th�evenin equivalent circuit for the circuit shown in Figure 5.4-7.

Solution
One approach is to find the open-circuit voltage and the circuit’s Th�evenin equivalent resistance Rt. First, let us

find the resistance Rt. Figure 5.4-8 shows the circuit after replacing the voltage source by a short circuit and

replacing the current source by an open circuit. Look into the circuit at terminals a–b to find Rt. The 10-V resistor

in parallel with the 40-V resistor results in an equivalent resistance of 8V. Adding 8V to 4V in series, we obtain

Rt ¼ 12V

Next, we wish to determine the open-circuit voltage at terminals a–b. Because no current flows through the

4-V resistor, the open-circuit voltage is identical to the voltage across the 40-V resistor, vc. Using the bottom node

as the reference, we write KCL at node c of Figure 5.4-7 to obtain

vc � 10

10
þ vc

40
þ 2 ¼ 0

Solving for vc yields

vc ¼ �8 V

Therefore, the Th�evenin equivalent circuit is as shown in Figure 5.4-9.

40 Ω 2 A10 V

10 Ω 4 Ω
a

c

b

+
–

FIGURE 5.4-7 Circuit for Example 5.4-2.

40 Ω

10 Ω 4 Ω
a

b
Rt

FIGURE 5.4-8 Circuit of Figure 5.4-7 with all the

sources deactivated.

b

8 V

a

+
–

12 Ω

FIGURE 5.4-9 Th�evenin

equivalent circuit for the

circuit of Figure 5.4-7.

i

20 Ω50 V

5 Ω 4 Ω

(a)
Rt

R

+
– 20 Ω

5 Ω 4 Ω

(b)

voc = 40 V

Rt = 8 Ω

(c)

+
– 40 V

8 Ω

(d)

+
– FIGURE 5.4-6 Steps for determining the

Th�evenin equivalent circuit for the circuit

left of the terminals of Figure 5.4-5.
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Encuentre el circuito equivalente de Thévenin para el circuito que se muestra en la figura 5.4-7.

Solución
Un método es encontrar el voltaje del circuito abierto y la resistencia equivalente Rt de Thévenin del circuito. Lo 
primero es encontrar la resistencia Rt. La figura 5.4-8 muestra el circuito después de reemplazar la fuente de volta-
je por un cortocircuito y la fuente de corriente por un circuito abierto. Buscar el circuito en las terminales a-b para 
encontrar Rt. El resistor de 10-V en paralelo con el resistor de 40-V da como resultado una resistencia equivalente 
de 8 V. Si agregamos 8 V a 4 V en serie, obtenemos

Rt 5 12 V
 A continuación, deseamos determinar el voltaje del circuito abierto en las terminales a-b. Como no fluye 
corriente a través del resistor de 4-V, el voltaje del circuito abierto es idéntico al voltaje a través del resistor de 
40-V, vc. Utilizando el nodo inferior como referencia, escribimos la KCL en el nodo c de la figura 5.4-7 para obtener. 
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Using the voltage divider principle with the circuit of Figure 5.4-6a, we find voc ¼ 40 V.

Reconnecting circuit B to the Th�evenin equivalent circuit as shown in Figure 5.4-6d, we obtain

i ¼ 40

Rþ 8
A

E X A M P L E 5 . 4 - 2 Th�evenin Equivalent Circuit

Find the Th�evenin equivalent circuit for the circuit shown in Figure 5.4-7.

Solution
One approach is to find the open-circuit voltage and the circuit’s Th�evenin equivalent resistance Rt. First, let us

find the resistance Rt. Figure 5.4-8 shows the circuit after replacing the voltage source by a short circuit and

replacing the current source by an open circuit. Look into the circuit at terminals a–b to find Rt. The 10-V resistor

in parallel with the 40-V resistor results in an equivalent resistance of 8V. Adding 8V to 4V in series, we obtain

Rt ¼ 12V

Next, we wish to determine the open-circuit voltage at terminals a–b. Because no current flows through the

4-V resistor, the open-circuit voltage is identical to the voltage across the 40-V resistor, vc. Using the bottom node

as the reference, we write KCL at node c of Figure 5.4-7 to obtain

vc � 10

10
þ vc

40
þ 2 ¼ 0

Solving for vc yields

vc ¼ �8 V

Therefore, the Th�evenin equivalent circuit is as shown in Figure 5.4-9.

40 Ω 2 A10 V

10 Ω 4 Ω
a

c

b

+
–

FIGURE 5.4-7 Circuit for Example 5.4-2.

40 Ω

10 Ω 4 Ω
a

b
Rt

FIGURE 5.4-8 Circuit of Figure 5.4-7 with all the

sources deactivated.

b

8 V

a

+
–

12 Ω

FIGURE 5.4-9 Th�evenin

equivalent circuit for the

circuit of Figure 5.4-7.

i

20 Ω50 V

5 Ω 4 Ω

(a)
Rt

R

+
– 20 Ω

5 Ω 4 Ω

(b)

voc = 40 V

Rt = 8 Ω

(c)

+
– 40 V

8 Ω

(d)

+
– FIGURE 5.4-6 Steps for determining the

Th�evenin equivalent circuit for the circuit

left of the terminals of Figure 5.4-5.

Th�evenin’s Theorem 173

Al despejar vc resulta
vc 5 28 V

Por lo tanto, el circuito equivalente de Thévenin es como se muestra en la figura 5.4-9. 

E j E m p l o  5 . 4 - 2  Circuito equivalente de Thévenin

40 Ω

10 Ω 4 Ω
a

b
Rt

FIGURA 5.4-8 Circuito de la figura 5.4-7 con 
todas las fuentes desactivadas.

b

8 V

a

+
–

12 Ω

FIGURA 5.4-9 Circuito 
equivalente de Thévenin para 
el circuito de la figura 5.4-7.

40 Ω 2 A10 V

10 Ω 4 Ω
a

c

b

+
–

FIGURA 5.4-7 Circuito para el ejemplo 5.4-2.
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 Algunos circuitos contienen una o más fuentes dependientes así como fuentes inde-
pendientes. El que haya una fuente dependiente impide obtener directamente la Rt desde la 
reducción de un circuito sencillo utilizando las reglas para los resistores en paralelo y en serie.
 Un procedimiento para determinar Rt es (1) determinar el voltaje de circuito abierto 
voc, y (2) determinar la corriente isc del cortocircuito cuando las terminales a-b están conec-
tadas por un cortocircuito, como se muestra en la figura 5.4-10; entonces

Rt 
voc

isc

 Este método es atractivo porque ya necesitamos el voltaje del circuito abierto para el 
circuito equivalente de Thévenin. Podemos mostrar que Rt 5 voc >isc al escribir la ecuación 
de la KVL  para el circuito cerrado de la figura 5.4-10, obteniendo

2voc 1 Rt isc 5 0
Obviamente, Rt 5 voc >isc.

FIGURA 5.4-10 
Circuito de Thévenin con 
un cortocircuito en las 
terminales a-b.

voc isc

Rt a

b

+
–

Encuentre el circuito equivalente de Thévenin para el circuito que se 
muestra en la figura 5.4-11, el cual incluye una fuente dependiente.

Solución
Primero, encontramos el voltaje del circuito abierto vca 5 vab. Al es-
cribir la KVL en torno al enlace de la figura 5.4-11 (usando i como 
la corriente de enlace) obtenemos

220 1 6i 2 2i 1 6i 5 0
Por lo tanto,

i 5 2 A

Dado que no hay corriente que fluya a través del resistor de 10-V, el 
voltaje del circuito abierto es idéntico al voltaje a través del resistor 
entre las terminales c y b. Por lo tanto,

voc 5 6i 5 12 V

 El paso siguiente es determinar la corriente del cortocircuito 
para el circuito de la figura 5.4-12. Utilizando las dos corrientes de 
enlace indicadas, tenemos

y 
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Some circuits contain one or more dependent sources as well as independent sources.

The presence of the dependent source prevents us from directly obtaining Rt from simple

circuit reduction using the rules for parallel and series resistors.

A procedure for determining Rt is: (1) determine the open-circuit voltage voc, and (2)

determine the short-circuit current isc when terminals a–b are connected by a short circuit, as

shown in Figure 5.4-10; then

Rt ¼ voc

isc

This method is attractive because we already need the open-circuit voltage for the

Th�evenin equivalent circuit. We can show that Rt¼ voc=isc by writing the KVL equation for

the loop of Figure 5.4-10, obtaining

�voc þ Rtisc ¼ 0

Clearly, Rt ¼ voc=isc.

voc isc

Rt a

b

+
–

FIGURE 5.4-10

Th�evenin circuit with

a short circuit at

terminals a–b.

E X A M P L E 5 . 4 - 3 Th�evenin Equivalent Circuits and Dependent Sources

Find the Th�evenin equivalent circuit for the circuit shown in

Figure 5.4-11, which includes a dependent source.

Solution
First, we find the open-circuit voltage voc ¼ vab. Writing KVL

around the mesh of Figure 5.4-11 (using i as the mesh current),

we obtain

�20þ 6i� 2iþ 6i ¼ 0

Therefore,

i ¼ 2 A

Because no current is flowing through the 10-V resistor, the

open-circuit voltage is identical to the voltage across the

resistor between terminals c and b. Therefore,

voc ¼ 6i ¼ 12 V

The next step is to determine the short-circuit current

for the circuit of Figure 5.4-12. Using the two mesh currents indicated, we have

�20þ 6i1 � 2iþ 6(i1 � i2) ¼ 0

and 6(i2 � i1)þ 10i2 ¼ 0

Substitute i ¼ i1 � i2 and rearrange the two equations to obtain

10i1 � 4i2 ¼ 20

and � 6i1 þ 16i2 ¼ 0

Therefore, we find that i2 ¼ isc ¼ 120=136 A. The Th�evenin resistance is

Rt ¼ voc

isc
¼ 12

120=136
¼ 13:6V

i

6 Ω20 V

6 Ω 10 Ω ac

b

+
–

+–

2i

FIGURE 5.4-11 Circuit of Example 5.4-3.

isc

i

6 Ω20 V

6 Ω 10 Ω a

b

+
–

+–

2i

i1 i2

FIGURE 5.4-12 Circuit of

Figure 5.4-11 with output

terminals a–b short-circuited.

174 Circuit Theorems

Sustituir i 5 i1 2 i2 y reordenar las dos ecuaciones para obtener

y 
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Some circuits contain one or more dependent sources as well as independent sources.

The presence of the dependent source prevents us from directly obtaining Rt from simple

circuit reduction using the rules for parallel and series resistors.

A procedure for determining Rt is: (1) determine the open-circuit voltage voc, and (2)

determine the short-circuit current isc when terminals a–b are connected by a short circuit, as

shown in Figure 5.4-10; then

Rt ¼ voc

isc

This method is attractive because we already need the open-circuit voltage for the

Th�evenin equivalent circuit. We can show that Rt¼ voc=isc by writing the KVL equation for

the loop of Figure 5.4-10, obtaining

�voc þ Rtisc ¼ 0

Clearly, Rt ¼ voc=isc.
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FIGURE 5.4-10

Th�evenin circuit with

a short circuit at

terminals a–b.

E X A M P L E 5 . 4 - 3 Th�evenin Equivalent Circuits and Dependent Sources

Find the Th�evenin equivalent circuit for the circuit shown in

Figure 5.4-11, which includes a dependent source.

Solution
First, we find the open-circuit voltage voc ¼ vab. Writing KVL

around the mesh of Figure 5.4-11 (using i as the mesh current),

we obtain

�20þ 6i� 2iþ 6i ¼ 0

Therefore,

i ¼ 2 A

Because no current is flowing through the 10-V resistor, the

open-circuit voltage is identical to the voltage across the

resistor between terminals c and b. Therefore,

voc ¼ 6i ¼ 12 V

The next step is to determine the short-circuit current

for the circuit of Figure 5.4-12. Using the two mesh currents indicated, we have

�20þ 6i1 � 2iþ 6(i1 � i2) ¼ 0

and 6(i2 � i1)þ 10i2 ¼ 0

Substitute i ¼ i1 � i2 and rearrange the two equations to obtain

10i1 � 4i2 ¼ 20

and � 6i1 þ 16i2 ¼ 0

Therefore, we find that i2 ¼ isc ¼ 120=136 A. The Th�evenin resistance is

Rt ¼ voc

isc
¼ 12

120=136
¼ 13:6V

i

6 Ω20 V

6 Ω 10 Ω ac

b
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–

+–
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FIGURE 5.4-11 Circuit of Example 5.4-3.
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i

6 Ω20 V
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b

+
–

+–

2i

i1 i2

FIGURE 5.4-12 Circuit of

Figure 5.4-11 with output

terminals a–b short-circuited.

174 Circuit Theorems

Por lo tanto, encontramos que i2 5 isc 5 120>136 A. La resistencia de Thévenin es

Rt 
voc

isc


12
120>136

 13.6 

Ej E m p l o 5.4-3 Circuitos equivalentes y fuentes dependientes de Thévenin

i

6 Ω20 V

6 Ω 10 Ω ac

b

+
–

+–

2i

isc

i

6 Ω20 V

6 Ω 10 Ω a

b

+
–

+–

2i

i1 i2

FIGURA 5.4-11 Circuito del ejemplo 5.4-3.

FIGURA 5.4.12 Circuito de la figura 5.4-11 con 
terminales de salida a-b en cortocircuito. 
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 Un procedimiento de laboratorio para determinar el equivalente de Thévenin de un circuito de 
caja negra (vea la figura 5.4-13a) es para medir i y v para dos o más valores de vs y un valor fijo de R. Para 
el circuito de la figura 5.4-13b, reemplazamos el circuito de prueba con su equivalente de Thévenin, 
obteniendo
 v 5 voc 1 iRt (5.4-1)
El procedimiento es para medir v e i para una R fija y varios valores de vs. Por ejemplo, sea R 5 10 
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and an ammeter. Ideally, adding the voltmeter and ammeter in this way does not disturb the circuit.

One more interpretation of Figure 2.6-3 is useful. Figure 2.6-3b could be formed from Figure 2.6-3c by

replacing the voltmeter and the ammeter by their (ideal) models.

The reference direction is an important part of an element voltage or element current. Figures

2.6-4 and 2.6-5 show that attention must be paid to reference directions when measuring an element

voltage or element current. Figure 2.6-4a shows a voltmeter. Voltmeters have two color-coded probes.

This color coding indicates the reference direction of the voltage being measured. In Figures 2.6-4b

and Figure 2.6-4c the voltmeter is used to measure the voltage across the 6-kV resistor. When the

voltmeter is connected to the circuit as shown in Figure 2.6-4b, the voltmeter measures va, with þ on

10 Ω50 Ω

60 Ω20 Ω

10 Ω50 Ω

60 Ω20 Ω

10 Ω50 Ω

60 Ω20 Ω

+
–

+
–

+
–

Voltmeter Ammeter

(b)(a)

(c)

2 volts

2 volts

2 volts

i

i

+ –v

+ –v
Open circuit

Short
circuit

FIGURE 2.6-3 (a) An example circuit, (b) plus an open circuit and a short circuit. (c) The open circuit is replaced by a

voltmeter, and the short circuit is replaced by an ammeter.

+

Voltmeter

(b)(a) (c)

+ –va

Voltmeter

+ –v

12 V

5 kΩ 6 kΩ
4 kΩ10 kΩ+

–

Voltmeter

– vb

12 V

5 kΩ 6 kΩ
4 kΩ10 kΩ+

–

+ 3 . 6 – 3 . 6

FIGURE 2.6-4 (a) The correspondence between the color-coded probes of the voltmeter and the reference direction of the

measured voltage. In (b), theþ sign of va is on the left, whereas in (c), theþ sign of vb is on the right. The colored probe is

shown here in blue. In the laboratory this probe will be red. We will refer to the colored probe as the ‘‘red probe.’’

32 Circuit Elements

 
y considerar las dos mediciones resulta

(1) vs 5 49 V: i 5 0.5 A, v 5 44 V
y  (2) vs 5 76 V: i 5 2 A, v 5 56 V
Entonces tenemos dos ecuaciones simultáneas (utilizando la ecuación 5.5-1):
 44 5 voc 1 0.5Rt
 56 5 voc 1 2Rt

Despejando estas ecuaciones simultáneas, tenemos Rt 5 8 V y voc 5 40 V; de esta manera se obtiene 
el equivalente de Thévenin del circuito de la caja negra.

EJERCICIO 5.4-1  Determine los valores de Rt y voc que hacen que el circuito que se mues-
tra en la figura E 5.4-1b sea el circuito equivalente del circuito en la figura E 5.4-1a.

Respuesta: Rt 5 8 V y voc 5 2 V

 

voc

Rt

3 V

3 Ω 6 Ω

6 Ω +
–

+
–

a

b

a

b

(a) (b)  

voc

Rt

12 V

6 Ω 3 Ω

+
–

+
–

a

b

a

b

+

–
ia

2ia

(a) (b)

FIGURA E 5.4-1 FIGURA E 5.4-2

EJERCICIO 5.4-2  Determine los valores de Rt y voc que hacen que el circuito que se muestra 
en la figura E 5.4-2b sea el circuito equivalente de Thévenin del circuito en la figura E 5.4-2a.

Respuesta: Rt 5 3 V y voc 5 26 V

5.5 C I R C U I T O  E Q U I VA L E N T E  D E  N O R T O N

Un ingeniero estadounidense, E. L. Norton, de los Laboratorios Bell Telephone, propuso un circui- 
to equivalente para el circuito A de la figura 5.4-2, utilizando una fuente de corriente y una resistencia 
equivalente. El circuito equivalente de Norton se relaciona con el circuito equivalente de Thévenin por  
una transformación de fuente. En otras palabras, una transformación de fuente convierte un circuito 

FIGURA 5.4-13 (a) Circuito a prueba 
con una fuente de laboratorio vs y 
resistor R. (b) circuito de (a) con el 
circuito equivalente de Thévenin 
reemplazando al circuito a prueba.

Circuito
a prueba

i i

v

+

–

+
–

Rt

vs

R

v

+

–

+
–

+
– vsvoc

R

(b)(a)
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equivalente de Thévenin en un circuito equivalente de Norton o viceversa. Norton publicó su método 
en 1926, 43 años después de Thévenin.
 El teorema de Norton se puede enunciar como sigue: ante cualquier circuito lineal, dividirlo 
en dos circuitos, A y B. Si A o B contienen una fuente dependiente, su variable controladora debe 
estar en el mismo circuito. Considere el circuito A y determine su corriente icc del cortocircuito en 
sus terminales. Entonces el circuito equivalente de A es una fuente de corriente isc en paralelo con 
una resistencia Rn, donde Rn es la resistencia que se investiga en el circuito A con todas sus fuentes 
independientes desactivadas.

El teorema de Norton requiere que para cualquier circuito de elementos de re-
sistencia y fuentes de energía con un par de terminales identificadas, el circuito se 
pueda reemplazar por una combinación en paralelo de una fuente de corriente ideal 
isc y una conductancia Gn, donde isc es la corriente del cortocircuito en las dos ter-
minales, y Gn es la razón de la corriente del cortocircuito para el voltaje del circuito 
abierto en el par de terminales.

 De todas formas, tenemos el circuito de Norton para el circuito A como se muestra 
en la figura 5.5-1. Encontrar el circuito equivalente del circuito en la figura 5.5-1 muestra 
que Rn 5 Rt y voc 5 Rtisc. El equivalente de Norton es simplemente la transformación de 
fuentes del equivalente de Thévenin.

FIGURA 5.5-1 Circuito 
equivalente de Norton para 
un circuito lineal A.

a

b

Rn

Rn

isc

Encuentre el circuito equivalente de Norton para el circuito de la figura 5.5-2.

Solución
Podemos reemplazar la fuente de voltaje por un cortocircuito y encontrar Rn por la reducción del circuito. Al re-
emplazar la fuente de voltaje por un cortocircuito, tenemos un resistor de 6-kV en paralelo con (8 kV 1 4 kV) 5 
12 kV. Por lo tanto,
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words, a source transformation converts a Th�evenin equivalent circuit into a Norton equivalent circuit
or vice versa. Norton published his method in 1926, 43 years after Th�evenin.

Norton’s theorem may be stated as follows: Given any linear circuit, divide it into two circuits, A

and B. If either A or B contains a dependent source, its controlling variable must be in the same circuit.

Consider circuit A and determine its short-circuit current isc at its terminals. Then the equivalent circuit of

A is a current source isc in parallel with a resistance Rn, where Rn is the resistance looking into circuit A

with all its independent sources deactivated.

Norton’s theorem requires that, for any circuit of resistance elements and

energy sources with an identified terminal pair, the circuit can be replaced by a

parallel combination of an ideal current source isc and a conductance Gn, where

isc is the short-circuit current at the two terminals and Gn is the ratio of the short-

circuit current to the open-circuit voltage at the terminal pair.

We therefore have the Norton circuit for circuit A as shown in Figure 5.5-1. Finding

the Th�evenin equivalent circuit of the circuit in Figure 5.5-1 shows that Rn¼ Rt and voc¼
Rtisc. The Norton equivalent is simply the source transformation of the Th�evenin
equivalent.

a

b

Rn

Rn

isc

FIGURE 5.5-1 Norton

equivalent circuit for a linear

circuit A.

E X A M P L E 5 . 5 - 1 Norton Equivalent Circuit

Find the Norton equivalent circuit for the circuit of Figure 5.5-2.

Solution
We can replace the voltage source by a short circuit and find Rn by circuit reduction. Replacing the voltage source

by a short circuit, we have a 6-kV resistor in parallel with (8 kV þ 4 kV) ¼ 12 kV. Therefore,

Rn ¼ 6� 12

6þ 12
¼ 4 kV

To determine isc, we short-circuit the output terminals with the voltage source activated as shown in Figure

5.5-3. Writing KCL at node a, we have

� 15 V

12 kV
þ isc ¼ 0

or isc ¼ 1:25 mA

Thus, the Norton equivalent (Figure 5.5-1) has Rn ¼ 4 kV and isc ¼ 1.25 mA.

b

a

+
–

Norton
equivalent

15 V

8 kΩ

4 kΩ

6 kΩ

FIGURE 5.5-2 Circuit of Example 5.5-1.

b

a

isc15 V

8 kΩ

4 kΩ

6 kΩ+
–

FIGURE 5.5-3 Short circuit connected to output terminals.

176 Circuit Theorems

Para determinar isc, ponemos en cortocircuito las terminales de salida con la fuente de voltaje activada como se 
muestra en la figura 5.5-3. Si escribimos la KCL en el nodo a, tenemos

o bien  

15 V
12 k

 isc  0

isc  1.25 mA

Así, el equivalente de Norton (figura 5.5-1) tiene Rn 5 4 kV e isc 1 1.25 mA.

E j E m p l o  5 . 5 - 1  El circuito equivalente de Norton

FIGURA 5.5-3 Cortocircuito conectado a las terminales de salida.FIGURA 5.5-2 Circuito del ejemplo 5.5-1. 

b

a

+
–

Equivalente
de Norton

15 V

8 kΩ

4 kΩ

6 kΩ

b

a

isc15 V

8 kΩ

4 kΩ

6 kΩ+
–
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E j E m p l o  5 . 5 - 2  El circuito equivalente de Norton

Ej E m p l o 5.5-3 Circuitos equivalentes de Norton y fuentes dependientes

FIGURA 5.5-4 Circuito del ejemplo 5.5-2. Resistencias en ohmios.
FIGURA 5.5-5 Cortocircuito conectado a las terminales a-b 
del circuito de la figura 5.5-4. Resistencias en ohmios. 

24 V

3 A 12 Ω

4 Ω

a

b

+
–

12 Ω

a

b

4 Ω

Rn

3 Ω9 A

a

b

FIGURA 5.5-7 Equivalente de Norton del circuito de la 
figura 5.5-4. 

FIGURA 5.5-6 Circuito de la figura 5.5-4 con sus fuentes 
desactivadas. La fuente de voltaje se convierte en un cortocircuito 
y la fuente de corriente es reemplazada por un circuito abierto.

Encuentre el circuito equivalente de Norton para el circuito de la figura 5.5-4.

Solución
Primero, determine la corriente isc para la condición del cortocircuito que se muestra en la figura 5.5-5. Escribien-
do la KCL en a, obtenemos

24
4

3  isc  0

Observe que no fluye corriente en el resistor de 12-V porque está en paralelo con un cortocircuito. Incluso, a cau-
sa del cortocircuito, la fuente de 24-V hace que los 24 V parezcan pasar a través del resistor de 4-V. Por lo tanto,

isc 
24
4

 3  9 A

 Ahora, determine la resistencia equivalente Rn 5 Rt. La figura 5.5-6 muestra el circuito después de reem-
plazar la fuente de voltaje por un cortocircuito y reemplazar la fuente de corriente por un circuito abierto. Obvia-
mente, Rn 5 3 V. Por lo tanto, obtenemos el circuito equivalente de Norton como se muestra en la figura 5.5-7.

Encuentre el equivalente de Norton a la izquierda de las terminales a-b para el circuito de la figura 5.5-8.

Solución
Primero, necesitamos determinar la corriente isc del cortocircuito utilizando la figura 5.5-9. Observe que vab 5 0 
cuando las terminales están en cortocircuito. Entonces,

i 5 5>500 5 10 mA

isc

24 V

3 A 12 Ω

4 Ω

a

b

+
–
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Por consiguiente, para la parte derecha del circuito,
isc 5 210i 5 2100 mA

Ahora, para obtener Rt, necesitamos voc 5 vab a partir de la figura 5.5-8, donde i es la corriente en el primer enlace 
(a la izquierda). Escribimos la ecuación de la corriente de enlaces y tenemos

25 1 500i 1 vab 5 0
Además, para el enlace de la parte derecha de la figura 5.5-8, observamos que

Por consiguiente, 
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EXERCISE 5.5-1 Determine values of Rt and isc that cause the circuit shown in Figure

E 5.5-1b to be the Norton equivalent circuit of the circuit in Figure E 5.5-1a.

isc Rt3 V

3 Ω

6 Ω

6 Ω

+
–

a

b

a

b

(a) (b) FIGURE E 5.5-1

Answer: Rt ¼ 8 V and isc ¼ 0.25 A

Therefore, for the right-hand portion of the circuit,

isc ¼ �10i ¼ �100 mA

Now, to obtain Rt, we need voc¼ vab from Figure 5.5-8, where i is the current in the first (left-hand) mesh. Writing

the mesh current equation, we have

�5þ 500iþ vab ¼ 0

Also, for the right-hand mesh of Figure 5.5-8, we note that

vab ¼ �25(10i) ¼ �250i

Therefore; i ¼ �vab

250

Substituting i into the first mesh equation, we obtain

500
�vab

250

� �
þ vab ¼ 5

Therefore; vab ¼ �5 V

and Rt ¼ vab

isc
¼ �5

�0:1
¼ 50V

The Norton equivalent circuit is shown in Figure 5.5-10.

a

b

0.1 A 50 Ω

FIGURE 5.5-10 The Norton equivalent

circuit for Example 5.5-3.

vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–

FIGURE 5.5-8 The circuit of Example 5.5-3.

vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–
isc

FIGURE 5.5-9 Circuit of Figure 5.5-8 with a short circuit

at the terminals a–b.
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Si sustituimos i en la ecuación del primer enlace, obtenemos

En consecuencia, 
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EXERCISE 5.5-1 Determine values of Rt and isc that cause the circuit shown in Figure

E 5.5-1b to be the Norton equivalent circuit of the circuit in Figure E 5.5-1a.

isc Rt3 V

3 Ω

6 Ω

6 Ω

+
–

a

b

a

b

(a) (b) FIGURE E 5.5-1

Answer: Rt ¼ 8 V and isc ¼ 0.25 A

Therefore, for the right-hand portion of the circuit,

isc ¼ �10i ¼ �100 mA

Now, to obtain Rt, we need voc¼ vab from Figure 5.5-8, where i is the current in the first (left-hand) mesh. Writing

the mesh current equation, we have

�5þ 500iþ vab ¼ 0

Also, for the right-hand mesh of Figure 5.5-8, we note that

vab ¼ �25(10i) ¼ �250i

Therefore; i ¼ �vab

250

Substituting i into the first mesh equation, we obtain

500
�vab

250

� �
þ vab ¼ 5

Therefore; vab ¼ �5 V

and Rt ¼ vab

isc
¼ �5

�0:1
¼ 50V

The Norton equivalent circuit is shown in Figure 5.5-10.

a

b

0.1 A 50 Ω

FIGURE 5.5-10 The Norton equivalent

circuit for Example 5.5-3.

vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–

FIGURE 5.5-8 The circuit of Example 5.5-3.

vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–
isc

FIGURE 5.5-9 Circuit of Figure 5.5-8 with a short circuit

at the terminals a–b.
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y Rt 
vab

isc


5
0.1

 50 

 El circuito equivalente de Norton se muestra en la figura 5.5-10.

FIGURA 5.5-9 Circuito de la figura 5.5-8 con un cortocircuito 
en las terminales a-b.

FIGURA 5.5-8 El circuito del ejemplo 5.5-3.

vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–
vab

a

b

500 Ω

5 V
i

25 Ω10i+
–

+

–
isc

FIGURA 5.5-10 El circuito equivalente de 
Norton para el ejemplo 5.5-3. 

a

b

0.1 A 50 Ω

EJERCICIO 5.5-1  Determine los valores de Rt e isc que hacen que el circuito que se muestra 
en la figura E 5.5-1b sea el circuito equivalente de Norton del circuito en la figura E 5.5-1a.

isc Rt3 V

3 Ω

6 Ω

6 Ω

+
–

a

b

a

b

(a) (b)  FIGURA E 5.5-1

Respuesta: Rt 5 8 V e isc 5 0.25 A
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5.6 T R A N S F E R E N C I A  D E  P O T E N C I A  M Á X I M A

Muchas aplicaciones de circuitos requieren la potencia máxima disponible que se pueda transferir 
de una fuente a un resistor de carga RL. Considere el circuito A que se muestra en la figura 5.6-1, 
terminado con una carga RL. Como se demostró en la sección 5.4, el circuito A se puede reducir a su 
equivalente de Thévenin, como se muestra en la figura 5.6-2.

 

RL

Circuito A

 

Rt

RL

i
+
–

vs

 El problema general de transferencia de potencia se puede analizar en términos de eficiencia 
y efectividad. Los sistemas de instalación de potencia están diseñados para transportar la potencia a 
la carga con la mayor eficiencia mediante la reducción de pérdidas en las líneas de energía. Por eso 
el esfuerzo se concentra en reducir Rt, la cual podría representar la resistencia de la fuente, más la 
resistencia de la línea. Obviamente, la idea de utilizar líneas superconductoras que no representaran 
resistencia en la línea es muy atractiva para los ingenieros de energía.
 En el caso de transmisión de señales, como en las industria de la electrónica y las comunicacio-
nes, el problema es lograr la máxima intensidad en la señal en la carga. Considere la señal recibida 
en la antena de un receptor de radio de FM desde una estación lejana. El objetivo de un ingeniero es 
diseñar un circuito receptor de modo que la potencia máxima llegue finalmente a la salida del circuito 
amplificador conectado a la antena de su radio de FM. Por lo tanto, podemos representar la antena de 
FM y el amplificador con el circuito equivalente de Thévenin que se muestra en la figura 5.6-2.
 Consideremos el circuito general de la figura 5.6-2. Deseamos encontrar el valor de la resis-
tencia de carga, RC, como la máxima potencia que se le transmite. Primero, necesitamos encontrar la 
potencia a partir de

p 5 i 2RL
Dado que la corriente i es

i 
vs

RL  Rt

encontramos que la potencia es

 
p 

vs

RL  Rt

2

RL (5.6-1)

Suponiendo que vf y Rt están colocados para una fuente dada, la potencia máxima es una función de 
RC. Para encontrar el valor de RC que maximice la potencia, utilizamos el cálculo diferencial para 
encontrar dónde la derivada dp>dRC es igual a cero. Si tomamos la derivada, obtenemos

dp
dRL

 vs
2 (Rt  RL)2 2(Rt  RL)RL

(RL  Rt)4

La derivada es cero cuando

  (5.6-2)
o bien 

(Rt  RL)2 2(Rt  RL)RL  0
(Rt  RL)(Rt  RL 2RL)  0 (5.6-3)

Despejando la ecuación 5.6-3 obtenemos
 RL 5 Rt (5.6-4)

FIGURA 5.6-2 El equivalente de Thévenin es 
sustituido por el circuito A. Aquí utilizamos vs para 
el voltaje de fuente de Thévenin.

FIGURA 5.6-1 El circuito A contiene resistores y 
fuentes dependientes e independientes. La carga es el 
resistor RL.
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Para confirmar que la ecuación 5.6-4 corresponde a un máximo, se deberá demostrar que d2p>dRL
2 , 0. 

Por consiguiente, la potencia máxima se transfiere a la carga cuando RL es igual a la resistencia equi-
valente de Thévenin, Rt.
 La potencia máxima, cuando RL 5 Rt, se obtiene entonces sustituyendo RL 5 Rt en la ecuación 
RC 5 Rt en la ecuación 5.6-1 para obtener

 
pmáx 

vs
2Rt

(2Rt)2 
vs

2

4Rt  

 La potencia transmitida a la carga diferirá de la máxima obtenible en cuanto la resistencia RL de 
carga se desvíe de RL 5 Rt. La potencia alcanzada como RL que varía de Rt se representa en la figura 5.6-3.

El teorema de la transferencia de potencia máxima establece que la potencia máxima trans-
mitida a una carga por una fuente se alcanza cuando la resistencia, RL, es igual a la resistencia, 
Rt, de Thévenin, de la fuente.

 También podemos utilizar el circuito equivalente de Norton para representar el circuito A en la 
figura 5.6-1. Entonces tenemos un circuito con un resistor de carga RL como se muestra en la figura 
5.6-4. La corriente i se puede obtener a partir del principio del divisor de corriente para 

 
i 

Rt

Rt  RL
is 

Por consiguiente, la potencia p es

 
p  i 2RL 

if 2Rt
2RL

(Rt  RL)2 (5.6-5)

Si utilizamos el cálculo, podemos demostrar que la potencia máxima ocurre cuando
 RL 5 Rt (5.6-6)
Entonces, la potencia máxima transmitida a la carga es

 
pmáx 

Rtis2

4
 (5.6-7)

0

0.25

0.50

0.75

1.0

0 0.5 1 1.5 2.0

pmáx

p

Rt

RL FIGURA 5.6-3 La potencia lograda realmente 
como RL varía en relación con Rt.

Rt RL

i

is FIGURA 5.6-4 El circuito equivalente de Norton representando 
el circuito de fuente y un resistor de carga RL. Utilizamos is 
como la corriente de fuente de Norton.
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Encuentre la resistencia RL de carga que resultará en la potencia máxima 
transmitida a la carga por el circuito de la figura 5.6-5. Además, determine 
la potencia máxima transmitida al resistor de carga.

Solución
Primero, determinamos el circuito equivalente de Thévenin para el cir-
cuito de la izquierda de las terminales a-b. Desconectamos el resistor de 
carga. La fuente de voltaje de Thévenin, vt, es
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E X A M P L E 5 . 6 - 1 Maximum Power Transfer

Find the load resistance RL that will result in maximum power delivered

to the load for the circuit of Figure 5.6-5. Also, determine the maximum

power delivered to the load resistor.

Solution
First, we determine the Th�evenin equivalent circuit for the circuit to the

left of terminals a–b. Disconnect the load resistor. The Th�evenin voltage

source vt is

vt ¼ 150

180
� 180 ¼ 150 V

The Th�evenin resistance Rt is

Rt ¼ 30� 150

30þ 150
¼ 25V

The Th�evenin circuit connected to the load resistor is shown in Figure

5.6-6. Maximum power transfer is obtained when RL ¼ Rt ¼ 25 V.

Then the maximum power is

pmax ¼
vs

2

4RL
¼ (150)2

4� 25
¼ 225W

E X A M P L E 5 . 6 - 2 Maximum Power Transfer

Find the load RL that will result in maximum power delivered to the load of the circuit of Figure 5.6-7a. Also,

determine pmax delivered.

b

a

+
–

+–

b

a

+
–6 V6 V

6 Ω6 Ω

4 Ω4 Ω

+–

2vab2vab

voc = vab

+

–

RL

b

a

+
–voc = 12 V

Rt = 12 Ω

RL

b

a

+
–

+–

6 V

6 Ω

4 Ω

2vab = 0

i

isc

(b)(a)

(c) (d)

FIGURE 5.6-7 Determination

of maximum power transfer to

a load RL.

30 Ω

150 Ω

a

b

180 V +
– RL

is

FIGURE 5.6-5 Circuit for Example

5.6-1. Resistances in ohms.

25 Ω a

b

150 V+
– RL

i

FIGURE 5.6-6 Th�evenin equivalent

circuit connected to RL for Example

5.6-1.
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La resistencia de Thévenin, Rt, es
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E X A M P L E 5 . 6 - 1 Maximum Power Transfer

Find the load resistance RL that will result in maximum power delivered

to the load for the circuit of Figure 5.6-5. Also, determine the maximum

power delivered to the load resistor.

Solution
First, we determine the Th�evenin equivalent circuit for the circuit to the

left of terminals a–b. Disconnect the load resistor. The Th�evenin voltage

source vt is

vt ¼ 150

180
� 180 ¼ 150 V

The Th�evenin resistance Rt is

Rt ¼ 30� 150

30þ 150
¼ 25V

The Th�evenin circuit connected to the load resistor is shown in Figure

5.6-6. Maximum power transfer is obtained when RL ¼ Rt ¼ 25 V.

Then the maximum power is

pmax ¼
vs

2

4RL
¼ (150)2

4� 25
¼ 225W

E X A M P L E 5 . 6 - 2 Maximum Power Transfer

Find the load RL that will result in maximum power delivered to the load of the circuit of Figure 5.6-7a. Also,

determine pmax delivered.

b
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–6 V6 V
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+–

2vab2vab
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–
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+
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b
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+
–

+–
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6 Ω

4 Ω
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isc
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(c) (d)
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– RL

is

FIGURE 5.6-5 Circuit for Example

5.6-1. Resistances in ohms.

25 Ω a

b

150 V+
– RL

i

FIGURE 5.6-6 Th�evenin equivalent

circuit connected to RL for Example

5.6-1.
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El circuito de Thévenin conectado al resistor de carga se muestra en la 
figura 5.6-6. La transferencia de potencia máxima se obtiene cuando RL 5 
Rt 5 25 V.
 Entonces la potencia máxima es

 
pmáx 

vs
2

4RL


(150)2

4 25
 225 W

Encuentre la carga RL que resultará en la potencia máxima transmitida a la carga del circuito de la figura 5.6-7a. 
Determine, además, pmáx transmitida.

b

a

+
–

+–

b

a

+
–6 V6 V

6 Ω6 Ω

4 Ω4 Ω

+–

2vab2vab

voc = vab

+

–

RL

b

a

+
–voc = 12 V

Rt = 12 Ω

RL

b

a

+
–

+–

6 V

6 Ω

4 Ω

2vab = 0

i

isc

(b)(a)

(c) (d)  

FIGURA 5.6-7 Determinación 
de la transferencia de potencia 
máxima a una carga RC.

E j E m p l o  5 . 6 - 1  Transferencia de potencia máxima

E j E m p l o  5 . 6 - 2  Transferencia de potencia máxima

FIGURA 5.6-5 Circuito para el ejemplo 
5.6-1. Resistencias en ohmios.

FIGURA 5.6-6 El circuito equivalente de 
Thévenin conectado a RL para el ejemplo 
5.6-1.

30 Ω

150 Ω

a

b

180 V +
– RL

is

25 Ω a

b

150 V+
– RC

i
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Solución
Obtendremos el circuito equivalente de Thévenin para la parte del circuito a la izquierda de las terminales a, b en 
la figura 5.6-7a. Primero, encontramos voc como se muestra en la figura 5.6-7b. La KVL da

26 1 10i 2 2vab 5 0
Además, observemos que vab 5 voc 5 4i. Por consiguiente,

10i 2 8i 5 6
o bien i 5 3 A. Por consiguiente, voc 5 4i 5 12 V.
 Para determinar la corriente del cortocircuito, agregamos un cortocircuito como se muestra en la figura  
5.6-7c. El resistor de 4 V está en cortocircuito y puede ser pasado por alto. Al escribir KVL, tenemos

26 1 6isc 5 0
Así, isc 5 1 A.
 Por consiguiente, Rt 5 voc >isc 5 12 V. El circuito equivalente de Thévenin se muestra en la figura 5.6-7d 
con el resistor de carga.
 La potencia de carga máxima se alcanza cuando RL 5 Rt 5 12 V. Entonces,

pmáx 
v2

oc
4RL


122

4(12)
 3W

EJERCICIO 5.6-1  Encuentre la potencia máxima que se puede transmitir a RL para el cir-
cuito de la figura E 5.6-1, usando un circuito equivalente de Thévenin.

3 Ω

6 Ω18 V +
–

2 Ω

RL

 FIGURA E 5.6-1

Respuesta: 9 W cuando RC 5 4 V

EJERCICIO 5.6-2  Encuentre la potencia máxima transmitida a la RL para el circuito de la 
figura E 5.6-2, utilizando un circuito equivalente de Norton.

150 Ω30 Ω5.6 A

30 Ω

RL

 FIGURA E 5.6-2  

Respuesta: 175 W cuando RL 5 28 V

5.7  U S O  D E  M AT L A B  PA R A  D E T E R M I N A R  E L  C I R C U I T O 
E Q U I VA L E N T E  D E  T H É V E N I N

Podemos utilizar MATLAB para reducir el trabajo que se requiere para determinar el equivalente de 
Thévenin de un circuito como el que se muestra en la figura 5.7-1a. Primero, conecte un resistor, R, a 
través de las terminales de la red, como se ve en la figura 5.7-1b. Luego, escriba ecuaciones nodales o 
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de enlace para describir el circuito con el resistor conectado a través de sus terminales. En este caso, 
el circuito en la figura 5.7-1b está representado por ecuaciones de enlace.
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connected across its terminals. In this case, the circuit in Figure 5.7-1b is represented by the mesh

equations

12 ¼ 28i1 � 10i2 � 8i3
12 ¼ �10i1 þ 28i2 � 8i3

0 ¼ �8i1 � 8i2 þ (16þ R)i3

ð5:7-1Þ

The current i in the resistor R is equal to the mesh current in the third mesh, that is,

i ¼ i3 ð5:7-2Þ
The mesh equations can be written using matrices such as

28 �10 �8
�10 28 �8
�8 �8 16þ R

2
4

3
5

i1
i2
i3

2
4

3
5 ¼

12
12
0

2
4

3
5 ð5:7-3Þ

Notice that i ¼ i3 in Figure 5.7-1b.

Figure 5.7-2a shows a MATLAB file named ch5ex.m that solves Eq. 5.7-1. Figure 5.7-3

illustrates the use of this MATLAB file and shows that when R ¼ 6 V, then i ¼ 0.7164 A, and that

when R ¼ 12 W, then i ¼ 0.5106 A.

i
8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
– i2

i1

i3 R

8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
–

(b)(a)

FIGURE 5.7-1 The circuit in (b) is obtained by connecting a resistor, R, across the terminals of the circuit in (a).

%

z = [ 28
 -10
  -8

v

Im  = Z\V;

I  = Im(3)

%  Calculate the mesh currents.

%  Equation 5.7-2

= [ 12;
  12;
   0];

-10

28

-8;

-8; % Mesh Equation

Equation 5.7-3
%
%
%
%
%

%

16+R];-8

ch5ex.m  –  MATLAB input file for Section 5-7

FIGURE 5.7-2 MATLAB file used to solve the mesh equation representing the circuit shown in Figure 5.7-1b.
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 (5.7-1)

La corriente i en el resistor R es igual a la corriente de enlaces en el tercer enlace, es decir,
 i 5 i3  (5.7-2)
Las ecuaciones de enlace se pueden escribir utilizando matrices como
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connected across its terminals. In this case, the circuit in Figure 5.7-1b is represented by the mesh

equations

12 ¼ 28i1 � 10i2 � 8i3
12 ¼ �10i1 þ 28i2 � 8i3

0 ¼ �8i1 � 8i2 þ (16þ R)i3

ð5:7-1Þ

The current i in the resistor R is equal to the mesh current in the third mesh, that is,

i ¼ i3 ð5:7-2Þ
The mesh equations can be written using matrices such as

28 �10 �8
�10 28 �8
�8 �8 16þ R

2
4

3
5

i1
i2
i3

2
4

3
5 ¼

12
12
0

2
4

3
5 ð5:7-3Þ

Notice that i ¼ i3 in Figure 5.7-1b.

Figure 5.7-2a shows a MATLAB file named ch5ex.m that solves Eq. 5.7-1. Figure 5.7-3

illustrates the use of this MATLAB file and shows that when R ¼ 6 V, then i ¼ 0.7164 A, and that

when R ¼ 12 W, then i ¼ 0.5106 A.

i
8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
– i2

i1

i3 R

8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
–

(b)(a)

FIGURE 5.7-1 The circuit in (b) is obtained by connecting a resistor, R, across the terminals of the circuit in (a).

%

z = [ 28
 -10
  -8

v

Im  = Z\V;

I  = Im(3)

%  Calculate the mesh currents.

%  Equation 5.7-2

= [ 12;
  12;
   0];

-10

28

-8;

-8; % Mesh Equation

Equation 5.7-3
%
%
%
%
%

%

16+R];-8

ch5ex.m  –  MATLAB input file for Section 5-7

FIGURE 5.7-2 MATLAB file used to solve the mesh equation representing the circuit shown in Figure 5.7-1b.
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 (5.7-3)

Observe que i 5 i3 en la figura 5.7-1b.
 La figura 5.7-2a muestra un archivo de MATLAB llamado ch5ex.m que despeja la ecuación 
5.7-1. La figura 5.7-3 ilustra cómo se usa este archivo de MATLAB y muestra que cuando R 5 6 V, 
entonces i 5 0.7164 A, y que cuando R 5 12 W, entonces i 5 0.5106 A.

%

z = [ 28
 -10
  -8

v

Im  = Z\V;

I  = Im(3)

%  Calculate the mesh currents.

%  Equation 5.7-2

= [ 12;
  12;
   0];

-10

28

-8;

-8; % Mesh Equation

Equation 5.7-3
%
%
%
%
%

%

16+R];-8

ch5ex.m  –  MATLAB input file for Section 5-7

FIGURA 5.7-2. El archivo de MATLAB utilizado para despejar la ecuación de enlace que representa el circuito de la 
figura 5.7-1b. 

i
8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
– i2

i1

i3 R

8 Ω

8 Ω

10 Ω

12 V

12 V

10 Ω

10 Ω

+
–

+
–

(b)(a)

FIGURA 5.7-1 El circuito en (b) se obtuvo conectando un resistor, R, a través de las terminales del circuito en (a).
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FIGURA 5.7-3 Pantalla de computadora que muestra el uso de MATLAB para analizar el circuito que se muestra en 
la figura 5.7-1.

 A continuación, considere la figura 5.7-4, la cual muestra un resistor R conectado a través de las 
terminales de un circuito equivalente de Thévenin. El circuito en la figura 5.7-4 está representado por 
la ecuación de enlace
 Vt 5 Rt i 1 Ri (5.7-4)

Una observación importante, sea i 5 ia cuando R 5 Ra. Del mismo modo, sea i 5 ib cuando R 5 Rb. 
La ecuación 5.7-4 indica que
 Vt 5 Rt ia 1 Ra ia 
 Vt 5 Rt ib 1 Rb ib

 (5.7-5)

La ecuación 5.7-5 se puede escribir utilizando matrices como
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Next, consider Figure 5.7-4, which shows a resistor R connected across the terminals of a

Th�evenin equivalent circuit. The circuit in Figure 5.7-4 is represented by the mesh equation

V t ¼ Rtiþ Ri ð5:7-4Þ
As a matter of notation, let i ¼ ia when R ¼ Ra. Similarly, let i ¼ ib when R ¼ Rb. Equation 5.7-4

indicates that

V t ¼ Rtia þ Raia
V t ¼ Rtib þ Rbib

ð5:7-5Þ

Equation 5.7-5 can be written using matrices as

Raia
Rbib

� �
¼ 1 �ia

1 �ib

� �
V t

Rt

� �
ð5:7-6Þ

Given ia, Ra, ib, and Rb, this matrix equation can be solved for Vt and Rt, the parameters of the Th�evenin
equivalent circuit. Figure 5.7-5 shows a MATLAB file that solves Eq. 5.7-6, using the values ib¼ 0.7164

A, Rb ¼ 6 V, ia ¼ 0.5106 A, and Ra ¼ 12 V. The resulting values of Vt and Rt are

V t ¼ 10:664 V and Rt ¼ 8:8863V

FIGURE 5.7-3 Computer screen showing the use of MATLAB to analyze the circuit shown in Figure 5.7-1.

+
– R

Rt

Vt
i FIGURE 5.7-4 The circuit obtained by

connecting a resistor, R, across the

terminals of a Th�evenin equivalent circuit.

184 Circuit Theorems

 (5-7-6)

Dadas ia, Ra, ib y Rb, esta ecuación de matriz se puede despejar para Vt y Rt, los parámetros del circuito 
equivalente de Thévenin. La figura 5.7-5 muestra un archivo de MATLAB que despeja la ecuación 
5.7-6, utilizando los valores ib 5 0.7164 A, Rb 5 6 V, ia 5 0.5106 A y Ra 5 12 V. Los valores resul-
tantes de Vt y Rt son 

Vt 5 10.664 V y Rt 5 8.8863 V

FIGURA 5.7-4 El circuito obtenido de la conexión 
de un resistor, R, a través de las terminales de un 
circuito equivalente de Thévenin.

+
– R

Rt

Vt
i
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% Find the Thevenin equivalent of the circuit
% connected to the resister R.

Ra = 12; ia = 0.5106; % When R=Ra then i=ia

Rb = 6; ib = 0.7164; % When R=Rb then i=ib

A = [1 -ia; %
1 -ib]; %

% Eqn 5.7-6
b = [Ra*ia; %

Rb*ib]; %

X = A\b;

Vt = X(1) % Open-Circuit Voltage

Rt = X(2) % Thevenin Resistance

FIGURA 5.7-5 Archivo de MATLAB utilizado para calcular el voltaje del circuito abierto y la resistencia de Thévenin.

5.8  U S O  D E  P S P I C E  PA R A  D E T E R M I N A R  E L  C I R C U I T O 
E Q U I VA L E N T E  D E  T H É V E N I N

Podemos utilizar el programa de computadora PSpice para encontrar el circuito equivalente de Thé-
venin o de Norton para circuitos aun cuando sean muy complejos. La figura 5.8-1 ilustra este método. 
Calculamos el equivalente de Thévenin del circuito mostrado en la figura 5.8-1a calculando su voltaje 
de circuito abierto, voc, y su corriente del cortocircuito, isc. Para ello, conectamos un resistor a través de 
sus terminales como se muestra en la figura 5.8-1b. Cuando la resistencia de este resistor es infinita, el 
voltaje del resistor será igual al voltaje del circuito abierto, voc, como se muestra en la figura 5.8-1b. 
Por otro lado, cuando la resistencia de este resistor es cero, la corriente del resistor será igual a la 
corriente del cortocircuito, isc, como se muestra en la figura 5.8-1c.
 En PSpice no podemos utilizar resistencias en cero o infinitas, de modo que aproximaremos la 
resistencia infinita por una resistencia que sea en varios órdenes de magnitud más grande que la resis-
tencia más grande en el circuito A. Podremos verificar si nuestra resistencia es lo bastante grande al 
duplicarla y reiniciar la simulación PSpice. Si el valor calculado de vsc no cambia, nuestra resistencia 
grande es efectivamente infinita. Del mismo modo, podemos aproximar una resistencia cero por una 
resistencia que sea en varios órdenes de magnitud más pequeña que la resistencia más pequeña en el 
circuito A. Nuestra resistencia pequeña es efectivamente cero cuando al dividirla en dos no se modi-
fica el valor calculado de isc.

voc

(a)

R=Circuito A

a

b

(b)

Circuito A

a

b

+

–
R=O

(c)

Circuito A

a

b

isc

FIGURA 5.8-1 Método para calcular los valores de voc e isc, utilizando PSpice.
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Utilice PSpice para determinar los valores de voltaje del circuito abierto, voc, y la corriente del cortocircuito, isc, 
para el circuito que se muestra en la figura 5.8-2.

Solución
Siguiendo nuestro método, agregamos un resistor a través de las terminales del circuito como se muestra en la 
figura 5.8-3. Al observar que la resistencia más grande en nuestro circuito es de 20 V, que la más pequeña es de 
5 V, determinaremos voc e isc utilizando

y 

voc vR cuando R 20 

vsc iR 
vR

R
cuando R 5 

 Para utilizar PSpice se empieza dibujando el circuito en el taller de OrCAD Capture como se muestra en la  
figura 5.8-4 (vea el apéndice A). La VCVS en la figura 5.8-3 está representada por una “Part E” de PSpice en  
la figura 5.8-4. La figura 5.8-5 ilustra la correspondencia entre la VCVS y la “Part E” de PSpice.
 Para determinar el voltaje del circuito abierto, establecemos la resistencia R a un valor muy grande y rea-
lizamos una simulación ‘Bias Point’ (vea el apéndice A). La figura 5.8-6 muestra los resultados de la simulación 
cuando R 5 20 MV. El voltaje a través del resistor R es de 33.6 V, de modo que voc 5 33.6 V. (Duplicando el 
valor de R y ejecutando de nuevo la simulación no cambió el valor del voltaje a través de R, por lo que confiamos 
en que voc 5 33.6 V.)

 

FIGURA 5.8-4 El circuito dibujado 
en el taller de OrCAD Capture a 
partir de la figura 5.8-3.

E j E m p l o  5 . 8 - 1   Uso de PSpice para encontrar un circuito 
equivalente de Thévenin

FIGURA 5.8-2 El circuito considerado en el ejemplo 5.8-1. FIGURA 5.8-3 El circuito a partir de la figura 5.8-2 después de 
agregar un resistor a través de sus terminales.

20 Ω5 Ω

20 Ω 5 Ω8 Ω

24 V 10 v3
+
–

v3

+

–

+

–
20 Ω5 Ω

20 Ω 5 Ω8 Ω

24 V 10 v3
+
–

v3

+

–

vR

+

–

+

– R

iR
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1

2

3

1 3

2 4
4

+
–

vc
kvc

+

–

+

–

+

–

(a) (b)  
FIGURA 5.8.5 Una VCVS (a) y la 
correspondiente ‘Part E’ (b) de PSpice.

 
FIGURA 5.8-6 Resultados de 
la simulación para R 5 20 MV.

 Para determinar la corriente del cortocircuito, establecemos la resistencia R a un valor muy pequeño y 
realizamos una simulación ‘Bias Point’ (vea el apéndice A). La figura 5.8-7 muestra los resultados de la simu-
lación cuando R 5 1 mV. El voltaje a través del resistor R es de 12.6 mV. Utilizando la ley de Ohm, el valor 
de la corriente del cortocircuito es

isc 
12.6 10 3

1 10 3  12.6 A

(Dividiendo en dos el valor de R y ejecutando de nuevo la simulación, el valor del voltaje a través de R no cambia, 
de modo que confiamos en que isc 5 12.6 A.)

 
FIGURA 5.8-7 Resultados de la 
simulación para R 5 1 MV 5 0.001 V.

M05_DORF_1571_8ED_SE_162-207.indd   187 4/12/11   5:31 PM



Alfaomega Circuitos Eléctricos - Dorf

	 188	 Teoremas de circuitos

5.9 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

Suponga que el circuito que se muestra en la figura 5.9-1a se construyó en el laboratorio utilizando R 5 2 kV, y 
que el voltaje etiquetado v se midió para que fuera v 5 21.87 V. A continuación, el resistor etiquetado R se cam-
bió a R 5 5 kV, y el voltaje v se midió para que fuera v 5 23.0 V. Finalmente, el resistor se cambió a R 5 10 kV, 
y el voltaje se midió para que v 5 23.75 V. ¿Cómo podemos comprobar que estas medidas son consistentes?

(b)

+
– R

R Rt

voc

8 kΩ 6 kΩ

10 kΩ

15 V –15 V

10 kΩ

R, kΩ

6 kΩ 8 kΩ+
–

+
–

(a)

v

+

–

v

+

–

v, V

2
5

10

–1.87
–3.0

–3.75

FIGURA 5.9-1 (a) Un circuito con datos obtenidos por la medición del voltaje a través del resistor R, y (b) el circuito obtenido por 
el reemplazo de la parte del circuito conectada a R por su circuito equivalente de Thévenin.

Solución
Reemplacemos la parte del circuito conectada al resistor R por su circuito equivalente de Thévenin. La 
figura 5.9-1b muestra el circuito que resulta. Aplicando el principio de la división de voltajes al circuito en 
la figura 5.9-1b nos da

 
v 

R
R  Rt

voc (5.9-1)

Cuando R 5 2 kV, entonces v 5 21.87 V, y la ecuación 5.9-1 se convierte en

 
2 000

1.87 
2 000 Rt

voc (5.9-2)

Del mismo modo, cuando R 5 5 kV, entonces v 5 23.0 V, y la ecuación 5.9-1 se convierte en

 
3.0 

5 000
5 000  Rt

voc (5.9-3)

E j E m p l o  5 . 9 - 1   ¿Cómo podemos comprobar los circuitos 
equivalentes de Thévenin?

M05_DORF_1571_8ED_SE_162-207.indd   188 4/12/11   5:31 PM



Circuitos Eléctricos - Dorf Alfaomega

 Ejemplo de diseño 189

Las ecuaciones 5.9-2 y 5.9-3 constituyen un conjunto de dos ecuaciones en dos incógnitas, voc y Rt. Al despejar 
estas ecuaciones resulta voc 5 25 V y Rt 5 3333 V. Sustituyendo estos valores en la ecuación 5.9-1 resulta
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5 . 1 0 DES IGN EXAMPLE

STRAIN GAUGE BRIDGE

Strain gauges are transducers that measure mechanical strain. Electrically, the strain gauges

are resistors. The strain causes a change in resistance that is proportional to the strain.

Figure 5.10-1 shows four strain gauges connected in a configuration called a bridge.

Strain gauge bridges measure force or pressure (Doebelin, 1966).

R + Δ RR – Δ R

R – Δ RR + Δ R

50 Ω

100 kΩ
50 mV +

–

vi

b vi

vo

+

–

+ –

Voltmeter

Strain gauge bridge Amplifier

+ –

FIGURE 5.10-1 Design problem involving a strain gauge bridge.

The bridge output is usually a small voltage. In Figure 5.10-1, an amplifier multiplies

the bridge output, vi, by a gain to obtain a larger voltage, vo, which is displayed by the

voltmeter.

Describe the Situation and the Assumptions
A strain gauge bridge is used to measure force. The strain gauges have been positioned so that

the force will increase the resistance of two of the strain gauges while, at the same time,

decreasing the resistance of the other two strain gauges.

The strain gauges used in the bridge have nominal resistances of R ¼ 120 V. (The

nominal resistance is the resistance when the strain is zero.) This resistance is expected to

increase or decrease by no more than 2 V due to strain. This means that

�2V � DR � 2V ð5:10-1Þ

Equations 5.9-2 and 5.9-3 constitute a set of two equations in two unknowns, voc and Rt. Solving these equations

gives voc ¼ �5 V and Rt ¼ 3333 V. Substituting these values into Eq. 5.9-1 gives

v ¼ R

Rþ 3333
(�5) ð5:9-4Þ

Equation 5.9-4 can be used to predict the voltage that would be measured if R¼ 10 kV. If the value of v obtained

using Eq. 5.9-4 agrees with the measured value of v, then the measured data are consistent. Letting R ¼ 10 kV in

Eq. 5.9-4 gives

v ¼ 10,000

10,000þ 3333
(� 5) ¼ �3:75 V ð5:9-5Þ

Because this value agrees with the measured value of v, the measured data are indeed consistent.

Design Example 189

 (5.9-4)

La ecuación 5.9-4 se puede usar para pronosticar el voltaje que se mediría si R 5 10 kV. Si el valor de v obtenido 
mediante la ecuación 5.9-4 concuerda con el valor medido de v, entonces los datos medidos son consistentes. Sea 
R 5 10 kV en la ecuación 5.9-4, resulta

 
v 

10 000
10 000  3333

( 5) 3.75 V (5.9-5)

Dado que este valor concuerda con el valor medido de v, los datos medidos son consistentes en realidad.

5 . 10  E J E M P LO  D E  D I S E Ñ O

PUENTE DE INDICADOR DE TENSIÓN
Los indicadores de tensión son transductores que miden la tensión mecánica. Por la parte 
eléctrica, los indicadores de tensión son los resistores. La tensión causa un cambio en la resis-
tencia que es proporcional a la tensión.
 La figura 5.10-1 muestra cuatro indicadores de tensión conectados en una configuración 
llamada puente. Los puentes de indicadores de tensión miden la fuerza de la presión (Doebelin, 
1966).

R + ∆ RR – ∆ R

R – ∆ RR + ∆ R

50 Ω

100 kΩ
50 mV +

–

vi

b vi

vs

+

–

+ –

Voltímetro

Puente de indicador de tensión Amplificador

+ –

FIGURA 5.10-1 Problema de diseño que implica un puente de indicador de tensión.

 La salida del puente suele ser un voltaje pequeño. En la figura 5.10-1, un amplificador 
multiplica la salida del puente, vi, por una ganancia para obtener un voltaje mayor, vo, lo cual 
se muestra en el voltímetro.

Describa la situación y los supuestos
Un puente de indicador de tensión se utiliza para medir fuerzas. Se han colocado los indicado-
res de tensión de modo que la fuerza aumentará la resistencia de los dos puentes de indicadores 
de tensión en tanto que, al mismo tiempo, disminuye la resistencia de los demás indicadores de  
tensión.
 Los indicadores de tensión que se utilizan en el puente tienen resistencias nominales de 
R 5 120 V. (La resistencia nominal es la resistencia que ocurre cuando la tensión es cero.) 
Se espera que esta resistencia aumente o disminuya en no más de 2 V por causa de la tensión. 
Esto quiere decir que
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5 . 1 0 DES IGN EXAMPLE

STRAIN GAUGE BRIDGE

Strain gauges are transducers that measure mechanical strain. Electrically, the strain gauges

are resistors. The strain causes a change in resistance that is proportional to the strain.

Figure 5.10-1 shows four strain gauges connected in a configuration called a bridge.

Strain gauge bridges measure force or pressure (Doebelin, 1966).

R + Δ RR – Δ R

R – Δ RR + Δ R

50 Ω

100 kΩ
50 mV +

–

vi

b vi

vo

+

–

+ –

Voltmeter

Strain gauge bridge Amplifier

+ –

FIGURE 5.10-1 Design problem involving a strain gauge bridge.

The bridge output is usually a small voltage. In Figure 5.10-1, an amplifier multiplies

the bridge output, vi, by a gain to obtain a larger voltage, vo, which is displayed by the

voltmeter.

Describe the Situation and the Assumptions
A strain gauge bridge is used to measure force. The strain gauges have been positioned so that

the force will increase the resistance of two of the strain gauges while, at the same time,

decreasing the resistance of the other two strain gauges.

The strain gauges used in the bridge have nominal resistances of R ¼ 120 V. (The

nominal resistance is the resistance when the strain is zero.) This resistance is expected to

increase or decrease by no more than 2 V due to strain. This means that

�2V � DR � 2V ð5:10-1Þ

Equations 5.9-2 and 5.9-3 constitute a set of two equations in two unknowns, voc and Rt. Solving these equations

gives voc ¼ �5 V and Rt ¼ 3333 V. Substituting these values into Eq. 5.9-1 gives

v ¼ R

Rþ 3333
(�5) ð5:9-4Þ

Equation 5.9-4 can be used to predict the voltage that would be measured if R¼ 10 kV. If the value of v obtained

using Eq. 5.9-4 agrees with the measured value of v, then the measured data are consistent. Letting R ¼ 10 kV in

Eq. 5.9-4 gives

v ¼ 10,000

10,000þ 3333
(� 5) ¼ �3:75 V ð5:9-5Þ

Because this value agrees with the measured value of v, the measured data are indeed consistent.

Design Example 189

 (5.10-1)
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 Se requiere que la salida de voltaje, vo, varíe de 210 V a 1 10 V como DR varía de 22 V 
a 2 V.

Establezca el objetivo
Determine la ganancia del amplificador, b, que se necesita para que vo se relacione con DR por

 
vo  5

volt
ohm

R (5.10-2)

Genere un plan
Utilice el teorema de Thévenin para analizar el circuito que se muestra en la figura 5.10-1 
para determinar la relación entre v1 y DR. Calcule la ganancia del amplificador que se nece-
sitó para satisfacer la ecuación 5.10-2.

Actúe sobre el plan
Empezaremos por encontrar el equivalente de Thévenin del puente de indicador de tensión. 
Se requieren dos ecuaciones, una para encontrar el voltaje de circuito abierto, vt, y otra para 
encontrar la resistencia Rt de Thévenin. La figura 5.10-2a muestra el circuito que se utilizó 
para calcular vt. Empecemos por encontrar las corrientes i1 e i2.

 
i1 

50 mV
(R R)  (R  R)


50 mV

2R

Del mismo modo  i2 
50 mV

R  R1 2 R R1 2
50 mV

2R

Entonces  vt  R  R1 2i1 R R1 2i2

 2R1 250 mV
2R


R
R

50 mV 
50 mV
120 

R  0.4167 10 3 R

 (5.10-3)

 La figura 5.10.2b muestra el circuito que se usó para calcular Rt. Esta figura muestra 
que Rt se compone de una conexión de dos resistencias en serie, cada una de las cuales es una 

(a) (b)

R – ∆R

R – ∆R

R + ∆R

R
∆R

R + ∆R

vt =

i1

i2

i = 0

i = 0

50 mV

50 mV+ –

+

–

R – ∆R

R – ∆R

R + ∆R

R
R2 – ∆R2

R + ∆R

Rt =

FIGURA 5.10-2 Cálculo (a) del voltaje del circuito abierto, y (b) la resistencia de Thévenin del puente del 
indicador de tensión.
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conexión en paralelo de dos resistencias del indicador de tensión

E1C05_1 10/19/2009 191

of two strain gauge resistances

Rt ¼ R� DRð Þ Rþ DRð Þ
R� DRð Þ þ Rþ DRð Þ þ

Rþ DRð Þ R� DRð Þ
Rþ DRð Þ þ R� DRð Þ ¼ 2

R2 � DR2

2R

Because R is much larger than DR, this equation can be simplified to

Rt ¼ R

In Figure 5.10-3 the strain gauge bridge has been replaced by its Th�evenin equivalent

circuit. This simplification allows us to calculate vi using voltage division

vi ¼ 100 kV

100 kVþ Rt
vt ¼ 0:9988vt ¼ 0:4162� 10�3

� �
DR ð5:10-4Þ

Model the voltmeter as an ideal voltmeter. Then the voltmeter current is i ¼ 0 as shown in

Figure 5.10-3. Applying KVL to the right-hand mesh gives

vo þ 50 0ð Þ � bvi ¼ 0

or vo ¼ bvi ¼ b 0:4162� 10�3
� �

DR ð5:10-5Þ
Comparing Eq. 5.10-5 to Eq. 5.10-2 shows that the amplifier gain, b, must satisfy

b 0:4162� 10�3
� � ¼ 5

Hence, the amplifier gain is

b ¼ 12,013

Verify the Proposed Solution
Substituting b ¼ 12,013 into Eq. 5.10-5 gives

vo ¼ 12,013ð Þ 0:4162� 10�3
� �

DR ¼ 4:9998 DR ð5:10-6Þ
which agrees with Eq. 5.10-2.

50 Ω

100 kΩ
+

–

vi

Rt

vt b vi

vo

+

– + –

Voltmeter

+
–

i = 0

FIGURE 5.10-3 Solution to the design problem.
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Porque R es mucho más grande que DR, esta ecuación se puede simplificar a

Rt 5 R

 En la figura 5.10-3 el puente de indicador de tensión ha sido reemplazado por su circuito 
equivalente de Thévenin. Esta simplificación nos permite calcular vi utilizando la división de 
voltaje
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of two strain gauge resistances

Rt ¼ R� DRð Þ Rþ DRð Þ
R� DRð Þ þ Rþ DRð Þ þ

Rþ DRð Þ R� DRð Þ
Rþ DRð Þ þ R� DRð Þ ¼ 2

R2 � DR2

2R

Because R is much larger than DR, this equation can be simplified to

Rt ¼ R

In Figure 5.10-3 the strain gauge bridge has been replaced by its Th�evenin equivalent

circuit. This simplification allows us to calculate vi using voltage division

vi ¼ 100 kV

100 kVþ Rt
vt ¼ 0:9988vt ¼ 0:4162� 10�3

� �
DR ð5:10-4Þ

Model the voltmeter as an ideal voltmeter. Then the voltmeter current is i ¼ 0 as shown in

Figure 5.10-3. Applying KVL to the right-hand mesh gives

vo þ 50 0ð Þ � bvi ¼ 0

or vo ¼ bvi ¼ b 0:4162� 10�3
� �

DR ð5:10-5Þ
Comparing Eq. 5.10-5 to Eq. 5.10-2 shows that the amplifier gain, b, must satisfy

b 0:4162� 10�3
� � ¼ 5

Hence, the amplifier gain is

b ¼ 12,013

Verify the Proposed Solution
Substituting b ¼ 12,013 into Eq. 5.10-5 gives

vo ¼ 12,013ð Þ 0:4162� 10�3
� �

DR ¼ 4:9998 DR ð5:10-6Þ
which agrees with Eq. 5.10-2.

50 Ω

100 kΩ
+

–

vi

Rt

vt b vi

vo

+

– + –

Voltmeter

+
–

i = 0

FIGURE 5.10-3 Solution to the design problem.
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 (5.10-4)

Modele el voltímetro como un voltímetro ideal. Entonces la corriente del voltímetro es i 5 0 
como se muestra en la figura 5.10-3. Aplicando la KVL al enlace de la derecha da

 vs 1 50102 2 bvi 5 0 

o bien vs 5 bvi 5 b A0.4162 3 1923B DR (5.10-5)

La comparación entre las ecuaciones 5.10-5 y 5.10-2 muestra que la ganancia del amplifica-
dor, b, debe satisfacer

b A0.4162 3 1023B 5 5

Por lo tanto, la ganancia del amplificador es
b 5 12 013

50 Ω

100 kΩ
+

–

vi

Rt

vt b vi

vs

+

– + –

Voltímetro

+
–

i = 0

FIGURA 5.10-3 Solución al problema de diseño.

Verifique la solución propuesta
Sustituir b 5 12 013 en la ecuación 15.10-2 da como resultado

 vo 5 112 0132A0.4162 3 1023B DR 5 4.9998 DR  (5.10-6)

lo cual está en concordancia con la ecuación 5.10-2.
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Sección 5.2 Transformaciones de fuentes

P 5.2-1 El circuito que se muestra en la figura P 5.2-1a ha 
sido dividido en dos partes. El circuito que se muestra en la 
figura P 5.2-1b se obtuvo simplificando la parte a la derecha de 

5.11 R E S U M E N
  Las transformaciones de fuente, que se resumen en la tabla 

5.11-1, se utilizan para transformar un circuito en un cir-
cuito equivalente. Una fuente de voltaje voc en serie con un 
resistor Rt se pueden transformar en una fuente de corriente 
isc 5 voc >Rt, y un resistor en paralelo. Por el contrario, una 
fuente de corriente isc en paralelo con un resistor Rt se puede 
transformar en una fuente de voltaje voc 5 Rtisc en serie con 
un resistor Rt. Los circuitos en la tabla 5.11-1 son equivalen-
tes en el sentido de que el voltaje y la corriente de todos los 
elementos de circuito en el circuito B no se modificaron por 
la transformación de fuentes. 

  El teorema de la superposición nos permite determinar la 
respuesta total de un circuito lineal a varias fuentes inde-
pendientes al encontrar la respuesta a cada fuente indepen-
diente por separado y luego agregar algebraicamente las 
respuestas por separado.

  Los circuitos equivalentes de Thévenin y Norton, que se re-
sumen en la figura 5.11-2, se utilizan para transformar un cir-
cuito en otro circuito más pequeño, aún equivalente. Prime-
ro, el circuito se separa en dos partes, circuito A y circuito B,  

en la tabla 5.11-2. El circuito A puede ser reemplazado tanto 
por su circuito equivalente de Thévenin, como por su cir-
cuito equivalente de Norton. Los circuitos en la tabla 5.11-2 
son equivalentes en el sentido de que el voltaje y la corriente 
de todos los elementos de circuito en el circuito B no se 
modifican al reemplazar el circuito A tanto con su circuito 
equivalente de Thévenin como con su circuito equivalente 
de Norton. 

  Los procedimientos para calcular los parámetros voc, isc y 
Rt de los circuitos equivalentes de Thevenin y de Norton se 
resumen en las figuras 5.4-3 y 5.4-4.

  El objetivo de todos los circuitos electrónicos y de comu-
nicaciones es transmitir la potencia máxima a un resistor 
de carga RL. La potencia máxima se logra cuando RL se es-
tablecen iguales la resistencia de Thévenin Rt, del circuito 
conectado a RL. De aquí resulta la potencia máxima en la 
carga cuando no se puede reducir la resistencia en serie Rt.

  El programa de computación MATLAB se puede utilizar 
para reducir el fastidio computacional de tener que calcular 
los parámetros voc, isc y Rt, de los circuitos equivalentes de 
Thévenin y de Norton.

Tabla 5.11-1 Transformación de fuentes

CIRCUITO DE THÉVENIN CIRCUITO DE NORTON

+
–

voc

a

b

Circuit
B

+
–

a

b

Circuito
B

Rt
isc

a

b

Circuit
B

a

b

Circuito
B

Rt

Tabla 5.11-2 Circuitos equivalentes de Thévenin y Norton

CIRCUITO ORIGINAL CIRCUITO DE THÉVENIN CIRCUITO EQUIVALENTE DE NORTON

a

b

Circuito
B

Circuito
A

+
–

voc

Rt
a

b

Circuito
B

isc Rt

a

b

Circuito
B

P R O B L E M AS

las terminales mediante transformaciones de fuentes. La parte 
del circuito a la izquierda de las terminales no se modificó.

(a) Determine los valores de Rt y vt en la figura P 5.2-1b.
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P 5.2-4 Determine el valor de la corriente ia en el circuito que 
se muestra en la figura P 5.2-4.

4 kΩ10 V4 kΩ6 kΩ

3 kΩ12 V 6 V4 kΩ

+ –

+
– +

–
ia

Figura P 5.2-4

P 5.2-5 Utilice transformaciones de fuentes para encontrar la 
corriente ia en el circuito que se muestra en la figura P 5.2-5.

Respuesta: ia 5 1 A

6 Ω 6 V

4 A

1 A12 V 3 Ω

+–

+
– ia

Figura P 5.2-5

P 5.2-6 Utilice transformaciones de fuentes para encontrar el 
valor del voltaje va en la figura P 5.2-6.

Respuesta: va 5 7 V

+
–

+ –

va

+

–

100 Ω

100 Ω 100 Ω 30 mA

8 V

10 V

Figura P 5.2-6

*P 5.2-7 Determine la potencia suministrada por cada una de 
las fuentes en el circuito que se muestra en la figura P 5.2-7.

v1

v2
v3

v4

8 V

25 Ω 10 Ω
30 Ω

20 Ω
40 Ω

10 Ω
20 Ω 0.5 A12 V

+
–

+ –

Figura P 5.2-7

P 5.2-8 El circuito que se muestra en la figura P 5.2-8 contie-
ne una resistencia R sin especificar.

(b)  Determine los valores de la corriente i y el voltaje v en la 
figura P 5.2-1b. El circuito en la figura P 5.2-1b es equi-
valente al circuito de la figura P 5.2-1a. En consecuencia, 
la corriente i y el voltaje v en la figura P 5.2-1a tiene los 
mismos valores que la corriente i y el voltaje v en la figura 
P 5.2-1b.

(c)  Determine el valor de la corriente ia en la figura P 5.2-1a.

9 V 0.5 A

i

+
–

+–
4 Ω 2 Ω 2 V

4 Ω 2 Ω

(a)

ia

v

+

–

9 V

i

+
–

+
–

4 Ω

(b)

ia

vt

Rt

v

+

–

Figura P 5.2-1 

P 5.2-2 Considere el circuito de la figura P 5.2-2. Encuentre 
ia simplificando el circuito (utilice transformaciones de fuen-
tes) a un circuito cerrado único, de modo que sólo necesite 
escribir una ecuación de KVL para encontrar ia.

+
–10 V

ia
2 A

6 Ω

3 Ω

8 Ω

4 Ω

Figura P 5.2-2

P 5.2-3 Encuentre vo utilizando transformaciones de fuentes 
si i 5 5>2 A en el circuito que se muestra en la figura P 5.2-3.

Sugerencia: Reduzca el circuito a un enlace único que conten-
ga la fuente de voltaje etiquetada vo.

Respuesta: vo 5 28 V

6 Ω

20 Ω

3 Ω 10 Ω8 V

16 Ω

3 A

2 A 12 Ω 7 Ω

+ –

+ –
i

v0

Figura P 5.2-3
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(a)  Determine el valor de la corriente i cuando R 5 4 V.
(b)  Determine el valor del voltaje v cuando R 5 8 V.
(c)  Determine el valor de R que hará que i 5 1 A.
(d)  Determine el valor de R que hará que v 5 16 V.

18 Ω

24 Ω

24 Ω

12 Ω12 V 2 A

i R

v

+
–

+ –

Figura P 5.2-8

P 5.2-9 Determine el valor de la potencia suministrada por 
fuente de corriente en el circuito que se muestra en la figura 
P 5.2-9.

15 Ω

24 Ω

12 Ω

25 Ω24 V

32 V

2 A+
–

+
–

Figura P 5.2-9

Sección 5.3 Superposición

P 5.3-1 Las entradas al circuito que se muestra en la figura 
P5.3-1 son las fuentes de voltaje v1 y v2. La salida del circuito 
es el voltaje vo. La salida se relaciona con las entradas por

vo 5 av1 1 bv2

donde a y b son constantes. Determine los valores de a y b.

20 Ω 5 Ω

20 Ω+
–

+
–vo v2v1

+

–

Figura P 5.3-1

P 5.3-2 Un circuito lineal en particular tiene dos entradas, v1 
y v2, y una salida, vo. Se han hecho tres mediciones. La primera 
medición muestra que la salida es vo 5 4 V cuando las entradas 
son v1 5 2 V y v2 5 0. La segunda medición muestra que la sa-
lida es vo 5 10 V cuando las entradas son v1 5 0 y v2 5 2.5 V. 
En la tercera medición las entradas son v1 5 3 V y v2 5 3 V. 
¿Cuál es el valor de la salida en la tercera medición?

P 5.3-3 El circuito que se muestra en la figura P 5.3-3 tiene 
dos entradas, vs e is, y una salida io. La salida se relaciona con 
las entradas por la ecuación

io 5 ais 1 bvs

Dados los dos hechos siguientes:
  La salida es io 5 0.45 A cuando las entradas son is 5 0.25 A 

y vs 5 15 V.
y
  La salida es io 5 0.30A cuando las entradas son is 5 0.50 A 

y vs 5 0 V.

Determine los valores de las constantes a y b y los valores de 
las resistencias son R1 y R2.

Respuestas: a 5 0.6A>A, b 5 0.02 A>V, R1 5 30 V y R2 5 20 V

+
– vs is

io R2

R1

Figura P 5.3-3

P 5.3-4 Utilice la superposición para encontrar v para el cir-
cuito de la figura P 3.5-4.

20 Ω
15 Ω6 A9 A10 Ω

v+ –

Figura P 5.3-4

P 5.3-5 Utilice la superposición para encontrar i para el cir-
cuito de la figura P 3.5-5.

Respuesta: i 5 2 mA

4 kΩ12 V

12 kΩ 9 mA3 mA20 kΩ
i

+ –

Figura P 5.3-5

P 5.3-6 Utilice la superposición para encontrar i para el cir-
cuito de la figura P 3.5-6.

Respuesta: i 5 3.5 mA

4 kΩ 15 V

15 mA

12 kΩ 6 kΩ30 mA2 kΩ
i

+ –

Figura P 5.3-6
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*P 5.3-10 La entrada al circuito que se muestra en la figura 
P 3.5-10 es el voltaje de la fuente de voltaje, vs. La salida es el 
voltaje vo. La corriente de la fuente de corriente, ia, se utiliza 
para ajustar la relación entre la entrada y la salida. Diseñe el 
circuito de modo que la entrada y la salida se relacionen por la 
ecuación vo 5 2vs 1 9.

ix

A ix

vs ia12 Ω

6 Ω

12 Ω
+

−
vo

+ –

+
–

Figura P 5.3-10

Sugerencia: Determine los valores requeridos de A e ia.

P 5.3-11 El circuito que se muestra en la figura P 3.5-11 tiene 
tres entradas: v1, v2 e i3. La salida del circuito es vo. La salida 
se relaciona con las entradas por

vo 5 av1 1 bv2 1 ci3

donde a, b y c, son constantes. Determine los valores de a, b 
y c.

i3v1

v2

10 Ω40 Ω

8 Ω

vo
+
–

+ –
+

–

Figura P 5.3-11

P 5.3-12 Determine el voltaje vo(t) para el circuito que se 
muestra en la figura P 3.5-12.

4 ix

ix

10 Ω

12 cos 2t V

40 Ω 10 Ω2 V 5 Ω vo(t)

+

–

+
–

+–

Figura P 5.3-12

P 5.3-13 Determine el valor del voltaje vo en el circuito que 
se muestra en la figura P 3.5-13.

0.3 A

20 V
96 Ω 32 Ω

30 Ω120 Ω
+
vo
–

+ –

Figura P 5.3-13

P 5.3-7 Utilice la superposición para encontrar el valor del 
voltaje va en la figura P 3.5-7.

Respuesta: va 5 7 V

+
–

+ –

va

+

–

100 Ω

100 Ω 100 Ω 30 mA

8 V

10 V

Figura P 5.3-7

P 5.3-8 Utilice la superposición para encontrar el valor de la 
corriente ix en la figura P 3.5-8.

Respuesta: ix 5 1>6 A

ix

3ix

6 Ω 3 Ω

2 A8 V+
–

+

–

Figura P 5.3-8

P 5.3-9 La entrada al circuito que se muestra en la figura 
P 3.5-9a es el voltaje vs de la fuente de voltaje. La salida es el 
voltaje vo. La corriente de la fuente de corriente, ia, se utiliza para 
ajustar la relación entre la entrada y la salida. El trazo que se 
muestra en la figura P 5.3-9b especifica una relación entre la 
entrada y la salida del circuito. Diseñe el circuito que se mues-
tra en la figura P 5.3-9a para satisfacer la especificación de la 
figura P 5.3-9b.

Sugerencia: Utilice la superposición para expresar la salida 
como vo 5 cvs 1 dia donde c y d son las constantes que depen-
den de R1, R2 y A. Especifique los valores de R1, R2 y A para 
causar el valor requerido de c.
 Finalmente, especifique un valor de ia para causar el va-
lor requerido de dia.

vs R2 Aix vo

vo (V)

vs (V)

ix
ia

R1

30

−4

(a)

(b)

+
–

+

–

+

–

Figura P 5.3-9
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*P 5.3-14 El circuito que se muestra en la figura P 3.5-14 
tiene dos entradas: v1, v2 y una salida, vo. La salida se relaciona 
con las entradas por

vo 5 av1 1 bv2 

donde a y b, son constantes que dependen de R1, R2 y R3. 

(a)  Utilice la superposición para mostrar que cuando R3 5 
R1 

E1C05_1 10/19/2009 196

*P 5.3-14 The circuit shown in Figure P 5.3-14 has two

inputs, v1 and v2, and one output, vo. The output is related to the

input by the equation

vo ¼ av1 þ bv2

where a and b are constants that depend on R1, R2, and R3.

(a) Use superposition to show that when R3 ¼ R1 jj R2 and

R2 ¼ nR1,

a ¼ n

2nþ 2
and b ¼ 1

2nþ 2

(b) Design this circuit so that a ¼ 4b.

R1 R2

R3
+
–

+
–

+

–

Figure P 5.3-14

P 5.3-15 The input to the circuit shown in Figure P 5.3-15

is the current i1. The output is the voltage vo. The current i2
is used to adjust the relationship between the input and

output. Determine values of the current i2 and the resist-

ance, R, that cause the output to be related to the input by

the equation

vo ¼ �0:5i1 þ 4

i1 i2
8 Ω

2 Ω

8 Ω4 ΩR

a bvo +–

Figure P 5.3-15

P 5.3-16 Determine values of the current, ia, and the resist-

ance, R, for the circuit shown in Figure P 5.3-16.

7 mA

20 kΩ

8 V

4 kΩ

5 kΩ

ia

R

2 mA

+ –

Figure P 5.3-16

P 5.3-17 The circuit shown in Figure P 5.3-17 has three

inputs: v1, i2, and v3. The output of the circuit is the current io.

The output of the circuit is related to the inputs by

i1 ¼ avo þ bv2 þ ci3

where a, b, and c are constants. Determine the values of

a, b, and c.

20 Ω

12 Ω

10 Ω

40 Ω

v1

v3

i2
io

+
–

+
–

Figure P 5.3-17

P 5.3-18 Using the superposition principle, find the value of

the current measured by the ammeter in Figure P 5.3-18a.

Hint: Figure P 5.3-18b shows the circuit after the ideal

ammeter has been replaced by the equivalent short circuit

and a label has been added to indicate the current measured

by the ammeter, im.

Answer: im ¼ 25

3þ 2
� 3

2þ 3
5 ¼ 5� 3 ¼ 2 A

5 A

25 V

2 Ω
3 Ω

Ammeter+–

(a)

2 Ω

im5 A

25 V

3 Ω

+–

(b)

Figure P 5.3-18 (a) A circuit containing two independent

sources. (b) The circuit after the ideal ammeter has been replaced

by the equivalent short circuit and a label has been added to

indicate the current measured by the ammeter, im.

P 5.3-19 Using the superposition principle, find the value of

the voltage measured by the voltmeter in Figure P 5.3-19a.
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 R2 y R2 5 nR1,

 
a 

n
2n  2

y b 
1

2n  2

(b) Diseñe este circuito de modo que a 5 4b.

vo

R1 R2

R3
+
–

+
–

+

–

Figura P 5.3-14

P 5.3-15 La entrada al circuito que se muestra en la figura 
P 3.5-15 es la corriente i1. La salida es el voltaje vo. La co-
rriente i2 se utiliza para ajustar la relación entre la entrada y 
la salida. Determine los valores de la corriente i2 y la resisten-
cia R, que hacen que la salida se relacione con la entrada por 
la ecuación

vo 5 20.5i1 1 4

i1 i2
8 Ω

2 Ω

8 Ω4 ΩR

a bvs +–

Figura P 5.3-15

P 5.3-16 Determine los valores de la corriente, ia, y la resis-
tencia, R, para el circuito que se muestra en la figura P 3.5-16.

7 mA

20 kΩ

8 V

4 kΩ

5 kΩ

ia

R

2 mA

+ –

Figura P 5.3-16

P 5.3-17 El circuito que se muestra en la figura P 3.5-17 tiene 
tres entradas: v1, i2 y v3. La salida del circuito es la corriente io. 
La salida del circuito se relaciona con las entradas por

i1 5 avo 1 bv2 1 ci3

donde a, b y c, son constantes. Determine los valores de a, b 
y c.

20 Ω

12 Ω

10 Ω

40 Ω

v1

v3

i2
io

+
–

+
–

Figura P 5.3-17

P 5.3-18 Aplicando el principio de superposición, encuentre 
el valor de la corriente medida por el amperímetro en la figura 
P 5.3-18a.

Sugerencia: La figura P 5.3-18b muestra el circuito después 
de que se ha reemplazado el amperímetro ideal por el cortocir-
cuito equivalente, y se ha agregado una etiqueta para indicar 
la corriente medida por el amperímetro, im.

Respuesta: 
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*P 5.3-14 The circuit shown in Figure P 5.3-14 has two

inputs, v1 and v2, and one output, vo. The output is related to the

input by the equation

vo ¼ av1 þ bv2

where a and b are constants that depend on R1, R2, and R3.

(a) Use superposition to show that when R3 ¼ R1 jj R2 and

R2 ¼ nR1,

a ¼ n

2nþ 2
and b ¼ 1

2nþ 2

(b) Design this circuit so that a ¼ 4b.

R1 R2

R3
+
–

+
–

+

–

Figure P 5.3-14

P 5.3-15 The input to the circuit shown in Figure P 5.3-15

is the current i1. The output is the voltage vo. The current i2
is used to adjust the relationship between the input and

output. Determine values of the current i2 and the resist-

ance, R, that cause the output to be related to the input by

the equation

vo ¼ �0:5i1 þ 4

i1 i2
8 Ω

2 Ω

8 Ω4 ΩR

a bvo +–

Figure P 5.3-15

P 5.3-16 Determine values of the current, ia, and the resist-

ance, R, for the circuit shown in Figure P 5.3-16.

7 mA

20 kΩ

8 V

4 kΩ

5 kΩ

ia

R

2 mA

+ –

Figure P 5.3-16

P 5.3-17 The circuit shown in Figure P 5.3-17 has three

inputs: v1, i2, and v3. The output of the circuit is the current io.

The output of the circuit is related to the inputs by

i1 ¼ avo þ bv2 þ ci3

where a, b, and c are constants. Determine the values of

a, b, and c.

20 Ω

12 Ω

10 Ω

40 Ω

v1

v3

i2
io

+
–

+
–

Figure P 5.3-17

P 5.3-18 Using the superposition principle, find the value of

the current measured by the ammeter in Figure P 5.3-18a.

Hint: Figure P 5.3-18b shows the circuit after the ideal

ammeter has been replaced by the equivalent short circuit

and a label has been added to indicate the current measured

by the ammeter, im.

Answer: im ¼ 25

3þ 2
� 3

2þ 3
5 ¼ 5� 3 ¼ 2 A

5 A

25 V

2 Ω
3 Ω

Ammeter+–

(a)

2 Ω

im5 A

25 V

3 Ω

+–

(b)

Figure P 5.3-18 (a) A circuit containing two independent

sources. (b) The circuit after the ideal ammeter has been replaced

by the equivalent short circuit and a label has been added to

indicate the current measured by the ammeter, im.

P 5.3-19 Using the superposition principle, find the value of

the voltage measured by the voltmeter in Figure P 5.3-19a.

196 Circuit Theorems

5 A

25 V

2 Ω
3 Ω

Amperímetro+–

(a)

2 Ω

im5 A

25 V

3 Ω

+–

(b)
Figura P 5.3-18 (a) Un circuito que contiene dos fuentes 
independientes. (b) El circuito luego de que se ha reemplazado 
el amperímetro ideal por el cortocircuito equivalente y se ha 
agregado una etiqueta para indicar la corriente medida por el 
amperímetro im.

P 5.3-19 Aplicando el principio de superposición, encuen-
tre el valor del voltaje medido por el voltímetro en la figura  
P 5.3-19a.
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Respuesta: voc 5 212 V y Rt 5 16 V

+
–

(a) (b)

10 Ω

40 Ω15 V

8 Ω

+
–

voc

Rt

Figura P 5.4-2

P 5.4-3 El cortocircuito en la figura P 5.4-3b es el circuito 
equivalente de Thévenin del circuito en la figura P 5.4-3a. En-
cuentre el valor del voltaje del circuito abierto, voc, y la resis-
tencia de Thévenin, Rt.

Respuesta: voc 5 2 V y Rt 5 4 V

+–

(a) (b)

6 Ω

6 Ω

6 Ω

12 V

1 A +
–

voc

Rt

Figura P 5.4-3

P 5.4-4 Encuentre el circuito equivalente de Thévenin para el 
circuito que se muestra en la figura P 5.4-4.

+
–

12 Ω

6 Ω

3 Ω

a

b

18 V

10 Ω

Figura P 5.4-4

P 5.4-5 Encuentre el circuito equivalente de Thévenin para el 
circuito que se muestra en la figura P 5.4-5.

Respuesta: voc 5 22 V y Rt 5 8>3 V

+
–

8 Ω

4 Ω

a

b

6 V va

0.75va

–

+

Figura P 5.4-5

Sugerencia: La figura P 5.3-19b muestra el circuito después 
de que se ha reemplazado el voltímetro ideal por el cortocir-
cuito equivalente, y se ha agregado una etiqueta para indicar 
el voltaje medido por el voltímetro, vm.

Respuesta: 
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Hint: Figure P 5.3-19b shows the circuit after the ideal

voltmeter has been replaced by the equivalent open circuit

and a label has been added to indicate the voltage measured

by the voltmeter, vm.

Answer: vm ¼ 3
3

3þ 3þ 3ð Þ 5
� �

� 3

3þ 3þ 3ð Þ 18
¼ 5� 6 ¼ �1 V

5 A

18 V

3 Ω
3 Ω3 Ω

Voltmeter+ –

(a)

vm

+
3 Ω

3 Ω –
5 A

18 V

3 Ω

+ –

(b)

Figure P 5.3-19 (a) A circuit containing two independent

sources. (b) The circuit after the ideal voltmeter has been

replaced by the equivalent open circuit and a label has been

added to indicate the voltage measured by the voltmeter, vm.

Section 5.4 Th�evenin’s Theorem

P 5.4-1 Determine values of Rt and voc that cause the circuit

shown in Figure P 5.4-1b to be the Th�evenin equivalent circuit
of the circuit in Figure P 5.4-1a.

Hint: Use source transformations and equivalent resistances

to reduce the circuit in Figure P 5.4-1a until it is the circuit in

Figure P 5.4-1b.

Answer: Rt ¼ 5V and voc ¼ 2 V

3 A voc

Rt

12 V

3 Ω 3 Ω

6 Ω +
–

+
–

a

b

a

b

(a) (b)

Figure P 5.4-1

P 5.4-2 The circuit shown in Figure P 5.4-2b is the Th�evenin
equivalent circuit of the circuit shown in Figure P 5.4-2a. Find

the value of the open-circuit voltage, voc, and Th�evenin
resistance, Rt.

Answer: voc ¼ �12 V and Rt ¼ 16V

+
–

(a) (b)

10 Ω

40 Ω15 V

8 Ω

+
–

voc

Rt

Figure P 5.4-2

P 5.4-3 The circuit shown in Figure P 5.4-3b is the Th�evenin
equivalent circuit of the circuit shown in Figure P 5.4-3a. Find the

value of the open-circuit voltage, voc, and Th�evenin resistance,Rt.

Answer: voc ¼ 2 V and Rt ¼ 4V

+–

(a) (b)

6 Ω

6 Ω

6 Ω

12 V

1 A +
–

voc

Rt

Figure P 5.4-3

P 5.4-4 Find the Th�evenin equivalent circuit for the circuit

shown in Figure P 5.4-4.

+
–

12 Ω

6 Ω

3 Ω

a

b

18 V

10 Ω

Figure P 5.4-4

P 5.4-5 Find the Th�evenin equivalent circuit for the circuit

shown in Figure P 5.4-5.

Answer: voc ¼ �2 V and Rt ¼ �8=3V

+
–

8 Ω

4 Ω

a

b

6 V va

0.75va

–

+

Figure P 5.4-5
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5 A

18 V

3 Ω
3 Ω3 Ω

Voltímetro+ –

(a)

vm

+
3 Ω

3 Ω –
5 A

18 V

3 Ω

+ –

(b)

Figura P 5.3-19 (a) Un circuito que contiene dos fuentes 
independientes. (b) El circuito luego de que se ha reemplazado 
el voltímetro ideal por el circuito abierto equivalente y se ha 
agregado una etiqueta para indicar el voltaje medido por el 
voltímetro vm.

Sección 5.4 Teorema de Thévenin

P 5.4-1 Determine los valores de Rt y voc que hacen que el 
circuito que se muestra en la figura P 5.4-1b para que sea 
el circuito equivalente de Thévenin del circuito en la figura  
P 5.4-1a.

Sugerencia: Utilice las transformaciones de fuente y las re-
sistencias equivalentes para reducir el circuito en la figura  
P 5.4-1a hasta que sea el circuito en la figura P 5.4-1b.

Respuesta: Rt 5 5 V y voc 5 2V

3 A voc

Rt

12 V

3 Ω 3 Ω

6 Ω +
–

+
–

a

b

a

b

(a) (b)

Figura P 5.4-1

P 5.4-2 El circuito que se muestra en la figura P 5.4-2b es el 
circuito equivalente de Thévenin del circuito que se muestra 
en la figura P 5.4-2a. Encuentre el valor del voltaje del circuito 
abierto, voc, y la resistencia, Rt, de Thévenin.
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P 5.4-6 Encuentre el circuito equivalente de Thévenin para el 
circuito que se muestra en la fi gura P 5.4-6.

+

–
va2va 3 A

a

b

+

–

3 

6 

3 

Figura P 5.4-6

P 5.4-7 El circuito que se muestra en la fi gura P 5.4-7 tiene 
cuatro parámetros de circuito no especifi cados: vs, R1, R2 y d, 
donde d es la ganancia de la CCCS.

(a)  Muestre que el voltaje del circuito abierto, voc, la corriente 
del cortocircuito, isc, y la resistencia de Thévenin, Rt, de 
este circuito están dadas por

 y 

voc ¼ R2 d þ 1ð Þ
R1 þ d þ 1ð ÞR2

vs

isc ¼ d þ 1ð Þ
R1

vs

Rt ¼ R1R2

R1 þ d þ 1ð ÞR2

(b)  Sea R1 � R2 � 1 k�. Determine los valores de vs y d re-
queridos para que voc � 5 V y Rt � 625 �.

dia R2

R1

vs
+
–

ia

Figura P 5.4-7

P 5.4-8 Un resistor, R, se conectó a una caja de circuitos 
como se muestra en la fi gura P 5.4-8. Se midió el voltaje, v. 
La resistencia se modifi có, y el voltaje se midió de nuevo. Los 
resultados se muestran en la tabla. Determine el equivalente de 
Thévenin del circuito dentro de la caja y pronosticar el voltaje, 
v, cuando R � 8 k�.

2 k
4 k

6 V
2 V

Circuito v

+

–
R

R v

i

Figura P 5.4-8

P 5.4-9 Un resistor, R, se conectó a una caja de circuitos 
como se muestra en la fi gura P 5.4-9. Se midió la corriente, i. 

La resistencia se modifi có, y la corriente se midió de nuevo. 
Los resultados se muestran en la tabla. 

(a)  Especifi que el valor de R requerido para que i � 2 mA.
(b)  Dado que R � 0, determine el valor posible máximo de la 

corriente i.

Sugerencia: Utilice los datos de la tabla para representar el 
circuito por un circuito equivalente.

2 k
4 k

4 mA
3 mA

Circuito v

+

–

R

R i

i

Figura P 5.4-9

P 5.4-10 Las medidas hechas en las terminales a-b de un cir-
cuito lineal, la fi gura P 5.4-10a, la cual es sabido que consta 
de sólo fuentes de voltaje dependientes e independientes y de 
fuentes de corrientes y resistores, reditúa las características 
de voltaje-corriente que se muestran en la fi gura P 5.4-10b. 
Encuentre el circuito equivalente de Thévenin.

(b)

(a)

–30

–20

–10

10

20

30

40

1 2 3 4 5–4 –3 –2 –1

i (mA)

v (V)

i

v

b

a

+

–

Figura P 5.4-10

P 5.4-11 Para el circuito de la fi gura P 5.4-11, especifi que 
la resistencia R que causará que una corriente ib sea 2 mA. La 
corriente ia tiene unidades de amperios.
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24 V R

48 Ω

fuente carga

RL

is

+
–

Figura P 5.4-14

P 5.4-15 El circuito que se muestra en la figura P 5.4-15 con-
tiene una resistencia no especificada, R. Determine el valor de 
R en cada una de las dos siguientes formas.

(a)  Escriba y despeje ecuaciones de enlaces.
(b)  Reemplace la parte del circuito conectada al resistor R por 

un circuito equivalente de Thévenin. Analice el circuito 
resultante.

R

0.25 A

40 V

20 Ω 40 Ω

10 Ω20 Ω

+
–

Figura P 5.4-15

P 5.4-16 Considere el circuito que se muestra en la figura 
P 5.4-16. Reemplace la parte del circuito a la izquierda de las 
terminales a-b por su circuito equivalente de Thévenin. Deter-
mine el valor de la corriente is.

96 Ω 32 Ω

20 V
32 Ω

30 Ω120 Ω

a

b

io

vo

+

–

+ –

Figura P 5.4-16

P 5.4-17 Se ha modelado un voltímetro ideal como un circuito 
abierto. Un modelo más realista de un voltímetro es una resis-
tencia grande. La figura P 5.4-17a muestra un circuito con un 
voltímetro que mide el voltaje vm. En la figura P 5.4-17b, el vol-
tímetro es reemplazado por el modelo de un voltímetro ideal, 
un circuito abierto. El voltímetro mide vmi, el valor ideal de vm.

Sugerencia: Encuentre el circuito equivalente de Thévenin 
del circuito conectado a R.

+
–12 V R

6 kΩ

1 kΩ

2000ia

+ –

ia ib

Figura P 5.4-11

P 5.4-12 Para el circuito de la figura P 5.4-12, especifique 
el valor de la resistencia RL que causará que una corriente iL 
sea 22 A.

Respuesta: RL 5 12 V

10 A 2 Ω

4i
a

b

+ –

i

iL RL

Figura P 5.4-12

P 5.4-13 El circuito que se muestra en la figura P 5.4-13 con-
tiene un resistor ajustable. La resistencia R se puede establecer 
a cualquier valor en el rango de 0 

E1C02_1 10/23/2009 47

P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 R 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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 100 kV.

(a)  Determine el valor máximo de la corriente ia que se puede 
obtener al ajustar R. Determine el valor correspondiente de R.

(b)  Determine el valor máximo del voltaje ia que se puede ob-
tener al ajustar R. Determine el valor correspondiente de R.

(c)  Determine el valor máximo de la potencia suministrada al 
resistor ajustable que se puede obtener al ajustar R. Deter-
mine el valor correspondiente de R.

12 V

R

2 mA

24 kΩ

18 kΩ

12 kΩ
ia

+ −va

+
–

Figura P 5.4-13

P 5.4-14 El circuito que se muestra en la figura P 5.4-14 
consta de dos partes, la fuente (a la izquierda de las termina-
les) y la carga. La carga consta de un resistor ajustable único 
que tiene una resistencia 0 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 RC 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.
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Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.
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is
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+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.
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v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 20 V. La resistencia R está 
establecida pero no especificada. Cuando RL 5 4 V, la co-
rriente de carga se ha medido para que io 5 0.375 A. Cuando 
RL 5 8 V, el valor de la corriente de carga es io 5 0.300 A.

(a)  Determine el valor de la corriente de carga cuando RL 5 10 V.
(b)  Determine el valor de R.
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

, el voltímetro se transforma en un vol-
tímetro ideal y vm 
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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, el voltímetro es no 
ideal y vm . vmi. La diferencia entre vm y vmi es un error de me-
dición ocasionado por el hecho de que el voltímetro es no ideal.

(a)  Determine el valor de vmi.
(b)  Exprese el error de medición que ocurre cuando Rm 5 

1 000 V como un porcentaje de vmi.
(c)  Determine el valor mínimo de Rm requerido para asegurar 

que el error de medición sea menor de 2% de vmi.

P 5.4-18 Determine el circuito equivalente para el circuito 
que se muestra en la figura P 5.4-18.

vs

a

b

R2

R1
b ia

ia

+
–

Figura P 5.4-18

P 5.4-19 Dado que 0 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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 en el circuito que se muestra 
en la figura P 5.4-19, considere estas dos observaciones:

Observación 1: Cuando R 5 2 V entonces vR 5 4 V e iR 5 2 A.

Observación 2: Cuando R 5 6 V entonces vR 5 6 V e iR 5 1 A.

Determine lo siguiente:

(a)  El valor máximo de iR y el valor de R que hace que iR sea 
máximo.

(b)  El valor máximo de vR y el valor de R que hace que vR sea 
máximo.

(c)  El valor máximo de pR 5 iRvR y el valor de R que hace que 
pR sea máximo.

vs
+
–

ia iR

Bia vR R

+

–

24 Ω

6 Ω

Figura P 5.4-19

P 5.4-20 Considere el circuito que se muestra en la figura 
P 5.4-20. 
Determine
(a)  El valor de vR que ocurre cuando R 5 9 V.
(b)  El valor de R que hace que vR 5 5.4 V.
(c)  El valor de R que hace que iR 5 300 mA.

+
–

iR

vR R

+

–

20 Ω 6 Ω

30 Ω300 mA9 V

Figura P 5.4-20

Sección 5.5 Circuito equivalente de Norton

P 5.5-1 La parte del circuito que se muestra en la figura P 5.5-1a 
a la izquierda de las terminales se puede reducir a su circuito 
equivalente de Norton utilizando transformaciones de fuente y 
resistencia equivalente. El circuito equivalente de Norton re-
sultante, que se muestra en la figura P 5.5-1b, se caracterizará 
por los parámetros

isc 5 0.5 A y Rt 5 20 V
(a)  Determine los valores de vs y R1.
(b)  Dado que 0 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

, determine los valores máximos del 
voltaje, v, y de la potencia, p 5 vi.

Respuestas: vs 5 37.5 V, R1 5 25 V, máxima v 5 10 V y 
máxima p 5 1.25 W

+ –

i

v
vs

R1 R2

+

–

50 Ω

50 Ω0.25 A

i

vRt R2

+

–

isc

(a)

(b)
Figura P 5.5-1
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 Problemas 201

P 5.5-6 El circuito que se muestra en la figura P 5.5-6b es el 
circuito equivalente de Norton del circuito que se muestra en 
la figura P 5.5-6a. Encuentre el valor de la corriente del corto-
circuito, isc, y la resistencia de Thévenin, Rt.

Respuesta: isc 5 224 A y Rt 5 23 V

–
+

(a) (b)

3 Ω 6 Ω

Rt1.33va24 V iscva

+

–

Figura P 5.5-6

P 5.5-7 Determine el valor de la resistencia R en el circuito 
que se muestra en la figura P 5.5-7 mediante cada uno de los 
métodos siguientes:

(a)  Reemplace la parte del circuito a la izquierda de las termi-
nales a-b por su circuito equivalente de Norton. Utilice la 
división de corrientes para determinar el valor de R.

(b)  Analice el circuito que se muestra en la figura P 5.5-7 uti-
lizando ecuaciones de enlaces. Despeje las ecuaciones de 
enlace para determinar el valor de R.

5 kΩ 10 kΩ

0.5 mA4 ib
ib

b

R25 V

a

+
–

Figura P 5.5-7

*P 5.5-8 El dispositivo a la derecha de las terminales a-b en 
la figura P 5.5-8 es un resistor no lineal caracterizado por

E1C05_1 10/19/2009 201

P 5.5-2 Two black boxes are shown in Figure P 5.5-2. Box A

contains the Th�evenin equivalent of some linear circuit, and box

B contains the Norton equivalent of the same circuit. With

access to just the outsides of the boxes and their terminals, how

can you determine which is which, using only one shorting wire?

1 Ω1 A

a

b

1 V

1 Ω a

b

Box A Box B

+
–

Figure P 5.5-2 Black boxes problem.

P 5.5-3 Find the Norton equivalent circuit for the circuit

shown in Figure P 5.5-3.

Answer: Rt ¼ 2V and isc ¼ �7.5 A

6 A

3 A

a

b

1 Ω

1 Ω

Figure P 5.5-3

P 5.5-4 Find the Norton equivalent circuit for the circuit

shown in Figure P 5.5-4.

4 A 5 A

5 Ω3 Ω

8 Ω

a

b

Figure P 5.5-4

P 5.5-5 The circuit shown in Figure P 5.5-5b is the Norton

equivalent circuit of the circuit shown in Figure P 5.5-5a. Find

the value of the short-circuit current, isc, and Th�evenin resist-

ance, Rt.

Answer: isc ¼ 1.13 A and Rt ¼ 7.57V

+
–

(a) (b)

3 Ω

6 Ω Rt10 V

5 Ω

isc
2ia

+–

ia

Figure P 5.5-5

P 5.5-6 The circuit shown in Figure P 5.5-6b is the Norton

equivalent circuit of the circuit shown in Figure P 5.5-6a. Find

the value of the short-circuit current, isc, and Th�evenin resist-

ance, Rt.

Answer: isc ¼ �24 A and Rt ¼ �3V

–
+

(a) (b)

3 Ω 6 Ω

Rt1.33va24 V iscva

+

–

Figure P 5.5-6

P 5.5-7 Determine the value of the resistance R in the circuit

shown in Figure P 5.5-7 by each of the following methods:

(a) Replace the part of the circuit to the left of terminals a–b

by its Norton equivalent circuit. Use current division to

determine the value of R.

(b) Analyze the circuit shown Figure P 5.5-7 using mesh

equations. Solve the mesh equations to determine the

value of R.

5 kΩ 10 kΩ

0.5 mA4 ib
ib

b

R25 V

a

+
–

Figure P 5.5-7

*P 5.5-8 The device to the right of terminals a�b in Figure

P 5.5-8 is a nonlinear resistor characterized by

i ¼ v2

2

Determine the values of i and v.

i

b

a

v18 Ω

4 Ω5 Ω

20 Ω

5 Ω

20 V

2 A

+
–

+

–

Figure P 5.5-8

P 5.5-9 Find the Norton equivalent circuit for the circuit

shown in Figure P 5.5-9.

Problems 201

Determine los valores de i y v.

i

b

a

v18 Ω

4 Ω5 Ω

20 Ω

5 Ω

20 V

2 A

+
–

+

–

Figura P 5.5-8

P 5.5-9 Encuentre el circuito equivalente de Norton para el 
circuito que se muestra en la figura P 5.5-9.

P 5.5-2 En la figura P 5.5-2 se muestran dos cajas negras. La 
caja A contiene el equivalente de Thévenin de algunos circui-
tos lineales, y la caja B contiene el equivalente de Norton del 
mismo circuito. Con el acceso a únicamente los exteriores de 
las cajas y sus terminales, ¿cómo puede determinar cuál es 
cuál, utilizando solamente un cable de cortocircuito? 

1 Ω1 A

a

b

1 V

1 Ω a

b

Caja A Caja B

+
–

Figura P 5.5-2 El problema de las cajas negras.

P 5.5-3 Encuentre el circuito equivalente de Norton para el 
circuito que se muestra en la figura P 5.5-3.

Respuesta: Rt 5 2 V e isc 5 27.5A

6 A

3 A

a

b

1 Ω

1 Ω

Figura P 5.5-3

P 5.5-4 Encuentre el circuito equivalente de Norton para el 
circuito que se muestra en la figura P 5.5-4.

4 A 5 A

5 Ω3 Ω

8 Ω

a

b

Figura P 5.5-4

P 5.5-5 El circuito que se muestra en la figura P 5.5-5b es el 
circuito equivalente de Norton del circuito que se muestra en 
la figura P 5.5-5a. Encuentre el valor de la corriente del corto-
circuito, isc, y la resistencia de Thévenin, Rt.

Respuesta: isc 5 1.13 A y Rt 5 7.57 V

+
–

(a) (b)

3 Ω

6 Ω Rt10 V

5 Ω

isc
2ia

+–

ia

Figura P 5.5-5
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6 Ω

4 Ω 1 Ω

3 Ω2.5 A

2 ix
a

b

ix

+ –

Figura P 5.5-9

P 5.5-10 Encuentre el circuito equivalente de Norton para el 
circuito que se muestra la figura P 5.5-10.

a

b

3 Ω
5 Ω

4 Ω

2.5 v1

v1

+

–
1 3 A

Figura P 5.5-10

P 5.5-11 Se ha modelado un amperímetro ideal como un cor-
tocircuito. Un modelo más realista de un amperímetro es una 
resistencia pequeña. La figura P 5.5-11a muestra un circui-
to con un amperímetro que mide la corriente im. En la figura 
P 5.5-10b, el amperímetro ha sido reemplazado por el mode-
lo de un amperímetro ideal, un cortocircuito. El amperímetro 
mide imi, el valor ideal de im.

Amperímetro

im

imi

3 mA

4 kΩ

4 kΩ 2 kΩ

im

3 mA 4 kΩ

4 kΩ

4 kΩ

2 kΩ

3 mA 4 kΩ 2 kΩ

Rm

(a)

(b)

(c)

Figura P 5.5-11

 Puesto que Rm 
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ideal value of vm. In Figure P 2.6-3c, the voltmeter is modeled by

the resistance Rm. Now the voltage measured by the voltmeter is

vm ¼ Rm

Rm þ 100

� �
12

Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900

V as a percent of vmi.

(b) Determine the minimum value of Rm required to ensure that

the measurement error is smaller than 2 percent of vmi.

12 V

+

−

100 Ω

(a)

vm

Voltmeter

+
–

12 V 12 V
+

−

100 Ω

(b)

vmi =+
–

12 V

+

−

100 Ω

(c)

vmRm+
–

Figure P 2.6-3

P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5

48 Circuit Elements

 0, el amperímetro se convierte en un 
amperímetro ideal e im 
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Because Rm!1, the voltmeter becomes an ideal voltmeter, and

vm! vmi¼ l2 V . When Rm<1, the voltmeter is not ideal, and

vm < vmi. The difference between vm and vmi is a measurement

error caused by the fact that the voltmeter is not ideal.

(a) Express the measurement error that occurs when Rm¼ 900
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–

12 V 12 V
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100 Ω
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−
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–
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P 2.6-4 An ideal ammeter is modeled as a short circuit. A

more realistic model of an ammeter is a small resistance. Figure P

2.6-4a shows a circuit with an ammeter that measures the current

im. In Figure P 2.6-4b, the ammeter is replaced by the model of an

ideal ammeter, a short circuit. Ideally, there is no voltage across

the 1-kV resistor, and the ammeter measures imi ¼ 2 A, the ideal

value of im. In Figure P 2.6-4c, the ammeter is modeled by the

resistance Rm. Now the current measured by the ammeter is

im ¼ 1000

1000þ Rm

� �
2

As Rm! 0, the ammeter becomes an ideal ammeter, and im!
imi¼ 2 A.When Rm> 0, the ammeter is not ideal, and im< imi.

The difference between im and imi is a measurement error

caused by the fact that the ammeter is not ideal.

(a) Express the measurement error that occurs when Rm ¼
10 V as a percent of imi.

(b) Determine the maximum value of Rm required to ensure

that the measurement error is smaller than 5 percent.

Ammeter

2 A 1 kΩ

im

(a)

2 A 1 kΩ

imi = 2 A

(b)

2 A 1 kΩ

im

Rm

(c)

Figure P 2.6-4

P 2.6-5 The voltmeter in Figure P 2.6-5a measures the

voltage across the current source. Figure P 2.6-5b shows

the circuit after removing the voltmeter and labeling the

voltage measured by the voltmeter as vm. Also, the other

element voltages and currents are labeled in Figure P 2.6-5b.

+
–

25 Ω

2 A12 V

Voltmeter

(a)

+
–

iR

vm

+

–

25 Ω

2 A12 V
is

vR+ –

(b)

Figure P 2.6-5

48 Circuit Elements

 imi. Cuando Rm . 0, el amperímetro es 
no ideal, e im , imi. La diferencia entre im e imi es un error de me-
dición causado por el hecho de que el amperímetro es no ideal.

(a) Determine el valor de imi.
(b)  Exprese el error de medición que ocurre cuando Rm 5 20 V 

como un porcentaje de imi.
(c)  Determine el valor máximo de Rm requerido para asegurar 

que el error de medición es menor que 2% de imi.

P 5.5-12 Determine los valores de Rt e icc que hacen que el 
circuito que se muestra en la figura P 5.5-12b sea el circuito 
equivalente de Norton del circuito en la figura P 5.5-12a.

Respuesta: Rt 5 3 V e isc 5 22A

isc Rt12 V

6 Ω 3 Ω

+
–

a

b

a

b

+

–
ia

2ia

(a) (b)

Figura P 5.5-12

P 5.5-13 Utilice el teorema de Norton para formular una ex-
presión general para la corriente i en términos de la resistencia 
variable R en la figura P 5.5-13.

Respuesta: i 5 20>(8 1 R) A

30 V +
– i

12 Ω 8 Ω

16 ΩR

a

b

Figura P 5.5-13

Sección 5.6 Transferencia de potencia máxima

P 5.6-1 El circuito que se muestra en la figura P 5.6-1 consta 
de dos partes separadas por un par de terminales. Considere la 
parte del circuito de la izquierda de las terminales. El voltaje 
del circuito abierto es voc 5 8 V, y la corriente del cortocircui-
to es isc 5 2A. Determine los valores de (a) el voltaje de la 
fuente de voltaje, vs, de la resistencia R2, y (b) la resistencia R 
que maximice la potencia transmitida al resistor de la derecha  
de las terminales, y la potencia máxima correspondiente.

vs

8 Ω R2

R+
–

+

–

ia

4 ia

i

v

+

–

Figura P 5.6-1
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P 5.6-6 Determine la potencia máxima que puede ser absor-
bida por un resistor, R, conectado a las terminales a-b del cir-
cuito que se muestra en la figura P 5.6-6. Especifique el valor 
requerido de R.

20 A

20 Ω

8 Ω a

10 Ω

120 Ω 50 Ω

b

Figura P 5.6-6 Circuito de puente.

P 5.6-7 La figura P 5.6-7 muestra una fuente conectada a una 
carga a través de un amplificador. La carga puede recibir con 
gran seguridad hasta 15 W de potencia. Considere tres casos:

(a)  A 5 20 V>V y Ro 5 10 V. Determine el valor de RL que 
maximice la potencia transmitida a la carga y la potencia 
de carga máxima correspondiente.

(b)  A 5 20 V>V y RL 5 8 V. Determine el valor de Ro que 
maximice la potencia transmitida a la carga y la potencia 
de carga máxima correspondiente.

(c)  Rs 5 10 V y RL 5 8 V. Determine el valor de A que maxi-
mice la potencia transmitida a la carga y a la potencia de 
carga máxima.

500 mV 100 kΩ va

fuente amplificador carga

RL

Rs

Ava
+
–

+

–

+

–

Figura P 5.6-7

P 5.6-8 El circuito en la figura P 5.6-8 contiene una resisten-
cia variable, R, implementada con un potenciómetro. La resis-
tencia del resistor variable varía por sobre el rango de 0 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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P 2.5-5

(a) Find the power supplied by the voltage source shown in
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The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
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vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and
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The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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1 000 V. El resistor variable puede recibir con toda seguridad 
la potencia de 1>4 w. Determine la potencia máxima recibida 
por el resistor variable. ¿Es seguro el circuito?

180 Ω

150 Ω 470 Ω

120 Ω

10 V 20 V

R

+
–

+
–

Figura P 5.6-8

P 5.6-9 Para el circuito de la figura P 5.6-9, encuentre la po-
tencia transmitida a la carga cuando RL es fija y Rt puede haber 

P 5.6-2 El modelo de circuito para una celda fotovoltaica se 
da en la figura P 5.6-2 (Edelson, 1992). La corriente if es pro-
porcional a la insolación (kW/m2).

(a)  Encuentre la resistencia de carga, RL, para la transferencia 
de potencia máxima.

(b)  Encuentre la potencia máxima transferida cuando is 5 1A.

is RL

1 Ω

100 Ω

Figura P 5.6-2 Modelo de circuito de una celda fotovoltaica.

P 5.6-3 Para el circuito en la figura P5.6-3, (a) encuentre R tal 
que la potencia máxima se disipe en R, y (b) calcule el valor 
de la potencia máxima.

Respuesta: R 5 60 V y Pmáx 5 254 mW

R

100 Ω150 Ω

6 V 2 V+
–

+
–

Figura 5.6-3

P 5.6-4 Para el circuito en la figura P 5.6-4, compruebe que 
para Rs variable y RL fija, la potencia disipada en RL es la 
máxima cuando Rs 5 0.

Respuesta: R 5 60 V y Pmáx 5 254 mW

vs RL

Rs

+
–

red de
fuentes

carga

Figura P 5.6-4

P 5.6-5 Encuentre la potencia máxima para la carga RL si la 
condición de transferencia de potencia máxima se encuentra 
para el circuito de la figura P 5.6-5.

Respuesta: pL máxima 5 0.75 mW

10ix

RL

2 Ω

3 Ω0.9 A16 V +
–

ix

Figura P 5.6-5
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variado entre 1 V y 5 V. Seleccione Rt de modo que la poten-
cia máxima se transmita a RL.

Respuesta: 13.9 W

10 V +
– RL = 5 Ω

Rt

Figura P 5.6-9

P 5.6-10 Se conectó un circuito resistivo a un resistor va-
riable, y la potencia transmitida al resistor se midió como se 
muestra en la figura P 5.6-10. Determine el circuito equivalen-
te de Thévenin.

Respuesta: Rt 5 20 V y voc 5 20 V

10 20 30

5

Potencia
(W)

400 

R (ohmios)

Figura P 5.6-10

Sección 5.8 Uso de PSpice para determinar  
el circuito equivalente de Thévenin

P 5.8-1 El circuito que se muestra en la figura P 5.8-1 está 
separado en dos partes por un par de terminales. Lleve la parte 
del circuito a la izquierda de las terminales del circuito A y la 
parte del circuito a la derecha de la terminal del circuito B. 
Utilice PSpice para lo siguiente:

(a)  Determine los voltajes de nodo para todo el circuito.
(b)  Determine el circuito equivalente de Thévenin del circuito A. 
(c)  Reemplace el circuito con su equivalente de Thévenin y 

determine los voltajes de nodo del circuito modificado.
(d)  Compare los voltajes de nodo del circuito B antes y después 

de reemplazar el circuito A por el equivalente de Thévenin.

+
–

60 Ω

10 Ω 10 Ω

15 Ω10 Ω20 Ω

10 Ω

12 Ω

40 Ω

250 mA15 V

Figura P 5.8-1

Sección 5.9 ¿Cómo lo podemos comprobar...?

P 5.9-1 Para el circuito de la figura P 5.9-1, se ha medido  la 
corriente i para tres diferentes valores de R y se ha enlistado en 
la tabla. ¿Los datos son consistentes?

4 kΩ

4 kΩ1 kΩ

R

10 V

ix

i

5 000ix
+
–+ –

R(Ω) i(mA)

5000
500

0

16.5
43.8
97.2

Figura P 5.9-1

P 5.9-2 Su compañero de laboratorio construyó el circuito que 
se muestra en la figura P 5.9-2 y midió la corriente i y el voltaje v 
correspondientes a los diversos valores de la resistencia R. Los 
resultados se muestran en la tabla de la figura P 5.9-2. Su com-
pañero de laboratorio dice que se requiere que RL 5 8 000 V 
para que i 5 1 mA. ¿Está usted de acuerdo? Justifique su res-
puesta.

6 kΩ

18 kΩ2 mA 12 kΩ

24 kΩ

+
–

i

v

R

R vi

+ –

12 V

circuito
abierto de

10 kΩ

0 mA
0.857 mA

3 mA

12 V
8.57 V

0 V

Figura P 5.9-2

P 5.9-3 En preparación para laboratorio, su compañero de 
laboratorio determinó el circuito equivalente de Thévenin co-
nectado a RL en la figura P 5.9-3. Dice que la resistencia de 
Thévenin es Rt 5 
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between 1V and 5V. Select Rt so that maximum power is

delivered to RL.

Answer: 13.9 W

10 V +
– RL = 5 Ω

Rt

Figure P 5.6-9

P 5.6-10 A resistive circuit was connected to a variable resistor,

and the power delivered to the resistor was measured as shown in

Figure P 5.6-10. Determine the Th�evenin equivalent circuit.

Answer: Rt ¼ 20V and voc ¼ 20 V

10 20 30

5

Power
(W)

400 

R (ohms)

Figure P 5.6-10

Section 5.8 Using PSpice to Determine the
Th�evenin Equivalent Circuit

P 5.8-1 The circuit shown in Figure P 5.8-1 is separated into two

parts by a pair of terminals. Call the part of the circuit to the left of

the terminals circuit A and the part of the circuit to the right of the

terminal circuit B. Use PSpice to do the following:

(a) Determine the node voltages for the entire circuit.

(b) Determine the Th�evenin equivalent circuit of circuit A.

(c) Replace circuit A by its Th�evenin equivalent and deter-

mine the node voltages of the modified circuit.

(d) Compare the node voltages of circuit B before and after

replacing circuit A by its Th�evenin equivalent.

+
–

60 Ω

10 Ω 10 Ω

15 Ω10 Ω20 Ω

10 Ω

12 Ω

40 Ω

250 mA15 V

Figure P 5.8-1

Section 5.9 How CanWe Check . . . ?

P 5.9-1 For the circuit of Figure P 5.9-1, the current i has

been measured for three different values of R and is listed in

the table. Are the data consistent?

4 kΩ

4 kΩ1 kΩ

R

10 V

ix

i

5000ix
+
–+ –

R(Ω) i(mA)

5000
500

0

16.5
43.8
97.2

Figure P 5.9-1

P 5.9-2 Your lab partner built the circuit shown in Figure

P 5.9-2 and measured the current i and voltage v corresponding

to several values of the resistance R. The results are shown in

the table in Figure P 5.9-2. Your lab partner says that RL ¼
8000V is required to cause i ¼ 1 mA. Do you agree? Justify

your answer.

6 kΩ

18 kΩ2 mA 12 kΩ

24 kΩ

+
–

i

v

R

R vi

+ –

12 V

open
10 kΩ
short

0 mA
0.857 mA

3 mA

12 V
8.57 V

0 V

Figure P 5.9-2

P 5.9-3 In preparation for lab, your lab partner determined the

Th�evenin equivalent of the circuit connected to RL in Figure

P 5.9-3. She says that the Th�evenin resistance isRt ¼ 6
11

R and the

open-circuit voltage is voc ¼ 60
11

V. In lab, you built the circuit

using R¼ 110V and RL¼ 40V and measured that i¼ 54.5 mA.

Is this measurement consistent with the prelab calculations?

Justify your answers.

+
–

+
–

+
–

Load

3R

2R

R

RL

30 V

20 V

10 V

i

Figure P 5.9-3
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 R y que el voltaje del circuito abierto es 
voc 5 
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between 1V and 5V. Select Rt so that maximum power is

delivered to RL.

Answer: 13.9 W

10 V +
– RL = 5 Ω

Rt

Figure P 5.6-9

P 5.6-10 A resistive circuit was connected to a variable resistor,

and the power delivered to the resistor was measured as shown in

Figure P 5.6-10. Determine the Th�evenin equivalent circuit.

Answer: Rt ¼ 20V and voc ¼ 20 V

10 20 30

5

Power
(W)

400 

R (ohms)

Figure P 5.6-10

Section 5.8 Using PSpice to Determine the
Th�evenin Equivalent Circuit

P 5.8-1 The circuit shown in Figure P 5.8-1 is separated into two

parts by a pair of terminals. Call the part of the circuit to the left of

the terminals circuit A and the part of the circuit to the right of the

terminal circuit B. Use PSpice to do the following:

(a) Determine the node voltages for the entire circuit.

(b) Determine the Th�evenin equivalent circuit of circuit A.

(c) Replace circuit A by its Th�evenin equivalent and deter-

mine the node voltages of the modified circuit.

(d) Compare the node voltages of circuit B before and after

replacing circuit A by its Th�evenin equivalent.

+
–

60 Ω

10 Ω 10 Ω

15 Ω10 Ω20 Ω

10 Ω

12 Ω

40 Ω

250 mA15 V

Figure P 5.8-1

Section 5.9 How CanWe Check . . . ?

P 5.9-1 For the circuit of Figure P 5.9-1, the current i has

been measured for three different values of R and is listed in

the table. Are the data consistent?

4 kΩ

4 kΩ1 kΩ

R

10 V

ix

i

5000ix
+
–+ –

R(Ω) i(mA)

5000
500

0

16.5
43.8
97.2

Figure P 5.9-1

P 5.9-2 Your lab partner built the circuit shown in Figure

P 5.9-2 and measured the current i and voltage v corresponding

to several values of the resistance R. The results are shown in

the table in Figure P 5.9-2. Your lab partner says that RL ¼
8000V is required to cause i ¼ 1 mA. Do you agree? Justify

your answer.

6 kΩ

18 kΩ2 mA 12 kΩ

24 kΩ

+
–

i

v

R

R vi

+ –

12 V

open
10 kΩ
short

0 mA
0.857 mA

3 mA

12 V
8.57 V

0 V

Figure P 5.9-2

P 5.9-3 In preparation for lab, your lab partner determined the

Th�evenin equivalent of the circuit connected to RL in Figure

P 5.9-3. She says that the Th�evenin resistance isRt ¼ 6
11

R and the

open-circuit voltage is voc ¼ 60
11

V. In lab, you built the circuit

using R¼ 110V and RL¼ 40V and measured that i¼ 54.5 mA.

Is this measurement consistent with the prelab calculations?

Justify your answers.

+
–

+
–

+
–

Load

3R

2R

R

RL

30 V

20 V

10 V

i

Figure P 5.9-3

204 Circuit Theorems

 V. En el laboratorio, usted construyó el circuito uti-
lizando R 5 110 V y RL 5 40 V, además de haber medido 
i 5 54.5 mA. ¿Esta medición es consistente con los cálculos 
de preparación de laboratorio? Justifique sus respuestas.

+
–

+
–

+
–

Carga

3R

2R

R

RL

30 V

20 V

10 V

i

Figura P 5.9-3
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18 

12 

+
–

i

R

R1

is

R, v, Vi, A

12 V 24 

0
10
20
40
80

3
1.333
0.857

0.5
?

0
13.33
17.14

?
21.82

v

+

–

(a)

(b)

Figura P 5.9-5

P 5.9-4 Su compañero de laboratorio pide que la corriente i 
en la fi gura P 5.9-4 no sea mayor de 12.0 mA, independiente-
mente del valor de la resistencia R. ¿Está de acuerdo?

+
–12 V 3 k 6 k

500 

1500 

i

R

Figura P 5.9-4

P 5.9-5 La fi gura P 5.8-1 muestra un circuito y algunos datos 
que se corresponden. Dos resistencias, R1 y R, y la corriente de 
la fuente de corriente no están especifi cados. Los datos tabula-
dos proporcionan valores de la corriente, i, y del voltaje, v, que 
corresponden a diversos valores de la resistencia R.

(a)  Considere reemplazar la parte del circuito conectado al 
resistor R por un circuito equivalente de Thévenin. Utilice 
los datos en las fi las 2 y 3 de la tabla para encontrar los 
valores de R1 y voc, la resistencia de Thévenin y el voltaje 
del circuito abierto.

(b)  Utilice los resultados de la parte (a) para verifi car que los 
datos tabulados sean consistentes.

(c)  Llene los espacios en blanco de la tabla.
(d)  Determine los valores de R1 e is.

Problemas de PSpice
PS 5-1 El circuito en la fi gura SP 5-1 tiene tres entradas: v1, 
v2 e i3. El circuito tiene una salida, vs. La ecuación

vs � a v1 � b v2 � c i3

expresa la salida como una función de las entradas. Los coefi -
cientes a, b y c son constantes reales.

(a)  Utilice PSpice y el principio de la superposición para de-
terminar los valores de a, b y c.

(b)  Suponga que v1 � 10 V y v2 � 8 V, y queremos que la 
salida sea vo � 7 V. ¿Cuál es el valor requerido de i3?

Sugerencia: La salida está dada por vo � a cuando v1 � 1 V, 
v2 � 0 V e i3 � 0A.

+
–

+ –

vo

v2

i3v1

+

–

100 

100 100 

Figura PS 5-1

Respuesta: (a) vo � 0.3333v1 � 0.3333v2 � 33.33i3, (b) i3 � 
30 mA

PS 5-2 El par de terminales a-b divide el circuito de la fi gura 
SP 5-2 en dos partes. Indique los voltajes de nodo en los nodos 1 
y 2 como v1 y v2. Utilice PSpice para demostrar que efectuar una 
transformación de fuentes en la parte del circuito a la derecha de 
las terminales no modifi ca nada a la derecha de las terminales. 
En particular, muestre que la corriente, io, y los voltajes de nodo, 
v1 y v2, tiene los mismos valores después de la transformación 
de fuentes como antes de la transformación de fuentes.

+
–

+ –
100 8 V

a 1 2

b

10 V 100 100 30 mAio

Figura PS 5-2

PS 5-3 Utilice PSpice para encontrar el circuito equivalente 
de Thévenin para el circuito que se muestra en la fi gura PS 5-3.
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Problemas de diseño
PD 5-1 El circuito que se ilustra en la fi gura PD 5-1a tiene 
cuatro parámetros de circuito no especifi cados: vs, R1, R2 y R3. 
Para diseñar este circuito, debemos especifi car los valores de 
estos cuatro parámetros. La gráfi ca que se muestra en la fi gura 
PD 5-1b describe una relación entre la corriente i y el voltaje v.

R2

R3

vs

R1 i

+

–

v+
–

v, V

i, mA

–2

–4

–6

–8

2

4

6

2 4 6 8–2–4–6

(a)

(b)

Figura PD 5-1

 Especifi que los valores de vs, R1, R2 y R3 que hacen que 
la corriente i y el voltaje v en la fi gura PD 5-1a satisfaga la re-
lación descrita por la gráfi ca en la fi gura PD 5-1b.

Respuesta: voc � 2 V y Rt � �8>3 �

+
–

8 

4 

a

b

6 V va

0.75va

–

+

Figura PS 5-3

PS 5-4 El circuito que se muestra en la fi gura PS 5-4b es el 
circuito equivalente de Norton del circuito que se muestra en 

la fi gura PS 5-4a. Encuentre el valor de la corriente del corto-
circuito, isc, y la resistencia de Thévenin, Rt.

Respuesta: isc � 1.13 V y Rt � 7.57 �

+
–

(a) (b)

3 

6 Rt10 V

5 

isc
2ia

+–

ia

Figura PS 5-4

Primera sugerencia: La ecuación que representa la línea recta 
en la fi gura PD 5-1b es

v � �Rti � voc
Es decir, la inclinación de la línea es igual a �1 vez la resisten-
cia de Thévenin, y la intercepción del v es igual al voltaje del 
circuito abierto.
Segunda sugerencia: Hay más de una respuesta correcta para 
este problema. Trate de hacerlo estableciendo R1 � R2.
PD 5-2 El circuito que se ilustra en la fi gura PD 5-2a tiene 
cuatro parámetros de circuito no especifi cados: is, R1, R2 y R3. 
Para diseñar este circuito, debemos especifi car los valores de 
estos cuatro parámetros. La gráfi ca que se muestra en la fi gura 
PD 5-2b describe una relación entre la corriente i y el voltaje v.
 Especifi que los valores de is, R1, R2 y R3 que hacen que 
la corriente i y el voltaje v en la fi gura PD 5-2a satisfaga la 
relación descrita por la gráfi ca en la fi gura PD 5-2b.
Primera sugerencia: Calcule el voltaje de circuito abierto, voc, 
y la resistencia de Thévenin, Rt, de la parte del circuito a la 
izquierda de las terminales en la fi gura PD 5-2a.
Segunda sugerencia: La ecuación que representa la línea recta 
en la fi gura PD 5-2b es

v � �Rti � voc
Es decir, la inclinación de la línea es igual a �1 vez la resisten-
cia de Thévenin, y la intercepción de v es igual al voltaje del 
circuito abierto.
Tercera sugerencia: Hay más de una respuesta correcta para 
este problema. Trate de hacerlo estableciendo que tanto R3 y 
R1 � R2 sean iguales dos veces la inclinación de la gráfi ca en 
la fi gura PD 5-2b.

R3R1

R2

if

i

+

–

v

(a)
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v, V

i, mA

–2

–4

–6

–8

2

4

6

2 4 6 8–2–4–6

(b)
Figura PD 5-2 

PD 5-3 El circuito que se ilustra en la figura PD 5-3a tiene 
cuatro parámetros de circuito no especificados: vs, R1, R2 y R3. 
Para diseñar este circuito, debemos especificar los valores de 
estos cuatro parámetros. La gráfica que se muestra en la figura 
PD 5-3b describe una relación entre la corriente i y el voltaje v.

R2

R3

vf

R1 i

+

–

v+
–

v, V

i, mA

–2

–4

–6

–8

2

4

6

2 4 6 8–2–4–6

(a)

(b)
Figura PD 5-3

 ¿Es posible especificar los valores de vs, R1, R2 y R3 que 
hacen que la corriente i y el voltaje v en la figura PD 5-3a sa-
tisfaga la relación descrita por la gráfica en la figura PD 5-3b? 
Justifique su respuesta.

PD 5-4 El circuito que se muestra en la figura PD 5-4a tiene 
cuatro parámetros de circuito no especificados: vs, R1, R2 y d, 
donde d es la ganancia de la CCCS. Para diseñar este circuito, 
debemos especificar los valores de estos cuatro parámetros. La 
gráfica que se muestra en la figura PD 5-4b describe una rela-
ción entre la corriente i y el voltaje v.
 Especifique los valores de vs, R1, R2 y d que hacen que la 
corriente i y el voltaje v en la figura PD 5-4a satisfaga la rela-
ción descrita por la gráfica en la figura PD 5-4b.

Primera sugerencia: La ecuación que representa la línea recta 
en la figura PD 5-4b es

v 5 2Rti 1 voc

Es decir, la inclinación de la línea es igual a 21 vez la resisten-
cia de Thévenin, y la intercepción de v es igual al voltaje del 
circuito abierto.

Segunda sugerencia: Hay más de una respuesta correcta para 
este problema. Trate de hacerlo estableciendo R1 5 R2.

dia R2

R1

(a)

vs
+
–

ia i

+

–

v

(b)

v, V

i, mA

–2

–4

–6

–8

2

4

6

2 4 6 8–2–4–6

Figura PD 5-4
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El amplifi cador
operacional

6.1 I N T R O D U C C I Ó N

Este capítulo presenta otro elemento de circuitos, el amplificador operacional, o AMP OP. Aprendere-
mos a analizar y diseñar circuitos que contengan AMP OPs. En particular, veremos que

•  Se puede disponer de varios modelos, de certeza y complejidad diversas, para amplifi cadores ope-
racionales. Los modelos sencillos son fáciles de utilizar, y los modelos precisos son más complica-
dos. El modelo más sencillo de amplifi cador operacional es el amplifi cador operacional ideal.

•  Los circuitos que contienen amplifi cadores operacionales ideales se analizan mediante la escritura 
y despeje de ecuaciones nodales.

•  Los amplifi cadores operacionales se pueden utilizar para construir circuitos que realicen operacio-
nes matemáticas. Muchos de estos circuitos tienen un amplio uso e incluso han recibido su denomi-
nación propia. La fi gura 6.5-1 proporciona un catálogo de algunos circuitos útiles de amplifi cador 
operacional.

•  Los amplifi cadores operacionales prácticos tienen propiedades que no se contemplan en el ampli-
fi cador operacional ideal. Entre ellas están el voltaje de ramas de entrada, la corriente de polariza-
ción negativa, la ganancia de la cd, la resistencia de entrada y la de salida. Para hacer posibles estas 
propiedades se han requerido modelos más complicados.

6.2 E L  A M P L I F I C A D O R  O P E R A C I O N A L

El amplificador operacional es un elemento de circuito electrónico, diseñado para su uso con otros 
elementos de circuito que lleven a cabo operaciones de procesamiento de señales especificadas. En 
la figura 6.2-1a se muestra el amplificador operacional mA471, el cual consta de ocho clavijas de 
conexión, cuyas funciones se indican en la figura 6.2-1b.

6CAPÍTULO

EN ESTE CAPÍTULO

6.1 Introducción
6.2 El amplifi cador operacional
6.3 El amplifi cador operacional ideal
6.4  Análisis nodal de circuitos que contienen 

amplifi cadores operacionales ideales
6.5  Diseño mediante el uso de amplifi cadores 

operacionales
6.6  Circuitos de amplifi cadores operacionales y 

ecuaciones algebraicas lineales
6.7  Características de los amplifi cadores 

operacionales prácticos

 6.8  Análisis de circuitos de amplifi cadores 
operacionales mediante el uso de MATLAB

 6.9  Análisis de circuitos de amplifi cadores 
operacionales mediante el uso de PSpice

6.10 ¿Cómo lo podemos comprobar...?
6.11  EJEMPLO DE DISEÑO — Circuito de 

interfase de transductor 
6.12 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño
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	 El	amplificador	operacional	que	se	muestra	en	la	figura	6.2-2	tiene	cinco	terminales.	Los	nom-
bres	de	estas	terminales	se	muestran	en	las	figuras	6.2-1b	y	6.2-2.	Observe	los	signos	más	y	menos	
en la parte triangular del símbolo del amplificador operacional. El signo más identifica la entrada no 
inversora y el signo menos identifica a la entrada inversora.
 Los alimentadores de potencia se utilizan para polarizar el amplificador operacional. En otras 
palabras, los alimentadores de potencia ocasionan ciertas condiciones que se requieren para que el 
amplificador operacional funcione de manera adecuada. No es conveniente incluir los alimentadores 
de potencia en los dibujos en que se detallen circuitos de amplificadores operacionales. Estos alimen-
tadores de potencia tienden a desordenar los dibujos de circuitos de amplificadores operacionales, lo 
cual dificulta su lectura. En consecuencia, los alimentadores de potencia se suelen omitir en los dibu-
jos que acompañan las explicaciones de la función de los circuitos de amplificadores operacionales, 
como las ilustraciones que se encuentran en los libros de texto. Se entiende que los alimentadores de 
potencia son parte del circuito aun cuando no se ilustren. (Los esquemas, los dibujos que se utilizaron 
para describir cómo ensamblar un circuito, son un tema distinto.) Los voltajes del alimentador de 
potencia	se	muestran	en	la	figura	6.2-2,	indicados	como	v1 y v2.
 Dado que los alimentadores de potencia se suelen omitir de los dibujos de circuitos de amplifi-
cadores operacionales, es fácil pasar por alto las corrientes del alimentador de potencia. Este error se 
evita con la cuidadosa aplicación de la ley de la corriente de Kirchhoff (KCL). Por regla general, no 
es	útil	aplicar	la	KCL	de	un	modo	que	implique	cualquier	corriente	de	alimentador	de	potencia.	Dos	
casos específicos son de manera particular importantes. En principio, el nodo de tierra de la figura 
6.2-2	es	una	terminal	de	ambos	alimentadores	de	potencia.	Estas	dos	corrientes	de	alimentación	de	
potencia se podrían ver implicadas si se aplicara la KCL al nodo de tierra. Estas corrientes no se deben 

8

7

6

5

1

2

3

4

–

+

741
Vista superior Sin conexión

v+ (usualmente
      +15 V)

v– (usualmente
      –15 V)

Salida

Ajuste de cero

Entrada
no inversora

Entrada inversora

Ajuste de cero

  A
741
µ

pulg.1 4
pulg.3 8

(a) (b)

+
–

+
–

–

+

Nodo de entrada
no inversora

Nodo de entrada
inversora

+

–

v2

i2

i1

+

–

vs

+

–

v1

Nodo de
alimentación
de potencia

negativo

Nodo de
alimentación
de potencia

positivo is
Nodo de
salida

i+

v+

i–

v–

FIGURA 6.2-1 (a) Un circuito integrado mA471	tiene	ocho	clavijas.	(b)	Correspondencia	entre	los	números	de	las	
clavijas	circuladas	del	circuito	integrado	y	de	los	nodos	del	amplificador	operacional.

FIGURA 6.2-2 Un	AMP	OP,	incluyendo	alimentadores	de	potencia	v1 y v2.
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pasar por alto. Es mejor simplemente abstenerse de aplicar la KCL al nodo de tierra de un circuito de 
amplificador operacional. En segundo lugar, la KCL requiere que la suma de todas las corrientes en  
el amplificador operacional sean cero:

i1 1 i2 1 io 1 i1 1 i2 5 0
Ambas corrientes de alimentación de potencia están comprendidas en esta ecuación. Una vez más, 
no hay que pasar por alto estas corrientes. Es mejor simplemente abstenerse de aplicar la KCL a la 
suma de corrientes en un amplificador operacional cuando los alimentadores de potencia se omitan 
del diagrama del circuito.

6.3 E L  A M P L I F I C A D O R  O P E R A C I O N A L  I D E A L

Los amplificadores operacionales son dispositivos complicados que presentan un comportamiento  
lineal y no lineal. El voltaje y la corriente de salida del amplificador operacional, vo e io, deben cumplir 
tres condiciones para que un amplificador operacional sea lineal, a saber:

 

vo vsat

io isat

dvo(t)
dt

SR	 (6.3-1)

El voltaje de saturación, vsat, la corriente de saturación, isat, y el límite de razón de decaimiento, SR, 
son todos parámetros de un amplificador operacional. Por ejemplo, si el amplificador operacional 
mA741	se	polariza	utilizando	alimentadores	de	potencia	115V	y	215V,	entonces

 
vsat  14 V, isat  2 mA y SR  500 000

V
s
	 (6.3-2)

Estas restricciones reflejan el hecho de que los amplificadores operacionales no producen voltajes 
grandes o grandes corrientes, ni cambian rápidamente voltajes de salida de manera arbitraria.
	 La	 figura	 6.3-1	 describe	 el	amplificador operacional ideal. Este tipo de amplificador es un 
modelo sencillo de un amplificador operacional que es lineal. El amplificador operacional ideal se 
caracteriza por restricciones en sus corrientes y voltajes de entrada. Las corrientes en las terminales 
de	entrada	de	un	amplificador	operacional	ideal	son	cero.	En	consecuencia,	en	la	figura	6.3-1,	

i1  0 e i2  0

Los voltajes de nodos en los nodos de entrada de un amplificador operacional son iguales. En conse-
cuencia,	en	la	figura	6.3-1,

v2  v1

El amplificador operacional ideal es un modelo de un amplificador operacional lineal, de modo que 
la corriente y el voltaje de salida del amplificador operacional deben satisfacer las restricciones de la 
ecuación	6.3-1.	Si	no	lo	hacen,	entonces	el	amplificador	operacional	ideal	no	es	un	modelo	adecuado	
de un amplificador operacional real. La corriente y el voltaje de salida dependen del circuito en el 
cual se utiliza el amplificador operacional. Las condiciones del AO ideal	se	resumen	en	la	tabla	6.3-1.

FIGURA 6.3-1 El	amplificador	operacional	ideal.

–

+
Nodo de entrada

no inversora

Nodo de entrada
inversora

+

–

v2 = v1

i2 = 0

i1 = 0

+

–

vo

+

–

v1

is
Nodo de
salida
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Considere	el	circuito	que	se	muestra	en	la	figura	6.3-2a. Suponga que el amplificador operacional es un amplifi-
cador operacional mA741.	Modele	el	amplificador	operacional	como	un	amplificador	operacional	ideal.	Deter-
mine cómo se relaciona el voltaje de salida, vo, con el voltaje de entrada, vs.

–

+

Nodo de entrada
no inversora

Nodo de entrada
inversora

v1 = vo

v2 = v1 = vo
i2 = 0

i1 = 0
io

Nodo de
salida

–

+v2

i2

i1

+

–

vs

++

–

– vo

v1 io

+
–

Rs
RL

vs +
–

Rs
RL

vf

(b)(a)

0

 

FIGURA 6.3-2 (a) Circuito 
del	amplificador	operacional	
para	el	ejemplo	6.3-1	y	(b) 
un circuito equivalente que 
muestra las consecuencias 
de	modelar	el	amplificador	
operacional como un  
amplificador	operacional.	 
Los voltajes v1, v2 y vo son 
voltajes de nodos.

Solución
La	figura	6.3-2b	muestra	el	circuito	cuando	el	amplificador	operacional	de	la	figura	6.3-2a está modelado como 
un amplificador operacional ideal.

1. 	Los	nodos	de	entrada	y	de	salida	 inversores	del	amplificador	operacional	están	conectados	por	un	corto-
circuito, de modo que los voltajes de nodo son iguales en estos nodos:

 v1 5 vo

2. Los voltajes y los nodos inversor y no inversor de un AO ideal son iguales:

 v2 5 v1 5 vo

3. Las	corrientes	en	los	nodos	inversor	y	no	inversor	de	un	amplificador	operacional	son	cero,	por	lo	tanto

 i1 5 0 e i2 5 0

4.  La corriente en el resistor Rs es i2 5 0, por lo que el voltaje a través de Rs	es	0	V.	El	voltaje	a	través	de	Rs es 
vs 2 v2 5 vs 2 vo; por ende.

 vs 2 vo 5 0

 o bien  vs 5 vo

E j E m p l o  6 . 3 - 1  Amplificador operacional ideal

Tabla 6.3-1 Condiciones operativas para un amplificador operacional ideal

VARIABLE CONDICIÓN IDEAL

Corriente de entrada de nodo inversora i1 5 0

Corriente de entrada de nodo no inversora i2 5 0

Diferencia de voltaje entre el voltaje de nodo inversor v1 y 
el voltaje del nodo no inversor v2

v22v1 5 0
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¿Estas	soluciones	satisfacen	los	requerimientos	de	las	ecuaciones	6.3-1	y	6.3-2?	Se	debe	calcular	 la	corriente	
de salida del amplificador operacional. Aplique la KCL en el nodo de salida del amplificador operacional para 
obtener

i1  io 
vo

RL
 0

Porque i1 5 0,
io

vo

RL

Ahora	las	ecuaciones	6.3-1	y	6.3-2	requieren	que

vs 14 V
vs

RL
2 mA

d
dt

vs 500 000
V
s

Por ejemplo, cuando vs 5	10	V	y	RL 5	20	kV, entonces

vs 0  10 V  14 V
vs

RL


10 V
20 k


1
2

mA  2 mA

d
dt

vs  0  500 000
V
s

0

Esto es consistente con el uso del amplificador operacional ideal. Por otra parte, cuando vs 5	10	V	y	RL 5	2	kV, 
entonces

vs

RL
 5 mA  2 mA

por lo que no es adecuado modelar el mA741	como	un	amplificador	operacional	ideal	cuando	vs 5	10	V	y	RL 5	2	kV. 
Cuando vs 5	10	V,	requerimos	que	RL .	5	kV	para	satisfacer	la	ecuación	6.3-1.

6.4  A N Á L I S I S  N O D A L  D E  C I R C U I T O S  Q U E  C O N T I E N E N 
A M P L I F I C A D O R E S  O P E AT I VO S  I D E A L E S

Es conveniente utilizar ecuaciones nodales para analizar circuitos que contengan amplifica-
dores operacionales ideales.

Hay tres puntos que recordar.

1. 	Los	voltajes	de	nodo	en	 los	nodos	de	entrada	de	 los	amplificadores	operacionales	 ideales	 son	
iguales. Entonces, uno de estos dos voltajes de nodos se puede eliminar a partir de las ecuaciones 
nodales.	Por	ejemplo,	en	 la	figura	6.4-1,	 los	voltajes	en	 los	nodos	de	entrada	del	amplificador	
operacional ideal son v1 y v2. Dado que

v1 5 v2
 se puede eliminar v2 a partir de las ecuaciones nodales.
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2.  Las corrientes en los conductores de entrada de un amplifi cador operacional ideal son cero. Estas 
corrientes están incluidas en las ecuaciones de la KCL en los nodos de entrada del amplifi cador 
operacional.

3.  La corriente de salida del amplifi cador operacional es no cero. Esta corriente está incluida en las 
ecuaciones de la KCL en el nodo de salida del amplifi cador operacional. Aplicar la KCL a este 
nodo agrega otra incógnita a las ecuaciones nodales. Si no se tiene que determinar la corriente de 
salida del amplifi cador operacional, entonces no es necesario aplicar la KCL en el nodo de salida 
del amplifi cador operacional.

El circuito que se muestra en la figura 6.4-1 se denomina amplificador de diferencia (o de residuo). El ampli-
ficador operacional ha sido modelado como un amplificador operacional ideal. Utilice ecuaciones nodales para 
analizar este circuito y determinar vo en términos de los dos voltajes de fuente, va y vb.

–

+

Nodo de entrada
no inversora

Nodo de entrada
inversora

v1

 v2 = v1

i2 = 0

i1 = 0
is

nodo de
salida

+

–

vo+
–

+
–

vb

va

30 k
50 k

10 k

10 k

30 k

 FIGURA 6.4-1 Circuito del ejemplo 6.4-1.

Solución
La ecuación nodal en el nodo no inversor del amplificador operacional ideal es

v2

30,000
þ v2 � vb

10,000
þ i2 ¼ 0

Dado que v2 � v1 e i2 � 0, esta ecuación será
v1

30,000
þ v1 � vb

10,000
¼ 0

Despejando v1, tenemos
v1 � 0.75 � vb

La ecuación nodal en el nodo inversor del amplificador operacional es
v1 va

10 000
v1 vo

30 000
i1 0

Como v1 � 0.75vb e i1 � 0, esta ecuación se convierte
0.75 vb va

10 000
0.75 vb vs

30 000
0

Despejando vo, tenemos
vo � 3(vb � va )

El amplificador de diferencia recibe su nombre porque el voltaje de salida, vo, es una función de la diferencia, 
vb � va, de los voltajes de entrada.

E J E M P L O  6 . 4 - 1  Amplificador de diferencia
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A	continuación,	considere	el	circuito	que	se	muestra	en	la	figura	6.4-2a. Este circuito se denomina amplificador 
de	puente.	La	parte	del	circuito	que	se	denomina	puente	se	muestra	en	la	figura	6.4-2b. El amplificador opera-
cional y los resistores R5 y R6 se utilizaron para amplificar la salida del puente. El amplificador operacional de la 
figura	6.4-2a se ha modelado como un amplificador operacional ideal. En consecuencia, v1 5 0 e i1 5 0, como 
se muestra. Determine el voltaje de salida, vo, en términos del voltaje de fuente, vs.

R4R3

R1 R2

R5

R6

vs

+ –

–

+

i1 = 0

v1 = 0 vo

+

–

a

b

R5

Rt R6

voc

–

+

i1 = 0

v1 = 0 vo

+

–

a

b

R4R3

R1 R2

vs

+ –

a

b

+
–

Rt =

voc = vs

a

b

+
–

R1R2 R3R4
R1 + R2 R3 + R4

+

R2 R4
R1 + R2 R3 + R4

–

(b)(a)

(c) (d)  

FIGURA 6.4-2 (a)	Amplificador	de	puente,	que	
incluye el circuito de puente. (b) El circuito de 
puente y (c) su circuito equivalente de Thévenin. 
(d)	El	amplificador	de	puente,	que	incluye	el	
equivalente de Thévenin del puente.

Solución
Aquí	hay	una	oportunidad	de	utilizar	el	teorema	de	Thévenin.	La	figura	6.4-2c muestra el equivalente de Thé-
venin	del	circuito	de	puente.	La	figura	6.4-2d muestra el amplificador de puente luego que el puente ha sido 
reemplazado	por	su	equivalente	de	Thévenin.	La	figura	6.4-2d	es	más	sencilla	que	la	figura	6.4-2a. Es más fácil 
escribir	y	despejar	las	ecuaciones	nodales	que	representa	la	figura	6.4-2d que escribir y despejar las ecuaciones 
nodales	que	representan	la	figura	6.4-2a. El teorema de Thévenin nos asegura que el voltaje vo	de	la	figura	6.4-2d 
es el mismo que el voltaje vo	en	la	figura	6.4-2a.
	 Escribamos	ecuaciones	nodales	que	representen	el	circuito	en	la	figura	6.4-2d. Primero, observemos que el 
voltaje del nodo va	resulta	de	(utilizando	KVL)

va 5 v1 1 voc 1 Rti1
Como v1 5 0 e i1 5 0,

va 5 voc

E j E m p l o  6 . 4 - 2  Análisis de un amplificador de puente
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Ahora, escribiendo la ecuación nodal en el nodo a

i1
va vo

R5

va

R6
0

Puesto que va � voc e i1 � 0,
voc vo

R5

voc

R6
0

 Despejando vo, tenemos

vo 1
R5

R6
voc 1

R5

R6

R2

R1 R2

R4

R3 R4
vo

Considere el circuito que se muestra en la figura 
6.4-3. Encuentre el valor del voltaje medido por el 
voltímetro.

Solución
La figura 6.4-4 muestra el circuito de la figura 6.4-3 
luego de reemplazar el voltímetro por un circuito 
abierto equivalente y etiquetar el voltaje medido por 
el voltímetro. Analizaremos este circuito escribien-
do y despejando ecuaciones nodales. Los nodos del 
circuito están numerados en la figura 6.4-4. Dejemos 
que v1, v2, v3 y v4 indiquen los voltajes de nodo en 
los nodos 1, 2, 3 y 4, respectivamente.
 La salida de este circuito es el voltaje medido 
por el voltímetro. El voltaje de salida se relaciona 
con los voltajes de nodos por

vm � v4 � 0 � v4

 Las entradas de este circuito son el voltaje de 
la fuente de voltaje y las corrientes de las fuentes 
de corriente. El voltaje de la fuente de voltaje está 
relacionado con los voltajes de nodo en los nodos 
de la fuente de voltaje por

0 � v3 � 2.75 ) v3 � �2.75 V

Aplique la KCL al nodo 2 para obtener
v3 v2

30 000
0 60 10 6 v3 v2 1.8 V

Utilizar v3 � �2.75 V da por resultado
v2 � �4.55 V

E J E M P L O  6 . 4 - 3   Análisis de un circuito de Amp Op 
utilizando ecuaciones nodales

+
–

–

+ Voltímetro

20 A

60 A

30 k

45 k

40 k

2.75 V

+
–

–

+

20 A

60 A

30 k

40 k

2.75 V

0 A

0 A

4
3

2

1

vm

+

–

FIGURA 6.4-3 El circuito considerado en el ejemplo 6.4-3.

FIGURA 6.4-4 El circuito de la fi gura 6.4-3 luego de reemplazar el 
voltímetro por un circuito abierto y etiquetar los nodos. (Los números 
circulados son los números de nodos.)
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	 La	entrada	no	inversa	del	AMP	OP	está	conectada	al	nodo	2.	El	voltaje	del	nodo	en	la	entrada	inversa	de	
un	AMP	OP	ideal	es	igual	al	voltaje	de	nodo	en	la	entrada	no	inversa.	La	entrada	inversa	de	un	AMP	OP	está	
conectada	al	nodo	1.	En	consecuencia,

v1 5 v2 5 24.55	V
Aplique	la	KCL	al	nodo	1	para	obtener

20 10 6  0 
v1 v4

40 000
v1 v4  0.8 V

E1C05_1 10/19/2009 168

Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.

168 Circuit Theorems

Utilizar vm 5 v4 y v1 5 24.55	da	el	valor	del	voltaje	medido	por	el	voltímetro	para	que

vm 5 24.55	2 0.8 5 25.35	V	

Considere el circuito que se muestra en la figura 
6.4-5.	Encuentre	el	valor	del	voltaje	medido	por	el	
voltímetro.

Solución
La	figura	6.4-6	muestra	el	circuito	de	la	figura	6.4-5	 
luego de reemplazar el voltímetro por un circuito 
abierto equivalente y etiquetar el voltaje medido por 
el voltímetro. Analizaremos este circuito escribien-
do y despejando ecuaciones nodales. Los nodos del 
circuito	 están	numerados	 en	 la	 figura	6.4-6.	Deje-
mos que v1, v2, v3 y v4 indiquen los voltajes de nodo 
en	los	nodos	1,	2,	3	y	4,	respectivamente.
 La entrada a este circuito es el voltaje de la 
fuente de voltaje. La entrada se relaciona con los 
voltajes de nodo en los nodos de la fuente de voltaje 
por

0 2 v1 5	3.35	
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Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.
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–
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vo

v3v3 + vo
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–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.
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 v1 5 23.35	V
 La salida de este circuito es el voltaje medido 
por el voltímetro. El voltaje de salida está relaciona-
do con los voltajes de nodo por

vm 5 v4 2 0 5 v4

La	entrada	no	inversa	del	AMP	OP	está	conectada	al	
nodo de referencia. El voltaje de nodos en la entrada 
inversa	de	un	AMP	OP	 ideal	 es	 igual	 al	voltaje	de	
nodos en la entrada no inversa. La entrada inversa del 
AMP	OP	está	conectada	al	nodo	2.	En	consecuencia,

v2 5	0	V
Aplique	la	KCL	al	nodo	2	para	obtener

v1 v2

20 000
 0 

v2 v3

40 000
v3 2v1  3v2 2v1
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Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.
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vo

v3v3 + vo
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40 Ω

FIGURE 5.3-2 A supernode.
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E j E m p l o  6 . 4 - 4  Análisis	de	un	circuito	de	Amp	Op

Voltímetro
–

+

+
–

40 kΩ

20 kΩ

20 kΩ

10 kΩ

8 kΩ

3.35 V

–

+

+
–

40 kΩ

20 kΩ

20 kΩ

10 kΩ

8 kΩ

3.35 V
0 A

1
2

3

4

vm

+

–

FIGURA 6.4-5 El	circuito	considerado	en	el	ejemplo	6.4-4.

FIGURA 6.4-6 El	circuito	de	la	figura	6.4-5	luego	de	reemplazar	
el voltímetro por un circuito abierto y etiquetar los nodos. (Los 
números	circulados	son	los	números	de	nodos.)
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Aplique	la	KCL	al	nodo	3	para	obtener
v2 v3

40 000


v3

10 000


v3 v4

8 000
5v4 v2  10v3  10v3
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Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.

168 Circuit Theorems

Combinando estas ecuaciones resulta
v4 5	2v3 5 24v1

Utilizar vm 5 v4 y v1 5 23.35	da	el	valor	del	voltaje	medido	por	el	voltímetro	para	que

vm 5 24(23.35)	5	13.4	V	

6.5  D I S E Ñ O  M E D I A N T E  E L  U S O  D E 
A M P L I F I C A D O R E S  O P E R A C I O N A L E S

Una de las primeras aplicaciones de los amplificadores operacionales fue construir circuitos que des-
empeñaban operaciones matemáticas. En realidad, el amplificador operacional toma su nombre de 
su importante aplicación. Muchos de los circuitos de amplificadores operacionales que desempeñan 
operaciones matemáticas se utilizan con tanta frecuencia que incluso se les ha dado nombre. Estos 
nombres	son	parte	de	un	vocabulario	de	la	ingeniería	eléctrica.	La	figura	6.5-1	muestra	varios	cir-
cuitos estándar de amplificadores operacionales. Los siguientes ejemplos muestran cómo utilizar la 
figura	6.5-1	para	diseñar	circuitos	sencillos	de	amplificadores	operacionales.
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+
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+
–

+

+

–

(e) Sumando amplificador no inversor

(f) Amplificador de diferencia (g) Convertidor de corriente a voltaje (h) Convertidor de resistencia negativa
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vout = K4(K1v1 + K2v2 + K3v3)
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R1 R2
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R2(v2 – v1)

ient

Rf
vout = 

R2
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Ra/(1 – (K1 + K2 + K3))
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+

–

1 +

–

+

–

+

–

+

+

–

(b) Amplificador no inversor(a) Amplificador inversor (c) Seguidor de voltaje
(amplificador separador)

(d) Sumando amplificador

vin
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vinvout =

Rf

Rf

R1

v2

v1

R2

Rn

vn

R1

Rf

R1

Rf

R1

vout

+ + vnv1 + . . .v2vout = –
Rf

R1

Rf

R2

Rf

Rn

vin vinvout = –
Rf

R1

vinvout = 

. . .

–

+

(i) Fuente de corriente de
voltaje controlado (VCCS)

(j) Amplificador de puente

vent

R1 R2

R1

RC

R2

R1 + R2

R2R5

R6 R3 + R4

R4

iout = 
vin

R1

R4R3

R1 R2

R5

R6

vs

+ –

–

+
vout = vf1 + –

FIGURA 6.5-1 Breve	catálogo	de	circuitos	de	amplificador	operacional.	Observe	que	los	voltajes	de	nodo	están	en	referencia	con	el	nodo	
de tierra.
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(j) Amplificador de puente

vent

R1 R2

R1

RC

R2

R1 + R2

R2R5

R6 R3 + R4
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FIGURA 6.5-1 (continuación)

Este ejemplo ilustra el uso de un seguidor de voltaje para prevenir la carga. El seguidor de voltaje se muestra en la 
figura6.5-1c.	La	carga	ocurre	cuando	dos	circuitos	están	conectados.	Considere	la	figura	6.5-2.	En	la	figura	6.5-2a, 
la	salida	del	circuito	1	es	el	voltaje	va.	En	la	figura	6.5-2b,	el	circuito	2	está	conectado	al	circuito	1.	La	salida	del	
circuito	1	se	usa	como	la	entrada	del	circuito	2.	Por	desgracia,	conectar	el	circuito	2	al	circuito	1	puede	modificar	la	
salida	del	circuito	1.	A	esto	se	le	llama	carga.	Si	nos	referimos	nuevamente	a	la	figura	6.5-2,	se	dice	que	el	circuito	
2	carga	al	circuito	1	si	vb 
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+

–

vc = vavb

+

–

va

ia = 0 ib ic–

+

(b)(a) (c)

+
–

120 kΩ

60 kΩvin

+

–

va

ia = 0

+
–

120 kΩ

60 kΩvin

+

–

+
–

120 kΩ

60 kΩ 30 kΩ 30 kΩvin

FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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 va. La corriente ib	se	denomina	la	corriente	de	carga.	Se	requiere	que	el	circuito	1	pro-
porcione	esta	corriente	en	la	figura	6.5-2b	pero	no	en	la	figura	6.52a. Ésta es la causa de la carga. La corriente de 
carga	 se	 puede	 eliminar	 mediante	 un	 seguidor	 de	 voltaje	 como	 se	 muestra	 en	 la	 figura	 6.5-2c. El seguidor 
de voltaje copia el voltaje va	desde	la	salida	del	circuito	1	hasta	la	entrada	del	circuito	2	sin	alterar	el	circuito	1.

Circuito
1

Circuito
2

+

–

+

–
va vc = va

Circuito
1

Circuito
2

+

–
vb

Circuito
1

+

–
va

ia = 0 ia = 0ib ic–

+

(b)(a) (c)

FIGURA 6.5-2 El	circuito	1	 (a) antes de y (b)	después	de	haberse	conectado	el	 circuito	2.	 (c) Prevenir la carga, utilizando un 
seguidor de voltaje.

EjEmplo 6.5-1 Prevención de la carga mediante el uso de un seguidor de voltaje
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+

–

vc = vavb

+

–

va

ia = 0 ib ic–

+

(b)(a) (c)

+
–

120 kΩ

60 kΩvin

+

–

va

ia = 0

+
–

120 kΩ

60 kΩvin

+

–

+
–

120 kΩ

60 kΩ 30 kΩ 30 kΩvin

FIGURA 6.5-3 Un divisor de voltaje (a) antes, y (b)	después	de	que	se	ha	agregado	un	resistor	de	30	kV. (c) Se agrega un seguidor 
de voltaje para prevenir la carga.

Solución
Como	un	ejemplo	específico,	considere	la	figura	6.5-3.	El	divisor	de	voltaje	que	se	muestra	en	la	figura	6.5-3a se 
puede	analizar	mediante	la	escritura	de	una	ecuación	nodal	en	el	nodo	1:

va vin

20 000


va

60 000
 0

Despejando va, tenemos

va 
3
4

vin

	 En	la	figura	6.5-3b, un resistor está conectado a través de la salida del divisor de voltaje. Este circuito se 
puede	analizar	escribiendo	una	ecuación	nodal	en	el	nodo	1:

vb vin

20 000


vb

60 000


vb

30 000
 0

Despejando vb, tenemos

vb 
1
2

vin

Dado que vb 
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FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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 va, conectar directamente el resistor al divisor de voltaje carga al divisor de voltaje. Esta carga la 
causa	la	corriente	requerida	por	el	resistor	de	30-kV. Sin el seguidor de voltaje, el divisor de voltaje debe evitar 
que esto ocurra.
	 En	la	figura	6.5-3c,	se	utiliza	un	seguidor	de	voltaje	para	conectar	el	resistor	de	30-kV a la salida del divisor 
de	voltaje.	Una	vez	más,	el	circuito	se	puede	analizar	mediante	la	escritura	de	una	ecuación	nodal	en	el	nodo	1:

vc vin

20 000


vc

60 000
 0

Despejando vc, tenemos

vc 
3
4

vin

como vc 5 va, la carga se impide cuando se utiliza el seguidor de voltaje para conectar el resistor al divisor de 
voltaje.	El	seguidor	de	voltaje,	no	el	divisor	de	voltaje,	proporciona	la	corriente	requerida	por	el	resistor	de	30-kV.
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	 220	 El amplificador operacional

Una	aplicación	común	de	los	amplificadores	operacionales	es	escalar	un	voltaje,	es	decir,	multiplicar	un	voltaje	
por una constante, K, de modo que

vo 5 Kvin

Esta	situación	se	ilustra	en	la	figura	6.5-4a. El voltaje de entrada, vin, lo proporciona una fuente de voltaje ideal. 
El voltaje de salida, vo,	es	el	voltaje	del	elemento	de	un	resistor	de	100-kV.
	 Los	circuitos	que	efectúan	esta	operación	se	suelen	denominar	amplificadores.	A	la	constante	K se le llama 
ganancia del amplificador.
 El valor requerido de la constante K	determinará	cuál	de	los	circuitos	se	elige	de	la	figura	6.5-1.	Hay	cuatro	
casos a considerar: K , 0, K .	1,	K 5	1	y	0	, K ,	1.

+

–

vo

–

+

+

–

(b)(a)

+
– 100 kΩ

50 kΩ10 kΩ

+

–

vo100 kΩ
+

–

vo100 kΩ

40 kΩ

10 kΩ

vin

+
–vin

+
–vin

–

+ +

–

vo100 kΩ80 kΩ

20 kΩ

+
–vin

+

–

vo
+
– 100 kΩvin

Circuito de
amplificador
operacional

–

+

(e)(c) (d)

FIGURA 6.5-4 (a)	Se	requiere	un	amplificador	para	que	haga	que	vo 5 Kvin.	La	elección	del	circuito	de	amplificador	depende	del	
valor de la ganancia K. Se muestran cuatro casos: (b) K 5 25,	(c) K 5	5,	(d ) K 5	1	y	(e) K 5 0.8.

Solución
Como los valores del resistor son positivos, la ganancia del amplificador inversor, que se muestra en la figura  
6.5-1a, es negativa. Por consiguiente, cuando se requiere que K , 0, se utiliza un amplificador inversor. Por 
ejemplo, suponga que requiere K 5 25.	De	la	figura	6.5-1a,

de modo que 
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E X A M P L E 6 . 5 - 2 Amplifier Design

A common application of operational amplifiers is to scale a voltage, that is, to multiply a voltage by a constant, K,

so that

vo ¼ Kvin

This situation is illustrated in Figure 6.5-4a. The input voltage, vin, is provided by an ideal voltage source. The

output voltage, vo, is the element voltage of a 100-kV resistor.

Circuits that perform this operation are usually called amplifiers. The constantK is called the gain of the amplifier.

The required value of the constant K will determine which of the circuits is selected from Figure 6.5-1.

There are four cases to consider: K < 0, K > 1, K ¼ 1, and 0 < K < 1.

Solution
Because resistor values are positive, the gain of the inverting amplifier, shown in Figure 6.5-1a, is negative.

Accordingly, when K < 0 is required, an inverting amplifier is used. For example, suppose we require K¼�5.

From Figure 6.5-1a,

�5 ¼ � Rf

R1

so Rf ¼ 5R1

As a rule of thumb, it is a good idea to choose resistors in operational amplifier circuits that have values

between 5 kV and 500 kV when possible. Choosing

R1 ¼ 10 kV

gives Rf ¼ 50 kV

The resulting circuit is shown in Figure 6.5-4b.

+

–

vo

–

+

+

–

(b)(a)

+
– 100 kΩ

50 kΩ10 kΩ

+

–

vo100 kΩ
+

–

vo100 kΩ

40 kΩ

10 kΩ

vin

+
–vin

+
–vin

–

+ +

–

vo100 kΩ80 kΩ

20 kΩ

+
–vin

+

–

vo
+
– 100 kΩvin

Operational
amplifier
circuit

–

+

(e)(c) (d)

FIGURE 6.5-4 (a) An amplifier is required to make vo¼Kvin. The choice of amplifier circuit depends on the value of the gain K.

Four cases are shown: (b) K ¼ �5, (c) K ¼ 5, (d) K ¼ 1, and (e) K ¼ 0:8.

220 The Operational Amplifier

Como regla de oro, una buena idea es elegir resistores en circuitos de amplificadores operacionales que tengan, 
de	ser	posible,	valores	entre	5	kV	y	500	kV. Elegir

R1 5	10	kV

da por resultado Rf 5	50	kV

El	circuito	resultante	se	muestra	en	la	figura	6.5-4b.

E j E m p l o  6 . 5 - 2  Diseño de un amplificador
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 A continuación, suponga que requerimos que K 5	5.	El	amplificador	no	inversor	que	se	muestra	en	la	figura	
6.5-1b,	se	utiliza	para	obtener	ganancias	mayores	que	1.	A	partir	de	la	figura	6.5-1b,

de modo que  
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Next, suppose we requireK ¼ 5. The noninverting amplifier, shown in Figure 6.5-1b, is used to obtain gains

greater than 1. From Figure 6.5-1b

5 ¼ 1þ Rf

R1

so Rf ¼ 4R1

Choosing R1 ¼ 10 kV gives Rf ¼ 40 kV. The resulting circuit is shown in Figure 6.5-4c.

Consider using the noninverting amplifier of Figure 6.5-1b to obtain a gain K ¼ 1. From Figure 6.5-1b,

1 ¼ 1þ Rf

R1

so
Rf

R1
¼ 0

This can be accomplished by replacing Rf by a short circuit (Rf ¼ 0) or by replacing R1 by an open circuit

(R1¼1) or both. Doing both converts a noninverting amplifier into a voltage follower. The gain of the voltage

follower is 1. In Figure 6.5-4d, a voltage follower is used for the case K ¼ 1.

There is no amplifier in Figure 6.5-1 that has a gain between 0 and 1. Such a circuit can be obtained using a

voltage divider together with a voltage follower. Suppose we require K ¼ 0:8. First, design a voltage divider to

have an attenuation equal to K:

0:8 ¼ R2

R1 þ R2

so R2 ¼ 4 � R1

Choosing R1 ¼ 20 kV gives R2 ¼ 80 kV. Adding a voltage follower gives the circuit shown in Figure 6.5-4e.

E X A M P L E 6 . 5 - 3 Designing a Noninverting Summing Amplifier

Design a circuit having one output, vo, and three inputs, v1, v2, and v3. The output must be related to the inputs by

vo ¼ 2v1 þ 3v2 þ 4v3

In addition, the inputs are restricted to having values between �1 V and 1 V, that is,

jvij � 1 V i ¼ 1; 2; 3

Consider using an operational amplifier having isat¼ 2 mA and vsat¼ 15 V and design the circuit.

Solution
The required circuit must multiply each input by a separate positive number and add the results. The noninverting

summer shown in Figure 6.5-1e can do these operations. This circuit is represented by six parameters: K1, K2, K3,

K4, Ra, and Rb. Designing the noninverting summer amounts to choosing values for these six parameters. Notice

that K1 þ K2 þ K3 < 1 is required to ensure that all of the resistors have positive values. Pick K4 ¼ 10 (a

convenient value that is just a little larger than 2 þ 3 þ 4¼ 9). Then,

vo ¼ 2v1 þ 3v2 þ 4v3 ¼ 10 0:2v1 þ 0:3v2 þ 0:4v3ð Þ
That is, K4 ¼ 10, K1 ¼ 0.2, K2 ¼ 0.3, and K3 ¼ 0.4. Figure 6.5-1e does not provide much guidance in picking

values of Ra and Rb. Try Ra¼Rb¼ 100 V. Then,

K4 � 1ð ÞRb ¼ 10� 1ð Þ100 ¼ 900V

Design Using Operational Amplifiers 221

Elegir R1 5	10	kV da Rf 5	40	kV.	El	circuito	resultante	se	muestra	en	la	figura	6.5-4c.
	 Considere	utilizar	el	amplificador	no	inversor	de	la	figura	6-5-1b para obtener una ganancia de K 5	1.	Des-
de	la	figura	6.5-1b,

de modo que 
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that K1 þ K2 þ K3 < 1 is required to ensure that all of the resistors have positive values. Pick K4 ¼ 10 (a

convenient value that is just a little larger than 2 þ 3 þ 4¼ 9). Then,

vo ¼ 2v1 þ 3v2 þ 4v3 ¼ 10 0:2v1 þ 0:3v2 þ 0:4v3ð Þ
That is, K4 ¼ 10, K1 ¼ 0.2, K2 ¼ 0.3, and K3 ¼ 0.4. Figure 6.5-1e does not provide much guidance in picking

values of Ra and Rb. Try Ra¼Rb¼ 100 V. Then,

K4 � 1ð ÞRb ¼ 10� 1ð Þ100 ¼ 900V

Design Using Operational Amplifiers 221

Ésta se puede completar reemplazando Rf por un cortocircuito (Rf 5 0), o bien reemplazando R1 por un circuito 
abierto (R1 5 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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) o ambos. Si se hacen ambos reemplazos, esto convierte el amplificador no inversor en un se-
guidor	de	voltaje.	La	ganancia	del	seguidor	de	voltaje	es	1.	En	la	figura	6.5-4d se utiliza un seguidor de voltaje 
para el caso K 5	1.
	 En	la	figura	6.5-1	no	hay	amplificador	que	tenga	una	ganancia	entre	0	y	1.	Este	tipo	de	circuito	se	obtiene	
utilizando un divisor de voltaje a una con un seguidor de voltaje. Suponga que requiere que K 5 0.8. Primero, 
diseñe un divisor de voltaje que tenga una atenuación igual a K:

de modo que  

0.8 
R2

R1 


R2
R2  4 R1

Elegir R1 5	20	kV da R2 5	80	kV. Agregar un seguidor de voltaje da como resultado el circuito que se muestra 
en	la	figura	6.5-4e.

Diseñe un circuito que tenga una salida, vo, y tres entradas, v1, v2 y v3. La salida debe estar relacionada con las 
entradas por

vo 5	2v1 1	3v2 1 4v3
Además, las entradas están restringidas a tener valores entre 21	V	y	1	V,	es	decir,

0 vi 0	 ≤	 1V	i 5	1,	2,	3

Considere el uso de un amplificador operacional que tenga isat 5	2	mA	y	vsat 5	15	V	y	diseñe	el	circuito.

Solución
El	circuito	requerido	debe	multiplicar	cada	entrada	por	un	número	positivo	individual	y	sumar	los	resultados.	
El	recapitulador	no	inversor	que	se	muestra	en	la	figura	6.5-1e puede hacer estas operaciones. Este circuito está 
representado por seis parámetros, K1, K2, K3, K4, Ra y Rb. El diseño del recapitulador no inversor importa para 
elegir	valores	para	estos	seis	parámetros.	Observe	que	se	requiere	que	K1 1 K2 1 K3 ,	1	para	garantizar	que	
todos los resistores tengan valores positivos. Tome K4 5	10	(un	valor	conveniente	es	justamente	un	poco	más	
grande	2	1	3	1 4 5 9). Entonces,

vo 5	2v1 1	3v2 1 4v3 5	10(0.2v1 1	0.3v2 1 0.4v3)

Es decir, K4 5	10,	K1 5	0.2,	K2 5	0.3	y	K3 5	0.4.	La	figura	6.5-1e no es de gran ayuda en la captación de valores 
de Ra y Rb. Haga la prueba con Ra 5 Rb 5	100	V. Entonces,

(K4 2	1)Rb 5	(10	2	1)100	5 900 V.

E j E m p l o  6 . 5 - 3  Diseño de un sumando amplificador no inversor
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La	figura	6.5-5	muestra	el	circuito	resultante.	Es	necesario	verificar	
este circuito para asegurar que satisface las especificaciones. Escri-
biendo las ecuaciones nodales

va v1

500


va v2

333


va v3

250


va

1 000
 0

vo va

900


va

100
 0

y despejando estas ecuaciones resulta

vo  2v1  3v2  4v3 y va 
vo

10
La corriente de salida del amplificador está dada por

 
ioa 

va vo

900
vo

1 000
	 (6.5-1)

¿Qué tan grande puede ser el voltaje de salida? Sabemos que

Por lo tanto  
vo 2v1  3v2  4v3

vo 2 v1 3 v2 4 v3 9 V

El voltaje de salida del amplificador operacional siempre será menor 
que vsat. Eso es bueno. ¿Y ahora qué hay de la corriente de salida? 
Observe	que	0 vo 0 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

	9	V.	De	la	ecuación	6.5-1,

ioa 
vo

1 000 
9 V

1 000 
 9 mA

La corriente de salida del amplificador operacional isat 5	2mA.	Esto	no	se	permite.	Incrementar	Rb reducirá io. 
Haga la prueba con Rb 5	1	000.	Entonces,

(K4 2	1)Rb 5	(10	2	1)1	000	5 9 000 V

Esto	produce	el	circuito	que	se	muestra	en	la	figura	6.5-6.	Incrementar	Ra y Rb no modifica el voltaje de salida del 
amplificador operacional. Como antes,

y  
vo  2v1  3v2  4v3

vo 2 v1  3 v2 4 v3 9 V

Incrementar Rb reduce la corriente de salida del amplificador operacional. Ahora,

ioa
9 V

10 000 
 0.9 mA

por lo tanto, 0 ioa 0 ,	2mA	y	0 vo 0 ,	15	V,	como	se	requería.

–

+v1

v2

v3

vs900 Ω

100 Ω

500 Ω

333 Ω

250 Ω

1000 Ω

+

–

va Rb

+

 –

isa

a

–

+v1

v2

v3

vs9000 Ω

1000 Ω

500 Ω

333 Ω

250 Ω

1000 Ω

+

–

va

+

–

isa

FIGURA 6.5-5 El	sumando	amplificador	
propuesto no inversor.

FIGURA 6.5-6 Diseño	final	del	sumando	
amplificador	no	inversor.

6.6  C I R C U I T O S  D E  A M P L I F I C A D O R E S  O P E R A C I O N A L E S 
Y  E C U A C I O N E S  A L G E B R A I C A S  L I N E A L E S

Esta sección describe un procedimiento para el diseño de circuitos de amplificadores operacionales 
que implementen ecuaciones algebraicas lineales. Algunos de los voltajes de nodos del circuito del am-
plificador operacional representarán las variables en la ecuación algebraica. Por ejemplo, la ecuación
 z 5 4x 2	5y 1	2	 (6.6-1)
estará representada por un circuito de amplificador operacional que tenga voltajes de nodos vx, vy y vz 
que están relacionados con la ecuación 
 vz 5 4vx 2	5vy 1	2	 (6.6-2)

M06_DORF_1571_8ED_SE_208-256.indd   222 4/12/11   5:33 PM



Circuitos Eléctricos - Dorf Alfaomega

 Circuitos de amplificadores operacionales y ecuaciones algebraicas lineales 223

Un voltaje o una corriente que se utilicen para representar algo se denomina una señal.

Ese “algo” podría ser una temperatura, una posición, una fuerza o algo más. En este caso, vx, vy y vz, 
son señales que representan las variables x, y	y	k.
	 La	ecuación	6.6-1	muestra	cómo	se	puede	obtener	el	valor	de	z a partir de los valores de x y 
y.	Del	mismo	modo,	la	ecuación	6.6-2	muestra	cómo	se	puede	obtener	el	valor	de	vz a partir de los 
valores de vx y vy.
 El procedimiento de diseño tiene dos pasos. Primero representamos la ecuación por un diagra-
ma llamado bloque de diagrama. En segundo lugar, implementamos cada bloque del diagrama de 
bloques como un circuito de amplificador operacional. 
	 Empezaremos	con	la	ecuación	algebraica.	La	ecuación	6.6-1	indica	que	el	valor	de	la	variable	z 
se puede calcular a partir de los valores de las variables x y y utilizando las operaciones de suma, resta 
y	multiplicación	por	un	multiplicador	constante.	La	ecuación	6.6-1	se	puede	reescribir	como
 z 5 4x 1 (25)y 1	2	 (6.6-3)
La	ecuación	6.6-3	indica	que	z se puede obtener a partir de x y y utilizando solamente la suma y la 
multiplicación a pesar de que ahora uno de los multiplicadores es negativo.
	 La	 figura	 6.6-1	 muestra	 representaciones	 simbólicas	 de	 operaciones	 de	
suma	y	multiplicación	por	una	constante.	En	la	figura	6.6-1a, la operación de la 
multiplicación por un multiplicador constante está representada por un rectángulo 
junto con dos flechas, una de las cuales apunta al rectángulo y la otra hacia fuera. 
La flecha que apunta al rectángulo está etiquetada por una variable que representa 
la entrada de la operación, es decir, la variable que se ha de multiplicar por la 
constante. Del mismo modo, la flecha que apunta hacia fuera del rectángulo está 
etiquetada por una variable que representa la salida, o resultado, de la operación. 
El rectángulo mismo está etiquetado con el valor del multiplicador. El símbolo 
que	se	muestra	en	la	figura	6.6-1b representa la operación de suma. El rectángulo 
está etiquetado con el signo más. Las flechas que apuntan al rectángulo están eti-
quetadas por las variables que se deben agregar. Hay tantas de estas flechas como 
variables que se deben agregar. Una flecha apunta hacia fuera del rectángulo. Esta 
flecha está etiquetada por la variable que representa la suma.
 Los rectángulos que representan la suma y la multiplicación por una cons-
tante se llaman bloques. Un diagrama compuesto por tales bloques se denomina 
diagrama	de	bloque.	La	figura	6.6-2	representa	la	ecuación	6.6-3	como	un	diagrama	
de bloque. En el diagrama de bloque cada bloque corresponde a una operación en la 
ecuación.	Observe,	en	particular,	que	el	producto	4x tiene dos roles en la ecuación 
6.6.-3.	El	producto	4x es tanto la salida de una operación, multiplicando x por la 
constante 4, y una de las entradas a otra operación, sumando 4x a 25y	y	2	para	obte-
ner z. Esta observación se utiliza para construir el diagrama de bloque. El producto 
4x es la salida de un bloque y la entrada a otro. En realidad, esta observación explica por qué la salida 
del bloque que multiplica x por 4 está conectada a una entrada del bloque que suma 4x a 25y	y	2.
 A continuación, considere diseñar un circuito de amplificador operacional para implementar 
un	diagrama	de	bloque	en	la	figura	6.6-2.	Los	bloques	que	representan	la	multiplicación	por	un	mul-
tiplicador constante se pueden implementar utilizando amplificadores tanto inversores como no in-
versores, dependiendo del signo del multiplicador. Para ello diseñe el amplificador de tal modo que 
tenga una ganancia que sea igual al multiplicador del bloque correspondiente. (Los amplificadores no 
inversores	se	pueden	usar	cuando	al	constante	sea	tanto	positiva	como	mayor	que	1.	El	ejemplo	6.5-2	
muestra que un circuito que consta de un divisor de voltaje y un seguidor de voltaje se puede utilizar 
cuando	la	constante	es	positiva	y	menor	que	1.).
 Las	figuras	6.6-3b, d, f muestran circuitos de amplificador operacional que implementan los blo-
ques	que	se	muestran	en	las	figuras	6.6-3a, c, e	respectivamente.	El	bloque	de	la	figura	6.6-3a requiere 
la	multiplicación	por	4,	un	constante	positivo.	La	figura	6.6-3b muestra el circuito de amplificador 

(a)

4 4xx

(b)

+ z

2
–5y
4x

4x

–5y + z

2

–5y

4x

FIGURA 6.6-2 Diagrama de bloque 
que	representa	la	ecuación	6.6-3.

FIGURA 6.6.1 Representaciones 
simbólicas de (a) multiplicación por 
una constante y (b) la suma.
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operacional correspondiente, un amplificador no inversor que tiene una ganancia igual a 4. Este am-
plificador	no	inversor	está	diseñado	en	referencia	a	la	figura	6.5-1b	y	establece	que

R1 5	20	kV y Rf 5	3R1 5	60	kV

(Una	útil	regla	de	oro	sugiere	la	selección	de	resistores	para	circuitos	de	amplificador	operacional	que	
tengan	resistencias	en	un	rango	de	5	kV	a	500	kV.)
	 En	la	figura	6.6-3b,	la	notación	vx 5 x indica que vx es un voltaje que representa a x. Un voltaje o 
corriente que se utiliza para representar algo se denomina señal, por lo que vx es la señal que representa a x.
	 El	bloque	en	la	figura	6.6-3c requiere la multiplicación por una constante negativa, 25.	La	figura	
6.6-3d muestra el circuito del amplificador operacional correspondiente, un amplificador inversor que tiene 
una ganancia igual a 25.	Diseñe	este	amplificador	inversor	refiriéndose	a	la	figura	6.5-1a y estableciendo

R1 5	20	kV y Rf 5	5R1 5	100	kV

	 El	bloque	en	la	figura	6.6-3e requiere la suma de los tres térmi-
nos.	La	figura	6.6-3f muestra el circuito de amplificador operacional 
correspondiente, un recapitulador no inversor. Diseñe el recapitulador 
no	inversor	refiriéndose	a	la	figura	6.6-4	y	estableciendo	que

R1 5	20	kV, n 5	3	 y	 nR 5	3(20	000)	5	60	kV

(El sumador no inversor es un caso especial de amplificador reca-
pitulador	no	 inversor,	 el	 cual	 se	muestra	 en	 la	 figura	6.5-1e. Tome 
K1 5 K2 5 K3 5	1>(n 1	1),	K4 5 n, Rb 5 R y Ra 5 R/(n 1	1)	en	la	
figura	6.5-1e	para	tener	el	circuito	que	se	muestra	en	la	figura	6.6-4.)
	 La	figura	6.6-5	muestra	el	circuito	que	se	obtuvo	al	reemplazar	
cada	bloque	de	la	figura	6.6-2	por	el	circuito	de	amplificador	opera-
cional	correspondiente	de	la	figura	6.6-3.	El	circuito	de	la	figura	6.6-5	

implementa	la	ecuación	6.6-3,	pero	es	posible	mejorar	este	circuito.
	 La	entrada	constante	al	sumador	se	ha	implementado	utilizando	una	fuente	de	voltaje	de	2	V.	
Aunque correcta, puede llegar a ser más costosa de lo necesario. Las fuentes de voltaje son disposi-
tivos relativamente caros, de manera considerable más costosos que los resistores o los amplificado-
res operacionales. Podemos reducir el costo de este circuito utilizando un fuente de voltaje que ya 
hayamos instalado en vez de crear un nueva. Recuerde que necesitamos alimentadores de potencia 
para polarizar el amplificador operacional. Suponga que se utilizaron fuentes de voltaje de 
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV

+
–

–

+

R2

R1

v2

v1

–

+

–

+

+
–

10 kΩ

10 kΩ 10 kΩ

10 kΩ

10 kΩ

10 kΩ

v3

+

–

FIGURE E 6.6-1
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15	V	

(a) (b)

4 4xx

(e)

+ z

2
–5y
4x

4vx

–5vy

2 V

20 kΩ 60 kΩ

–

+vx

vy4vx

(c) (d)

(f)

–5 –5yy

20 kΩ

20 kΩ

20 kΩ

60 kΩ

20 kΩ

100 kΩ

–

+

+

–

–5vy

20 kΩ

20 kΩ

vz

va

vb

vc

+

–

R

R

R

R R

nR

vo = va + vb + vc

FIGURA 6.6-3 (a), (c) y (e)	muestran	los	bloques	de	la	figura	6.6-2,	en	tanto	que	(b), (d) y (f )	muestran	los	circuitos	del	amplificador	
operacional correspondiente.

FIGURA 6.6-4 El sumador no inversor. La integral 
n	indica	el	número	de	entradas	al	circuito.
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para polarizar el amplificador operacional. Podemos reducir costos utilizando una fuente de voltaje 
de 

E1C06_1 10/30/2009 226

amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV

+
–

–

+

R2

R1

v2

v1

–

+

–

+

+
–

10 kΩ

10 kΩ 10 kΩ

10 kΩ

10 kΩ

10 kΩ

v3

+

–

FIGURE E 6.6-1
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15	V	junto	con	un	divisor	de	voltaje	y	un	seguidor	de	voltaje	para	obtener	la	entrada	de	2	V	para	
el	de	resumen.	La	figura	6.6-6	ilustra	la	situación.	El	divisor	de	voltaje	produce	un	voltaje	constante	
igual	a	2	V.	El	seguidor	de	voltaje	impide	la	carga	(vea	ejemplo	6.5-1).
	 Aplicar	la	regla	de	la	división	de	voltaje	en	la	figura	6.6-6	requiere	que

Rb

Ra  Rb


2
15

 0.133 Ra  6.5 Rb
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Then

vo1 ¼ a1v1 ð5:3-2Þ
We can interpret vo1 ¼ a1v1 as the circuit output due to input v1acting separately. In contrast, the vo in

Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following

important interpretation of Eq. 5.3-1:

The output of a linear circuit due to several inputs working together is equal to the sum of the

outputs due to each input working separately.

The inputs to our circuit are voltages of independent voltage sources and the currents of

independent current sources. When we set all but one input to zero the other inputs become 0-V

voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short

circuits and 0-A current sources are equivalent to open circuits, we replace the sources

corresponding to the other inputs by short or open circuits.

Equation 5.3-2 suggests a method for determining the values of the coefficients a1; a2; : : : ; an of
the linear combination. For example, to determine a1, set v2; v3; : : : ; vn to zero. Then, dividing both

sides of Eq. 5.5-2 by v1, we get

a1 ¼ vo1

v1

The other gains are determined similarly.

E X A M P L E 5 . 3 - 1 Superposit ion

The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are

voltages of independent voltage sources and the currents of independent current sources.) Express the output as a

linear combination of the inputs.

Solution
Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and

identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2.

Apply KCL to the supernode to get

v1 � v3 þ voð Þ
40

þ i2 ¼ vo

10

Multiply both sides of this equation by 40 to eliminate the fractions. Then we have

v1 � v3 þ voð Þ þ 40i2 ¼ 4vo ) v1 þ 40i2 � v3 ¼ 5vo

v1 i2
+
–

+ –

vo

v3

+

–
10 Ω

40 Ω

FIGURE 5.3-1 The linear circuit for Example 5.3-1.

v1 i2
+
–

+ –

vo

v3v3 + vo

+

–
10 Ω

40 Ω

FIGURE 5.3-2 A supernode.

168 Circuit Theorems

La	solución	a	esta	ecuación	no	es	única.	Un	solución	es	Ra 5	130	kV y Rb 5	20	kV.	La	figura	6.6-7	
muestra el circuito del amplificador operacional mejorado. Podemos verificar, quizá, mediante la 
escritura de ecuaciones nodales que

vz 5 4vx 2	5vy 1	2
Se debe considerar la saturación de voltaje de los amplificadores operacionales cuando se defina la 
relación entre las señales vx, vy y las variables x, y y z. La salida de voltaje de un amplificador está 
restringido por 0 vo 0 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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 vsat.	Por	lo	común,	vsat es aproximadamente igual a la magnitud de los voltajes de 

4vx

–5vy

vy

2 V

20 kΩ

20 kΩ

60 kΩ

20 kΩ

+

–
20 kΩ

20 kΩ

vz

+
–

20 kΩ 60 kΩ

–

+vx

20 kΩ 100 kΩ

–

+ +
–

+
2 V

2 V

15 V
–

–

+

Rb

Ra

FIGURA 6.6-5 Un	circuito	de	amplificador	operacional	que	implementa	
la	ecuación	6.6-2.	

FIGURA 6.6-6 Uso del suministrador de potencia del 
amplificador	operacional	para	obtener	una	señal	de	2	V.	

4vx

–5vy

vy

20 kΩ

20 kΩ

60 kΩ

20 kΩ

+

–
20 kΩ

20 kΩ

vz

20 kΩ 60 kΩ

–

+vx

20 kΩ

130 kΩ

20 kΩ

100 kΩ

–

+

+
–

2 V

15 V

–

+

FIGURA 6.6-7 Un circuito del 
amplificador	operacional	mejorado	 
que	implementa	la	ecuación	6.6-2.
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los suministradores de potencia que se usaron para polarizar el amplificador operacional. Es decir, vsat 
es	aproximadamente	de	15	V	cuando	se	usaron	fuentes	de	voltaje	de	
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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+

R2

R1

v2

v1

–

+

–

+

+
–

10 kΩ

10 kΩ 10 kΩ

10 kΩ

10 kΩ

10 kΩ

v3

+

–
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15	V	para	polarizar	el	ampli-
ficador	operacional.	En	la	figura	6.6-7,	vz, 4vx y 25vy, cada uno son voltajes de salida de uno de los 
amplificadores operacionales. En consecuencia, 

 
vx

vsat

4
15
4

 3.75 V, vy
vsat

5
15
5

 3 V y vz vsat 15 V 	 (6.6-4)

La codificación sencilla de x, y y z por vx, vy y vz es

 vx 5 x, vy 5 y y vz 5 z	 (6.6.5)

Esto es conveniente porque, por ejemplo, vz 5	4.5	V	indica	que	z 5	4.5.	Sin	embargo,	utilizando	la	
ecuación	6.6-3	para	reemplazar	vx, vy y vz	en	la	ecuación	6.6-4	con	x, y y z da

x 3.75, y 3.0 y z 15
Estas condiciones deben ser muy restrictivas, considere definir la relación entre las señales vx, vy y vz 
y las variables x, y y z de manera diferente. Por ejemplo, suponga

 
vx 

x
10

, vy 
y

10
y vz 

z
10

	 (6.6-6)

Ahora necesitamos multiplicar el valor de vz	por	10	para	obtener	el	valor	de	z. Por ejemplo, vz 5	4.5	V	
indica que z 5	45.	Por	otra	parte,	el	circuito	puede	acomodar	valores	más	grandes	de	x, y y z. Las 
ecuaciones	6.6-4	y	6.6-6	implican	que

x 37.5, y 30.0 y z 150.0

EJERCICIO 6.6-1  Especifique los valores de R1 y R2	en	la	figura	E	6.6-1	que	se	requieren	
para que v3 se relacione con v1 y v2 mediante la ecuación  v3  41 2v1

1
5 v2.

Respuesta: R1 5	10	kV y R2 5	2.5	kV

EJERCICIO 6.6-2  Especifique los valores de R1 y R2	en	la	figura	E	6.6-1	que	se	requieren	
para que v3 se relacione con v1 y v2 mediante la ecuación v3  61 2v1

4
5 v2.

Respuesta: R1 5	20	kV y R2 5	40	kV
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+
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v1

–

+

–

+

+
–

10 kΩ

10 kΩ 10 kΩ
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10 kΩ
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 FIGURA E 6.6-1
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6.7  C A R A C T E R Í S T I C A S  D E  LO S  A M P L I F I C A D O R E S 
O P E R A C I O N A L E S  P R Á C T I C O S

El amplificador operacional ideal es el modelo más sencillo de un amplificador operacional. Esta 
sencillez se obtiene al ignorar algunas imperfecciones de los amplificadores operacionales prácticos. 
Esta sección considera algunas de estas imperfecciones y proporciona modelos alternativos de ampli-
ficadores operacionales para tener presentes estas imperfecciones.
	 Considere	el	amplificador	operacional	que	se	muestra	en	la	figura	6.7-1a. Si este amplificador 
operacional es ideal, entonces
 i1 5 0, i2 5 0 y v1 2 v2 5	0	 (6.7-1)

Por	el	contrario,	el	modelo	de	amplificador	operacional	que	se	muestra	en	la	figura	6.7-1d explica 
varios parámetros no ideales de amplificadores operacionales prácticos, llamados:

• Corrientes de desviación no cero.

•	 Voltaje	nulo	de	entrada	no	cero.
•	 Resistencia	de	entrada	finita.
• Resistencia de salida no cero.

•	 Ganancia	de	voltaje	finita.

Este modelo de más precisión describe amplificadores operacionales prácticos que un amplificador 
operacional	ideal.	Por	desgracia,	el	modelo	más	preciso	de	la	figura	6.7-1d es mucho más complicado 

FIGURA 6.7-1 (a)	Un	 amplificador	 operacional	 y	 (b)	 el	modelo	 de	 ramas	 de	 un	 amplificador	 operacional.	 (c) El 
modelo	de	ganancia	finita	de	un	amplificador	operacional.	(d)	El	modelo	de	ramas	y	ganancia	finita	de	un	amplificador	
operacional.

(d)(c)
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+
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+
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y	mucho	más	difícil	de	usar	que	el	amplificador	operacional	ideal.	Los	modelos	en	las	figuras	6.7-1b y 
6.7-1c estipulan un compromiso. Estos modelos son más precisos que el amplificador operacional 
ideal	pero	más	fáciles	de	usar	que	el	modelo	de	la	figura	6.7-1d. Será conveniente tener nombres para 
estos	modelos.	Al	modelo	de	la	figura	6.7-1b lo llamaremos modelo de ramas del amplificador opera-
cional.	Del	mismo	modo,	al	modelo	de	la	figura	6.7-1c lo denominaremos modelo de ganancia finita 
del	amplificador	operacional,	y	el	modelo	de	la	figura	6.7-1d se llamará modelo de ramas y ganancia 
finita del modelo operacional.
	 El	modelo	de	amplificador	operacional	que	se	muestra	en	la	figura	6.7-1b explica la corriente 
polarizadora y el voltaje de ramas de entrada no cero de amplificadores operacionales prácticos pero 
no de la resistencia de entrada finita, la resistencia de salida no cero o la ganancia de voltaje finita. 
Este modelo consta de tres fuentes independientes y de un amplificador operacional ideal. En contras-
te con el amplificador operacional ideal, el modelo de amplificador operacional que explica las ramas 
está representado por las ecuaciones
 i1 5 ib1, i2 5 ib2 y v1 2 v2 5 vos	 (6.7-2)
El voltaje vos es un pequeño voltaje constante denominado voltaje de ramas de entrada. Las corrientes 
ib1 e ib2 se denominan corrientes de polarización del amplificador operacional. Son corrientes peque-
ñas, constantes. La diferencia entre las corrientes de polarización se denomina corriente de ramas de 
entrada, ios, del amplificador:

ios 5 ib1 5 ib2
Observe	que	cuando	las	corrientes	de	polarización	y	el	voltaje	de	ramas	de	entrada	son	cero,	la	ecuación	
6.7-2	es	la	misma	que	la	ecuación	6.7-1.	En	otras	palabras,	el	modelo	de	ramas	revierte	al	amplificador	
operacional ideal cuando las corrientes de polarización y el voltaje de ramas de entrada son cero.
 Con frecuencia, las corrientes de polarización del voltaje de ramas de entrada se pueden pasar 
por alto porque son muy pequeñas. Sin embargo, cuando la señal a un circuito es muy pequeña, las 
corrientes de polarización y el voltaje de entrada pueden llegar a ser muy importantes.
 Los fabricantes especifican un valor máximo para las corrientes de polarización, las corrientes de 
ramas de entrada y del voltaje de ramas de entrada. Para el mA741,	la	corriente	de	polarización	máxima	
se	especifica	que	sea	de	500	nA,	la	corriente	de	ramas	de	entrada	máxima	se	especifica	a	200	nA,	y	el	
voltaje	de	ramas	de	salida	máximo	se	especifica	a	5	mV.	Estas	especificaciones	garantizan	que

ib1 500 nA y ib2 500 nA
ib1 ib2 200 nA

vos 5 mV
La	tabla	6.7-1	muestra	las	corrientes	de	polarización,	las	corrientes	de	ramas,	y	el	voltaje	de	ramas	de	
entrada típicos de diversos tipos de amplificador operacional.

Tabla 6.7-1 Parámetros seleccionados de amplificadores operacionales típicos

PARÁMETRO UNIDAD mA741 LF351 TL051C OPA101AM OP-07E

Voltaje	de	saturación,	vsat V 13 13.5 13.2 13 13
Corriente de saturación, isat mA 2 15 6 30 6
Rapidez de respuesta (slow rate), SR V/mS 0.5 13 23.7 6.5 0.17
Corriente de polarización, ib nA 80 0.05 0.03 0.012 1.2
Corriente de compensación de entrada, ios nA 20 0.025 0.025 0.003 0.5
Voltaje	de	compensación	de	entrada,	vos mV 1 5 0.59 0.1 0.03
Resistencia de entrada, Ri MV 2 106 106 106 50

Resistencia de salida, Ro V 75 1	000 250 500 60
Ganancia de la diferencia, A V/mV 200 100 105 178 5	000
Proporción	de	rechazo	del	modo	común,	CMRR V/mv 31.6 100 44 178 1	413

Producto de ganancia por ancho de banda, B MHz 1 4 3.1 20 0.6
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El	amplificador	inversor	que	se	muestra	en	la	figura	6.7-2a contiene un amplificador operacional mA741.	El	am-
plificador	inversor	diseñado	en	el	ejemplo	6.5-2	tiene	una	ganancia	de	25,	es	decir,

vo  5 25	3 vin

El diseño de un amplificador inversor se basa en el modelo ideal de un amplificador operacional y por tanto ex-
plica las corrientes de polarización y el voltaje de ramas de entrada del amplificador operacional mA741.	En	este	
ejemplo se utilizará el modelo de ramas de un amplificador operacional para analizar el circuito. Este análisis nos 
dirá cuáles son los efectos de las corrientes de polarización y del voltaje de ramas de entrada sobre el desempeño 
de este circuito.
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FIGURA 6.7-2 (a)	Un	amplificador	inversor	y	(b) un circuito equivalente que explican el voltaje de entrada de ramas y corrientes 
de	polarización	del	amplificador	operacional.	(c)-( f  ) Análisis mediante la superposición.

Solución
En	la	figura	6.7-2b, el amplificador operacional ha sido reemplazado por el modelo de ramas de un amplificador 
operacional.	Observe	que	el	amplificador	operacional	en	la	figura	6.7-2b es el amplificador operacional ideal que 
forma	parte	del	modelo	del	amplificador	que	se	utilizó	para	explicar	las	ramas.	El	circuito	en	la	figura	6.7-2b 
contiene cuatro entradas que corresponden a las cuatro fuentes independientes, vin, ib1, ib2 y vos. (La entrada vin 
se obtiene de la conexión de una fuente de voltaje al circuito. Por el contrario, las “entradas” ib1, ib2 y vos son el 
resultado de imperfecciones del amplificador operacional. Estas entradas son parte del modelo del amplificador 
operacional y no requieren ser agregadas al circuito.) Se puede utilizar la superposición para una buena ventaja 
en	el	análisis	de	este	circuito.	Las	figuras	6.7-2c	y	6.7-2	f ilustran este proceso. En cada una de las figuras, todas 
excepto una entrada se han establecido en cero, y se ha calculado la salida referente a aquella entrada.
	 La	figura	6.7-2c muestra el circuito que se utilizó para calcular la respuesta a vin sola. Las demás entradas, 
ib1, ib2 y vos,	se	han	establecido	en	cero.	Recuerde	que	las	fuentes	de	corriente	cero	actúan	como	circuitos	abiertos	
y	las	fuentes	de	voltaje	cero	actúan	como	corto	circuitos.	La	figura	6.7-2c	se	obtiene	a	partir	de	la	figura	6.7-2b 
por el reemplazo de las fuentes de corriente ib1, ib2 por circuitos abiertos y el reemplazo de la fuente de voltaje vos 

E j E m p l o  6 . 7- 1  Voltaje	de	ramas	y	corrientes	de	polarización
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por	un	cortocircuito.	El	amplificador	operacional	en	 la	figura	6.7-2c es el amplificador operacional ideal que 
forma	parte	del	modelo	de	ramas.	Del	análisis	del	amplificador	inversor	en	la	figura	6.7-2c resulta

vo 5 25	3 vin

	 A	continuación,	considere	la	figura	6.7-2d. Este circuito se ha utilizado para calcular la respuesta a vos sola. 
Las demás entradas, vin, ib1 e ib2,	se	han	establecido	en	cero.	La	figura	6.7-2d	se	obtiene	de	la	figura	6.7-2b por el 
reemplazo de las fuentes de corriente ib1 e ib2 por circuitos abiertos y el reemplazo de la fuente de voltaje vin por 
un cortocircuito. De nuevo, el amplificador operacional es el amplificador operacional ideal a partir del modelo 
de	ramas.	El	circuito	en	la	figura	6.7-2d es uno que ya hemos visto antes; es el amplificador no inversor (figura 
6.5-1b). El análisis de este amplificador no inversor da por resultado

vo  1
50 k

10 k
vsr  6 vos

	 A	continuación,	considere	la	figura	6.7-2e. Este circuito se ha utilizado para calcular la respuesta a ib1 sola. 
Las demás entradas, vin, vos e ib2,	se	han	establecido	en	cero.	La	figura	6.7-2e	se	obtiene	de	la	figura	6.7-2b por 
el reemplazo de la fuente de corriente ib2 y por un circuito abierto y el reemplazo de las fuentes de voltaje vin y 
vos	por	circuitos	en	corto.	Observe	que	el	voltaje	a	través	del	resistor	de	10-kV es cero porque este resistor está 
conectado	entre	dos	nodos	de	entrada	del	amplificador	operacional	ideal.	La	ley	de	Ohm	dice	que	la	corriente	
en	el	resistor	de	10-kV	debe	ser	cero.	La	corriente	en	el	resistor	50-kV es ib1. Finalmente, preste atención a las 
direcciones de referencia,

vo 5	50	kV 3 ib1
	 La	figura	6.7-2f se utilizó para calcular la respuesta a ib2 sola. Las demás entradas, vin, vos e ib1, se han esta-
blecido	en	cero.	La	figura	6.7-2f	se	obtiene	de	la	figura	6.7-2b por el reemplazo de la fuente de corriente ib1 por 
un circuito abierto y el reemplazo de las fuentes de voltaje vin y vos por circuitos en corto. Al reemplazar vos por un 
cortocircuito se inserta un cortocircuito a través de las fuentes de corriente ib2. Nuevamente, el voltaje a través 
del	resistor	de	10-kV	es	cero,	por	lo	tanto	la	corriente	en	el	resistor	de	10-kV debe ser cero. La ley de Kirchhoff 
muestra	que	la	corriente	en	el	resistor	de	50-kV también es cero. Finalmente, 

vo 5 0
 La salida ocasionada por el trabajo conjunto de las cuatro entradas es la suma de las salidas ocasionadas por 
cada entrada trabajando solas. Por lo tanto,

vo 5 25	3 vin 1	6	3 vos 1	(50	kV)ib1
cuando la entrada del amplificador inversor, vin, es cero, la salida vo también debe ser cero. Sin embargo, vo es no 
cero cuando tenemos una finita vos o un ib1. Sea

voltaje de ramas de salida 5	6	3 vos 1	(50	kV)ib1
Entonces  vo 5 25	 vent 1 voltaje de ramas de salida
Recuerde que cuando se modela el amplificador operacional como un amplificador operacional ideal, del análisis 
de este amplificador inversor resulta

vo 5 25	3 vin

	 La	comparación	de	estas	dos	últimas	ecuaciones	muestra	que	las	corrientes	de	polarización	y	el	voltaje	de	
ramas de entrada ocasionan el voltaje de ramas de salida. Modelar el amplificador operacional como un amplifi-
cador operacional ideal contribuye a suponer que el voltaje de ramas de salida no es importante y que se puede 
pasar por alto. El uso del modelo de amplificador operacional que explica las ramas es más certero pero también 
más complicado.
 ¿Qué tan grande es el voltaje de ramas de salida de este amplificador inversor? El voltaje de ramas de entrada 
de un amplificador operacional mA741	será	de	a	lo	sumo	5	mV,	y	la	corriente	de	polarización	lo	será	de	500	nA,	de	
modo que

voltaje de ramas de salida 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

	6	3	5	mV	1	(50	kV)	500	nA	5	55	mV
Observemos	que	se	puede	pasar	por	alto	el	efecto	del	voltaje	de	ramas	sólo	cuando	 0	5	vin 0 .	500	mV,	o	bien	
0 vin 0 .	100	mV.	El	error	de	ramas	de	salida	se	puede	reducir	utilizando	un	amplificador	operacional	mejor,	es	
decir, uno que asegure corrientes de polarización más pequeñas y voltaje de ramas de entrada.
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 Ahora dirijamos nuestra atención a parámetros diferentes de amplificadores operacionales prác-
ticos.	El	modelo	de	amplificador	operacional	que	se	muestra	en	la	figura	6.7-1c explica la resistencia 
de entrada finita, la resistencia de salida no cero, y la ganancia de voltaje finita de los amplificadores 
operacionales prácticos pero no la corriente de polarización no cero y el voltaje de ramas de entrada no 
cero.	Este	modelo	consta	de	dos	resistores	y	una	VCVS	(fuente	de	corriente	de	voltaje	controlado).
 El modelo de ganancia finita se revierte en un amplificador operacional ideal cuando la ganan-
cia, A,	se	vuelve	infinita.	Para	ver	que	esto	es	así,	observe	que	en	la	figura	6.7-1c

por lo tanto  

vs  A v2 v11 2 Rs is

v2 v1 
vs Rs is

A
Los	modelos	en	la	figura	6-7-1,	así	como	el	modelo	del	amplificador	operacional	ideal,	son	válidos	
sólo cuando vo e io	satisfacen	la	ecuación	6.3-1.	Por	consiguiente,

Por consiguiente,  
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Now, let us turn our attention to different parameters of practical operational amplifiers. The

operational amplifier model shown in Figure 6.7-1c accounts for the finite input resistance, the nonzero

output resistance, and the finite voltage gain of practical operational amplifiers but not the nonzero bias

current and nonzero input offset voltage. This model consists of two resistors and a VCVS.

The finite gain model reverts to an ideal operational amplifier when the gain, A, becomes infinite.

To see that this is so, notice that in Figure 6.7-1c

vo ¼ A v2 � v1ð Þ þ Roio

so v2 � v1 ¼ vo � Roio

A

The models in Figure 6.7-1, as well as the model of the ideal operational amplifier, are valid only when

vo and io satisfy Eq. 6.3-1. Therefore,

jvoj � vsat and jioj � isat

Then jv2 � v1j � vsat þ Roisat

A

Therefore; lim
A!1

v2 � v1ð Þ ¼ 0

Next, because

i1 ¼ � v2 � v1

Ri

and i2 ¼ v2 � v1

Ri

we conclude that

lim
A!1

i1 ¼ 0 and lim
A!1

i2 ¼ 0

Thus, i1, i2, and v2 � v1 satisfy Eq. 6.7-1. In other words, the finite gain model of the operational

amplifier reverts to the ideal operational amplifier as the gain becomes infinite. The gain for practical

op amps ranges from 100,000 to 107.

E X A M P L E 6 . 7 - 2 Finite Gain

In Figure 6.7-3, a voltage follower is used as a buffer amplifier. Analysis based on the ideal operational amplifier

shows that the gain of the buffer amplifier is
vo

vs
¼ 1

What effects will the input resistance, output resistance, and finite voltage gain of a practical operational amplifier

have on the performance of this circuit? To answer this question, replace the operational amplifier by the

operational amplifier model that accounts for finite voltage gain. This gives the circuit shown in Figure 6.7-3b.

+

–

vo+
–

+
–vs

v2

v1

vo

v2

v1 vo

i1

i2R1
R1

RL

+

–

vo

vs

Ri

RL

–

+

(a) (b)

io

iL+

–

Ro

A(v2 – v1)

FIGURE 6.7-3 (a) A voltage

follower used as a buffer amplifier

and (b) an equivalent circuit with

the operational amplifier model that

accounts for finite voltage gain.

Characteristics of Practical Operational Amplifiers 231

vo vsat y io isat

v2 v1
vsat  Roisat

A
lím v2 v11 2 0

A continuación, como
i1

v2 v1

Ri
e i2 

v2 v1

Ri

concluimos que
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op amps ranges from 100,000 to 107.

E X A M P L E 6 . 7 - 2 Finite Gain

In Figure 6.7-3, a voltage follower is used as a buffer amplifier. Analysis based on the ideal operational amplifier

shows that the gain of the buffer amplifier is
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¼ 1

What effects will the input resistance, output resistance, and finite voltage gain of a practical operational amplifier

have on the performance of this circuit? To answer this question, replace the operational amplifier by the

operational amplifier model that accounts for finite voltage gain. This gives the circuit shown in Figure 6.7-3b.
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Ri

RL

–

+
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FIGURE 6.7-3 (a) A voltage

follower used as a buffer amplifier

and (b) an equivalent circuit with

the operational amplifier model that

accounts for finite voltage gain.
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Now, let us turn our attention to different parameters of practical operational amplifiers. The

operational amplifier model shown in Figure 6.7-1c accounts for the finite input resistance, the nonzero

output resistance, and the finite voltage gain of practical operational amplifiers but not the nonzero bias

current and nonzero input offset voltage. This model consists of two resistors and a VCVS.

The finite gain model reverts to an ideal operational amplifier when the gain, A, becomes infinite.

To see that this is so, notice that in Figure 6.7-1c

vo ¼ A v2 � v1ð Þ þ Roio
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The models in Figure 6.7-1, as well as the model of the ideal operational amplifier, are valid only when
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In Figure 6.7-3, a voltage follower is used as a buffer amplifier. Analysis based on the ideal operational amplifier

shows that the gain of the buffer amplifier is
vo

vs
¼ 1

What effects will the input resistance, output resistance, and finite voltage gain of a practical operational amplifier

have on the performance of this circuit? To answer this question, replace the operational amplifier by the

operational amplifier model that accounts for finite voltage gain. This gives the circuit shown in Figure 6.7-3b.
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+
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follower used as a buffer amplifier

and (b) an equivalent circuit with

the operational amplifier model that

accounts for finite voltage gain.

Characteristics of Practical Operational Amplifiers 231

límlím i1  0 i2  0y

Así, i1, i2 y v2 2 v1	satisfacen	la	ecuación	6.7-1.	En	otras	palabras,	el	modelo	de	ganancia	finita	del	
amplificador operacional revierte el amplificador operacional ideal conforme la ganancia se hace in-
finita.	La	ganancia	para	los	amplificadores	operacionales	prácticos	va	de	100	000	a	107.

Entonces

E j E m p l o  6 . 7- 2  Ganancia finita

En	la	figura	6.7-3	se	utiliza	un	seguidor	de	voltaje	como	amplificador	separador.	El	análisis	basado	en	el	ampli-
ficador operacional ideal muestra que la ganancia del amplificador separador es

vo

vs
 1

¿Qué efectos tendrán la resistencia de entrada, la resistencia de salida y la ganancia de voltaje finita del amplifi-
cador operacional práctico en el desempeño de este circuito? Para responder esta pregunta, reemplace el ampli-
ficador operacional por el modelo de amplificador operacional que explica la ganancia de voltaje finita. Ésta nos 
da	el	circuito	que	se	muestra	en	la	figura	6.7-3b.

+

–

vo+
–

+
–vs

v2

v1

vo

v2

v1 vo

i1

i2R1
R1

RL

+

–

vo

vs

Ri

RL

–

+

(a) (b)

io

iL+

–

Ro

A(v2 – v1)

 

FIGURA 6.7-3 (a) Un seguidor 
de voltaje que se utilizó como  
amplificador	separador	y	(b) un 
circuito equivalente con el modelo  
del	amplificador	operacional	que	
explica	la	ganancia	de	voltaje	finita.
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Solución
Para ser específicos, suponga que R1 5	1	kV; RL 5	10	kV, y los parámetros del amplificador operacional práctico 
son Ri 5	100	kV, Ro 5	100V y A 5	105V/V.
 Suponga que vo 5	10	V.	Podemos	encontrar	la	corriente,	iL en el resistor de entrada como

iL 
vo

RL


10 V
104 

 10 3 A

Aplique la KCL en el nodo superior de RL para obtener
i1 1 io 1 iL 5 0

Esto arrojará que i1 será mucho menor que io e iL.	Es	útil	hacer	la	aproximación	que	haga	i1 5 0. (Más adelante, 
en este ejemplo comprobaremos este supuesto.) Entonces,

io 5 2iL
A	continuación,	aplicamos	la	KVL	al	enlace	que	consta	de	VCVS,	Ro y RL para obtener

2A1v2 2 v12 2 ioRo 1 iLRL 5 0
Combinando	las	dos	últimas	ecuaciones	y	despejando	(v2 2 v1) resulta

1 2
v2 v1 

iL Ro  R1 2L

A


10 3 100  10 000
105  1.01 10 4 V

Ahora i1	se	puede	calcular	utilizando	la	ley	de	Ohm:

.i1 
v1 v2

Ri


1.01 10 4 V
100 k

1 01 10 9 A

Esta justifica nuestro anterior supuesto de que i1 se puede pasar por alto comparado con io e iL.
	 Aplicando	la	KVL	al	circuito	cerrado	exterior	(loop) resulta

2vs 2 i1R1 2 i1R1 1 vo 5 0
Ahora, hagamos un poco de álgebra para determinar vs:

1 2 vs  vo i1 R1  Ri vo  i2 R1  Ri1 2
 vo 

v2 v1

Ri
R1  Ri1 2

 vo 
iL Ro  R1 2L

A
R1  Ri1 2

Ri

 vo 
vo

R
1 2

L

Ro  RL

A
R1  Ri1 2

Ri

La ganancia de este circuito es
vo

vs


1

1
1
A

Ro  RL

RL

Ri  R1

Ri

Esta	ecuación	muestra	que	la	ganancia	será	aproximadamente	1	cuando	A sea muy grande, Ro 
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.

232 The Operational Amplifier

 RL y R1 
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(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.

232 The Operational Amplifier

 Ri. 
En este ejemplo, para lo especificado A, Ro y Ri, tenemos 

vo

vs


1

1
1

105
100  10 000

10 000
105  1 000

105


1

1.00001
 0.99999

Por consiguiente, la resistencia de entrada, la resistencia de salida y la ganancia de voltaje de amplificador ope-
racional práctico tiene sólo un efecto combinado pequeño, esencialmente insignificante sobre el desempeño del 
amplificador separador.
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	 La	tabla	6.7-1	enlista	otros	dos	parámetros	de	amplificadores	operacionales	prácticos	que	aún	
no se han mencionado. Éstas son la proporción de rechazo del modo común (CMRR) y el producto 
ganancia-ancho	de	banda.	Considere	primero	la	proporción	de	rechazo	del	modo	común.	En	el	mode-
lo de ganancia finita, el voltaje de la fuente dependiente es

A1v2 2 v12
En la práctica, encontramos que el voltaje de la fuente dependiente se expresa de manera más precisa 
como

y 

A v2 v11 2 Acm
v1  v2

2
v2 v1 se denomina voltaje de entrada diferencial,

v1  v2

2
se llama voltaje de entrada de modo común,

Acm se llama ganancia de modo común.

En ocasiones la ganancia A se llama la ganancia diferencial para distinguirla de Acm. La proporción de 
rechazo	del	modo	común	se	define	como	la	razón	de	A para Acm

CMRR 
A

Acm

El voltaje de fuente dependiente se puede utilizar utilizando A y CMMR como

A v2 v11 2 Acm
v1  v2

2
 A v2 v11 2 A

CMRR
v1  v2

2

 A 1 
1

2 CMRR
v2 1

1
2 CMRR

v1

La CMRR se puede agregar al modelo de ganancia finita  cambiando el voltaje de la fuente depen-
diente. El cambio apropiado es

reemplace A(v2 2 v1) por A 1
1

2 CMRR
v2 1

1
2 CMRR

v1

	 Este	cambio	hará	más	preciso	al	modelo,	pero	también	más	complicado.	La	tabla	6.7-1	muestra	
que	la	CMMR	es	muy	grande	por	lo	común.	Por	ejemplo,	un	amplificador	operacional	típico,	LF351,	
tiene A 5	100V/mV	y	la	CMMR	5	100	V/mV.	Esto	significa	que

A 1
1

2 CMRR
v2 1

1
2 CMRR

v1  100 000.5v2 99 999.5v1

comparado con A1v2 2 v12 5	100	000v2 2	100	000v1
En la mayoría de los casos se ocasiona un error insignificante por pasar por alto la CMMR del ampli-
ficador operacional. La CMMR no necesita ser tomada en cuenta a menos que se hagan mediciones 
cuidadosas	de	voltajes	de	muy	pequeños	diferenciales,	en	presencia	de	voltajes	de	modo	común	muy	
grandes.
 A continuación, consideramos la ganancia producto de banda ancha del amplificador opera-
cional. El modelo de ganancia finita indica que la ganancia, A, del amplificador operacional es una 
constante. Suponga que

v1 5 0 y que v2 5 M sen 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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La amplitud, A 3 M, de este voltaje sinusoidal no depende de la frecuencia, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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No es necesario saber ahora cómo se comporta esta función. Las funciones de esta clase se analizarán 
en	el	capítulo	13.	Por	ahora	basta	darse	cuenta	que	el	parámetro	B se utiliza para describir la depen-
dencia de la ganancia del amplificador operacional sobre la frecuencia. El parámetro B se denomina 
el producto ganancia de banda ancha del amplificador operacional.

EJERCICIO 6.7-1  El voltaje de ramas de entrada de un amplificador operacional mA741	
típico	es	1	mV,	y	la	corriente	de	polarización	es	80	nA.	Suponga	que	el	amplificador	operacional	en	
la	 figura	6.7-2a es un típico mA741.	Muestre	que	el	voltaje	de	 ramas	de	entrada	del	amplificador	
inversor	será	de	al	menos	10	mV.

EJERCICIO 6.7-2 	 Suponga	que	el	resistor	de	10	kV	en	la	figura	6.7-2a	se	cambió	a	2	kV y 
el	resistor	de	50	kV	se	cambió	a	10	kV. (Estos cambios no modificarán la ganancia del amplificador 
inversor.	Aún	seguirá	siendo	25.)	Muestre	que	el	voltaje	de	ramas	de	salida	máximo	se	redujo	a	35	mV.	
(Utilice ib 5	500	nA	y	vos  5	5	mV	para	calcular	el	voltaje	de	ramas	de	salida	máximo	que	podría	haber	
sido causado por el amplificador mA741.).

EJERCICIO 6.7-3  Suponga que el amplificador operacional mA741	en	la	figura	
6.7-2a es reemplazado con un amplificador operacional típico	OPA101AM.	Muestre	que	el	
voltaje	de	ramas	de	salida	del	amplificador	inverso	será	de	al	menos	0.6	mV.

EJERCICIO 6.7-4
a.  Determine la razón de voltaje vo > vs para el circuito del amplificador operacional que se 

muestra	en	la	figura	E	6.7-4.

b.  Calcule vo > vs para un amplificador práctico con A 5	105, Ro 5	100	V y Ri 5	500	kV. 
Los resistores del circuito son Rs 5	10	kV, Rf 5	50	kV y Ra 5	25	kV.

Respuesta: (b) vo > vs 5 22

6.8  A N Á L I S I S  D E  C I R C U I T O S  D E  A M P L I F I C A D O R E S 
O P E R A C I O N A L E S  M E D I A N T E  E L  U S O  D E  M AT L A B

La	figura	6.8-1	muestra	un	amplificador	inversor.	Modele	el	amplificador	operacional	como	un	am-
plificador operacional ideal. Luego el voltaje de salida del amplificador inversor se relaciona con el 
voltaje de entrada por 
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by
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FIGURE E 6.7-4
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+
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FIGURE 6.8-1 An inverting amplifier.
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	 (6.8-1)

Suponga que R1 5	 2	 kV, R2 5	 50	 kV y vf 5 24 cos 
(2000	
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t)	V.	Usando	estos	valores	en	la	ecuación	6.8-1	resulta	
vs(t ) 5	 100	 cos(2000	

E1C06_1 10/30/2009 234

The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.

234 The Operational Amplifier

t)	V.	Ésta	 no	 es	 una	 respuesta	 prácti-
ca. Es probable que el amplificador operacional se sature y, por 
consiguiente, el amplificador operacional ideal no es un modelo 
apropiado del amplificador operacional. Cuando la saturación 
de voltaje se incluye en el modelo del amplificador operacional, 
el amplificador inversor se describe por

–
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FIGURA E 6.7-4
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+
–vs(t) = –4 cos (2000πt) V
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FIGURA 6.8-1 Un	amplificador	inversor.
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vo tð Þ ¼

vsat when � R2

R1
vs tð Þ > vsat

�R2

R1
vs tð Þ when �vsat < �R2

R1
vs tð Þ < vsat

�vsat when� R2

R1
vs tð Þ < �vsat

8>>>>><
>>>>>:

ð6:8-2Þ

where vsat denotes the saturation voltage of the operational amplifier. Equation 6.8-2 is a more

accurate, but more complicated, model of the inverting amplifier than Eq. 6.8-1. Of course, we prefer

the simpler model, and we use the more complicated model only when we have reason to believe that

answers based on the simpler model are not accurate.

Figures 6.8-2 and 6.8-3 illustrate the use of MATLAB to analyze the inverting amplifier when the

operational amplifier model includes voltage saturation. Figure 6.8-2 shows the MATLAB input file, and

Figure 6.8-3 shows the resulting plot of the input and output voltages of the inverting amplifier.

% Saturate.m simulates op amp voltage saturation

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Enter values of the parameters that describe the circuit.
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

% circuit parameters
R1�2e3; % resistance, ohms
R2�50e3; % resistance, ohms
R3�20e3; % resistance, ohms

% op amp parameter
vsat�15; % saturation voltage, V

% source parameters
M�4; % amplitude, V
f�1000; % frequency, Hz
w�2*pi*f; % frequency, rad/s
theta�(pi/180)*180; % phase angle, rad

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Divide the time interval (0, tf) into N increments
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
tf�2/f; % final time
N�200; % number of incerments
t�0�tf/N�tf; % time, s

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% at each time t�k*(tf/N), calculate vo from vs
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
vs � M*cos(w*t�theta); % input voltage

for k�1�length(vs)

if (�(R2/R1)*vs(k) � �vsat) vo(k) � �vsat; % ––––––
elseif (�(R2/R1)*vs(k) � vsat) vo(k) � vsat; % eqn.
else vo(k) � �(R2/R1)*vs(k); % 6.8-2
end % ––––––

end

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Plot Vo and vs versus t
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
plot(t, vo, t, vs) % plot the transfer characteristic
axis([0 tf �20 20])
xlabel( time, s )
ylabel( vo(t), V ) 

FIGURE 6.8-2 MATLAB

input file corresponding to

the circuit shown in Figure

6.8-1.
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o

cuando

cuando

cuando

	 (6.8-2)

donde vsat	indica	el	voltaje	de	saturación	del	amplificador	operacional.	La	ecuación	6.8-2	es	un	mode-
lo	un	poco	más	certero,	pero	más	complicado,	del	amplificador	inversor	que	la	ecuación	6.8-1.	Desde	
luego, preferimos el modelo sencillo, y utilizamos el modelo más complicado sólo cuando tenemos 
razón para creer que las respuestas basadas en el modelo más sencillo no son acertadas.
	 Las	figuras	6.8-2	y	6.8-3	 ilustran	el	uso	de	MATLAB	para	analizar	el	amplificador	 inversor	
cuando	el	modelo	de	multiplicador	operacional	incluye	saturación	de	voltaje.	La	figura	6.8-2	muestra	
el	archivo	de	entrada	de	MATLAB,	y	la	figura	6.8-3	muestra	el	trazo	de	los	voltajes	de	entrada	y	de	
salida del amplificador inversor.

% Saturate.m simulates op amp voltage saturation

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Enter values of the parameters that describe the circuit.
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

% circuit parameters
R12e3; % resistance, ohms
R250e3; % resistance, ohms
R320e3; % resistance, ohms

% op amp parameter
vsat15; % saturation voltage, V

% source parameters
M4; % amplitude, V
f1000; % frequency, Hz
w2*pi*f; % frequency, rad/s
theta(pi/180)*180; % phase angle, rad

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Divide the time interval (0, tf) into N increments
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
tf2/f; % final time
N200; % number of incerments
t0tf/Ntf; % time, s

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% at each time tk*(tf/N), calculate vo from vs
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
vs  M*cos(w*ttheta); % input voltage

for k1length(vs)

if ((R2/R1)*vs(k)  vsat) vo(k)  vsat; % ––––––
elseif ((R2/R1)*vs(k)  vsat) vo(k)  vsat; % eqn.
else vo(k)  (R2/R1)*vs(k); % 6.8-2
end % ––––––

end

%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
% Plot Vo and vs versus t
%–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
plot(t, vo, t, vs) % plot the transfer characteristic
axis([0 tf 20 20])
xlabel( time, s )
ylabel( vo(t), V ) 

FIGURA 6.8-2 Archivo 
de entrada de MATLAB 
que corresponde al circuito 
que	se	muestra	en	la	figura	
6.8-1.
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FIGURA 6.8-3 Trazos de los voltajes 
de entrada y de salida del circuito que 
se	muestra	en	la	figura	6.8-1.

6.9  A N Á L I S I S  D E  C I R C U I T O S  D E  A M P L I F I C A D O R E S 
O P E R A C I O N A L E S  M E D I A N T E  E L  U S O  D E  P S P I C E

Considere un circuito de amplificador operacional que tiene una entrada, vi, y una salida, vo. Tracemos 
el voltaje de salida como una función del voltaje de entrada, utilizando PSpice. Para ello necesitamos 
hacer lo siguiente:

1. Dibujar	el	circuito	en	el	taller	de	OrCAD	Capture.
2. Especificar	una	simulación	de	Sweep	de	CD.
3. Correr la simulación.
4. Trazar los resultados de la simulación.

 La simulación de Sweep de CD proporciona una manera de variar la entrada de un circuito y 
luego trazar la salida como una función de la entrada.

La	entrada	del	circuito	que	se	muestra	en	la	figura	6.9-1	es	el	voltaje	de	la	
fuente de voltaje, vi. La respuesta es el voltaje, vo. Utilice PSpice para trazar 
el voltaje de salida como una función del voltaje de entrada.

Solución
Empezamos	por	el	trazo	del	circuito	en	el	taller	de	OrCAD	como	se	mues-
tra	en	la	figura	6.9-2	(vea	el	apéndice	A).	El	Amp	Op	en	la	figura	6.9-2	está	
representado	por	la	parte	de	PSpice	llamada	OPAMO	desde	la	biblioteca	
ANALOG.	La	salida	de	circuito		es	un	voltaje	de	nodo.	Es	conveniente	dar	
un	nombre	al	voltaje	de	salida	en	PSpice.	En	la	figura	6.9-2,	una	parte	de	PSpice	llamada	conector	de	hoja	suelta,	
se utiliza para etiquetar el nodo de salida como “o”. Etiquetar el nodo de salida de esta manera le da a la salida de  
circuito	el	nombre	PSpice	de	V(o).
	 Llevaremos	a	cabo	una	simulación	de	Sweep	de	CD.	(En	la	barra	de	menús	de	OrCADCapture,	seleccione	
PSpice; luego, haga clic en la opción New Simulation Profile, luego en CD Sweep desde la lista desplegable Analysis 
Type.	Especifique	la	variable	de	Sweep	para	el	voltaje	de	entrada	seleccionando	Voltage	Source	e	identificando	la	
fuente	de	voltaje	como	Vi.	Especifique	un	barrido	lineal	y	el	rango	deseado	de	voltajes	de	entrada.)	En	la	barra	de	me-
nús	de	OrCAD	Capture	seleccione	PSpice	y	haga	clic	en	la	opción	Run	Simulation	Profile	para	correr	la	simulación.

EjEmplo 6.9-1 Uso de PSpice para analizar un circuito de amplificador operacional

FIGURA 6.9-1 El circuito considerado 
en	el	ejemplo	6.9-1.
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  FIGURA 6.9-3 Trazo del voltaje de salida como una función del voltaje de entrada.

 Luego	de	una	simulación	de	CD	Sweep	exitosa,	OrCAD	abrirá	automáticamente	una	ventana	Schematics.	De	
la	barra	de	menús	de	Schematics,	seleccione	Trace	y	haga	clic	en	la	opción	Add	Trace	para	desplegar	el	cuadro	de	
diálogo	Add	Traces.	Seleccione	V(s)	de	la	lista	Simulation	Output	Variables.	Cierre	el	cuadro	de	diálogo	Add	Traces.	
La	figura	6.9-3	muestra	el	trazo	resultante	luego	de	quitar	la	rejilla	y	algunos	puntos	de	etiquetado.	El	trazo	es	una	lí-
nea recta. En consecuencia, la salida del circuito se relaciona con la entrada del circuito por una ecuación de la forma

vo 5 mvi 1 b
donde los valores de la inclinación m y la intersección b se pueden determinar a partir de los puntos etiquetados 
en	la	figura	6.9-3.	En	particular,

y 
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6.10 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problems discussed in this chapter.

Simulation Output Variables list. Close the Add Traces dialog box. Figure 6.9-3 shows the resulting plot after

removing the grid and labeling some points. The plot is a straight line. Consequently, the circuit output is related

to the circuit input by an equation of the form

vo ¼ mvi þ b

where the values of the slopem and intercept b can be determined from the points labeled in Figure 6.9-3. In particular,

m ¼ 6:9996� 4:4998

0:100� 0:050
¼ 49:996 � 50

V

V

and 1:9999 ¼ 59:996 0ð Þ þ b ) b ¼ 1:9999 � 2 V

The circuit output is related to the circuit input by the equation

vo ¼ 50vi þ 2

FIGURE 6.9-2 The circuit of Figure 6.9-1 as

drawn in the OrCAD workspace.
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FIGURE 6.9-3 The plot of the output voltage as a function of the input voltage.
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The circuit in Figure 6.10-1a was analyzed by writing and solving the following set of simultaneous equations
v6

10
þ i5 ¼ 0

10i5 ¼ v4

How Can We Check . . . ? 237

la salida del circuito se relaciona con la entrada del circuito por la ecuación
vo 5	50vi 1	2	

FIGURA 6.9-2 El	circuito	de	la	figura	6.9-1	
como	se	dibujó	en	el	taller	de	OrCAD.

6.10 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R . . . ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
	 El	ejemplo	siguiente	ilustra	técnicas	útiles	para	comprobar	las	soluciones	a	los	diversos	proble-
mas analizados en este capítulo.

El	circuito	en	la	figura	6.10-1a se analizó escribiendo y despejando el siguiente conjunto de ecuaciones simultáneas
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data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problems discussed in this chapter.

Simulation Output Variables list. Close the Add Traces dialog box. Figure 6.9-3 shows the resulting plot after

removing the grid and labeling some points. The plot is a straight line. Consequently, the circuit output is related

to the circuit input by an equation of the form

vo ¼ mvi þ b

where the values of the slopem and intercept b can be determined from the points labeled in Figure 6.9-3. In particular,

m ¼ 6:9996� 4:4998

0:100� 0:050
¼ 49:996 � 50

V

V

and 1:9999 ¼ 59:996 0ð Þ þ b ) b ¼ 1:9999 � 2 V

The circuit output is related to the circuit input by the equation

vo ¼ 50vi þ 2

FIGURE 6.9-2 The circuit of Figure 6.9-1 as

drawn in the OrCAD workspace.

12 V

10 V

5 V
(0.000, 1.9999)

(50.000 m, 4.4998)

(100.000 m, 6.9996)

(150.000 m, 9.4995)

0 V

v (o)
–50 mV 0 mV 50 mV

v_v i

100 mV 150 mV 200 mV

FIGURE 6.9-3 The plot of the output voltage as a function of the input voltage.

E X A M P L E 6 . 1 0 - 1 How Can We Check Op Amp Circuits?

The circuit in Figure 6.10-1a was analyzed by writing and solving the following set of simultaneous equations
v6

10
þ i5 ¼ 0

10i5 ¼ v4

How Can We Check . . . ? 237

E j E m p l o  6 . 10 - 1  ¿Cómo	podemos	comprobar	los	circuitos	del	Amp	Op?
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i2  0 i3  0 v4  0 i5  0 v6  0

Given


v
1
6
0
  i5  0 10  i5  v4 

v
1
4
0
  i3  i2

3  5  i2  10  i3 20  i3  v6



Find (i2, i3, v4, i5, v6) 







0.6
0.6
12

1.2
12







(b)

–

+

v6

i3

i2

i5

10 kΩ

5 kΩ 10 kΩ

10 kΩ

20 kΩ

– +

v4

v3

+ + –

–

+
–v1 = 3 V

(a)

FIGURA 6.10-1 (a) Un circuito de ejemplo y (b) análisis por computadora utilizando Mathcad.
v4

10
 i3  i2

3  5i2  10i3

20i3  v6
(Estas	ecuaciones	utilizan	unidades	de	voltios,	miliamperios	y	kiloohmios.)	Para	despejar	estas	ecuaciones	se	
utilizó	una	computadora	y	el	programa	Mathcad,	como	se	muestra	en	 la	figura	6.10-1b. La solución de estas 
ecuaciones indica que

i2 0.6 mA, i3  0.6 mA, v4 12 V,
i5 1.2 mA, y v6  12 V

¿Cómo podemos comprobar que estos valores de voltajes y corrientes están correctos?

Solución
Considere el v3.	Con	la	ley	de	Ohm,

v3 5	20i3 5	20(0.6)	5	12	V
Recuerde	que	las	resistencias	están	en	kV	y	las	corrientes	en	miliamperios.	Aplicando	la	KVL	al	enlace	que	cons-
ta	de	fuente	de	voltaje	y	los	resistores	de	5	kV	y	20	kV resulta

v3 5	3	2	5i2 5	3	2	5(20.6)	5	6	V
Desde luego, v3	no	puede	ser	de	12	ni	de	6,	de	modo	que	los	valores	obtenidos	por	i2, i3, i4, i5 y v6 no pueden ser 
correctos. Si comprobamos las ecuaciones simultáneas, encontramos que el valor de un resistor ha sido capturado 
totalmente	mal.	La	ecuación	de	KVL	correspondiente	al	enlace	que	consta	de	fuente	de	voltaje	y	resistores	de	 
5	kV	y	20	kV debe ser

3	5	5i2 1	20i3
Observe	que	10i3	se	usó	mal	en	la	cuarta	línea	del	programa	de	Mathcad	de	la	figura	6.10-1.	Luego	de	haber	
hecho la corrección, i2, i3, i4, i5 y v6 se calcula que sean 

y  

i2 0.2 mA, i3  0.2 mA, v4 4 V,
i5  0.4 mA y v6  4 V

v3  20i3  20 01 2 .2 4
v3  3 5i2  3 5 01 2 .2 4

Este acuerdo indica que los valores nuevos de i2, i3, i4, i5 y v6 son correctos. Como comprobación adicional, con-
sidere v5. Primero,	la	ley	de	Ohm	da	por	resultado

v5 5	10i5 5	10(20.4) 5 24
A	continuación,	aplicando	la	KVL	al	circuito	cerrado	que	consta	de	dos	resistores	de	10-kV y la entrada del am-
plificador operacional resulta

v5 5 0 1 v4 5 0 1 (24) 5 24
Esto aumenta nuestra confianza en que los nuevos valores de i2, i3, i4, i5 y v6 son correctos.

Ahora
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6 . 11  E J E M P LO  D E  D I S E Ñ O

CIRCUITO DE INTERFASE DE TRANSDUCTOR

Un cliente desea automatizar un sistema de medidas de presión, el cual requiere convertir la 
salida del transductor de presión en una entrada de computadora. Esta conversión se puede ha-
cer utilizando un circuito integrado estándar llamado convertidor analógico a digital (CAD). 
El	CAD	requiere	un	voltaje	de	entrada	entre	0	V	y	10	V,	en	tanto	que	la	salida	del	transductor	
de presión varía entre 2250	mV	y	250	mV.	Diseñe	un	circuito	para	la	interfase	entre	el	trans-
ductor de presión con el CAD. Es decir, diseñe un circuito que traslade el rango 2250	mV	a	
250	mV	al	rango	0	V	a	10	V.

Describa la situación y los supuestos
La	situación	se	presenta	en	la	figura	6.11-1

Transductor
de presión

CAD

Circuito de
la interfase

+

–

+

–
v1 v2

FIGURA 6.11-1 División de fases de un transductor de presión con un convertidor analógico a digital (CAD).

	 Las	especificaciones	establecen	que
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6 . 1 1 DES IGN EXAMPLE

TRANSDUCER INTERFACE CIRCUIT

A customer wants to automate a pressure measurement, which requires converting the output

of the pressure transducer to a computer input. This conversion can be done using a standard

integrated circuit called an analog-to-digital converter (ADC). The ADC requires an input

voltage between 0 V and 10 V, whereas the pressure transducer output varies between �250

mV and 250 mV. Design a circuit to interface the pressure transducer with the ADC. That is,

design a circuit that translates the range �250 mV to 250 mV to the range 0 V to 10 V.

Describe the Situation and the Assumptions
The situation is shown in Figure 6.11-1.

Pressure
transducer

ADC

Interface
circuit

+

–

+

–
v1 v2

FIGURE 6.11-1 Interfacing a pressure transducer with an analog-to-digital converter (ADC).

The specifications state that

�250 mV � v1 � 250 mV

0 V � v2 � 10 V

A simple relationship between v2 and v1 is needed so that information about the pressure is not

obscured. Consider

v2 ¼ a � v1 þ b

The coefficients, a and b, can be calculated by requiring that v2 ¼ 0 when v1¼�250 mV and

that v2¼ 10 V when v1¼ 250 mV, that is,

0 V ¼ a �250 mVð Þ þ b

10 V ¼ a 250 mVð Þ þ b

Solving these simultaneous equations gives a¼ 20 V/V and b¼ 5 V.

State the Goal
Design a circuit having input voltage v1 and output voltage v2. These voltages should be

related by

v2 ¼ 20 v1 þ 5 V ð6:11-1Þ

Generate a Plan
Figure 6.11-2 shows a plan (or a structure) for designing the interface circuit. The operational

amplifiers are biased using þ15-V and �15-V power supplies. The constant 5-V input is

generated from the 15-V power supply by multiplying by a gain of 1=3. The input voltage, v1,
is multiplied by a gain of 20. The summer (adder) adds the outputs of the two amplifiers to

obtain v2.

Design Example 239

Se necesita una relación sencilla entre v1 y v2 de modo que la información sobre la presión no 
sea oscura. Considere 

v2 5 a 3 v1 1 b
Los	coeficientes,	a y b, se pueden calcular solicitando que v2 5 0 cuando v1 5 2250	mV	y	
que v2 5	10	V	cuando	v1 5	250	mV,	es	decir,
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A customer wants to automate a pressure measurement, which requires converting the output

of the pressure transducer to a computer input. This conversion can be done using a standard

integrated circuit called an analog-to-digital converter (ADC). The ADC requires an input

voltage between 0 V and 10 V, whereas the pressure transducer output varies between �250

mV and 250 mV. Design a circuit to interface the pressure transducer with the ADC. That is,

design a circuit that translates the range �250 mV to 250 mV to the range 0 V to 10 V.

Describe the Situation and the Assumptions
The situation is shown in Figure 6.11-1.

Pressure
transducer
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circuit

+

–

+

–
v1 v2

FIGURE 6.11-1 Interfacing a pressure transducer with an analog-to-digital converter (ADC).

The specifications state that

�250 mV � v1 � 250 mV

0 V � v2 � 10 V

A simple relationship between v2 and v1 is needed so that information about the pressure is not

obscured. Consider

v2 ¼ a � v1 þ b

The coefficients, a and b, can be calculated by requiring that v2 ¼ 0 when v1¼�250 mV and

that v2¼ 10 V when v1¼ 250 mV, that is,

0 V ¼ a �250 mVð Þ þ b

10 V ¼ a 250 mVð Þ þ b

Solving these simultaneous equations gives a¼ 20 V/V and b¼ 5 V.

State the Goal
Design a circuit having input voltage v1 and output voltage v2. These voltages should be

related by

v2 ¼ 20 v1 þ 5 V ð6:11-1Þ

Generate a Plan
Figure 6.11-2 shows a plan (or a structure) for designing the interface circuit. The operational

amplifiers are biased using þ15-V and �15-V power supplies. The constant 5-V input is

generated from the 15-V power supply by multiplying by a gain of 1=3. The input voltage, v1,
is multiplied by a gain of 20. The summer (adder) adds the outputs of the two amplifiers to

obtain v2.

Design Example 239

Despejando estas ecuaciones simultáneas tenemos a 5	20	V/V	y	b 5	5	V.

Establezca el objetivo
Diseñar un circuito que tenga voltaje de entrada v1 y voltaje de salida v2. Estos voltajes deben 
estar relacionados por
 v2 5	20	v1 1	5	V	 (6.11-1)

Genere un plan
La	figura	6.11-2	muestra	un	plan	(o	una	estructura)	para	diseñar	el	circuito	de	la	 interfase.	
Los	amplificadores	operacionales	se	polarizan	utilizando	alimentadores	de	potencia	115	V	y	
215	V.	La	entrada	constante	de	5	V	se	genera	a	partir	de	la	alimentación	de	potencia	de	15	V	
al	multiplicar	por	una	ganancia	de	1>	3.	El	voltaje	d	entrada,	v1, se multiplica por una ganancia 
de	20.	La	suma	(adición)	agrega	las	salidas	de	los	dos	amplificadores	para	obtener	v2.
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× 20

× 

+

1 3

v2 = 20v1 + 5 Vv1

15 V

FIGURA 6.11-2 Una estructura (o plano) para el circuito de la interfase.

	 Cada	bloque	de	la	figura	6.11-2	se	implementará	utilizando	un	circuito	de	amplificador	
operacional.

Actúe sobre el plan
La	figura	6.11-3	muestra	un	circuito	de	interfase	propuesta.	Se	han	hecho	algunos	ajustes	al	plan.	
El	sumador	se	implementó	utilizando	el	sumando	amplificador	inversor	de	la	figura	6.5-1d. 
Las	entradas	a	este	sumando	amplificador	inversor	deben	ser	220vi y 25	V	en	vez	de	20vi y 
5	V.	En	consecuencia,	 se	utiliza	un	amplificador	 inversor	para	multiplicar	v1 por 220.	Un	
seguidor	de	voltaje	previene	al	sumando	amplificador	de	la	carga	del	divisor	de	voltaje.	Para	
hacer que los signos funcionen correctamente, el alimentador de potencia de 215	V	propor-
ciona la entrada al divisor de voltaje.

–

+

–

+

–

+

2.5 kΩ 50 kΩ

10 kΩ

5 kΩ

10 kΩ 10 kΩ

10 kΩ

Amplificador inversor

v1

–20 v1

–5 V

–15 V

v2 = 20 v1 + 5 V

Sumando amplificador
Seguidor 
de voltajeDivisor

de voltaje

FIGURA 6.11-3 Implementación de un circuito de interfase.

	 El	circuito	que	se	muestra	en	la	figura	6.11-3	no	es	el	único	circuito	que	resuelve	este	
reto de diseño. Hay varios circuitos que implementan

v2 5	20v1 1	5	V

Nos daremos por satisfechos con haber encontrado un circuito que haga el trabajo.

Verifique la solución propuesta
El	circuito	que	se	muestra	en	la	figura	6.11-3	se	simuló	utilizando	PSpice.	El	resultado	de	esta	
simulación es el trazo del v2 versus v1	que	se	muestra	en	la	figura	6.11-4.	Dado	que	este	trazo	
muestra una línea recta, v2 se relaciona con v1 por la ecuación de una línea recta

v2 5 mv1 1 b
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–5 V

0 V

5 V

10 V

15 V

(–250.000 m, 4.7506 m)

(250.000 m, 10.002)

–400 mV –200 mV 0 V 200 mV 400 mV

v 2
, 
V

v1, V  
FIGURA 6.11-4 Simulación de PSpice del 
circuito que se muestra en la fi gura 6.11-3.

donde m es la inclinación de la línea y b es la intersección de la línea con el eje vertical. Se han 
etiquetado dos puntos en la línea para mostrar que v2 � 10.002 V cuando v1 � 0.250 V y que 
v2 � 0.0047506 V cuando v1 � �0.250 V. La inclinación, m, y la intersección, b, se pueden 
calcular a partir de estos puntos. La inclinación la da

m ¼ 10:002� 0:0047506ð Þ
0:250� �0:250ð Þ ¼ 19:994

La intersección la da

b � 10.002 � 19.994 � 0.0250 � 5.003

Por lo que
 v2 � 19.994v1 � 5.003 (6.11-2)

Al comparar las ecuaciones 6.11-1 y 6.11-2 se verifi ca que la solución propuesta es correcta.

6.12 RESUMEN
  Se dispone de varios modelos para los amplifi cadores opera-

cionales. Los modelos sencillos son fáciles de usar. Los mo-
delos precisos son más complicados. El modelo más sencillo 
del amplifi cador operacional es el amplifi cador operacional 
ideal.

  Las corrientes dentro de las terminales de entrada de un am-
plifi cador operacional son cero, y los voltajes en los nodos 
de entrada de un amplifi cador operacional ideal son iguales.

  Conviene utilizar ecuaciones nodales para analizar circuitos 
que contengan amplifi cadores operacionales ideales.

  Los amplifi cadores operacionales se utilizan para construir 
circuitos que desempeñen operaciones matemáticas. Mu-
chos de estos circuitos se han utilizado con tanta frecuencia 
que se les han dado nombres incluso. El amplifi cador inver-
sor proporciona una respuesta de la forma vo � Kv1, donde K 
es una constante positiva. Otro útil circuito de amplifi cador 

operacional es el amplifi cador no inversor con una ganancia 
de K � 1, a veces denominado seguidor de voltaje o separa-
dor. La salida del seguidor de voltaje sigue fi elmente el volta-
je de entrada. El seguidor de voltaje reduce la carga al aislar 
su terminal de salida de su terminal de entrada.

  La fi gura 6.5-1 es un catálogo de algunos amplifi cadores 
operacionales de uso frecuente.

  Los amplifi cadores operacionales prácticos tienen propieda-
des que no se incluyen en el amplifi cador operacional ideal. 
Entre ellas están el voltaje de ramas de entrada, la corriente 
de polarización, la ganancia de cd, la resistencia de entrada y 
la resistencia de salida. Se necesitan modelos más complejos 
para tener presentes estas propiedades.

  Se puede utilizar PSpice para reducir la molestia de analizar 
circuitos de amplifi cadores operacionales con modelos com-
plicados.
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P R O B L E M AS

Sección 6.3 El amplificador operacional ideal

P 6.3-1 Determine el valor del voltaje medido por el voltíme-
tro	en	la	figura	P	6.3-1.
Respuesta: 24	V

+

–

50 kΩ
20 kΩ

20 kΩ

+
– 4 V

Voltímetro

Figura P 6.3-1

P 6.3-2 Encuentre vo e io	para	el	circuito	de	la	figura	P	6.3-2.

12 V

1 kΩ

3 kΩ

2 kΩ

4 kΩ

–

+
+

–

vo

+
–

R

io

Figura P 6.3-2

P 6.3-3 Encuentre vo e io	para	el	circuito	de	la	figura	P	6.3-3.

Respuesta: vo 5 230	V	e	io 5	3.5	mA

12 V

2 V 20 kΩ

4 kΩ 8 kΩ

–

+
+

–

vo

+
–

+
–

io

Figura P 6.3-3

P 6.3-4 Encuentre v e i	para	el	circuito	de	la	figura	P	6.3-4.

i

v
+
–

–

+

10 kΩ

20 kΩ0.1 mA
5 V

+

–

Figura P 6.3-4

P 6.3-5 Encuentre vo e io	para	el	circuito	de	la	figura	P	6.3-5.
Respuesta: vo 5 215	V	e	io 5	7.5	mA

io

vo
+
–

–

+

3 kΩ

4 kΩ

6 kΩ2 mA12 V
+

–

Figura P 6.3-5

P 6.3-6 Determine el valor del voltaje medido por el voltíme-
tro	en	la	figura	P	6.3-6.
Respuesta:	7.5	V	

+

–

8 kΩ

6 kΩ

6 kΩ

4 kΩ

+
– 2.5 V

Voltímetro

Figura P 6.3-6

P 6.3-7 Encuentre vo e io	para	el	circuito	de	la	figura	P	6.3-7.

vf

R1 R2 R3 R4

R5

–

+ +

–

vo

+
–

–

+

io

Figura P 6.3-7
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–

+

vo

R3

R1

R2
+
–

vs

R4

Figura P 6.3-11

P 6.3-12 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.3-12	es	el	voltaje,	vs. La salida es el voltaje vo. La salida se 
relaciona con la entrada por la ecuación vo 5 mvs 1 b, donde m 
y b son constantes. Determine los valores de m y b.

–

+

+
–

+
–

vs

1.5 V 10 kΩ

20 kΩ5 kΩ

vo

+

–

Figura P 6.3-12

P 6.3-13 La	salida	del	 circuito	que	 se	muestra	en	 la	figura	
P	6.3-13	es	vo5	3.5	V.	Determine	el	valor	de	(a) la resistencia 
R, (b) la potencia alimentada por cada fuente independiente, y 
(c) la potencia Poa 5 ioa 3 vo	alimentada	por	el	amplificador	
operacional.

–

+

R

+
–1.5 V

10 kΩ

20 kΩ

25 kΩ

0.2 mA

vo

+

–

ioa

Figura P 6.3-13

P 6.3-14 Determine los voltajes de nodo en los nodos a, b, c, 
y	d	del	circuito	que	se	muestra	en	la	figura	6.3-14.

–

+

–

+

10 kΩ5 kΩ5 kΩ

5 kΩ

2.5 mA

20 kΩ
25 kΩ

15 kΩ
c

b
a d

Figura P 6.3-14

P 6.3-8 Determine la corriente io para el circuito que se mues-
tra	en	la	figura	P	6.3-8.
Respuesta: io 5	2.5	mA

io

+

–

+

–

4 kΩ

8 kΩ

8 kΩ

6 kΩ

6 kΩ

6 kΩ

6 kΩ

4 kΩ+
–

+
–

2 V

5.8 V

Figura P 6.3-8

P 6.3-9 Determine el voltaje vo para el circuito que se mues-
tra	en	la	figura	P	6.3-9.
Respuesta: vo 5 28	V

a
b

–

+ +

–

vo8 kΩ8 kΩ

4 kΩ
4 kΩ

+
–

18 V

Figura P 6.3-9

P 6.3-10 El	circuito	que	se	muestra	en	la	figura	P	6.3-10	tie-
ne una entrada, is , y una salida, vo. Muestre que la salida es 
proporcional a la entrada. Diseñe el circuito de modo que la 
ganancia sea vo

is  20 V
mA. 

–

+
+

–
voR2

is

R1

R3

Figura P 6.3-10

P 6.3-11 El	circuito	que	se	muestra	en	la	figura	P	6.3-11	tie-
ne una entrada, vs, y una salida, vo. Muestre que la salida es 
proporcional a la entrada. Diseñe el circuito de modo que la 
ganancia sea vo 5	5	vs . 
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P 6.3-15 Determine los voltajes de nodo en los nodos a, b, c, 
y	d	del	circuito	que	se	muestra	en	la	figura	6.3-15.

–

+
–

+

40 kΩ
40 kΩ

10 kΩ
10 kΩ60 kΩ

10 kΩ

5 V

10 kΩ
20 kΩ

40 kΩ

cb
a d

–
+

Figura P 6.3-15

Sección 6.4 Análisis nodal de circuitos que  
contienen amplificadores operacionales

P 6.4-1 Determine los voltajes de nodo para el circuito que se 
muestra	en	la	figura	6.4-1.

Respuesta: va 5	2	V,	vb 5 20.25	V,	vc 5 25	V,	vd 5 22.5	V	
y ve 5 20.25	V

+

–

40 kΩ

40 kΩ

20 kΩ

9 kΩ

1 kΩ+
–

+
–

a b

d

e
c

2 V

5 V

Figura P 6.4-1

P 6.4-2 Encuentre vo e io	para	el	circuito	de	la	figura	6.4-2.

Respuesta: vo 5 24	V,	e	io 5	1.33	mA

12 V

6 kΩ

6 kΩ

6 kΩ

6 kΩ 6 kΩ

–

+ +

–

vo

+
–

io

Figura P 6.4-2

P 6.4-3 Si R1 5	 4.8	 kV y R2 5 R4 5	 30	 kV, encuentre 
vo > vs	para	el	circuito	que	se	muestra	en	la	figura	6.4-3	cuando	
R3 5	1	kV.

Respuesta: vo > vs  5 2200

–

+
vo

Ideal

R2 R4

R3

+
–

vs

R1

Figura P 6.4-3

P 6.4-4 La	 salida	 del	 circuito	 que	 se	 muestra	 en	 la	 figura	
P	6.4-4	es	vo. Las entradas son v1 y v2. Exprese la salida como 
una función de las entradas y las resistencias del resistor.

+
–

+
–

–

+

–

+

R3

R2

R1

v1

v2

vo

+

–

Figura P 6.4-4

P 6.4-5 Las	salidas	del	circuito	que	se	muestran	en	la	figura	
P	6.4-5	son	vo e io. Las entradas son v1 y v2. Exprese las salidas 
como funciones de las entradas y las resistencias del resistor.

+
–

+
–

–

+

–

+

–

+

R3 R5

R6R4

R2

R7

R1

v1

v2

vo

io

+

–

Figura P 6.4-5
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Respuesta: va	=	12	V,	vb 5 24	V,	vc 5 24	V,	vd 5 24	V,	
ve 5 23.2	V,	vf 5 24.8	V	y	vg 5 23.2	V	

+

–
+

–

20 kΩ 40 kΩ

20 kΩ

40 kΩ
20 kΩ

20 kΩ10 kΩ

+
–

a b
f

g

edc

12 V
40 kΩ

Figura P 6.4-9

P 6.4-10 El	circuito	que	se	muestra	en	la	figura	P	6.4-9	in-
cluye un indicador de tensión sencillo. El resistor R cambia su 
valor por DR cuando es agitado o torcido. Derive una relación 
para la ganancia de voltaje vo > vs , y muestre que es proporcio-
nal con el cambio fraccional en R, a saber, DR>Rs.

Respuesta: vs 
Ro

Rs  R1

 R
Ro

–

+

R = Ro + ∆R

R1

R1
Ro

vs vo

+

–

+

–

Ideal

Figura P 6.4-10 Circuito de indicador de tensión

P 6.4-11 Encuentre vo para el circuito que se muestra en la 
figura	P	6.4-11.

1.5 V 8 kΩ

10 kΩ

20 kΩ

–

+

vo

+
–

io

20 kΩ

+

–

Figura P 6.4-11

P 6.4-12 El	circuito	que	se	muestra	en	la	figura	P	6.4-12	tie-
ne una salida, vo y dos entradas, v1 y v2. Muestre que cuando 
R3
R4

 R6
R5

, la salida es proporcional a la diferencia de las entradas, 
v1 2 v2.	Especifique	los	valores	de	resistencia	para	que	vo 5 
5(v1 2 v2).

P 6.4-6 Determine los voltajes de nodo para el circuito que se 
muestra	en	la	figura	P	6.4-6.

Respuesta: va 5 20.75	V,	vb 5	0	V	y	vc 5 20.9375	V

+

–

10 kΩ

15 kΩ40 kΩ

40 kΩ 20 kΩ 25 kΩ

+
–

c
ba

12 V

Figura P 6.4-6

P 6.4-7 Encuentre vo e io para el circuito que se muestra en la 
figura	P	6.4-7.

–

+ +

–

vo

io

30 kΩ

30 kΩ

10 kΩ

10 kΩ

10 kΩ

30 kΩ

30 kΩ

6 V

+ –

Figura P 6.4-7

P 6.4-8 Encuentre vo e io para el circuito que se muestra en la 
figura	P	6.4-8.

–

+

+

–

vo

5 V+
–

io

10 kΩ 20 kΩ

20 kΩ
10 kΩ

Figura P 6.4-8

P 6.4-9 Determine los voltajes de nodo para el circuito que se 
muestra	en	la	figura	P	6.4-9.
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–

+
vo

v1 R3

R2

R1

R4

–

+

v2 R5

R6

+
–

+
–

Figura P 6.4-12 

P 6.4-13 El	circuito	que	se	muestra	en	la	figura	P	6.4-13	tiene	
una salida, vo, y una entrada, vi. Muestre que la salida es pro-
porcional	a	la	entrada.	Especifique	los	valores	de	resistencias	
para que vo 5	20	vs .

–

+

R1
vi

vo

R2 R3

R4

–

+

Figura P 6.4-13 

P 6.4-14 El	 circuito	 que	 se	 muestra	 en	 la	 figura	 P	 6.4-13	
tiene una entrada, vs, y una salida, vo. Muestre que la salida 
es proporcional a la entrada. Diseñe el circuito de modo que  
vo 5	20	vs .

vs

R1

R2 R4

R3

R5 vo

–+

+

–

+
–

Figura P 6.4-14 

P 6.4-15 El	circuito	que	se	muestra	en	la	figura	P	6.4-15	tiene	
una entrada, vs, y una salida, vo. El circuito contiene siete re-
sistores que tiene una resistencia igual, R. Exprese la ganancia 
del circuito, vo > vs en términos de la resistencia R.

–

+ +

–
vo

vs

RR
R R R

R

R

+
–

Figura P 6.4-15 

P 6.4-16 El	circuito	que	se	muestra	en	la	figura	P	6.4-16	tiene	
una entrada, vs, y una salida, vo. Exprese la ganancia, vo > vs, 
en términos de las resistencias R1, R2, R3, R4 y R5. Diseñe el 
circuito de modo que vo 5	20	vs.

vo

+
– vs

R1 R2

R3

R4

R5

–

+ +

–

Figura P 6.4-16 

P 6.4-17 El	circuito	que	se	muestra	en	la	figura	P	6.4-17	tiene	
una entrada, vs, y una salida, vo. Exprese la ganancia del cir-
cuito, vo > vs, en términos de las resistencias R1, R2, R3, R4, R5 y 
R6. Diseñe el circuito de modo que vo 5	20	vf.

–

+

+

–
vo

+
– vs

R1 R2

R3

R5
R6

–

+

R4

Figura P 6.4-17 

P 6.4-18 El	circuito	que	se	muestra	en	la	figura	P	6.4-18	tiene	
una entrada, vs, y una salida, io. Exprese la ganancia  del circui-
to, io > vs, en términos de las resistencias R1, R2, R3 y Rs. (Este 
circuito contiene un par de resistencias que tienen resistencia 
R1 y otro par que tiene resistencia R2.) Diseñe el circuito de 
modo que io 5	0.02	vs .
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30 kΩ10 kΩ

vo

vs
–

+

+
–

–

+

10 kΩ
20 kΩ

R

+

–

Figura P 6.4-20 

P 6.4-21 El	circuito	que	se	muestra	en	la	figura	P	6.4-21	tiene	
tres entradas, v1, v2 y v3. La salida de los circuitos es vo. la 
salida se relaciona con las entradas por

vo 5 av1 1 bv2 1 cv3

donde a, b y c son constantes. Determine los valores de a, b 
y c.

20 kΩ20 kΩ

vo

v1
–

+

+
–

20 kΩ20 kΩ

v2

–

+

+
–

120 kΩ120 kΩ

–

+

–

+

20 kΩ

20 kΩ

v3

+
–

30 kΩ

40 kΩ

+

–

Figura P 6.4-21 

P 6.4-22 El	circuito	que	se	muestra	en	la	figura	P	6.4-22	tiene	
dos entradas, v1 y v2. La salida del circuito es vo. La salida se 
relaciona con las entradas por

vo 5 av1 1 bv2

donde a y b son constantes. Determine los valores de a y b. 

–

+

R1 R2

R1

Rs

R2

io

+
–

vs

–

+

R3

Figura P 6.4-18 

P 6.4-19 El	circuito	que	se	muestra	en	la	figura	P	6.4-19	tiene	
una entrada, vs, y una salida, vo. El circuito contiene una resis-
tencia	no	especificada	R.

(a)  Exprese la ganancia del circuito vo > vs, en términos de la 
resistencia R.

(b)  Determine el rango de valores de la ganancia que se puede 
obtener	especificando	un	valor	para	la	resistencia	R.

(c)  Diseñe el circuito de modo que vo 5 23	vs.

50 kΩ10 kΩ

vovs
–

+

+
–

–

+

40 kΩ

10 kΩ

R

+

–

Figura P 6.4-19

P 6.4-20 El	circuito	que	se	muestra	en	la	figura	P	6.4-20	tiene	
una entrada, vs, y una salida, vo. El circuito contiene una resis-
tencia	no	especificada	R.

(a)  Exprese la ganancia del circuito vo > vs, en términos de la 
resistencia R.

(b)  Determine el rango de valores de la ganancia que se puede 
obtener	especificando	un	valor	para	la	resistencia	R.

(c)  Diseñe el circuito de modo que vo 5 25	vs.
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20 kΩ

20 kΩ

vs

v1

–

+

+
–

20 kΩ20 kΩ

v2
–

+

20 kΩ

+
–

20 kΩ

40 kΩ

–

+ +

–

Figura P 6.4-22 

P 6.4-23 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.4-23	es	el	voltaje	de	la	fuente	de	voltaje	vs. La salida es el 
voltaje de nodos vo. La salida se relaciona con la entrada por 
la ecuación vo 5 kvs, donde k 

vo

vs
 se denomina ganancia del 

circuito. Determine el valor de la ganancia k.

+

–+
–

vs

20 kΩ

20 kΩ30 kΩ
80 kΩ

vo

Figura P 6.4-23

P 6.4-24 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.4-24	es	la	corriente	de	la	fuente	de	corriente	is. La salida es 
el voltaje de nodos vo. La salida se relaciona con la entrada por 
la ecuación vo 5 mis 1 b donde m y b son constantes. Deter-
mine los valores de m y b.

–

+

+
–

25 kΩ

25 kΩ

6 V

50 kΩ

vo
is

Figura P 6.4-24

P 6.4-25 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.4-25	es	el	voltaje	de	nodos	vs. La salida es el voltaje de 
nodos vo. La salida se relaciona con la entrada por la ecuación 
vo 5 kvs, donde k 

vo

vs
 se denomina ganancia del circuito. De-

termine el valor de la ganancia k.

+

–

25 kΩ

50 kΩ

50 kΩ5 kΩ

5 kΩ
250 kΩ

vo

vs

–

+

Figura P 6.4-25

P 6.4-26 Los valores de los voltajes de nodos v1, v2 y vo en la 
figura	P	6.4-26	son	v1 5	6.25,	v2 5	3.75	y	vo 5 215	V.	Deter-
mine el valor de las resistencias R1, R2 y R3.

v1

v2

vo

–

+

–

+

–

+

R1

R3

R2

+
–2.5 V 20 kΩ

20 kΩ

20 kΩ

Figura P 6.4-26

P 6.4-27 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.4-27	es	el	voltaje	de	la	fuente	de	voltaje,	vi. La salida es el 
voltaje de nodos, vo. La salida se relaciona con la entrada por 
la ecuación vo 5 kvi donde k 

vo

vi
 se denomina la ganancia del 

circuito. Determine el valor de la ganancia k.

–

+

10 kΩ

4 kΩ

vo

vi

24 kΩ

12 kΩ

40 kΩ

10 kΩ

+
–

Figura P 6.4-27
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P 6.5-5 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-5	de	modo	que

Vsal 5	5	3 v1	2	2	3 v2

P 6.5-6 El	 divisor	 de	 voltaje	 que	 se	 muestra	 en	 la	 figura	
P	6.5-6	tiene	una	ganancia	de

vsal

vent


10 k

5 k 10 k1 2 2

Diseñe	 un	 circuito	 de	 amplificador	 operacional	 para	 imple-
mentar el resistor de 210	kV.

+
–vent vsal–10 kΩ

5 kΩ

+

–

Figura P 6.5-6 Un circuito con un resistor negativo.

P 6.5-7 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-7	de	modo	que

ient 5 0 y vsal 5	3	 vent

vsal20 kΩ10 kΩ
–5 V5 V

Circuito de
amplificador
operacional

+
–

+
–

+

–

vent

ient

+

–

Figura P 6.5-7

P 6.5-8 Diseñe	un	circuito	de	amplificador	operacional	con	
salida vo 5	6	v1 1	2	v2, donde v1 y v2 son voltajes de entrada.

P 6.5-9 Determine el voltaje vo para el circuito que se mues-
tra	en	la	figura	P	6.5-9.

Sugerencia: Utilice la superposición.

Respuesta: vo 5 (23)(3)	1 (4)(24) 1 (4)(8) 5	7	V

+

–

8 kΩ 24 kΩ

4 kΩ

10 kΩ

+

–

vo+
–

+
–3 V

4 V 2 mA

Figura P 6.5-9

Sección 6.5 Diseño mediante el uso de  
amplificadores operacionales

P 6.5-1 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-1	de	modo	que

Vsal 5 r 3 ient

donde 
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Section 6.5 Design Using Operational Amplifiers

P 6.5-1 Design the operational amplifier circuit in Figure

P 6.5-1 so that

vout ¼ r � iin
where

r ¼ 20
V

mA

+

–

vout20 kΩiin
Operational
amplifier
circuit

Figure P 6.5-1

P 6.5-2 Design the operational amplifier circuit in Figure

P 6.5-2 so that

iout ¼ g � vin
where

g ¼ 2
mA

V

iout

5 kΩvin

Operational
amplifier
circuit

+
–

Figure P 6.5-2

P 6.5-3 Design the operational amplifier circuit in Figure

P 6.5-3 so that

vout ¼ 5 � v1 þ 2 � v2

vout20 kΩ

v1

v2

Operational
amplifier
circuit

+
–

+
–

+

–

Figure P 6.5-3

P 6.5-4 Design the operational amplifier circuit in Figure

P 6.5-3 so that

vout ¼ 5 � v1 � v2ð Þ

P 6.5-5 Design the operational amplifier circuit in Figure

P 6.5-3 so that

vout ¼ 5 � v1 � 2 � v2
P 6.5-6 The voltage divider shown in Figure P 6.5-6 has a

gain of

vout
vin

¼ �10 kV

5 kVþ �10 kVð Þ ¼ 2

Design an operational amplifier circuit to implement the

�10-kV resistor.

+
–vin vout–10 kΩ

5 kΩ

+

–

Figure P 6.5-6 A circuit with a negative resistor.

P 6.5-7 Design the operational amplifier circuit in Figure

P 6.5-7 so that

iin ¼ 0 and vout ¼ 3 � vin

vout20 kΩ10 kΩ
–5 V5 V

Operational
amplifier
circuit

+
–

+
–

+

–

vin

iin

+

–

Figure P 6.5-7

P 6.5-8 Design an operational amplifier circuit with output

vo¼ 6 v1 þ 2 v2, where v1 and v2 are input voltages.

P 6.5-9 Determine the voltage vo for the circuit shown in

Figure P 6.5-9.

Hint: Use superposition.

Answer: vo¼ (�3)(3) þ (4)(�4) þ ( 4)(8)¼ 7 V

+

–

8 kΩ 24 kΩ

4 kΩ

10 kΩ

+

–

vo+
–

+
–3 V

4 V 2 mA

Figure P 6.5-9
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+

–

vsal20 kΩient

Circuito de
amplificador
operacional

Figura P 6.5-1

P 6.5-2 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-2	de	modo	que

isal 5 g 3 vent

donde 
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Section 6.5 Design Using Operational Amplifiers

P 6.5-1 Design the operational amplifier circuit in Figure
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V

mA

+

–

vout20 kΩiin
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amplifier
circuit
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P 6.5-2 Design the operational amplifier circuit in Figure
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P 6.5-3 Design the operational amplifier circuit in Figure

P 6.5-3 so that
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circuit
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P 6.5-4 Design the operational amplifier circuit in Figure

P 6.5-3 so that
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P 6.5-5 Design the operational amplifier circuit in Figure

P 6.5-3 so that

vout ¼ 5 � v1 � 2 � v2
P 6.5-6 The voltage divider shown in Figure P 6.5-6 has a

gain of

vout
vin

¼ �10 kV

5 kVþ �10 kVð Þ ¼ 2

Design an operational amplifier circuit to implement the

�10-kV resistor.

+
–vin vout–10 kΩ

5 kΩ

+

–

Figure P 6.5-6 A circuit with a negative resistor.

P 6.5-7 Design the operational amplifier circuit in Figure

P 6.5-7 so that

iin ¼ 0 and vout ¼ 3 � vin

vout20 kΩ10 kΩ
–5 V5 V

Operational
amplifier
circuit

+
–

+
–

+

–

vin

iin

+

–

Figure P 6.5-7

P 6.5-8 Design an operational amplifier circuit with output

vo¼ 6 v1 þ 2 v2, where v1 and v2 are input voltages.

P 6.5-9 Determine the voltage vo for the circuit shown in

Figure P 6.5-9.

Hint: Use superposition.

Answer: vo¼ (�3)(3) þ (4)(�4) þ ( 4)(8)¼ 7 V

+

–

8 kΩ 24 kΩ

4 kΩ

10 kΩ

+

–

vo+
–

+
–3 V

4 V 2 mA

Figure P 6.5-9
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isal

5 kΩvent

Circuito de
amplificador
operacional

+
–

Figura P 6.5-2

P 6.5-3 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-3	de	modo	que

Vsal 5	5	3 v1 1	2	3 v2

vsal20 kΩ

v1

v2

Circuito de
amplificador
operacional

+
–

+
–

+

–

Figura P 6.5-3

P 6.5-4 Diseñe	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-4	de	modo	que

Vsal 5	5	3 (v1	2 v2)
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P 6.5-10 Para	el	circuito	del	amplificador	operacional	de	la	
figura	P	6.5-10,	encuentre	y	enliste	todas	las	ganancias	de	vol-
taje posibles que se puedan lograr al conectar las terminales 
del resistor tanto a las terminales de voltaje de entrada como 
a las de salida.

+

–
vs

vs

2412126

–

++
–

Figura P 6.5-10 Resistencias	en	kV.

P 6.5-11 El	circuito	que	se	muestra	en	la	figura	P	6.5-11	se	
denomina fuente de corriente de Howland. Tiene una entrada, 
vent, y una salida, isal. Muestre que cuando se eligen las resis-
tencias de modo que R2R3 5 R1R4, la salida se relacione con la 
entrada por la ecuación

isal 
vent

R1

–

+

R3 R4

R1

RL

R2

isal
+
–vent

Figura P 6.5-11

P 6.5-12 El	circuito	que	se	muestra	en	la	figura	P	6.5-12	se	
usa para calcular la resistencia de salida de la fuente de co-
rriente de Howland. Tiene una entrada, it, y una salida, vt. La 
resistencia de salida, Ro, está dada por

Ro 
vt

it
Exprese la resistencia de salida de la fuente de corriente de 
Howland en términos de las resistencias R1, R2, R3 y R4. 

–

+

R3 R4

R1 R2

it 
+

–
vt

Figura P 6.5-12

P 6.5-13 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.5-13a es el voltaje, vs. La salida es el voltaje vo. El voltaje 
vb se utiliza para ajustar la relación entre la entrada y la salida.

(a)  Muestre que la salida de este circuito se relaciona con la 
entrada por la ecuación 

 vo 5 avs 1 b

  donde a y b son constantes que dependen de R1, R2, R3, R4, 
R5 y vb.

(b)  Diseñe el circuito de modo que su entrada y salida tengan 
la	relación	especificada	por	la	gráfica	que	se	muestra	en	la	
figura	P	6.5-13b.

+

–

+
–

+
–

R1

R2

R3

R4

R5

vs

vb

vo

+

−

vo, V

vs, V

–2

–4

2

4

6

2 4–2

–4

–6

8

(a)

(b)

Figura P 6.5-13

P 6.5-14 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.5-14a es el voltaje, vs. La salida es el voltaje vo. El voltaje 
vb se utiliza para ajustar la relación entre la entrada y la salida. 

(a)  Muestre que la salida de este circuito se relaciona con la 
entrada por la ecuación 

vo 5 avs 1 b

  donde a y b son constantes que dependen de R1, R2, R3, R4 
y vb.

(b)  Diseñe el circuito de modo que su entrada y salida tengan 
la	relación	especificada	por	la	gráfica	que	se	muestra	en	la	
figura	P	6.5-14b.
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indica la parte de Rp que aparece entre las terminales y-w del 
potenciómetro. 

(a)  Exprese la ganancia en términos de resistencias del resis-
tor Rp y a.

(b)  Establezca R1 5 R3 5 R4 5 1
2Rp. Diseñe el circuito de 

modo que la ganancia varíe de 210	V	a	10	V	en	cuanto	la	
posición del contacto deslizante del potenciómetro varíe a 
través de todo su rango.

–

+

RpR1

aRp

w

x y

R5

R4

vo

–

+

R6

v1
+
– R3

+

–

Figura P 6.5-16

P 6.5-17 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P	6.5-17	es	el	voltaje	de	la	fuente	de	voltaje	vs. La salida es el 
voltaje de nodos vo. La salida se relaciona con la entrada por la 
ecuación vo 5 kvs   donde k  vo

vs
 se denomina ganancia del circui-

to.	(En	la	figura	P	6.5-17,	a y b son constantes positivas reales, 
de modo que las resistencias aR y bR son tantas veces a y b cuan 
grandes sean las resistencias R.) Derive una ecuación que mues-
tre cómo tomar valores de a y b que hagan que el circuito tenga 
una ganancia dada k. Utilice esta ecuación para diseñar el cir-
cuito que tenga una ganancia k 5	8	V/V	utilizando	R 5	20	kV.

aR

bR

+

–+
–

vs

R

R

vo

Figura P 6.5-17

P 6.5-18 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.5-18	es	la	corriente	de	la	fuente	de	corriente	is. La salida es 
el voltaje de nodos vo. La salida se relaciona con la entrada por 
la ecuación vo 5 mis 1 b donde m y b son constantes. (En la 
figura	P	6.5-18,	c y d son constantes positivas reales, de modo 
que las resistencias cR y dR son tantas veces c y d cuan gran-
des sean las resistencias R.) Derive una ecuación que muestre 
cómo tomar valores de c y d que hagan que el circuito tenga 
valores de m y b. Utilice esta ecuación para diseñar el circuito 
que tenga m 5 2125	V/mA	y	b 5	12	V	cuando	R 5	25	kV.

vo, V

vs, V

–2

–4

2

4

6

2

4–2–4–6

8

+

–

vo+
–

+
–

R1

R2

R3

R4

vs

vb

(a)

(b)

+

–

Figura P 6.5-14

*P 6.5-15 El	 circuito	 que	 se	muestra	 en	 la	 figura	P	 6.5-15	
contiene	un	amplificador	operacional	y	un	potenciómetro.	Este	
circuito	 se	 denomina	 potenciómetro	 activo	 (Graeme,	 1982)	
por que la resistencia equivalente, Req, toma valores tanto posi-
tivos como negativos en cuanto varía la posición del contacto 
deslizante del potenciómetro. Rp es la resistencia del potenció-
metro. Las expresiones aRp	y	(12a)Rp indican las resistencias 
que aparecen entre las terminales y-w y x-w del potencióme-
tro, respectivamente. Exprese la resistencia equivalente de la 
fuente del potenciómetro activo en términos de R, Rp y a.

–

+

R R

R R

Rp

Req

aRp

(1− a)Rp

w

x

y

Figura P 6.5-15

*P 6.5-16 El	circuito	que	 se	muestra	 en	 la	figura	P	6.5-16	
contiene	un	amplificador	operacional	y	un	potenciómetro.	Este	
circuito tiene una ganancia ajustable, vo > v1, que toma valores 
tanto positivos como negativos en cuanto varía la posición del 
contacto	deslizante	del	potenciómetro	 (Albean,	1997).	Rp es 
la resistencia del potenciómetro. La expresión aRp	y	(12a)Rp 
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–

+

+
–

R

vb

cR dR

vo
is

Figura P 6.5-18

P 6.5-19 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.5-19	es	el	voltaje	de	la	fuente	de	voltaje	vs. La salida es el 
voltaje de nodos vo. La salida se relaciona con la entrada por la 
ecuación vo 5 mvs 1 b donde m y b son constantes. (a) Espe-
cifique	valores	de	R3 y va que hagan que la salida se relacione 
con la entrada por la ecuación vo 5 4vs 1 7. (b) Determine los 
valores de m y b cuando R3 5	20	kV y va 5	2.5	V.

–

+

–

+

R3+
– vs

+
–

va

10 kΩ 30 kΩ 20 kΩ

vo

+

–

Figura P 6.5-19

P 6.5-20 El	circuito	que	se	muestra	en	la	figura	P	6.5-20	utili-
za un potenciómetro para implementar un resistor variable que 
tenga un resistencia R que varíe sobre el rango

0 , R ,	200	kV

La ganancia de este circuito es G  vo
vs
.	Variar	la	resistencia	R 

sobre su rango hace que el valor de la ganancia G varíe sobre 
el rango

Gmín
vo

vs
Gmáx

Determine los valores mínimo y máximo de las ganancias 
Gmín y Gmáx.

–

+

+
–vs

50 kΩ
R

25 kΩ 25 kΩ

vo

+

–

Figura P 6.5-20

P 6.5-21 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P	6.5-21a es el voltaje vs. La salida es el voltaje vo. El voltaje 
vb se utiliza para ajustar la relación entre la entrada y la salida. 
Determine los valores de R4 y vb que hacen que la entrada y la 
salida	del	circuito	tengan	la	relación	especificada	por	la	gráfica	
que	se	muestra	en	la	figura	P	6.5-21b.

R4

–

+ –

++
– vs

vb

5 kΩ

30 kΩ

20 kΩ

vo

vo,  V

vs,  V

5

3

+

–

+
–

(a)

(b)

Figura P 6.5-21

Sección 6.6 Circuitos de amplificadores  
operacionales y ecuaciones algebraicas lineales

P 6.6-1 Diseñe un circuito para implementar la ecuación
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–

+

+
–

R

vb

cR dR

vo
is

Figure P 6.5-18

P 6.5-19 The input to the circuit shown in Figure P 6.4-19 is

the voltage source voltage vs The output is the node voltage vo.

The output is related to the input by the equation vo ¼ mvs þ b

where m and b are constants. (a) Specify values of R3 and va
that cause the output to be related to the input by the equation

vo ¼ 4vs þ 7. (b) Determine the values of m and b when

R3 ¼ 20 kV, and va ¼ 2:5 V.

–

+

–

+

R3+
– vs

+
–

va

10 kΩ 30 kΩ 20 kΩ

vo

+

–

Figure P 6.5-19

P 6.5-20 The circuit shown in Figure P 6.5-20 uses a

potentiometer to implement a variable resistor having a resist-

ance R that varies over the range

0 < R < 200 kV

The gain of this circuit isG ¼ vo
vs
. Varying the resistance R over

it’s range causes the value of the gain G to vary over the range

Gmin � vo

vs
� Gmax

Determine the minimum and maximum values of the gains,

Gmin and Gmax.

–

+

+
–vs

50 kΩ
R

25 kΩ 25 kΩ

vo

+

–

Figure P 6.5-20

P 6.5-21 The input to the circuit shown in Figure P 6.5-21a is

the voltage, vs. The output is the voltage vo. The voltage vb is

used to adjust the relationship between the input and output.

Determine values of R4 and vb that cause the circuit input and

output to have the relationship specified by the graph shown in

Figure P 6.5-21b.

Answer: vb ¼ 1:62 V and R4 ¼ 62:5 kV

R4

–

+ –

++
– vs

vb

5 kΩ

30 kΩ

20 kΩ

vo

vo,  V

vs,  V

5

3

+

–

+
–

(a)

(b)

Figure P 6.5-21

Section 6.6 Operational Amplifier Circuits and
Linear Algebraic Equations

P 6.6-1 Design a circuit to implement the equation

z ¼ 4wþ x

4
� 3y

The circuit should have one output, corresponding to z, and

three inputs, corresponding to w, x, and y.

P 6.6-2 Design a circuit to implement the equation

0 ¼ 4wþ xþ 10� 6yþ 2zð Þ
The output of the circuit should correspond to z.

Section 6.7 Characteristics of Practical Operational
Amplifiers

P 6.7-1 Consider the inverting amplifier shown in Figure

P 6.7-1. The operational amplifier is a typical OP-07E

(Table 6.7-1). Use the offsets model of the operational

amplifier to calculate the output offset voltage. (Recall that

the input, vin, is set to zero when calculating the output

offset voltage.)

252 The Operational Amplifier

El circuito deberá tener una salida que corresponda a z, y tres 
entradas, que correspondan a w, x y y.

P 6.6-2 Diseñe un circuito para implementar la ecuación

0 5 4w 1 x 1	10	2	(6y 1	2z)

La salida del circuito deberá corresponder a z.

Sección 6.7 Características de los amplificadores 
operacionales prácticos

P 6.7-1 Considere	el	amplificador	inversor	que	se	muestra	en	
la	figura	P	6.7-1.	El	amplificador	operacional	es	un	OP-07E	
típico	(tabla	6.7-1).	Utilice	los	modelos	de	ramas	del	amplifi-
cador operacional para calcular el voltaje de ramas de salida. 
(Recuerde que la entrada, vin, se establece en cero al calcular 
el voltaje de ramas de salida).
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P 6.7-4 Considere	el	amplificador	inversor	que	se	muestra	en	
la	figura	P	6.7-3.	Suponga	que	el	amplificador	operacional	es	
ideal, R1 5	5	kV y R2 5	50	kV.	La	ganancia	del	amplificador	
inversor será

vo

vin
10

Utilice	los	resultados	del	problema	P	6.7-3	para	encontrar	la	
ganancia	del	amplificador	operacional	en	cada	uno	de	los	si-
guientes casos: 

(a)  El	amplificador	operacional	es	ideal,	pero	se	usan	resisto-
res	de	2%	y	R1 5	5.1	kV y R2 5	49	kV.

(b)  El	 amplificador	 operacional	 se	 representa	 utilizando	 el	
modelo	de	la	ganancia	finita	con	A 5	200	000,	Ri 5	2	MV, 
y Ro 5	75V; R1 5	5	kV y R2 5	50	kV.

(c)  El	 amplificador	 operacional	 se	 representa	 utilizando	 el	
modelo	de	ganancia	finita	con	A 5	200	000,	R1 5	2	MV, 
y Ro 5	75V; R1 5	5.1	kV y R2 5	49	kV.

P 6.7-5 El	circuito	en	la	figura	P	6.7-5	se	denomina	amplifi-
cador de diferencia y se utiliza para circuitos de instrumenta-
ción. La salida de un elemento de medición se representa por 
la	señal	de	modo	común	vcm y la señal de diferencial (vn 1 vp). 
Utilizando	un	amplificador	operacional,	muestre	que

vo
R4

R1
vn  vp

cuando

R4

R1


R3

R2

–

+ +

–

vo

vn

vp

vcm

+
–

+
–

+
–

R1

R2

R3

R4

Figura P 6.7-5

Sección 6.10 ¿Cómo lo podemos comprobar . . . ?

P 6.10-1 El	análisis	del	circuito	de	la	figura	P	6.10-1	muestra	
que io 5 21	mA	y	vo 5	7	V.	¿Este	análisis	es	correcto?

Respuesta:	0.45	mV

vo

+

–

vin
+
–

–

+

100 kΩ10 kΩ

Figura P 6.7-1

P 6.7-2 Considere	el	amplificador	no	inversor	que	se	muestra	
en	la	figura	P	6.7-2.	El	amplificador	operacional	es	un	LF351	
típico	(tabla	6.7-1).	Utilice	los	modelos	de	ramas	del	amplifi-
cador operacional para calcular el voltaje de ramas de salida. 
(Recuerde que la entrada, vin, se establece en cero al calcular 
el voltaje de ramas de salida).

+
–

90 kΩ

10 kΩ

vin vo

+

–

–

+

Figura P 6.7-2

P 6.7-3 Considere	el	amplificador	inversor	que	se	muestra	en	
la	figura	P	6.7-3.	Utilice	el	modelo	de	ganancia	finita	del	am-
plificador	operacional	(figura	6.7-1c) para calcular la ganancia 
del	amplificador	inversor.	Muestre	que

vo

vin


Rin Rs AR21 2
R1  Rin 1 21 2 Ro  R2 R1Rin 11 2A

vo

+

–

vin
+
–

–

+

R1 R2

Figura P 6.7-3
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Sugerencia:	¿Se	satisfizo	la	KCL	en	el	nodo	de	salida	del	am-
plificador	operacional?

6 kΩ 4 kΩ

10 kΩ

io–

+
+

–

vo

+
–

+
–

5 V

2 V

Figura P 6.10-1

P 6.10-2 Su compañero de laboratorio midió el voltaje de sali-
da	del	circuito	que	se	muestra	en	la	figura	P	6.10-2	de	vo 5		9.6	V.	
¿Este voltaje de salida es correcto para este circuito?

Sugerencia: Pida a su compañero de laboratorio que com-
pruebe la polaridad del voltaje que haya medido.

4 kΩ

2 mA

10 kΩ 12 kΩ

–

+

–

+

+

–

vo

Figura P 6.10-2

P 6.10-3 El	análisis	nodal	del	circuito	que	se	muestra	en	la	fi-
gura	P	6.10-3	indica	que	vo 5 212	V.	¿Es	correcto	este	análisis?

Sugerencia:	Trace	nuevamente	el	circuito	para	identificar	un	
amplificador	inversor	y	un	amplificador	no	inversor.

+

–

vo

2 kΩ

6 kΩ

2 kΩ

4 kΩ

+
–

–

+
–

+

3 V 2 V+
–

Figura P 6.10-3

P 6.10-4 El análisis por computadora del circuito que se 
muestra	en	la	figura	P	6.10-4	indica	que	los	voltajes	de	nodos	
son va 5 25	V,	vb 5	0	V,	vc 5	2	V,	vd 5	5	V,	ve 5	2	V,	vf 5	2	V	
y vg 5	11	V.	¿Es	correcto	este	análisis?	Justifique	su	respuesta.	
Suponga	que	el	amplificador	operacional	es	ideal.

Sugerencia: Compruebe que las corrientes del resistor indica-
das por esos voltajes de nodos satisfacen la KCl en los nodos 
b, c, d y f.

+
–

+
–

+

–

40 kΩ

10 kΩ

4 kΩ 6 kΩ 4 kΩ10 kΩ

e f g

cba

5 V

2 V 10 kΩ

5 kΩ

d

Figura P 6.10-4

P 6.10-5 El	análisis	por	computadora	del	sumando	amplifica-
dor	no	inversor	que	se	muestra	en	la	figura	P	6.10-5	indica	que	
los voltajes de nodos son va 5	2	V,	vb 5 20.25	V,	vc 5 25	V,	
vd 5 22.5	V	y	ve 5 20.25	V.

(a) ¿Es correcto este análisis?
(b)	 	¿Este	 análisis	 verifica	 que	 el	 circuito	 es	 un	 sumando	

amplificador	no	inversor?	Justifique	sus	respuestas.	Su-
ponga	que	el	amplificador	operacional	es	ideal.

Primera sugerencia: Compruebe que las corrientes de resistor 
indicadas por estos voltajes de nodos satisfacen la KCL en los 
nodos b y e.

Segunda sugerencia:	Compare	la	figura	6.5-1e para ver que 
Ra 5	10	kV y Rb 5	1	kV. Determine K1, K2 y K4 a partir de 
los valores de la resistencia. Compruebe que vd 5 K4(K1va 1 
K2vc ).

+

–

40 kΩ

40 kΩ

20 kΩ

9 kΩ

1 kΩ+
–

+
–

a b

d

e
c

2 V

5 V

Figura P 6.10-5
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Problemas de PSpice
PS 6-1 El circuito en la fi gura PS 6-1 tiene tres entradas: vw, 
vx y vy. El circuito tiene una salida, vz. La ecuación

vz � avw � vbx � cvy

vw

20 k

20 k

60 k

20 k

+

–
20 k

20 k

vz

+
–

20 k 60 k

–

+

20 k 100 k

–

+

vy
+
–

vx
+
–

Figura PS 6-1

expresa la salida como una función de las entradas. Los coefi -
cientes a, b y c son constantes reales.

(a)  Utilice PSpice y el principio de superposición para deter-
minar los valores de a, b y c.

(b)  Suponga vw � 2V, vx � x, vy � y, y queremos que la sali-
da sea vz � z. Exprese z como una función de x y y.

Sugerencia: La salida la da vz � a cuando vw � 1 V, vx � 0 V 
y vy � 0 V.

Respuesta: (a) vz � vw � 4 vx � 5 vy (b) z � 4x � 5y � 2

PS 6-2 La entrada al circuito en la fi gura PS 6-2 es vs, y la 
salida es vo. (a) Utilice la superposición para expresar vo como 
una función de vs. (b) Utilice la característica Sweep CD de 
PSpice para trazar vo como una función de vs. (c) Verifi que si 
los resultados de las partes (a) y (b) concuerdan.

–

+

+
–

+
–

vo

vs
+

–2 V

25 k 80 k

Figura PS 6-2

PS 6-3 Un circuito con sus nodos identifi cados como se 
muestra en la fi gura PS 6-3. Determine v34, v23 e io.

–

+

vo

io +

–

10 k
10 k

30 k

30 k

10 k30 k

30 k

6 V

5

1

32

4

+ –

Figura PS 6-3 Circuito de puente.

PS 6-4 Utilice PSpice para analizar la VCCS que se muestra 
en la fi gura PS 6-4. Considere dos casos:
(a)  El amplifi cador operacional es ideal.
(b)  El amplifi cador operacional es un µA741 típico represen-

tado por el modelo de ramas y de ganancia fi nita.

–

+

iout

10 k

2 k 10 k

2 k

50 k+
–20 mV

Figura PS 6-4 Una VCCS.
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Problemas de diseño
PD 6-1	 Diseñe	el	circuito	del	amplificador	operacional	de	 la	
figura	PD	6-1	de	modo	que

isal 
1
4

ient

isal

5 kΩient

Circuito de
amplificador
operacional

Figura PD 6-1

PD 6.2	 La	figura	PD	6-2a muestra un circuito que tiene una 
entrada, vi, y una salida, vo.	La	figura	PD	6-2b muestra una grá-
fica	que	especifica	una	relación	entre	vo y vi. Diseñe un circuito 
que tenga entrada, vi, y salida, vo, que tengan la relación especi-
ficada	por	la	gráfica	en	la	figura	PD	6-2b.

Sugerencia: Se requiere una entrada constante. Suponga que 
hay	una	fuente	de	5	V	disponible.

vi vo

vo, V

vi, V

(a) (b)

–2

–4

–6

–8

2

4

6

8

2 4 6 8–2–4–6

Figura PD 6-2

PD 6-3 Diseñe un circuito que tenga una entrada, vi, y una salida, 
vo, que estén relacionadas por las ecuaciones (a) vo 5	12v1 1	6,	
(b) vo 5	12vi 2	6,	(c)	vo 5 212vi 1	6	y	(d)	vo 5 212vi 2	6.

Sugerencia: Se requiere una entrada constante. Suponga que 
hay	una	fuente	de	5	V	disponible.

PD 6-4 Diseñe un circuito que tenga tres entradas, v1, v2, v3 y 
dos salidas, va, vb relacionadas por la ecuación
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Design Problems
DP 6-1 Design the operational amplifier circuit in Figure

DP 6-1 so that

iout ¼ 1

4
� iin

iout

5 kΩiin
Operational
Amplifier
Circuit

Figure DP 6-1

DP 6-2 Figure DP 6-2a shows a circuit that has one input, vi,

and one output, vo. Figure DP 6-2b shows a graph that specifies a

relationship between vo and vi. Design a circuit having input, vi,

and output, vo, that have the relationship specified by the graph

in Figure DP 6-2b.

Hint: A constant input is required. Assume that a 5-V source is

available.

vi vo

vo, V

vi, V

(a) (b)

–2

–4

–6

–8

2

4

6

8

2 4 6 8–2–4–6

Figure DP 6-2

DP 6-3 Design a circuit having input, vi, and output, vo, that are

related by the equations (a) vo¼ 12vi + 6, (b) vo¼ 12vi�6,

(c) vo¼�12vi + 6, and (d) vo¼�12vi � 6.

Hint: A constant input is required. Assume that a 5-V source is

available.

DP 6-4 Design a circuit having three inputs, v1, v2, v3, and two

outputs, va, vb, that are related by the equation

va
vb

� �
¼ 12 3 �2

8 �6 0

� � v1
v2
v3

2
4

3
5þ 2

�4

� �

Hint: A constant input is required. Assume that a 5-V source is

available.

DP 6-5 Amicrophone has an unloaded voltage vs ¼ 20 mV, as

shown in Figure DP 6-5a. An op amp is available as shown in

Figure DP 6-5b. It is desired to provide an output voltage of 4 V.

Design an inverting circuit and a noninverting circuit and

contrast the input resistance at terminals x–y seen by the

microphone. Which configuration would you recommend to

achieve good performance in spite of changes in themicrophone

resistance Rs?

Hint:We plan to connect terminal a to terminal x and terminal b

to terminal y or vice versa.

+

vo

–

R1

R2

a

b +

–

+
–vs

Ω10 k

x

y

Microphone

(b)

(a)

Rs

Figure DP 6-5 Microphone and op amp circuit.

256 The Operational Amplifier

Sugerencia: Se requiere una entrada constante. Suponga que 
hay	una	fuente	de	5	V	disponible.

PD 6-5 Un micrófono tiene un voltaje desbloqueado vs 5	20	mV,	
como	se	muestra	en	la	figura	PD	6-5a. Se dispone de un am-
plificador	operacional,	como	se	muestra	en	la	figura	PD	6-5b. 
Se	desea	que	proporcione	un	voltaje	de	salida	de	4	V.	Diseñe	
un circuito inversor y un circuito no inversor y contraponga la 
resistencia de entrada comprendida en las terminales x-y por el 
micrófono.	¿Cuál	configuración	recomendaría	usted	para	lograr	
un buen desempeño a pesar de la resistencia Rs del micrófono?

Sugerencia: Planeamos conectar la terminal a a la terminal x, y 
la terminal b a la terminal y, o viceversa.

+

vo

–

R1

R2

a

b +

–

+
–vs

Ω10 k

x

y

Micrófono

(b)

(a)

Rs

Figura PD 6-5 Circuito de micrófono y amp op ideal.
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Elementos que 
almacenan 
energía

7.1 I N T R O D U C C I Ó N

Este capítulo presenta otros dos elementos de circuitos, el condensador y el inductor. Las ecuaciones 
constitutivas para los dispositivos implican la integración o la diferenciación. En consecuencia:

•  Los circuitos eléctricos que contienen condensadores y/o inductores están representados por ecua-
ciones diferenciales. Los circuitos que no contienen condensadores o inductores están representados 
por ecuaciones algebraicas. Decimos que los circuitos que contienen condensadores y/o inductores 
son circuitos dinámicos, en tanto que los circuitos que no contienen condensadores ni inductores son 
circuitos estáticos.

•  Los circuitos que contienen condensadores y/o inductores son capaces de almacenar energía.

•  Los circuitos que contienen condensadores y/o inductores tienen memoria. Los voltajes y corrien-
tes en un momento particular dependen no sólo de otros voltajes o corrientes en el instante mismo 
de tiempo, sino también de los valores previos de esas corrientes o voltajes.

Además, veremos que:

•  Al no haber corrientes o voltajes libres, los voltajes del condensador o las corrientes del inductor 
son funciones continuas de tiempo.

•  En un circuito de cd los condensadores actúan como circuitos abiertos y los inductores como cir-
cuitos en corto.

•  Un conjunto de condensadores en serie o en paralelo se puede reducir a un condensador equivalen- 
te. Un conjunto de inductores en serie o en paralelo se puede reducir a un inductor equivalente. Hacer 
esto no modifi ca la corriente o el voltaje del elemento de ningún otro elemento del circuito.

CAPÍTULO7
EN ESTE CAPÍTULO

7.1 Introducción
7.2 Condensadores
7.3 Almacenamiento de energía en un condensador
7.4 Condensadores en serie y en paralelo
7.5 Inductores
7.6 Almacenamiento de energía en un inductor
7.7 Inductores en serie y en paralelo
7.8 Condiciones iniciales de circuitos permanentes
7.9  Circuitos de amplifi cador operacional y 

ecuaciones diferenciales lineales

7.10  Uso de MATLAB para trazar el voltaje o la 
corriente de un condensador o un inductor

7.11 ¿Cómo lo podemos comprobar . . . ?
7.12  EJEMPLO DE DISEÑO — Integrador e 

interruptor
7.13 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño
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•  Se pueden usar un AO y un condensador para construir circuitos que realicen operaciones matemá-
ticas de integración o diferenciación. A estos circuitos importantes se les ha llamado, apropiada-
mente, el integrador y el diferenciador.

•  Los voltajes y las corrientes de los elementos de un circuito que contiene condensadores e inducto-
res pueden ser funciones complicadas de tiempo. MATLAB es útil para el trazo de estas funciones.

7.2 C O N D E N S A D O R E S

Un condensador es un elemento de circuito que almacena energía en un campo 
eléctrico. Se puede construir un condensador utilizando dos placas conductoras pa-
ralelas separadas por una distancia d, como se muestra en la figura 7.2-1. La carga 
eléctrica se almacena en las placas, y existe un campo eléctrico uniforme entre las 
placas conductoras siempre que haya un voltaje a través del condensador. El espa-
cio entre las placas está ocupado pro completo por un material dieléctrico. Para un 
dieléctrico, algunos condensadores utilizan papel impregnado en tanto que otros uti-
lizan hojas de mica, cerámica, película de metal o simplemente aire. Una propiedad 
del material dieléctrico, denominada constante dieléctrica, describe la relación entre 
la intensidad del campo eléctrico y el voltaje del condensador. Los condensadores 
están representados por un parámetro denominado capacitancia. La capacitancia 
de un condensador es proporcional a la constante dieléctrica y al área superficial de 
las placas, y es inversamente proporcional a la distancia entre las placas. En otras 
palabras, la capacitancia C de un condensador está dada por

C ¼ 2 A

d

donde 2 es la constante dieléctrica, A el área de las placas y d la distancia entre pla-
cas. La unidad de capacitancia es el culombio por voltio y se denomina faradio (F) 
en honor de Michael Faraday.

 El voltaje de un condensador v(t) deposita una carga �q(t) en una placa y una carga �q(t) en la 
otra. Decimos que la carga q(t) se almacena en el condensador. La carga almacenada por un conden-
sador es proporcional al voltaje del condensador, v(t). Por lo tanto, se escribe

 q tð Þ ¼ Cv tð Þ  (7.2-1)

donde la constante de proporcionalidad, C, es la capacitancia del condensador.

Capacitancia es una medida de la capacidad de almacenar energía en forma de carga sepa-
rada o de un campo eléctrico.

 En general, el voltaje del condensador v(t) varía como una función de tiempo. En consecuencia, 
q(t), la carga almacenada por el condensador también varía como una función de tiempo. La variación 
de la carga del condensador con respecto al tiempo implica una corriente de condensador, i(t), dada por

i tð Þ ¼ d

dt
q tð Þ

Diferenciamos la ecuación 7.2.-1 para obtener.

 
i tð Þ ¼ C

d

dt
v tð Þ  (7.2-2)

+

+
+

+
+

+

–

–
–

––
–

–
–

–q(t)+q(t)

i(t)

v(t)

d

+ –

FIGURA 7.2-1 Un condensador 
conectado a una fuente de voltaje.
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La ecuación 7.2-2 es la relación entre la corriente y el voltaje de un condensador. La corriente y el 
voltaje de la ecuación 7.2-2 se apegan a la convención pasiva. La figura 7.2-2 muestra dos símbolos 
alternativos para representar condensadores en diagramas de circuitos. En las figuras 7.2-2 (a) y (b), la 
corriente y el voltaje del condensador se apegan a la convención de signo pasivo y están relacionados 
por la ecuación 7.2-2.
 Ahora considere la forma de onda que se muestra en la figura 7.2-3, en la cual el voltaje cambia 
de un voltaje constante de cero a otro voltaje constante de 1 sobre un incremento de tiempo, �t. Uti-
lizando la ecuación 7.2-2, obtenemos 

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

 Entonces, obtenemos un pulso de peso igual a C>�t. En cuanto �t disminuya, la corriente aumen-
tará. Obviamente, �t no puede decaer a cero, de lo contrario, experimentaríamos una corriente infinita. 
Una corriente infinita es imposible porque se requeriría una potencia infinita. Por lo tanto, no es posible 
un cambio instantáneo (Dt � 0) de voltaje a través del condensador. En otras palabras, no podemos 
tener una discontinuidad en v(t).

El voltaje a través de un condensador no puede cambiar de manera instantánea.

 Ahora encontremos el voltaje v(t) en términos de la corriente i(t) por la integración de ambos 
lados de la ecuación 7.2-2. Obtenemos

 
v tð Þ ¼ 1

C

Z t

�1
i tð Þdt  (7.2-3)

Esta ecuación dice que el voltaje del condensador v(t) se puede encontrar por la integración de la co-
rriente del condensador desde el tiempo �1 hasta el tiempo t. Para ello se requiere que conozcamos 
el valor de la corriente del condensador desde el tiempo t � �1 hasta el tiempo t � t. En ocasiones, 
no conocemos el valor de la corriente en todo el camino de vuelta a t � �1. En cambio, fracturamos 
la integral en dos partes:

 
v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ (7.2-4)

Esta ecuación dice que el voltaje del condensador v(t) se puede encontrar por la integración de la 
corriente del condensador desde algún tiempo conveniente �1 hasta el tiempo t siempre que conoz-
camos también el voltaje del condensador en el tiempo t0. Ahora se nos pide que sólo conozcamos la 
corriente del condensador desde el tiempo t � t0 hasta el tiempo t � t. El tiempo t0 se llama tiempo 
inicial, y el voltaje del condensador v(t0) se denomina condición inicial. A veces es conveniente se-
leccionar t0 � 0 como el tiempo inicial.
 Los condensadores están disponibles comercialmente en varios tipos y valores de capacitancia. 
Los tipos de condensador se describen en términos de material dieléctrico y de técnica de cons-
trucción. Los condensadores miniatura de película de metal se muestran en la figura 7.2-4. En la 

C C

++

i(t) i(t)

v(t) v(t)

_ _

1

0 t

v (V)

t (s)

FIGURA 7.2-2 Símbolos del circuito de un condensador
FIGURA 7.2-3 Forma de onda de voltaje en el cual 
el cambio en el voltaje ocurre sobre un incremento de 
tiempo, �t.
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figura 7.2-5 se muestran los condensadores miniatura de policarbonato sellado herméticamente. Los 
valores de capacitancia van desde picofaradios (pF) hasta microfaradios ( mF). Cuando dos piezas de 
cable aislado de una pulgada de largo se tuercen entre sí, tendrán una capacitancia de casi 1 pF. Por 
otra parte, un condensador alimentador de potencia de casi una pulgada de diámetro y algunas pulga-
das de largo puede tener una capacitancia de 0.01 F.
 Los condensadores actuales cuentan con alguna resistencia. Por suerte, es fácil incluir efectos 
resistivos aproximados en los modelos del circuito. En los condensadores, el material dieléctrico en-
tre placas no es un aislante perfecto y tiene algo de conductividad. Esto se puede representar por una 
muy alta resistencia en paralelo con el condensador. Los condensadores comunes pueden conservar 
una carga durante horas, y la resistencia en paralelo es entonces de cientos de megaohmios. Ésta es la 
razón por la cual la resistencia asociada al condensador suele pasarse por alto.

FIGURA 7.2-5 Condensadores miniatura de 
policarbonato sellado herméticamente en rangos que van 
de 1 μF a 50 μF. Cortesía de Electronic Concepts Inc.

FIGURA 7.2-4 Condensadores miniatura de película 
de metal en un rango de 1 mF a 50 mF. Cortesía de 
Electronic Concepts Inc.

Encuentre la capacitancia para un condensador C � 1 mF cuando el vol-
taje a través del condensador se representa por la señal que se muestra en 
la figura 7.2-6.

Solución
El voltaje (con unidades de voltios) lo da

v tð Þ ¼
0 t � 0

10t 0 � t � 1

20� 10t 1 � t � 2

0 t � 2

8>>><
>>>:

Entonces, como i � C dv>dt, cuando C � 10�3 F, obtenemos

i tð Þ ¼
0 t < 0

10�2 0 < t < 1

�10�2 1 < t < 2

0 t > 2

8>>><
>>>:

Por consiguiente, la corriente resultante es una serie de dos pulsos de 
magnitudes de 10�2 A y de �10�2 A, respectivamente, como se muestra 
en la figura 7.2-7.

E J E M P L O  7. 2 - 1  Corriente y voltaje del condensador

10

0 1 2

v (V)

t (s)

10

–10

0 1 2

i (mA)

t (s)

FIGURA 7.2-6 Forma de onda del voltaje 
a través de un condensador para el ejemplo 
7.2-1. Las unidades son voltios y segundos.

FIGURA 7.2-7 Corriente en el ejemplo 
7.2-1.
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Encuentre el voltaje v(t) para un condensador C � 1> 2 F cuando la 
corriente es como se muestra en la figura 7.2-8 y v(0) � 0.

Solución
Primero, escribimos la ecuación para i(t) como

i tð Þ ¼
0 t � 0

t 0 � t � 1

1 1 � t � 2

0 2 < t

8>>><
>>>:

Luego, como

v tð Þ ¼ 1

C

Z t

0
i tð Þdt

y C � 1> 2, tenemos

v tð Þ ¼

0 t � 0

2

Z t

0
tdt 0 � t � 1

2

Z t

1
1ð Þdt þ v 1ð Þ 1 � t � 2

v 2ð Þ 2 � t

8>>>>>>><
>>>>>>>:

con unidades de voltios. Por consiguiente, para 0 � t � 1, tenemos
v tð Þ ¼ t 2

Para el periodo 1 � t � 2, observamos que v(1) � 1 y, entonces, te-
nemos

v tð Þ ¼ 2 t � 1ð Þ þ 1 ¼ 2t � 1ð ÞV
La forma de onda del voltaje resultante se muestra en la figura 7.2-9. 
El voltaje cambia con t 2 durante el primer 1 s, cambia linealmente 
con t durante el periodo de 1 a 2 s, y se mantiene constante igual a 3 V 
después de t � 2 s.

E J E M P L O  7. 2 . 2  Corriente y voltaje del condensador

La figura 7.2-10 muestra un circuito junto con dos trazos. Los trazos representan la corriente y el voltaje del 
condensador en el circuito. Determine el valor de la capacitancia del condensador.

FIGURA 7.2-8 Forma de onda del circuito para 
el ejemplo 7.2-2. Las unidades son amperios y 
segundos.

FIGURA 7.2-9 Forma de onda del voltaje para 
el ejemplo 7.2-2.

FIGURA 7.2-10 El circuito y los trazos 
considerados en el ejemplo 7.2-3.

1

0 1 2

i (A)

t

0 1 2 3

1

2

3

v(t)
(volts)

t (s)

v(t)
+

–

t (s)1 2 3

v(t), V

t (s)1 2 3

–1

–2

–3

Ci(t)

50

i(t), mA

E J E M P L O  7. 2 - 3  Corriente y voltaje del condensador
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E J E M P L O  I N T E R A C T I V O

Solución 
La corriente y el voltaje del condensador están relacionados por

 
v tð Þ ¼ 1

C

Z t

t0

i tð Þ dt þ v t0ð Þ (7.2-5)

o bien  v tð Þ � v t0ð Þ ¼ 1

C

Z t

t0

i tð Þ dt (7.2-6)

Como i(t) y v(t) están representados gráficamente por trazos más que por ecuaciones, es útil interpretar la ecua-
ción 7.2-6 utilizando

 v tð Þ � v t0ð Þ ¼ la diferencia entre los valores del voltaje en los tiempos t y t0

y  
Z t

t0

i tð Þ dt ¼ el área bajo el trazo de i(t) versus t para tiempos entre t y t0 

Tome los valores convenientes t y t0, por ejemplo, t0= 1 s y t = 3 s. Entonces,

y 

v tð Þ � v t0ð Þ ¼ �1� �3ð Þ ¼ 2 VZ t

t0

i tð Þ dt ¼
Z 3

1
0:05 dt ¼ 0:05ð Þ 3� 1ð Þ ¼ 0:1 A � s

Utilizando la ecuación 7.2-6 nos da

2 ¼ 1

C
0:1ð Þ ) C ¼ 0:05

A � s
V

¼ 0:05 F ¼ 50 mF

La figura 7.2-11 muestra un circuito junto con dos trazos. Los trazos representan la corriente y el voltaje del 
condensador en el circuito. Determine los valores de las constantes, a y b, que se usan para etiquetar el trazo de 
la corriente del condensador.

24

v(t), V

t (ms)2 5 7

2 5 7

i(t), mA

t (ms)

a

b

v(t) 5 F

i(t)

+
–

FIGURA 7.2-11 El circuito y los trazos considerados en la fi gura 7.2-4.

Solución
La corriente y el voltaje del condensador están relacionados por

 
i tð Þ ¼ C

d

dt
v tð Þ (7.2-7)

E J E M P L O  7. 2 - 4   Corriente y voltaje 
del condensador
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Como i(t) y v(t) están representados gráficamente, por trazos más que por ecuaciones, es útil interpretar la ecua-
ción 7.2-7 como

el valor de i(t) � C � la pendiente de v(t)

Para determinar el valor de a, tome un tiempo cuando i(t) � a y la pendiente de v(t) se determina fácilmente. Por 
ejemplo, en el tiempo t � 3 ms,

d

dt
v 0:003ð Þ ¼ 0� 24

0:002� 0:005
¼ 8 000

V

s

(La notación 
d

dt
 v(0.003) indica que la derivada 

d

dt
 v(t) se evalúa en el tiempo t � 0.003 s.) Si utilizamos la ecua-

ción 7.2-7 tendremos
a ¼ 5� 10�6

� �
8000ð Þ ¼ 40 mA

Para determinar el valor de b, tome t � 6 ms;
d

dt
v 0:006ð Þ ¼ 24� 0

0:005� 0:007
¼ 12� 103

V

s

Utilizar la ecuación 7.2-7 nos da

b ¼ 5� 10�6
� �

12� 103
� � ¼ 60 mA

La entrada al circuito que se muestra en la figura 7.2-12 es la corriente

i tð Þ ¼ 3:75e�1:2tA para t > 0

La salida es el voltaje del condensador

v tð Þ ¼ 4� 1:25e�1:2t V para t > 0

Encuentre el valor de la capacitancia, C.

Solución
El voltaje del condensador se relaciona con la corriente del condensador por 

v tð Þ ¼ 1

C

Z t

0

i tð Þdt þ v 0ð Þ

Es decir,

4� 1:25e�1:2t ¼ 1

C

Z t

0
3:75e�1:2tdt þ v 0ð Þ ¼ 3:75

C �1:2ð Þ e
�1:2t

����
t

0

þv 0ð Þ ¼ �3:125
C

e�1:2t � 1
� �þ v 0ð Þ

Igualando los coeficientes de e�1.2t nos da

1:25 ¼ 3:125

C
) C ¼ 3:125

1:25
¼ 2:5 F

FIGURA 7.2-12
El circuito 
considerado en 
el ejemplo 7.2-5.

i(t)

C

v(t)+ –

E J E M P L O  7. 2 - 5  Corriente y voltaje del condensador
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EJERCICIO 7.2-1  Determine la corriente i(t) para t � 0 para el circuito de la figura E 7.2-1b 
cuando vf (t) es el voltaje que se muestra en la figura E 7.2-1a.

1 vf(t)

iC(t) iR(t)

(b)(a)

+
–

i(t)

1 F

vf(t)(V)

1

2

3

4

5

1 2 3 4 5 6 7 8 9 t (s)

FIGURA E 7.2-1 (a) El voltaje de la fuente de voltaje. (b) El circuito. 

Sugerencia: Determine iC(t) e iR(t) por separado, luego aplique la KCL.

Respuesta: v tð Þ ¼
2t � 2 2 < t < 4

7� t 4 < t < 8

0 otherwise

8<
:

7.3  A L M A C E N A M I E N T O  D E  E N E R G Í A 
E N  U N  C O N D E N S A D O R

Considere un condensador que se ha conectado a una batería de voltaje v. Una corriente fluye y una 
carga se almacena en las placas del condensador como se muestra en la figura 7.3-1. A fin de cuentas, 
el voltaje a través del condensador es constante, y la corriente a través del condensador es cero. El 
condensador ha almacenado energía en virtud de la separación de cargas entre las placas del conden-
sador. Estas cargas tiene una fuerza eléctrica que actúa en ellas.
 Se dice que las fuerzas que actúan en las cargas almacenadas en un condensador son el resultado 
de un campo eléctrico. Un campo eléctrico se define como la fuerza que actúa sobre una unidad de 
carga positiva en una región especificada. Dado que las cargas tienen una fuerza que actúa en ellas a lo 
largo de una dirección x, reconocemos que el condensador ha almacenado ahora en el campo eléctrico 
la energía requerida originalmente para separar las cargas.
 La energía almacenada en un condensador es

wc tð Þ ¼
Z t

�1
vi dt

Recuerde que v e i son funciones de tiempo y se podrían escribir como v(t) e i(t). Porque

i ¼ C
dv

dt

tenemos

wc ¼
Z t

�1
vC

dv

dt
dt ¼ C

Z v tð Þ

v �1ð Þ
v dv ¼ 1

2
Cv2
����
v tð Þ

v �1ð Þ

de otra manera

R

C
+
– vc

+

–

Interruptor
cerrado

10 V

R
t = 0

C
+
– vc

+

–
10 V

FIGURA 7.3-1 Un circuito 
(a) donde el condensador está 
cargado y vc � 10 V, y (b) el 
interruptor está abierto en t � 0.
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Como el condensador no estaba cargado en t � �1, establezca v(�1) � 0. Por consiguiente,

 
wc tð Þ ¼ 1

2
Cv2 tð Þ J  (7.3-1)

 Por lo tanto, conforme un condensador se está cargando y v(t) está cambiando, la energía alma-
cenada, wc, está cambiando. Observe que wc(t) � 0 para todo v(t), por lo que se dice que el elemento 
debe ser pasivo.
 Como q � Cv, debemos reescribir la ecuación 7.3-1 como

 
wc ¼ 1

2C
q2 tð Þ J (7.3-2)

 El condensador es un elemento de almacenamiento que guarda pero no disipa energía. Por 
ejemplo, considere un condensador de 100 mF que tenga un voltaje de 100 V a través de sí. La energía 
almacenada es

wc ¼ 1

2
Cv2 ¼ 1

2
0:1ð Þ 100ð Þ2 ¼ 500 J

Mientras el condensador no esté conectado a ningún otro elemento, la energía de 500 J se mantiene 
almacenada. Ahora que si conectamos el condensador a las terminales del resistor, esperamos que una 
corriente fluya hasta que la energía se disipe en forma de calor por el resistor. Una vez disipada la 
energía, la corriente es cero y el voltaje a través del condensador es cero.
 Como vimos en la sección anterior, el requerimiento de conservación de la carga implica que el 
voltaje en un condensador sea continuo. Por lo tanto, el voltaje y la carga en un condensador no pueden 
cambiar de manera instantánea. Esta sentencia se resume en la ecuación

v 0þð Þ ¼ v 0�ð Þ
donde el tiempo justo antes de t � 0 se denomina t � 0� y el tiempo inmediatamente después t � 0 se 
denomina t � 0�. El tiempo entre t � 0� y t � 0� es infinitamente pequeño. Sin embargo, el voltaje 
no cambia abruptamente.
 Para ilustrar la continuidad del voltaje para un condensador, considere el circuito que se muestra 
en la figura 7.3-1. Para el circuito en la figura 7.3-1a el interruptor se ha cerrado durante un tiempo 
largo y el voltaje del condensador se ha vuelto vc � 10 V. En el tiempo t � 0, abrimos el interruptor, 
como se muestra en la figura 7.3-1b. Dado que el voltaje en el condensador es continuo,

vc 0þð Þ ¼ vc 0�ð Þ ¼ 10 V

Se carga un condensador de 10 mF a 100 V, como se muestra en la figura 
7.3-2. Encuentre la energía almacenada por el condensador y el voltaje 
del condensador en t � 0� luego de haber abierto el interruptor.

Solución
El voltaje del condensador es v � 100 V en t � 0�. Como el voltaje en 
t � 0� no se puede cambiar del voltaje en t � 0�, tenemos

v 0þð Þ ¼ v 0�ð Þ ¼ 100 V

La energía almacenada por el condensador en t � 0� es

wc ¼ 1

2
Cv2 ¼ 1

2
10�2
� �

100ð Þ2 ¼ 50 J

E J E M P L O  7. 3 - 1  Energía almacenada por un condensador

FIGURA 7.3-2 Circuito del 
ejemplo 7.3-1 con C � 10 mF.

R
t = 0

C
+
– v

+

–
100 V
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El voltaje a través de un condensador de 5 mF varía como 
se muestra en la figura 7.3-3. Determine y trace la corrien-
te, la potencia y la energía del condensador.

Solución
La corriente está determinada desde ic � C dv>dt y se mues-
tra en la figura 7.3-4a. La potencia es v(t)i(t), el produc-
to de la curva de corriente (figura 7.3-4a) y la curva del 
voltaje (figura 7.3-3), y se muestra en la figura 7.3-4b. El 
condensador recibe energía durante los primeros dos segundos y luego transmite energía para el periodo 2 � t � 3.
 La energía es v ¼ R p dt y se puede encontrar como el área bajo la curva p(t). La curva para la energía se 
muestra en la figura 7.3-4c. Observe que el condensador almacena energía de manera creciente desde t � 0 s hasta 
t � 2 s, alcanzando una energía máxima de 25 J. Entonces el condensador transmite una energía total de 18.75 J 
al circuito exterior desde t � 2 s hasta t � 3 s. Finalmente, el condensador conserva una energía constante de 
6.5 J después de que t � 3 s.

0

–0.25

0.25

ic(t)
(A)

p(t)
(W)

w(t)
(J)

0

–25.0

25.0

t (s)
0

25.0

–12.5

Almacenamiento de energía

Transmisión de energía

Transmisión de energía

Conservación constante de energía.

Almacenamiento
de energía

1 2 3 4 5

(a)

(b)

(c)

t (s)

t (s)

6.25

   

FIGURA 7.3-4 La corriente, la potencia 
y la energía de un condensador del 
ejemplo 7.3-2.

E J E M P L O  7. 3 - 2  Potencia y energía para un condensador

0 1 2 3

100

t (s)

50

4 5

vc(t)
(V)

FIGURA 7.3-3 El voltaje a través de un condensador.
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EJERCICIO 7.3-1  Se ha cargado a 100 V un condensador de 200 mF. Encuentre la energía 
almacenada por el condensador. Encuentre el voltaje del condensador en t � 0� si v(0� ) � 100 V.

Respuesta: w(1) � 1 J, y v(0� ) � 100 V 

EJERCICIO 7.3-2  En un condensador de 100 mF fluye una corriente constante de i � 2 A 
después de que se cerró un interruptor en t � 0. El voltaje del condensador era igual a cero en t � 0�. 
Encuentre la energía almacenada en (a) t � 1 s y (b) t � 100 s.

Respuesta: w(1) � 20 kJ y w(100) � 200 MJ 

7.4 C O N D E N S A D O R E S  E N  S E R I E  Y  E N  PA R A L E LO

Primero, consideremos la conexión en paralelo de condensadores N 
como se muestra en la figura 7.4-1. Deseamos determinar el circuito 
equivalente para los condensadores N en paralelo como se muestra en 
la figura 7.4-2.
 Al aplicar la KCL, tenemos

i ¼ i1 þ i2 þ i3 þ � � � þ iN

Porque  in ¼ Cn

dv

dt

y v aparece a través de cada condensador, obtenemos

 

i ¼ C1
dv

dt
þ C2

dv

dt
þ C3

dv

dt
þ � � � þ CN

dv

dt

¼ C1 þ C2 þ C3 þ � � � þ CNð Þ dv
dt

¼
XN
n¼1

Cn

 !
dv

dt

 (7.4-1)

Para el circuito equivalente que se muestra en la figura 7.4-2,

 
i ¼ Cp

dv

dt
 (7.4-2)

Comparando las ecuaciones 7.4-1 y 7.4-2, es claro que

Cp ¼ C1 þ C2 þ C3 þ � � � þ CN ¼
XN
n¼1

Cn

Por lo tanto, la capacitancia equivalente de un conjunto de condensa-
dores N en paralelo es simplemente la suma de las capacitancias indivi-
duales. Debemos tener presente que todos los condensadores en paralelo 
tendrán la misma condición inicial, v(0). 
 Determinemos ahora la capacitancia equivalente Cs de un conjunto 
de capacitancias N conectadas en serie, como se muestra en la figura 7.4-3. 
El circuito equivalente para las series de condensadores se muestra en la 
figura 7.4-4.
 Aplicando la KVL al circuito cerrado de la figura 7.4-3, tenemos

 v ¼ v1 þ v2 þ v3 þ � � � þ vN  (7.4-3)

v
+

–
C1 C2

i1 i2 iN

i CN

FIGURA 7.4-1 Conexión en paralelo de 
condensadores N.

v
+

–
i Cp

FIGURA 7.4-2 Circuito equivalente para 
condensadores N en paralelo.

v1

+

+ –

v CN vN

C1

v2
+ –

C2

v3
+ –

–

C3

i

+
–

FIGURA 7.4-3 Conexión en serie de 
condensadores N.

v
+

–
v Cs

i

+
–

FIGURA 7.4-4 Circuito equivalente para 
condensadores N en serie.
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Porque, en general

vn tð Þ ¼ 1

Cn

Z t

t0

i dt þ vn t0ð Þ

donde i es común para todos los condensadores, obtenemos

 

v ¼ 1

C1

Z t

t0

i dt þ v1 t0ð Þ þ � � � þ 1

CN

Z t

t0

i dt þ vN t0ð Þ

¼ 1

C1
þ 1

C2
þ � � � þ 1

CN

� � Z t

t0

i dt þ
XN
n¼1

vn t0ð Þ

¼
XN
n¼1

1

Cn

Z t

t0

i dt þ
XN
n¼1

vn t0ð Þ

 (7.4-4)

De la ecuación 7.4-3, observamos que en t � t0,

 
v t0ð Þ ¼ v1 t0ð Þ þ v2 t0ð Þ þ � � � þ vN t0ð Þ ¼

XN
n¼1

vn t0ð Þ (7.4-5)

Sustituyendo la ecuación 7.4-5 en la ecuación 7.4-4, obtenemos

 
v ¼

XN
n¼1

1

Cn

 !Z t

t0

i dt þ v t0ð Þ (7.4-6)

Aplicando la KVL al circuito cerrado del circuito equivalente de la figura 7.4-4 resulta

 
v ¼ 1

Cs

Z t

t0

i dt þ v t0ð Þ (7.4-7)

Al comparar las ecuaciones 7.4-6 y 7.4-7, encontramos que

 

1

Cs
¼
XN
n¼1

1

Cn
 (7.4-8)

Para el caso de dos condensadores en serie, la ecuación 7.4-8 es 
1

Cs
¼ 1

C1
þ 1

C2

o bien  Cs ¼ C1C2

C1 þ C2
 (7.4-9)

Encuentre la capacitancia equivalente para el circuito de la figura 7.4-5 
donde C1 � C2 � C3 � 2 mF, v1(0) � 10 V y v2(0) � v3(0) � 20 V.

Solución
Dado que C2 y C3 están en paralelo, las reemplazamos con Cp, donde 

Cp ¼ C2 þ C3 ¼ 4 mF

El voltaje en t � 0 a través de la capacitancia equivalente Cp es igual al vol-
taje a través de C2 o de C3, el cual es v2(0) � v3(0) � 20 V. Como resultado 
de C2 y C3 con Cp, obtenemos el circuito que se muestra en la figura 7.4-6.

FIGURA 7.4-5 Circuito para el ejemplo 
7.4-1.

i

+
+

–

–

C1

C2 C3

v1

v2
+

–
v3vf

+
–

E J E M P L O  7. 4 - 1  Condensadores en paralelo y en serie
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 Ahora queremos reemplazar la serie de dos condensadores C1 y Cp con un con-
densador equivalente. Utilizando la relación de la ecuación 7.4-9 obtenemos

Cs ¼ C1Cp

C1 þ Cp
¼ 2� 10�3

� �
4� 10�3
� �

2� 10�3
� �þ 4� 10�3

� � ¼ 8

6
mF

El voltaje en t � 0 a través de Cs es

v 0ð Þ ¼ v1 0ð Þ þ vp 0ð Þ

donde vp(0) � 20 V, el voltaje a través de la capacitancia Cp en t � 0. Por lo tanto, 
obtenemos

v 0ð Þ ¼ 10þ 20 ¼ 30 V

Así, obtenemos el circuito equivalente que se muestra en la figura 7.4-7.

+
+

–

–

Cp

C1

v2

v1
vs

+
–

FIGURA 7.4-6
Circuito resultante de la 
fi gura 7.4-5 al reemplazar 
C2 y C3 con Cp.

i

+

–
Csvvs

+
–

FIGURA 7.4-7
Circuito equivalente para el 
circuito del ejemplo 7.4-1.

EJERCICIO 7.4-1  Encuentre la capacitancia equivalente para el circuito de la figura E 7.4-1

Respuesta: Ceq � 4 mF

 Ceq

4 mF9 mF

6 mF 12 mF

 Ceq

2 mF  mF

2 mF  mF

1 mF  mF

1 3

1 3

1 3

FIGURA E 7.4-1 FIGURA E 7.4-2

EJERCICIO 7.4-2  Determine la capacitancia equivalente Ceq para el circuito que se muestra 
en la figura E 7.4-2.

Respuesta: 10>19 mF

7.5 I N D U C T O R E S

Un inductor es un elemento de circuito que almacena energía en un campo magnético. Se puede cons-
truir un inductor enrollando un cable en una bobina alrededor de un centro magnético, como se mues-
tra en la figura 7.5-1. Los inductores están representados por un parámetro llamado inductancia. La 
inductancia de un inductor depende de su tamaño, materiales y método de construcción. Por ejemplo, 
la inductancia del inductor que se muestra en la figura 7.5-1 está dada por

L ¼ mN 2A

l

donde N es el número de vueltas, es decir, las veces que el cable se enreda alrededor del centro; A es el 
área transversal del centro en metros cuadrados; l la longitud en metros del devanado, y m es una propie-
dad del centro magnético conocido como permeabilidad. La unidad de inductancia se denomina henry 
(H) en honor del físico estadounidense Joseph Henry. Los inductores prácticos tienen inductancias que 
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van de 1 mH a 10 H. En la figura 7.5-2 se muestra un ejemplo 
de bobina con una inductancia grande. Los inductores están de-
vanados de varias formas, como se muestra en la figura 7.5-3.

Inductancia es una medida de la capacidad de un dis-
positivo de almacenar energía en la forma de un campo 
magnético.

 En la figura 7.5-1 se utiliza una fuente de corriente para 
causar una corriente de bobina i(t). Encontramos que el vol-
taje v(t) a través de la bobina es proporcional a la razón de 
cambio de la corriente de la bobina. Es decir,

 
v tð Þ ¼ L

d

dt
i tð Þ  (7.5-1)

donde la constante de proporcionalidad es L, la inductancia 
del inductor.
 Integrando ambos lados de la ecuación 7.5-1, obtenemos

 
i tð Þ ¼ 1

L

Z t

�1
v tð Þdt  (7.5-2)

Esta ecuación dice que la corriente del inductor i(t) se puede 
encontrar al integrar el voltaje del inductor desde el tiempo 
�1 hasta el tiempo t � t. A veces no conocemos el valor del 
voltaje que regresa a t � �1. En cambio, dividimos la inte-
gral en dos partes:

i tð Þ ¼ 1

L

Z t0

�1
v tð Þdt þ 1

L

Z t

t0

v tð Þdt ¼ i t0ð Þ þ 1

L

Z t

t0

v tð Þdt

(7.5-3)
Esta ecuación dice que la corriente del inductor i(t) se pue-
de encontrar al integrar el voltaje del inductor desde algún 
tiempo conveniente t � t0 hasta el tiempo t � t, siempre que 
también conozcamos la corriente del inductor en tiempo t0. 
Ahora se nos pide que sólo conozcamos el voltaje del inductor 
desde el tiempo t � t0 hasta el tiempo t � t. El tiempo t0 
se denomina tiempo inicial, y la corriente del inductor i(t0) se 
denomina condición inicial. Con frecuencia es conveniente 
seleccionar t0 � 0 como el tiempo inicial.
 Las ecuaciones 7.5-1 y 7.5-3 describen la relación entre 
la corriente y el voltaje de un inductor. La corriente y el vol-
taje en estas ecuaciones se apegan a la convención pasiva. El 
símbolo de circuito para un inductor se muestra en la figura 
7.5-4. La corriente y el voltaje del inductor en la figura 7.5-4 
se apegan a la convención pasiva y se relacionan por las ecua-
ciones 7.5-1 y 7.5-3.
 Considere el voltaje de un inductor cuando la corriente 
cambia en t � 0 de cero a una corriente que se incrementa de 
manera constante y que finalmente rebasa los niveles, como se 
muestra en la figura 7.5-5. Determinemos el voltaje del inductor. 

N vueltas de cable

Área A

Longitud lCentro magnético

+ –v(t)

i(t)

FIGURA 7.5-1 Inductor conectado a una fuente de corriente.

FIGURA 7.5-2 Bobina con una inductancia grande. Cortesía 
de MuRata company.

FIGURA 7.5-3 Elementos con inductancias arregladas en 
diversas formas de bobinas. Cortesía de Dale Electronic Inc.

Lv

+

–

i

FIGURA 7.5-4 Símbolo de circuito para un inductor.
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Podríamos describir la corriente (en amperios) por

i tð Þ ¼
0 t � 0
10t

t1
0 � t � t1

10 t � t1

8>><
>>:

 
Consideremos un inductor de 0.1 H y encontremos la forma de onda del voltaje. Dado que v � L(di>dt), 
tenemos (en voltios)

v tð Þ ¼
0 t < 0
1

t1
0 < t < t1

0 t > t1

8><
>:

 La forma de onda de pulso de voltaje resultante se muestra en la figura 7.5-6. Observe que en 
cuanto t1 disminuye, la magnitud del voltaje aumenta. Desde luego, no podemos dejar que t1 � 0 por-
que el voltaje requerido sería entonces infinito, y requeriríamos una potencia infinita en las terminales 
del inductor. Así, los cambios instantáneos en la corriente a través de un inductor no son posibles.

La corriente en una inductancia no puede cambiar de manera instantánea.

 Un inductor ideal es una bobina devanada con cable libre de resistencia. Los inductores prácti-
cos incluyen la resistencia real del cable de cobre que se utiliza en la bobina. Por esta razón, los induc-
tores prácticos son con mucho elementos ideales y por lo común se modelan mediante una inductancia 
ideal en serie con una resistencia pequeña.

10

0

i (A)

t (s)t1

1

0

v (V)

t (s)t1

t1

FIGURA 7.5-6 Respuesta del voltaje para la forma de 
onda de la corriente de la fi gura 7.5-7 cuando L � 0.1 H.

FIGURA 7.5-5 Una forma de onda de corriente. La 
corriente está en amperios. 

Encuentre el voltaje a través de un inductor, L � 0.1 H, cuando la corriente en el inductor es
i tð Þ ¼ 20te�2t A

para t � 0 e i(0) � 0.

Solución
El voltaje para t � 0 es

v tð Þ ¼ L
di

dt
¼ 0:1ð Þ d

dt
20te�2t
� � ¼ 2 �2te�2t þ e�2t

� � ¼ 2e�2t 1� 2tð Þ V
 El voltaje es igual a 2 V cuando t � 0, como se muestra en la figura 7.5-7b. La forma de onda de la corriente 
se muestra en la figura 7.57a. Observe que la corriente alcanza un valor máximo, y el voltaje es cero en t � 0.5 s.

E J E M P L O  7. 5 - 1  Corriente y voltaje del inductor
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3.68

2

0

i (A)

v (V)

t (s)

(a)

(b)

t (s)

0.5 1.0 1.5

0 0.5 1.5
FIGURA 7.5-7 Formas de onda de la corriente y del voltaje para el 
ejemplo 7.5-1.

La figura 7.5-8 muestra un circuito junto con dos trazos. Los trazos representan la corriente y el voltaje del induc-
tor en el circuito. Determine el valor de la inductancia del inductor.

Solución 
La corriente y el voltaje del inductor están relacionados por

 
i tð Þ ¼ 1

L

Z t

t0

v tð Þ dt þ i t0ð Þ (7.5-4)

o bien,  i tð Þ � i t0ð Þ ¼ 1

L

Z t

t0

v tð Þ dt (7.5-5)

Como i(t) y v(t) están representados gráficamente, por trazos más que por ecuaciones, es útil interpretar la ecua-
ción 7.5-5 utilizando

i tð Þ � i t0ð Þ ¼ la diferencia entre los valores de la corriente en tiempos t y t0

y  
Z t

t0

v tð Þdt ¼ el área bajo el trazo de v(t) versus t para tiempos entre t y t0

Tome valores convenientes t y t0, por ejemplo, t0 � 2 ms y t � 6 ms. Entonces,

y 

i tð Þ � i t0ð Þ ¼ 1� �2ð Þ ¼ 3 AZ t

t0

v tð Þ dt ¼
Z 0:006

0:002
30 dt ¼ 30ð Þ 0:006� 0:002ð Þ ¼ 0:12 V � s

Si utilizamos la ecuación 7.5-5 da por resultado

3 ¼ 1

L
0:12ð Þ ) L ¼ 0:040

V � s
A

¼ 0:040 H ¼ 40 mH

E J E M P L O  7. 5 - 2   Corriente y voltaje 
del inductor

FIGURA 7.5-8 El circuito y los trazos 
considerados en el ejemplo 7.5-2.

30

v(t), V

t (ms)2 6

i(t), A

L t (ms)2 6

1

–2

v(t)

i(t)

+
–
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La entrada al circuito que se muestra en la figura 7.5-9 es el voltaje
v tð Þ ¼ 4e�20t V para t > 0

La salida es la corriente
i tð Þ ¼ �1:2e�20t � 1:5 A para t > 0

La corriente del inductor inicial es iL(0) � �3.5 A. Determine los valores de la inductancia, 
L, y de la resistencia, R.

Solución
Aplique la KCL en cualquier nodo para obtener

i tð Þ ¼ v tð Þ
R
þ iL tð Þ ¼ v tð Þ

R
þ 1

L

Z t

0
v tð Þdt þ i 0ð Þ

� �
Es decir

�1:2e�20t � 1:5 ¼ 4e�20t

R
þ 1

L

Z t

0
4e�20tdt � 3:5 ¼ 4e�20t

R
þ 4

L �20ð Þ e
�20t�1ð Þ � 3:5

¼ 4

R
� 1

5L

� �
e�20t þ 1

5L
� 3:5

Igualar coeficientes nos da

y 

�1:5 ¼ 1

5L
� 3:5 ) L ¼ 0:1 H

� 1:2 ¼ 4

R
� 1

5L
¼ 4

R
� 1

5 0:1ð Þ ¼
4

R
� 2 ) R ¼ 5V

E J E M P L O  7. 5 - 3  Corriente y voltaje del inductor

FIGURA 7.5-9 El 
circuito considerado 
en el ejemplo 7.5-3.

iL(t)

i(t)

L

R

v(t)

+ –

EJERCICIO 7.5-1  Determine el voltaje v(t) para t � 0 para el circuito de la figura E 7.5-1b 
donde if (t) es la corriente que se muestra en la figura E 7.5-1a.

vL(t)

if(t)

(b)(a)

+ – vR(t)+ –

v(t)+ –

1 H 1 

if(t)(V)

1

2

3

4

5

1 2 3 4 5 6 7 8 9 t (s)

FIGURA E 7.5-1 (a) La corriente de la fuente de corriente. (b) El circuito.

Sugerencia: Determine vL(t) y vR(t) por separado, entonces utilice la KVL.

Respuesta: v tð Þ ¼
2t � 2 2 < t < 4

7� t 4 < t < 8

0 otherwise

8<
: de otra manera
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7.6 A L M AC E N A M I E N TO  D E  E N E R G Í A  E N  U N  I N D U C TO R

La potencia en un inductor es

 
p ¼ vi ¼ L

di

dt

� �
i (7.6-1)

La energía almacenada en el inductor se almacena en su campo magnético. La energía almacenada en 
el inductor durante el intervalo t0 a t resulta de la ecuación

w ¼
Z t

t0

p dt ¼ L

Z i tð Þ

i t0ð Þ
i di

Al integrar la corriente entre i(t0) e i(t), obtenemos

 
w ¼ L

2
i 2 tð Þ	 
i tð Þ

i t0ð Þ ¼
L

2
i 2 tð Þ � L

2
i 2 t0ð Þ (7.6-2)

 Por lo común seleccionamos t0  �1 para el inductor, y entonces la corriente i(∞) � 0. Por lo 
que tenemos

 
w ¼ 1

2
Li 2  (7.6-3)

 Observe que w(t) � 0 para toda i(t), por lo que el inductor es un elemento pasivo. El inductor 
no genera ni disipa energía, solamente la almacena. Es importante tener presente que los inductores y 
los condensadores son fundamentalmente diferentes de otros dispositivos que se vieron en capítulos 
anteriores, porque éstos tienen memoria.

Encuentre la corriente en un inductor, L � 0.1 H, cuando el 
voltaje a través del inductor es

v ¼ 10te�5t V

Suponga que la corriente es cero para t � 0.

Solución
En la figura 7.6-1 se presenta el voltaje como una función de 
tiempo. Observe que el voltaje alcanza un máximo de t � 0.2 s. 
La corriente es

i ¼ 1

L

Z t

0
v dt þ i t0ð Þ

Dado que el voltaje es cero para t � 0, la corriente en el inductor en t � 0 es i(0) � 0. Entonces tenemos

i ¼ 10

Z t

0
10 te�5t dt ¼ 100

�e�5t
25

1þ 5tð Þ
� �t

0

¼ 4 1� e�5t 1þ 5tð Þ� �
A

En la figura 7.6-1b se presenta la corriente como una función de tiempo.

E J E M P L O  7. 6 - 1  Voltaje y corriente del inductor

FIGURA 7.6-1 Voltaje y corriente para el ejemplo 7.6-1.

4

0.736

2

0

v (V)

i (A)

t (s)

(a)

(b)

t (s)

0.2 0.4 0.6

0.2 0.4 0.6
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Encuentre la potencia y la energía para un inductor 
de 0.1 H cuando la corriente y el voltaje son como 
se muestra en las figuras 7.6-2a, b.

Solución
Primero escribimos la expresión para la corriente 
y el voltaje. La corriente es

i ¼ 0 t < 0

¼ 20t 0 � t � 1

¼ 20 1 � t

El voltaje se expresa como
v ¼ 0 t < 0

¼ 2 0 < t < 1

¼ 0 1 < t

Puede verificar el voltaje utilizando v � L(di>dt).
Entonces la potencia es

p � vi � 40t W

para 0 � t � 1 y cero para todo otro tiempo.
 Entonces, la energía en julios es

w ¼ 1

2
Li 2

¼ 0:05 20tð Þ2 0 � t � 1

¼ 0:05 20ð Þ2 1 < t

y cero para todo t � 0.
 La potencia y la energía se muestran en las figuras 7.6-2c, d.

Encuentre la potencia y la energía almacenados en un inductor de 
0.1 H cuando i � 20te�2t A, y v � 2e�2t 11 � 2t2 V para t � 0, 
e i � 0 para t � 0 (vea el ejemplo 7.5-1).

Solución
La potencia es
p ¼ iv ¼ 20te�2tð Þ 2e�2t 1� 2tð Þ½ � ¼ 40te�4t 1� 2tð ÞW t > 0

Entonces la energía es

w ¼ 1

2
Li 2 ¼ 0:05 20te�2t

� �2 ¼ 20t 2e�4t J t > 0

Observe que w es positivo para todos los valores de t � 0. La energía almacenada en el inductor se muestra en 
la figura 7.6-3.

E J E M P L O  7. 6 - 2  Potencia y energía para un inductor

E J E M P L O  7. 6 - 3  Potencia y energía para un inductor

20

40

2

20

w (J)

p (W)

v (V)

i (A)

0 1 2 t (s)

(b)

(a)

(c)

(d)

FIGURA 7.6-2 Corriente, voltaje, potencia y energía para el ejemplo 
7.6-2.

0.5

1.0

0 0.5 1.0 1.5

w (J)

t (s)

FIGURA 7.6-3 La energía almacenada en el 
inductor del ejemplo 7.6-3.
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L1

v1

v

+ +

–

–

i L2

v2
+ –

LN

vN
+ –

a

b  FIGURA 7.7-1 Serie de inductores N.

7.7 I N D U C T O R E S  E N  S E R I E  Y  E N  PA R A L E LO

Una conexión en serie y en paralelo se puede reducir a un inductor simple equivalente. Considere 
una conexión en serie de inductores N como se muestra en la figura 7.7-1. El voltaje a través de la 
conexión en serie es

v ¼ v1 þ v2 þ � � � þ vN

¼ L1
di

dt
þ L2

di

dt
þ � � � þ LN

di

dt

¼
XN
n¼1

LN

 !
di

dt

Dado que el inductor en serie equivalente Ls, como se muestra en la figura 7.7-2 está representado por

v ¼ Ls
di

dt

requerimos que

 
Ls ¼

XN
n¼1

Ln  (7.7-1)

Por consiguiente, un inductor equivalente para una serie de inductores es la 
suma de inductores N.
 Ahora considere el conjunto de inductores N en paralelo, como se muestra 
en la figura 7.7-3. La corriente i es igual a la suma de las corrientes en los 
inductores N:

i ¼
XN
n¼1

in

Sin embargo, como

in ¼ 1

Ln

Z t

t0

v dt þ in t0ð Þ

podemos obtener la expresión

 
i ¼

XN
n¼1

1

Ln

Z t

t0

v dt þ
XN
n¼1

in t0ð Þ (7.7-2)

El inductor equivalente Lp, como se muestra en la figura 7.7-4, está repre-
sentado en la ecuación

 
i ¼ 1

Lp

Z t

t0

v dt þ i t0ð Þ (7.7-3)

Cuando las ecuaciones 7.7-2 y 7.7-3 se establecen iguales entre sí, tenemos

 

1

Lp
¼
XN
n¼1

1

Ln
 (7.7-4)

Lsv

+

–

ia

b

FIGURA 7.7-2 Inductor equivalente Ls para 
inductores N en serie.

L1v

+

–

i

L2 LN

iNi1 i2

FIGURA 7.7-3 Conexión de inductores N en 
paralelo.

Lpv

+

–

i

FIGURA 7.7-4 Inductor equivalente Lp para 
la conexión de inductores N en paralelo.
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y i t0ð Þ ¼
XN
n¼1

in t0ð Þ (7.7-5)

Encuentre la inductancia equivalente para el circuito de la figura 7.7-5. 
Todas las corrientes del inductor son cero en t0.

Solución
Primero, encontramos la inductancia equivalente para los inductores de 
5 mH y 20 mH en paralelo.
 De la ecuación 7.7-4 obtenemos

o bien  

1

Lp
¼ 1

L1
þ 1

L2

Lp ¼ L1L2

L1 þ L2
¼ 5� 20

5þ 20
¼ 4 mH

Este inductor equivalente está en serie con los inductores de 2 mH y 3 mH. Por consiguiente, utilizando la ecua-
ción7.7-1, obtenemos

Leq ¼
XN
n¼1

Ln ¼ 2þ 3þ 4 ¼ 9 mH

E J E M P L O  7. 7- 1  Inductores en serie y en paralelo

FIGURA 7.7-5  El circuito del ejemplo 
7.7-1.

2 mH

3 mH

5 mH 20 mH

i

v

+

–

EJERCICIO 7.7-1  Encuentre la inductancia equivalente del circuito de la figura E 7.7-1.

Respuesta: Leq � 14 mH

 

3 mH

5 mH 4 mH

42 mH 3 mH

 

2 mH

20 mH 12 mH4 mH

FIGURA E 7.7-1 FIGURA E 7.7-2

EJERCICIO 7.7-2  Encuentre la inductancia equivalente del circuito de la figura E 7.7-2.

Respuesta: Leq � 4 mH

7.8  C O N D I C I O N E S  I N I C I A L E S  D E  LO S  C I R C U I T O S 
P E R M A N E N T E S

En esta sección consideraremos los circuitos permanentes (“switcheados”). Estos circuitos tienen las 
características siguientes.

1.  Todas las entradas de los circuitos, es decir los voltajes de la fuente de voltaje independiente y las 
corrientes de las fuentes de corriente independientes, son funciones constantes de tiempo.
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2.  El circuito incluye uno o más interruptores que abren o cierran el circuito en tiempo t0. Indicamos 
el tiempo inmediatamente antes de que el interruptor abra o cierre como t�0  y el tiempo inmedia-
tamente después de que el interruptor abre o cierra como tþ0 . Solemos suponer que t0 � 0.

3. El circuito incluye al menos un capacitor o un inductor.

4.  Suponemos que los interruptores de un circuito han estado mucho tiempo en posición de t � t0, 
el tiempo de interrupción. Diremos que un circuito como éste está en estado estable inmediata-
mente antes del tiempo de interrupción. Un circuito que contiene solamente fuentes constantes y 
se encuentra en estado estable se denomina circuito cd. Todas las corrientes y los voltajes de un 
elemento de circuito en un circuito cd son funciones constantes de tiempo.

 Nos interesan en particular la corriente y el voltaje de los elementos de almacenaje de energía lue-
go de que el interruptor se abre o se cierra. (Recuerde que en la sección 2.9 se dice que los interruptores 
abiertos actúan como circuitos abiertos y que los interruptores cerrados actúan como circuitos en corto.) 
En la tabla 7.8-1 se resumen las características importantes del comportamiento de un inductor y un con-
densador. En particular, observe que ni un voltaje de condensador ni una corriente de inductor pueden 
cambiar de manera instantánea. (Recuerde que en las secciones 7.2 y 7.5 se menciona que tales cambios 
requerirían una potencia infinita, algo que no es físicamente posible.) Sin embargo, sí es posible que se 
puedan dar cambios instantáneos en el voltaje de un inductor o en la corriente de un condensador.
 Suponga que un circuito de cd contiene un inductor. La corriente del inductor, como cualquier 
otro voltaje y corriente en el circuito cd, será una función constante de tiempo. El voltaje del inductor 
es proporcional a la derivada de la corriente del inductor, v � L(di>dt) de modo que el voltaje del 
inductor es cero. En consecuencia, el inductor actúa como un cortocircuito.

Un inductor en un circuito de cd se comporta como un cortocircuito.

Del mismo modo, el voltaje de un condensador en un circuito de cd será una función constante de 
tiempo. La corriente del condensador es proporcional a la derivada del voltaje del condensador, i � 
C(dv>dt), de modo que la corriente del condensador es cero. En consecuencia, el condensador actúa 
como un circuito abierto.

Tabla 7.8-1 Características de los elementos de almacenaje de energía

VARIABLE INDUCTORES CONDENSADORES

Señal de convención pasiva i

v

L

+ –

i

v+ –

C

Voltaje v ¼ L
di

dt
v ¼ 1

C

Z t

0

idt þ v 0ð Þ

Corriente i ¼ 1

L

Z t

0

vdt þ i 0ð Þ i ¼ C
dv

dt

Potencia i ¼ Li
di

dt
p ¼ Cv

dv

dt

Energía w ¼ 1

2
Li2 w ¼ 1

2
Cv2

No se permite un cambio instantáneo en Corriente de Voltaje de

Se permitirá un cambio instantáneo en Voltaje de Corriente de

Este elemento actúa como un (vea nota abajo) Cortocircuito para una corriente constante 
en sus terminales

Circuito abierto para un voltaje constante 
a través de sus terminales.

Nota: Suponga que el elemento es un circuito con una condición de estado estable.
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Un condensador en un circuito de cd se comporta como un circuito abierto.

 Nuestro plan para analizar circuitos permanentes tiene dos pasos: 

1.  Analizar el circuito de cd antes del tiempo t0 para determinar los voltajes del condensador y las 
corrientes del inductor. Con este análisis tomaremos ventaja del hecho de que los condensadores 
se comportan como circuitos abiertos y los inductores lo hacen como circuitos en corto cuando 
están en circuitos de cd.

2.  Reconocer que los voltajes del condensador y las corrientes del inductor no pueden cambiar de 
manera instantánea, por lo que los voltajes del condensador y las corrientes del inductor en tiempo 
tþ0  tienen los mismos valores que tenían en el tiempo t�0 .

Los ejemplos siguientes ilustran este plan.

Considere el circuito de la figura 7.8-1. Antes de t � 0, el interruptor ha estado cerrado mucho tiempo. Determine 
los valores del voltaje del condensador y la corriente del inductor inmediatamente antes de que el interruptor se 
abra en tiempo t � 0.

Solución
1.  Para encontrar vc10�2 e iL10�2, consideramos el circuito antes de que se abra el interruptor, es decir, para t � 0. 

La entrada del circuito, el voltaje de la fuente de voltaje, es constante. Incluso, antes de que el interruptor se 
abra el circuito está en estado estable. Como el circuito es un circuito de cd, el condensador actuará como un 
circuito abierto, y el inductor lo hará como un cortocircuito. En la fi gura 7.8-2 reemplazamos el condensador 
por un circuito abierto con un voltaje de vc10�2 y el inductor por un cortocircuito con una corriente iL10�2. 
Primero, observemos que

iL 0�ð Þ ¼ 10

5
¼ 2 A

A continuación, aplicando el principio del divisor de voltaje, vemos que

vc 0�ð Þ ¼ 3

5

� �
10 ¼ 6 V

2. El voltaje del condensador y la corriente del inductor no pueden cambiar de manera instantánea, por lo que

y 

vc 0þð Þ ¼ vc 0�ð Þ ¼ 6 V

iL 0þð Þ ¼ iL 0�ð Þ ¼ 2 A

FIGURA 7.8-1 Circuito con un inductor y un condensador. El 
interruptor está cerrado mucho tiempo antes de abrirlo en t � 0.

FIGURA 7.8-2 Circuito de la fi gura 7.8-1 para t � 0.

+

–
vc

iL
t = 0

10 V 1 H+
–

1/2 F

2 3 

+

–
vc

+
–

iL10 V

2 3 

E J E M P L O  7. 8 - 1  Condiciones iniciales en un circuito permanente
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Encuentre iL10� 2, vc10� 2, dvc10� 2>dt y diL10� 2>dt para el circuito de la figura 7.8-3. Usaremos dvc10� 2>dt para 
indicar dvc tð Þ=dtjt¼0þ .

+
–10 V

2 
Interruptor 1

vc

1 

F 1 H

iL

t = 0

Interruptor 2

2 A

1 2

+

–

t = 0

 
FIGURA 7.8-3 Circuito para el ejemplo 7.8-2. El interruptor 1 
está cerrado en t � 0 y el interruptor 2 se abre en t � 0.

 Suponga que el interruptor 1 ha estado abierto y el interruptor 2 ha estado cerrado mucho tiempo y en con-
diciones prevalecientes de estado estable en t � 0�.

Solución 
Primero, dibujamos nuevamente el circuito para t � 0� reemplazando el 
inductor con un cortocircuito y el condensador con un circuito abierto, 
como se muestra en la figura 7.8-4. Entonces observamos que

y vc 0�ð Þ ¼ �2 V
Por consiguiente, tenemos

y 

iL 0þð Þ ¼ iL 0�ð Þ ¼ 0

vc 0þð Þ ¼ vc 0�ð Þ ¼ �2 V
Para encontrar dvc10� 2>dt y diL10� 2>dt, desechamos el circuito en t � 0 y 
dibujamos nuevamente el circuito de la figura 7.8-3, como se muestra en 
la figura 7.8-5. (No trazamos la fuente de corriente porque su interruptor 
está abierto).

  Como deseamos encontrar dvc10� 2>dt, recordamos que

Por lo tanto 

ic ¼ C
dvc

dt

dvc 0þð Þ
dt

¼ ic 0þð Þ
C

Del mismo modo, como para el inductor
vL ¼ L

diL

dt

podemos obtener diL10� 2>dt como
diL 0þð Þ

dt
¼ vL 0þð Þ

L

Aplicando la KVL al enlace de la derecha de la figura 7.8-5 obtenemos
vL � vc þ 1iL ¼ 0

Por consiguiente, en t � 0�,
vL 0þð Þ ¼ vc 0þð Þ � iL 0þð Þ ¼ �2� 0 ¼ �2 V

E J E M P L O  7. 8 - 2  Condiciones iniciales en un circuito permanente

+

–
vc

iL

1 

2 A

FIGURA 7.8-4 Circuito de la fi gura 
7.8-3 en t � 0�.

+
+

–

–

vc vL
+
–

iL

ic

10 V

2 1 a

FIGURA 7.8-5 Circuito de la fi gura 7.8-3 
en t � 0� con el interruptor cerrado y la 
fuente de corriente desconectada. 

iL 0�ð Þ ¼ 0
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Así que obtenemos
diL 0þð Þ

dt
¼ �2 A/s

Del mismo modo, para encontrar ic, escribimos la KCL en el nodo a para obtener

ic þ iL þ vc � 10

2
¼ 0

En consecuencia, en t � 0�,

Por consiguiente, 

ic 0þð Þ ¼ 10� vc 0þð Þ
2

� iL 0þð Þ ¼ 6� 0 ¼ 6 A

dvc 0þð Þ
dt

¼ ic 0þð Þ
C

¼ 6

1=2
¼ 12 V/s

Así, encontramos que en el tiempo de interrupción t � 0, la corriente en el inductor y el voltaje en el condensa-
dor se mantienen constantes. Sin embargo, el voltaje del inductor se modificó instantáneamente de vL10� 2 � 0 a 
vL10� 2 � �2 V, y determinamos que diL10� 2>dt � �2 A/s. También, la corriente del condensador se modificó de 
manera instantánea desde ic10� 2 � 0 hasta ic10� 2 � 6 A, y encontramos que dvc10� 2>dt � 12 V/s.

7.9  C I R C U I T O S  D E  A M P L I F I C A D O R E S  O P E R A C I O N A L E S 
Y  E C U A C I O N E S  D I F E R E N C I A L E S  L I N E A L E S

Esta sección describe un procedimiento para el diseño de circuitos de amplificadores operacionales 
que implementen ecuaciones diferenciales lineales como

 
2
d3

dt3
y tð Þ þ 5

d2

dt2
y tð Þ þ 4

d

dt
y tð Þ þ 3y tð Þ ¼ 6x tð Þ (7.9-1)

La solución de esta ecuación es una función, y(t), que depende tanto de la función x(t) como de un 
conjunto de condiciones iniciales. Es conveniente utilizar las condiciones iniciales:

 
d2

dt2
y tð Þ ¼ 0;

d

dt
y tð Þ ¼ 0

   
y y tð Þ ¼ 0 (7.9-2)

Habiendo especificado estas condiciones iniciales, esperamos una función única y(t) que corresponda 
a cualquier función dada x(t). En consecuencia, trataremos x(t) como la entrada a la ecuación diferen-
cial y y(t) como la salida.
 La sección 6.6 presentó la noción de operaciones de diagramación como bloques y ecuaciones 
como diagramas de bloques. La sección 6.6 también presentó bloques para representar las operacio-
nes de suma y multiplicación por una constante. La figura 7.9-1 ilustra dos bloques adicionales, que 
representan la integración y la diferenciación.

 Suponga que de algún modo pudiéramos obtener 
d3

dt3
y tð Þ. Podríamos entonces integrarlas tres 

veces para obtener 
d2

dt2
y tð Þ,

 
d

dt
y tð Þ y y(t), como se ilustra en la figura 7.9-2. 

(a)

x(t) x(t)d
dt

d
dt

(b)

x(t)
t

0 x( ) d

FIGURA 7.9-1 Representaciones de diagramas en bloque de (a) diferenciación y (b) integración.
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 Ahora debemos obtener 
d3

dt3
y tð Þ. Para ello, despejemos la ecuación 7.9-1 para 

d3

dt3
y tð Þ y ob-

tener

 

d3

dt3
y tð Þ ¼ 3x tð Þ � 2:5

d2

dt2
y tð Þ þ 2

d

dt
y tð Þ þ 1:5y tð Þ

� �
 
 (7.9-3)

A continuación, represente la ecuación 7.9-3 mediante un diagrama de bloque como el diagrama que se 
muestra en la figura 7.9-3. Finalmente, los diagramas de bloque en las figuras 7.9-2 y 7.9-3 se pueden 
combinar como se muestra en la figura 7.9-4 para obtener el diagrama de bloque de la figura 7.9-1.
 Nuestra siguiente tarea es implementar el diagrama de bloques como un circuito de amplificador 
operacional. La figura 7.9-5 proporciona circuitos de amplificadores operacionales para implementar 
tanto la diferenciación como la integración. Para ver cómo funciona la integración, considere la figura 
7.9-6. Los nodos del integrador en la figura 7.9-6 se han etiquetado antes de escribir las ecuaciones 
nodales. Sean v1, v2 y v3 lo que indique los voltajes de nodos en los nodos 1, 2 y 3, respectivamente.

FIGURA 7.9-2 El primer diagrama parcial de bloques. FIGURA 7.9-3 Un diagrama de bloques que representa la ecuación 7.9-3.

FIGURA 7.9-5 Representaciones de diagramas de bloques de (a) diferenciación y (c) integración. Corresponden a los 
circuitos de amplifi cadores operacionales que (b) diferencian y (d) integran.

y(t)d3

dt3

y(t)d2

dt2
y(t)

y(t)

d
dt y(t)d2

dt2

y(t)d3

dt3

y(t)

x(t)

y(t)

d
dt

–1.5

–2

–2.5

3

+

(d)

1 M 1 F

–

+

(a)

x(t) x(t)d
dt

x(t)– d
dt

d
dt

(c)

x(t)

x(t)

t

0 x( ) d

t

0 x(– ) d

(b)

1 M

–

+

x(t)

1 F

y(t)d2

dt2

y(t)d3

dt3

y(t)

x(t)

d
dt

–1.5

–2

–2.5

3

+

y(t)d3

dt3
y(t)d2

dt2

y(t)

y(t)

y(t)

d
dt

FIGURA 7.9-4 Un diagrama de bloques 
que representa la ecuación 7.9-1.
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R

C

–

+

x(t) y(t)

iR(t)

iC(t)vR(t)+ –

vC(t)+ –

1 2 3

 FIGURA 7.9-6 El integrador.

 La entrada al integrador es x(t), el voltaje de nodos en el nodo 1. Entonces, v1 � x(t). La salida 
del integrador es y(t), el voltaje de nodos en el nodo 3. Así, v3 � y(t). La entrada no inversora del 
amplificador operacional ideal está adjunta al nodo de referencia, y la salida inversora está conectada 
al nodo 2. Los voltajes de nodos en estos dos nodos deben ser iguales, así que v2 � 0.
 El voltaje a través del resistor está relacionado con los voltajes de nodos en los nodos del resis-
tor por

vR tð Þ ¼ v1 tð Þ � v2 tð Þ ¼ x tð Þ � 0 ¼ x tð Þ
Se calcula que la corriente del resistor, aplicando la ley de Ohm, sea

iR tð Þ ¼ vR tð Þ
R

¼ x tð Þ
R

El valor de la corriente que fluye en una entrada de un amplificador operacional ideal es cero, por lo 
que aplicando la KCL en el nodo 2 nos da

iC tð Þ ¼ iR tð Þ ¼ x tð Þ
R

El voltaje a través del condensador se relaciona con los voltajes de nodos en los nodos del condensa-
dor por
 vC tð Þ ¼ v2 tð Þ � v3 tð Þ ¼ 0� y tð Þ ¼ �y tð Þ (7.9-4)

El voltaje del condensador se relaciona con la corriente del condensador por

vC tð Þ ¼ 1

C

Z t

0
iC tð Þ dt þ vC 0ð Þ

Recuerde que y(0) � 0. Por lo tanto, vC(0) � 0, y 

vC tð Þ ¼ 1

C

Z t

0
iC tð Þ dt ¼ 1

C

Z t

0

x tð Þ
R

dt ¼ 1

RC

Z t

0
x tð Þ dt

Finalmente, utilizando la ecuación 7.9-4 nos da

 
y tð Þ ¼ � 1

RC

Z t

0
x tð Þ dt ¼ �k

Z t

0
x tð Þ dt (7.9-5)

donde k ¼ 1

RC
.

 La ecuación 7.9-5 indica que el integrador tiene dos cosas. Primera, la entrada se integra. Se-
gunda, la integral se multiplica por una constante negativa, k. En la figura 7.9-5d, los valores de R y C 
se han seleccionado para hacer que k � �1. Al multiplicar una función por �1 se refleja la gráfica de 
la función a través del eje del tiempo. Este reflejo se denomina inversión, y se dice que el circuito es 
un circuito inversor. En consecuencia, el integrador que se muestra en la figura 7.9-5d en ocasiones se 
denomina integrador inversor. A este circuito lo llamaremos integrador a menos que queramos atender 
a la inversión, en cuyo caso denominaremos al circuito como integrador inversor.
 El análisis del sumando integrador que se muestra en la figura 7.9-7 es semejante al análisis 
del integrador. Las entradas al sumando integrador son x1(t), el voltaje de nodos en el nodo 1 y x2(t), 
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el voltaje de nodos en el nodo 2. La salida del integrador es y(t), el voltaje de nodos en el nodo 4. El 
amplificador operacional ideal hace que el voltaje en el nodo 3 sea cero. Por lo tanto,

v1 tð Þ ¼ x1 tð Þ; v2 tð Þ ¼ x2 tð Þ; v3 tð Þ ¼ 0; y v4 tð Þ ¼ y tð Þ
Aplicando la ley de Ohm se muestra que las corrientes en los resistores deben ser

i1 tð Þ ¼ v1 tð Þ
R1

¼ x1 tð Þ
R1

e i2 tð Þ ¼ v2 tð Þ
R2

¼ x2 tð Þ
R2

El valor de la corriente que fluye en una entrada de un amplificador operacional ideal es cero, de modo 
que aplicar la KCL al nodo 3 resulta

iC tð Þ ¼ i1 tð Þ þ i2 tð Þ ¼ x1 tð Þ
R1

þ x2 tð Þ
R2

El voltaje a través del condensador se relaciona con los voltajes de nodos en los nodos del condensa-
dor por
 vC tð Þ ¼ v3 tð Þ � v4 tð Þ ¼ 0� y tð Þ ¼ �y tð Þ (7.9-6)

El voltaje del condensador se relaciona con la corriente del condensador por 

vC tð Þ ¼ 1

C

Z t

0
iC tð Þ dt þ vC 0ð Þ

Recuerde que y(0) = 0. Entonces, vc(0) = 0, y

vC tð Þ ¼ 1

C

Z t

0
iC tð Þ dt ¼ 1

C

Z t

0

x1 tð Þ
R1

þ x2 tð Þ
R2

� �
dt ¼

Z t

0

x1 tð Þ
R1C

þ x2 tð Þ
R2C

� �
dt

Finalmente, utilizando la ecuación 7.9-6 resulta

 
y tð Þ ¼ �

Z t

0

x1 tð Þ
R1C

þ x2 tð Þ
R2C

� �
dt ¼ �

Z t

0
k1x1 tð Þ þ k2x2 tð Þð Þ dt (7.9-7)

donde k1 ¼ 1

R1C
y k2 ¼ 1

R2C
.

 La ecuación 7.9-7 indica que el sumando integrador hace cuatro cosas. Primera, cada entrada 
se multiplica por una constante separada: x1 se multiplica por k1, y x2 se multiplica por k2. Segunda, 
los productos se resumen. Tercera, la suma se integra. Cuarta, la integral se multiplica por �1. (Como 
el integrador inversor, este circuito invierte su salida. En ocasiones se le llama sumando integrador 
inversor. Por suerte, no necesitamos utilizar muy a menudo tal nombre tan largo.).
 En la figura 7.9-7, el sumando amplificador acomoda dos entradas. Para acomodar entradas 
adicionales, agregamos más resistores de entrada, cada uno conectado entre un nodo de entrada y el 
nodo de entrada inversora del amplificador operacional. (El circuito del amplificador operacional que 
implementa la ecuación 7.9-1 requerirá un sumando integrador de cuatro entradas.).
 Diseñaremos un circuito de amplificador operacional para implementar la ecuación 7.9-1 re-
emplazando los bloque en el diagrama de bloques de la ecuación 7.9-1 mediante circuitos de am-
plificador operacional. Este proceso se facilitará si modificamos antes el diagrama de bloques para 
acomodar los integradores inversores. Las figuras 7.9-8 y 7.9-9 muestran versiones modificadas de 

R1

C

–

+

x1(t)

x2(t)

y(t)

i1 (t)

i2(t)

iC(t)v1(t)+ –

vC(t)+ –

R2

v2(t)+ –

1 3 4

2

FIGURA 7.9-7 El sumando integrador.
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diagramas de bloques de las figuras 7.9-2 y 7.9-3. Reemplace todos los integradores en la figura 7.9-2 
por integradores inversores para obtener la figura 7.9-8. Es necesario establecer la entrada igual a 

� 
d3

dt3
y tð Þ en vez de 

d3

dt3
y tð Þ para hacer que la salida sea igual a y(t) en vez de �y(t).

 El diagrama de bloques en la figura 7.9-9 produce � 
d3

dt3
y tð Þ de 

d2

dt2
y tð Þ, � 

d

dt
y tð Þ y y(t). Los 

diagramas de bloque en las figuras 7.9-8 y 7.9-9 se pueden combinar como se muestra en la figura 
7.9-10 para obtener el diagrama de bloques de la ecuación 7.9-1.
 Un sumando integrador puede multiplicar cada una de sus entradas por una constante separada, 
sumar los productos e integrar la suma. El diagrama de bloques que se muestra en la figura 7.9-11 
destaca los bloques que se pueden implementar por un sumando integrador de cuatro entradas único.

x(t)

1.5

2

2.5

3

–1

–1

+

y(t)–

–
d3

dt3

y(t)d2

dt2
y(t)

y(t)

d
dt

– – –

FIGURA 7.9-10 El diagrama de bloques que representa la ecuación 7.9-1 ajustado para acomodar integradores inversores.

x(t)

1.5

2

2.5

3

–1

–1

+

y(t)–

–
d3

dt3

y(t)d2

dt2
y(t)

y(t)

d
dt

– – –

FIGURA 7.9-11 El diagrama de bloques que representa la ecuación 7.9-1 destacando la parte implementada por el 
sumando integrador. 

y(t)d2

dt2

y(t)–1

–1
y(t)–

–d3

dt3

y(t)d
dt

–1.5

–2

–2.5

3 –1 x(t)

+

FIGURA 7.9-9 El diagrama 
de bloques de la fi gura 7.9-3 
ajustado para acomodar las 
consecuencias de utilizar 
integradores inversores.

y(t)–

–
d3

dt3

y(t)d2

dt2
y(t)

y(t)

d
dt

– – –

FIGURA 7.9-8 El diagrama de 
bloques de la fi gura 7.9-2 ajustado 
para acomodar integradores inversores.
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–

+

y(t)d2

dt2

R3
y(t)

y(t)

–x(t)

d
dt

R1

R4 R2

C

 FIGURA 7.9-12 El sumando integrador.

 La figura 7.9-12 muestra el sumando integrador de cuatro entradas. La señal � 
d2

dt2
y tð Þ es la 

salida de este circuito y también es una de las entradas al circuito. El resistor R2 está conectado entre 
esta entrada y el cono conectado a la entrada inversora del amplificador operacional. El sumando 
integrador está representado por la ecuación

 

d2

dt2
y tð Þ ¼ �

Z t

0

1

R1C
�x tð Þ½ � þ 1

R2C

d2

dt2
y tð Þ þ 1

R3C

d

dt
y tð Þ

� �
þ 1

R4C
y tð Þ

� �
dt  (7.9-8)

Integrar ambos lados de la ecuación 7.9-3 nos da

 

d2

dt2
y tð Þ ¼ �

Z t

0
3 �x tð Þ½ � þ 2:5

d2

dt2
y tð Þ þ 2

d

dt
y tð Þ

� �
þ 1:5 y tð Þ

� �
dt (7.9-9)

Por conveniencia, tome C � 1 mF. Comparando las ecuaciones 7.9-8 y 7.9-9 nos da

R1 ¼ 333 kV; R2 ¼ 400 kV; R3 ¼ 500 kV; y R4 ¼ 667 kV

 El sumando integrador implementa la mayor parte del diagrama de bloques, dejando solamente 
otros cuatro boques por implementar. Estos cuatro bloques se implementaron utilizando don integra-
dores inversores y dos amplificadores inversores. El circuito terminado se muestra en la figura 7.9-13.

–

+
–

+

–

+

20 k 20 k 333 k

400 k

1 M 1 M

500 k

667 k

20 k 20 k

–

+

1 F 1 F

–

+

1 F

x(t)

y(t)

FIGURA 7.9-13 Un circuito de amplifi cador operacional que implementa la ecuación 7.9-1.
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7.10  U S O  D E  M AT L A B  PA R A  T R A Z A R  E L  VO LTA J E 
Y  L A  C O R R I E N T E  D E  U N  C O N D E N S A D O R 
O  U N  I N D U C T O R

Suponga que la corriente en un condensador de 2-F es

 

i tð Þ ¼
4

t þ 2

20� 2t

�8

t � 2

2 � t � 6

6 � t � 14

t � 4

8>>><
>>>:

 (7.10-1)

donde las unidades de corriente son A y las unidades de tiempo son s. Cuando el voltaje inicial del 
condensador es v(0) � �5 V, el voltaje del condensador se puede calcular utilizando 

 
v tð Þ ¼ 1

2

Z t

0
i tð Þdt � 5 (7.10-2)

La ecuación 7.10-1 indica que i(t) � 4 A, en tanto que t � 2 s. Utilizar esta corriente en la ecuación 
7.10-2 nos da

 
v tð Þ ¼ 1

2

Z t

0
4dt � 5 ¼ 2t � 5 (7.10-3)

cuando t � 2 s. A continuación, la ecuación 7.10-1 indica que i(t) � t � 2 s. Utilizando esta corriente 
en la ecuación 7.10-2 nos da

 
v tð Þ ¼ 1

2

Z t

2
t þ 2ð Þdt þ

Z 2

0
4 dt

� �
� 5 ¼ 1

2

Z t

2
t þ 2ð Þdt � 1 ¼ t2

4
þ t � 4 (7.10-4)

cuando 2 � t � 6 s. Continuando de esta forma, calculamos

 

v tð Þ ¼ 1

2

Z t

6
20� 2tð Þ dt þ

Z 6

2
t þ 2ð Þ dt þ

Z 2

0
4 dt

� �
� 5

¼ 1

2

Z t

6
20� 2tð Þ dt þ 11 ¼ � t2

2
þ 10t � 31

 (7.10-5)

cuando 6 � t � 14 s, y

 

v tð Þ ¼ 1

2

Z t

14
�8 dt þ

Z 14

6
20� 2tð Þ dt þ

Z 6

2
t þ 2ð Þ dt þ

Z 2

0
4 dt

� �
� 5

¼ 1

2

Z t

14
�8 dt þ 11 ¼ 67� 4t

 (7.10-6)

cuando t � 14 s.
 Las ecuaciones 7.10-3 a 7.10-6 se pueden resumir de esta forma

 

v tð Þ ¼

2t � 5 t � 2

t2

4
þ t � 4 2 � t � 6

� t2

2
þ 10t � 31 6 � t � 14

67� 4t t � 14

8>>>>>><
>>>>>>:

 (7.10-7)
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function i CapCur(t)
if t 2

i=4;
elseif t 6

i=t 2;
elseif t 14

i=20 2*t;
else

i 8;
end

function v CapVol(t)
if t 2

v 2*t 5;
elseif t 6

v 0.25*t*t t 4;
elseif t 14

v .5*t*t 10*t 31;
else

v 67 4*t;
end

t 0 1 20;
for k 1 1 length(t)

i(k) CapCur(k l);
v(k) CapVol(k l);

end

(a) (b)

(c)

plot(t,i,t,v)
text(12,10, v(t), V )

5, i(t), A )
title( Capacitor Voltage and Current )
xlabel( time, s )

text(10,

FIGURA 7.10-1 Archivos de entrada de MATLAB que representan (a) la corriente del condensador y (b) el voltaje 
del condensador; (c) el archivo de entrada de MATLAB se usa para trazar la corriente y el voltaje del condensador.

Las ecuaciones 7.10-1 y 7.10-7 proporcionan una representación analítica de la corriente y el voltaje 
del condensador. MATLAB proporciona una forma conveniente de obtener una representación gráfica 
de estas funciones. Las figuras 7.10-1a, b muestran los archivos de entrada que representan la corriente 
y el voltaje del condensador. Observe que el archivo de entrada de MATLAB que representa al corrien-
te, figura 7.10-1a, es muy semejante a la ecuación 7.10-1; aunque el archivo de entrada de MATLAB 
representa el voltaje, la figura 7.10-1b es muy parecida a la ecuación 7.10-7. La figura 7.10-1c muestra 
el archivo de entrada de MATLAB que se usó para trazar la corriente y el voltaje del condensador. La 
figura 7.10-2 muestra los trazos resultantes de la corriente y el voltaje del condensador. 

–15

–10

–5

0

5

10

15

20
Voltaje y corriente del condensador

0 2 4 6 8 10 12 14 16 18 20

i(t), A

v(t), V

Tiempo, s  
FIGURA 7.10-2 Un trazo del voltaje 
y de la corriente del condensador.
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7.11 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

Una solución de tarea en casa indica que la corriente y el voltaje de un condensador de 2-F son

 

i tð Þ ¼
4 t < 2

t þ 2 2 < t < 6
20� 2t 6 < t < 14
�8 t > 14

8>><
>>:  (7.11-1)

y

 

v tð Þ ¼

2t � 5 t < 2
t2

4
þ t � 4 2 < t < 6

� t2

2
þ 10t � 21 6 < t < 14

67� 4t t > 14

8>>>>>><
>>>>>>:

 (7.11-2)

donde las unidades de corriente son A, las unidades de voltaje son V, y las unidades de tiempo son s. ¿Cómo 
podemos comprobar que esta solución de tarea en casa es correcta?

Solución
El voltaje del condensador no puede cambiar de manera instantánea. El voltaje del condensador está dado por

 v tð Þ ¼ 2t � 5 (7.11-3)

cuando t � 2 s y por

 
v tð Þ ¼ t2

4
þ t � 4 (7.11-4)

cuando 2 � t � 6 s. Dado que el condensador no se puede modificar instantáneamente, las ecuaciones 7.11-3 y 
7.11-4 deben dar ambas el mismo valor para v(2), el voltaje del condensador en el tiempo t � 2 s. Al despejar la 
ecuación 7.11-3 nos da

v 2ð Þ ¼ 2 2ð Þ � 5 ¼ �1 V 
Y al despejar la ecuación 7.11-4 resulta

v 2ð Þ ¼ 22

4
þ 2� 4 ¼ �1 V

E J E M P L O  7. 11- 1   ¿Cómo podemos comprobar el voltaje 
y la corriente de un condensador?
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Estos valores concuerdan, por lo tanto no encontramos error. A continuación, comprobemos v(6), el voltaje del 
condensador en el tiempo t � 6 s. El voltaje del condensador está dado por

 
v tð Þ ¼ � t2

2
þ 10t � 21 (7.11-5)

cuando 6 � t � 14 s. las ecuaciones 7.11-4 y 7.11-5 deben dar el mismo valor para v(6). Despejar la ecuación 
7.11-4 da

v 6ð Þ ¼ 62

4
þ 6� 4 ¼ 11 V

Aun cuando despejar la ecuación 7.11-5 da

v 6ð Þ ¼ � 62

2
þ 10 6ð Þ � 21 ¼ 21 V

Estos valores no concuerdan. Eso significa que v(t) cambia de manera instantánea en t � 6 s, por lo que v(t) no 
puede ser el voltaje a través del condensador. La solución de la tarea en casa no es correcta.

Este reto de diseño implica un integrador y un interruptor de voltaje controlado.
 Un integrador es un circuito que desempeña operaciones matemáticas de integración. 
La salida de un integrador, digamos vo(t), se relaciona con la entrada de un integrador, es decir 
vs(t), por la ecuación

 
vo t2ð Þ ¼ K �

Z t2

t1

vs tð Þdt þ vo t1ð Þ (7.12-1)

La constante K se denomina ganancia de un integrador.
 Los integradores tienen muchas aplicaciones. Una de ellas es que un integrador mide un 
intervalo. Suponga vs(t) es un voltaje constante, Vs. Entonces,

 vo t2ð Þ ¼ K � t2 � t1ð Þ � V s þ vo t1ð Þ (7.12-2)

La ecuación indica que la salida del integrador en el tiempo t2 es una medida del intervalo 
t2 � t1.
 Los interruptores se pueden controlar electrónicamente. La fi gura 7.12-1 ilustra un inte-
rruptor SPST controlado electrónicamente. En ocasiones, el símbolo que se muestra en la fi gura 
7.12-1a se utiliza para enfatizar el hecho de que un interruptor sea controlado de manera elec-
trónica. El voltaje del nodo vc(t) se denomina voltaje de control. La fi gura 7.12-1b muestra un 
voltaje de control típico. Este interruptor de voltaje controlado está cerrado cuando vc(t) � vH 
y abierto cuando vc(t) � vL. El interruptor que se muestra en la fi gura 7.12-1 está abierto antes 
del tiempo t1. Se cierra en el tiempo t1 y se mantiene cerrado hasta el tiempo t2. El interruptor 
se abre en el tiempo t2 y se mantiene abierto.
 Considere la fi gura 7.12-2. El voltaje vc(t) controla el interruptor. El integrador convier-
te el intervalo t2 � t1 en un voltaje que se muestra al utilizar el voltímetro. El intervalo que se 

7. 1 2  E J E M P LO  D E  D I S E Ñ O

INTEGRADOR E INTERRUPTOR
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(b)(a)

vH

vL

t1 t2

vc(t) (V)

t (ms)

vin(t)

vc(t)

vo(t)

Voltaje
de control

FIGURA 7.12-1 El interruptor de voltaje controlado. (a) Símbolo del interruptor. (b) Voltaje de control común.

vH

vL

t1 t2

vc(t) (V)

vc(t)

t (ms)

Integrador
+
–Vs = 5 V

Voltímetro

FIGURA 7.12-2 Uso de un integrador para medir un intervalo.

va a medir puede ser tan pequeño como 5 ms o tan grande como 200 ms. El reto es diseñar el 
integrador. Entre los componentes disponibles están: 

• Resistores estándar de 2% (vea Apéndice D).

• Condensadores de 1 mF, 0.2 mF y 0.1 mF.

• Amplifi cadores operacionales.

• Alimentadores de potencia de �15-V y �15-V.

• Potenciómetros de 1-k	, 10-k	 y 100-k	.

• Interruptores SPST de voltaje controlado.

Describa la situación y los supuestos
Es conveniente establecer la salida del integrador en cero en el tiempo t1. La relación entre el 
voltaje de salida del integrador y el intervalo de tiempo debe ser sencilla. En consecuencia, sea

 
vo t2ð Þ ¼ 10 V

200 ms
� t2 � t1ð Þ (7.12-3)

La fi gura 7.12-2 indica que Vs = 5 V. Comparando las ecuaciones 7.12-2 y 7.12-3, resulta

 
K � V s ¼ 10 V

200 ms
y, por consiguiente, K ¼ 10

1

s
 (7.12-4)
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Establezca el objetivo
Diseñe un integrador que satisfaga tanto a

 
K ¼ 10

1

s
como a vo t1ð Þ ¼ 0 (7.12-5)

Genere un plan
Empleemos el integrador que se describió en la sección 7.9. Al agregar un interruptor como 
se muestra en la fi gura 7.12-3 se satisface la condición vo(t1) � 0. El análisis realizado en 
la sección 7.9 mostró que

 
vo t2ð Þ ¼ � 1

RC
�
Z t2

t1

vs tð Þ dt (7.12-6)

De modo que hay que seleccionar R y C para satisfacer

 
1

RC
¼ K ¼ 10

1

s
 (7.12-7)

–

+

CR
vs(t)

vo(t)

t = t1

 
FIGURA 7.12-3 Un integrador usando 
un amplifi cador operacional.

Actúe sobre el plan
Cualquiera de los condensadores disponibles podría funcionar. Seleccione C � 1 mF. Luego,

 

R ¼ 1

10
V

s
� 1 mF

¼ 100 kV (7.12-8)

El diseño fi nal se muestra en la fi gura 7.12-4.

Verifi que la solución propuesta
El voltaje de salida del integrador está dado por

vo tð Þ ¼ � 1

RC

Z t

t1

vs tð Þ dt þ vo 0ð Þ ¼ �1
100 � 103� �

10�6
� � Z t

t1

5 dt ¼ �50 t � t1ð Þ

donde las unidades de voltaje son V y las unidades de tiempo son s. El intervalo de tiempo se 
puede calcular desde el voltaje de salida, mediante

� t � t1ð Þ ¼ vo tð Þ
50

Por ejemplo, un voltaje de salida de �4 V indica un intervalo de 
4

50
s ¼ 80 ms.

M07_DORF_1571_8ED_SE_257-310.indd   292M07_DORF_1571_8ED_SE_257-310.indd   292 5/7/11   9:20 AM5/7/11   9:20 AM



Circuitos Eléctricos - Dorf Alfaomega

 Resumen 293

vH

vL

t1 t2

vc(t) (V)

vc(t)

t (ms)

+
–Vs = 5 V

Voltímetro

–

+

CR

t = t1

+ –vo

FIGURA 7.12-4 Uso de un integrador de amplifi cador operacional para medir un intervalo. 

7.13 R E S U M E N
  La tabla 7.13-1 resume las ecuaciones de elementos para con-

densadores e inductores. (Observe que el voltaje y la corriente 
a que se refi eren en estas ecuaciones se apegan a la con-
vención pasiva.) A diferencia de los elementos de circuitos 
que encontramos en capítulos anteriores, las  ecuaciones de 
elementos para condensadores e inductores implican deriva-
das e integrales.

  Los circuitos que contienen condensadores y/o inductores 
son capaces de almacenar energía. La energía almacenada 
en el campo eléctrico de un condensador es igual a 1

2
 Cv2(t), 

donde v(t) es el voltaje a través del condensador. La energía 
almacenada en el campo eléctrico de un inductor es igual a 
1
2
 Li2(t), donde i(t) es la corriente en el inductor.  

  Los circuitos que contienen condensadores e inductores tie-
nen memoria. Los voltajes y las corrientes en ese circuito en 
un tiempo particular dependen no sólo de otros voltajes y co-
rrientes en ese mismo instante, sino que también de valores 
anteriores de esas corrientes y voltajes. Por ejemplo, el voltaje 
a través de un condensador en el tiempo t depende del voltaje a 
través de ese condensador en un tiempo anterior t0 y sobre el 
valor de la corriente del condensador entre t0 y t1.

  Un conjunto de condensadores en serie o en paralelo se pue-
de reducir a un condensador equivalente. Un conjunto de 
inductores en serie o en paralelo se puede reducir fácilmente 
a un inductor equivalente. La tabla 7.13-2 resume las ecua-
ciones requeridas para hacerlo.

Tabla 7.13-1 Ecuaciones de elementos para condensadores e inductores

CONDENSADOR INDUCTOR

C

v(t)+ –

i(t)
L

v(t)+ –

i(t)

i tð Þ ¼ C
d

dt
v tð Þ

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ

i tð Þ ¼ 1

L

Z t

t0

v tð Þdt þ i t0ð Þ

v tð Þ ¼ L
d

dt
i tð Þ
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  Al no haber corrientes libres, el voltaje a través de un con-
densador no se puede modifi car de manera instantánea. Del 
mismo modo, al no haber voltajes libres la corriente en un 
inductor no puede cambiar instantáneamente. Por el contra-
rio, la corriente en un condensador y el voltaje a través de un 
inductor son capaces de modifi carse de manera instantánea.

  A veces consideramos circuitos que contienen condensa-
dores e inductores y tienen solamente entradas constantes. 
(Todos los voltajes de las fuentes de voltaje independientes 
y todas las corrientes de las fuentes de corriente indepen-
dientes son constantes.) Cuando un circuito de esta índole se 
encuentra en estado estable, todas las corrientes y voltajes 
en ese circuito serán constantes. En particular, el voltaje a 
través de cualquier condensador será constante. La corriente 
en ese condensador será cero debido a la derivada en la ecua-
ción para la corriente del condensador. Del mismo modo, la 

corriente a través de cualquier inductor será constante y el 
voltaje a través de todo inductor será cero. En consecuencia, 
los condensadores actuarán como circuitos abiertos y los 
inductores lo harán como circuitos en corto. Observe que 
esta situación ocurre solamente cuando todas las entradas al 
circuito son constantes.

  Se pueden utilizar un amplifi cador operacional y un conden-
sador para hacer circuitos que desempeñen operaciones ma-
temáticas de integración y diferenciación. Apropiadamente, 
estos circuitos importantes se llaman el integrador y el dife-
renciador.

  Los voltajes y corrientes de elementos en un circuito que 
contenga condensadores e inductores pueden ser funciones 
complicadas de tiempo. MATLAB es útil para el trazo de 
estas funciones.

Tabla 7.13-2  Condensadores e inductores en paralelo y en serie

CIRCUITOS EN SERIE O EN PARALELO CIRCUITO EQUIVALENTE ECUACIÓN

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

Sección 7.2 Condensadores
P 7.2-1 Un condensador de 15-mF tiene un voltaje de 5 V a 
través de sí en t � 0. Si una corriente constante de 25 mA fl uye 
a través del condensador, ¿cuánto le tomará al condensador 
cargarse hasta 150 mC?

Respuesta: t � 3 ms

P 7.2-2 El voltaje, v(t), a través de un condensador y la co-
rriente, i(t), en ese condensador se apegan a la convención pa-
siva. Determine la corriente, i(t), cuando la capacitancia es C � 
0.125 F, y el voltaje es v(t) � 12 cos(2t � 30°) V.

Sugerencia:

p
u

u

uuu

vv

vv

vv v
d
dt

A cos t A sen t
d
dt

t
A sen t

A cos t
2

Respuesta: i(t) � 3 cos(2t � 120°) A
P 7.2-3 El voltaje, v(t), a través de un condensador y la corrien-
te, i(t), en ese condensador se apegan a la convención pasiva. 
Determine la capacitancia cuando el voltaje es v(t) � 12 cos(500t 
�45°) V y la corriente es i(t) � 3 cos(500t � 45°) mA.

P R O B L E M AS

M07_DORF_1571_8ED_SE_257-310.indd   294M07_DORF_1571_8ED_SE_257-310.indd   294 5/7/11   9:20 AM5/7/11   9:20 AM



Circuitos Eléctricos - Dorf Alfaomega

 Problemas 295

x

0.2

0.0

0.4

0.6

0.8

1.0

20 4 6 8 t (s)

Figura P 7.2-6

P 7.2-7 El voltaje a través de un condensador de 40 mF es de 
25 V en t(0). Si la corriente a través del condensador es una 
función de tiempo dada por i(t) � 6e�6t mA para t � 0, en-
cuentre v(t) para t � 0.

Respuesta: v(t) � 50 � 25e�6t V

P 7.2-8 Encuentre i para el circuito de la fi gura P 7.2-8 si v � 
5(1 � 2e�2t ) V.

+

–
vi 200 k10 F

Figura P 7.2-8

P 7.2-9 Determine v(t) para t � 0 para el circuito de la fi gura 
P 7.2-9a cuando is (t) es la corriente que se muestra en la fi gu-
ra P 7.2-9b y v(0) � 1 V.

is (A)

t (s)

(b)

2

–2

1 2 3 4

is (t) v(t)

(a)

0.5 F
+

–

Figura P 7.2-9

P 7.2-10 Determine v(t) para t � 0 para el circuito de la fi gura 
P 7.2-10a cuando v(0) � �4 V e is (t) es la corriente que se 
muestra en la fi gura P 7.2-10b.

Respuesta: C � 0-5 mF

P 7.2-4 Determine v(t) para el circuito que se muestra en la 
fi gura P 7.2-4a(t), cuando is (t) es como se muestra en la fi gura 
P 7.2-4b y vo(0�) � �1 mV.

(b)(a)

1 2 3 4 5 6

–2

0

4

is v

+

–

2 pF

t (ns)

if (  A)

Figura P 7.2-4 (a) Circuito y (b) forma de onda de la fuente de 
corriente.

P 7.2-5 El voltaje, v(t), y la corriente, i(t), de un condensador 
de 1 F se apegan a la convención pasiva. Además, v(0) � 0 V 
e i(0) � 0 A. (a) Determine v(t) cuando i(t) � x(t), donde x(t) 
se muestra en la fi gura P 7.2-5 e i(t) tiene unidades de A. (b) 
Determine i(t) cuando v(t) � x(t), donde x(t) se muestra en la 
fi gura P 7.2-5 y v(t) tiene unidades de V.

Sugerencia: x(t) � 4t � 4 cuando 1 � t � 2 y x(t) � �4t � 
12 cuando 2 � t � 3.

x

1

0

2

3

4

5

10 2 3 4 t (s)

Figura P 7.2-5

P 7.2-6 El voltaje, v(t), y la corriente, i(t), de un condensador 
de 0.5 F se apegan a la convención pasiva. Además, v(0) � 0 V 
e i(0) � 0 A. (a) Determine v(t) cuando i(t) � x(t), donde x(t) 
se muestra en la fi gura P 7.2-6 e i(t) tiene unidades de A. (b) 
Determine i(t) cuando v(t) � x(t), donde x(t) se muestra en la 
fi gura P 7.2-5 y v(t) tiene unidades de V.

Sugerencia: x(t) � 0.2t � 0.4 cuando 2 � t � 6.
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is (A)

2

0.25 0.5 t (s)

(b)

is (t)

2 

0.1 F v(t)

(a)

+

–

Figura P 7.2-10

P 7.2-11 Determine i(t) para t � 0 para el circuito de la fi gura 
P 7.2-11a cuando vs (t) es el voltaje que se muestra en la fi gu-
ra P 7.2-11b.

t (s)

vs (V)

2.01.51.00.50

(b)

20

5 F

(a)

5 

i(t)

vs(t) +
–

Figura P 7.2-11

P 7.2-12 El voltaje del condensador en el circuito que se 
muestra en la fi gura P 7.2-12 está dado por

v tð Þ ¼ 12� 10e�2t V para t � 0

Determine i(t) para t � 0.

i(t)
4 

6 2 A

v(t)
1

20
F

+

–

Figura P 7.2-12

P 7.2-13 El voltaje del condensador en el circuito que se 
muestra en la fi gura P 7.2-13 está dado por

v tð Þ ¼ 2:4þ 5:6e�5t V para t � 0

Determine i(t) para t � 0.

v(t) i(t)2 mF 12 V100 

20 400 

+

–

+
–

Figura P 7.2-13

P 7.2-14 El voltaje del condensador en el circuito que se 
muestra en la fi gura P 7.2-14 está dado por

v tð Þ ¼ 10� 8e�5t V para t � 0

Determine i(t) para t � 0.

v(t)

i(t)

20 mF 12 V60 
12 +

–

+
–

Figura P 7.2-14

P 7.2-15 Determine el voltaje v(t) para t � 0 para el circui-
to de la fi gura P 7.2-15b cuando is(t) es la corriente que se 
muestra en la fi gura P 7.2-15a. El voltaje del condensador en 
tiempo t � 0 es v(0) � �12 V.

(a)

–2

2

4

108642–2–4 t (s)

is(t)(A)

(b)

v(t)is(t) F

+

–

1 3

Figura P 7.2-15 (a) El voltaje de la fuente de voltaje. (b) El circuito.
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P 7.2-19 La entrada al circuito que se muestra en la fi gura 
P 7.2-19 es el voltaje

v tð Þ ¼ 8þ 5e�10t V para t > 0

Determine la corriente, i(t), para t � 0.

0.05 F

v(t)

4 

+ –

i(t)

Figura P 7.2-19

P 7.2-20 La entrada al circuito que se muestra en la fi gura 
P 7.2-20 es el voltaje

v tð Þ ¼ 3þ 4e�2t A para t > 0

La salida es la corriente i(t) � 0.3 � 1.6e�2t V para t � 0.
 Determine los valores de la resistencia y de la capaci-
tancia.

Respuestas: R � 10 	 y C � 0.25 F

C

v(t)

+ –

i(t)

R

Figura P 7.2-20

P 7.2-21 Considere el condensador que se muestra en la fi gu-
ra P 7.2-21. La corriente y el voltaje están dados por

y

i tð Þ ¼
0:5 0 < t < 0:5

2 0:5 < t < 1:5

0 t > 1:5

8<
:

v tð Þ ¼
2t þ 8:6 0 � t � 0:5

at þ b 0:5 � t � 1:5

c t � 1:5

8<
:

donde a, b y c son constantes reales. (La corriente está dada 
en amperios, el voltaje en voltios y el tiempo en segundos.) 
Determine los valores de a, b y c.

Respuestas: a � 8 V/s, b � 5.6 V y c � 17.6 V

P 7.2-16 La entrada al circuito que se muestra en la fi gura 
P 7.2-16 es la corriente

i tð Þ ¼ 3:75e�1:2t A para t > 0

La salida es el voltaje del condensador

v tð Þ ¼ 4� 1:25e�1:2t V para t > 0

Encuentre el valor de la capacitancia, C.

C

v(t)

i (t)

+ _

Figura P 7.2-16

P 7.2-17 La entrada al circuito que se muestra en la fi gura 
P 7.2-17 es la corriente

i tð Þ ¼ 3e�25t A para t > 0

El voltaje inicial del condensador es vc(0) � �2 V. Determine 
la corriente de la fuente de corriente, v(t), para t � 0.

i(t)

v(t)+ _

vC(t)+ _
4 0.05 F

Figura P 7.2-17

P 7.2-18 La entrada al circuito que se muestra en la fi gura 
P 7.2-18 es la corriente

i tð Þ ¼ 3e�25t A para t > 0

La salida es el voltaje

v tð Þ ¼ 9:6e�25t þ 0:4 V para t > 0

El voltaje inicial del condensador es vC(0) � �2 V. Determine 
los valores de la capacitancia, C, y la resistencia, R.

C

v(t)+ _

vC(t)+ _

i (t)

R

Figura P 7.2-18
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C = 0.25 F

+
i(t)

v(t)

_

Figura P 7.2-21

P 7.2-22 En el tiempo t � 0, el voltaje a través del conden-
sador se muestra en la fi gura P 7.2-22 es v(0) � �20 V. De-
termine los valores del voltaje del condensador en los tiempos 
1 ms, 3 ms y 7 ms.

i (t)

i (t), mA

v(t)

+

–

2 4 7

2.5 μF
t, (ms)

40

Figura P 7.2-22

Sección 7.3 Almacenamiento de energía en un 
condensador

P 7.3-1 La corriente, i, a través de un condensador se muestra 
en la fi gura P 7.3-1. Cuando v(0) � 0 y C � 0.5 F, determine 
y trace v(t), p(t) y w(t) para 0 s � t � 6 s.

i(A)

0.2

0.0

0.4

0.6

0.8

1.0

20 4 6 8 t (s)

Figura P 7.3-1

P 7.3-2 En un circuito de potencia de pulso, el voltaje de un 
condensador de 10 mF es cero para t � 0 y

v ¼ 5 1� e�4000t
� �

V t � 0

Determine la corriente del capacitor y la energía almacenada 
en el condensador en t � 0 ms y t � 10 ms.

P 7.3-3 Si vc(t) está dada por la forma de onda que se muestra 
en la fi gura P 7.3-3, bosqueje la corriente del condensador para 
�1 s � t � 2 s. Bosqueje la potencia y la energía para el con-
densador sobre el mismo intervalo de tiempo cuando C � 1 mF.

20

–20

0–1

vc (V)

t (s)1 2

Figura P 7.3-3

P 7.3-4 La corriente a través de un condensador de 2mF es 
50 cos(10t � p>6) mA todo el tiempo. El voltaje promedio 
a través del condensador es cero. ¿Cuál es el valor máximo de la 
energía almacenada en el condensador? ¿Cuál es el primer va-
lor no negativo de t en el cual se almacenó la máxima energía?

P 7.3-5 Se utilizó un condensador en la unidad de fl ash de luz 
electrónica de una cámara. Se utilizó una batería pequeña con 
un voltaje constante de 6 V para cargar un condensador con una 
corriente constante de 10 mA. ¿Cuánto le toma cargar al capaci-
tor cuando C � 10 mF? ¿Cuál es la energía almacenada?

P 7.3-6 El voltaje inicial del condensador del circuito que se 
muestra en la fi gura P 7.3-6 es vc(0�) � 3 V. Determine (a) el 
voltaje v(t) y (b) la energía almacenada en el condensador en 
t � 0.2 s y t � 0.8 s cuando

i tð Þ ¼ 3e5t A 0 < t < 1

0 t � 1 s

(

Respuestas:

(a) 18e�5t V, 0 � t � 1
(b) w(0.2) � 6.65 J y w(0.8) � 2.68 kJ

5 

t = 0

+

–
vc

+

–

v

0.2 F

i(t)

Figura P 7.3-6

Sección 7.4 Condensadores en serie y en paralelo

P 7.4-1 Encuentre la corriente i(t) para el circuito de la fi gura 
P 7.4-1.

Respuesta: i(t) � �1.2 sen 100t mA

6 cos 100t V 2 F
3 F

4 F

i(t)

+
–

Figura P 7.4-1

M07_DORF_1571_8ED_SE_257-310.indd   298M07_DORF_1571_8ED_SE_257-310.indd   298 5/7/11   9:20 AM5/7/11   9:20 AM



Circuitos Eléctricos - Dorf Alfaomega

 Problemas 299

P 7.4-6 Determine el valor de la capacitancia equivalente, 
Ceq, en el circuito que se muestra en la fi gura P 7.4-6.

Respuesta: Ceq � 10 F

a

b

Ceq

60 F 30 F

15 F

10 F

40 F

60 F

Figura P 7.4-6

P 7.4-7 El circuito que se muestra en la fi gura P 7.4-7 consta 
de nueve condensadores que tienen la misma capacitancia, C. 
Determine el valor de la capacitancia C, dado que Ceq � 50 mF.

Respuesta: C � 90 mF

C

C

Ceq

CC

C

C

C

CC

Figura P 7.4-7

P 7.4-8 El circuito de la fi gura P 7.4-8 se encuentra en estado 
estable antes de que el interruptor se abra en el tiempo t � 0. 
El voltaje v(t) está dado por

v tð Þ ¼ 3:6 V

3:6e�2:5t V


para

t � 0

t � 0

(a)  Determine la energía almacenada por cada condensador 
antes de que el interruptor se abra.

(b)  Determine la energía almacenada por cada condensador 
en 1 s luego de abrirse el interruptor.

 Los condensadores en paralelo se pueden reemplazar 
por un condensador equivalente.

P 7.4-2 Encuentre la corriente i(t) para el circuito de la fi gura 
P 7.4-2.

Respuesta: i(t) � �1.5e�250t mA

4 F5 + 3e–250t V 2 F
4 F 4 F

i(t)

+
–

Figura P 7.4-2

P 7.4-3 El circuito de la fi gura P 7.4-3 contiene cinco con-
densadores idénticos. Encuentre el valor de la capacitancia C.

Respuesta: C � 10 mF

14 sen 250t V

i(t) = 25 cos 250t mA

+
–

C
C C C

C

Figura P 7.4-3

P 7.4-4 El circuito que se muestra en la fi gura P 7.4-4 contie-
ne siete condensadores, cada cual con una capacitancia C. El 
voltaje de fuente lo da

v tð Þ ¼ 4 cos 3tð ÞV
Encuentre la corriente i(t) cuando C � 1 F.

i(t)

v(t)

C C

C

C
C

C

C

+
–

Figura P 7.4-4

P 7.4-5 Determine el valor de la capacitancia C. En el circuito 
que se muestra en la fi gura 7.4-5, dado que Ceq � 8 F.

Respuesta: C � 20 F

A

C

B

12 F 4 F

10 F 30 F

12 F

16 F

Ceq

Figura P 7.4-5

para
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(c)  Determine la energía almacenada por el condensador equi-
valente antes de que se abra el interruptor.

(d)  Determine la energía almacenada por el condensador equi-
valente 1 s después de abrirse el interruptor.

18 V

t = 0

20 
5 60 mF 20 mFv(t)+

–

+

–

Figura P 7.4-8

P 7.4-9 El circuito de la fi gura P 7.4-9 se encuentra en estado 
estable antes de que el interruptor se cierre. Los voltajes del 
condensador están en cero antes de que el interruptor se cierre 
en el tiempo (v1(0) � v2(0) � 0). La corriente i(t) está dada por

i tð Þ ¼ 0 A
2:4e�30t A


para

t < 0
t > 0

(a)  Determine los voltajes del condensador v1(t) y v2(t), para 
t � 0.

(b)  Determine la energía almacenada por cada condensador 
20 s luego de abrirse el interruptor.

 Los condensadores en serie se pueden reemplazar por 
un condensador equivalente.

(c)  Determine el voltaje a través del condensador equivalente 
+ en la parte alta para t � 0.

(d)  Determine la energía almacenada por el condensador 
equivalente 20 ms luego de abrirse el interruptor.

5 

25 12 V

10 mF

40 mF

t = 0

i(t)

v1 (t)

v2 (t)

+

–

+

–
+
–

Figura P 7.4-9

P 7.4-10 Encuentre la relación para la división de corriente 
entre dos condensadores en paralelo como se muestra en la 
fi gura P 7.4-10.

Respuesta: in � iCn >1C1 � C22, n � 1, 2

C1 C2

i

i1 i2

Figura P 7.4-10

Sección 7.5 Inductores
P 7.5-1 Nikola Tesla (1857-1943), ingeniero electricista es-
tadounidense, experimentó con la inducción eléctrica. Tesla 
construyó una bobina grande con una gran inductancia, la cual 
se muestra en la fi gura P 7.5-1. La bobina estaba conectada a 
una corriente de fuente de

is � 100 sen 400t A
de modo que la corriente del inductor iL � is. Encuentre el vol-
taje a través del inductor y explique la descarga en el aire, la 
cual se muestra en la fi gura. Suponga que L � 200 H y que 
la distancia de la descarga promedio es de 2 m. Observe que la 
intensidad dieléctrica del aire es de 3 � 106 V/m.

Figura P 7.5-1 Nikola Tesla se sienta impasible mientras las 
bobinas de inducción de corriente alterna descargan millones 
de voltios con un rugido que se oía a 10 millas de distancia 
(hacia 1910). Cortesía de Burndy Library.
P 7.5-2 El modelo de un motor eléctrico consta de una com-
binación en serie de un resistor y un inductor. Una corriente 
i(t) � 4te�t A fl uye a través de la combinación en serie de un 
resistor de 10-	 y un inductor de 0.1 H. Encuentre el voltaje a 
través de la combinación.
Respuesta: v(t) � 0.4e�t � 39.6te�t V
P 7.5-3 El voltaje, v(t), y la corriente, i(t), de un inductor de 
1-H se apegan a la convención pasiva. Además, v(0) � 0 V 
e i(0) � 0 A.
(a)  Determine v(t) cuando i(t) � x(t), donde x(t) se muestra en 

la fi gura P 7.5-3 e i(t) tiene unidades de A.
(b)  Determine i(t) cuando v(t) � x(t), donde x(t) se muestra en 

la fi gura P 7.5-3 y v(t) tiene unidades de V.
x

1

0

2

3

4

5

10 2 3 4 t(s)

Figura P 7.5-3

para
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P 7.5-7 El voltaje, v(t), y la corriente, i(t), de un inductor de 
5 H se apegan a la convención pasiva. Además, v(0) � 0 V 
e i(0) � 0 A.

(a)  Determine v(t) cuando i(t) � x(t), donde x(t) se muestra en 
la fi gura P 7.5-7 e i(t) tiene unidades de A.

(b)  Determine i(t) cuando v(t) � x(t), donde x(t) se muestra en 
la fi gura P 7.5-7 y v(t) tiene unidades de V.

Sugerencia: x(t) � 0.2t � 0.4 cuando 2 � t � 6.

x

0.2

0.0

0.4

0.6

0.8

1.0

20 4 6 8 t (s)

Figura P 7.5-7

P 7.5-8 Determine i(t) para t � 0 para la corriente de la fi gura 
P 7.5-8a cuando i(0) � 25 mA y vs(t) es el voltaje que se mues-
tra en la fi gura P 7.5-8b.

vs (t)

vs (V)

100 H

i(t) t(s)

(a) (b)

2

1

2 4 6 8 9

2

4

+
–

Figura P 7.5-8

P 7.5-9 Determine i(t) para t � 0 para la corriente de la fi gura 
P 7.5-9a cuando i(0) � �2 A y vs (t) es el voltaje que se mues-
tra en la fi gura P 7.5-9b.

vs (t)

vs (V)

5 H

i(t)

t(s)

(a) (b)

1 2 3
1

2

4

+
–

Figura P 7.5-9

P 7.5-10 Determine i(t) para t � 0 para la corriente de la fi gu-
ra P 7.5-10a cuando i(0) � 1 A y vs (t) es el voltaje que se 
muestra en la fi gura P 7.5-10b.

Sugerencia: x(t) � 4t � 4 cuando 1 � t � 2 y x(t) � �4t � 
12 cuando 2 � t � 3.
P 7.5-4 El voltaje, v(t), a través de un inductor y la corriente, 
i(t), en ese inductor se apegan a la convención pasiva. Deter-
mine el voltaje, v(t), cuando la inductancia es L � 250 mH y 
la corriente es i(t) � 120 sen(500t � 30°) mA.
Sugerencia: 

p
u

u

uuu

vv

vv

vvv
d
dt

A sen t A cos t
d
dt

t
A cos t
A sen t

2
Respuesta: v(t) � 15 sen(500t � 60°) V
P 7.5-5 Determine iL(t) para t � 0 cuando iL(0) � �2 mA 
para el circuito de la fi gura P 7.5-5a cuando vs (t) es como se 
muestra en la fi gura P 7.5-5b.

(b)(a)
1 2 3

–1

4

vs

iL

5 mH

vs (mV)

t (  s)

+
–

Figura P 7.5-5
P 7.5-6 Determine v(t) para t � 0 para el circuito de la fi gu-
ra P 7.5-6a cuando iL(0) e if es como se muestra en la fi gura 
P 7.5-6b.

(b)

0 82 4 6

0

–1

1

if (mA)

t (  s)

(a)

iL

4 mH

if v

+

–

2 k

Figura P 7.5-6
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vs(t)

vs (V)

2 H

i(t)

t(s)

(a) (b)

2 4 6

1

2

+
–

Figura P 7.5-10

P 7.5-11 Determine i(t) para t � 0 para el circuito de la fi gura 
P 7.5-11a cuando i(0) � 25 mA y vs (t) es el voltaje que se 
muestra en la fi gura P 7.5-11b.

vs(t)

vs (V)

200 H

i(t) t(s)

(a) (b)

1

1 2 3 5 6 7 8 9

1

2

+
–

Figura P 7.5-11

P 7.5-12 La corriente del inductor en el circuito que se mues-
tra en la fi gura P 7.5-12 está dada por

i tð Þ ¼ 6þ 4e�8t A para t � 0

Determine v(t) para t � 0.

12 V
2 

8 0.2 H

i(t)v(t)+ –

+
–

Figura P 7.5-12

P 7.5-13 La corriente del inductor en el circuito que se mues-
tra en la fi gura P 7.5-13 está dada por

i tð Þ ¼ 5� 3e�4t A para t � 0

Determine v(t) para t � 0.

10 A 24 24 

24 

4 H

v(t) i(t)+ –

Figura P 7.5-13

P 7.5-14 La corriente del inductor en el circuito que se mues-
tra en la fi gura P 7.5-14 está dada por

i tð Þ ¼ 3þ 2e�3t A para t � 0

Determine v(t) para t � 0.

5 A

6 

9 5 Hv(t)
i(t)+

–

Figura P 7.5-14

*P 7.5-15 La corriente del inductor en el circuito que se 
muestra en la fi gura P 7.5-15 está dada por

i tð Þ ¼ 240þ 193e�6:25t cos 9:27t � 102	ð ÞmA para t � 0

Determine el voltaje del condensador v(t) para t � 0.

24 V

80 80 

20 5 mF

2 H

t = 0

i(t)

v(t)

+

–

+
–

Figura P 7.5-15

P 7.5-16 Determine la corriente i(t) para t � 0 para el circuito 
de la fi gura P 7.5-16b cuando vs (t) es el voltaje que se muestra 
en la fi gura P 7.5-16a. La corriente del inductor en tiempo t � 0 
es i(0) � �12 A.

(a)

–2

2

4

108642–2–4 t (s)

vs(t)(V)

vs(t)

(b)

i(t)

H+
–

1 3

Figura P 7.5-16 (a) El voltaje de la fuente de voltaje. (b) El circuito.
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v (t)

i (t)

L = 2.5 H

+

–

Figura P 7.5-19

P 7.5-20 En el momento t � 0, la corriente en el inductor que 
se muestra en la fi gura P 7.5-20 es i(0) � 45 mA. Determine 
los valores de la corriente del inductor en tiempos de 1 ms, 
4 ms y 6 ms.

v (t)

v (t), V

i (t)

2 4

250 mH

t, (ms)

20

+
–

Figura P 7.5-20

P 7.5-21 Uno de los tres elementos que se muestran en la 
fi gura P 7.5-21 es un resistor, otro es un condensador y uno 
más es un inductor. Dados

i tð Þ ¼ 0:25cos 2tð Þ A;
y va(t) � �10 sen(2t) V, vb(t) � 10 sen(2t) V y vc(t) � 
10 cos(2t) V, determine la resistencia del resistor, la capacitan-
cia del condensador, y la inductancia del inductor. (Requerimos 
valores positivos de resistencia, capacitancia e inductancia.).

Respuestas: Resistencia � 40 	, capacitancia � 0.0125 F e 
inductancia � 20 H.

va(t)

i (t)

+ – vb(t)

i (t)

+ –

vc(t)

i (t)

+ –

Figura P. 7.5-21

P 7.5-22 Uno de los tres elementos que se muestran en la fi -
gura P 7.5-21 es un resistor, otro es un condensador y uno más 
es un inductor. Dado que

v tð Þ ¼ 24 cos 5tð Þ V
e ia(t) � 3 cos(5t) A, ib(t) � 12 sen(5t) A e ic(t) � 
�1.8 sen(5t) A, determine la resistencia del resistor, la capacitan-
cia del condensador y la inductancia del inductor. (Requerimos 
valores positivos de resistencia, capacitancia e inductancia.).

P 7.5-17 La entrada al circuito que se muestra en la fi gura 
P 7.5-17 es el voltaje

v tð Þ ¼ 15e�4t V para t > 0

La corriente inicial en el inductor es i(0) � 2 A. Determine la 
corriente del inductor, i(t) para t � 0.

2.5 H

v (t)

i(t)
+ –

Figura P 7.5-17

P 7.5-18 La entrada al circuito que se muestra en la fi gura 
P 7.5-18 es el voltaje

v tð Þ ¼ 4e�20t V para t > 0

La salida es la corriente

i tð Þ ¼ �1:2e�20t � 1:5 A para t > 0

La corriente inicial en el inductor es iL(0) � �3.5 A. Determi-
ne los valores de la inductancia, L, y la resistencia R.

R

L

v (t)

iL(t)

i (t)

+ –

Figura P 7.5-18

P 7.5-19 Considere el inductor que se muestra en la fi gura 
P 7.5-19. La corriente y el voltaje están dados por

y

i tð Þ ¼
5t � 4:6 0 � t � 0:2
at þ b 0:2 � t � 0:5
c t � 0:5

8<
:

v tð Þ ¼
12:5 0 < t < 0:2
25 0:2 < t < 0:5
0 t > 0:5

8<
:

donde a, b y c son constantes reales. (La corriente está dada 
en amperios, el voltaje en voltios y el tiempo en segundos.) 
Determine los valores de a, b y c.

Respuestas: a � 10 A/s, b � �5.6 A y c � �0.6 A
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v(t)

ia (t)

+ – v(t)

ib(t)

+ –

v(t)

ic(t)

+ –

Figura P. 7.5-22

Sección 7.6 Almacenaje de energía en un inductor

P 7.6-1 La corriente, i(t), en un inductor de 100 H conectado 
a un circuito de teléfono cambia de acuerdo con

i tð Þ ¼
0 t � 0

4t 0 � t � 1

4 t � 1

8<
:

donde las unidades de tiempo son segundos y las unidades de 
corriente son amperios. Determine la potencia, p(t), absorbida 
por el inductor, y la energía, w(t) almacenada por el inductor.

Respuestas: p tð Þ ¼
0 t � 0

1:6t 0 < t < 1

0 t � 1

8<
:

w tð Þ ¼
0 t � 0

0:8t2 0 < t < 1

0:8 t � 1

8<
:

 

y

Las unidades de p(t) son W y las unidades de w(t) son J.

P 7.6-2 La corriente, i(t), en un inductor de 5-H es

i tð Þ ¼
4


sen

t � 0

2t t � 0

donde las unidades de tiempo son segundos y las unidades de 
corriente son amperios. Determine la potencia, p(t), absorbida 
por el inductor y la energía, w(t), almacenada en el inductor. 

Sugerencia: 2 (cos A)(sen B) � sen(A � B) � sen(A � B)

P 7.6-3 El voltaje, v(t), a través de un inductor de 25-mH se 
utiliza en un experimento de potencia de fusión es

v tð Þ ¼ 0 t � 0

6 cos 100t t � 0



donde las unidades de tiempo son s y las unidades de voltaje 
son V. La corriente en este inductor es cero antes de que el 
voltaje cambie en t � 0. Determine la potencia, p(t), absorbida 
por el inductor, y la energía, w(t), almacenada en el inductor. 

Sugerencia: 2 (cos A)(sen B) � sen(A � B) � sen(A � B)

Respuesta: p(t) � 7.2 sen 200tW y w(t) � 3.63 1 � cos200t 4 mJ

P 7.6-4 La corriente en un inductor, L � 1/4 H, es i � 4te�t A 
para t � 0 e i � 0 para t � 0. Encuentre el voltaje, la potencia 
y la energía en este inductor.

Respuesta parcial: w � 2t2e�2t J

P 7.6-5 La corriente a través del inductor de un circuito de 
defl exión de un tubo de televisión se muestra en la fi gura 
P 7.6-5 cuando L � 1>2 H. Encuentre el voltaje, la potencia y 
la energía en el inductor.

Respuesta parcial: 
 p � 2t para 0 � t � 1
 � 21t � 22 para 1 � t � 2
 � 0 para otro t

2

0 1 2

i (A)

t (s)

Figura P 7.6-5

Sección 7.7 Inductores en serie y en paralelo

P 7.7-1 Encuentre la corriente i(t) para el circuito de la fi gura 
P 7.7-1

Respuesta: i(t) � 15 sen 100t mA

6 cos 100t V +
–

2 H

6 H 3 H

i(t)

Figura P 7.7-1

P 7.7-2 Encuentre el voltaje v(t) para el circuito de la fi gura 
P 7.7-2

Respuesta: v(t) � �6e�250t mV

5 + 3e–250t A
+

–

4 mH 4 mH

4 mH8 mHv(t)

Figura P 7.7-2

P 7.7-3 El circuito de la fi gura P 7.7-3 contiene cuatro induc-
tores idénticos. Encuentre el valor de la inductancia L.

Respuesta: L � 2.86 H

25 cos 250t V +
–

L

L

L L

i(t) = 14 sen 250t mA

Figura P 7.7-3

0
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L

L

L L

L

L

L

L

L L

Leq

Figura P 7.7-7

P 7.7-8 El circuito que se muestra en la fi gura P 7.7-8 se en-
cuentra en estado estable antes de que se cierre el interruptor. 
Las corrientes del inductor son cero antes de que se cierre el 
interruptor (i1(0) � i2(0) � 0).
 El voltaje v(t) está dado por

v tð Þ ¼ 0 V
4e�5t V


para

t < 0
t > 0

(a)  Determine las corrientes del inductor, i1(t) e i2(t), para t � 0.
(b)  Determine la energía almacenada por cada inductor de  

200 ms después de que se cierra el interruptor.

 Los inductores paralelos se pueden reemplazar por un 
inductor equivalente.

(c)  Determine la corriente en el inductor equivalente, en di-
rección inferior, para t � 0.

(d)  Determine la energía almacenada por el inductor equiva-
lente 200 ms después de que se cierra el interruptor.

24 

12 12 V

8 H 2 H

i2(t)i1(t)

v(t)

t = 0

+
–

Figura P 7.7-8

P 7.7-9 El circuito que se muestra en la fi gura P 7.7-9 se en-
cuentra en estado estable antes de que el interruptor se abra en 
tiempo t � 0. La corriente i(t) está dado por

i tð Þ ¼ 0:8 A
0:8e�2t A


para

t � 0
t � 0

(a)  Determine la energía almacenada por cada inductor antes 
que se abra el interruptor.

(b)  Determine la energía almacenada por cada inductor de 
200 ms después de que se abre el interruptor.

P 7.7-4 El circuito que se muestra en la fi gura P 7.7-4 contie-
ne siete inductores, cada uno con una inductancia C. El voltaje 
de la fuente está dado por

v tð Þ ¼ 4 cos 3tð ÞV
Encuentre la corriente i(t) cuando L � 4 H.

L L

LL

L

L

L

i(t)

v(t)+
–

Figura P 7.7-4

P 7.7-5 Determine el valor de la inductancia L en el circuito 
que se muestra en la fi gura P 7.7-5, dado que Leq � 18 H.

Respuesta: L � 20 H

A

B

20 H

25 H

20 H

60 H

10 H 30 H

L

Leq

Figura P 7.7-5

P 7.7-6 Determine el valor de la inductancia equivalente Leq 
para el circuito que se muestra en la fi gura P 7.7-6.

Respuesta: Leq � 120 H

60 H

60 H

40 H

10 H

15 H 30 Ha

b

Leq

Figura P 7.7-6

P 7.7-7 El circuito que se muestra en la fi gura P 7.7-7 contie-
ne diez inductores, cada uno con una inductancia L. Determine 
el valor de la inductancia L, dado que Leq � 12 mH.

Respuesta: L � 35 mH

para

para
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0.5 H

2 H

i(t) 5 

15 

12 V

t = 0

+
–

Figura P 7.7-9

 Los inductores en serie se pueden reemplazar por un 
inductor equivalente.

(c)  Determine la energía almacenada por el inductor equiva-
lente antes de que se abra el interruptor.

(d)  Determine la energía almacenada por el inductor equiva-
lente 200 ms después de que se abre el interruptor.

P 7.7-10 Determine la razón de corriente i1/i para el circuito 
que se muestra en la fi gura P 7.7-10. Suponga que las corrien-
tes iniciales son cero en t0.

Respuesta: i1

i
L 1

L 1 L 2

i1

i2

L1

L2

i

Figura P 7.7-10

P 7.7-11 Considere la combinación de elementos de circuito 
que se muestran en la fi gura P 7.7-11.

(a)  Suponga que el elemento A es un condensador de 20-mF, 
el elemento B es un condensador de 5 mF y el elemento 
C es un condensador de 20 mF. Determine la capacitancia 
equivalente.

(b)  Suponga que el elemento A es un inductor de 50-mH, el 
elemento B es un inductor de 30-mH y el elemento C es un 
inductor de 20-mH. Determine la inductancia equivalente.

(c)  Suponga que el elemento A es un resistor de 9-k	, el ele-
mento B es un resistor de 6-k	 y el elemento C es un 
resistor de 10-k	. Determine la resistencia equivalente.

Respuestas: (a) Ceq � 20 mF, (b) Leq � 16 mH y (c) Req � 6 k	.

A

B

b

C

a

Figura P 7.7-11

P 7.7-12 Considere la combinación de elementos de circuito 
que se muestran en la fi gura P 7.7-12.

(a)  Suponga que el elemento A es un condensador de 8-mF, 
el elemento B es un condensador de 16-mF y el elemento 
C es un condensador de 12-mF. Determine la capacitancia 
equivalente.

(b)  Suponga que el elemento A es un inductor de 20-mH, el 
elemento B es un inductor de 5-mH y el elemento C es un 
inductor de 8-mH. Determine la inductancia equivalente.

(c)  Suponga que el elemento A es un resistor de 20-k	, el 
elemento B es un resistor de 30-k	 y el elemento C es un 
resistor de 16-k	. Determine la resistencia equivalente.

Respuestas: (a) Ceq � 8 mF, (b) Leq � 12 mH y (c) Req � 28 k	.

b

a

BA

C

Figura P 7.7-12

Sección 7.8 Condiciones iniciales de circuitos 
permanentes
P 7.8-1 El interruptor en la fi gura P 7.8-1 ha estado abierto mu-
cho tiempo antes de cerrarlo en el tiempo t � 0. Encuentre vc(0�) 
e iC(0�), los valores del voltaje del condensador y la corriente 
del inductor de manera inmediata después de que el interruptor 
se cierre. Sea vc(1) e iC(1) indiquen los valores del voltaje del 
condensador y la corriente del inductor luego de que el interrup-
tor ha estado cerrado mucho tiempo. Encuentre vc(1) e iC(1).
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4 k

5 k 3 mA9 V

32 V

t = 0

2 F vc
+

–
v
–

+

+
–

+ –

Figura P 7.8-4

P 7.8-5 Para el circuito que se muestra en la fi gura P 7.8-5, 
encuentre dvc(0�)>dt, diL(0�)>dt e i(0�) si v(0�) � 16 V. Su-
ponga que el interruptor estuvo cerrado mucho tiempo antes 
de t � 0.

5 A

8 

2 

9 mH

16 V

iL

i
t = 0

2 F

vc
+–

v
+

–

+
–

Figura P 7.8-5

P 7.8-6 Para el circuito de la fi gura P 7.8-6, determine la 
corriente y el voltaje de cada elemento pasivo en t � 0� y 
t � 0�. La fuente de corriente es is � 0 para t � 0 e is � 4 A 
para t � 0.

15

iL

is 10 A2 H

vR

iR

 F

iC

+

–

vL

+

–
vc

+ –

1 2

Figura P 7.8-6

P 7.8-7 El circuito que se muestra en la fi gura P 7.8-7 está en 
estado estable cuando el interruptor se cierra en tiempo t � 0. 
Determine v1(0�), v1(0�), i2(0�) e i2(0�).

50 mF

3.5 H

80 

80 20 

24 V

i2(t)

t = 0

v1(t)

+
– +

–

Figura P 7.8-7

Respuestas: vc(0�) � 12 V, iL(0�) � 0, vc(1) � 4 V e 
iL(1) � 1 mA

12 V

8 k

4 k2 F

25 mH
+
– vc(t)

iL(t) t = 0

+

–

Figura P 7.8-1

P 7.8-2 El interruptor en la fi gura P 7.8-2 ha estado abierto 
mucho tiempo antes de cerrarlo en el tiempo t � 0. Encuen-
tre vc(0�) e iL(0�), los valores del voltaje del condensador y 
la corriente del inductor de manera inmediata después de que 
el interruptor se cierre. Sea que vc(1) e iC(1) indiquen los 
valores del voltaje del condensador y la corriente del inductor 
luego de que el interruptor ha estado cerrado mucho tiempo. 
Encuentre vc(1) e iC(1).

Respuestas: vc(0�) � 6 V, iL(0�) � 1 mA, vc(1) � 3 V e 
iC(1) � 1.5 mA

12 V

6 k

3 k

25 mH
+
– 6 k

iL(t)
t = 0

2 F vc(t)
+

–

Figura P 7.8-2

P 7.8-3 El interruptor en la fi gura P 7.8-2 ha estado abierto 
mucho tiempo antes de cerrarlo en el tiempo t � 0. Encuen-
tre vc(0�) e iC(0�), los valores del voltaje del condensador y 
la corriente del inductor de manera inmediata después de que 
el interruptor se cierre. Sea que vc(1) e iC(1) indiquen los 
valores del voltaje del condensador y la corriente del inductor 
luego de que el interruptor ha estado cerrado mucho tiempo. 
Encuentre vc(1) e iC(1).

Respuestas: vc(0�) � 0 V, iL(0�) � 0, vc(1) � 8 V e 
iL(1) � 0.5 mA

12 V

8 k

16 k

25 mH
+
–

iL(t)
t = 0

2 F vc(t)
+

–

Figura P 7.8-3

P 7.8-4 Encuentre vc(0�) y dvc(0�)>dt si v(0�) � 15 V para el 
circuito de la fi gura P 7.8-4.
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P 7.8-8 El circuito que se muestra en la fi gura P 7.8-8 está en 
estado estable cuando el interruptor se abre en tiempo t � 0. 
Determine v1(0�), v1(0�), i2(0�), i2(0�), i3(0�), v4(0�) y 
v4(0�).

3 

6 
50 mF

i3(t)
v1(t)

6 H

12 V

v4(t)

t = 0
i2(t)

+
–

Figura P 7.8-8

*P 7.8-9 El circuito que se muestra en la fi gura P 7.8-9 está en 
estado estable cuando el interruptor se abre en tiempo t � 0. 
Determine v1(0�), v1(0�), i2(0�) e i2(0�).

Sugerencia: Modelar el interruptor abierto como un circuito 
abierto nos lleva a la conclusión de que la corriente del inductor 
cambia de manera instantánea, lo cual requeriría un voltaje in-
fi nito. Podemos utilizar un modelo más preciso del interruptor 
abierto, una resistencia grande, para evitar el voltaje infi nito.

i2(t)

50 mF

3 6 

6 

6 H

12 V

v1(t)

t = 0

+
–

Figura P 7.8-9

P 7.8-10 El circuito que se muestra en la fi gura P 7.8-10 se 
encuentra en estado estable cuando el interruptor se cierra en 
tiempo t � 0. Determine v1(0�), v1(0�), i2(0�) e i2(0�).

30 

15 

10 15 24 V

50 mF

v1(t)

i2(t)

3.5 H

t = 0

+
–

Figura P 7.8-10

P 7.8-11 El circuito que se muestra en la fi gura P 7.8-11 ha 
llegado al estado estable antes de que el interruptor se abra 
en tiempo t � 0. Determine los valores de iL(t), vc(t) y vR(t) 
inmediatamente antes de que el interruptor se abra y el valor 
de vR inmediatamente después de que el interruptor se abra.

Respuestas: iL(0�) � 1.25 A, vc(0�) = 20 V, vR(0�) � �5 V 
y vR(0�) � �4 V

iL(t)

vR(t)
80 

20 

t = 0

+
–

2 F

0.125 H

25 V

+

–

+

–

vC(t)

4 

Figura P 7.8-11

P 7.8-12 El circuito que se muestra en la fi gura P 7.8-12 ha 
llegado al estado estable antes de que el interruptor se cierre 
en tiempo t � 0. 

(a)  Determine los valores de iL(t), vc(t) y vR(t) inmediatamen-
te antes de que se cierre el interruptor.

(b)  Determine el valor de vR(t) inmediatamente después de 
que se cierre el interruptor.

30 

t = 0

iL(t)

+

–

2 F

0.125 H

35 V vC(t) vR(t)

+

–

40 40 +
–

Figura P 7.8-12

P 7.8-13 El circuito que se muestra en la fi gura P 7.8-12 ha 
llegado al estado estable antes de que el interruptor se abra 
en tiempo t � 0. Determine los valores de iL(t), vc(t) y vR(t) 
inmediatamente antes de que se abra el interruptor, y el valor 
de vR(t) inmediatamente después de que se abra el interruptor.

Respuestas: iL(0�) � 0.4 A, vc(0�) � 16 V, vR(0�) � 0 V 
y vR(0�) � �12 V

iL(t)

+

–

30 

2 F

20 

40 24 V

125 mH
vC(t)

t = 0

vR(t)+
–

+

–

Figura P 7.8-13
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y  

v tð Þ ¼

0 t < 1

�4 1 < t < 3

2 3 < t < 9

0 t > 9

8>>><
>>>:

donde las unidades de la corriente son A, las unidades del vol-
taje son V, y las unidades de tiempo son s. Compruebe que 
la corriente del inductor no se cambia de manera instantánea.

P 7.11-2 Una solución de tarea en casa indica que la corriente 
y el voltaje de un inductor de 100-H son

i tð Þ ¼

� t

200
þ 0:025 t < 1

� t

100
þ 0:03 1 < t < 4

t

100
� 0:03 4 < t < 9

0:015 t < 9

8>>>>>>><
>>>>>>>:

y 

v tð Þ ¼

�1 t < 1

�2 1 < t < 4

1 4 < t < 9

0 t > 9

8>>><
>>>:

donde las unidades de la corriente son A, las unidades del vol-
taje son V, y las unidades de tiempo son s. ¿Es correcta esta 
solución de tarea en casa? Justifi que su respuesta.

Sección 7.9 Circuitos de amplifi cador operacional 
y ecuaciones diferenciales lineales

P 7.9-1 Diseñe un circuito con una entrada, x(t), y una salida, 
y(t), que se relacionen por esta ecuación diferencial: 

1

2

d2

dt2
y tð Þ þ 4

d

dt
y tð Þ þ y tð Þ ¼ 5

2
x tð Þ

P 7.9-2 Diseñe un circuito con una entrada, x(t), y una salida, 
y(t), que se relacionen por esta ecuación diferencial: 

1

2

d2

dt2
y tð Þ þ y tð Þ ¼ � 5

2
x tð Þ

P 7.9-3 Diseñe un circuito con una entrada, x(t), y una salida, 
y(t), que se relacionen por esta ecuación diferencial: 

2
d3

dt3
y tð Þ þ 16

d2

dt2
y tð Þ þ 8

d

dt
y tð Þ þ 10y tð Þ ¼ �4x tð Þ

P 7.9-4 Diseñe un circuito con una entrada, x(t), y una salida, 
y(t), que se relacionen por esta ecuación diferencial: 

d3

dt3
y tð Þ þ 16

d2

dt2
y tð Þ þ 8

d

dt
y tð Þ þ 10y tð Þ ¼ 4x tð Þ

Sección 7.11 ¿Cómo lo podemos comprobar...?

P 7.11-1 Una solución de tarea en casa indica que la corriente 
y el voltaje de un inductor de 100-H son

i tð Þ ¼

0:025 t < 1

� t

25
þ 0:065 1 < t < 3

t

50
� 0:115 3 < t < 9

0:065 t < 9

8>>>>><
>>>>>:

Problemas de diseño

PD 7-1 Considere un elemento de un circuito único, es decir, 
un solo resistor, condensador o inductor. El voltaje, v(t), y la 
corriente, i(t), del elemento de circuito se apegan a la conven-
ción pasiva. Considere los casos siguientes:

(a) v tð Þ ¼ 4þ 2e�3t V e i tð Þ ¼ �3e�3t A para t > 0

(b) v tð Þ ¼ �3e�3t V e i tð Þ ¼ 4þ 2e�3t A para t > 0

(c) v tð Þ ¼ 4þ 2e�3t V e i tð Þ ¼ 2þ e�3t A para t > 0

Para cada caso especifi que el elemento de circuito que sea un 
condensador, resistor o inductor, y dé el valor de esta capacitan-
cia, resistencia o inductancia.

PD 7-2 La fi gura PD 7-2 muestra una fuente de voltaje y ele-
mentos de circuito no especifi cados. Cada elemento de circuito 
es un resistor, un condensador o un inductor únicos. Considere 
los casos siguientes.

(a) i tð Þ ¼ 1:131 cos 2t þ 45	ð ÞA
(b) i tð Þ ¼ 1:131 cos 2t � 45	ð ÞA
Para cada caso, especifi que cada elemento de circuito que sea 
un condensador, resistor o inductor, y dé el valor de esta capa-
citancia, resistencia, o inductancia.

Sugerencia: cos (u � f) � cos u cos f � sen u sen f

i(t)

4 cos 2t V

+ –

Figura PD 7-2
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PD 7-3 La fi gura PD 7-3 muestra una fuente de voltaje y ele-
mentos de circuito no especifi cados. Cada elemento de circuito 
es un resistor, un condensador o un inductor únicos. Considere 
los casos siguientes.
(a) v tð Þ ¼ 11:31 cos 2t þ 45	ð ÞV
(b) v tð Þ ¼ 11:31 cos 2t � 45	ð ÞV
Para cada caso, especifi que cada elemento de circuito que sea 
un condensador, resistor o inductor, y dé el valor de esta capa-
citancia, resistencia o inductancia.

Sugerencia: cos (u � f) � cos u cos f � sen u sen f

v(t)+ –

4 cos 2t A

Figura PD 7-3

PD 7-4 Una unidad de fl ash de alta velocidad para fotografía 
deportiva requiere un voltaje de fl ash v(0�) � 3 V y

dv tð Þ
dt

����
t¼0
¼ 24 V/s

La unidad de fl ash utiliza un circuito que se muestra en la fi gura 
PD 7-4. El interruptor 1 ha estado cerrado por mucho tiempo, 
y el interruptor 2 ha estado abierto mucho tiempo en t � 0. En 
realidad, ese mucho tiempo, en este caso, son 3 s.

Determine el voltaje de la batería requerida, vB, cuando C � 
1>8 F.

+

–
v

1

t = 0

H
C

Voltaje
del flash

3
+–

VB

Interruptor 2

t = 0

Interruptor 1

3

+
– VB1 2

Figura PD 7-4

PD 7-5 Para el circuito que se muestra en la fi gura PD 7-5, 
seleccione un valor de R de modo que la energía almacenada en 
el inductor sea igual a la energía almacenada en el condensador 
en estado estable.

10 V

20

+
–

R

1   F

10 mH

Figura PD 7-5
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Respuesta total de  
los circuitos RL y RC

8.1 I N T R O D U C C I Ó N

En este capítulo consideramos la respuesta de los circuitos RL (circuito con inductor) y RC (circuito 
con condensador) a cambios abruptos. El cambio abrupto puede ser una modificación en el circuito, 
como cuando se abre o se cierra un interruptor. De manera alternativa, el cambio abrupto puede ser 
una modificación a la entrada al circuito, como cuando el voltaje de una fuente de voltaje es una fun-
ción discontinua de tiempo. 
 Los circuitos RL y RC se llaman circuitos de primer orden. En este capítulo haremos lo siguiente:

•  Desarrollar un vocabulario que nos ayudará a hablar sobre la respuesta de un circuito de primer orden.

•  Analizar circuitos de primer orden con entradas que sean constantes después de algún tiempo en 
particular, t0. 

•	 	Presentar	el	concepto	de	un	circuito	estable	y	utilizarlo	para	identificar	circuitos	estables	de	primer	
orden.

•  Analizar circuitos de primer orden que presenten más de un cambio abrupto.

•  Presentar la función de paso y utilizarla para determinar la respuesta de paso de un circuito de 
primer orden.

•  Analizar los circuitos de primer orden con entradas que sean no constantes. 

8.2 C I R C U I T O S  D E  P R I M E R  O R D E N

Los circuitos que contienen condensadores e inductores se pueden representar con ecuaciones di-
ferenciales. El orden de la ecuación diferencial suele ser igual al número de condensadores más el 
número de inductores en el circuito.

CAPÍTULO

EN ESTE CAPÍTULO

8.1 Introducción
8.2 Circuitos de primer orden
8.3  Respuesta de un circuito de primer orden a 

una entrada constante
8.4 Conmutación secuencial 
8.5 Estabilidad de circuitos de primer orden
8.6 Fuente de paso unitario 
8.7  Respuesta de un circuito de primer orden a 

una fuente no constante
8.8 Operadores diferenciales

 8.9  Uso de PSpice para analizar circuitos de 
primer orden

8.10 ¿Cómo	lo	podemos	comprobar . . . ?
8.11  EJEMPLO DE DISEÑO — Una 

computadora y su impresora
8.12 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño
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Los circuitos que contienen solamente un inductor pero no condensadores, o bien solamente un 
condensador pero no inductores, se pueden representar con una ecuación diferencial de primer 
orden. Estos circuitos se denominan circuitos de primer orden.

 Los circuitos equivalentes de Thévenin y Norton simplifican el análisis de circuitos de primer 
orden, ya que muestran que todos los circuitos de primer orden son equivalentes a uno de dos circuitos 
simples de primer orden. La figura 8.2-1 muestra cómo se ha llevado a cabo esto. En la figura 8.2-1a, 
un circuito de primer orden está dividido en dos partes. Una parte es el condensador o el inductor único 
que esperamos encontrar en un circuito de primer orden. La otra parte es el resto del circuito, todo lo 
demás, excepto el condensador o el inductor. Si es un condensador, entonces el resto del circuito es re-
emplazado por su circuito equivalente de Thévenin. El resultado es un circuito sencillo de primer orden, 
un circuito en serie que consta de una fuente de voltaje, un resistor y un condensador. Por otra parte, 
si el elemento de almacenaje de energía es un inductor, entonces el resto del circuito es reemplazado 
por su circuito equivalente de Norton. El resultado es otro circuito sencillo de primer orden, un circuito  
en paralelo que consiste en una fuente de corriente, un resistor y un inductor. En realidad, todos los 
circuitos de primer orden son equivalentes a uno de estos dos circuitos sencillos de primer orden.
 Considere el circuito de primer orden que se muestra en la figura 8.2-2a. La entrada a este cir-
cuito es el voltaje vs(t). La salida, o respuesta, de este circuito es el voltaje a través del condensador. 
Este circuito está en estado estable antes de que el interruptor se cierre en el tiempo t = 0. El cierre 
del interruptor altera este circuito. Al final, la alteración termina y el circuito está de nuevo en estado 

Resistores,
amplificadores
operacionales

y fuentes

Un elemento de
almacenamiento

de energía:
un condensador
o un inductor

(a)

Condensador

Circuito
equivalente
de Norton

Inductor

(b)

OR

Circuito
equivalente
de Thévenin

FIGURA 8.2-1 Un plan para analizar circuitos de primer 
orden. (a) Primero, retire del resto del circuito el elemento  
de almacenamiento de energía. (b) A continuación,  
reemplace el circuito conectado al condensador por  
su circuito equivalente de Thévenin, o reemplace el  
circuito conectado a un inductor por su circuito  
equivalente de Norton. FIGURA 8.2-2 (a) Un circuito y (b) su respuesta total.
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estable. La condición de estado estable con el interruptor cerrado probablemente sea diferente de la 
condición de estado estable con el interruptor abierto. La figura 8.2-2b muestra un trazo de voltaje  
de condensador comparado con el tiempo.
 Cuando la entrada a un circuito es sinusoidal, la respuesta de estado estable también es si-
nusoidal. Es más, la frecuencia de la sinusoide de respuesta debe ser la misma que la frecuencia de la 
sinusoide de entrada. El circuito que se muestra en la figura 8.2-2a se encuentra en estado estable antes 
de que se cierre el interruptor. El voltaje del condensador de estado estable será
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

  (8.2-1)
El interruptor se cierra en el tiempo t = 0. El valor del voltaje del condensador al tiempo en que el 
interruptor se cierra es
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

  (8.2-2)
Después de que el interruptor se cierre, la respuesta constará de dos partes: una parte transitoria que 
finalmente terminará, y una parte estable. La parte estable de la respuesta será sinusoidal y tendrá la 
frecuencia de la entrada. Para un circuito de primer orden, la parte transitoria de la respuesta es ex-
ponencial. En realidad, consideramos por separado los circuitos de primer orden para tomar ventaja  
de la forma sencilla de la respuesta transitoria de estos circuitos. Luego de que se abre el interruptor, 
el voltaje del condensador es
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

 (8.2-3)
Observe que 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

 se va a cero en cuanto t se hace grande. Ésta es la parte transitoria de la respuesta, 
la cual se termina, y queda la respuesta de estado estable, M cos(1000t 1 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

).
 Como tema de vocabulario, la “parte transitoria de la respuesta” suele abreviarse a respuesta 
transitoria, y la “parte de estado estable de la respuesta” se abrevia como “respuesta de estado esta-
ble”. La respuesta, v(t), dada por la ecuación 8.2-3, se denomina respuesta total, para diferenciarla 
de las respuestas transitoria y de estado estable. 

respuesta total 5 respuesta transitoria 1 respuesta de estado estable

(Los ingenieros utilizan el término respuesta transitoria de dos maneras diferentes. En ocasiones se 
refiere a la “parte transitoria de la respuesta total”, y en otras se refiere a la respuesta total, la cual in-
cluye una parte transitoria. En particular, PSpice utiliza el término respuesta transitoria para referirse 
a la respuesta total. Esto puede ser confuso, por lo que el término respuesta transitoria se debe usar 
con gran cuidado.)
 En general, la respuesta total de un circuito de primer orden se puede representar como la suma 
de dos partes: la respuesta natural y la respuesta forzada:

respuesta total 5 respuesta natural 1 respuesta forzada

La respuesta natural es la solución general de la ecuación diferencial que representa el circuito de pri-
mer orden, cuando la entrada está establecida en cero. La respuesta forzada es una solución particular 
de la ecuación diferencial que representa el circuito.
 La respuesta total de un circuito de primer orden dependerá de un condición inicial, usualmente 
del voltaje de un condensador o de la corriente de un inductor en un tiempo particular. Sea t0 que indi-
que el tiempo en el cual se da la condición inicial. La respuesta natural de un circuito de primer orden  
será de la forma

respuesta natural 5 

E1C08_1 11/25/2009 313

disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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 Cuando t0 5 0, entonces
respuesta natural 5 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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La constante K en la respuesta natural depende de la condición inicial, por ejemplo, el voltaje del 
condensador en el tiempo t0.
 En este capítulo consideraremos tres casos. En ellos, la entrada al circuito luego de la perturba-
ción será (1) una constante, por ejemplo.

vs (t) 5 V0
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o bien (2) una exponencial, por ejemplo,
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or (2) an exponential, for example,

vs tð Þ ¼ V 0e
�t=t

or (3) a sinusoid, for example,

vs tð Þ ¼ V 0 cos vt þ uð Þ
These three cases are special because the forced response will have the same form as the input. For

example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of

the forced response is the same as the frequency of the input. For other inputs, the forced response may

not have the same form as the input. For example, when the input is a square wave, the forced response

is not a square wave.

When the input is a constant or a sinusoid, the forced response is also called the steady-state

response, and the natural response is called the transient response.

Here is our plan for finding the complete response of first-order circuits:

Step 1: Find the forced response before the disturbance. Evaluate this response at time t¼ t0 to obtain

the initial condition of the energy storage element.

Step 2: Find the forced response after the disturbance.

Step 3:Add the natural response¼Ke�t/t to the forced response to get the complete response.Use the

initial condition to evaluate the constant K.

8.3 THE RESPONSE OF A F I RST -ORDER C I RCU I T

TO A CONSTANT INPUT __________________________________________________________________________

In this section, we find the complete response of a first-order circuit when the input to the circuit is

constant after time t0. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit

that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes,

disturbing the steady state. The time at which steady state is disturbed is denoted as t0. In Figure 8.3-1a,

t0 ¼ 0. Closing the switch removes the resistor R1 from the circuit. (A closed switch is modeled by a

short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch

closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit

that is connected to the capacitor has been replaced by its Th�evenin equivalent circuit. Therefore,

V oc ¼ R3

R2 þ R3
V s and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is

given by

i tð Þ ¼ C
d

dt
v tð Þ

(a)

+
–

R1

t = 0

Vs

R2
R3 v(t)C

+

–

(b)

+
–

Rt

Voc v(t)

i(t)

C
+

–

FIGURE 8.3-1

(a) A first-order circuit

containing a capacitor.

(b) After the switch

closes, the circuit

connected to the capacitor

is replaced by its

Th�evenin equivalent

circuit.
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or (2) an exponential, for example,

vs tð Þ ¼ V 0e
�t=t

or (3) a sinusoid, for example,

vs tð Þ ¼ V 0 cos vt þ uð Þ
These three cases are special because the forced response will have the same form as the input. For

example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of

the forced response is the same as the frequency of the input. For other inputs, the forced response may

not have the same form as the input. For example, when the input is a square wave, the forced response

is not a square wave.

When the input is a constant or a sinusoid, the forced response is also called the steady-state

response, and the natural response is called the transient response.

Here is our plan for finding the complete response of first-order circuits:

Step 1: Find the forced response before the disturbance. Evaluate this response at time t¼ t0 to obtain

the initial condition of the energy storage element.

Step 2: Find the forced response after the disturbance.

Step 3:Add the natural response¼Ke�t/t to the forced response to get the complete response.Use the

initial condition to evaluate the constant K.
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TO A CONSTANT INPUT __________________________________________________________________________

In this section, we find the complete response of a first-order circuit when the input to the circuit is

constant after time t0. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit

that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes,

disturbing the steady state. The time at which steady state is disturbed is denoted as t0. In Figure 8.3-1a,

t0 ¼ 0. Closing the switch removes the resistor R1 from the circuit. (A closed switch is modeled by a

short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch

closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit

that is connected to the capacitor has been replaced by its Th�evenin equivalent circuit. Therefore,

V oc ¼ R3

R2 þ R3
V s and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is

given by

i tð Þ ¼ C
d

dt
v tð Þ
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(a) A first-order circuit

containing a capacitor.

(b) After the switch

closes, the circuit

connected to the capacitor

is replaced by its

Th�evenin equivalent

circuit.
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Estos tres casos son especiales porque la respuesta forzada tendrá la misma forma que la entrada. 
Por ejemplo, en la figura 8.2-2, tanto la repuesta forzada como la entrada son sinusoidales, y la fre-
cuencia de la respuesta forzada es la misma que la frecuencia de la entrada. Para las otras entradas, 
la respuesta forzada puede no tener la misma forma que la entrada. Por ejemplo, cuando la entrada 
es una onda cuadrada, la respuesta forzada no es una onda cuadrada.
 Cuando la entrada es una constante o una sinusoide, la respuesta forzada también se denomina 
respuesta de estado estable, y la respuesta natural se denomina respuesta transitoria.
 Aquí está nuestro plan para encontrar la respuesta total de circuitos de primer orden:

 Paso 1: Encontrar la respuesta forzada antes de la perturbación. Evaluar este respuesta en el tiempo 
t 5 t0 para obtener la condición inicial del elemento de almacenamiento de energía.

Paso 2: Encontrar la respuesta forzada después de la perturbación.

 Paso 3: Agregar la respuesta natural 5 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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 a la respuesta forzada para obtener la respuesta total. 
Utilice la condición inicial para evaluar la constante K.

8.3  R E S P U E S TA  D E  U N  C I R C U I T O  D E  P R I M E R  O R D E N 
A  U N A  E N T R A D A  C O N S TA N T E

En esta sección encontramos la respuesta total de un circuito de primer orden cuando la entrada al 
circuito es constante después del tiempo t0. La figura 8.3 ilustra esta situación. En la figura 8.3-1a 
encontramos un circuito de primer orden que contiene un condensador único y sin inductores. Éste 
es un circuito de estado estable antes de que se cierre el interruptor, lo perturba el estado estable. El 
tiempo en que el estado estable se perturba se indica como t0. En la figura 8.3-1a, t0 5 0. Al cerrar el 
interruptor se elimina el resistor R1 del circuito. (Un circuito cerrado se modela por un cortocircuito. 
Un cortocircuito en paralelo con un resistor es equivalente a un cortocircuito.) Luego de que se cierra 
el interruptor, el circuito se puede representar como se muestra en la figura 8.3-1b, en la cual la parte 
del circuito que está conectada al condensador ha sido reemplazada por su circuito equivalente de 
Thévenin. Por lo tanto,
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or (2) an exponential, for example,

vs tð Þ ¼ V 0e
�t=t

or (3) a sinusoid, for example,

vs tð Þ ¼ V 0 cos vt þ uð Þ
These three cases are special because the forced response will have the same form as the input. For

example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of

the forced response is the same as the frequency of the input. For other inputs, the forced response may

not have the same form as the input. For example, when the input is a square wave, the forced response

is not a square wave.

When the input is a constant or a sinusoid, the forced response is also called the steady-state

response, and the natural response is called the transient response.

Here is our plan for finding the complete response of first-order circuits:

Step 1: Find the forced response before the disturbance. Evaluate this response at time t¼ t0 to obtain

the initial condition of the energy storage element.

Step 2: Find the forced response after the disturbance.

Step 3:Add the natural response¼Ke�t/t to the forced response to get the complete response.Use the

initial condition to evaluate the constant K.

8.3 THE RESPONSE OF A F I RST -ORDER C I RCU I T

TO A CONSTANT INPUT __________________________________________________________________________

In this section, we find the complete response of a first-order circuit when the input to the circuit is

constant after time t0. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit

that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes,

disturbing the steady state. The time at which steady state is disturbed is denoted as t0. In Figure 8.3-1a,

t0 ¼ 0. Closing the switch removes the resistor R1 from the circuit. (A closed switch is modeled by a

short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch

closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit

that is connected to the capacitor has been replaced by its Th�evenin equivalent circuit. Therefore,

V oc ¼ R3

R2 þ R3
V s and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is

given by

i tð Þ ¼ C
d

dt
v tð Þ

(a)

+
–

R1

t = 0

Vs

R2
R3 v(t)C

+

–

(b)

+
–

Rt

Voc v(t)

i(t)

C
+

–

FIGURE 8.3-1

(a) A first-order circuit

containing a capacitor.

(b) After the switch

closes, the circuit

connected to the capacitor

is replaced by its

Th�evenin equivalent

circuit.
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or (2) an exponential, for example,

vs tð Þ ¼ V 0e
�t=t

or (3) a sinusoid, for example,

vs tð Þ ¼ V 0 cos vt þ uð Þ
These three cases are special because the forced response will have the same form as the input. For

example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of

the forced response is the same as the frequency of the input. For other inputs, the forced response may

not have the same form as the input. For example, when the input is a square wave, the forced response

is not a square wave.

When the input is a constant or a sinusoid, the forced response is also called the steady-state

response, and the natural response is called the transient response.

Here is our plan for finding the complete response of first-order circuits:

Step 1: Find the forced response before the disturbance. Evaluate this response at time t¼ t0 to obtain

the initial condition of the energy storage element.

Step 2: Find the forced response after the disturbance.

Step 3:Add the natural response¼Ke�t/t to the forced response to get the complete response.Use the

initial condition to evaluate the constant K.

8.3 THE RESPONSE OF A F I RST -ORDER C I RCU I T

TO A CONSTANT INPUT __________________________________________________________________________

In this section, we find the complete response of a first-order circuit when the input to the circuit is

constant after time t0. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit

that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes,

disturbing the steady state. The time at which steady state is disturbed is denoted as t0. In Figure 8.3-1a,

t0 ¼ 0. Closing the switch removes the resistor R1 from the circuit. (A closed switch is modeled by a

short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch

closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit

that is connected to the capacitor has been replaced by its Th�evenin equivalent circuit. Therefore,

V oc ¼ R3

R2 þ R3
V s and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is

given by

i tð Þ ¼ C
d

dt
v tð Þ

(a)
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t = 0
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FIGURE 8.3-1

(a) A first-order circuit

containing a capacitor.

(b) After the switch

closes, the circuit

connected to the capacitor

is replaced by its

Th�evenin equivalent

circuit.
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 Representemos ahora el circuito en la figura 8.3-1b por una ecuación diferencial. La corriente 
del condensador está dada por
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or (2) an exponential, for example,

vs tð Þ ¼ V 0e
�t=t

or (3) a sinusoid, for example,

vs tð Þ ¼ V 0 cos vt þ uð Þ
These three cases are special because the forced response will have the same form as the input. For

example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of

the forced response is the same as the frequency of the input. For other inputs, the forced response may

not have the same form as the input. For example, when the input is a square wave, the forced response

is not a square wave.

When the input is a constant or a sinusoid, the forced response is also called the steady-state

response, and the natural response is called the transient response.

Here is our plan for finding the complete response of first-order circuits:

Step 1: Find the forced response before the disturbance. Evaluate this response at time t¼ t0 to obtain

the initial condition of the energy storage element.

Step 2: Find the forced response after the disturbance.

Step 3:Add the natural response¼Ke�t/t to the forced response to get the complete response.Use the

initial condition to evaluate the constant K.

8.3 THE RESPONSE OF A F I RST -ORDER C I RCU I T

TO A CONSTANT INPUT __________________________________________________________________________

In this section, we find the complete response of a first-order circuit when the input to the circuit is

constant after time t0. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit

that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes,

disturbing the steady state. The time at which steady state is disturbed is denoted as t0. In Figure 8.3-1a,

t0 ¼ 0. Closing the switch removes the resistor R1 from the circuit. (A closed switch is modeled by a

short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch

closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit

that is connected to the capacitor has been replaced by its Th�evenin equivalent circuit. Therefore,

V oc ¼ R3

R2 þ R3
V s and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is

given by

i tð Þ ¼ C
d

dt
v tð Þ
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FIGURA 8.3-1 
(a) un circuito de primer 
orden, conteniendo un 
condensador. (b) Luego 
de que el interruptor 
se cierra, el circuito 
conectado al condensador 
es reemplazado por su 
circuito equivalente de 
Thévenin. (a)
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La misma corriente, i(t) pasa a través del resistor. Aplicamos la KVL a la figura 8.3-1K para obtener

Por consiguiente,  
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get

V oc ¼ Rti tð Þ þ v tð Þ ¼ Rt C
d

dt
v tð Þ

� �
þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
i tð Þ

The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get

I sc ¼ v tð Þ
Rt

þ i tð Þ ¼
L
d

dt
i tð Þ

Rt
þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt

L
i tð Þ ¼ Rt

L
I sc ð8:3-2Þ

As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ

t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as

dx

dt
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or, separating the variables,

dx

x� Kt
¼ � dt

t

(a)

+
–

R1

t = 0

Vs

R2
R3

i(t)

L

(b)

RtIsc v(t)

+

–

i(t)

L

FIGURE 8.3-2 (a) A

first-order circuit

containing an inductor.

(b) After the switch

closes, the circuit

connected to the

inductor is replaced by

its Norton equivalent

circuit.

The Response of a First-Order Circuit to a Constant Input 315

 (8.3-1)

La derivada de mayor orden en esta ecuación es de primer orden, por lo que ésta es una ecuación 
diferencial de primer orden.
 A continuación, atendamos al circuito que se muestra en la figura 8.3-2a. Este circuito contiene 
un inductor único pero no cuenta con condensadores. Este circuito está en estado estable antes de que 
el interruptor se cierre en tiempo t0 5 0, perturbando el estado estable. Después de que se cierra el 
interruptor, el circuito se puede representar como se muestra en la figura 8.3-2b, en la cual la parte 
del circuito que está conectada al inductor ha sido reemplazada por su circuito equivalente de Norton. 
Calculamos
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get

V oc ¼ Rti tð Þ þ v tð Þ ¼ Rt C
d

dt
v tð Þ

� �
þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
i tð Þ

The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get

I sc ¼ v tð Þ
Rt

þ i tð Þ ¼
L
d

dt
i tð Þ

Rt
þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt

L
i tð Þ ¼ Rt

L
I sc ð8:3-2Þ

As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ

t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as

dx

dt
¼ Kt � x

t

or, separating the variables,

dx

x� Kt
¼ � dt

t

(a)

+
–

R1

t = 0
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R3

i(t)

L

(b)

RtIsc v(t)
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i(t)
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As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ
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The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1
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 Representemos el circuito en la figura 8.3-2b por una ecuación diferencial. El voltaje del induc-
tor está dado por
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get
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d

dt
v tð Þ
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þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
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The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get
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Equations 8.3-1 and 8.3-2 have the same form. That is,
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El voltaje v(t), aparece a través del resistor. Aplicamos la KCL al nodo en la figura 8.3-2b para obtener

Por lo tanto,  
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get
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d
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þ v tð Þ

Therefore;
d

dt
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RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single
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disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s
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and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
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The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get
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Rt
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L
d

dt
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Rt
þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt
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i tð Þ ¼ Rt
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As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
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t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as

dx

dt
¼ Kt � x

t
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 (8.3-2)

Como antes, ésta es una ecuación diferencial de primer orden.
 Las ecuaciones 8.3-1 y 8.3-2 tienen la misma forma. Es decir,
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get

V oc ¼ Rti tð Þ þ v tð Þ ¼ Rt C
d

dt
v tð Þ

� �
þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
i tð Þ

The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get

I sc ¼ v tð Þ
Rt

þ i tð Þ ¼
L
d

dt
i tð Þ

Rt
þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt

L
i tð Þ ¼ Rt

L
I sc ð8:3-2Þ

As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ

t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as

dx

dt
¼ Kt � x
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or, separating the variables,
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 (8.3-3)

El parámetro 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 se denomina constante de tiempo. Despejaremos esta ecuación diferencial separando e 
integrando las variables. Luego utilizaremos la solución de la ecuación 8.3-3 para obtener soluciones 
de las ecuaciones 8.3-1 y 8.3-2.
 Podemos reescribir la ecuación 8.3-3 como
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get

V oc ¼ Rti tð Þ þ v tð Þ ¼ Rt C
d

dt
v tð Þ

� �
þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
i tð Þ

The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get

I sc ¼ v tð Þ
Rt

þ i tð Þ ¼
L
d

dt
i tð Þ

Rt
þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt

L
i tð Þ ¼ Rt

L
I sc ð8:3-2Þ

As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ

t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as

dx

dt
¼ Kt � x

t

or, separating the variables,

dx

x� Kt
¼ � dt

t
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first-order circuit

containing an inductor.
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o bien, separando las variables,
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The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get
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d

dt
v tð Þ

� �
þ v tð Þ

Therefore;
d

dt
v tð Þ þ v tð Þ

RtC
¼ V oc

RtC
ð8:3-1Þ

The highest-order derivative in this equation is first order, so this is a first-order differential equation.

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single

inductor and no capacitors. This circuit is at steady state before the switch closes at time t0 ¼ 0,

disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure

8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its

Norton equivalent circuit. We calculate

I sc ¼ V s

R2
and Rt ¼ R2R3

R2 þ R3

Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is

given by

v tð Þ ¼ L
d

dt
i tð Þ

The voltage, v(t), appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get

I sc ¼ v tð Þ
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d

dt
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þ i tð Þ

Therefore;
d

dt
i tð Þ þ Rt

L
i tð Þ ¼ Rt

L
I sc ð8:3-2Þ

As before, this is a first-order differential equation.

Equations 8.3-1 and 8.3-2 have the same form. That is,

d

dt
x tð Þ þ x tð Þ

t
¼ K ð8:3-3Þ

The parameter t is called the time constant. We will solve this differential equation by separating the

variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1

and 8.3-2.

We may rewrite Eq. 8.3-3 as
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dt
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or, separating the variables,
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FIGURA 8.3-2 (a) 
un circuito de primer 
orden que contiene un 
inductor. (b) Luego 
que el interruptor 
se cierra, el circuito 
conectado al inductor 
es reemplazado por su 
circuito equivalente  
de Norton.
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Al formar la integral indefinida tenemos
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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donde D es una constante de integración. Al realizar la integración, tenemos
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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Al despejar x nos da
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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donde A 5 eD, lo cual está determinado desde la condición inicial, x(0). Para encontrar A, sea t 5 0. 
Entonces

o bien  
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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Por consiguiente, obtenemos

Porque  
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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 (8.3-4)

La ecuación 8.3-4 se puede reescribir como
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.

316 The Complete Response of RL and RC Circuits

Tomar la derivada de x(t) con respecto a t conduce a un procedimiento para medir o calcular la cons-
tante de tiempo:
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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Ahora sea t 5 0 para lograr

o bien  
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)

x(0)

x(t)

t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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 (8.3-5)

La figura 8.3-3 muestra un trazo de x(t) comparado con t. Podemos 
determinar los valores de (1) la inclinación del trazo en tiempo t 5 0; 
(2) el valor inicial de x(t), y (3) el valor final de x(t) desde este tra-
zo. Se puede utilizar la ecuación 8.3-5 para calcular la constante de 
tiempo a partir de estos valores. De manera equivalente, la figura 
8.3-3 muestra cómo medir la constante de tiempo desde un trazo de 
x(t) comparado con t.
 A continuación, aplicamos estos resultados al circuito RC en la 
figura 8.3-1. Comparando las ecuaciones 8.3-1 y 8.3-3, vemos que
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5

x(∞)
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Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ

0 τ

τ

τ2 τ3 τ4 τ5
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Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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Al hacer estas sustituciones en la ecuación 8.3-4 nos da
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Forming the indefinite integral, we have
Z

dx

x� Kt
¼ � 1

t

Z
dt þ D

where D is a constant of integration. Performing the integration, we have

ln x� Ktð Þ ¼ � t

t
þ D

Solving for x gives

x tð Þ ¼ Kt þ Ae�t=t

where A ¼ e D, which is determined from the initial condition, x(0). To find A, let t ¼ 0. Then

x 0ð Þ ¼ Kt þ Ae�0=t ¼ Kt þ A

or A ¼ x 0ð Þ � Kt

Therefore, we obtain

x tð Þ ¼ Kt þ x 0ð Þ � Kt½ �e�t=t ð8:3-4Þ
Because x 1ð Þ ¼ lim

t!1 x tð Þ ¼ Kt

Equation 8.3-4 can be written as

x tð Þ ¼ x 1ð Þ þ x 0ð Þ � x 1ð Þ½ �e�t=t

Taking the derivative of x(t) with respect to t leads to a procedure for measuring or calculating the

time constant:

d

dt
x tð Þ ¼ � 1

t
x 0ð Þ � x 1ð Þ½ �e�t=t

Now let t ¼ 0 to get

d

dt
x tð Þ

����
t¼0

¼ � 1

t
x 0ð Þ � x 1ð Þ½ �

or
t ¼ x 1ð Þ � x 0ð Þ

d

dt
x tð Þ

����
t¼0

ð8:3-5Þ

Figure 8.3-3 shows a plot of x(t) versus t. We can determine the

values of (1) the slope of the plot at time t¼ 0, (2) the initial value of x

(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be

used to calculate the time constant from these values. Equivalently,

Figure 8.3-3 shows how to measure the time constant from a plot of x

(t) versus t.

Next, we apply these results to the RC circuit in Figure 8.3-1.

Comparing Eqs. 8.3-1 and 8.3-3, we see that

x tð Þ ¼ v tð Þ; t ¼ RtC; and K ¼ V oc

RtC

Making these substitutions in Eq. 8.3-4 gives

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t= RtCð Þ ð8:3-6Þ
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x(∞)
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t

Tangent to x(t) at t = 0

FIGURE 8.3-3 A graphical technique for

measuring the time constant of a first-order circuit.
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 El segundo término en el lado derecho de la ecuación 8.3-6 se termina en cuanto t aumenta. Ésta 
es la respuesta transitoria o natural. En t 5 0, e20 5 1. Sea t 5 0 en la ecuación 8.3-6 resulta v(0) 5 
v(0), como se requería. Cuando t 5 5
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.

Capacitors 259

, e25 = 0.0067 
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

 0, por lo que en el tiempo t 5 5
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.

Capacitors 259

, el voltaje del 
condensador será
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

Éste es el estado estable o respuesta forzada. La respuesta forzada es de la misma forma, una cons-
tante, como la entrada al circuito. La suma de las respuestas natural y forzada es la respuesta total:

respuesta total 5 v1t2, respuesta forzada 5 Voc

y  respuesta natural 5 
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

 A continuación, compare las ecuaciones 8.3-2 y 8.3-3 para encontrar la solución del circuito RL 
en la figura 8.3-2. Vemos que
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

y

E1C08_1 11/25/2009 317

The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

Al hacer estas sustituciones en la ecuación 8.3-4 nos da
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V
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 (8.3-7)

Una vez más, la respuesta total es la suma de la repuesta forzada (estado estable) y la respuesta (na-
tural) transitoria: 

respuesta total 5 i(t), respuesta forzada 5 Isc

y  respuesta natural 5 
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

Encuentre el voltaje del condensador después de que se abra el interruptor en el circuito que se muestra en la 
figura 8.3-4a.	¿Cuál	es	el	valor	del	voltaje	del	condensador	de	50	ms	después	de	que	se	abre	el	interruptor?

Solución
La fuente de voltaje de 2 voltios fuerza al voltaje del condensador a ser de 2 voltios hasta que se abra el interrup-
tor. Como el voltaje del condensador no se puede modificar de manera instantánea, el voltaje del condensador 
será de 2 voltios inmediatamente después de que se abra el interruptor. Por lo tanto, la condición inicial es

v(0) 5 2 V
La figura 8.3-4b muestra el circuito luego de que se abre el interruptor. Comparando este circuito con el circuito 
RC de la figura 8.31b, vemos que

Rt 5 10 kV y Voc 5 8 V

La constante de tiempo para este circuito de primer orden que contiene un condensador es
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V

The Response of a First-Order Circuit to a Constant Input 317

Sustituyendo estos valores en la ecuación 8.3-6 nos da

 v(t) 5 8 2 6e2t>20 V  (8.3-8)
donde t tiene unidades de ms. Para encontrar el voltaje de 50 ms después de que se abra el interruptor, sea t 5 50. 
Entonces,

v(50) 5 8 2 6e250>20 5 7.51 V

E j E m p l o  8 . 3 - 1  Circuito de primer orden con un condensador

M08_DORF_1571_8ED_SE_311-367.indd   317 4/12/11   5:56 PM



Alfaomega Circuitos Eléctricos - Dorf

	 318	 Respuesta total de los circuitos RL y RC

La figura 8.3-4c muestra el trazo del voltaje del condensador como una función de tiempo.

v(
t)

, 
V

0

1

2

3

4

5

6

7

8

9

10

–50 0 50 100 150
t, ms

Respuesta total

µ2   F v(t)8 V 2 V

t = 0

(a)

(c)

10 kΩ

10 kΩ

(b)

+
–

8 V +
–

+
–

+

–

µ2   F v(t)
+

–

FIGURA 8.3-4 (a) Un circuito de primer orden y (b) un circuito equivalente que es válido después de que el interruptor se abre. 
(c) Un trazo de la respuesta total, v(t) dado en la ecuación 8.3-8.

Encuentre la corriente del inductor después de que se cierra el interruptor en el circuito que se muestra en la figura 
8.3-5a.	¿Cuánto	le	tomará	a	la	corriente	del	inductor	alcanzar	2	mA?

–1

0

1

2

3

4

5

–5 0 5 10 15 20 25 30 35

i(
t)

, 
A

t, sµ

1000 Ω 5 mH

Respuesta total

i(t)

4 mA

t = 0

(a)

1000 Ω 5 mH

i(t)

4 mA

(b)

(c)

FIGURA 8.3-5 (a) Un circuito de primer orden y (b) un circuito equivalente que es válido después de que el interruptor se cierra. 
(c) Un trazo de la respuesta total, i(t) dado en la ecuación 8.3-9.

E j E m p l o  8 . 3 - 2  Circuito de primer orden con un inductor
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 Respuesta de un circuito de primer orden a una entrada constante 319

Solución
La corriente del inductor será de 0 A hasta que se cierre el interruptor. Como la corriente del inductor no puede 
cambiar de manera instantánea, será de 0 A inmediatamente después de que se cierre el interruptor. Por lo tanto, 
la condición inicial es

i(0) 5 0
La figura 8.3-5b muestra el circuito luego que el interruptor se ha cerrado. Al comparar este circuito con el circuito 
RL de la figura 8.32b, vemos que

Rt 5 1 000 V e Isc 5 4 mA
La constante de tiempo de este circuito de primer orden que contiene un inductor es

E1C08_1 11/25/2009 319

Solution
The inductor current will be 0A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0A immediately after the switch closes. Therefore, the initial condition is

i 0ð Þ ¼ 0

Figure 8.3-5b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 8.3-2b,

we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 4� 4e�t=5 mA ð8:3-9Þ
where t has units of microseconds. To find the time when the current reaches 2mA, substitute i(t) ¼ 2mA. Then

2 ¼ 4� 4e�t=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4

� �
¼ 3:47 ms

Figure 8.3-5c shows a plot of the inductor current as a function of time.

E X A M P L E 8 . 3 - 3 First-Order Circuit INTERACT IVE EXAMPLE

The switch in Figure 8.3-6a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the capacitor voltage for t � 0.

Solution
The switch has been open for a long time before it closes at time t ¼ 0. The circuit will have reached steady state

before the switch closes. Because the input to this circuit is a constant, all the element currents and voltages will be

constant when the circuit is at steady state. In particular, the capacitor voltage will be constant. The capacitor

current will be

i tð Þ ¼ C
d

dt
v tð Þ ¼ C

d

dt
a constantð Þ ¼ 0

(a)

+
–

t = 0

v(t)

+

–
v(0)

+

–

(b) (c)

10 kΩ 40 kΩ 20 kΩ

60 kΩ

30 kΩ

60 kΩ12 V +
–

12 V +
– 8 V2   Fμ μ v(t)

+

–
2   F

FIGURE 8.3-6 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.

The Response of a First-Order Circuit to a Constant Input 319

Al sustituir estos valores en la ecuación 8.3-7 nos da
 i(t) 5 4 2 4e2t>5 mA  (8.3-9)
donde t tiene unidades de microsegundos. Para encontrar el tiempo en que la corriente alcanza 2 mA, sustituya 
i(t) 5 2 mA. Así,

2 5 4 2 4e2t>5 mA
Despejar t da
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Solution
The inductor current will be 0A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0A immediately after the switch closes. Therefore, the initial condition is

i 0ð Þ ¼ 0

Figure 8.3-5b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 8.3-2b,

we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 4� 4e�t=5 mA ð8:3-9Þ
where t has units of microseconds. To find the time when the current reaches 2mA, substitute i(t) ¼ 2mA. Then

2 ¼ 4� 4e�t=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4

� �
¼ 3:47 ms

Figure 8.3-5c shows a plot of the inductor current as a function of time.

E X A M P L E 8 . 3 - 3 First-Order Circuit INTERACT IVE EXAMPLE

The switch in Figure 8.3-6a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the capacitor voltage for t � 0.

Solution
The switch has been open for a long time before it closes at time t ¼ 0. The circuit will have reached steady state

before the switch closes. Because the input to this circuit is a constant, all the element currents and voltages will be

constant when the circuit is at steady state. In particular, the capacitor voltage will be constant. The capacitor

current will be

i tð Þ ¼ C
d

dt
v tð Þ ¼ C

d

dt
a constantð Þ ¼ 0

(a)

+
–

t = 0

v(t)

+

–
v(0)

+

–

(b) (c)

10 kΩ 40 kΩ 20 kΩ

60 kΩ

30 kΩ

60 kΩ12 V +
–

12 V +
– 8 V2   Fμ μ v(t)

+

–
2   F

FIGURE 8.3-6 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.

The Response of a First-Order Circuit to a Constant Input 319

La figura 8.3-5c muestra un trazo de la corriente de un inductor como una función de tiempo.

El circuito en la figura 8.3-6a ha estado abierto mucho tiempo, y el circuito ha llegado al estado estable antes de 
que el interruptor se cierre en tiempo t 5 0. Encuentre el voltaje del condensador para t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0.

Solución
El interruptor ha estado abierto mucho tiempo y el circuito ha llegado al estado estable antes de que el interruptor 
se cierre en tiempo t 5 0. El circuito habrá alcanzado el estado estable antes de que el interruptor se cierre. Dado 
que la entrada a este circuito es una constante, todas las corrientes y los voltajes del elemento serán constantes 
cuando el circuito esté en estado estable. En particular, el voltaje del condensador será constante. La corriente del 
condensador será
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Solution
The inductor current will be 0A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0A immediately after the switch closes. Therefore, the initial condition is

i 0ð Þ ¼ 0

Figure 8.3-5b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 8.3-2b,

we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 4� 4e�t=5 mA ð8:3-9Þ
where t has units of microseconds. To find the time when the current reaches 2mA, substitute i(t) ¼ 2mA. Then

2 ¼ 4� 4e�t=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4

� �
¼ 3:47 ms

Figure 8.3-5c shows a plot of the inductor current as a function of time.

E X A M P L E 8 . 3 - 3 First-Order Circuit INTERACT IVE EXAMPLE

The switch in Figure 8.3-6a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the capacitor voltage for t � 0.

Solution
The switch has been open for a long time before it closes at time t ¼ 0. The circuit will have reached steady state

before the switch closes. Because the input to this circuit is a constant, all the element currents and voltages will be

constant when the circuit is at steady state. In particular, the capacitor voltage will be constant. The capacitor

current will be

i tð Þ ¼ C
d

dt
v tð Þ ¼ C

d

dt
a constantð Þ ¼ 0

(a)

+
–

t = 0

v(t)

+

–
v(0)

+

–

(b) (c)

10 kΩ 40 kΩ 20 kΩ

60 kΩ

30 kΩ

60 kΩ12 V +
–

12 V +
– 8 V2   Fμ μ v(t)

+

–
2   F

FIGURE 8.3-6 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.

The Response of a First-Order Circuit to a Constant Input 319

1una constante2
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Solution
The inductor current will be 0A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0A immediately after the switch closes. Therefore, the initial condition is

i 0ð Þ ¼ 0

Figure 8.3-5b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 8.3-2b,

we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 4� 4e�t=5 mA ð8:3-9Þ
where t has units of microseconds. To find the time when the current reaches 2mA, substitute i(t) ¼ 2mA. Then

2 ¼ 4� 4e�t=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4

� �
¼ 3:47 ms

Figure 8.3-5c shows a plot of the inductor current as a function of time.

E X A M P L E 8 . 3 - 3 First-Order Circuit INTERACT IVE EXAMPLE

The switch in Figure 8.3-6a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the capacitor voltage for t � 0.

Solution
The switch has been open for a long time before it closes at time t ¼ 0. The circuit will have reached steady state

before the switch closes. Because the input to this circuit is a constant, all the element currents and voltages will be

constant when the circuit is at steady state. In particular, the capacitor voltage will be constant. The capacitor

current will be

i tð Þ ¼ C
d

dt
v tð Þ ¼ C

d

dt
a constantð Þ ¼ 0

(a)

+
–

t = 0

v(t)

+

–
v(0)

+

–

(b) (c)

10 kΩ 40 kΩ 20 kΩ

60 kΩ

30 kΩ

60 kΩ12 V +
–

12 V +
– 8 V2   Fμ μ v(t)

+

–
2   F

FIGURE 8.3-6 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.

The Response of a First-Order Circuit to a Constant Input 319

(a)

+
–

t = 0

v(t)

+

–
v(0)

+

–

(b) (c)

10 kΩ 40 kΩ 20 kΩ

60 kΩ

30 kΩ

60 kΩ12 V +
–

12 V +
– 8 V2   Fµ µ v(t)

+

–
2   F

FIGURA 8.3-6 (a) Circuito de primer orden. El circuito equivalente para (b) t , 0 y (c) t . 0.

E j E m p l o  8 . 3 - 3  Circuito de primer orden
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El voltaje del condensador se desconoce, pero la corriente del condensador es cero. Es decir, el condensador actúa 
como un circuito abierto cuando la entrada es constante y el circuito está en estado estable. (Por un argumento 
semejante, los inductores actúan como circuitos en corto cuando la entrada es constante y el circuito se encuentra 
en estado estable.)
 La figura 8.3-6b muestra el circuito equivalente apropiado en tanto que el circuito esté abierto. Un interrup-
tor abierto actúa como un circuito abierto; por lo tanto los resistores de 10-kV y de 30-kV están en serie. Han 
sido reemplazados por un resistor de 40-kV equivalente. La entrada al circuito es una constante (12 voltios), y 
el circuito está en estado estable; por consiguiente, el condensador actúa como un circuito abierto. El voltaje a 
través de un circuito abierto es el voltaje del condensador. Dado que nos interesa la condición inicial, el voltaje 
del condensador se ha etiquetado como v(0). El análisis del circuito en la figura 8.3-6b mediante la división del 
voltaje, da
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The capacitor voltage is unknown, but the capacitor current is zero. In other words, the capacitor acts like an open

circuit when the input is constant and the circuit is at steady state. (By a similar argument, inductors act like short

circuits when the input is constant and the circuit is at steady state.)

Figure 8.3-6b shows the appropriate equivalent circuit while the switch is open. An open switch acts like an

open circuit; thus, the 10-kV and 30-kV resistors are in series. They have been replaced by an equivalent

40-kV resistor. The input to the circuit is a constant (12 volts), and the circuit is at steady state; therefore, the

capacitor acts like an open circuit. The voltage across this open circuit is the capacitor voltage. Because we are

interested in the initial condition, the capacitor voltage has been labeled as v(0). Analyzing the circuit in Figure

8.3-6b using voltage division gives

v 0ð Þ ¼ 60� 103

40� 103 þ 60� 103
12 ¼ 7:2 V

Figure 8.3-6c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 10-

kV resistor, removing it from the circuit. (A short circuit in parallel with any resistor is equivalent to a short

circuit.) The part of the circuit that is connected to the capacitor has been replaced by its Th�evenin equivalent

circuit. After the switch is closed,

V oc ¼ 60� 103

30� 103 þ 60� 103
12 ¼ 8 V

and Rt ¼ 30� 103 � 60� 103

30� 103 þ 60� 103
¼ 20� 103 ¼ 20 kV

and the time constant is

t ¼ Rt � C ¼ 20� 103
� �� 2� 10�6

� � ¼ 40� 10�3 ¼ 40 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 0:8e�t=40 V

where t has units of ms.

E X A M P L E 8 . 3 - 4 First-Order Circuit INTERACT IVE EXAMPLE

The switch in Figure 8.3-7a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the inductor current for t � 0.

(a)

+
–

t = 0

i(t)

(b) (c)

100 Ω 300 Ω

200 Ω

200 Ω

12 V +
–12 V 60 mA5 mH i(t)5 mHi(0)

FIGURE 8.3-7 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.

320 The Complete Response of RL and RC Circuits

La figura 8.3-6c muestra el circuito equivalente adecuado después de que el interruptor se cierra. Cerrar el in-
terruptor disminuye el resistor de 10-kV, eliminándolo del circuito. (Un cortocircuito en paralelo con cualquier 
resistor es equivalente a un cortocircuito.) La parte del circuito que está conectada al condensador ha sido reem-
plazada por su circuito equivalente de Thévenin. Después de que se ha cerrado el interruptor,

y 
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The capacitor voltage is unknown, but the capacitor current is zero. In other words, the capacitor acts like an open

circuit when the input is constant and the circuit is at steady state. (By a similar argument, inductors act like short

circuits when the input is constant and the circuit is at steady state.)

Figure 8.3-6b shows the appropriate equivalent circuit while the switch is open. An open switch acts like an

open circuit; thus, the 10-kV and 30-kV resistors are in series. They have been replaced by an equivalent

40-kV resistor. The input to the circuit is a constant (12 volts), and the circuit is at steady state; therefore, the

capacitor acts like an open circuit. The voltage across this open circuit is the capacitor voltage. Because we are

interested in the initial condition, the capacitor voltage has been labeled as v(0). Analyzing the circuit in Figure

8.3-6b using voltage division gives

v 0ð Þ ¼ 60� 103

40� 103 þ 60� 103
12 ¼ 7:2 V

Figure 8.3-6c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 10-

kV resistor, removing it from the circuit. (A short circuit in parallel with any resistor is equivalent to a short

circuit.) The part of the circuit that is connected to the capacitor has been replaced by its Th�evenin equivalent

circuit. After the switch is closed,

V oc ¼ 60� 103

30� 103 þ 60� 103
12 ¼ 8 V

and Rt ¼ 30� 103 � 60� 103

30� 103 þ 60� 103
¼ 20� 103 ¼ 20 kV

and the time constant is

t ¼ Rt � C ¼ 20� 103
� �� 2� 10�6

� � ¼ 40� 10�3 ¼ 40 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 0:8e�t=40 V

where t has units of ms.
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The switch in Figure 8.3-7a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the inductor current for t � 0.

(a)

+
–

t = 0

i(t)

(b) (c)

100 Ω 300 Ω

200 Ω

200 Ω

12 V +
–12 V 60 mA5 mH i(t)5 mHi(0)

FIGURE 8.3-7 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.
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y la constante de tiempo es
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circuit when the input is constant and the circuit is at steady state. (By a similar argument, inductors act like short

circuits when the input is constant and the circuit is at steady state.)

Figure 8.3-6b shows the appropriate equivalent circuit while the switch is open. An open switch acts like an

open circuit; thus, the 10-kV and 30-kV resistors are in series. They have been replaced by an equivalent

40-kV resistor. The input to the circuit is a constant (12 volts), and the circuit is at steady state; therefore, the

capacitor acts like an open circuit. The voltage across this open circuit is the capacitor voltage. Because we are

interested in the initial condition, the capacitor voltage has been labeled as v(0). Analyzing the circuit in Figure

8.3-6b using voltage division gives

v 0ð Þ ¼ 60� 103

40� 103 þ 60� 103
12 ¼ 7:2 V

Figure 8.3-6c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 10-

kV resistor, removing it from the circuit. (A short circuit in parallel with any resistor is equivalent to a short

circuit.) The part of the circuit that is connected to the capacitor has been replaced by its Th�evenin equivalent

circuit. After the switch is closed,

V oc ¼ 60� 103

30� 103 þ 60� 103
12 ¼ 8 V

and Rt ¼ 30� 103 � 60� 103

30� 103 þ 60� 103
¼ 20� 103 ¼ 20 kV

and the time constant is

t ¼ Rt � C ¼ 20� 103
� �� 2� 10�6

� � ¼ 40� 10�3 ¼ 40 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 0:8e�t=40 V

where t has units of ms.
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The switch in Figure 8.3-7a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the inductor current for t � 0.
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(b) (c)
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12 V +
–12 V 60 mA5 mH i(t)5 mHi(0)

FIGURE 8.3-7 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.
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Sustituir estos valores en la ecuación 8.3-6 da por resultado
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The capacitor voltage is unknown, but the capacitor current is zero. In other words, the capacitor acts like an open

circuit when the input is constant and the circuit is at steady state. (By a similar argument, inductors act like short

circuits when the input is constant and the circuit is at steady state.)

Figure 8.3-6b shows the appropriate equivalent circuit while the switch is open. An open switch acts like an

open circuit; thus, the 10-kV and 30-kV resistors are in series. They have been replaced by an equivalent

40-kV resistor. The input to the circuit is a constant (12 volts), and the circuit is at steady state; therefore, the

capacitor acts like an open circuit. The voltage across this open circuit is the capacitor voltage. Because we are

interested in the initial condition, the capacitor voltage has been labeled as v(0). Analyzing the circuit in Figure

8.3-6b using voltage division gives

v 0ð Þ ¼ 60� 103

40� 103 þ 60� 103
12 ¼ 7:2 V

Figure 8.3-6c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 10-

kV resistor, removing it from the circuit. (A short circuit in parallel with any resistor is equivalent to a short

circuit.) The part of the circuit that is connected to the capacitor has been replaced by its Th�evenin equivalent

circuit. After the switch is closed,

V oc ¼ 60� 103

30� 103 þ 60� 103
12 ¼ 8 V

and Rt ¼ 30� 103 � 60� 103

30� 103 þ 60� 103
¼ 20� 103 ¼ 20 kV

and the time constant is

t ¼ Rt � C ¼ 20� 103
� �� 2� 10�6

� � ¼ 40� 10�3 ¼ 40 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 0:8e�t=40 V

where t has units of ms.
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The switch in Figure 8.3-7a has been open for a long time, and the circuit has reached steady state before the

switch closes at time t ¼ 0. Find the inductor current for t � 0.

(a)

+
–

t = 0

i(t)

(b) (c)

100 Ω 300 Ω

200 Ω

200 Ω

12 V +
–12 V 60 mA5 mH i(t)5 mHi(0)

FIGURE 8.3-7 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0.
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donde t tiene unidades de ms.

El interruptor en la figura 8.3-7a ha estado abierto mucho tiempo, y el circuito ha llegado al estado estable antes 
de que el interruptor se cierre en tiempo t 5 0. Encuentre la corriente del inductor para t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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 0.

(a)

+
–

t = 0

i(t)

(b) (c)

100 Ω 300 Ω

200 Ω

200 Ω

12 V +
–12 V 60 mA5 mH i(t)5 mHi(0)

FIGURA 8.3-7 (a) Un circuito de primer orden. El circuito equivalente para (b) t , 0 y (c) t . 0.
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Solución
La figura 8.3-7b muestra el circuito equivalente adecuado en tanto el interruptor se abra. Los resistores de 100-V 
y 200-V están en serie y han sido reemplazados por un resistor equivalente de 300-V. La entrada al circuito es una 
constante (12 voltios) y el circuito está en estado estable; por consiguiente, el inductor actúa como un cortocircuito.  
La corriente en este cortocircuito es la corriente del inductor. Como lo que nos interesa es la condición inicial, la 
corriente inicial del inductor ha sido etiquetada como i(0). Esta corriente se ha calculado utilizando la ley de Ohm:
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Solution
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-V and 200-V resistors

are in series and have been replaced by an equivalent 300-V resistor. The input to the circuit is a constant (12

volts), and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short

circuit is the inductor current. Because we are interested in the initial condition, the initial inductor current has

been labeled as i(0). This current can be calculated using Ohm’s law:

i 0ð Þ ¼ 12

300
¼ 40 mA

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the

100-V resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been

replaced by its Norton equivalent circuit. After the switch is closed,

I sc ¼ 12

200
¼ 60 mA and Rt ¼ 200 V

and the time constant is

t ¼ L

Rt
¼ 5� 10�3

200
¼ 25� 10�6 ¼ 25 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 60� 20e�t=25 mA

where t has units of microseconds.

E X A M P L E 8 . 3 - 5 First-Order Circuit

The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(t) for t > 0.

(a)

+
–

+
–

t = 0

i(t)

(c)(b)

60 kΩ
60 kΩ

60 kΩ

60 kΩ

60 kΩ

30 kΩ
30 kΩ

8 V

+
–8 V

2 V

+
–4 V

2   Fμ
2   Fμ 2   Fμ

i(t)

va(t)

v(t)

+

–v(t)

+

–

v(t)

+

–

FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens.

Solution
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the

capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(t) in a resistor rather than the

capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using

the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations

to express the response in terms of the input and the capacitor voltage.

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of

the 2-volt source. The initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the

capacitor has been replaced by its Th�evenin equivalent circuit in Figure 8.3-8c. The parameters of the Th�evenin
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La figura 8.3-7c muestra el circuito equivalente después de que el interruptor se cierra. Cerrar el interruptor dis-
minuye el resistor de 100-V, eliminándolo del circuito. La parte del circuito que está conectada al inductor ha sido 
reemplazada por su circuito equivalente de Norton. Después de que se ha cerrado el interruptor,

E1C08_1 11/25/2009 321

Solution
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-V and 200-V resistors

are in series and have been replaced by an equivalent 300-V resistor. The input to the circuit is a constant (12

volts), and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short

circuit is the inductor current. Because we are interested in the initial condition, the initial inductor current has

been labeled as i(0). This current can be calculated using Ohm’s law:

i 0ð Þ ¼ 12

300
¼ 40 mA

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the

100-V resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been

replaced by its Norton equivalent circuit. After the switch is closed,

I sc ¼ 12

200
¼ 60 mA and Rt ¼ 200 V

and the time constant is

t ¼ L

Rt
¼ 5� 10�3

200
¼ 25� 10�6 ¼ 25 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 60� 20e�t=25 mA

where t has units of microseconds.

E X A M P L E 8 . 3 - 5 First-Order Circuit

The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(t) for t > 0.

(a)

+
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t = 0

i(t)

(c)(b)

60 kΩ
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FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens.

Solution
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the

capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(t) in a resistor rather than the

capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using

the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations

to express the response in terms of the input and the capacitor voltage.

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of

the 2-volt source. The initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the

capacitor has been replaced by its Th�evenin equivalent circuit in Figure 8.3-8c. The parameters of the Th�evenin
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Solution
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-V and 200-V resistors

are in series and have been replaced by an equivalent 300-V resistor. The input to the circuit is a constant (12

volts), and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short

circuit is the inductor current. Because we are interested in the initial condition, the initial inductor current has

been labeled as i(0). This current can be calculated using Ohm’s law:

i 0ð Þ ¼ 12

300
¼ 40 mA

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the

100-V resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been

replaced by its Norton equivalent circuit. After the switch is closed,

I sc ¼ 12

200
¼ 60 mA and Rt ¼ 200 V

and the time constant is

t ¼ L

Rt
¼ 5� 10�3

200
¼ 25� 10�6 ¼ 25 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 60� 20e�t=25 mA

where t has units of microseconds.
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The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(t) for t > 0.
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FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens.

Solution
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the

capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(t) in a resistor rather than the

capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using

the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations

to express the response in terms of the input and the capacitor voltage.

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of

the 2-volt source. The initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the

capacitor has been replaced by its Th�evenin equivalent circuit in Figure 8.3-8c. The parameters of the Th�evenin
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y la constante de tiempo es
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Solution
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-V and 200-V resistors

are in series and have been replaced by an equivalent 300-V resistor. The input to the circuit is a constant (12

volts), and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short

circuit is the inductor current. Because we are interested in the initial condition, the initial inductor current has

been labeled as i(0). This current can be calculated using Ohm’s law:

i 0ð Þ ¼ 12

300
¼ 40 mA

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the

100-V resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been

replaced by its Norton equivalent circuit. After the switch is closed,

I sc ¼ 12

200
¼ 60 mA and Rt ¼ 200 V

and the time constant is

t ¼ L

Rt
¼ 5� 10�3

200
¼ 25� 10�6 ¼ 25 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 60� 20e�t=25 mA

where t has units of microseconds.
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The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(t) for t > 0.

(a)
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FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens.

Solution
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the

capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(t) in a resistor rather than the

capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using

the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations

to express the response in terms of the input and the capacitor voltage.

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of

the 2-volt source. The initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the

capacitor has been replaced by its Th�evenin equivalent circuit in Figure 8.3-8c. The parameters of the Th�evenin
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Sustituir estos valores en la ecuación 8.3-7 da por resultado
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Solution
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-V and 200-V resistors

are in series and have been replaced by an equivalent 300-V resistor. The input to the circuit is a constant (12

volts), and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short

circuit is the inductor current. Because we are interested in the initial condition, the initial inductor current has

been labeled as i(0). This current can be calculated using Ohm’s law:

i 0ð Þ ¼ 12

300
¼ 40 mA

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the

100-V resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been

replaced by its Norton equivalent circuit. After the switch is closed,

I sc ¼ 12

200
¼ 60 mA and Rt ¼ 200 V

and the time constant is

t ¼ L

Rt
¼ 5� 10�3

200
¼ 25� 10�6 ¼ 25 ms

Substituting these values into Eq. 8.3-7 gives

i tð Þ ¼ 60� 20e�t=25 mA

where t has units of microseconds.
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The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(t) for t > 0.
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FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens.

Solution
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the

capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(t) in a resistor rather than the

capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using

the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations

to express the response in terms of the input and the capacitor voltage.

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of

the 2-volt source. The initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the

capacitor has been replaced by its Th�evenin equivalent circuit in Figure 8.3-8c. The parameters of the Th�evenin
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donde t tiene unidades de microsegundos.

El circuito en la figura 8.3-8a está en estado estable antes de que se abra el interruptor. Encuentre la corriente i(t) 
para t . 0.

(a)
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FIGURA 8.3-8 (a) Un circuito de primer orden; (b) el circuito, luego que el interruptor se abre, y (c) el circuito equivalente después 
de que el interruptor se abre.

Solución
La respuesta o salida de un circuito puede ser cualquier corriente o voltaje del elemento. A veces la respuesta no 
es el voltaje del condensador o la corriente del inductor. En la figura 8.3-8a la respuesta es la corriente i(t) en 
un resistor, más que el voltaje del condensador. En este caso se requieren dos pasos para resolver el problema. 
El primero es encontrar el voltaje del condensador mediante el método ya descrito en este capítulo. Una vez co-
nocido el voltaje del condensador, escriba ecuaciones nodales o de enlace para expresar la respuesta en términos 
de la entrada y del voltaje del condensador.
 Primero encontramos el voltaje del condensador. Antes de que se abra el interruptor, el voltaje del conden-
sador es igual al voltaje de la fuente de 2 voltios. La condición inicial es

v(0) 5 2 V
La figura 8.3-8b muestra cómo estará el circuito después de que se haya abierto el interruptor. La parte del circuito 
conectada al condensador ha sido reemplazada por su circuito equivalente de Thévenin en la figura 8.3-8c. Los 
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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La constante de tiempo es 
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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Sustituir estos valores en la ecuación 8.3-6 resulta
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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donde t tiene unidades de ms.
 Ahora que ya se conoce el voltaje del condensador, volvamos al circuito de la figura 8.3-8b. Observe que 
el voltaje de nodos en el nodo de en medio en lo alto del circuito ha sido etiquetado como va(t). La ecuación 
nodal correspondiente a este nodo es
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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Sustituir la expresión para el voltaje del condensador resulta

o bien  
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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Al despejar va(t), obtenemos
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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Finalmente, calculamos i(t) aplicando al ley de Ohm:
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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donde t tiene unidades de ms.

Encuentre el voltaje del condensador después de que el interruptor se abre en el circuito que se muestra en la 
figura 8.3-9a.	¿Cuál	es	el	valor	del	voltaje	del	condensador	de	50	ms	luego	de	que	el	interruptor	se	abre?

Solución
Este ejemplo es semejante al ejemplo 8.3-1. La diferencia entre los dos ejemplos es el tiempo en que se abre  
el interruptor. En el ejemplo 8.3-1 el interruptor se abre en tiempo t 5 0, y en este ejemplo se abre en tiempo 
t 5 50 ms 5 0.05 s.
 La fuente de voltaje de 2 voltios fuerza el voltaje del condensador a ser de 2 voltios hasta que se abra el 
interruptor. En consecuencia, 
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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para
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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En particular, la condición inicial es
v10.052 5 2 V

La figura 8.3-9b muestra el circuito luego de que se abre el interruptor. Comparando este circuito con el circuito RC 

E j E m p l o  8 . 3 - 6  Circuito de primer orden con 
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equivalent circuit are

V oc ¼ 60� 103

60� 103 þ 60� 103
8 ¼ 4 V

and Rt ¼ 30� 103 þ 60� 103 � 60� 103

60� 103 þ 60� 103
¼ 60� 103 ¼ 60 kV

The time constant is

t ¼ Rt � C ¼ 60� 103
� �� 2� 10�6

� � ¼ 120� 10�3 ¼ 120 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 4� 2e�t=120 V

where t has units of ms.

Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node

voltage at the middle node at the top of the circuit has been labeled as va(t). The node equation corresponding to

this node is

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � v tð Þ
30� 103

¼ 0

Substituting the expression for the capacitor voltage gives

va tð Þ � 8

60� 103
þ va tð Þ
60� 103

þ va tð Þ � 4� 2e�t=120
� �

30� 103
¼ 0

or va tð Þ � 8þ va tð Þ þ 2 va tð Þ � 4� 2e�t=120
� �h i

¼ 0

Solving for va(t), we get

va tð Þ ¼ 8þ 2 4� 2e�t=120
� �

4
¼ 4� e�t=120 V

Finally, we calculate i(t) using Ohm’s law:

i tð Þ ¼ va tð Þ
60� 103

¼ 4� e�t=120

60� 103
¼ 66:7� 16:7e�t=120 mA

where t has units of ms.

E X A M P L E 8 . 3 - 6 First-Order Circuit with t
0
6¼ 0

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the

capacitor voltage 50 ms after the switch opens?

Solution
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the

switch opens. The switch opens at time t ¼ 0 in Example 8.3-1 and at time t ¼ 50 ms ¼ 0.05 s in this example.

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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equivalent circuit are
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The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently,

v tð Þ ¼ 2 V for t � 0:05 s

In particular, the initial condition is

v 0:05ð Þ ¼ 2 V

Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,
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FIGURA 8.3-9 (a) Circuito de primer orden y (b) un circuito equivalente que es válido después de que se abre el interruptor. (c)
Trazo de la respuesta total, v(t), dado por la ecuación 8.3-10.

en la figura 8.3-1b, vemos que
Rt 5 10 kV y Voc 5 8 V

La constante de tiempo para este circuito de primer orden que contiene un condensador es
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 5 RtC 5 0.020 s
En este ejemplo, un trazo del voltaje del condensador tendrá la misma forma como lo fue en el trazo del vol-
taje del condensador en el ejemplo 8.3-1, sólo que el voltaje del condensador ene este ejemplo decaerá 50 ms 
porque el interruptor abrirá 50 ms más tarde. Para justificar este retardo, reemplazamos t por t 2 50 ms en la 
ecuación que representa el voltaje del condensador. En consecuencia, en este ejemplo el voltaje del condensa-
dor está dado por
 v(t) 5 8 2 6e21t2502>20 V (8.3-10)
donde t tiene unidades de ms. (Compare las ecuaciones 8.3-8 y 8.3-10.) Para encontrar el voltaje de 50 ms des-
pués de que se abre el interruptor, sea t 5 100 ms. Entonces,

v(100) 5 8 5 6e211002502>20 5 7.51 V
El valor del voltaje del condensador de 50 ms luego de que se abre el interruptor es el mismo aquí como lo fue 
en el ejemplo 8.3-1. La figura 8.3-9c muestra un trazo del voltaje del condensador como una función de tiempo. 
Como se esperaba, este trazo es una copia retrasada del trazo que se muestra en la figura 8.3-4c.

Encuentre la corriente del inductor después de que el interruptor se abre en el circuito que se muestra en la figura 
8.3-10a.	¿Cuánto	le	tomará	a	la	corriente	del	inductor	alcanzar	2	mA?

Solución
Este ejemplo es semejante al ejemplo 8.3-2. La diferencia entre los dos ejemplos es el tiempo en que se cierra el in-
terruptor. En el ejemplo 8.3-2 el interruptor se cierra en tiempo t 5 0, y en este ejemplo lo hace en tiempo t 5 10 ms.
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Respuesta total

FIGURA 8.3-10 (a) Un circuito de primer orden y (b) un circuito equivalente que es válido después de que se cierra el interruptor. 
(c) Un trazo de la respuesta total, i(t), dada por la ecuación 8.3-11.

 La corriente del inductor será de 0 A hasta que se cierre el interruptor. Dado que la corriente del inductor 
no se puede modificar de manera instantánea, será de 0 A inmediatamente después de que el interruptor se cierra. 
Por lo tanto, la condición inicial es
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The inductor current will be 0 A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0 A immediately after the switch closes. Therefore, the initial condition is

i 10 msð Þ ¼ 0 A

Figure 8.3-10b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure

8.3-2b, we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

A plot of the inductor current in this example will have the same shape as did the plot of the inductor current in

Example 8.3-2, but the inductor current in this example will be delayed by 10 ms because the switch closed 10 ms

later. To account for this delay, we replace t by t�10 ms in the equation that represents the inductor current.

Consequently, the current of the inductor in this example is given by

i tð Þ ¼ 4� 4e� t�10ð Þ=5 mA ð8:3-11Þ
where t has units of microseconds. (Compare Eq. 8.3-9 and 8.3-11.) To find the time when the current reaches

2 mA, substitute i(t) ¼ 2 mA. Then

2 ¼ 4� 4e� t�10ð Þ=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4

� �
þ 10 ¼ 13:47 ms

Because the switch closes at time 10 ms, an additional time of 3.47 ms after the switch closes is required for the

value of the current to reach 2 mA. Figure 8.3-10c shows a plot of the inductor current as a function of time. As

expected, this plot is a delayed copy of the plot shown in Figure 8.3-5c.

FIGURE 8.3-10 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch closes. (c) A plot of the complete

response, i(t), given by Eq. 8.3-11.
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La figura 8.3-10b muestra el circuito después de que el interruptor se cierra. Comparando este circuito con el 
circuito RL en la figura 8.3-2b, vemos que

Rt 5 1 000 V y Isc 5 4 mA
La constante de tiempo para este circuito de primer orden que contiene un inductor es
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The inductor current will be 0 A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0 A immediately after the switch closes. Therefore, the initial condition is

i 10 msð Þ ¼ 0 A

Figure 8.3-10b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure

8.3-2b, we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is

t ¼ L

Rt
¼ 5� 10�3

1000
¼ 5� 10�6 ¼ 5 ms

A plot of the inductor current in this example will have the same shape as did the plot of the inductor current in

Example 8.3-2, but the inductor current in this example will be delayed by 10 ms because the switch closed 10 ms

later. To account for this delay, we replace t by t�10 ms in the equation that represents the inductor current.

Consequently, the current of the inductor in this example is given by

i tð Þ ¼ 4� 4e� t�10ð Þ=5 mA ð8:3-11Þ
where t has units of microseconds. (Compare Eq. 8.3-9 and 8.3-11.) To find the time when the current reaches

2 mA, substitute i(t) ¼ 2 mA. Then

2 ¼ 4� 4e� t�10ð Þ=5 mA

Solving for t gives

t ¼ �5� ln
2� 4

�4
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þ 10 ¼ 13:47 ms

Because the switch closes at time 10 ms, an additional time of 3.47 ms after the switch closes is required for the

value of the current to reach 2 mA. Figure 8.3-10c shows a plot of the inductor current as a function of time. As

expected, this plot is a delayed copy of the plot shown in Figure 8.3-5c.

FIGURE 8.3-10 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch closes. (c) A plot of the complete

response, i(t), given by Eq. 8.3-11.
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En este ejemplo, un trazo de la corriente del inductor tendrá la misma forma que tuvo el trazo de la corriente del 
inductor en el ejemplo 8.3-2, sólo que la corriente del inductor en este ejemplo tendrá un retardo de 10 ms porque 
el interruptor se cierra 10 ms más tarde. Para justificar este retardo, reemplazamos t por t 5 10 ms en la ecuación 
que representa la corriente del inductor. En consecuencia, la corriente del inductor en este ejemplo está dada por
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The inductor current will be 0 A until the switch closes. Because the inductor current cannot change

instantaneously, it will be 0 A immediately after the switch closes. Therefore, the initial condition is

i 10 msð Þ ¼ 0 A

Figure 8.3-10b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure

8.3-2b, we see that

Rt ¼ 1000 V and I sc ¼ 4 mA

The time constant for this first-order circuit containing an inductor is
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1000
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Example 8.3-2, but the inductor current in this example will be delayed by 10 ms because the switch closed 10 ms
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Consequently, the current of the inductor in this example is given by
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where t has units of microseconds. (Compare Eq. 8.3-9 and 8.3-11.) To find the time when the current reaches

2 mA, substitute i(t) ¼ 2 mA. Then

2 ¼ 4� 4e� t�10ð Þ=5 mA

Solving for t gives
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Because the switch closes at time 10 ms, an additional time of 3.47 ms after the switch closes is required for the

value of the current to reach 2 mA. Figure 8.3-10c shows a plot of the inductor current as a function of time. As

expected, this plot is a delayed copy of the plot shown in Figure 8.3-5c.
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 (8.3-11)

donde t tiene unidades de microsegundos. (Compare las ecuaciones 8.3-9 y 8.3-11.) para encontrar el tiempo en 
que la corriente alcanza 2 mA, sustituya i(t) 5 2 mA. Entonces
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Despejando t resulta
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later. To account for this delay, we replace t by t�10 ms in the equation that represents the inductor current.
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where t has units of microseconds. (Compare Eq. 8.3-9 and 8.3-11.) To find the time when the current reaches

2 mA, substitute i(t) ¼ 2 mA. Then
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Solving for t gives
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Because the switch closes at time 10 ms, an additional time of 3.47 ms after the switch closes is required for the

value of the current to reach 2 mA. Figure 8.3-10c shows a plot of the inductor current as a function of time. As

expected, this plot is a delayed copy of the plot shown in Figure 8.3-5c.

FIGURE 8.3-10 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch closes. (c) A plot of the complete

response, i(t), given by Eq. 8.3-11.
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Dado que el interruptor se cierra en tiempo 10 ms, se requiere un tiempo adicional de 3.47 ms después de que 
el interruptor se cierre, para que el valor de la corriente alcance 2 mA. La figura 8.3-10c muestra un trazo de la 
corriente del inductor como una función de tiempo. Como se esperaba, el trazo es una copia retrasada del trazo 
que se muestra en la figura 8.3-5c. 
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La figura 8.3-11a muestra un trazo del voltaje a través del inductor en la figura 8.3-11b. 

 

FIGURA 8.3-11 (a) Un circuito de 
primer orden y (b) trazo del voltaje 
de un inductor.

(a) Determine la ecuación que representa el voltaje del inductor como una función de tiempo.
(b) Determine el valor de la resistencia R.
(c) Determine la ecuación que representa la corriente del inductor como una función de tiempo. 

Solución
(a) El voltaje del inductor está representado por una ecuación de la forma
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E X A M P L E 8 . 3 - 8 Exponential Response of a First-Order Circuit

Figure 8.3-11a shows a plot of the voltage across the inductor in Figure 8.3-11b.

FIGURE 8.3-11 (a) A first-order circuit

and (b) a plot of the inductor voltage.

(a) Determine the equation that represents the inductor voltage as a function of time.

(b) Determine the value of the resistance R.

(c) Determine the equation that represents the inductor current as a function of time.

Solution
(a) The inductor voltage is represented by an equation of the form

v tð Þ ¼ D for t < 0

E þ F e�at for t � 0

�

where D, E, F, and a are unknown constants. The constants D, E, and F are described by

D ¼ v tð Þ when t < 0; E ¼ lim
t!1 v tð Þ; and E þ F ¼ lim

t!0þ
v tð Þ

From the plot, we see that

D ¼ 0; E ¼ 0; and E þ F ¼ 4 V

Consequently,

v tð Þ ¼ 0 for t < 0

4e�at for t � 0

�

To determine the value of a, we pick a time when the circuit is not at steady state. One such point is labeled

on the plot in Figure 8.3-11. We see v (0.14) ¼ 2 V; that is, the value of the voltage is 2 volts at time 0.14

seconds. Substituting these into the equation for v(t) gives

2 ¼ 4e�a 0:14ð Þ ) a ¼ ln 0:5ð Þ
�0:14

¼ 5

Consequently,

v tð Þ ¼ 0 for t < 0

4e�5t for t � 0

�

(b) Figure 8.3-12a shows the circuit immediately after the switch opens. In Figure 8.3-12b, the part of the circuit

connected to the inductor has been replaced by its Th�evenin equivalent circuit.

The time constant of the circuit is given by

t ¼ L

Rt
¼ 4

Rþ 5

The Response of a First-Order Circuit to a Constant Input 325
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E1C08_1 11/25/2009 325

E X A M P L E 8 . 3 - 8 Exponential Response of a First-Order Circuit

Figure 8.3-11a shows a plot of the voltage across the inductor in Figure 8.3-11b.

FIGURE 8.3-11 (a) A first-order circuit

and (b) a plot of the inductor voltage.

(a) Determine the equation that represents the inductor voltage as a function of time.

(b) Determine the value of the resistance R.

(c) Determine the equation that represents the inductor current as a function of time.

Solution
(a) The inductor voltage is represented by an equation of the form

v tð Þ ¼ D for t < 0

E þ F e�at for t � 0

�

where D, E, F, and a are unknown constants. The constants D, E, and F are described by

D ¼ v tð Þ when t < 0; E ¼ lim
t!1 v tð Þ; and E þ F ¼ lim

t!0þ
v tð Þ

From the plot, we see that

D ¼ 0; E ¼ 0; and E þ F ¼ 4 V

Consequently,

v tð Þ ¼ 0 for t < 0

4e�at for t � 0

�

To determine the value of a, we pick a time when the circuit is not at steady state. One such point is labeled

on the plot in Figure 8.3-11. We see v (0.14) ¼ 2 V; that is, the value of the voltage is 2 volts at time 0.14
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(b) Figure 8.3-12a shows the circuit immediately after the switch opens. In Figure 8.3-12b, the part of the circuit

connected to the inductor has been replaced by its Th�evenin equivalent circuit.

The time constant of the circuit is given by
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¼ 4
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 donde D, E, F y a son constantes desconocidas. Las constantes D, E y F están descritas por

D 5 v1t2  cuando t , 0,  E 5 lím v1t2  y  E 1 F 5 lím v1t2
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E þ F e�at for t � 0

�

where D, E, F, and a are unknown constants. The constants D, E, and F are described by

D ¼ v tð Þ when t < 0; E ¼ lim
t!1 v tð Þ; and E þ F ¼ lim

t!0þ
v tð Þ

From the plot, we see that

D ¼ 0; E ¼ 0; and E þ F ¼ 4 V

Consequently,

v tð Þ ¼ 0 for t < 0

4e�at for t � 0

�

To determine the value of a, we pick a time when the circuit is not at steady state. One such point is labeled

on the plot in Figure 8.3-11. We see v (0.14) ¼ 2 V; that is, the value of the voltage is 2 volts at time 0.14

seconds. Substituting these into the equation for v(t) gives

2 ¼ 4e�a 0:14ð Þ ) a ¼ ln 0:5ð Þ
�0:14

¼ 5

Consequently,

v tð Þ ¼ 0 for t < 0
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�

(b) Figure 8.3-12a shows the circuit immediately after the switch opens. In Figure 8.3-12b, the part of the circuit

connected to the inductor has been replaced by its Th�evenin equivalent circuit.

The time constant of the circuit is given by

t ¼ L

Rt
¼ 4

Rþ 5
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 En consecuencia,
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  Para determinar el valor de a, tomamos un tiempo en que el circuito no esté en estado estable. Un punto tal 
se etiqueta en el trazo en la figura 8.3-11. Vemos que v (0.14) 5 2 V, es decir, el valor del voltaje es 2 voltios 
en el tiempo 0.14 segundos. Sustituirlo en la ecuación para v(t) da como resultado
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(b)  La figura 8.3-12a muestra el circuito inmediatamente después de que se abre el interruptor. En la figura 
8.3-12b, la parte del circuito conectada al inductor ha sido reemplazada por el circuito conveniente de Thévenin.

 La constante de tiempo del circuito está dada por
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FIGURA 8.3-12 (a) El circuito de primer orden luego de que se abre 
el interruptor. (b) Un circuito equivalente.

FIGURA 8.3-13 El circuito de primer orden antes de 
que se abra el interruptor.

 Incluso, la constante de tiempo se relaciona con el exponente en v(t) por �5t ¼ � t

t
. En consecuencia,

5 ¼ 1

t
¼ Rþ 5

4
) R ¼ 15V

(c) La corriente del inductor se relaciona con el voltaje del inductor por

i tð Þ ¼ 1

L

Z t

0
v tð Þdt þ i 0ð Þ

  La figura 8.3-13 muestra el circuito antes de que se abra el interruptor. El interruptor cerrado está representa-
do por un cortocircuito. El circuito está en estado estable, y las fuentes de voltaje tienen voltajes constantes, 
de modo que el inductor actúa como un cortocircuito. La corriente del inductor está dada por

i tð Þ ¼ 6

15
¼ 0:4 A

  En particular, i(0�) � 0.4 A. La corriente en un inductor es continua, por lo que i(0�) � i(0�). En conse-
cuencia,

i102 � 0.4 A

 Volviendo a la ecuación para la corriente del inductor, luego que el interruptor se abre, tenemos

i tð Þ ¼ 1

4

Z t

0
4e�5tdt þ 0:4 ¼ 1

�5 e�5t � 1
� �þ 0:4 ¼ 0:6� 0:2e�5t

 En resumen,

i tð Þ ¼ 0:4
0:6� 0:2e�5t

�
para

t < 0
t � 0

EJERCICIO 8.3-1 El circuito que se muestra en la figura E 8.3-1 se encuentra en estado estable 
antes de que se cierre el interruptor en tiempo t � 0. Determine el voltaje del condensador, v(t), para t � 0.

6

3 6

v(t)

+

–

+
– 0.05 F

t = 0

3 V

 FIGURA E 8.3-1

Respuesta: v(t) � 2 � e�2.5t V para t � 0

para
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EJERCICIO 8.3-2 El circuito que se muestra en la figura E 8.3-2 se encuentra en estado estable 
antes de que se cierre el interruptor en tiempo t 5 0. Determine la corriente del inductor, v(t), para t . 0.

6 Ω

3 Ω 6 Ω

i(t)

+
– 6 H

t = 0

3 V

 FIGURA E 8.3-2

Respuesta: 
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EXERCISE 8.3-2 The circuit shown in Figure E 8.3-2 is at steady state before the switch closes

at time t ¼ 0. Determine the inductor current, i(t), for t > 0.

6 Ω

3 Ω 6 Ω

i(t)

+
– 6 H

t = 0

3 V

FIGURE E 8.3-2

Answer: i tð Þ ¼ 1

4
þ 1

12
e�1:33t A for t > 0

8.4 S EQUENT I A L SW I TCH ING

Often, circuits contain several switches that are not switched at the same time. For example, a circuit

may have two switches where the first switch changes state at time t¼ 0 and the second switch closes

at t ¼ 1 ms.

Sequential switching occurs when a circuit contains two or more switches that change state

at different instants.

Circuits with sequential switching can be solved using the methods described in the previous sections,

based on the fact that inductor currents and capacitor voltages do not change instantaneously.

As an example of sequential switching, consider the circuit shown in Figure 8.4-1a. This circuit

contains two switches—one that changes state at time t ¼ 0 and a second that closes at t ¼ 1 ms.

Suppose this circuit has reached steady state before the switch changes state at time t ¼ 0. Figure

8.4-1b shows the equivalent circuit that is appropriate for t < 0. Because the circuit is at steady state

and the input is constant, the inductor acts like a short circuit and the current in this short circuit is the

(a)

(c)

(b)

i(t) i(t)2 mH

i(t)2 mH

2 Ω 2 Ω

2 Ω

2 Ω10 A10 A

(d)

i(t)2 mH 1 Ω

t = 0 t = 1 ms

FIGURE 8.4-1 (a) A circuit with sequential switching. (b) The equivalent circuit before t ¼ 0. (c) The equivalent

circuit for 0 < t < 1 ms. (d) The equivalent circuit after t ¼ 1 ms.
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As an example of sequential switching, consider the circuit shown in Figure 8.4-1a. This circuit

contains two switches—one that changes state at time t ¼ 0 and a second that closes at t ¼ 1 ms.
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FIGURE 8.4-1 (a) A circuit with sequential switching. (b) The equivalent circuit before t ¼ 0. (c) The equivalent

circuit for 0 < t < 1 ms. (d) The equivalent circuit after t ¼ 1 ms.
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8.4 C O N M U TA C I Ó N  S E C U E N C I A L

En ocasiones, los circuitos contienen varios interruptores que no se accionan al mismo tiempo. Por 
ejemplo, un circuito puede tener dos interruptores donde el primero cambia el estado en tiempo t 5 0, 
y el segundo interruptor cierra en t 5 1 ms.

La conmutación secuencial ocurre cuando un circuito contiene dos o más interruptores que 
modifican el estado en instantes diferentes.

Los circuitos con conmutación secuencial se pueden resolver utilizando los métodos descritos en 
secciones anteriores, a partir de que las corrientes del inductor y los voltajes del condensador no se 
modifican de manera instantánea.
 Como un ejemplo de conmutación secuencial, considere el circuito que se muestra en la figura 
8.4-1a. Este circuito contiene dos interruptores, el primero que cambia el estado en tiempo t 5 0, y 
el segundo que cierra en t 5 1 ms. Suponga que este circuito ha llegado al estado estable antes de 
que el estado estable antes de que el interruptor cambie el estado en tiempo t 5 0. La figura 8.4-1b 
muestra el circuito equivalente que es adecuado para t , 0. Dado que el circuito se encuentra en 
estado estable y la entrada es constante, el inductor actúa como un cortocircuito y la corriente en este 
cortocircuito es la corriente del inductor. El cortocircuito fuerza el voltaje a través del resistor a que 

(a)

(c)

(b)

i(t) i(t)2 mH

i(t)2 mH

2 Ω 2 Ω

2 Ω

2 Ω10 A10 A

(d)

i(t)2 mH 1 Ω

t = 0 t = 1 ms

FIGURA 8.4-1 (a) Un circuito con conmutación secuencial. (b) El circuito equivalente antes de t 5 0. (c) El circuito 
equivalente para 0 , t , 1 ms. (d ) El circuito equivalente después de t 5 1 ms.
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sea cero, de modo que la corriente en el resistor también sea cero. El resultado es que toda la corriente 
de fuente fluye en el cortocircuito, e

i1t2 5 10 A t , 0
La corriente del inductor será de 10 A inmediatamente antes de que el interruptor cambie el estado en 
tiempo t 5 0. Esto los expresamos como

i1022 5 10 A
Dado que la corriente del inductor no cambia de manera instantánea, la corriente del inductor será de 
10 A inmediatamente después de que el interruptor cambia el estado. Es decir,

i1012 5 10 A

Ésta es la condición inicial que se utiliza para calcular la corriente del inductor después de t 5 0. La 
figura 8.4-1c muestra el circuito equivalente que es el apropiado después de un interruptor cambia 
el estado en tiempo t 5 0, y antes de que el otro interruptor cierre en tiempo t 5 1 ms. Vemos que el 
equivalente de Norton de la parte del circuito conectada al inductor tiene los parámetros

Isc 5 0 A y Rt 5 2 V

La constante  de tiempo de este circuito de primer orden es
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inductor current. The short circuit forces the voltage across the resistor to be zero, so the current in the

resistor is also zero. As a result, all of the source current flows in the short circuit and

i tð Þ ¼ 10 A t < 0

The inductor current will be 10 A immediately before the switch changes state at time t ¼ 0. We

express this as

i 0�ð Þ ¼ 10 A

Because the inductor current does not change instantaneously, the inductor current will also be 10 A

immediately after the switch changes state. That is,

i 0þð Þ ¼ 10 A

This is the initial condition that is used to calculate the inductor current after t ¼ 0. Figure

8.4-1c shows the equivalent circuit that is appropriate after one switch changes state at time t ¼
0 and before the other switch closes at time t ¼ 1 ms. We see that the Norton equivalent of the part of

the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 2 V

The time constant of this first-order circuit is

t ¼ L

Rt
¼ 2� 10�3

2
¼ 1� 10�3 ¼ 1 ms

The inductor current is

i tð Þ ¼ i 0ð Þe�t=t ¼ 10e�t A

for 0< t< 1 ms. Notice that t has units of ms. Immediately before the other switch closes at time t¼ 1

ms, the inductor current will be

i 1�ð Þ ¼ 10e�1 ¼ 3:68 A

Because the inductor current does not change instantaneously, the inductor current will also be 3.68 A

immediately after the switch changes state. That is,

i 1þð Þ ¼ 3:68 A

This is the initial condition that is used to calculate the inductor current after the switch closes at time t

¼ 1 ms. Figure 8.4-1d shows the appropriate equivalent circuit. We see that the Norton equivalent of
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The time constant of this first-order circuit is

t ¼ L
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¼ 2� 10�3

1
¼ 2� 10�3 ¼ 2 ms

The inductor current is

i tð Þ ¼ i t0ð Þe� t�t0ð Þ=t ¼ 3:68e� t�1ð Þ=2 A

for 1 ms< t. Once again, t has units of ms. Also, t0 denotes the time

when the switch changes state—1 ms in this example.

Figure 8.4-2 shows a plot of the inductor current. The time

constant changes when the second switch closes. As a result, the slope

of the plot changes at t¼ 1 ms. Immediately before the switch closes,

the slope is�3.68 A/ms. Immediately after the switch closes, the slope

becomes �3.68=2 A/ms.
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para 0 , t , 1 ms. Observe que t tiene unidades de ms. Inmediatamente antes de que el otro circuito 
se cierre en tiempo t 5 1 ms, la corriente del inductor será

i1122 5 10e21 5 3.68 A

Como la corriente del inductor no cambia de manera instantánea, la corriente del inductor será tam-
bién de 3.68 A inmediatamente después de que el interruptor cambia el estado, Es decir,

i1112 5 3.68 A

Ésta es la condición inicial que se utiliza para calcular la corriente del inductor después de que el in-
terruptor se cierra en t 5 1 ms. La figura 8.4-1d muestra el circuito equivalente apropiado. Vemos que 
el equivalente de Norton de la parte del circuito conectada al inductor tiene los parámetros

Isc = 0 A y Rt	=	1	Ω

La constante de tiempo de este circuito de primer orden es
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inductor current. The short circuit forces the voltage across the resistor to be zero, so the current in the

resistor is also zero. As a result, all of the source current flows in the short circuit and

i tð Þ ¼ 10 A t < 0

The inductor current will be 10 A immediately before the switch changes state at time t ¼ 0. We

express this as

i 0�ð Þ ¼ 10 A

Because the inductor current does not change instantaneously, the inductor current will also be 10 A

immediately after the switch changes state. That is,

i 0þð Þ ¼ 10 A

This is the initial condition that is used to calculate the inductor current after t ¼ 0. Figure

8.4-1c shows the equivalent circuit that is appropriate after one switch changes state at time t ¼
0 and before the other switch closes at time t ¼ 1 ms. We see that the Norton equivalent of the part of

the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 2 V

The time constant of this first-order circuit is

t ¼ L

Rt
¼ 2� 10�3

2
¼ 1� 10�3 ¼ 1 ms

The inductor current is

i tð Þ ¼ i 0ð Þe�t=t ¼ 10e�t A

for 0< t< 1 ms. Notice that t has units of ms. Immediately before the other switch closes at time t¼ 1

ms, the inductor current will be

i 1�ð Þ ¼ 10e�1 ¼ 3:68 A

Because the inductor current does not change instantaneously, the inductor current will also be 3.68 A

immediately after the switch changes state. That is,

i 1þð Þ ¼ 3:68 A

This is the initial condition that is used to calculate the inductor current after the switch closes at time t

¼ 1 ms. Figure 8.4-1d shows the appropriate equivalent circuit. We see that the Norton equivalent of

the part of the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 1 V

The time constant of this first-order circuit is

t ¼ L
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¼ 2� 10�3

1
¼ 2� 10�3 ¼ 2 ms

The inductor current is

i tð Þ ¼ i t0ð Þe� t�t0ð Þ=t ¼ 3:68e� t�1ð Þ=2 A

for 1 ms< t. Once again, t has units of ms. Also, t0 denotes the time

when the switch changes state—1 ms in this example.

Figure 8.4-2 shows a plot of the inductor current. The time

constant changes when the second switch closes. As a result, the slope

of the plot changes at t¼ 1 ms. Immediately before the switch closes,

the slope is�3.68 A/ms. Immediately after the switch closes, the slope

becomes �3.68=2 A/ms.
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para 1 ms , t. Una vez más, t tiene unidades de ms. Incluso, t0 
indica el tiempo cuando el interruptor cambia el estado: 1 ms en 
este ejemplo.
 La figura 8.4-2 muestra un trazo de la corriente del inductor. La 
constante de tiempo cambia cuando el segundo interruptor se cie-
rra. El resultado es que la inclinación del trazo cambia en t 5 1 ms. 
Inmediatamente antes de que el interruptor se cierre, la inclinación 
es 23.68 A/ms. Inmediatamente después de que el interruptor se 
cierra, la inclinación se vuelve 23.68>2 A/ms.

FIGURA 8.4-2 Forma de onda de la corriente para 
t 
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inductor current. The short circuit forces the voltage across the resistor to be zero, so the current in the

resistor is also zero. As a result, all of the source current flows in the short circuit and

i tð Þ ¼ 10 A t < 0

The inductor current will be 10 A immediately before the switch changes state at time t ¼ 0. We

express this as

i 0�ð Þ ¼ 10 A

Because the inductor current does not change instantaneously, the inductor current will also be 10 A

immediately after the switch changes state. That is,

i 0þð Þ ¼ 10 A

This is the initial condition that is used to calculate the inductor current after t ¼ 0. Figure

8.4-1c shows the equivalent circuit that is appropriate after one switch changes state at time t ¼
0 and before the other switch closes at time t ¼ 1 ms. We see that the Norton equivalent of the part of

the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 2 V

The time constant of this first-order circuit is
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¼ 2� 10�3

2
¼ 1� 10�3 ¼ 1 ms

The inductor current is

i tð Þ ¼ i 0ð Þe�t=t ¼ 10e�t A

for 0< t< 1 ms. Notice that t has units of ms. Immediately before the other switch closes at time t¼ 1

ms, the inductor current will be

i 1�ð Þ ¼ 10e�1 ¼ 3:68 A

Because the inductor current does not change instantaneously, the inductor current will also be 3.68 A

immediately after the switch changes state. That is,

i 1þð Þ ¼ 3:68 A

This is the initial condition that is used to calculate the inductor current after the switch closes at time t

¼ 1 ms. Figure 8.4-1d shows the appropriate equivalent circuit. We see that the Norton equivalent of

the part of the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 1 V

The time constant of this first-order circuit is
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¼ 2� 10�3

1
¼ 2� 10�3 ¼ 2 ms

The inductor current is

i tð Þ ¼ i t0ð Þe� t�t0ð Þ=t ¼ 3:68e� t�1ð Þ=2 A

for 1 ms< t. Once again, t has units of ms. Also, t0 denotes the time

when the switch changes state—1 ms in this example.

Figure 8.4-2 shows a plot of the inductor current. The time

constant changes when the second switch closes. As a result, the slope

of the plot changes at t¼ 1 ms. Immediately before the switch closes,

the slope is�3.68 A/ms. Immediately after the switch closes, the slope

becomes �3.68=2 A/ms.
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 0. La exponencial tiene una constante de tiempo 
diferente para 0 
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single-pole, double-throw switch. The break-before-make switch is manufactured so that the switch

between c and b closes after the switch between c and a opens. The symbol for the break-before-make

switch is shown in Figure 2.9-2a. The make-before-break switch is manufactured so that the switch

between c and b closes before the switch between c and a opens. The symbol for the make-before-

break switch is shown in Figure 2.9-2b. Remember: the switch transition from terminal a to terminal b

is assumed to take place instantaneously. This instantaneous transition is an accurate model when the

actual make-before-break transition is very fast compared to the circuit time response.

EXERCISE 2.9-1 What is the value of the current i in Figure E 2.9-1 at time t ¼ 4 s?

Answer: i ¼ 0 amperes at t ¼ 4 s (both switches are open).

EXERCISE 2.9-2 What is the value of the voltage v in Figure E 2.9-2 at time t¼ 4 s? At t¼ 6 s?

Answer: v ¼ 6 volts at t ¼ 4 s, and v ¼ 0 volts at t ¼ 6 s.

E X A M P L E 2 . 9 - 1 Switches

Figure 2.9-3 illustrates the use of open and short circuits for modeling ideal switches. In Figure 2.9-3a, a circuit

containing three switches is shown. In Figure 2.9-3b, the circuit is shown as it would be modeled before t ¼ 0 s.

The two single-pole, single-throw switches change state at time t¼ 0 s. Figure 2.9-3c shows the circuit as it would

be modeled when the time is between 0 s and 2 s. The single-pole, double-throw switch changes state at time t¼ 2

s. Figure 2.9-3d shows the circuit as it would be modeled after 2 s.
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FIGURE 2.9-3

(a) A circuit

containing

several switches.

(b) The

equivalent circuit

for t� 0 s.

(c) The

equivalent circuit

for 0< t< 2 s.

(d ) The

equivalent circuit

for t> 2 s.
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FIGURE E 2.9-1 A circuit with two SPST switches.
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FIGURE E 2.9-2 A circuit with a make-before-break

SPDT switch.
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inductor current. The short circuit forces the voltage across the resistor to be zero, so the current in the

resistor is also zero. As a result, all of the source current flows in the short circuit and

i tð Þ ¼ 10 A t < 0

The inductor current will be 10 A immediately before the switch changes state at time t ¼ 0. We

express this as

i 0�ð Þ ¼ 10 A

Because the inductor current does not change instantaneously, the inductor current will also be 10 A

immediately after the switch changes state. That is,

i 0þð Þ ¼ 10 A

This is the initial condition that is used to calculate the inductor current after t ¼ 0. Figure

8.4-1c shows the equivalent circuit that is appropriate after one switch changes state at time t ¼
0 and before the other switch closes at time t ¼ 1 ms. We see that the Norton equivalent of the part of

the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 2 V

The time constant of this first-order circuit is

t ¼ L

Rt
¼ 2� 10�3

2
¼ 1� 10�3 ¼ 1 ms

The inductor current is

i tð Þ ¼ i 0ð Þe�t=t ¼ 10e�t A

for 0< t< 1 ms. Notice that t has units of ms. Immediately before the other switch closes at time t¼ 1

ms, the inductor current will be

i 1�ð Þ ¼ 10e�1 ¼ 3:68 A

Because the inductor current does not change instantaneously, the inductor current will also be 3.68 A

immediately after the switch changes state. That is,

i 1þð Þ ¼ 3:68 A

This is the initial condition that is used to calculate the inductor current after the switch closes at time t

¼ 1 ms. Figure 8.4-1d shows the appropriate equivalent circuit. We see that the Norton equivalent of

the part of the circuit connected to the inductor has the parameters

I sc ¼ 0 A and Rt ¼ 1 V

The time constant of this first-order circuit is

t ¼ L

Rt
¼ 2� 10�3

1
¼ 2� 10�3 ¼ 2 ms

The inductor current is

i tð Þ ¼ i t0ð Þe� t�t0ð Þ=t ¼ 3:68e� t�1ð Þ=2 A

for 1 ms< t. Once again, t has units of ms. Also, t0 denotes the time

when the switch changes state—1 ms in this example.

Figure 8.4-2 shows a plot of the inductor current. The time

constant changes when the second switch closes. As a result, the slope

of the plot changes at t¼ 1 ms. Immediately before the switch closes,

the slope is�3.68 A/ms. Immediately after the switch closes, the slope

becomes �3.68=2 A/ms.
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FIGURE 8.4-2 Current waveform for t � 0. The

exponential has a different time constant for 0 � t < t1
and for t � t1 where t1 ¼ 1 ms.
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 t1 donde t1 5 1 ms.
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8.5 E S TA B I L I DA D  D E  C I R C U I TO S  D E  P R I M E R  O R D E N

Ya mostramos que la respuesta natural de un circuito de primer orden es
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8.5 S TAB I L I T Y OF F I RST -ORDER C I RCU I TS

We have shown that the natural response of a first-order circuit is

xn tð Þ ¼ Ke�t=t

and that the complete response is the sum of the natural and forced responses:

x tð Þ ¼ xn tð Þ þ xf tð Þ
When t > 0, the natural response vanishes as t! 0, leaving the forced response. In this case, the circuit is

said to be stable. When t < 0, the natural response grows without bound as t! 0. The forced response

becomes negligible, compared to the natural response. The circuit is said to be unstable. When a circuit is

stable, the forced response depends on the input to the circuit. That means that the forced response

contains information about the input. When the circuit is unstable, the forced response is negligible, and

this information is lost. In practice, the natural response of an unstable circuit is not unbounded. This

response will grow until something happens to change the circuit. Perhaps that change will be saturation

of an op amp or of a dependent source. Perhaps that change will be the destruction of a circuit element. In

most applications, the behavior of unstable circuits is undesirable and is to be avoided.

How can we design first-order circuits to be stable? Recalling that t ¼ RtC or t ¼ L=Rt, we see that

Rt > 0 is required to make a first-order circuit stable.

This condition will always be satisfied whenever the part of the circuit connected to the capacitor or

inductor consists of only resistors and independent sources. Such circuits are guaranteed to be stable.

In contrast, a first-order circuit that contains op amps or dependent sources may be unstable.

E X A M P L E 8 . 5 - 1 Response of an Unstable First-Order Circuit

The first-order circuit shown in Figure 8.5-1a is at steady state before the switch closes at t ¼ 0. This circuit

contains a dependent source and so may be unstable. Find the capacitor voltage, v(t), for t > 0.
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FIGURE 8.5-1 (a) A first-

order circuit containing a

dependent source. (b) The

circuit used to calculate the

initial condition. (c) The

circuit used to calculate

Voc. (d ) The circuit used to

calculate Rt.
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y que la respuesta total es la suma de las respuestas natural y forzada:
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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 0, dejando la respuesta forzada. En este caso, 
se dice que el circuito es estable. Cuando 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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 0. La 
respuesta forzada se vuelve insignificante, comparada con la respuesta natural. Se dice que el circuito es 
inestable. Cuando un circuito es estable, la respuesta forzada depende de la entrada del circuito. Eso sig-
nifica que la respuesta forzada contiene información acerca de la entrada. Cuando el circuito es inestable, 
la respuesta forzada es insignificante y la información se pierde. En la práctica, la respuesta natural de 
un circuito inestable no es ilimitada. Esta respuesta crecerá hasta que suceda algo que modifique el cir-
cuito. Tal modificación podría provenir de la saturación de un amplificador operacional o de una fuente  
dependiente. O quizá tal modificación sería la destrucción de un elemento de circuito. En la mayoría de las  
aplicaciones, el comportamiento de los circuitos inestables es algo indeseable y hay que evitarlo.
	 ¿Cómo	podemos	diseñar	circuitos	de	primer	orden	que	sean	estables?	Si	recordamos	que	
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.
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0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 5 L>Rt, vemos que

Se requiere que Rt . 0 para conformar un circuito de primer orden estable.

Esta condición siempre se satisfará siempre que la parte del circuito conectada al condensador o al 
inductor conste de solamente resistores y fuentes independientes. Es seguro que tales circuitos sean 
estables. Por el contrario, un circuito de primer orden que contenga amplificadores operacionales o 
fuentes dependientes puede ser inestable.

E j E m p l o  8 . 5 - 1  Respuesta de un circuito inestable de primer orden

El circuito de primer orden que se muestra en la figura 8.5-1a se encuentra en estado estable antes de que el 
interruptor se cierre en t 5 0. Este circuito contiene una fuente dependiente y por lo tanto puede ser inestable. 
Encuentre el voltaje del condensador, v(t), para t . 0.

(b)

(d)

(a)

(c)

IT

10 kΩ

10 kΩ

5 kΩ

i(t)

2i(t)

2i(t)

+
–12 V

+
–12 V

5 kΩ

i(t)

t = 0

2i(t)+
–12 V

5 kΩ

i(t)

5 kΩ

i(t)

2i(t)

v(t)
+

–

voc

+

–

VT

+

–

v(0)

+

–

2   Fµ

10 kΩ

 

FIGURA 8.5-1 (a) Un 
circuito de primer orden 
que contiene una fuente 
dependiente. (b) El circuito 
utilizado para calcular 
la condición inicial. (c) 
El circuito utilizado para 
calcular Voc. (d) El circuito 
utilizado para calcular Rt.
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Solución
La entrada al circuito es una constante, por lo tanto el condensador actúa como un circuito abierto en estado es-
table. Calculamos la condición inicial del circuito en la figura 8.5-2b. Al aplicar la KCL al nodo alto de la fuente 
de corriente dependiente, obtenemos

2i 1 2i 5 0
Entonces i 5 0. En consecuencia, no hay caída de voltaje a través del resistor, y

v102 5 12 V
A continuación, determinemos el circuito equivalente de Thévenin para la parte del circuito conectado al con-
densador. Esto requiere dos cálculos. El primero, calcular el voltaje del circuito abierto mediante el circuito de la 
figura 8.5-1c. Al escribir una ecuación de KVL para el circuito cerrado que conste de dos resistores y fuente de 
voltaje, obtenemos,

12 5 A5 3 103B 3 i 1 A10 3 103B 2 1i 2 2i2
Despejando la corriente, encontramos

i 5 2.4 mA
Si aplicamos la ley de Ohm al resistor de 10 kV, obtenemos

Voc 5 A10 3 103B 3 1i 2 2i2 5 24 V
Ahora calculamos la resistencia de Thévenin utilizando el circuito que se muestra en la figura 8.5-1d. Aplique la 
KVL al circuito cerrado que conste de dos resistores para obtener

0 5 A5 3 103B 3 i 1 A10 3 103B 3 1IT 1 i 2 2i2
Despejando la corriente,

i 5 2IT

Al aplicar la ley de Ohm al resistor de 10 kV, obtenemos
VT 5 10 3 103 3 1IT 1 i 2 2i2 5 210 3 103 3 IT

La resistencia de Thévenin está dada por
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Solution
The input to the circuit is a constant, so the capacitor acts like an open circuit at steady state. We calculate the initial

condition from the circuit in Figure 8.5-2b. Applying KCL to the top node of the dependent current source, we get

�iþ 2i ¼ 0

Therefore, i ¼ 0. Consequently, there is no voltage drop across the resistor, and

v 0ð Þ ¼ 12 V

Next, we determine the Th�evenin equivalent circuit for the part of the circuit connected to the capacitor. This

requires two calculations. First, calculate the open-circuit voltage, using the circuit in Figure 8.5-1c. Writing a

KVL equation for the loop consisting of the two resistors and the voltage source, we get

12 ¼ 5� 103
� �� iþ 10� 103

� �� i� 2ið Þ
Solving for the current, we find

i ¼ �2:4 mA

Applying Ohm’s law to the 10-kV resistor, we get

V oc ¼ 10� 103
� �� i� 2ið Þ ¼ 24 V

Now calculate the Th�evenin resistance using the circuit shown in Figure 8.5-1d. Apply KVL to the loop consisting

of the two resistors to get

0 ¼ 5� 103
� �� iþ 10� 103

� �� IT þ i� 2ið Þ
Solving for the current,

i ¼ 2IT

Applying Ohm’s law to the 10-kV resistor, we get

VT ¼ 10� 103 � IT þ i� 2ið Þ ¼ �10� 103 � IT

The Th�evenin resistance is given by

Rt ¼ VT

IT
¼ �10 kV

The time constant is

t ¼ RtC ¼ �20 ms

This circuit is unstable. The complete response is

v tð Þ ¼ 24� 12 e t=20

The capacitor voltage decreases from v(0) ¼ 12 V rather than increasing toward vf ¼ 24 V. Notice that

v 1ð Þ ¼ lim
t!1 v tð Þ ¼ �1

It’s not appropriate to refer to the forced response as a steady-state response when the circuit is unstable.

E X A M P L E 8 . 5 - 2 Designing First-Order Circuits to be Stable

The circuit considered in Example 8.5-1 has been redrawn in Figure 8.5-2a, with the gain of the dependent

source represented by the variable B. What restrictions must be placed on the gain of the dependent source to

ensure that it is stable? Design this circuit to have a time constant of +20 ms.

330 The Complete Response of RL and RC Circuits

La constante de tiempo es
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.

1
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v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 5 RtC 5 220 ms
El circuito es inestable. La respuesta total es

v1t2 5 24 2 12 e t>20

El voltaje del condensador decrece de v(0) 5 12 V en vez de incrementarse a vf 5 24 V. Observe que

E1C08_1 11/25/2009 330

Solution
The input to the circuit is a constant, so the capacitor acts like an open circuit at steady state. We calculate the initial

condition from the circuit in Figure 8.5-2b. Applying KCL to the top node of the dependent current source, we get

�iþ 2i ¼ 0

Therefore, i ¼ 0. Consequently, there is no voltage drop across the resistor, and

v 0ð Þ ¼ 12 V

Next, we determine the Th�evenin equivalent circuit for the part of the circuit connected to the capacitor. This

requires two calculations. First, calculate the open-circuit voltage, using the circuit in Figure 8.5-1c. Writing a

KVL equation for the loop consisting of the two resistors and the voltage source, we get

12 ¼ 5� 103
� �� iþ 10� 103

� �� i� 2ið Þ
Solving for the current, we find

i ¼ �2:4 mA

Applying Ohm’s law to the 10-kV resistor, we get

V oc ¼ 10� 103
� �� i� 2ið Þ ¼ 24 V

Now calculate the Th�evenin resistance using the circuit shown in Figure 8.5-1d. Apply KVL to the loop consisting

of the two resistors to get

0 ¼ 5� 103
� �� iþ 10� 103

� �� IT þ i� 2ið Þ
Solving for the current,

i ¼ 2IT

Applying Ohm’s law to the 10-kV resistor, we get

VT ¼ 10� 103 � IT þ i� 2ið Þ ¼ �10� 103 � IT

The Th�evenin resistance is given by

Rt ¼ VT

IT
¼ �10 kV

The time constant is

t ¼ RtC ¼ �20 ms

This circuit is unstable. The complete response is

v tð Þ ¼ 24� 12 e t=20

The capacitor voltage decreases from v(0) ¼ 12 V rather than increasing toward vf ¼ 24 V. Notice that

v 1ð Þ ¼ lim
t!1 v tð Þ ¼ �1

It’s not appropriate to refer to the forced response as a steady-state response when the circuit is unstable.

E X A M P L E 8 . 5 - 2 Designing First-Order Circuits to be Stable

The circuit considered in Example 8.5-1 has been redrawn in Figure 8.5-2a, with the gain of the dependent

source represented by the variable B. What restrictions must be placed on the gain of the dependent source to

ensure that it is stable? Design this circuit to have a time constant of +20 ms.

330 The Complete Response of RL and RC Circuits

No es apropiado referirse a la respuesta forzada como una respuesta de estado estable cuando el circuito es inestable.

El circuito considerado en el ejemplo 8.5-1 ha sido trazado de nuevo en la figura 8.5-2a, con la ganancia de la 
fuente dependiente representada por la variable B. ¿Qué restricciones se deben imponer a la ganancia de la fuente 
dependiente	para	asegurar	que	sea	estable?	Diseñe	este	circuito	para	tener	una	constante	de	tiempo	de	1 20 ms.

lím

E j E m p l o  8 . 5 - 2  Diseño de circuitos de primer orden que sean estables
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Solución
La figura 8.5-2b muestra el circuito que se utilizó para calcular Rt. 
Aplicar la KVL al circuito cerrado que consta de dos resistores,

5 3 103 3 i 1 VT 5 0
Despejando la corriente resulta
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8.6 THE UN I T STEP SOURCE

The unit step function provides a convenient way to represent an

abrupt change in a voltage or current.

We define the unit step function as a function of time that is zero

for t< t0 and unity for t> t0. At t¼ t0, the value changes from zero to

one. We represent the unit step function by u t � t0ð Þ, where

u t � t0ð Þ ¼ 0 t < t0
1 t > t0

�
ð8:6-1Þ

The value of u(t� t0) is not defined at t¼ t0, where it switches instantaneously from a value of zero to

one. The unit step function is shown in Figure 8.6-1. We will often consider t0 ¼ 0.

The unit step function is dimensionless. To represent a voltage that changes abruptly from one

constant value to another constant value at time t ¼ t0, we can write

v tð Þ ¼ Aþ B u t � t0ð Þ
which indicates that

v tð Þ ¼ A t < t0
Aþ B t > t0

�

Solution
Figure 8.5-2b shows the circuit used to calculate Rt. Applying

KVL to the loop consisting of the two resistors,

5� 103 � iþ VT ¼ 0

Solving for the current gives

i ¼ � VT

5� 103

Applying KCL to the top node of the dependent source, we get

�iþ Biþ VT

10� 103
� IT ¼ 0

Combining these equations, we get

1� B

5� 103
þ 1

10� 103

� �
VT � IT ¼ 0

The Th�evenin resistance is given by

Rt ¼ VT

IT
¼ � 10� 103

2B� 3

The condition B< 3=2 is required to ensure that Rt is positive and

the circuit is stable.

To obtain a time constant of þ20 ms requires

Rt ¼ t

C
¼ 20� 10�3

2� 10�6 ¼ 10� 103 ¼ 10 kV

which in turn requires

10� 103 ¼ � 10� 103

2B� 3
Therefore B¼ 1. This suggests that we can fix the unstable circuit by decreasing the gain of the dependent source

from 2 A/A to 1 A/A.

(a)

(b)

IT

10 kΩ
5 kΩ

i(t)

Bi(t)+
–12 V

t = 0

5 kΩ

i(t)

Bi(t)

v(t)
+

–

VT

+

–

2   Fμ

10 kΩ

FIGURE 8.5-2 (a) A first-order circuit containing a

dependent source. (b) The circuit used to calculate

the Th�evenin resistance of the part of the circuit

connected to the capacitor.

1

0

u(t – t0)

t0 t

FIGURE 8.6-1 Unit step forcing function, u(t� t0).
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Al aplicar la KCL al nodo alto de fuente dependiente, obtenemos
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Al combinar estas ecuaciones, obtenemos

E1C08_1 11/25/2009 331

8.6 THE UN I T STEP SOURCE

The unit step function provides a convenient way to represent an

abrupt change in a voltage or current.

We define the unit step function as a function of time that is zero

for t< t0 and unity for t> t0. At t¼ t0, the value changes from zero to

one. We represent the unit step function by u t � t0ð Þ, where

u t � t0ð Þ ¼ 0 t < t0
1 t > t0

�
ð8:6-1Þ

The value of u(t� t0) is not defined at t¼ t0, where it switches instantaneously from a value of zero to

one. The unit step function is shown in Figure 8.6-1. We will often consider t0 ¼ 0.

The unit step function is dimensionless. To represent a voltage that changes abruptly from one

constant value to another constant value at time t ¼ t0, we can write

v tð Þ ¼ Aþ B u t � t0ð Þ
which indicates that

v tð Þ ¼ A t < t0
Aþ B t > t0

�

Solution
Figure 8.5-2b shows the circuit used to calculate Rt. Applying

KVL to the loop consisting of the two resistors,

5� 103 � iþ VT ¼ 0

Solving for the current gives

i ¼ � VT

5� 103

Applying KCL to the top node of the dependent source, we get

�iþ Biþ VT

10� 103
� IT ¼ 0

Combining these equations, we get

1� B

5� 103
þ 1

10� 103

� �
VT � IT ¼ 0

The Th�evenin resistance is given by

Rt ¼ VT

IT
¼ � 10� 103

2B� 3

The condition B< 3=2 is required to ensure that Rt is positive and

the circuit is stable.

To obtain a time constant of þ20 ms requires

Rt ¼ t

C
¼ 20� 10�3

2� 10�6 ¼ 10� 103 ¼ 10 kV

which in turn requires

10� 103 ¼ � 10� 103

2B� 3
Therefore B¼ 1. This suggests that we can fix the unstable circuit by decreasing the gain of the dependent source

from 2 A/A to 1 A/A.

(a)

(b)

IT

10 kΩ
5 kΩ

i(t)

Bi(t)+
–12 V

t = 0

5 kΩ

i(t)

Bi(t)

v(t)
+

–

VT

+

–

2   Fμ

10 kΩ

FIGURE 8.5-2 (a) A first-order circuit containing a

dependent source. (b) The circuit used to calculate

the Th�evenin resistance of the part of the circuit

connected to the capacitor.

1

0

u(t – t0)

t0 t

FIGURE 8.6-1 Unit step forcing function, u(t� t0).

The Unit Step Source 331

La resistencia de Thévenin está dada por

E1C08_1 11/25/2009 331

8.6 THE UN I T STEP SOURCE

The unit step function provides a convenient way to represent an

abrupt change in a voltage or current.

We define the unit step function as a function of time that is zero

for t< t0 and unity for t> t0. At t¼ t0, the value changes from zero to

one. We represent the unit step function by u t � t0ð Þ, where

u t � t0ð Þ ¼ 0 t < t0
1 t > t0

�
ð8:6-1Þ

The value of u(t� t0) is not defined at t¼ t0, where it switches instantaneously from a value of zero to

one. The unit step function is shown in Figure 8.6-1. We will often consider t0 ¼ 0.

The unit step function is dimensionless. To represent a voltage that changes abruptly from one

constant value to another constant value at time t ¼ t0, we can write

v tð Þ ¼ Aþ B u t � t0ð Þ
which indicates that

v tð Þ ¼ A t < t0
Aþ B t > t0

�

Solution
Figure 8.5-2b shows the circuit used to calculate Rt. Applying

KVL to the loop consisting of the two resistors,

5� 103 � iþ VT ¼ 0

Solving for the current gives

i ¼ � VT

5� 103

Applying KCL to the top node of the dependent source, we get

�iþ Biþ VT

10� 103
� IT ¼ 0

Combining these equations, we get

1� B

5� 103
þ 1

10� 103

� �
VT � IT ¼ 0

The Th�evenin resistance is given by

Rt ¼ VT

IT
¼ � 10� 103

2B� 3

The condition B< 3=2 is required to ensure that Rt is positive and

the circuit is stable.

To obtain a time constant of þ20 ms requires

Rt ¼ t

C
¼ 20� 10�3

2� 10�6 ¼ 10� 103 ¼ 10 kV

which in turn requires

10� 103 ¼ � 10� 103

2B� 3
Therefore B¼ 1. This suggests that we can fix the unstable circuit by decreasing the gain of the dependent source

from 2 A/A to 1 A/A.

(a)

(b)

IT

10 kΩ
5 kΩ

i(t)

Bi(t)+
–12 V

t = 0

5 kΩ

i(t)

Bi(t)

v(t)
+

–

VT

+

–

2   Fμ

10 kΩ

FIGURE 8.5-2 (a) A first-order circuit containing a

dependent source. (b) The circuit used to calculate

the Th�evenin resistance of the part of the circuit

connected to the capacitor.

1

0

u(t – t0)

t0 t

FIGURE 8.6-1 Unit step forcing function, u(t� t0).

The Unit Step Source 331

Se requiere la condición B , 3>2 para asegurarse que Rt es posi-
tiva y que el circuito es estable.
 Para obtener una constante de tiempo de 120 ms se requiere
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la cual a su vez requiere
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Por consiguiente, B 5 1. Esto indica que podemos fijar el circuito inestable disminuyendo la ganancia de la 
fuente dependiente, de 2 A/A a 1 A/A.

8.6 F U E N T E  D E  PA S O  U N I TA R I O

 La función de paso unitario proporciona una manera conveniente de 
representar un cambio abrupto en un voltaje o una corriente.
 Definimos la función de paso unitario como una función de tiem-
po que es cero para t , t0 y de unidad para t . t0. En t 5 t0, el valor 
cambia de cero a uno. Representamos la función de paso unitario con 
u(t 2 t0) donde
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 (8.6-1)

El valor de u(t 2 t0) no se define en t 5 t0, donde cambia de manera instantánea de un valor de cero a 
uno. La función de paso unitario se muestra en la figura 8.6-1. A veces consideraremos t0 5 0.
 La función de paso unitario no tiene dimensiones. Para representar un voltaje que cambia abrup-
tamente de un valor constante a otro valor constante en tiempo t 5 t0, podemos escribir

v1t2 5 A 1 B u1t 2 t02
lo cual indica que
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FIGURA 8.5-2 (a) Circuito de primer orden que 
contiene una fuente dependiente. (b) El circuito que 
se utilizó para calcular la resistencia de Thévenin 
de la parte del circuito conectada al condensador.
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FIGURA 8.6-1 Paso unitario forzando la función, 
u(t 2 t0).
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donde A y B tienen unidades de voltios. La figura 8.6-2 muestra una fuente de voltaje que 
tiene este voltaje. 
 Vale la pena observar que u(2t) indica que tenemos un valor de 1 para t , 0, por lo que
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where A and B have units of Volt. Figure 8.6-2 shows a voltage source having this voltage.

It is worth noting that u(�t) indicates that we have a value of 1 for t < 0, so that

u �tð Þ ¼ 1 t < 0
0 t > 0

�

Let us consider the pulse source

v tð Þ ¼
0 t < t0
V 0 t0 < t < t1
0 t1 < t

8<
:

which is shown in Figure 8.6-3a. As shown in Figure 8.6-3b, the pulse can be obtained from

two-step voltage sources, the first of value V0 occurring at t¼ t0 and the second equal to�V0

occurring at t ¼ t1. Thus, the two-step sources of magnitude V0 shown in Figure 8.6-4 will

yield the desired pulse. We have v(t) ¼ V0u(t � t0)�V0u(t � t1) to provide the pulse. Notice

how easy it is to use two-step function symbols to represent this pulse source. The pulse is

said to have a duration of (t1�t0) s.

A puise signal has a constant nonzero value for a time duration of Dt ¼ t1�t0.

We recognize that the unit step function is an ideal model. No real element can switch

instantaneously. However, if the switching time is very short compared to the time constant

of the circuit, we can approximate the switching as instantaneous.

+
–A+Bu(t – t0) v(t)

+

–

FIGURE 8.6-2 Symbol

for a voltage source

having a voltage that

changes abruptly at time

t = t0

+
–

v

+

–

V0u(t – t0)

+
–

V0u(t – t1)

FIGURE 8.6-4

Two-step voltage sources

that yield a rectangular

voltage pulse, v(t), with a

magnitude of V0 and a

duration of (t1 � t0)

where t0 < t1.
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Figure 8.6-5 shows a first-order circuit. The input to the circuit is the voltage of

the voltage source, vs(t). The output is the current of the inductor, io(t).

Determine the output of this circuit when the input is vs(t) ¼ 4 � 8u(t) V.
io(t)vs(t) 10 H+

–

20 Ω

FIGURE 8.6-5 The circuit

considered in Example 8.6-1.
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t0 t1 t
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–V0

t1

t

FIGURE 8.6-3 (a)

Rectangular voltage pulse.

(b) Two-step voltage

waveforms that yield the

voltage pulse.
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Consideremos ahora la fuente de pulso
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Figure 8.6-5 shows a first-order circuit. The input to the circuit is the voltage of

the voltage source, vs(t). The output is the current of the inductor, io(t).

Determine the output of this circuit when the input is vs(t) ¼ 4 � 8u(t) V.
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t0

(b)(a)

v

V0

t0 t1 t

v

V0

–V0

t1

t

FIGURA 8.6-3 (a) Pulso de 
voltaje rectangular. (b) Formas 
de onda del voltaje de dos  
pasos que dan por resultado  
el pulso de voltaje.

la cual se muestra en la figura 8.6-3a. Como se muestra en la figura 8.6-3b, el pulso se puede 
obtener desde las fuentes de voltaje de dos pasos, el primero del valor V0 que ocurre en t 5 t0, 
y el segundo que es igual a 2V0 y ocurre en t 5 t1. Entonces, las fuentes de dos pasos de 
magnitud V0 que se muestran en la figura 8.6-4 darán por resultado el pulso deseado. Te-
nemos v(t) 5 V0u(t 2 t0)2V0u(t 2 t1) para proporcionar el pulso. Observe lo fácil que es 
utilizar los símbolos de función de dos pasos para representar esta fuente de pulso. Se dice 
que el pulso tiene una duración de (t1 2 t0) s.

Una señal de pulso tiene un valor de no cero constante para una duración de tiempo 
de Dt 5 t1 2 t0.

 Reconocemos que la función de paso unitario es un modelo ideal. Los elementos rea-
les no pueden cambiar de manera instantánea. Sin embargo, si el tiempo de conmutación  
es muy corto comparado con la constante de tiempo del circuito, podemos aproximar la 
conmutación como instantánea.

+
–A+Bu(t – t0) v(t)

+

–

FIGURA 8.6-2 Símbolo 
para una fuente de 
voltaje, cuyo voltaje 
cambia abruptamente en 
el tiempo t 5 t0.

+
–

v

+

–

V0u(t – t0)

+
–

V0u(t – t1)

FIGURA 8.6-4 Fuentes 
de voltaje de dos pasos 
que dan por resultado 
un pulso de voltaje 
rectangular, v(t), con 
una magnitud de V0 y 
una duración de (t1 2 t0) 
donde t0 , t1.

La figura 8.6-5 muestra un circuito de primer orden. La entrada al circuito es el 
voltaje de la fuente de voltaje, vs(t). La salida es la corriente del inductor. La salida 
es la corriente del inductor, io(t). Determine la salida de este circuito cuando la 
entrada es vs(t) 5 4 2 8u(t) V.

E j E m p l o  8 . 6 - 1  Circuito de primer orden

io(t)vs(t) 10 H+
–

20 Ω

FIGURA 8.6-5 El circuito 
considerado en el ejemplo 8.6-1.
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Solución
El valor de la entrada es una constante, 4 V, antes del tiempo t � 0 y una constante diferente, �4 V, después del 
tiempo t � 0. La respuesta del circuito de primer orden para el cambio del valor de la entrada será
 io1t2 � A � Be�at para t � 0 (8.6-2)
donde se deben determinar los valores de las tres constantes, A, B y a.
 Los valores de A y B se determinan desde las respuestas de estado estable de este circuito antes y después 
del cambio del valor de la entrada. Las figuras 8.6-6a y b muestran los circuitos que se usan para calcular esas 
respuestas de estado estable. Las figuras 8.6-6a y b necesitan alguna explicación.
 Los inductores actúan como cortocircuitos cuando la entrada es constante y el circuito se encuentra en 
estado estable. En consecuencia, el inductor es reemplazado por un cortocircuito en las figuras 8.6-6a y b
 El valor de la corriente del inductor en el tiempo t � 0 será igual a la corriente del inductor en estado estable 
antes de los cambios de la entrada. En el tiempo t � 0 la corriente de entrada es

io102 � A � Be�a102 � A � B
En consecuencia, la corriente del inductor se etiqueta como A � B en la figura 8.6-6a.
 El valor de la corriente del inductor en el tiempo t � 1 será igual a la corriente del inductor en estado 
estable antes de los cambios de la entrada. En el tiempo t � 1, la corriente de salida es

io 1ð Þ ¼ Aþ Be�a 1ð Þ ¼ A

En consecuencia, la corriente del inductor se etiqueta como A en la figura 8.6.6b.
 El análisis del circuito en la figura 8.6-6a da

A � B � 0.2 A
El análisis del circuito en la figura 8.6-6b da

A � �0.2 A
Por consiguiente,

B � 0.4 A
El valor de la constante a en la ecuación 8.6-2 está determinado desde la constante de tiempo, t, la cual a su vez se 
calcula a partir de los valores de la inductancia L de la resistencia de Thévenin, Rt, del circuito conectado al inductor.

1

a
¼ t ¼ L

Rt

La figura 8.6-7 muestra el circuito utilizado para calcular Rt. Desde la figura 8.6-7 se ve que
Rt � 20 �

Por lo tanto,
a ¼ 20

10
¼ 2

1

s
(La constante de tiempo es t � 10>20 � 0.5 s.) Sustituir los valores de A, B y a en la ecuación 8.6-2 da

io tð Þ ¼ 0:2 A
�0:2þ 0:4 e�2t A

�
para

t � 0
t � 0

A + B4 V +
–

20 

(a)

A–4 V +
–

20 

(b)

Rt

20 

FIGURA 8.6-6 Circuitos que se usaron para calcular la respuesta 
de estado estable (a) antes de t � 0 y (b) después de t � 0.

FIGURA 8.6-7 El circuito utilizado para calcular Rt.

para
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E j E m p l o  8 . 6 - 2  Circuito de primer orden

La figura 8.6-8 muestra un circuito de primer orden. La entrada al circuito 
es el voltaje de la fuente de voltaje, vs(t). La salida es el voltaje a través del 
condensador, vo(t). Determine la salida de este circuito cuando la entrada 
es vs(t) 5 7214u(t) V.

Solución
El valor de la entrada es una constante, 7 V, antes del tiempo t 5 0 y una 
constante diferente, 27 V, después del tiempo t 5 0. La respuesta de este 
circuito de primer orden para cambiar el valor de la entrada será

 vo1t2 5 A 1 Be2at para t . 0 (8.6-3)
donde se deben determinar los valores de las tres constantes, A, B y a.
 Los valores de A y B se determinan a partir de las respuestas de estado estable de este circuito antes y des-
pués del cambio del valor de la entrada. Las figuras 8.6-9a y b muestran los circuitos utilizados para calcular las 
respuestas de estado estable. Las figuras 8.6-9a y b requieren cierta explicación.
 Los condensadores actúan como circuitos abiertos cuando la entrada es constante y el circuito se encuentra en 
estado estable. En consecuencia, el condensador es reemplazado por un circuito abierto en las figuras 8.6-9a y b. 
 El valor del voltaje del condensador en el tiempo t 5 0 será igual al voltaje del condensador de estado es-
table antes de los cambios de la entrada. En el tiempo t 5 0, el voltaje de la salida es

vo102 5 A 1 Be2a102 5 A 1 B
En consecuencia, el voltaje del condensador se etiqueta como A + B en la figura 8.6-9a.
 El valor del voltaje del condensador en tiempo t 5 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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 será igual al voltaje del condensador de estado libre 
después de los cambios de la entrada. En el tiempo t 5 
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, el voltaje de salida es
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E X A M P L E 8 . 6 - 2 First-Order Circuit INTERACT IVE EXAMPLE

Figure 8.6-8 shows a first-order circuit. The input to the circuit is the

voltage of the voltage source, vs(t). The output is the voltage across the

capacitor, vo(t).Determine the output of this circuitwhen the input is vs(t)

¼ 7�14u(t) V.

Solution
The value of the input is one constant, 7 V, before time t ¼ 0 and a

different constant, �7 V, after time t ¼ 0. The response of the first-

order circuit to the change in the value of the input will be

vo tð Þ ¼ Aþ Be�at for t > 0 ð8:6-3Þ
where the values of the three constants A, B, and a are to be determined.

The values of A and B are determined from the steady-state responses of this circuit before and after the

input changes value. Figures 8.6-9a, b show the circuits used to calculate those steady-state responses. Figures

8.6-9a, b require some explanation.

Capacitors act like open circuits when the input is constant and the circuit is at steady state. Consequently,

the capacitor is replaced by an open circuit in Figure 8.6-9a and in Figure 8.6-9b.

The value of the capacitor voltage at time t¼ 0 will be equal to the steady-state capacitor voltage before the

input changes. At time t ¼ 0, the output voltage is

vo 0ð Þ ¼ Aþ Be�a 0ð Þ ¼ Aþ B

Consequently, the capacitor voltage is labeled as A þ B in Figure 8.6-9a.

The value of the capacitor voltage at time t¼1 will be equal to the steady-state capacitor voltage after the

input changes. At time t ¼ 1, the output voltage is

vo 1ð Þ ¼ Aþ Be�a 1ð Þ ¼ A

Consequently, the capacitor voltage is labeled as A in Figure 8.6-9b.

Apply the voltage division rule to the circuit in Figure 8.6-9a to get

Aþ B ¼ 5

3þ 5
� 7 ¼ 4:38 V

Apply the voltage division rule to the circuit in Figure 8.6-9b to get

A ¼ 5

3þ 5
� �7ð Þ ¼ �4:38 V

Therefore; B ¼ 8:76 V

The value of the constant a in Eq. 8.6-3 is determined from the time constant, t, which in turn is

calculated from the values of the capacitance C and of the Th�evenin resistance, Rt, of the circuit connected to

+
–

vo(t)vs(t) 460 mF

+

–
5 Ω

3 Ω

FIGURE 8.6-8 The circuit considered in

Example 8.6-2.

+
– A + B7 V

+

–

5 Ω

3 Ω

(a)

+
– A–7 V

+

–

5 Ω

3 Ω

(b)

FIGURE 8.6-9 Circuits used to calculate the steady-state

response (a) before t ¼ 0 and (b) after t ¼ 0.

5 Ω

3 Ω

Rt

FIGURE 8.6-10 The circuit used to calculate Rt.
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Por consiguiente, el voltaje del condensador se etiqueta como A en la figura 8.6-9b.
 Aplique la regla de la división de voltaje al circuito en la figura 8.6-9a para obtener
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FIGURE 8.6-8 The circuit considered in

Example 8.6-2.
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FIGURE 8.6-9 Circuits used to calculate the steady-state

response (a) before t ¼ 0 and (b) after t ¼ 0.
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FIGURE 8.6-10 The circuit used to calculate Rt.
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Aplique la regla de la división de voltaje al circuito en la figura 8.6-9b para obtener
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E X A M P L E 8 . 6 - 2 First-Order Circuit INTERACT IVE EXAMPLE

Figure 8.6-8 shows a first-order circuit. The input to the circuit is the

voltage of the voltage source, vs(t). The output is the voltage across the

capacitor, vo(t).Determine the output of this circuitwhen the input is vs(t)

¼ 7�14u(t) V.

Solution
The value of the input is one constant, 7 V, before time t ¼ 0 and a

different constant, �7 V, after time t ¼ 0. The response of the first-

order circuit to the change in the value of the input will be

vo tð Þ ¼ Aþ Be�at for t > 0 ð8:6-3Þ
where the values of the three constants A, B, and a are to be determined.
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� 7 ¼ 4:38 V
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3þ 5
� �7ð Þ ¼ �4:38 V

Therefore; B ¼ 8:76 V

The value of the constant a in Eq. 8.6-3 is determined from the time constant, t, which in turn is

calculated from the values of the capacitance C and of the Th�evenin resistance, Rt, of the circuit connected to
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Por lo tanto,  B 5 8.76 V
 El valor de la constante a en la ecuación 8.6-3 se determina a partir de la constante de tiempo, 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.

Capacitors 259

, la cual a su 
vez se calcula a partir de los valores de la capacitancia C y de la resistencia de Thévenin, Rt, del circuito conectado 

FIGURA 8.6-9 Circuitos utilizados para calcular la respuesta de estado 
estable (a) antes de t 5 0 y (b) después de t 5 0.

FIGURA 8.6-10 El circuito utilizado para calcular Rt. 
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FIGURA 8.6-8 El circuito considerado 
en el ejemplo 8.6-2.
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al condensador.
1

a
¼ t ¼ RtC

La figura 8.6-10 muestra el circuito utilizado para calcular Rt. Desde la figura 8.6-10 se ve que

Por lo tanto,  

Rt ¼ 5ð Þ 3ð Þ
5þ 3

¼ 1:875 V

a ¼ 1

1:875ð Þ 460� 10�3
� � ¼ 1:16

1

s

(La constante de tiempo es t � (1.875)(460 � 10�3) � 0.86 s.) Al sustituir los valores de A, B y a en la ecuación 
8.6-3 resulta

vo tð Þ ¼ �4:38 V
�4:38þ 8:76 e�1:16 t V

(
para

t � 0

t � 0

8.7  R E S P U E S TA  D E  U N  C I R C U I T O  D E  P R I M E R  O R D E N 
A  U N A  F U E N T E  N O  C O N S TA N T E

En las secciones anteriores utilizamos inteligentemente el hecho de que la respuesta forzada a una 
fuente constante será un constante por sí misma. Ahora nos queda determinar qué respuesta será cuan-
do la función de forzamiento no sea una constante.
 La ecuación diferencial descrita por un circuito RL o RC se representa por la forma general

 
dx tð Þ
dt

þ ax tð Þ ¼ y tð Þ (8.7-1)

donde y(t) es una constante sólo cuando tenemos una corriente constante o una fuente de voltaje cons-
tante y donde a � 1> t es la recíproca de la constante de tiempo.
 En esta sección presentamos el método del factor de integración, el cual consiste en multiplicar 
la ecuación 8.7-1 por un factor que hace que el lado izquierdo sea una derivada perfecta, y luego inte-
grar ambos lados. 
 Considere la derivada de un producto de dos términos como

 

d

dt
xeatð Þ ¼ dx

dt
eat þ axeat ¼ dx

dt
þ ax

� �
eat (8.7-2)

El término dentro del paréntesis del lado derecho de la ecuación 8.7-2 es exactamente la forma en el 
lado izquierdo de la ecuación 8.7-1.
 Por consiguiente, si multiplicamos ambos lados de la ecuación 8.7-1 por eat, el lado izquierdo 
de la ecuación se puede representar por la derivada perfecta, d(xeat )>dt. Llevando a cabo estos pasos, 
demostramos que

o bien  

dx

dt
þ ax

� �
eat ¼ yeat

d

dt
xeatð Þ ¼ yeat

 Al integrar  ambos lados de la segunda ecuación, tenemos

xeat ¼
Z

yeatdt þ K

donde K es una constante de integración. Por lo tanto, despejando x(t), multiplicamos por e�at para 
obtener

 
x ¼ e�at

Z
yeatdt þ Ke�at (8.7-3)

para
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Cuando la fuente es una constante de modo que y(t) 5 M, tenemos
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When the source is a constant so that y(t) ¼ M, we have

x ¼ e�atM

Z
eatdt þ Ke�at ¼ M

a
þ Ke�at ¼ xf þ xn

where the natural response is xn ¼ Ke�at and the forced response is xf ¼ M=a, a constant.

Now consider the case in which y(t), the forcing function, is not a constant. Considering Eq. 8.7-3,

we see that the natural response remains xn ¼ Ke�at. However, the forced response is

xf ¼ e�at

Z
y tð Þeat dt

Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(t) is

an exponential function so that y(t) ¼ ebt. We assume that (a þ b) is not equal to zero. Then we have

xf ¼ e�at

Z
ebteatdt ¼ e�at

Z
e aþbð Þtdt ¼ 1

aþ b
e�ate aþbð Þ ¼ ebt

aþ b
ð8:7-4Þ

Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the

same form as the forcing function itself. When aþ b is not equal to zero, we assume that the forced

response will be of the same form as the forcing function itself, and we try to obtain the relationship

that will be satisfied under those conditions.

E X A M P L E 8 . 7 - 1 First-Order Circuit with Nonconstant Source

Find the current i for the circuit of Figure 8.7-1a for t > 0 when

vs ¼ 10e�2tu tð ÞV
Assume the circuit is in steady state at t ¼ 0�.

(a)

i(t)

5 Ω

1 H

4 Ω

+
–

+
–

+
–10 V

(c)(b)

i(t)

5 Ω 4 Ω

10 V

t = 0

i(t) 1 H 4 Ω
4

vs(t)
vs(t)

FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the

appropriate equivalent circuit before the switch opens.

Solution
Because the forcing function is an exponential, we expect an exponential for the forced response, if. Therefore, we

expect if to be

if ¼ Be�2t

for t � 0. Writing KVL around the right-hand mesh, we have

L
di

dt
þ Ri ¼ vs

or
di

dt
þ 4i ¼ 10e�2t
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donde la respuesta natural es xn 5 Ke2at y la respuesta forzada es xf 5 M>a, una constante.
 Ahora consideremos el caso en que y(t) la función de  forzamiento, no es una constante. Con-
siderando la ecuación 8.7-3, vemos que la respuesta natural se mantiene xn 5 Ke2at. Sin embargo, la 
respuesta forzada es
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When the source is a constant so that y(t) ¼ M, we have

x ¼ e�atM

Z
eatdt þ Ke�at ¼ M

a
þ Ke�at ¼ xf þ xn

where the natural response is xn ¼ Ke�at and the forced response is xf ¼ M=a, a constant.

Now consider the case in which y(t), the forcing function, is not a constant. Considering Eq. 8.7-3,

we see that the natural response remains xn ¼ Ke�at. However, the forced response is

xf ¼ e�at

Z
y tð Þeat dt

Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(t) is

an exponential function so that y(t) ¼ ebt. We assume that (a þ b) is not equal to zero. Then we have

xf ¼ e�at

Z
ebteatdt ¼ e�at

Z
e aþbð Þtdt ¼ 1

aþ b
e�ate aþbð Þ ¼ ebt

aþ b
ð8:7-4Þ

Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the

same form as the forcing function itself. When aþ b is not equal to zero, we assume that the forced

response will be of the same form as the forcing function itself, and we try to obtain the relationship

that will be satisfied under those conditions.

E X A M P L E 8 . 7 - 1 First-Order Circuit with Nonconstant Source

Find the current i for the circuit of Figure 8.7-1a for t > 0 when

vs ¼ 10e�2tu tð ÞV
Assume the circuit is in steady state at t ¼ 0�.
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FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the

appropriate equivalent circuit before the switch opens.

Solution
Because the forcing function is an exponential, we expect an exponential for the forced response, if. Therefore, we

expect if to be

if ¼ Be�2t

for t � 0. Writing KVL around the right-hand mesh, we have

L
di

dt
þ Ri ¼ vs

or
di

dt
þ 4i ¼ 10e�2t
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De esta manera, la respuesta forzada será dictada por la forma y(t). Consideremos el caso en que y(t) 
es una función exponencial de modo que y(t) 5 ebt. Suponemos que (a 1 b) no es igual a cero. En-
tonces tenemos
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When the source is a constant so that y(t) ¼ M, we have

x ¼ e�atM

Z
eatdt þ Ke�at ¼ M

a
þ Ke�at ¼ xf þ xn

where the natural response is xn ¼ Ke�at and the forced response is xf ¼ M=a, a constant.

Now consider the case in which y(t), the forcing function, is not a constant. Considering Eq. 8.7-3,

we see that the natural response remains xn ¼ Ke�at. However, the forced response is

xf ¼ e�at

Z
y tð Þeat dt

Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(t) is

an exponential function so that y(t) ¼ ebt. We assume that (a þ b) is not equal to zero. Then we have

xf ¼ e�at

Z
ebteatdt ¼ e�at

Z
e aþbð Þtdt ¼ 1

aþ b
e�ate aþbð Þ ¼ ebt

aþ b
ð8:7-4Þ

Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the

same form as the forcing function itself. When aþ b is not equal to zero, we assume that the forced

response will be of the same form as the forcing function itself, and we try to obtain the relationship

that will be satisfied under those conditions.

E X A M P L E 8 . 7 - 1 First-Order Circuit with Nonconstant Source

Find the current i for the circuit of Figure 8.7-1a for t > 0 when
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FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the

appropriate equivalent circuit before the switch opens.

Solution
Because the forcing function is an exponential, we expect an exponential for the forced response, if. Therefore, we

expect if to be

if ¼ Be�2t

for t � 0. Writing KVL around the right-hand mesh, we have

L
di

dt
þ Ri ¼ vs

or
di

dt
þ 4i ¼ 10e�2t
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 (8.7-4)

Por consiguiente, la respuesta forzada de un circuito RL o RC para una función de  forzamiento expo-
nencial es de la misma forma que la función de  forzamiento en sí misma. Cuando a 1 b no es igual 
a cero, suponemos que la respuesta forzada será de la misma forma que la función de forzamiento en 
sí misma, y tratamos de obtener la relación que se satisfará en estas condiciones. 

Encuentre la corriente i para el circuito de la figura 8.7-1a para t . 0 cuando
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When the source is a constant so that y(t) ¼ M, we have

x ¼ e�atM

Z
eatdt þ Ke�at ¼ M

a
þ Ke�at ¼ xf þ xn

where the natural response is xn ¼ Ke�at and the forced response is xf ¼ M=a, a constant.

Now consider the case in which y(t), the forcing function, is not a constant. Considering Eq. 8.7-3,

we see that the natural response remains xn ¼ Ke�at. However, the forced response is

xf ¼ e�at

Z
y tð Þeat dt

Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(t) is

an exponential function so that y(t) ¼ ebt. We assume that (a þ b) is not equal to zero. Then we have

xf ¼ e�at

Z
ebteatdt ¼ e�at

Z
e aþbð Þtdt ¼ 1
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e�ate aþbð Þ ¼ ebt

aþ b
ð8:7-4Þ

Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the

same form as the forcing function itself. When aþ b is not equal to zero, we assume that the forced

response will be of the same form as the forcing function itself, and we try to obtain the relationship

that will be satisfied under those conditions.

E X A M P L E 8 . 7 - 1 First-Order Circuit with Nonconstant Source

Find the current i for the circuit of Figure 8.7-1a for t > 0 when

vs ¼ 10e�2tu tð ÞV
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FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the

appropriate equivalent circuit before the switch opens.

Solution
Because the forcing function is an exponential, we expect an exponential for the forced response, if. Therefore, we

expect if to be

if ¼ Be�2t

for t � 0. Writing KVL around the right-hand mesh, we have
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di
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Suponga que el circuito se encuentra en estado estable en t 5 02.

(a)

i(t)

5 Ω

1 H

4 Ω

+
–

+
–

+
–10 V

(c)(b)

i(t)

5 Ω 4 Ω

10 V

t = 0

i(t) 1 H 4 Ω
4

vs(t)
vs(t)

FIGURA 8.7-1 (a) Circuito con una fuente no constante; (b) el circuito equivalente apropiado después de que el interruptor se abre, 
y (c) el circuito equivalente apropiado antes de que el interruptor se abra.

Solución
Dado que la función de forzamiento es una exponencial, esperamos una exponencial para la respuesta forzada, if. 
Por lo tanto, esperamos que if sea

if 5 Be22t

para t 

E1C01_1 11/26/2009 14

1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0. Al escribir la KVL en torno al enlace del lado derecho, tenemos

o bien  
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When the source is a constant so that y(t) ¼ M, we have

x ¼ e�atM

Z
eatdt þ Ke�at ¼ M

a
þ Ke�at ¼ xf þ xn

where the natural response is xn ¼ Ke�at and the forced response is xf ¼ M=a, a constant.

Now consider the case in which y(t), the forcing function, is not a constant. Considering Eq. 8.7-3,

we see that the natural response remains xn ¼ Ke�at. However, the forced response is

xf ¼ e�at

Z
y tð Þeat dt

Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(t) is

an exponential function so that y(t) ¼ ebt. We assume that (a þ b) is not equal to zero. Then we have

xf ¼ e�at

Z
ebteatdt ¼ e�at

Z
e aþbð Þtdt ¼ 1

aþ b
e�ate aþbð Þ ¼ ebt

aþ b
ð8:7-4Þ

Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the

same form as the forcing function itself. When aþ b is not equal to zero, we assume that the forced

response will be of the same form as the forcing function itself, and we try to obtain the relationship

that will be satisfied under those conditions.

E X A M P L E 8 . 7 - 1 First-Order Circuit with Nonconstant Source

Find the current i for the circuit of Figure 8.7-1a for t > 0 when

vs ¼ 10e�2tu tð ÞV
Assume the circuit is in steady state at t ¼ 0�.

(a)

i(t)

5 Ω

1 H

4 Ω

+
–

+
–

+
–10 V

(c)(b)

i(t)

5 Ω 4 Ω

10 V

t = 0

i(t) 1 H 4 Ω
4

vs(t)
vs(t)

FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the

appropriate equivalent circuit before the switch opens.

Solution
Because the forcing function is an exponential, we expect an exponential for the forced response, if. Therefore, we

expect if to be

if ¼ Be�2t

for t � 0. Writing KVL around the right-hand mesh, we have

L
di

dt
þ Ri ¼ vs

or
di

dt
þ 4i ¼ 10e�2t
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para t . 0. Sustituyendo if 5 Be22t, tenemos

o bien  
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The voltage source of Example 8.7-1 is a decaying exponential of the form

vs ¼ 10e�2tu tð ÞV
This source is said to be aperiodic (nonperiodic). A periodic source is one that repeats itself exactly after a

fixed length of time. Thus, the signal f(t) is periodic if there is a number T such that for all t

f t þ Tð Þ ¼ f tð Þ ð8:7-5Þ
The smallest positive number T that satisfies Eq. 8.7-5 is called the period. The period defines the

duration of one complete cycle of f(t). Thus, any source for which there is no value of T satisfying Eq.

8.7-5 is said to be aperiodic. An example of a periodic source is 10 sin 2t, which we consider in

Example 8.7-2. The period of this sinusoidal source is p s.

for t > 0. Substituting if ¼ Be�2t, we have

�2Be�2t þ 4Be�2t ¼ 10e�2t

or �2Bþ 4Bð Þe�2t ¼ 10e�2t

Hence, B ¼ 5 and

if ¼ 5e�2t

The natural response can be obtained by considering the circuit shown in Figure 8.7-1b. This is the equivalent

circuit that is appropriate after the switch has opened. The part of the circuit that is connected to the inductor has

been replaced by its Norton equivalent circuit. The natural response is

in ¼ Ae� Rt=Lð Þt ¼ Ae�4t

The complete response is

i ¼ in þ if ¼ Ae�4t þ 5e�2t

The constant A can be determined from the value of the inductor current at time t ¼ 0. The initial inductor current,

i(0), can be obtained by considering the circuit shown in Figure 8.7-1c. This is the equivalent circuit that is appropriate

before the switch opens. Because vs(t)¼ 0 for t< 0 and a zero voltage source is a short circuit, the voltage source at

the right side of the circuit has been replaced by a short circuit. Also, because the circuit is at steady state before the

switch opens and the only input is the constant 10-volt source, the inductor acts like a short circuit. The current in the

short circuit that replaces the inductor is the initial condition, i(0). From Figure 8.7-1c,

i 0ð Þ ¼ 10

5
¼ 2 A

Therefore, at t ¼ 0,

i 0ð Þ ¼ Ae�4�0 þ 5e�2�0 ¼ Aþ 5

or 2 ¼ Aþ 5

or A ¼ �3. Therefore,

i ¼ �3e�4t þ 5e�2t
� �

A t > 0
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Por lo tanto, B 5 5, e
if 5 5e22t

La respuesta natural se puede obtener si consideramos el circuito que se muestra en la figura 8.7-1b. Éste es el 
circuito equivalente apropiado para después de que se ha abierto el interruptor. La parte del circuito que está co-
nectada al inductor ha sido reemplazada por su circuito equivalente de Norton. La respuesta natural es

E1C08_1 11/25/2009 337

The voltage source of Example 8.7-1 is a decaying exponential of the form

vs ¼ 10e�2tu tð ÞV
This source is said to be aperiodic (nonperiodic). A periodic source is one that repeats itself exactly after a

fixed length of time. Thus, the signal f(t) is periodic if there is a number T such that for all t

f t þ Tð Þ ¼ f tð Þ ð8:7-5Þ
The smallest positive number T that satisfies Eq. 8.7-5 is called the period. The period defines the

duration of one complete cycle of f(t). Thus, any source for which there is no value of T satisfying Eq.

8.7-5 is said to be aperiodic. An example of a periodic source is 10 sin 2t, which we consider in

Example 8.7-2. The period of this sinusoidal source is p s.

for t > 0. Substituting if ¼ Be�2t, we have

�2Be�2t þ 4Be�2t ¼ 10e�2t

or �2Bþ 4Bð Þe�2t ¼ 10e�2t

Hence, B ¼ 5 and

if ¼ 5e�2t

The natural response can be obtained by considering the circuit shown in Figure 8.7-1b. This is the equivalent

circuit that is appropriate after the switch has opened. The part of the circuit that is connected to the inductor has

been replaced by its Norton equivalent circuit. The natural response is

in ¼ Ae� Rt=Lð Þt ¼ Ae�4t

The complete response is

i ¼ in þ if ¼ Ae�4t þ 5e�2t

The constant A can be determined from the value of the inductor current at time t ¼ 0. The initial inductor current,

i(0), can be obtained by considering the circuit shown in Figure 8.7-1c. This is the equivalent circuit that is appropriate

before the switch opens. Because vs(t)¼ 0 for t< 0 and a zero voltage source is a short circuit, the voltage source at

the right side of the circuit has been replaced by a short circuit. Also, because the circuit is at steady state before the

switch opens and the only input is the constant 10-volt source, the inductor acts like a short circuit. The current in the

short circuit that replaces the inductor is the initial condition, i(0). From Figure 8.7-1c,

i 0ð Þ ¼ 10

5
¼ 2 A

Therefore, at t ¼ 0,

i 0ð Þ ¼ Ae�4�0 þ 5e�2�0 ¼ Aþ 5

or 2 ¼ Aþ 5

or A ¼ �3. Therefore,

i ¼ �3e�4t þ 5e�2t
� �

A t > 0

The Response of a First-Order Circuit to a Nonconstant Source 337

La respuesta total es
i 5 in 1 if 5 Ae24t 1 5e22t

Por consiguiente, A se puede determinar a partir del valor de la corriente del inductor en tiempo t 5 0. La co-
rriente inicial del inductor, i(0), se puede obtener considerando el circuito que se muestra en la figura 8.7-1c. 
Éste es el circuito equivalente apropiado antes de que el interruptor se abra. Dado que vf(t) 5 0 para t , 0 y una 
fuente de voltaje cero es un cortocircuito, la fuente de voltaje en el lado derecho del circuito ha sido reemplazada 
por un cortocircuito. Además, dado que el circuito se encuentra en estado estable antes de que se abra el interrup-
tor y la única entrada es la fuente de 10 voltios constante, el inductor actúa como un cortocircuito. La corriente 
en el cortocircuito que reemplaza al inductor es la condición inicial, i(0). De la figura 8.7-1c, 
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Entonces, en t 5 0,

o bien  
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o bien A 5 23. Por consiguiente,

i 5 123e24t 1 5e22t2 A t . 0

 La fuente de voltaje del ejemplo 8.7-1 es una exponencial decadente de la forma

vs 5 10e22t u1t2 V
Se dice que esta fuente es aperiódica (no periódica). Una fuente periódica es aquella que se repite 
exactamente después de una duración fija de tiempo. Por eso, la señal f (t) es periódica si hay un nú-
mero T tal que para toda t
 f 1t 1 T2 5 f 1t2 (8.7-5)

El número positivo más pequeño T que satisface la ecuación 8.7-5 se denomina periodo. El periodo 
define la duración de un ciclo completo de f (t). Entonces, se dice que cualquier fuente para la cual no 
hay un valor T que satisfaga la ecuación 8.7-5 debe ser aperiódica. Un ejemplo de una fuente periódica 
es 10 sen 2t, la cual consideramos en el ejemplo 8.7-2. El periodo de esta fuente sinusoidal es 
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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Encuentre la respuesta v(t) para t . 0 para el circuito de la figura 8.7-2a. El voltaje inicial v(0) 5 0, y la fuente 
de corriente es is 5 (10 sen 2t)u(t) A.

+
–

(b)(a)

4 Ω

4 Ω

a

is(t) 4is(t)v(t)

+

–
F

1

2
v(t)

+

–
F

1

2

 
FIGURA 8.7-2 (a) Un circuito con una fuente no constante. 
(b) El circuito equivalente para t . 0.

Solución
Como la función de forzamiento es una función sinusoidal, esperamos que vf sea de la misma forma. Aplicando 
la KCL en el nodo a, obtenemos

o bien 

C
dv
dt


v
R

 is

0.5
dv
dt


v
4

 10 sen 2t  (8.7-6)

para t . 0. Suponemos que vf constará de la función sinusoidal seno 2t y sus derivadas.
 Al examinar la ecuación vf >4 más 0.5 dvf >dt debe ser igual a 10 sen 2t. Sin embargo, d(sen 2t) >dt 5 2 cos 2t. 
Por consiguiente, la prueba vf necesita contener ambos términos, sen 2t y cos 2t. De ese modo, probamos la so-
lución propuesta.

vf  A sen 2t  B cos 2t
La derivada de vf, entonces, es

dvf

dt
 2A cos 2t 2B sen 2t

Al sustituir vf y dvf >dt en la ecuación 8.7-6, obtenemos

1 2A cos 2t B sen 2t1 2 1
4

A sen 2t  B cos 2t 10 sen 2t

Por lo tanto, igualando los términos 2t sen y 2t cos, obtenemos 

A
4

B  10 y A 
B
4

 0

Despejando A y B, obtenemos

En consecuencia, 

A 
40
17

y B 
160
17

vf 
40
17

sen 2t
160
17

cos 2t

Es necesario que vf se haya formado de sen 2t y cos 2t porque la solución debe satisfacer la ecuación diferencial. 
Desde luego, la derivada de sen 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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t.
 La respuesta natural se puede obtener considerando el circuito que se muestra en la figura 8.7-2b. Éste es 
el circuito equivalente apropiado para t . 0. La parte del circuito conectada al condensador ha sido reemplazada 
por el circuito equivalente de Thévenin. La respuesta natural es

E1C08_1 11/25/2009 338

E X A M P L E 8 . 7 - 2 First-Order Circuit with Nonconstant Source

Find the response v(t) for t> 0 for the circuit of Figure 8.7-2a. The initial voltage v(0)¼ 0, and the current source

is is ¼ (10 sin 2t)u(t) A.

+
–

(b)(a)

4 Ω

4 Ω

a

is(t) 4is(t)v(t)

+

–
F

1

2
v(t)

+

–
F

1

2

FIGURE 8.7-2 (a) A circuit with a nonconstant source.

(b) The equivalent circuit for t > 0.

Solution
Because the forcing function is a sinusoidal function, we expect that vf is of the same form. Writing KCL at node

a, we obtain

C
dv

dt
þ v

R
¼ is

or 0:5
dv

dt
þ v

4
¼ 10 sin 2t ð8:7-6Þ

for t > 0. We assume that vf will consist of the sinusoidal function sin 2t and its derivatives.

Examining Eq. 8.7-6, vf=4 plus 0.5 dvf=dtmust equal 10 sin 2t. However, d(sin 2t)=dt¼ 2 cos 2t. Therefore,

the trial vf needs to contain both sin 2t and cos 2t terms. Thus, we try the proposed solution

vf ¼ A sin 2t þ B cos 2t

The derivative of vf is then

dvf

dt
¼ 2A cos 2t � 2B sin 2t

Substituting vf and dvf=dt into Eq. 8.7-6, we obtain

A cos 2t � B sin 2tð Þ þ 1

4
A sin 2t þ B cos 2tð Þ ¼ 10 sin 2t

Therefore, equating sin 2t terms and cos 2t terms, we obtain

A

4
� B

� �
¼ 10 and Aþ B

4

� �
¼ 0

Solving for A and B, we obtain

A ¼ 40

17
and B ¼ �160

17

Consequently; vf ¼ 40

17
sin 2t � 160

17
cos 2t

It is necessary that vf be made up of sin 2t and cos 2t because the solution has to satisfy the differential equation. Of

course, the derivative of sin vt is v cos vt.

The natural response can be obtained by considering the circuit shown in Figure 8.7-2b. This is the

equivalent circuit that is appropriate for t> 0. The part of the circuit connected to the capacitor has been replaced

by its Th�evenin equivalent circuit. The natural response is

vn ¼ De�t= RtCð Þ ¼ De�t=2
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Luego la respuesta total es

v  vn  vf  De t>2 
40
17

sen 2t
160
17

cos 2t

Dado que v(0) 5 0, obtenemos en t 5 0

0  D
160
17

o bien

D 
160
17

Entonces, la respuesta total es

v 
160
17

e t>2 
40
17

sen 2t
160
17

cos 2t V

 Un caso especial para la respuesta forzada de un circuito puede ocurrir cuando la función de for-
zamiento es una exponencial atenuada cuando tenemos y(t) 5 e2bt. Si regresamos a la ecuación 8.7-4, 
podemos mostrar que

xf 
e bt

a b

donde y(t) 5 e2bt. Observe que aquí tenemos e2bt mientras que utilizamos ebt para la ecuación 8.7-4. 
Para el caso especial, cuando a 5 b, tenemos a 2 b 5 0, y esta manera de respuesta es indetermi-
nada. Para el caso especial, debemos utilizar xf 5 te2bt como la respuesta forzada. La solución, xf, 
para la respuesta forzada cuando a 5 b satisfará la ecuación diferencial original (8.7-1). Así, cuando 
la respuesta natural ya contiene un término de la misma forma que la función de forzamiento, nece-
sitamos multiplicar la forma asumida de la respuesta forzada por t.
 La respuesta forzada para las funciones de forzamiento seleccionadas se resume en la tabla 8.7-1. 
Observemos que si un circuito es lineal, en estado estable, y excitado por una fuente sinusoidal única 
que tenga una frecuencia 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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, entonces todas las corrientes y voltajes de los elementos son sinusoides que 
tienen una frecuencia 
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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.

EJERCICIO 8.7-1  La planta de potencia eléctrica para la estación espacial orbital que se 
muestra en la figura E 8.7-12 utiliza celdas fotovoltaicas para almacenar energía en las baterías. El 
circuito de carga se modeló por el circuito que se muestra en la figura 8.7-1b, donde vs 5 10 sen 20t V. 
Si v(02) 5 0, encontramos v(t) para t . 0.

Tabla 8.7-1 Respuesta forzada para un función de forzamiento

FUNCIÓN DE FORZAMIENTO, y(t) RESPUESTA FORZADA, xf(t)

1. Constante

y(t) 5 M xf 5 N, una constante
2. Exponencial

y(t) 5 Me2bt xf 5 Ne2bt

3. Sinusoide

y(t) 5 M sen(vt + u) xf 5 A sen vt 1 B cos vt
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10 mF+
–

(b)(a)

10 Ω

vf v
+

–

 

FIGURA E 8.7-1 (a) El diseño de la 
estación espacial de la NASA muestra 
los módulos habitables más grandes 
que podría hospedar un laboratorio 
científico	en	órbita.	(b) El circuito para 
almacenamiento de energía para los 
laboratorios. Fotografía cortesía de la 
Administración Nacional de Aeronáutica 
y el Espacio.

Respuesta:  v 5 4 e210t 2 4 cos 20t 1 2 sen 20t V

8.8 O P E R A D O R E S  D I F E R E N C I A L E S

En esta sección presentamos al operador diferencial, s. 
 Un operador es un símbolo que representa una operación matemática. Podemos definir un 
operador s diferencial como
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Answer: v ¼ 4 e�10t � 4 cos 20t þ 2 sin 20t V

8.8 D I F F ERENT I A L OPERATORS

In this section, we introduce the differential operator, s.

An operator is a symbol that represents a mathematical operation. We can define a differential

operator s such that

sx ¼ dx

dt
and s2x ¼ d2x

dt2

Thus, the operator s denotes differentiation of the variable with respect to time. The utility of the

operator s is that it can be treated as an algebraic quantity. This permits the replacement of differential

equations with algebraic equations, which are easily handled.

Use of the s operator is particularly attractive when higher-order differential equations are

involved. Then we use the s operator, so that

snx ¼ dnx

dtn
for n � 0

We assume that n ¼ 0 represents no differentiation, so that

s0 ¼ 1

which implies s0x ¼ x.

Because integration is the inverse of differentiation, we define

1

s
x ¼

Z t

�1
x dt ð8:8-1Þ

The operator 1=s must be shown to satisfy the usual rules of algebraic manipulations. Of these rules,

the commutative multiplication property presents the only difficulty. Thus, we require

s � 1
s
¼ 1

s
� s ¼ 1 ð8:8-2Þ

Is this true for the operator s? First, we examine Eq. 8.8-1. Multiplying Eq. 8.8-1 by s yields

s � 1
s
x ¼ d

dt

Z t

�1
x dt

or x ¼ x

as required. Now we try the reverse order by multiplying sx by the integration operator to obtain

1

s
sx ¼

Z t

�1

dx

dt
dt ¼ x tð Þ � x �1ð Þ

10 mF+
–

(b)(a)

10 Ω

vs v
+

–

FIGURE E 8.7-1 (a) The NASA

space station design shows the

longer habitable modules that

would house an orbiting scientific

laboratory. (b) The circuit for

energy storage for the laboratories.

Photograph courtesy of the National

Aeronautics and Space Administration.
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De este modo, el operador s indica diferenciación de la variable con respecto al tiempo. La utilidad 
del operador s es que puede ser tratado como una cantidad algebraica. Esto permite el reemplazo de 
ecuaciones diferenciales por ecuaciones algebraicas, las cuales son más fáciles de manejar.
 El uso del operador s es particularmente atractivo cuando están implicadas ecuaciones diferen-
ciales de orden superior. Entonces utilizamos el operador s, de modo que
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Suponemos que n 5 0 representa una no diferenciación, y entonces
s0 5 1

lo cual implica s0x 5 x.
 Dado que la integración es lo inverso de diferenciación, definimos
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 (8.8-1)

Se debe mostrar el operador 1>s para satisfacer las reglas usuales de manipulaciones algebraicas. De 
estas reglas, la propiedad de multiplicación conmutativa presenta la única dificultad. Por lo tanto, 
requerimos
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 (8.8-2)

¿Esto es cierto para el operador s?	Primero,	examinamos	la	ecuación	8.8-1.	Al	multiplicar	la	ecuación	
8.8-1 por s resulta

o bien 
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como se requería. Ahora tratamos el orden inverso al multiplicar sx por el operador de integración 
para obtener
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and s2x ¼ d2x

dt2

Thus, the operator s denotes differentiation of the variable with respect to time. The utility of the

operator s is that it can be treated as an algebraic quantity. This permits the replacement of differential

equations with algebraic equations, which are easily handled.

Use of the s operator is particularly attractive when higher-order differential equations are

involved. Then we use the s operator, so that

snx ¼ dnx

dtn
for n � 0

We assume that n ¼ 0 represents no differentiation, so that

s0 ¼ 1

which implies s0x ¼ x.

Because integration is the inverse of differentiation, we define

1

s
x ¼

Z t

�1
x dt ð8:8-1Þ

The operator 1=s must be shown to satisfy the usual rules of algebraic manipulations. Of these rules,

the commutative multiplication property presents the only difficulty. Thus, we require

s � 1
s
¼ 1

s
� s ¼ 1 ð8:8-2Þ

Is this true for the operator s? First, we examine Eq. 8.8-1. Multiplying Eq. 8.8-1 by s yields

s � 1
s
x ¼ d

dt

Z t

�1
x dt

or x ¼ x

as required. Now we try the reverse order by multiplying sx by the integration operator to obtain

1

s
sx ¼

Z t

�1

dx

dt
dt ¼ x tð Þ � x �1ð Þ

10 mF+
–

(b)(a)

10 Ω

vs v
+

–

FIGURE E 8.7-1 (a) The NASA

space station design shows the

longer habitable modules that

would house an orbiting scientific

laboratory. (b) The circuit for

energy storage for the laboratories.

Photograph courtesy of the National

Aeronautics and Space Administration.

340 The Complete Response of RL and RC Circuits

M08_DORF_1571_8ED_SE_311-367.indd   340 4/12/11   5:59 PM



Circuitos Eléctricos - Dorf Alfaomega

 Operadores diferenciales 341

Por lo tanto,  
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

sólo cuando x(2
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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) 5 0. Desde un punto de vista físico, requerimos que todos los voltajes del con-
densador y todas las corrientes del inductor sean cero en t 5 2
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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. Entonces se puede decir que el ope-
rador 1>s satisface la ecuación 8.8-2 y puede ser manipulado como una cantidad algebraica común.
 Los operadores diferenciales se pueden usar para encontrar la solución natural de una ecuación 
diferencial. Por ejemplo, considere la ecuación diferencial de primer orden
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

 (8.8-3)

La solución natural de esta ecuación diferencial es

 xn1t2 5 Kest (8.8-4)

La forma homogénea de una ecuación diferencial se obtiene estableciendo a cero la función de forza-
miento. Dicha función es y(t) en la ecuación 8.8-3. La forma homogénea de esta función es
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

 (8.8-5)

Para ver que xn(t) es una solución de la forma homogénea de la ecuación diferencial, sustituimos la 
ecuación 8.8-4 en la 8.8-5.
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

Para obtener el parámetro s en la ecuación 8.8-4, reemplace d>dt en la ecuación 8.8-5 por el operador 
diferencial s. De esto resulta
 sx 1 ax 5 1s 1 a2x 5 0 (8.8-6)
Esta ecuación tiene dos soluciones: x 5 0 y s 5 2a. La solución x 5 0 no es útil, por lo que utilizamos 
la solución s 5 2a. Sustituyendo esta solución en la ecuación 8.8-4 resulta

xn 1t2 5 Ke2at

Ésta es la misma expresión para la respuesta natural que obtuvimos antes en este capítulo por otros mé-
todos, lo cual es una reafirmación, no una novedad. Los operadores diferenciales nos serán muy útiles 
cuando analicemos los circuitos representados por ecuaciones diferenciales de segundo y mayor grado.
 Como una segunda aplicación de los operadores diferenciales, considere utilizar el programa 
por computadora de MATLAB para encontrar la respuesta total de un circuito de primer orden. Los 
operadores diferenciales se utilizan para describir ecuaciones diferenciales para MATLAB. Como un 
ejemplo, considere el circuito que se muestra en la figura 8.8-1a. Para representar este circuito por una 
ecuación diferencial, aplique la KVL para obtener

o bien, 
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

 (8.8-7)

En la sintaxis de MATLAB, el operador diferencial está representado por D en vez de por s. Reempla-
ce d>dt en la ecuación 8.8-7 por el operador diferencial D para obtener

0.01 Dv 1 v 5 4 cos (100t)
Con los comandos de MATLAB
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Therefore;
1

s
sx ¼ x

only when x(�1) ¼ 0. From a physical point of view, we require that all capacitor voltages and

inductor currents be zero at t¼�1. Then the operator 1=s can be said to satisfy Eq. 8.8-2 and can be
manipulated as an ordinary algebraic quantity.

Differential operators can be used to find the natural solution of a differential equation. For

example, consider the first-order differential equation

d

dt
x tð Þ þ ax tð Þ ¼ by tð Þ ð8:8-3Þ

The natural solution of this differential equation is

xn tð Þ ¼ Kest ð8:8-4Þ
The homogeneous form of a differential equation is obtained by setting the forcing function equal to

zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is

d

dt
x tð Þ þ ax tð Þ ¼ 0 ð8:8-5Þ

To see that xn(t) is a solution of the homogeneous form of the differential equation, we substitute

Eq. 8.8-4 into Eq. 8.8-5.

d

dt
Kestð Þ þ a Kestð Þ ¼ sKest þ aKest ¼ 0

To obtain the parameter s in Eq. 8.8-4, replace d=dt in Eq. 8.8-5 by the differential operator s. This

results in

sxþ ax ¼ sþ að Þx ¼ 0 ð8:8-6Þ
This equation has two solutions: x ¼ 0 and s ¼ �a. The solution x ¼ 0 isn’t useful, so we use the

solution s ¼ �a. Substituting this solution into Eq. 8.8-4 gives

xn tð Þ ¼ Ke�at

This is the same expression for the natural response that we obtained earlier in this chapter by other

methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze

circuits that are represented by second- and higher-order differential equations.

As a second application of differential operators, consider using the computer program

MATLAB to find the complete response of a first-order circuit. Differential operators are used to

describe differential equations to MATLAB. As an example, consider the circuit shown in Figure

8.8-1a. To represent this circuit by a differential equation, apply KVL to get

10� 103 1� 10�6 d

dt
v tð Þ

� �
þ v tð Þ � 4 cos 100tð Þ ¼ 0

or 0:01
d

dt
v tð Þ þ v tð Þ ¼ 4 cos 100tð Þ ð8:8-7Þ

In the syntax used by MATLAB, the differential operator is represented by D instead of s. Replace

d=dt in Eq. 8.8-7 by the differential operator D to get

0:01 Dvþ v ¼ 4 cos 100tð Þ
Entering the MATLAB commands

v ¼ dsolve ‘0:01�Dvþ v ¼ 4�cos 100�tð Þ’; ‘v 0ð Þ ¼ �8’ð Þ
ezplot v; 0; 2½ �ð Þ

tellsMATLAB to solve the differential equation using the initial condition v(0)¼�8 volts and then plot

the result. (The function named dsolve determines the symbolic solution of ordinary differential

equations. This function is provided with the student edition of version 4 of MATLAB.) MATLAB

Differential Operators 341

se indica a MATLAB que despeje la ecuación diferencial utilizando la condición inicial v(0) 5 28 
voltios, y luego trace el resultado. (La función denominada dsolve determina la solución simbólica 
de las ecuaciones diferenciales comunes. Esta función se proporciona con la edición del estudiante de 
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10 kΩ

(a)

(b)

4 cos (100t) +
– µ1   F v(t)

+

–

–8

–6

–4

–2

0

2

2.*cos(100.*t) +2.*sin(100.*t) –10.*exp(–100.*t)

0 0.05 0.1 0.15 0.2
t

 

FIGURA 8.8-1 (a) Un circuito de primer orden 
con una entrada sinusoidal y (b) el trazo de su 
respuesta total producida utilizando MATLAB.

la versión 4 de MATLAB.) MATLAB responde proporcionando la solución completa de la ecuación 
diferencial

E1C08_1 11/25/2009 342

responds by providing the complete solution of the differential equation

v ¼ 2:� cos 100�tð Þ þ 2:� sin 100�tð Þ � 10:�exp �100:�tð Þ
and the plot of v(t) versus t shown in Figure 8.8-1b.

8.9 US ING PSP I C E TO ANALYZE

F I R ST -ORDER C I RCU I T S _________________________________________________________________________

To use PSpice to analyze a first-order circuit, we do the following:

1. Draw the circuit in the OrCAD Capture workspace

2. Specify a Time Domain (Transient) simulation

3. Run the simulation

4. Plot the simulation results

Time domain analysis is most interesting for circuits that contain capacitors or inductors or both.

PSpice provides parts representing capacitors and inductors in the ANALOG parts library. The part

name for the capacitor is C. The part properties that are of the most interest are the capacitance and the

initial condition, both of which are specified using the OrCAD Capture property editor. (The initial

condition of a capacitor is the value of the capacitor voltage at time t ¼ 0.) The part name for the

inductor is L. The inductance and the initial condition of the inductor are specified using the property

editor. (The initial condition of an inductor is the value of the inductor current at time t ¼ 0.)

The voltage and current sources that represent time-varying inputs are provided in the SOURCE

parts library. Table 8.9-1 summarizes these voltage sources. The voltage waveform describes the

10 kΩ

(a)

(b)

4 cos (100t) +
– μ1   F v(t)

+

–

–8

–6

–4

–2

0

2

2.*cos(100.*t) +2.*sin(100.*t) –10.*exp(–100.*t)

0 0.05 0.1 0.15 0.2
t

FIGURE 8.8-1 (a) A first-order circuit with a

sinusoidal input and (b) a plot of its complete

response produced using MATLAB.

342 The Complete Response of RL and RC Circuits

y el trazo de v(t) contra t mostrado en la figura 8.8-1b.

8.9  U S O  D E  P S P I C E  PA R A  A N A L I Z A R  C I R C U I T O S 
D E  P R I M E R  O R D E N

Para utilizar PSpice en el análisis de un circuito de primer orden debemos hacer lo siguiente:

1. Trazar el circuito en el taller de OrCAD

2. Especificar	una	simulación	dominio	de	tiempo	(transitorio)

3. Ejecutar la simulación

4. Trazar los resultados de la simulación

 El análisis del dominio de tiempo es muy interesante para circuitos que contienen condensa-
dores, o inductores, o ambos. PSpice proporciona partes que representan condensadores e inductores 
en su librería de partes ANALOG. El nombre de parte para el condensador es C. Las propiedades de 
mayor interés de la parte son la capacitancia y la condición inicial, las cuales se especifican al utilizar 
el editor de propiedades de OrCAD Capture. (La condición inicial de un condensador es el valor del 
voltaje del condensador en el tiempo t 5 0.) El nombre de parte para el inductor es L. La inductancia 
y la condición inicial del inductor se especifican al utilizar el editor de propiedades. (La condición 
inicial de un inductor es el valor de la corriente del inductor en el tiempo t 5 0.).
 Las fuentes de voltaje y de corriente que representan entradas de variación de tiempo se pro-
porcionan en la librería de partes SOURCE. La tabla 8.9-1 resume estas fuentes de voltaje. La forma 
de onda del voltaje describe la forma del voltaje de la fuente de voltaje como una función de tiempo. 
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Tabla 8.9-1 Fuentes de voltaje de PSpice para simulaciones de respuesta transitoria

NOMBRE SÍMBOLO FORMA DE ONDA DEL VOLTAJE

VEXP

+

–

V?V1 =
V2 =
TD1 =
TC1 =
TD2 =
TC2 =

v2

v1

0 td1

tc1 tc2

td2
t

VPULSE

V1 =
V2 =
TD =
TR =
TF =
PW =
PER =

+

–

V?

v2

v1

0 td tr pw rf
per t

VPWL
+

–

V?
t1, v1

t3, v3

t2, v2

t4, v4

t

VSIN

VOFF =
VAMPL =
FREQ =

+

–

V?

td

df

freq

0

1

vo + va

vo

t
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Cada forma de onda de voltaje se describe al utilizar una serie de parámetros. Por ejemplo, el voltaje 
de una fuente exponencial, VEXP, se describe utilizando v1, v2, td1, td2, tc1 y tc2. Los parámetros de 
las fuentes de voltaje en la tabla 8.9-1 se especifican al utilizar el editor de propiedades.

FIGURA 8.9-2 El	circuito	de	la	figura	8.9-1	como	se	trazó	
en el taller de OrCAD.

La entrada al circuito que se muestra en la figura 8.9-1a es el voltaje de la fuente de voltaje, vi(t), que se muestra 
en la figura 8.9-1a. La salida, o respuesta, del circuito es el voltaje a través del condensador, vo(t). Utilice PSpice 
para trazar la respuesta de este circuito.

vo(t)
+

–

4

t, ms2 10 12 20 22

–1
vi(t)

vi(t), V

+
–

1 kΩ

1 µF

(a) (b)  
FIGURA 8.9-1 Un circuito RC 
(b) con una entrada de pulso (a).

Solución
Empezaremos por trazar el circuito en el taller de OrCAD 
como se muestra en la figura 8.9-2 (vea el Apéndice A). 
La fuente de voltaje es una parte VPULSE (vea la segunda 
fila de la tabla 8.9-1). La figura 8.9-1a muestra vi(t) ha-
ciendo la transición de 21 V a 4 V de manera instantánea. 
Cero no es un valor aceptable para los parámetros tr o 
tf. Elegir un valor muy pequeño para tr y tf hará que las 
transiciones parezcan ser instantáneas al utilizar una esca-
la de tiempo que muestre un periodo de la forma de onda 
de la entrada. En este ejemplo, el periodo de la forma de 
onda de la entrada es de 10 ms, de modo que 1 ns es una 
elección razonable para los valores de tr y tf.
 Es conveniente establecer en cero td, el retardo antes de la parte teórica de la forma de onda. Entonces los 
valores de v1 y v2 son 21 y 4, respectivamente. El valor de pw es la longitud de tiempo que vi(t) 5 v2 5 4V, por 
lo que pw = 2 ms en este ejemplo. La entrada de pulso es una función periódica de tiempo. El valor de per es el 
periodo de la función de pulso, 10 ms.
 El circuito que se muestra en la figura 8.9-1b no tiene un nodo de tierra. PSpice requiere que todos los 
circuitos tengan un nodo de tierra, por lo que es necesario seleccionar un nodo de tierra. La figura 8.9-2 muestra 
que el nodo inferior ha sido seleccionado para ser el nodo de tierra.
 Ejecutaremos una simulación de un dominio de tiempo (transitorio). (En la barra de menús de OrCAD 
Capture, seleccione PSpice y haga clic en la opción New Simulation Profile; luego seleccione Time Domain 
(Transient) de la lista desplegable, o menú contextual, Analysis Type. La simulación empieza en tiempo cero y 
termina en Run to Time. Especifique este comando (Run to Time) a 20 ms y ejecute la simulación para dos pe-
riodos completos de la forma de onda de entrada. Active la casilla de verificación Skip The Initial Transient Bias 
Point (SKJPBP).) En la barra de menús de OrCAD Capture, seleccione PSpice y haga clic en la opción Run para 
que se ejecute la simulación.
 Después de una exitosa simulación de dominio de tiempo (transitorio), OrCAD Capture abrirá de manera 
automática una ventana Schematics. Seleccione el comando TraceAdd Trace para que se despliegue el cuadro de 
diálogo. Agregue las rutas V(OUTPUT) y V(INPUT). La figura 8.9-3 muestra el trazo resultante luego de elimi-
nar la malla y etiquetar algunos puntos.

E j E m p l o  8 . 9 - 1  Uso de PSpice para analizar circuitos de primer orden
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5.0 V

2.5 V

0 V

–2.0 V
0 s 5 ms 10 ms

(1.9912 m, 3.4638)

(2.7876 m, 1.0551)

15 ms 20 ms

Tiempo
V (OUTPUT) V (INPUT)

(12.757 m, 1.0506)

(12.000 m, 3.3385)

FIGURA 8.9-3 La respuesta del circuito RC para la entrada de pulso.

8.10 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

E j E m p l o  8 . 10 - 1   ¿Cómo podemos comprobar la respuesta de 
un	circuito	de	primer	orden?

Considere el circuito y la correspondiente respuesta transitoria que se muestran en la figura 8.10-1, ¿Cómo po-
demos comprobar	si	la	respuesta	transitoria	es	correcta?	Hay	tres	cosas	que	se	deben	verificar:	el	voltaje	inicial,	
vo(t0); el voltaje final, vo(
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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), y la constante de tiempo, 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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.

Solución
Considere primero el voltaje inicial, vo(t0). (En este ejemplo, t0 5 10 ms.) Antes del tiempo t0 5 10 ms, el interrup-
tor está cerrado y ha estado lo bastante para que el circuito alcance el estado estable, es decir, todos los transitorios 
deben haberse acabado. Para calcular vo(t0), simplificamos el circuito de dos maneras. En la primera reemplazamos 
el interruptor con un cortocircuito porque el interruptor está cerrado. En la segunda, reemplazamos el inductor con 
un cortocircuito porque los inductores actúan como cortocircuitos cuando todas las entradas son constantes y el 
circuito se encuentra en estado estable. El circuito resultante se muestra en la figura 8.10-2a. Luego de reemplazar 
los resistores en paralelo de 300-V y de 600-V por el resistor equivalente de 200-V, el voltaje inicial se calcula 
utilizando la división de voltaje como

E1C08_1 11/25/2009 345

8.10 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following examples illustrate techniques useful for checking the solutions of the sort of

problems discussed in this chapter.

5.0 V

2.5 V

0 V

–2.0 V
0 s 5 ms 10 ms

(1.9912 m, 3.4638)

(2.7876 m, 1.0551)

15 ms 20 ms

Time
V (OUTPUT) V (INPUT)

(12.757 m, 1.0506)

(12.000 m, 3.3385)

FIGURE 8.9-3 The response of the RC circuit to the pulse input.

E X A M P L E 8 . 1 0 - 1 How Can We Check the Response of

a First-Order Circuit?

Consider the circuit and corresponding transient response shown in Figure 8.10-1.How can we checkwhether the

transient response is correct? Three things need to be verified: the initial voltage, vo(t0); the final voltage, vo(1);

and the time constant, t.

Solution
Consider first the initial voltage, vo(t0). (In this example, t0 ¼ 10 ms.) Before time t0¼ 10 ms, the switch is closed

and has been closed long enough for the circuit to reach steady state, that is, for any transients to have died out. To

calculate vo(t0), we simplify the circuit in two ways. First, replace the switch with a short circuit because the

switch is closed. Second, replace the inductor with a short circuit because inductors act like short circuits when all

the inputs are constants and the circuit is at steady state. The resulting circuit is shown in Figure 8.10-2a. After

replacing the parallel 300-V and 600-V resistors by the equivalent 200-V resistor, the initial voltage is calculated

using voltage division as

vo t0ð Þ ¼ 200

200þ 200
8 ¼ 4 V

How Can We Check . . . ? 345
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+
–

200 Ω 4 mH

t = 10   s

8 V

300 Ω

600 Ω

+

–

vo(t)

µ

(b)

(a)

vo(t) (V)

6

5

4

3

5 10 15 20 25 30 35 40 t (  s)µ

 
FIGURA 8.10-1 (a) Una respuesta transitoria 
y (b) el circuito correspondiente.

 A continuación considere el voltaje final vo(
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.
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(a)

+

+

v(t)
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i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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). En este caso, el interruptor está abierto y el circuito ha llega-
do al estado estable. De nuevo, el circuito se simplifica de dos maneras. El interruptor se reemplaza con un circuito 
abierto porque el interruptor está abierto. El inductor se reemplaza con un cortocircuito porque los inductores ac-
túan como cortocircuitos cuando las entradas son constantes y el circuito se encuentra en estado estable. El circuito 
simplificado se muestra en la figura 8-10-2b. El voltaje final se calcula utilizando la división de voltaje como
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Next consider the final voltage, vo(1). In this case, the switch is open and the circuit has reached steady

state. Again, the circuit is simplified in two ways. The switch is replaced with an open circuit because the switch is

open. The inductor is replaced by a short circuit because inductors act like short circuits when all the inputs are

constants and the circuit is at steady state. The simplified circuit is shown in Figure 8.10-2b. The final voltage is

calculated using voltage division as

vo 1ð Þ ¼ 600

200þ 600
8 ¼ 6 V

The time constant is calculated from the circuit shown in Figure 8.10-2c. This circuit has been simplified by

setting the input to zero (a zero voltage source acts like a short circuit) and replacing the switch by an open circuit.

The time constant is

t ¼ L

Rt
¼ 4� 10�3

200þ 600
¼ 5� 10�6 ¼ 5 ms

+
–

200 Ω 4 mH

t = 10   s

8 V

300 Ω

600 Ω

+

–

vo(t)

μ

(b)

(a)

vo(t) (V)
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3

5 10 15 20 25 30 35 40 t (  s)μ

FIGURE 8.10-1 (a) A transient response and

(b) the corresponding circuit.
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FIGURE 8.10-2 Circuits used to calculate the (a) initial voltage, (b) final voltage, and (c) time constant.

346 The Complete Response of RL and RC Circuits

 La constante de tiempo se calcula a partir del circuito que se muestra en la figura 8.10-2c. Este circuito 
se ha simplificado al establecer la entrada a cero (una fuente de  voltaje cero actúa como un cortocircuito) y el 
interruptor ha sido reemplazado por un circuito abierto. La constante de tiempo es 
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Next consider the final voltage, vo(1). In this case, the switch is open and the circuit has reached steady

state. Again, the circuit is simplified in two ways. The switch is replaced with an open circuit because the switch is

open. The inductor is replaced by a short circuit because inductors act like short circuits when all the inputs are

constants and the circuit is at steady state. The simplified circuit is shown in Figure 8.10-2b. The final voltage is

calculated using voltage division as

vo 1ð Þ ¼ 600

200þ 600
8 ¼ 6 V

The time constant is calculated from the circuit shown in Figure 8.10-2c. This circuit has been simplified by

setting the input to zero (a zero voltage source acts like a short circuit) and replacing the switch by an open circuit.

The time constant is

t ¼ L

Rt
¼ 4� 10�3

200þ 600
¼ 5� 10�6 ¼ 5 ms
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FIGURE 8.10-1 (a) A transient response and

(b) the corresponding circuit.
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FIGURE 8.10-2 Circuits used to calculate the (a) initial voltage, (b) final voltage, and (c) time constant.

346 The Complete Response of RL and RC Circuits
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FIGURA 8.10-2 Circuitos utilizados para calcular (a) el voltaje inicial; (b)	el	voltaje	final	y	(c) la constante de tiempo.
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vo(t) (V)

vo(∞) = 6

5

vo(0) = 4

3

5 10 15 20 25 30 35 40 t (  s)µ

 = 5   sτ µ

 FIGURA 8.10-3 Interpretación de la respuesta transitoria.

 La figura 8.10-3 muestra cómo se deben determinar el voltaje inicial, el voltaje final y la constante de 
tiempo a partir del trazo de la respuesta transitoria. (Recuerde que un procedimiento para determinar de manera 
gráfica la constante de tiempo se ilustró en la figura 8.3-3.) Dado que los valores de vo(t0), vo(
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.
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FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 obtenidos 
a partir de la respuesta transitoria son los mismos que los valores obtenidos por el análisis del circuito, conclui-
mos que la respuesta transitoria es en verdad correcta.

Considere el circuito y la respuesta transi-
toria correspondiente que se muestran en la 
figura 8.10-4. ¿Cómo podemos comprobar 
si	 la	 respuesta	 transitoria	 es	 correcta?	 Se	
deben verificar cuatro cosas: el voltaje del 
condensador de estado estable cuando el in-
terruptor está abierto, el voltaje del conden-
sador en estado estable cuando el interruptor 
está cerrado, la constante de tiempo cuando 
el interruptor está abierto, y la constante de 
tiempo cuando el interruptor está cerrado.

Solución
La figura 8.10-5a muestra el circuito que se 
utilizó para calcular el voltaje del condensa-
dor en estado estable cuando el interruptor 
está abierto. El circuito se ha simplificado en 
dos maneras. En la primera se ha sustituido el 
interruptor por un circuito abierto. En la se-
gunda, el condensador ha sido reemplazado 
por un circuito abierto porque los condensa-
dores actúan como circuitos abiertos cuando 
todas las entradas son constantes y el circui-
to se encuentra en estado estable. El voltaje 
del condensador en estado estable se calcula 
utilizando la división de voltaje como
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Figure 8.10-3 shows how the initial voltage, final voltage, and time constant can be determined from the plot of

the transient response. (Recall that a procedure for determining the time constant graphically was illustrated in Figure

8.3-3.) Because the values of vo(t0), vo(1), and t obtained from the transient response are the same as the values

obtained by analyzing the circuit, we conclude that the transient response is indeed correct.

vo(t) (V)

vo(∞) = 6

5

vo(0) = 4

3

5 10 15 20 25 30 35 40 t (  s)μ

 = 5   sτ μ

FIGURE 8.10-3 Interpretation of the transient response.

E X A M P L E 8 . 1 0 - 2 How Can We Check the Response of

a First-Order Circuit?

Consider the circuit and corresponding tran-

sient response shown in Figure 8.10-4. How

can we check whether the transient response

is correct? Four things need to be verified: the

steady-state capacitor voltagewhen the switch

is open, the steady-state capacitor voltage

when the switch is closed, the time constant

when the switch is open, and the time constant

when the switch is closed.

Solution
Figure 8.10-5a shows the circuit used to calcu-

late the steady-state capacitorvoltagewhen the

switch is open. The circuit has been simplified

in twoways.First, the switchhasbeen replaced

with an open circuit. Second, the capacitor has

been replaced with an open circuit because

capacitors act like open circuits when all the

inputs are constants and the circuit is at steady

state. The steady-state capacitor voltage is cal-

culated using voltage division as

vc 1ð Þ ¼ 60

60þ 30þ 150
12 ¼ 3 V

Figure 8.10-5b shows the circuit used

to calculate the steady-state capacitor voltage

+
–

30 kΩ 150 kΩ

60 kΩ

t = 90 ms

t = 20 ms

0.5   F vc(t)12 V

+

–

μ

(b)

(a)

vc(t) (V)

8

6

4

2

20 40 60 80 100 120 140 160 180 t (ms)

FIGURE 8.10-4 (a) A transient response and (b) the corresponding circuit.
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FIGURA 8.10-4 (a) Una respuesta transitoria y (b) el circuito 
correspondiente.

E j E m p l o  8 . 10 - 2   ¿Cómo podemos comprobar la respuesta de 
un	circuito	de	primer	orden?
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(a)
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60 kΩ vc(∞)12 V

+
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FIGURA 8.10.5 Circuitos utilizados para calcular (a) el voltaje del estado estable cuando el interruptor está abierto, (b) el voltaje 
del estado estable cuando el interruptor está cerrado; (c) la constante de tiempo cuando el interruptor está abierto y (d ) la constan-
te de tiempo cuando el interruptor está cerrado.

 La figura 8.10-5b muestra el circuito utilizado para calcular el voltaje del condensador en estado estable 
cuando el interruptor está cerrado. De nuevo, este circuito se ha simplificado en dos maneras. En la primera, el 
interruptor ha sido reemplazado con un cortocircuito. En la segunda, el interruptor se ha reemplazado con un 
circuito abierto. El voltaje del condensador en estado estable se calcula utilizando la división de voltaje como
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when the switch is closed. Again, this circuit has been simplified in twoways. First, the switch has been replaced with

a short circuit. Second, the capacitor has been replaced with an open circuit. The steady-state capacitor voltage is

calculated using voltage division as

vc 1ð Þ ¼ 60

60þ 30
12 ¼ 8 V

Figure 8.10-5c shows the circuit used to calculate the time constant when the switch is open. This circuit has

been simplified in two ways. First, the switch has been replaced with an open circuit. Second, the input has been

set to zero (a zero voltage source acts like a short circuit). Notice that 180 kV in parallel with 60 kV is equivalent

to 45 kV. The time constant is

t ¼ 45� 103
� � � 0:5� 10�6

� � ¼ 22:5� 10�3 ¼ 22:5 ms

Figure 8.10-5d shows the circuit used to calculate the time constant when the switch is closed. The switch

has been replaced with a short circuit, and the input has been set to zero. Notice that 30 kV in parallel with 60 kV
is equivalent to 20 kV. The time constant is

t ¼ 20� 103
� � � 0:5� 10�6

� � ¼ 10�2 ¼ 10 ms

Having done these calculations, we

expect the capacitor voltage to be 3 V until

the switch closes at t ¼ 20 ms. The capaci-

tor voltage will then increase exponentially

to 8 V, with a time constant equal to 10 ms.

The capacitor voltage will remain 8 V until

the switch opens at t¼ 90 ms. The capacitor

voltage will then decrease exponentially to

3 V, with a time constant equal to 22.5 ms.

Figure 8.10-6 shows that the transient re-

sponse satisfies this description. We con-

clude that the transient response is correct.
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(c)

+
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(b)

FIGURE 8.10-5 Circuits used to calculate (a) the steady-state voltage when the switch is open, (b) the steady-state voltage when

the switch is closed, (c) the time constant when the switch is open, and (d) the time constant when the switch is closed.
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 = 10 msτ
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FIGURE 8.10-6 Interpretation of the transient response.

348 The Complete Response of RL and RC Circuits

 La figura 8.10-5c muestra el circuito utilizado para calcular la constante de tiempo cuando el interruptor está 
abierto. Este circuito ha sido simplificado en dos maneras. En la primera, el interruptor ha sido reemplazado por 
un circuito abierto. En la segunda, la entrada se ha establecido en cero (una fuente de voltaje cero actúa como un 
cortocircuito). Observe que 180 kV en paralelo con 60 kV son equivalentes a 45 kV. La constante de tiempo es
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when the switch is closed. Again, this circuit has been simplified in twoways. First, the switch has been replaced with

a short circuit. Second, the capacitor has been replaced with an open circuit. The steady-state capacitor voltage is

calculated using voltage division as

vc 1ð Þ ¼ 60

60þ 30
12 ¼ 8 V

Figure 8.10-5c shows the circuit used to calculate the time constant when the switch is open. This circuit has

been simplified in two ways. First, the switch has been replaced with an open circuit. Second, the input has been

set to zero (a zero voltage source acts like a short circuit). Notice that 180 kV in parallel with 60 kV is equivalent

to 45 kV. The time constant is

t ¼ 45� 103
� � � 0:5� 10�6

� � ¼ 22:5� 10�3 ¼ 22:5 ms

Figure 8.10-5d shows the circuit used to calculate the time constant when the switch is closed. The switch

has been replaced with a short circuit, and the input has been set to zero. Notice that 30 kV in parallel with 60 kV
is equivalent to 20 kV. The time constant is

t ¼ 20� 103
� � � 0:5� 10�6

� � ¼ 10�2 ¼ 10 ms

Having done these calculations, we

expect the capacitor voltage to be 3 V until

the switch closes at t ¼ 20 ms. The capaci-

tor voltage will then increase exponentially

to 8 V, with a time constant equal to 10 ms.

The capacitor voltage will remain 8 V until

the switch opens at t¼ 90 ms. The capacitor

voltage will then decrease exponentially to

3 V, with a time constant equal to 22.5 ms.

Figure 8.10-6 shows that the transient re-

sponse satisfies this description. We con-

clude that the transient response is correct.
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FIGURE 8.10-5 Circuits used to calculate (a) the steady-state voltage when the switch is open, (b) the steady-state voltage when

the switch is closed, (c) the time constant when the switch is open, and (d) the time constant when the switch is closed.
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FIGURE 8.10-6 Interpretation of the transient response.
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 La figura 8.10-5d muestra el circuito utilizado para calcular la constante de tiempo cuando el interruptor 
está cerrado. El interruptor ha sido reemplazado por un cortocircuito, y la entrada se ha establecido en cero. Ob-
serve que 30 kV en paralelo con 60 kV son equivalentes a 20 kV. La constante de tiempo es
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when the switch is closed. Again, this circuit has been simplified in twoways. First, the switch has been replaced with

a short circuit. Second, the capacitor has been replaced with an open circuit. The steady-state capacitor voltage is

calculated using voltage division as

vc 1ð Þ ¼ 60

60þ 30
12 ¼ 8 V

Figure 8.10-5c shows the circuit used to calculate the time constant when the switch is open. This circuit has

been simplified in two ways. First, the switch has been replaced with an open circuit. Second, the input has been

set to zero (a zero voltage source acts like a short circuit). Notice that 180 kV in parallel with 60 kV is equivalent

to 45 kV. The time constant is

t ¼ 45� 103
� � � 0:5� 10�6

� � ¼ 22:5� 10�3 ¼ 22:5 ms

Figure 8.10-5d shows the circuit used to calculate the time constant when the switch is closed. The switch

has been replaced with a short circuit, and the input has been set to zero. Notice that 30 kV in parallel with 60 kV
is equivalent to 20 kV. The time constant is

t ¼ 20� 103
� � � 0:5� 10�6

� � ¼ 10�2 ¼ 10 ms

Having done these calculations, we

expect the capacitor voltage to be 3 V until

the switch closes at t ¼ 20 ms. The capaci-

tor voltage will then increase exponentially

to 8 V, with a time constant equal to 10 ms.

The capacitor voltage will remain 8 V until

the switch opens at t¼ 90 ms. The capacitor

voltage will then decrease exponentially to

3 V, with a time constant equal to 22.5 ms.

Figure 8.10-6 shows that the transient re-

sponse satisfies this description. We con-

clude that the transient response is correct.
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FIGURE 8.10-5 Circuits used to calculate (a) the steady-state voltage when the switch is open, (b) the steady-state voltage when

the switch is closed, (c) the time constant when the switch is open, and (d) the time constant when the switch is closed.
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FIGURE 8.10-6 Interpretation of the transient response.
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 Habiendo hecho estos cálculos, espe-
ramos que el voltaje del condensador sea de 
3 V hasta que se cierre el interruptor en t 5 
20 ms. Entonces el voltaje del condensador 
se incrementará exponencialmente a 8 V, 
con una constante de tiempo igual a 10 ms. 
El voltaje del condensador permanecerá en 
8 V hasta que el interruptor se abra en t 5 
90 ms. Entonces el voltaje del condensador 
disminuirá exponencialmente a 3 V, con una 
constante de tiempo igual a 22.5 ms. La fi-
gura 8.10-6 muestra que la respuesta transi-
toria satisface esta descripción. Concluimos 
que la respuesta transitoria es correcta. FIGURA 8.10-6 Interpretación de la respuesta transitoria.
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Con frecuencia es necesario conectar dos piezas de equipo electrónico entre sí de modo que 
la salida de un dispositivo se pueda utilizar como la entrada de otro dispositivo. Por ejemplo, 
esta situación ocurre cuando una impresora está conectada a una computadora como se mues-
tra	en	la	figura	8.11-1a. Esta situación se representa con más generalidad por el circuito que 
se	muestra	en	la	figura	8.11-1b. El dispositivo de salida (emisor) envía una señal a través del 
cable al receptor. Reemplacemos el dispositivo de salida, el cable y el receptor con modelos 
sencillos. Modele el emisor como una fuente de voltaje, los cables como un circuito RC, 
y el receptor como un circuito abierto. Los valores de resistencia y capacitancia utilizados 
para modelar el cable dependerán de la longitud del cable. Por ejemplo, cuando se usa cable 
coaxial RG58,

y 
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8 . 1 1 DES IGN EXAMPLE

A COMPUTER AND PRINTER

It is frequently necessary to connect two pieces of electronic equipment together so that

the output from one device can be used as the input to another device. For example, this

situation occurs when a printer is connected to a computer, as shown in Figure 8.11-1a.

This situation is represented more generally by the circuit shown in Figure 8.11-1b. The

driver sends a signal through the cable to the receiver. Let us replace the driver, cable,

and receiver with simple models. Model the driver as a voltage source, the cable as an RC

circuit, and the receiver as an open circuit. The values of resistance and capacitance used

to model the cable will depend on the length of the cable. For example, when RG58

coaxial cable is used,

R ¼ r � ‘ where r ¼ 0:54
V

m

and C ¼ c � ‘ where c ¼ 88
pF

m

and ‘ is the length of the cable in meters, Figure 8.11-1c shows the equivalent circuit.

Suppose that the circuits connected by the cable are digital circuits. The driver will

send 1’s and 0’s to the receiver. These 1’s and 0’s will be represented by voltages. The

output of the driver will be one voltage, VOH, to represent logic 1 and another voltage, VOL,

to represent a logic 0. For example, one popular type of logic, called TTL logic, uses VOH ¼
2.4 V and VOL ¼ 0.4 V. (TTL stands for transistor–transistor logic.) The receiver uses two

different voltages, VIH and VIL, to represent 1’s and 0’s. (This is done to provide noise

immunity, but that is another story.) The receiver will interpret its input, vb, to be a logic 1

whenever vb > VIH and to be a logic 0 whenever vb < VIL. (Voltages between VIH and VIL

will occur only during transitions between logic 1 and logic 0. These voltages will

sometimes be interpreted as logic 1 and other times as logic 0.) TTL logic uses VIH ¼
2.0 V and VIL ¼ 0.8 V.
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+
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R
C
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(c)

(b)
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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	es	la	longitud	del	cable	en	metros.	La	figura	8.11-1c muestra el circuito equivalente. 
 Suponga que los circuitos conectados por el cable son circuitos digitales. El emisor 
enviará 1’s y 0’s al receptor. Estos 1’s y 0’s estarán representados por voltajes. La salida del 
emisor será un voltaje, VOH, para representar al lógico 1 y el otro voltaje, VOL, para representar 
al lógico 0. Por ejemplo, un popular tipo de lógico, llamado lógico TTL, utiliza VOH = 2.4 V 
y VOL 5 0.4 V. (TTL es lo mismo que lógico transistor a transistor.) El receptor utiliza dos 
voltajes diferentes, V1H y V1L para representar 1’s y 0’s. (Esto se hace así para proporcionar 
inmunidad al ruido, pero eso es otra historia.) El receptor interpretará su entrada, vb, como 
lógico 1 siempre que vb . VIH y como lógico 0 siempre que vb , VIL. (Los voltajes entre VIH y 
VIL ocurrirán sólo durante las transiciones entre el lógico 1 y el lógico 0. Unas veces estos vol-
tajes se interpretarán como lógico 1 y otras como lógico 0.) El lógico TTL utiliza VIH 5 2.0 V 
y VIL 5 0.8 V.

8 . 11  E J E M P LO  D E  D I S E Ñ O

UNA COMPUTADORA Y SU IMPRESORA

Circuito 1
emisor

Circuito 2
receptor

Cable
+

–

+

–
va vb

+
–va vb

R
C

+

–

(c)

(b)

(a)



FIGURA 8.11-1 (a) Un impresora conectada a una computadora laptop. (b) Dos circuitos conectados por un cable. (c) Un circuito equivalente.

donde
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va(t)
v(t)

vb(t)

VOH

VIH

VIL

VOL

t0 t1 t

FIGURA 8.11-2 Voltajes que ocurren durante una transición de un lógico 0 a un lógico 1.

	 La	figura	8.11-2	muestra	lo	que	sucede	cuando	la	salida	del	driver	cambia	de	lógico	0	a	
lógico 1. Antes del tiempo t0, 

va 5 VOL y vb , VIL para t , t0
Explicamos. Se envía y se recibe un lógico 0. La salida del driver cambia a VOH en el tiempo t0. 
La entrada receptora, vb, hace esta transición más lentamente. Sólo hasta que el tiempo es t1 la 
entrada receptora se hace lo bastante grande para que se le interprete como lógico 1. Es decir,

vb . VIH para t . t1
El tiempo que le toma al receptor reconocer la transición del lógico 0 al lógico 1

Dt 5 t1 2 t0
se llama retraso. Este retraso es importante porque pone un límite sobre cuán rápido se pueden 
enviar los 1 y 0 del emisor al receptor. Para garantizar que los 1 y 0 se recibieron sin pro-
blemas, cada 1 y cada 0 deben durar al menos Dt. La velocidad a que los 1 y 0 se envíen del 
emisor al receptor es proporcionalmente inversa al retardo.
 Suponga que dos circuitos TTL están conectados por un cable coaxial RG58. ¿Qué 
restricción se debe poner a la longitud del cable para garantizar que el retardo Dt sea al menos 
menor	de	2	ns?

Describa la situación y los supuestos
El voltaje vb(t) es el voltaje del condensador de un circuito RC. El circuito RC está en estado 
estable justo antes del tiempo t0.
 La entrada al circuito RC es va(t). Antes del tiempo t0, va(t) 5 VOL 5 0.4 V. En el tiempo 
t0, va(t) cambia abruptamente. Después del tiempo t0, va(t) 5 VOH 5 2.4 V.
 Antes del tiempo t0, vb(t) 5 VOL 5 0.4 V. Después del tiempo t0, vb(t) se incrementa 
exponencialmente.	A	fin	de	cuentas,	vb(t) 5 VOH 5 2.4 V.
 La constante de tiempo del circuito RC es
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VOH

VIH

VIL

VOL

t0 t1 t

FIGURE 8.11-2 Voltages that occur during a transition from a logic 0 to a logic 1.

Figure 8.11-2 shows what happens when the driver output changes from logic 0 to logic

1. Before time t0,

va ¼ VOL and vb < V IL for t < t0

In words, a logic 0 is sent and received. The driver output switches to VOH at time t0. The

receiver input, vb, makes this transition more slowly. Not until time t1 does the receiver input

become large enough to be interpreted as a logic 1. That is,

vb > V IH for t > t1

The time that it takes for the receiver to recognize the transition from logic 0 to logic 1

Dt ¼ t1 � t0

is called the delay. This delay is important because it puts a limit on how fast 1’s and 0’s can be

sent from the driver to the receiver. To ensure that the 1’s and 0’s are received reliably, each 1

and each 0 must last at least Dt. The rate at which 1’s and 0’s are sent from the driver to the

receiver is inversely proportional to the delay.

Suppose two TTL circuits are connected using RG58 coaxial cable. What restriction

must be placed on the length of the cable to ensure that the delay, Dt, is less than 2 ns?

Describe the Situation and the Assumptions
The voltage vb(t) is the capacitor voltage of an RC circuit. The RC circuit is at steady state just

before time t0.

The input to the RC circuit is va(t). Before time t0, va(t) ¼ VOL ¼ 0.4 V. At time t0, va(t)

changes abruptly. After time t0, va(t) ¼ VOH ¼ 2.4 V.

Before time t0, vb(t) ¼ VOL ¼ 0.4 V. After time t0, vb(t) increases exponentially.

Eventually, vb(t) ¼ VOH ¼ 2.4 V.

The time constant of the RC circuit is

t ¼ R � C ¼ rc‘ 2 ¼ 47:52� 10�2 � ‘ 2

where ‘ is the cable length in meters.

State the Goal
Calculate the maximum value of the cable length, ‘, for which vb> VIH¼ 2.0 V by time t¼ t0
þ Dt, where Dt ¼ 2 ns.

350 The Complete Response of RL and RC Circuits

donde 

E1C08_1 11/25/2009 349

8 . 1 1 DES IGN EXAMPLE

A COMPUTER AND PRINTER

It is frequently necessary to connect two pieces of electronic equipment together so that

the output from one device can be used as the input to another device. For example, this

situation occurs when a printer is connected to a computer, as shown in Figure 8.11-1a.

This situation is represented more generally by the circuit shown in Figure 8.11-1b. The

driver sends a signal through the cable to the receiver. Let us replace the driver, cable,

and receiver with simple models. Model the driver as a voltage source, the cable as an RC

circuit, and the receiver as an open circuit. The values of resistance and capacitance used

to model the cable will depend on the length of the cable. For example, when RG58

coaxial cable is used,

R ¼ r � ‘ where r ¼ 0:54
V

m

and C ¼ c � ‘ where c ¼ 88
pF

m

and ‘ is the length of the cable in meters, Figure 8.11-1c shows the equivalent circuit.

Suppose that the circuits connected by the cable are digital circuits. The driver will

send 1’s and 0’s to the receiver. These 1’s and 0’s will be represented by voltages. The

output of the driver will be one voltage, VOH, to represent logic 1 and another voltage, VOL,

to represent a logic 0. For example, one popular type of logic, called TTL logic, uses VOH ¼
2.4 V and VOL ¼ 0.4 V. (TTL stands for transistor–transistor logic.) The receiver uses two

different voltages, VIH and VIL, to represent 1’s and 0’s. (This is done to provide noise

immunity, but that is another story.) The receiver will interpret its input, vb, to be a logic 1

whenever vb > VIH and to be a logic 0 whenever vb < VIL. (Voltages between VIH and VIL

will occur only during transitions between logic 1 and logic 0. These voltages will

sometimes be interpreted as logic 1 and other times as logic 0.) TTL logic uses VIH ¼
2.0 V and VIL ¼ 0.8 V.

Circuit 1
driver

Circuit 2
receiver

Cable
+

–

+

–
va vb

+
–va vb
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.

Design Example 349

 es la longitud en metros del cable. 

Establezca el objetivo
Calcule el valor máximo de la longitud del cable 
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send 1’s and 0’s to the receiver. These 1’s and 0’s will be represented by voltages. The
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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, para lo cual vb . VIH 5 2.0 V por el tiempo 
t 5 t0 1 Dt , donde Dt 0 2 ns.
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Genere un plan
Calcule el voltaje vb(t)	en	la	figura	8.11-1b. El voltaje vb(t) dependerá de la longitud, 
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the output from one device can be used as the input to another device. For example, this

situation occurs when a printer is connected to a computer, as shown in Figure 8.11-1a.

This situation is represented more generally by the circuit shown in Figure 8.11-1b. The

driver sends a signal through the cable to the receiver. Let us replace the driver, cable,
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circuit, and the receiver as an open circuit. The values of resistance and capacitance used

to model the cable will depend on the length of the cable. For example, when RG58

coaxial cable is used,

R ¼ r � ‘ where r ¼ 0:54
V

m

and C ¼ c � ‘ where c ¼ 88
pF

m

and ‘ is the length of the cable in meters, Figure 8.11-1c shows the equivalent circuit.

Suppose that the circuits connected by the cable are digital circuits. The driver will

send 1’s and 0’s to the receiver. These 1’s and 0’s will be represented by voltages. The

output of the driver will be one voltage, VOH, to represent logic 1 and another voltage, VOL,

to represent a logic 0. For example, one popular type of logic, called TTL logic, uses VOH ¼
2.4 V and VOL ¼ 0.4 V. (TTL stands for transistor–transistor logic.) The receiver uses two

different voltages, VIH and VIL, to represent 1’s and 0’s. (This is done to provide noise

immunity, but that is another story.) The receiver will interpret its input, vb, to be a logic 1

whenever vb > VIH and to be a logic 0 whenever vb < VIL. (Voltages between VIH and VIL

will occur only during transitions between logic 1 and logic 0. These voltages will

sometimes be interpreted as logic 1 and other times as logic 0.) TTL logic uses VIH ¼
2.0 V and VIL ¼ 0.8 V.
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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, del 
cable porque la constante de tiempo del circuito RC es una función de 
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FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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. Establezca vb 5 VIH 
en el tiempo t 5 t0 1 Dt. Despeje la ecuación resultante por la longitud del cable.

Actúe sobre el plan
Utilizando la notación presentada en este capítulo,

y 
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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Con la ecuación 8.3-6, expresamos el voltaje vb(t) como
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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El voltaje del condensador, vb, será igual a VIH en el tiempo t1 5 t0 1 Dt, por lo tanto
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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Despejando el retardo, Dt, nos da
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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En este caso,
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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y, por consiguiente,
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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Verifique la solución propuesta
Cuando 
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8 . 1 1 DES IGN EXAMPLE

A COMPUTER AND PRINTER

It is frequently necessary to connect two pieces of electronic equipment together so that

the output from one device can be used as the input to another device. For example, this

situation occurs when a printer is connected to a computer, as shown in Figure 8.11-1a.

This situation is represented more generally by the circuit shown in Figure 8.11-1b. The

driver sends a signal through the cable to the receiver. Let us replace the driver, cable,

and receiver with simple models. Model the driver as a voltage source, the cable as an RC

circuit, and the receiver as an open circuit. The values of resistance and capacitance used

to model the cable will depend on the length of the cable. For example, when RG58

coaxial cable is used,

R ¼ r � ‘ where r ¼ 0:54
V

m

and C ¼ c � ‘ where c ¼ 88
pF

m

and ‘ is the length of the cable in meters, Figure 8.11-1c shows the equivalent circuit.

Suppose that the circuits connected by the cable are digital circuits. The driver will

send 1’s and 0’s to the receiver. These 1’s and 0’s will be represented by voltages. The

output of the driver will be one voltage, VOH, to represent logic 1 and another voltage, VOL,

to represent a logic 0. For example, one popular type of logic, called TTL logic, uses VOH ¼
2.4 V and VOL ¼ 0.4 V. (TTL stands for transistor–transistor logic.) The receiver uses two

different voltages, VIH and VIL, to represent 1’s and 0’s. (This is done to provide noise

immunity, but that is another story.) The receiver will interpret its input, vb, to be a logic 1

whenever vb > VIH and to be a logic 0 whenever vb < VIL. (Voltages between VIH and VIL

will occur only during transitions between logic 1 and logic 0. These voltages will

sometimes be interpreted as logic 1 and other times as logic 0.) TTL logic uses VIH ¼
2.0 V and VIL ¼ 0.8 V.

Circuit 1
driver

Circuit 2
receiver

Cable
+

–

+

–
va vb

+
–va vb

R
C

+

–

(c)

(b)

(a)

�

FIGURE 8.11-1 (a) A printer connected to a laptop computer. (b) Two circuits connected by a cable. (c) An equivalent circuit.
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 5 5.11 m, entonces 

Finalmente, 
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Generate a Plan
Calculate the voltage vb(t) in Figure 8.11-1b. The voltage vb(t) will depend on the length of the

cable, ‘, because the time constant of the RC circuit is a function of ‘. Set vb ¼ VIH at time t¼
t0 þ Dt. Solve the resulting equation for the length of the cable.

Act on the Plan
Using the notation introduced in this chapter,

vb 0ð Þ ¼ VOL ¼ 0:4 V

vb 1ð Þ ¼ VOH ¼ 2:4 V

and t ¼ 47:52� 10�12 � ‘ 2

Using Eq. 8.3-6, we express the voltage vb(t) as

vb tð Þ ¼ VOH þ VOL � VOHð Þe� t�t0ð Þ=t

The capacitor voltage, vb, will be equal to VIH at time t1 ¼ t0 þ Dt, so

V IH ¼ VOH þ VOL � VOHð Þe�Dt=t

Solving for the delay, Dt, gives

Dt ¼ �t ln
V IH � VOH

VOL � VOH

� �
¼ �47:52� 10�12 � ‘ 2 � ln V IH � VOH

VOL � VOH

� �

In this case,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Dt

47:52� 10�12 � ln V IH � VOH

VOL � VOH

� �
vuuut

and, therefore,

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 10�9

47:52� 10�12 � ln 2:0� 2:4

0:4� 2:4

� �
vuuut ¼ 5:11 m ¼ 16:8 ft

Verify the Proposed Solution
When ‘ ¼ 5.11 m, then

R ¼ 0:54� 5:11 ¼ 2:76 V

and C ¼ 88� 10�12
� �� 5:11 ¼ 450 pF

so t ¼ 2:76� 450� 10�12
� � ¼ 1:24 ns

Finally; Dt ¼ �1:24� 10�9 � ln
2:0� 2:4

0:4� 2:4

� �
¼ 1:995 ns

Because Dt < 2 ns, the specifications have been satisfied but with no margin for error.
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Dado que Dt ,	2	ns,	se	han	satisfecho	las	especificaciones	sin	margen	para	error.	

y

por lo tanto
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	 352	 Respuesta total de los circuitos RL y RC

8.12 R E S U M E N
	 	Los	voltajes	y	las	corrientes	se	pueden	utilizar	para	codificar,	

almacenar y procesar información. Cuando se usan un vol-
taje o una corriente para representar información, ese voltaje 
o corriente se denomina señal. Los circuitos eléctricos que 
procesan esa información se denominan circuitos de proce-
samiento de señal.

  Los circuitos que contienen elementos de almacenamiento 
de energía, es decir, condensadores e inductores, se repre-
sentan por ecuaciones diferenciales más que por ecuaciones 
algebraicas. El análisis de estos circuitos requiere el despeje 
de ecuaciones diferenciales. 

  En este capítulo restringimos nuestra atención a los circuitos 
de primer orden. Los circuitos de primer orden contienen un 
elemento de almacenamiento de energía y son representados 
por ecuaciones diferenciales de primer orden, las cuales son 
razonablemente fáciles de despejar. Despejamos ecuaciones 
diferenciales de primer orden utilizando el método de la se-
paración de variables.

  La respuesta total de un circuito es la suma de la k y la res-
puesta forzada. La respuesta natural es la solución general de 
la ecuación diferencial que representa al circuito cuando la en-
trada se establecen en cero. La respuesta forzada es la solución 
particular de la ecuación diferencial que representa al circuito.

  La respuesta total se puede separar en respuesta transito-
ria y respuesta de estado estable. La respuesta transitoria se 
desvanece con el tiempo, quedando la respuesta de estado 
estable. Cuando la entrada al circuito es una constante o una 
sinusoide, la respuesta de estado estable se puede utilizar 
como la respuesta forzada.

	 	En	ocasiones,	el	término	respuesta	transitoria	se	refiere	a	la	
“parte transitoria de la respuesta total” y en otras veces a una 
respuesta total que incluye una parte transitoria. En particu-
lar, PSpice emplea el término respuesta transitoria para re-
ferirse a la respuesta total. Como esto puede ser confuso, el 
término se debe utilizar con gran cuidado.

  La respuesta de paso de un circuito es la respuesta cuando 
la entrada es igual a un función de paso unitario y todas las 
condiciones iniciales del circuito son iguales a cero.

  Utilizamos los circuitos equivalentes de Thévenin y Norton 
para reducir el problema del análisis cualquier circuito de pri-
mer orden al problema de analizar uno de dos circuitos de 
primer orden. Uno de los circuitos sencillos de primer orden 
es un circuito en serie que consta de una fuente de voltaje, un 
resistor y un condensador. El otro es un circuito en paralelo 
que consta de una fuente de corriente, un resistor y un in-
ductor. La tabla 8.12-1 resume las ecuaciones utilizadas para 
determinar la respuesta total de un circuito de primer orden. 

  El parámetro 
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.

352 The Complete Response of RL and RC Circuits

 en la ecuación diferencial de primer orden 
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Tabla 8.12-1 Resumen de circuitos de primer orden

CIRCUITO DE PRIMER ORDEN QUE CONTIENE UN CONDENSADOR CIRCUITO DE PRIMER ORDEN QUE CONTIENE UN INDUCTOR

v(t)C
+

–

Amplificadores
operacionales, 

resistores 
y fuentes

L

i(t)Amplificadores
operacionales, 

resistores 
y fuentes

Reemplace	el	circuito	que	conste	de	amplificadores	operacionales,	
resistores y fuentes, por un circuito equivalente de Thévenin.

Reemplace	el	circuito	que	conste	de	amplificadores	operacionales,	
resistores y fuentes, por su circuito equivalente de Norton.

v(t)Voc

Rt

C
+

–

+
– Isc Rt L

i(t)

El voltaje del condensador es:
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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Circuits that contain energy-storing elements, that is,
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The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR
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resistors,

and
sources
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i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
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Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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y la condición inicial, i(0), es la corriente del inductor en el tiempo 
t 5 0.
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P 8.3-4	 El	circuito	que	se	muestra	en	la	figura	P	8.3-4	se	en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. Determine la corriente del inductor, i(t) 
para t . 0.
Respuesta: 

E1C08_1 11/25/2009 353

PROBLEMS

Section 8.3 The Response of a First-Order Circuit to
a Constant Input

P 8.3-1 The circuit shown in Figure P 8.3-1 is at steady state

before the switch closes at time t¼ 0. The input to the circuit is

the voltage of the voltage source, 12 V. The output of this

circuit is the voltage across the capacitor, v(t). Determine v(t)

for t > 0.

Answer: v tð Þ ¼ 6� 2e�1:33t V for t > 0

+
– v(t)

+

–

6 Ω

6 Ω
12 V 6 Ω

t = 0

250 mF

Figure P 8.3-1

P 8.3-2 The circuit shown in Figure P 8.3-2 is at steady state

before the switch opens at time t ¼ 0. The input to the circuit is

the voltage of the voltage source, 12 V. The output of this circuit

is the current in the inductor, i(t). Determine i(t) for t > 0.

Answer: i tð Þ ¼ 1þ e�0:5tA for t > 0

+
–

6 Ω

6 Ω
12 V 6 Ω 8 H

t = 0

i(t)

Figure P 8.3-2

P 8.3-3 The circuit shown in Figure P 8.3-3 is at steady state

before the switch closes at time t¼ 0. Determine the capacitor

voltage, v(t), for t > 0.

Answer: v tð Þ ¼ �6þ 18e�6:67t V for t > 0

6 Ω 3 Ω

ia

v(t)

+

–

+
– 0.05 F

t = 0

12 V
+

–
2ia

Figure P 8.3-3

P 8.3-4 The circuit shown in Figure P 8.3-4 is at steady state

before the switch closes at time t ¼ 0. Determine the inductor

current, i(t), for t > 0.

Answer: i tð Þ ¼ �2þ 10

3
e�0:5t A for t > 0

6 Ω 3 Ω

ia
i(t)

+
– 6 H

t = 0

12 V
+

–
2ia

Figure P 8.3-4

P 8.3-5 The circuit shown in Figure P 8.3-5 is at steady state

before the switch opens at time t ¼ 0. Determine the voltage,

vo(t), for t > 0.

Answer: vo tð Þ ¼ 10� 5e�12:5t V for t > 0

+

–

+

–

+
–

vo(t)

t = 0

20 kΩ

20 kΩ

4   F

20 kΩ

5 V μ

Figure P 8.3-5

P 8.3-6 The circuit shown in Figure P 8.3-6 is at steady state

before the switch opens at time t ¼ 0. Determine the voltage,

vo(t), for t > 0.

Answer: vo tð Þ ¼ 5e�4000t V for t > 0

+

–

+

–

+
–

vo(t)

iL(t)

t = 0

20 kΩ

20 kΩ

20 kΩ

5 V 5 H

Figure P 8.3-6
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current, i(t), for t > 0.
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P 8.3-5 The circuit shown in Figure P 8.3-5 is at steady state

before the switch opens at time t ¼ 0. Determine the voltage,

vo(t), for t > 0.
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6 Ω 3 Ω

ia
i(t)

+
– 6 H

t = 0

12 V
+

–
2ia

Figura P 8.3-4

P 8.3-5	 El	circuito	que	se	muestra	en	la	figura	P	8.3-5	se	en-
cuentra en estado estable antes de que el interruptor se abra en 
el tiempo t 5 0. Determine el voltaje, vo(t) para t . 0.

Respuesta: vo(t) 5 10 2 5e212.5t V para t . 0

+

–

+

–

+
–

vo(t)

t = 0

20 kΩ

20 kΩ

4   F

20 kΩ

5 V µ

Figura P 8.3-5

P 8.3-6	 El	circuito	que	se	muestra	en	la	figura	P	8.3-6	se	en-
cuentra en estado estable antes de que el interruptor se abra en 
el tiempo t 5 0. Determine el voltaje, vo(t) para t . 0.

Respuesta: vo(t) 5 5e24000t V para t . 0

+

–

+

–

+
–

vo(t)

iL(t)

t = 0

20 kΩ

20 kΩ

20 kΩ

5 V 5 H

Figura P 8.3-6

Sección 8.3 Respuesta de un circuito de primer 
orden a una entrada constante

P 8.3-1	 El	circuito	que	se	muestra	en	la	figura	P	8.3-1	se	en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. La entrada al circuito es el voltaje de la 
fuente de voltaje, 12 V. La salida de este circuito es el voltaje  
a través del condensador, v(t). Determine v(t) para t . 0.

Respuesta: v(t) 5 6 2 2e21.33t V para t . 0

+
– v(t)

+

–

6 Ω

6 Ω
12 V 6 Ω

t = 0

250 mF

Figura P 8.3-1

P 8.3-2	 El	circuito	que	se	muestra	en	la	figura	P	8.3-2	se	en-
cuentra en estado estable antes de que el interruptor se abra en 
el tiempo t 5 0. La entrada al circuito es el voltaje de la fuente 
de voltaje, 12 V. La salida de este circuito es la corriente a 
través del inductor, i(t). Determine i(t) para t . 0.

Respuesta: i(t) 5 1 1 e20.5t A para t . 0

+
–

6 Ω

6 Ω
12 V 6 Ω 8 H

t = 0

i(t)

Figura P 8.3-2

P 8.3-3	 El	circuito	que	se	muestra	en	la	figura	P	8.3-3	se	en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. Determine el voltaje del condensador, v(t) 
para t . 0.

Respuesta: v(t) 5 26 1 18e26.67t V para t . 0

6 Ω 3 Ω

ia

v(t)

+

–

+
– 0.05 F

t = 0

12 V
+

–
2ia

Figura P 8.3-3

P R O B L E M AS
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P 8.3-7	 La	figura	P	8.3-7a muestra al astronauta Dale Gardner 
utilizando la unidad de maniobras tripulada para acoplarse al sa-
télite giratorio Westar VI, el 14 de noviembre de 1984. Gardner 
utilizó una herramienta grande llamada dispositivo de captura 
de apoyo (ACD por sus siglas en inglés) para estabilizar el sa-
télite y capturarlo para su recuperación, como se muestra en la  
figura	P	8.3-7a.	La	ACD	se	puede	modelar	por	el	circuito	de	la	fi	-
gura P 8.3-7b. Encuentre la corriente del inductor iL para t . 0.
Respuesta: iL(t) 5 6e220t A

1 5 H4 Ω
t = 0

6 A

a

b

iL

(b)

(a)

1 5 H4 Ω
t = 0

6 A

a

b

iL

(b)

(a)

Figura P 8.3-7 (a) El astronauta Dale Gardner utilizando la 
unidad de maniobras tripulada para acoplarse al satélite Westar 
VI. Cortesía de la NASA. (b) Modelo del dispositivo de captura 
de apoyo. Suponga que el interruptor ha estado en posición por 
mucho tiempo en t 5 02.

P 8.3-8	 El	circuito	que	se	muestra	en	la	figura	P	8.3-8	se	encuen-
tra en estado estable antes de que el interruptor se abra en tiempo  
t 5 0. La entrada al circuito es el voltaje de la fuente de voltaje, Vs. 
Esta fuente de voltaje es una fuente de voltaje de cd; es decir, Vs es 
una constante. La salida de este circuito es el voltaje a través del 
condensador, vo(t). El voltaje de salida está dado por

vo1t2 5 2 1 8e20.5t V para t . 0
Determine los valores del voltaje de entrada, Vs, la capacitan-
cia, C, y la resistencia, R.

+
–

R
Vs 10 Ω

10 Ω

t = 0

C vo(t)

+

–

Figura P 8.3-8

P 8.3-9	 El	circuito	que	se	muestra	en	la	figura	P	8.3-9	se	en-
cuentra en estado estable antes de que el interruptor se cierre 
en tiempo t 5 0. La entrada al circuito es el voltaje de la fuente 
de voltaje, 24 V. La salida de este circuito, el voltaje através 
del resistor de 3-V, está dado por

vo1t2 5 6 2 3e20.35t V cuando t . 0

Determine el valor de la inductancia, L, y de las resistencias, 
R1 y R2.

+
–

R1

L

R2

t = 0

vo(t)

+

–

3 Ω24 V
i(t)

Figura P 8.3-9

P 8.3.10 Una alarma de seguridad para la puerta de un edi-
ficio	 de	 oficinas	 está	 modelada	 por	 el	 circuito	 de	 la	 figura	 
P 8.3-10. El interruptor representa el entrecierre de la puerta, 
y v es el voltaje del indicador de la alarma. Encuentre v(t) para 
t .	0	para	el	circuito	de	la	figura	P	8.3-10.	El	interruptor	ha	
estado cerrado por mucho tiempo en t 5 02.

v+ –

1/2 H

4 Ω 9 Ω

12 Ω 3 Ω+
–20 V 9 A

t = 0

Figura P 8.3-10 Circuito de alarma de seguridad.

P 8.3-11 El voltaje v(t) en el circuito que se muestra en la 
figura	P	8.3-11	está	dado	por

v1t2 5 8 1 4e22t V para t . 0

Determine los valores de R1, R2 y C.

t = 0

24 V 4 Ω v(t)

C

R1

R2

+
–

+

–

Figura P 8.3-11
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P 8.3-16	 El	circuito	en	la	figura	P	8.3-16	se	encuentra	en	es-
tado estable antes de que el interruptor se cierre. Encuentre el 
voltaje del condensador para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Sugerencia: v102 5 12 V,  Voc 5 12 V
Respuesta: v1t2 5 12.0 V

20   Fµ v(t)

+

–

100 Ω 200 Ω

+
–12 V

t = 0

Figura P 8.3-16

P 8.3-17	 El	circuito	que	se	muestra	en	la	figura	P	8.3-17	se	en-
cuentra en estado estable antes de que el interruptor se cierre.  
La respuesta del circuito es el voltaje v(t). Encuentre v(t) para 
t . 0.

Sugerencia: Después de que el interruptor se cierra, la co-
rriente del inductor es i(t) 5 0.2 (1 2 e21.8t ) A

Respuesta: v(t) 5 8 1 e21.8t V

i(t)10 Ω 25 Hv(t)

+

–

10 Ω 40 Ω

+
–18 V

t = 0

Figura P 8.3-17

P 8.3-18	 El	circuito	que	se	muestra	en	la	figura	P	8.3-18	se	en-
cuentra en estado estable antes de que el interruptor se cierre.  
La respuesta del circuito es el voltaje v(t). Encuentre v(t) para 
t . 0.

Respuesta: v(t) 5 37.5 2 97.5e26400t V

i(t)600 Ω 0.1 Hv(t)

+

–

400 Ω 400 Ω

+
– 100 V 0.5 A

t = 0
t = 0

Figura P 8.3-18

P 8.3-19	 El	circuito	que	se	muestra	en	la	figura	P	8.3-19	se	en-
cuentra en estado estable antes de que el interruptor se cierre.  
Encuentre v(t) para t . 0.

+
–

12 Ω

6 Ω

3 Ω

a

b

18 V

10 Ω

v(t)

+

–

1/24 F

t = 0

Figura P 8.3-19

P 8.3-12	 El	circuito	que	se	muestra	en	la	figura	P	8.3-12	se	
encuentra en estado estable cuando el interruptor se abre en el 
tiempo t 5 0. Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

3 kΩ

2 kΩ6 kΩ9 V 5 H 5 mAi(t)

t = 0

+
–

Figura P 8.3-12

P 8.3-13	 El	circuito	que	se	muestra	en	 la	figura	P	8.3-6	se	
encuentra en estado estable cuando el interruptor se abre en el 
tiempo t 5 0. Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Figura P 8.3-13

P 8.3-14	 El	circuito	que	se	muestra	en	la	figura	P	8.3-14	se	
encuentra en estado estable cuando el interruptor se cierra en 
el tiempo t 5 0. Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Figura P 8.3-14

P 8.3-15	 El	circuito	en	la	figura	P	8.3-15	se	encuentra	en	es-
tado estable antes de que el interruptor se cierre. Encuentre la 
corriente del inductor después de que el interruptor se cierre.

Sugerencia: i102 5 0.1 A, Isc 5 0.3 A, Rt 5 40 V
Respuesta: i1t2 5 0.3 2 0.2e22t A t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

i(t)

16 Ω

10 Ω

40 Ω

+
–12 V 20 H

t = 0

Figura P 8.3-15
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P 8.3-20	 El	circuito	que	se	muestra	en	la	figura	P	8.3-20	se	
encuentra en estado estable antes de que el interruptor se cierre.  
Encuentre i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

5 Ω 20 Ω

20 Ω20 Ω

3.5 H

+
– 24 V

i(t)

t = 0

Figura P 8.3-20

*P 8.3-21	 El	circuito	que	se	muestra	en	la	figura	P	8.3-21	se	
encuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. La corriente i(t) está dada por

i1t2 5 15 1 53.6e2548t mA para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

Determine los valores de R1, R2 y L.

100 Ω

400 Ω

L

+
– 24 V

i(t)

t = 0

R1

R2

Figura P 8.3-21

P 8.3-22	 El	circuito	que	se	muestra	en	la	figura	P	8.3-22	se	
encuentra en estado estable cuando el interruptor se cierra en 
el tiempo t 5 0. Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

2 A 4 A

5 Ω

3 Ω

8 Ω

a

b

i(t)2 H

t = 0

Figura P 8.3-22

P 8.3-23	 El	circuito	que	se	muestra	en	la	figura	P	8.3-23	se	
encuentra en estado estable antes de que el interruptor se cierre.  
El voltaje v(t) está dado por

v1t2 5 12 2 6e23t V para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

Determine los valores de R1, R2 y L.

Figura P 8.3-23

P 8.3-24	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.3-24a y el trazo correspondiente a la corriente del inductor 
que	se	muestran	en	la	figura	P	8.3-24b. Determine los valores 
de C, R1 y R2.

Sugerencia: Utilice el trazo para determinar los valores de D, 
E, F y a de tal modo que la corriente del inductor se pueda 
representar como
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P 8.3-20 The circuit shown in Figure P 8.3-20 is at steady

state before the switch closes. Determine i(t) for t � 0.

5 Ω 20 Ω

20 Ω20 Ω

3.5 H

+
– 24 V

i(t)

t = 0

Figure P 8.3-20

*P 8.3-21 The circuit shown in Figure P 8.3-21 is at steady

state before the switch closes at time t ¼ 0. The current i(t) is

given by

i tð Þ ¼ 15þ 53:6e�548t mA for t � 0

Determine the values of R1, R2, and L.

100 Ω

400 Ω

L

+
– 24 V

i(t)

t = 0

R1

R2

Figure P 8.3-21

P 8.3-22 The circuit shown in Figure P 8.3-22 is at steady state

when the switch closes at time t ¼ 0. Determine i(t) for t � 0.

2 A 4 A

5 Ω

3 Ω

8 Ω

a

b

i(t)2 H

t = 0

Figure P 8.3-22

P 8.3-23 The circuit shown in Figure P 8.3-23 is at steady

state before the switch closes at time t ¼ 0. The voltage v(t) is

given by

v tð Þ ¼ 12� 6e�3t V for t > 0

Determine the values of R1, R2, and L.

Figure P 8.3-23

P 8.3-24 Consider the circuit shown in Figure P 8.3-24a and

corresponding plot of the inductor current shown in Figure

P 8.3-24b. Determine the values of L, R1, and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the inductor current can be represented as

i tð Þ ¼ D for t � 0

E þ Fe�at for t � 0

�

Figure P 8.3-24

Answers: L ¼ 4.8 H, R1 ¼ 200 V, and R2 ¼ 300 V

P 8.3-25 Consider the circuit shown in Figure P 8.3-25a

and corresponding plot of the voltage across the 40-V
resistor shown in Figure P 8.3-25b. Determine the values

of L and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the voltage can be represented as

v tð Þ ¼ D for t < 0

E þ Fe�at for t > 0

�
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

L

Figura P 8.3-24

Respuestas: L 5 4.8 H, R1 5 200 V y R2 5 300 V

P 8.3-25	 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.3-24a y el trazo correspondiente a la corriente del inductor 
que	se	muestran	en	la	figura	P	8.3-25b. Determine los valores 
de L y R2.

Sugerencia: Utilice el trazo para determinar los valores de D, 
E, F, y a de tal modo que el voltaje se pueda representar como
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P 8.3-20 The circuit shown in Figure P 8.3-20 is at steady

state before the switch closes. Determine i(t) for t � 0.

5 Ω 20 Ω

20 Ω20 Ω

3.5 H

+
– 24 V

i(t)

t = 0

Figure P 8.3-20

*P 8.3-21 The circuit shown in Figure P 8.3-21 is at steady

state before the switch closes at time t ¼ 0. The current i(t) is

given by

i tð Þ ¼ 15þ 53:6e�548t mA for t � 0

Determine the values of R1, R2, and L.

100 Ω

400 Ω

L

+
– 24 V

i(t)

t = 0

R1

R2

Figure P 8.3-21

P 8.3-22 The circuit shown in Figure P 8.3-22 is at steady state

when the switch closes at time t ¼ 0. Determine i(t) for t � 0.

2 A 4 A

5 Ω

3 Ω

8 Ω

a

b

i(t)2 H

t = 0

Figure P 8.3-22

P 8.3-23 The circuit shown in Figure P 8.3-23 is at steady

state before the switch closes at time t ¼ 0. The voltage v(t) is

given by

v tð Þ ¼ 12� 6e�3t V for t > 0

Determine the values of R1, R2, and L.

Figure P 8.3-23

P 8.3-24 Consider the circuit shown in Figure P 8.3-24a and

corresponding plot of the inductor current shown in Figure

P 8.3-24b. Determine the values of L, R1, and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the inductor current can be represented as

i tð Þ ¼ D for t � 0

E þ Fe�at for t � 0

�

Figure P 8.3-24

Answers: L ¼ 4.8 H, R1 ¼ 200 V, and R2 ¼ 300 V

P 8.3-25 Consider the circuit shown in Figure P 8.3-25a

and corresponding plot of the voltage across the 40-V
resistor shown in Figure P 8.3-25b. Determine the values

of L and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the voltage can be represented as

v tð Þ ¼ D for t < 0

E þ Fe�at for t > 0

�
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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i(t)+
–

t = 0

L

R2

R1

12 V

Figura P 8.3-27

P 8.3-28 Después del tiempo t 5 0, un circuito dado se repre-
senta	por	el	diagrama	de	circuito	que	se	muestra	en	la	figura	
P 8.3-28.

(a) Suponga que la corriente del inductor es

i1t2 5 21.6 1 28.4e24t mA para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

 Determine los valores de R1 y R3.
(b)  Suponga que en vez de que R1 5 16 V, R3 5 20 V, y que 

la condición inicial es i(0) 5 10 mA.
 Determine la corriente del inductor para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

36 mA 2 HR1

4 Ω

R3

i(t)

Figura P 8.3-28

P 8.3-29 Considere	 el	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.3-29.

(a)  Determine la constante de tiempo, 
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
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0
2
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6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A
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0
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–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
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–30
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–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A
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0
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v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A
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Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.

352 The Complete Response of RL and RC Circuits

 5 2.25 s y 
v(

E1C02_1 10/23/2009 44

2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

) 5 12 V

50 Ω 50 Ω
50 Ω

v(t)

+

–

+
– 24 V 90 mF

Figura P 8.3-29

Sección 8.4 Conmutación secuencial

P 8.4-1	 El	circuito	que	se	muestra	en	la	figura	P	8.4-1	se	en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. El interruptor permanece cerrado por 1.5 s 
y entonces se abre. Determine el voltaje del condensador, v(t), 
para t . 0.

40 Ω20 V

L

Figura P 8.3-25

Respuestas: L 5 8 H y R2 5 10 V

P 8.3-26	 El	voltaje	que	se	muestra	en	la	figura	P	8.3-26	se	
puede representar por una ecuación de la forma
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P 8.3-20 The circuit shown in Figure P 8.3-20 is at steady

state before the switch closes. Determine i(t) for t � 0.

5 Ω 20 Ω

20 Ω20 Ω

3.5 H

+
– 24 V

i(t)

t = 0

Figure P 8.3-20

*P 8.3-21 The circuit shown in Figure P 8.3-21 is at steady

state before the switch closes at time t ¼ 0. The current i(t) is

given by

i tð Þ ¼ 15þ 53:6e�548t mA for t � 0

Determine the values of R1, R2, and L.

100 Ω

400 Ω

L

+
– 24 V

i(t)

t = 0

R1

R2

Figure P 8.3-21

P 8.3-22 The circuit shown in Figure P 8.3-22 is at steady state

when the switch closes at time t ¼ 0. Determine i(t) for t � 0.

2 A 4 A

5 Ω

3 Ω

8 Ω

a

b

i(t)2 H

t = 0

Figure P 8.3-22

P 8.3-23 The circuit shown in Figure P 8.3-23 is at steady

state before the switch closes at time t ¼ 0. The voltage v(t) is

given by

v tð Þ ¼ 12� 6e�3t V for t > 0

Determine the values of R1, R2, and L.

Figure P 8.3-23

P 8.3-24 Consider the circuit shown in Figure P 8.3-24a and

corresponding plot of the inductor current shown in Figure

P 8.3-24b. Determine the values of L, R1, and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the inductor current can be represented as

i tð Þ ¼ D for t � 0

E þ Fe�at for t � 0

�

Figure P 8.3-24

Answers: L ¼ 4.8 H, R1 ¼ 200 V, and R2 ¼ 300 V

P 8.3-25 Consider the circuit shown in Figure P 8.3-25a

and corresponding plot of the voltage across the 40-V
resistor shown in Figure P 8.3-25b. Determine the values

of L and R2.

Hint: Use the plot to determine values of D, E, F, and a such

that the voltage can be represented as

v tð Þ ¼ D for t < 0

E þ Fe�at for t > 0

�
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para t . 0

Determine los valores de las constantes D, E, F y a.

10

6

2

0 0.05 0.10

(0.06931, 4)

0.15 0.20

v(
t)

, 
V

t, s

Figura P 8.3-26

P 8.3-27	 El	circuito	que	se	muestra	en	la	figura	P	8.3-27	se	
encuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t 5 0. Después de que el interruptor se cierre, la 
corriente del inductor está dada por

i1t2 5 0.6 2 0.2e25t A para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

Determine los valores de R1, R2 y L.

Respuestas: R1 5 20 V, R2 5 10 V y L 5 4 H

para t , 0
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Sugerencia: Determine v(t) cuando el interruptor se cierra. 
Evalúe v(t) en el tiempo t � 1.5 s para obtener v(1.5). Utilice 
v(1.5) como la condición inicial para determinar v(t) luego de 
que el interruptor se abre una vez más. 

Respuesta: v tð Þ ¼ 5þ 5e�0:5t V
10� 2:64e�2:5 t�1:5ð Þ V

�
para 1.5 s � t

8 

8 

v(t)

+

–

+
– 0.05 F

t = 0 t = 1.5 s

10 V

Figura P 8.4-1

P 8.4-2 El circuito que se muestra en la fi gura P 8.4-2 se en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t � 0. El interruptor permanece cerrado por 1.5 s 
y entonces se abre. Determine el voltaje del inductor, i(t), 
para t � 0.

Respuesta: v tð Þ ¼ 2þ e�0:5t A

3� 0:53e�0:667 t�1:5ð Þ A

(
para 1.5 s � t

4 4 

4 

+
– 12 H

t = 0 t = 1.5 s

24 V i(t)

Figura P 8.4-2

P 8.4-3 Encuentre i(t) para t � 0 para el circuito que se mues-
tra en la fi gura P 8.4-3. El circuito se encuentra en estado es-
table en t � 0�.

Respuesta: i1t2 � 2>3e�6t A para 0 � t � 51 ms
 i1t2 � 1.47e�14(t�0.051) A para t � 51 ms

1 H

6 12 2 

52 V

6 

t = 51 ms

iL

t = 0

i

+
–

Figura P 8.4-3

P 8.4-4 Los marcapasos cardiacos que utiliza la gente man-
tienen regular el ritmo cardiaco cuando las personas han su-
frido algún daño en el corazón. El circuito de un marcapasos 
se puede representar como se muestra en la fi gura 8.4-4. La 

resistencia de los cables, R, se puede pasar por alto ya que R 
� 1 m�. La resistencia de la carga del corazón, RL, es 1 k�. 
El primer interruptor está activado en t � t0, y el segundo está 
activado en t1 � t0 � 10 ms. Este ciclo se repite cada segun-
do. Encuentre v(t) para t0 � t � 1. Observe que es más fácil 
considerar t0 � 0 para este cálculo. El ciclo se repite al volver 
el interruptor 1 a la posición a y el interruptor 2 vuelve a su 
posición de abierto.

Sugerencia: Utilice q � Cv para determinar v(0�) para el con-
densador de 100 mF.

+
–

R R

t = t0
t = t1

v
RL

Interruptor 1

+

–

a

Interruptor 2

El corazón

100 F
400 F3 V

Figura P 8.4-4

P 8.4-5 Determine y bosqueje i(t) para el circuito que se 
muestra en la fi gura P 8.4-5. Calcule el tiempo requerido para 
i(t) para llegar a 99% de su valor fi nal.

+
–40 V

20

t = 0

15 mH

+ –

i

20

i1

5i1

Figura P 8.4-5

P 8.4-6 El fl ash electrónico de una cámara utiliza el circuito 
que se muestra en la fi gura P 8.4-6. Harold E. Edgerton inven-
tó el fl ash electrónico en 1930. Un condensador construye un 
voltaje de estado estable y entonces lo descarga al presionarse 
el disparador. La descarga produce una descarga de luz muy 
breve. Determine el tiempo transcurrido t1 para reducir el vol-
taje del condensador a la mitad de su voltaje inicial. Encuentre 
la corriente, i(t), en t � t1.

5 V 100 k
+
–

t = 0

1   F

Figura P 8.4-6 Circuito de fl ash electrónico.

P 8.4-7 El circuito que se muestra en la fi gura P 8.4-7 se en-
cuentra en estado estable antes de que el interruptor se abra en 
t � 0. El interruptor permanece cerrado por 0.5 s y entonces se 
abre. Determine v(t), para t � 0.

24 V 50 mF

40 

40 10 v(t)

t = 0.5 s

t = 0 s+
–

+

–

Figura P 8.4-7

para 0 � t � 1.5 s

para 0 � t � 1.5 s
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Sección 8.6 Fuente de paso unitario

P 8.6-1	 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.6-1 es el voltaje de la fuente de voltaje, vf (t). La salida es el 
voltaje a través del condensador, vo(t). Determine la salida de 
este circuito cuando la entrada es vs (t) 5 8 2 15 u(t) V.

vs(t)
+
–

6 Ω

vo(t)
+

–
66.7 µF

Figura P 8.6-1

P 8.6-2	 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.6-2 es el voltaje de la fuente de voltaje, vs (t). La salida es el 
voltaje a través del condensador, vo(t). Determine la salida de 
este circuito cuando la entrada es vs (t) 5 3 1 3 u(t) V.

vs(t)
+
–

3 Ω

6 Ω vo(t)
+

–
500 mF

Figura P 8.6-2

P 8.6-3	 La	 entrada	 al	 circuito	 que	 se	muestra	 en	 la	 figura	
P 8.6-3 es el voltaje de la fuente de voltaje, vs (t). La salida es el 
voltaje a través del inductor, io(t). Determine la salida de este 
circuito cuando la entrada es vs (t) 5 27 1 13 u(t) V.

vs(t)
+
–

5 Ω

4 Ω 1.2 Hio(t)

Figura P 8.6-3

P 8.6-4 Utilice las funciones de paso para representar la señal 
de	la	figura	P	8.6-4.

0 1 2 3 4 5 6 7 8 9
0

1

3

4

2

t (s)

vs (V)

Figura P 8.6-4

Sección 8.5 Estabilidad de circuitos de primer orden

P 8.5-1	 El	circuito	de	la	figura	P	8.5-1	contiene	una	fuente	
de voltaje de corriente controlada. ¿Qué restricción se debe 
imponer a la ganancia, R, de esta fuente dependiente para ga-
rantizar	estabilidad?

Respuesta: R , 400 V

5 mH

100 Ω

400 Ω+
–

iL(t)

Ri(t)

i(t)4 + 8u(t) V

+ –

Figura P 8.5-1

P 8.5-2	 El	circuito	de	la	figura	P	8.5-2	contiene	una	fuente	de	
voltaje de voltaje controlado. ¿Qué restricción se debe impo-
ner a la ganancia, A, de esta fuente dependiente para garantizar 
estabilidad?

Respuesta: A , 5

5 mH

1 kΩ
4 kΩ iL(t)

Av(t)

v(t)

8u(t) mA

+ –

+ –

Figura P 8.5-2

P 8.5-3	 El	circuito	de	la	figura	P	8.5-3	contiene	una	fuente	
de corriente de corriente controlada. ¿Qué restricción se debe 
imponer a la ganancia, B, de esta fuente dependiente para ga-
rantizar	estabilidad?

5 mH
6 kΩ

3 kΩ+
–

iL(t)Bi(t)

i(t)

4 + 8u(t) V

Figura P 8.5-3

P 8.5-4	 El	circuito	de	la	figura	P	8.5-4	contiene	una	fuente	de	
voltaje de voltaje controlado. ¿Qué restricción se debe impo-
ner a la ganancia, A, de esta fuente dependiente para garantizar 
estabilidad?

5 mH

1 kΩ

4 kΩ+
–

iL(t)

Av(t)

v(t)4 + 8u(t) V

+ –

+

–

Figura P 8.5-4
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P 8.6-5 El voltaje inicial del condensador del circuito que se 
muestra	en	la	figura	P	8.6-5	es	cero.	Determine	el	voltaje	v(t) 
cuando el voltaje es un pulso, descrito por

E1C08_1 11/25/2009 360

P 8.6-5 The initial voltage of the capacitor of the circuit

shown in Figure P 8.6-5 is zero. Determine the voltage v(t)

when the source is a pulse, described by

vs ¼
0 t < 1 s

4 V 1 < t < 2 s

0 t > 2 s

8><
>:

v
+

–
vs

Ω500 k

2  F+
–

Figure P 8.6-5

P 8.6-6 Studies of an artificial insect are being used to

understand the nervous system of animals. A model neuron

in the nervous system of the artificial insect is shown in Figure

P 8.6-6. A series of pulses, called synapses, is required. The

switch generates a pulse by opening at t¼ 0 and closing at t¼
0.5 s. Assume that the circuit is in steady state and that v(0�)¼
10 V. Determine the voltage v(t) for 0 < t < 2 s.

+
–vs v

+

–

Ω6

Ω3

Switch

30 V F1 6

Figure P 8.6-6 Neuron circuit model.

P 8.6-7 An electronic circuit can be used to replace the springs

and levers normally used to detonate a shell in a handgun

(Jurgen, 1989). The electric trigger would eliminate the clicking

sensation, which may cause a person to misaim. The proposed

trigger uses a magnet and a solenoid with a trigger switch. The

circuit of Figure P 8.6-7 represents the trigger circuit with is(t)¼
40 [u(t)� u(t� t0)] A, where t0¼ 1 ms. Determine and plot v(t)

for 0 < t < 0.3 s.

Answer:

v ¼ 480 1� e�1000tð Þ 0 < t < 1 ms

480 1� e�1ð Þe�1000 t�t0ð Þ t > 1 ms; t0 ¼ 1 ms

(

50 mH

v(t)is

+

–
20 Ω30 Ω

Figure P 8.6-7 Electric trigger circuit for handgun.

P 8.6-8 Determine vc(t) for t > 0 for the circuit of Figure

P 8.6-8.

+
–

4 kΩ

3 kΩ

4 kΩ

vc
12u(t) V

+

–

–

+
2 mA 50   Fμ

Figure P 8.6-8

P 8.6-9 The voltage source voltage in the circuit shown in

Figure P 8.6-9 is

vs tð Þ ¼ 7� 14u tð Þ V

Determine v(t) for t > 0.

Figure P 8.6-9

P 8.6-10 Determine the voltage v(t) for t � 0 for the circuit

shown in Figure P 8.6-10.

Figure P 8.6-10

P 8.6-11 The voltage source voltage in the circuit shown in

Figure P 8.6-11 is

vs tð Þ ¼ 5þ 20u tð Þ
Determine i(t) for t � 0.

i(t)vs(t)
ib 4 ib 25 H

a

b

10 kΩ5 kΩ

+
–

Figure P 8.6-11

360 The Complete Response of RL and RC Circuits

v
+

–
vs

Ω500 k

2  F+
–

Figura P 8-6-5

P 8.6-6 Se están utilizando los estudios de un insecto arti-
ficial	para	entender	el	 sistema	nervioso	de	 los	animales.	Un	
modelo	de	neurona	en	el	sistema	nervioso	del	insecto	artificial	
se	muestra	en	la	figura	P	8.6-6.	Se	requiere	una	serie	de	pulsos,	
llamada sinapsis. El interruptor genera un pulso al abrirse en  
t 5 0 y cerrarse en t 5 0.5 s. Suponga que el circuito se en-
cuentra en estado estable y que v(02) 5 10 V. Determine el 
voltaje v(t) para 0 , t , 2 s.

+
–vs v

+

–

Ω6

Ω3

Interruptor

30 V F1 6

Figura P 8-6-6 Modelo de un circuito de neuronas.

P 8-6-7 Se puede utilizar un circuito electrónico para reem-
plazar los resortes y elevadores que suelen utilizarse para de-
tonar un casquillo en una pistola (Jurgen, 1989). El detonador 
eléctrico eliminaría la sensación de chasquido, podría ser des-
agradable para una persona. El detonador propuesto utiliza un 
imán y un solenoide con un interruptor detonador. El circuito 
de	 la	figura	P	8.6-7	 representa	el	circuito	del	detonador	con	
Is (t) 5 40 [u(t 2 t0)] A, donde t0 5 1 ms. Determine y trace 
v(t) para 0 , t , 0.3 s.

Respuesta: 
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P 8.6-5 The initial voltage of the capacitor of the circuit

shown in Figure P 8.6-5 is zero. Determine the voltage v(t)

when the source is a pulse, described by

vs ¼
0 t < 1 s

4 V 1 < t < 2 s

0 t > 2 s

8><
>:

v
+

–
vs

Ω500 k

2  F+
–

Figure P 8.6-5

P 8.6-6 Studies of an artificial insect are being used to

understand the nervous system of animals. A model neuron

in the nervous system of the artificial insect is shown in Figure

P 8.6-6. A series of pulses, called synapses, is required. The

switch generates a pulse by opening at t¼ 0 and closing at t¼
0.5 s. Assume that the circuit is in steady state and that v(0�)¼
10 V. Determine the voltage v(t) for 0 < t < 2 s.

+
–vs v

+

–

Ω6

Ω3

Switch

30 V F1 6

Figure P 8.6-6 Neuron circuit model.

P 8.6-7 An electronic circuit can be used to replace the springs

and levers normally used to detonate a shell in a handgun

(Jurgen, 1989). The electric trigger would eliminate the clicking

sensation, which may cause a person to misaim. The proposed

trigger uses a magnet and a solenoid with a trigger switch. The

circuit of Figure P 8.6-7 represents the trigger circuit with is(t)¼
40 [u(t)� u(t� t0)] A, where t0¼ 1 ms. Determine and plot v(t)

for 0 < t < 0.3 s.

Answer:

v ¼ 480 1� e�1000tð Þ 0 < t < 1 ms

480 1� e�1ð Þe�1000 t�t0ð Þ t > 1 ms; t0 ¼ 1 ms

(

50 mH

v(t)is

+

–
20 Ω30 Ω

Figure P 8.6-7 Electric trigger circuit for handgun.

P 8.6-8 Determine vc(t) for t > 0 for the circuit of Figure

P 8.6-8.

+
–

4 kΩ

3 kΩ

4 kΩ

vc
12u(t) V

+

–

–

+
2 mA 50   Fμ

Figure P 8.6-8

P 8.6-9 The voltage source voltage in the circuit shown in

Figure P 8.6-9 is

vs tð Þ ¼ 7� 14u tð Þ V

Determine v(t) for t > 0.

Figure P 8.6-9

P 8.6-10 Determine the voltage v(t) for t � 0 for the circuit

shown in Figure P 8.6-10.

Figure P 8.6-10

P 8.6-11 The voltage source voltage in the circuit shown in

Figure P 8.6-11 is

vs tð Þ ¼ 5þ 20u tð Þ
Determine i(t) for t � 0.

i(t)vs(t)
ib 4 ib 25 H

a

b

10 kΩ5 kΩ

+
–

Figure P 8.6-11
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50 mH

v(t)is

+

–
20 Ω30 Ω

Figura P 8.6-7 Circuito de detonador eléctrico para pistola.

P 8-6-8 Determine vc(t) para t .	0	para	el	circuito	de	la	figura	
P 8.6-8.

+
–

4 kΩ

3 kΩ

4 kΩ

vc
12u(t) V

+

–

–

+
2 mA 50   Fµ

Figura P 8-6-8

P 8-6-9 El voltaje de la fuente de voltaje en el circuito que se 
muestra	en	la	figura	P	8.6-9	es

vs1t2 5 7 2 14u1t2 V
Determine v(t) para t . 0.

vs(t)

Figura P 8.6-9

P 8.6-10 Determine el voltaje v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito 
que	se	muestra	en	la	figura	P	8.6-10.

Figura P 8.6-10

P 8-6-11 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-11	es

vs1t2 5 5 1 20u1t2
Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

i(t)vs(t)
ib 4 ib 25 H

a

b

10 kΩ5 kΩ

+
–

Figura P 8.6-11
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito que se 
muestra	en	la	figura	P	8.6-16.

Figura P 8.6-16

P 8-6-17 Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito que se 
muestra	en	la	figura	P	8.6-17.

2 H

i(t)

24 Ω

18 Ω12 u(t) V

24 Ω

12 Ω2 A+
–

Figura P 8.6-17

P 8-6-18 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-18	es

vs1t2 5 8 1 12u1t2 V
Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

vs(t) v(t)160 Ω
40 Ω 18 Ω

3 mF 5 mF+
–

+

–

Figura P 8.6-18

P 8.6-19	 El	circuito	que	se	muestra	en	la	figura	8.6-19a tiene 
una	fuente	de	corriente	que	se	muestra	en	la	figura	P	8.6-19b. 
Determine la corriente i(t) en el inductor.

Respuesta: 
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P 8.6-12 The voltage source voltage in the circuit shown in

Figure P 8.6-12 is

vs tð Þ ¼ 12� 6u tð ÞV
Determine v(t) for t � 0.

+
–

8 Ω

4 Ω

a

b

va

0.75va

–

–+

+

v(t)3/40 Fvs(t)

Figure P 8.6-12

P 8.6-13 Determine i(t) for t � 0 for the circuit shown in

Figure P 8.6-13.

3 Ω2.5 u(t)  A6 Ω

4 Ω 1 Ω
2ix

a

b

+ –

ix i(t)5 H

Figure P 8.6-13

P 8.6-14 Determine i(t) for t � 0 for the circuit shown in

Figure P 8.6-14.

100 Ω150 Ω

2 V+
–

+
–i(t)2 H6u(t) V

Figure P 8.6-14

P 8.6-15 Determine v(t) for t � 0 for the circuit shown in

Figure P 8.6-15.

20 Ω

8 Ω a

10 Ω

120 Ω 50 Ω

b

20u(t)A
v(t)1 mF

+

–

Figure P 8.6-15

P 8.6-16 Determine v(t) for t � 0 for the circuit shown in

Figure P 8.6-16.

Figure P 8.6-16

P 8.6-17 Determine i(t) for t � 0 for the circuit shown in

Figure P 8.6-17.

2 H

i(t)

24 Ω

18 Ω12 u(t) V

24 Ω

12 Ω2 A+
–

Figure P 8.6-17

P 8.6-18 The voltage source voltage in the circuit shown in

Figure P 8.6-18 is

vs tð Þ ¼ 8þ 12u tð ÞV
Determine v(t) for t � 0.

vs(t) v(t)160 Ω
40 Ω 18 Ω

3 mF 5 mF+
–

+

–

Figure P 8.6-18

P 8.6-19 The circuit shown in Figure P 8.6-19a has a current

source as shown in Figure P 8.6-19b. Determine the current i(t)

in the inductor.

Answer: i tð Þ ¼ 5 1� e�10tð ÞA t � 0:2 s

4:32e�10 ðt�0:2Þ A t � 0:2 s

(

is(t)

i(t)

t(s)

is

2 Ω 0.2H

(a) (b)

5A

0 0.2

Figure P 8.6-19

Problems 361

is(t)

i(t)

t(s)

is

2 Ω 0.2H

(a) (b)

5A

0 0.2

Figura P 8.6-19

P 8-6-12 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-12	es

vs1t2 5 12 2 6u1t2 V
Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

+
–

8 Ω

4 Ω

a

b

va

0.75va

–

–+

+

v(t)3/40 Fvs(t)

Figura P 8.6-12

P 8-6-13 Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito que se 
muestra	en	la	figura	P	8.6-13.

3 Ω2.5 u(t)  A6 Ω

4 Ω 1 Ω
2ix

a

b

+ –

ix i(t)5 H

Figura P 8.6-13

P 8-6-14 Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito que se 
muestra	en	la	figura	P	8.6-14.

100 Ω150 Ω

2 V+
–

+
–i(t)2 H6u(t) V

Figura P 8.6-14

P 8-6-15 Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito que se 
muestra	en	la	figura	P	8.6-15.

20 Ω

8 Ω a

10 Ω

120 Ω 50 Ω

b

20u(t)A
v(t)1 mF

+

–

Figura P 8.6-15
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P 8-6-20 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-20	es

vs1t2 5 25u1t2 2 10 V

Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

100 Ω
40 Ω150 Ω

12 H

8 H

i(t)vs(t)
+
–

Figura P 8.6-20

P 8-6-21 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-21	es

vs1t2 5 30 2 24u1t2 V
Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

100 Ω

100 Ω

50 Ω

20 H 5 H

i(t)

vs(t) +
–

Figura P 8.6-21

P 8-6-22 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.6-22	es

vs1t2 5 10 1 40u1t2 V
Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

5 Ω

5 Ω
40 Ωvs(t)

100 mF

150 mFv(t)+
–

+

–

Figura P 8.6-22

P 8-6-23 Determine v(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.6-23.

12 u(t)

6 Ω

2 Ω

3 Ω

12 Ω

3 H

v(t)+
–

+

–

Figura P 8.6-23

P 8.6-24	 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P 8.6-24 es la corriente de la fuente de corriente

is1t2 5 2 1 4u1t2 A

La salida es el voltaje v(t). Determine v(t) para t . 0.

is(t) v(t) 3 Ω

3 Ω

3 Ω 0.25 H

+

–

Figura P 8.6-24

P 8.6-25	 La	entrada	al	circuito	que	se	muestra	en	 la	figura	
P 8.6-25 es el voltaje de la fuente de voltaje

vs1t2 5 6 1 6u1t2
La salida es el voltaje vo(t). Determine vo(t) para t . 0.

0.125 F 10 Ω

6 Ω 2 Ωvs(t) vo(t)
+
–

+

–

Figura P 8.6-25

P 8-6-26 Determine v(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.6-26.

0.5 H

3 Ω

4 Ω2 Ω v(t)

12 u(t) +
–

+

–

Figura P 8.6-26

P 8.6-27 Cuando la entrada al circuito que se muestra en la 
figura	P	8.6-27	es	el	voltaje	de	la	fuente	de	voltaje

vs 1t2 5 3 2 u1t2 V
la salida es el voltaje 

vo1t2 5 10 1 5e250t para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

Determine los valores de R1 y R2. 

vo(t)
vs(t)

Figura P 8.6-27
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P 8.7-5	 Muchas	personas	han	confirmado	el	uso	de	un	megá-
fono	eléctrico	para	la	amplificación	de	discursos	a	una	multi-
tud.	En	la	figura	P	8.7-5a muestra un modelo de un micrófono 
y	un	altavoz,	y	en	la	figura	P	8.7-5b se muestra el modelo del 
circuito. Encuentre v(t) para vs 5 10 (sen 1000t)u(t), lo cual 
representa a una persona silbando o cantando.

vf

Altavoz
Carbón granulado

compacto

Sonido
(ondas de presión)

Diafragma

Figura P 8.7-5 Circuito de megáfono.

P 8.7-6	 En	la	figura	P	8.7-6	se	muestra	un	integrador	de	pér-
dida. El condensador sin pérdida del circuito integrador ideal 
ha sido reemplazado con un modelo para el condensador de 
pérdida, a saber, un condensador sin pérdida en paralelo con un  
resistor de 1 kV. Si vs 5 15e22tu(t) V, y vo(0) 5 10 V, encuentre 
vo(t) para t .	0.	Suponga	un	amplificador	operacional	ideal.

C =

R = 1 kΩ

µF1 4

–

+

15 kΩ

vs vo

+

+ –

–

+
–

Figura P 8.7-6 Circuito integrador

P 8.7-7 Muchos conjuntos de televisión utilizan desviación 
magnética en el tubo de rayos catódicos. Para mover el rayo 
electrónico a través de la pantalla se requiere contar con una 
rampa	 de	 corriente,	 como	 se	muestra	 en	 la	 figura	 P	 8.7-7b. 
Encuentre la forma de onda v1 que habrá de generar la rampa 
de corriente, iL.

P 8.6-28 La constante de tiempo de un circuito particular es 

E1C08_1 11/25/2009 352

8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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 5 0.25 s. En respuesta a una entrada de paso, el voltaje de 
un condensador cambia de 22.5 V a 4.2 V. ¿Cuánto le tomó al 
voltaje del condensador incrementarse de 22.0 V  1	2.0	V?

Sección 8.7 Respuesta de un circuito de primer 
orden a una fuente no constante

P 8.7-1 Encuentre vc(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.7-1	cuando	v1 5 8e25tu(t) V. Suponga 
que el circuito está estable en t 5 02.

Respuesta: vc1t2 5 4e29t 1 18e25t V

t = 0

–
vc

+
+
–

+–
3 Ω

38.5 V1/36 F2ix

ix
v1

12 Ω

Figura P 8.7-1

P 8.7-2 Encuentre v(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.7-2.	Suponga	que	el	circuito	está	es-
table en t 5 02.

Respuesta: v1t2 5 20e210t/3 2 12e22t V

+
–

4 Ω

12 V 2/5 H v

+

–

2 Ω 6 e–2t u(t) A

Figura P 8.7-2

P 8.7-3 Encuentre v(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.7-3	cuando	v1 5 (25 sen 4000t)u(t) V. 
Suponga que el circuito está estable en t 5 02.

8 mH

t = 0v1
+
–

24 Ω

v+ –

6 Ω 5 mA

Figura P 8.7-3

P 8.7-4 Encuentre vc(t) para t . 0 para el circuito que se 
muestra	en	la	figura	P	8.7-4	cuando	is 5 [2 cos 2t] u(t) mA. 

vc

+

–
1/30 mF

10 kΩ

5 kΩis

Figura P 8.7-4
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1

0
0 4

(mA)

t (ms)

iL

+
–

(a) (b)

v1

1 Ω

400 mH

iL

Figura P 8.7-7 Circuito de desviación de una televisión.

P 8.7-8 Determine v(t) para el circuito que se muestra en la 
figura	P	8.7-8.

4 Ω

+
– 30 V +

–

+

–
v(t)

5 Ω 2 Ω

F e–3tu(t) V1 2

Figura P 8.7-8

P 8.7-9 Determine v(t) para el circuito que se muestra en la 
figura	P	8.7-9a cuando vs	varía	como	se	muestra	en	la	figura	
8.7-9b. El voltaje inicial del condensador es vc(0) 5 0.

vs Ω2

2 Ω

+
– v

+

–

Vs

+

–

1 F

(a)

(b)

(V)

t (s)

10

0 2

ix ix

vs

Figura P 8.7-9

P 8.7-10 El haz de electrones que se utiliza para trazar seña-
les en un osciloscopio, se mueve a través de la cara del tubo de 
rayos catódicos (CRT, por sus siglas en inglés) por una fuerza 
ejercida sobre los electrones en el haz. El sistema básico se 
muestra	en	la	figura	P	8.-10a. La fuerza se crea a partir de un 
voltaje de tipo rampa, una variante de tiempo aplicada a través 
de las placas horizontal o vertical. Como ejemplo, considere 
el	circuito	sencillo	de	 la	figura	P	8.7-10b para la desviación 
horizontal en la cual la capacitancia entre las placas es C. 

Intensidad

Foco

Rotación 
de trazo

Buscador
del haz

Control del CRT

Sección
vertical

Sección
de

disparo

Sección
horizontal

Figura P 8.7-10 Circuito del haz del tubo de rayos catódicos

 Derive una expresión para el voltaje a través de la capa-
citancia. Si v(t) 5 kt y Rs 5 625 kV, k 5 1 000 y C 5 2 000 pF, 
calcule vc como una función de tiempo. Bosqueje v(t) y vc(t) 
en	la	misma	gráfica	para	un	tiempo	menor	a	10	ms.	¿El	voltaje	
a	través	de	las	placas	sigue	el	voltaje	de	entrada?

P 8.7-11 Determine el voltaje v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito 
que	se	muestra	en	la	figura	P	8.7-11.

96 Ω

120 Ω

32 Ω

30 Ω

5 + 15u(t)

12.5 mF v(t)

a

b

+

–

+ –

Figura P 8.7-11

P 8.7-12 El voltaje de la fuente de voltaje en el circuito que 
se	muestra	en	la	figura	P	8.7-12	es

vs1t2 5 5 1 20u1t2
Determine i(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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P 8.10-2	 La	figura	8.10-2	muestra	la	respuesta	transitoria	de	
un circuito de primer orden. Esta respuesta transitoria se ob-
tuvo utilizando el programa de computadora PSpice. En esta 
respuesta transitoria se ha etiquetado un punto. La etiqueta 
indica un tiempo y la corriente del inductor en ese tiempo. Al 
colocar el diagrama del circuito sobre el trazo se sugiere que 
el	trazo	corresponde	al	circuito.	Verifique	si	el	trazo	de	veras	
representa la corriente del inductor en este circuito.

2 kΩ

5 H

3.0 mA

3.5 mA

4.0 mA 

4.5 mA

5.0 mA

0 s 2 ms 4 ms 6 ms 8 ms 10 ms
Tiempo

(3.7500m, 4.7294m)

4 kΩ10 V

iL(0) = 3 mA

+
–

iL(t)

Figura P 8.10-2

P 8.10-3	 La	figura	8.10-3	muestra	la	respuesta	transitoria	de	
un circuito de primer orden. Esta respuesta transitoria se ob-
tuvo utilizando el programa de computadora PSpice. En esta 
respuesta transitoria se ha etiquetado un punto. La etiqueta 
indica un tiempo y la corriente del inductor en ese tiempo. 
Al colocar el diagrama del circuito sobre el trazo se sugiere 
que	el	trazo	corresponde	al	circuito.	Especifique	que	el	valor	 
de la inductancia, L, requerida para que hacer que la corrien-
te del inductor en este circuito esté cuidadosamente repre-
sentada por este trazo. 

2 kΩ

L

3.0 mA

3.5 mA

4.0 mA

4.5 mA

5.0 mA

0 s 2 ms 4 ms 6 ms 8 ms 10 ms
Tiempo

(3.7500 m, 4.8360 m)

4 kΩ10 V

iL(0) = 3 mA

+
–

iL(t)

Figura P 8.10-3

vs(t)

Figura P 8.7-12

P 8.7-13 Encuentre la corriente i	en	el	circuito	de	 la	figura	
P 8.7-13 para t . 0 cuando is 5 10e25tu1t2 A, e i1022 5 0.

Respuesta: i 5 10.531e25t 2 e2100t2 A

i
0.1 H 10 Ωis

Figura P 8.7-13

P 8.7-14 Un experimentador está trabajando en su laborato-
rio	con	un	electroimán,	como	se	muestra	en	la	figura	P	8.7-14.	
Se percata de que siempre que apaga el electroimán, aparece 
una gran chispa en los contactos del interruptor. Explique la 
ocurrencia de la chispa. Sugiera una forma de expresar la chis-
pa agregando algún elemento.

Interruptor t = 0

10 mH+
–

1 Ω

vs(t)

Figura P 8.7-14

Sección 8.10 ¿Cómo lo podemos comprobar...?

P 8.10-1	 La	figura	8.10-1	muestra	la	respuesta	transitoria	de	
un circuito de primer orden. Esta respuesta transitoria se ob-
tuvo utilizando el programa de computadora PSpice. En esta 
respuesta transitoria se ha etiquetado un punto. La etiqueta in-
dica un tiempo y el voltaje del condensador en ese tiempo. Al 
colocar el diagrama del circuito sobre el trazo se sugiere que 
el	trazo	corresponde	al	circuito.	Verifique	si	el	trazo	de	veras	
representa el voltaje del condensador en este circuito.

Tiempo

Figura P 8.10-1
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Problemas de PSpice
PS 8-1 La entrada al circuito que se muestra en la fi gura PS 
8-1 es el voltaje de la fuente de voltaje, vi(t). La salida es el 
voltaje a través del condensador, vo(t). La entrada es la señal 
de pulso especifi cada gráfi camente por el trazo. Utilice PSpice 
para trazar la salida, vo(t), como una función de t.

Sugerencia: Represente la fuente de voltaje, utilizando la par-
te llamada VPULSE de PSpice.

vo(t)
+

–

4

vi(V)

t (ms)4 20 24

–1
vi(t)

+
–

2 k

1 F

Figura PS 8-1 

PS 8-2 La entrada al circuito que se muestra en la fi gura PS 
8-2 es la fuente de voltaje, vi(t). La salida es la corriente en 
el inductor, io(t). La entrada es la señal de pulso especifi cada 
gráfi camente por el trazo. Utilice PSpice para trazar la salida, 
io(t), como una función de t.

Sugerencia: Represente la fuente de voltaje, utilizando la par-
te llamada VPULSE de PSpice.

3

vi(V)

t (s)5 10 15

–2
vi(t)

+
–

2 

8 H

io(t)

Figura PS 8-2 Un circuito RC (b) con una entrada de pulso (a). 

P 8.10-4 La fi gura 8.10-4 muestra la respuesta transitoria de 
un circuito de primer orden. Esta respuesta transitoria se ob-
tuvo utilizando el programa de computadora PSpice. En esta 
respuesta transitoria se ha etiquetado un punto. La etiqueta 
indica un tiempo y la corriente del inductor en ese tiempo. 
Suponga que este circuito ha llegado al estado estable antes 
del tiempo t � 0. Al colocar el diagrama del circuito sobre el 
trazo se sugiere que el trazo corresponde al circuito. Especi-
fi que valores de A, B, R1, R2 y C que hagan que el voltaje a 
través del condensador en este circuito esté cuidadosamente 
representado por este trazo.

C

–2.0 V

0 V

–1.0 V

1.0 V

2.0 V

3.0 V

4.0 V

0 s 1.0 ms 2.0 ms 3.0 ms 4.0 ms 5.0 ms
Tiempo

(1.3304m, 3.1874)

A+
Bu(t)

+
–

R1

R2 vc(t)
+

–

Figura P 8.10-4

PS 8-3 El circuito que se muestra en la fi gura PS 8-3 se en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t � 0. La entrada al circuito es el voltaje de la 
fuente de voltaje, 12 V. La salida de este circuito es el voltaje 
a través del condensador, v(t). Utilice PSpice para trazar la sa-
lida, v(t), como una función de t. Utilice el trazo para obtener 
una representación analítica de v(t) para t � 0.

Sugerencia: Esperamos que v(t) � A þ Be�t/t para t � 0, 
donde A, B y t son constantes a determinar.

+
– v(t)

+

–

10 k

30 k

12 V 60 k

t = 0

2 F

Figura PS 8-3

PS 8-4 El circuito que se muestra en la fi gura PS 8-4 se en-
cuentra en estado estable antes de que el interruptor se cierre 
en el tiempo t � 0. La entrada al circuito es la corriente de la 
fuente de corriente, 4 mA. La salida de este circuito es la co-
rriente en el inductor, i(t). Utilice PSpice para trazar la salida, 
i(t), como una función de t. Utilice el trazo para obtener una 
representación analítica de i(t) para t � 0.

Sugerencia: Esperamos que i(t) � A þ Be�t/t para t � 0, 
donde A, B y t son contantes a determinar.

1 k4 mA 5 mH

i(t)

t = 0

Figura PS 8-4
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Problemas de diseño

PD 8-1	 Diseñe	el	circuito	en	la	figura	PD	8-1	de	modo	que	v(t) 
haga la transición de v(t) 5 6 V a v(t) 5 10 V en 10 ms después 
de que el interruptor se ha cerrado. Suponga que el circuito se 
encuentra en estado estable antes de que se cierre el interruptor. 
Suponga también que la transición se completará después de  
5 constantes de tiempo.

+
– v(t)

+

–

t = 0

CR3

R2R1

12 V

Figura PD 8-1

PD 8-2	 Diseñe	 el	 circuito	 en	 la	figura	PD	8-2	de	modo	que	
i(t) haga la transición de i(t) 5 1 mA a i(t) 5 4 mA después 
de que el interruptor se ha cerrado. Suponga que el circuito se 
encuentra en estado estable antes de que se cierre el interruptor. 
Suponga también que la transición se completará después de  
5 constantes de tiempo.

i(t)+
–

t = 0

L

R2R1

12 V

Figura PD 8-2

PD 8-3	 El	interruptor	en	la	figura	PD	8-3	se	cierra	en	tiempo	0,	
2Dt, 4Dt, . . .	2kDt y se abre en tiempos Dt, 3Dt, 5Dt, . . .	(2k 1 1)Dt. 
Cuando el interruptor se cierra, v(t) hace la transición de v(t) 5 
0 V a v(t) 5 5 V. Por el contrario, cuando el interruptor se abre, 
v(t) hace la transición de v(t) 5 5 V a v(t) 5 0 V. Suponga que 
se requiere que Dt 5 5
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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 de modo que se complete una transición 
antes de que se inicie la otra. (a) Determine el valor de C que se 
requiere para que Dt 5 1 ms. (b) ¿Qué tan grande debe ser Dt 
cuando C 5 2 mF?

Respuesta: (a) C = 4 pF; (b) Dt = 0.5 s.

49 kΩ

1 kΩ+
– v(t)

+

–

t = (2k + 1)∆t

t = 2k ∆t
C5 V

Figura PD 8-3

PD 8-4	 El	interruptor	en	la	figura	PD	8-3	se	cierra	en	tiempo	
0, 2Dt, 4Dt, . . .	2kDt y se abre en tiempos Dt, 3Dt, 5Dt, . . .	(2k 1 
1)Dt. Cuando el interruptor se cierra, v(t) hace la transición de 
v(t) 5 0 V a v(t) 5 5 V. Por el contrario, cuando el interruptor se 
abre, v(t) hace la transición de v(t) 5 5 V a v(t) 5 0 V. Suponga 
que se requiere que una transición esté 95% completa antes  
de que se inicie la siguiente. (a) Determine el valor de C que 
se requiere para que Dt 5 1 ms. (b) ¿Qué tan grande debe ser 
Dt cuando C 5 2 mF?

Sugerencia: Muestre que se requiere que Dt 5 2
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8.12 SUMMARY
Voltages and currents can be used to encode, store, and

process information. When a voltage or current is used to

represent information, that voltage or current is called a

signal. Electric circuits that process that information are

called signal-processing circuits.

Circuits that contain energy-storing elements, that is,

capacitors and inductors, are represented by differential

equations rather than by algebraic equations. Analysis of

these circuits requires the solution of differential equations.

In this chapter, we restricted our attention to first-order

circuits. First-order circuits contain one energy storage

element and are represented by first-order differential equa-

tions, which are reasonably easy to solve. We solved first-

order differential equations, using the method called sepa-

ration of variables.

The complete response of a circuit is the sum of the natural

response and the forced response. The natural response is

the general solution of the differential equation that repre-

sents the circuit when the input is set to zero. The forced

response is the particular solution of the differential equa-

tion representing the circuit.

The complete response can be separated into the transient

response and the steady-state response. The transient re-

sponse vanishes with time, leaving the steady-state re-

sponse. When the input to the circuit is either a constant

or a sinusoid, the steady-state response can be used as the

forced response.

The term transient response sometimes refers to the ‘‘tran-

sient part of the complete response’’ and other times to a

complete response that includes a transient part. In particu-

lar, PSpice uses the term transient response to refer to the

complete response. Because this can be confusing, the term

must be used carefully.

The step response of a circuit is the response when the input

is equal to a unit step function and all the initial conditions of

the circuit are equal to zero.

We used Th�evenin and Norton equivalent circuits to reduce

the problem of analyzing any first-order circuit to the prob-

lem of analyzing one of two simple first-order circuits. One

of the simple first-order circuits is a series circuit consisting

of a voltage source, a resistor, and a capacitor. The other is a

parallel circuit consisting of a current source, a resistor, and

an inductor. Table 8.12-1 summarizes the equations used to

determine the complete response of a first-order circuit.

The parameter t in the first-order differential equation

d

dt
x tð Þ þ x tð Þ

t
¼ K is called the time constant. The time

constant t is the time for the response of a first-order circuit

to complete 63 percent of the transition from initial value to

final value.

Stability is a property of well-behaved circuits. It is easy to

tell whether a first-order circuit is stable. A first-order circuit

is stable if, and only if, its time constant is not negative, that

is, t � 0.

Table 8.12-1 Summary of First-Order Circuits

FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR

v(t)C
+

–

Op amps,
resistors,

and
sources

L

i(t)Op amps,
resistors,

and
sources

Replace the circuit consisting of op amps, resistors, and

sources by its Th�evenin equivalent circuit:
Replace the circuit consisting of op amps, resistors, and

sources by its Norton equivalent circuit:

v(t)Voc

Rt

C
+

–

+
–

Isc Rt L

i(t)

The capacitor voltage is:

v tð Þ ¼ V oc þ v 0ð Þ � V ocð Þe�t=t

where the time constant, t, is

t ¼ RtC

and the initial condition, v(0), is the capacitor voltage at time

t ¼ 0.

The inductor current is

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe�t=t

where the time constant, t, is

t ¼ L

Rt

and the initial condition, i(0), is the inductor current at time

t ¼ 0.
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ln(1 2 k) 
para que la transición sea 100 k por ciento completa.

Respuesta: (a) C 5 6.67 pF; (b) Dt 5 0.3 s.

PD 8-5	 En	la	figura	PD	8-5	se	muestra	un	circuito	de	disparador	
de laser. Para disparar el laser requerimos 60 mA , 

E1C05_1 10/19/2009 196

*P 5.3-14 The circuit shown in Figure P 5.3-14 has two

inputs, v1 and v2, and one output, vo. The output is related to the

input by the equation

vo ¼ av1 þ bv2

where a and b are constants that depend on R1, R2, and R3.

(a) Use superposition to show that when R3 ¼ R1 jj R2 and

R2 ¼ nR1,

a ¼ n

2nþ 2
and b ¼ 1

2nþ 2

(b) Design this circuit so that a ¼ 4b.

R1 R2

R3
+
–

+
–

+

–

Figure P 5.3-14

P 5.3-15 The input to the circuit shown in Figure P 5.3-15

is the current i1. The output is the voltage vo. The current i2
is used to adjust the relationship between the input and

output. Determine values of the current i2 and the resist-

ance, R, that cause the output to be related to the input by

the equation

vo ¼ �0:5i1 þ 4

i1 i2
8 Ω

2 Ω

8 Ω4 ΩR

a bvo +–

Figure P 5.3-15

P 5.3-16 Determine values of the current, ia, and the resist-

ance, R, for the circuit shown in Figure P 5.3-16.

7 mA

20 kΩ

8 V

4 kΩ

5 kΩ

ia

R

2 mA

+ –

Figure P 5.3-16

P 5.3-17 The circuit shown in Figure P 5.3-17 has three

inputs: v1, i2, and v3. The output of the circuit is the current io.

The output of the circuit is related to the inputs by

i1 ¼ avo þ bv2 þ ci3

where a, b, and c are constants. Determine the values of

a, b, and c.

20 Ω

12 Ω

10 Ω

40 Ω

v1

v3

i2
io

+
–

+
–

Figure P 5.3-17

P 5.3-18 Using the superposition principle, find the value of

the current measured by the ammeter in Figure P 5.3-18a.

Hint: Figure P 5.3-18b shows the circuit after the ideal

ammeter has been replaced by the equivalent short circuit

and a label has been added to indicate the current measured

by the ammeter, im.

Answer: im ¼ 25

3þ 2
� 3

2þ 3
5 ¼ 5� 3 ¼ 2 A

5 A

25 V

2 Ω
3 Ω

Ammeter+–

(a)

2 Ω

im5 A

25 V

3 Ω

+–

(b)

Figure P 5.3-18 (a) A circuit containing two independent

sources. (b) The circuit after the ideal ammeter has been replaced

by the equivalent short circuit and a label has been added to

indicate the current measured by the ammeter, im.

P 5.3-19 Using the superposition principle, find the value of

the voltage measured by the voltmeter in Figure P 5.3-19a.

196 Circuit Theorems

i
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Figure P 5.3-16

P 5.3-17 The circuit shown in Figure P 5.3-17 has three

inputs: v1, i2, and v3. The output of the circuit is the current io.

The output of the circuit is related to the inputs by

i1 ¼ avo þ bv2 þ ci3

where a, b, and c are constants. Determine the values of

a, b, and c.

20 Ω
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40 Ω

v1

v3

i2
io
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+
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P 5.3-18 Using the superposition principle, find the value of

the current measured by the ammeter in Figure P 5.3-18a.

Hint: Figure P 5.3-18b shows the circuit after the ideal

ammeter has been replaced by the equivalent short circuit

and a label has been added to indicate the current measured

by the ammeter, im.

Answer: im ¼ 25

3þ 2
� 3

2þ 3
5 ¼ 5� 3 ¼ 2 A

5 A

25 V

2 Ω
3 Ω

Ammeter+–

(a)

2 Ω

im5 A

25 V

3 Ω

+–

(b)

Figure P 5.3-18 (a) A circuit containing two independent

sources. (b) The circuit after the ideal ammeter has been replaced

by the equivalent short circuit and a label has been added to

indicate the current measured by the ammeter, im.

P 5.3-19 Using the superposition principle, find the value of

the voltage measured by the voltmeter in Figure P 5.3-19a.
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 , 180 mA 
para 0 , t , 200 ms. Determine una valor apropiado para R1 
y R2.

+
–

t = 0

20 V

i

Ω40

R1
R2

Ω40

10 mH Disparador
de laser

Figura PD 8-5 Circuito de disparador de laser.

PD 8-6 Los fusibles se utilizan para abrir un circuito cuando 
fluye	una	carga	excesiva	de	corriente	(Wright,	1990).	Un	fusible	
se diseña para abrirse cuando la potencia absorbida por R excede 
10	W	por	0.5	s.	Considere	el	circuito	que	se	muestra	en	la	figura	
PD 8-6. La entrada está dada por vs 5 A[u(t) 2 u(t 2 0.75)] V. 
Suponga que iL(02) 5 0. Determine el valor más grande de A 
que no hará que el fusible se abra.

vs(t)

R

0.2 H

Ω2

Fusible

Ω1

+
– Carga

Figura PD 8-6 Circuito de fusible.
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Respuesta total  
de circuitos con dos  
elementos de almacenamiento  
de energía

9.1 I N T R O D U C C I Ó N

En este capítulo consideramos circuitos de segundo orden. Un circuito de segundo orden es un circui-
to que está representado por una ecuación diferencial de segundo orden. Como regla práctica, el orden 
de la ecuación diferencial que representa un circuito es igual al número de condensadores en el circui-
to, más la cantidad de inductores. Por ejemplo, un circuito de segundo orden contiene un condensador 
y un inductor, e incluso podría contener dos condensadores pero ningún inductor.
 Por ejemplo, un circuito de segundo orden se podría representar con la ecuación

E1C09_1 11/26/2009 368

CHAPTER9The Complete
Response of Circuits
with Two Energy
Storage Elements

I N T H I S CHA P T E R

9.1 Introduction

9.2 Differential Equation for Circuits with Two

Energy Storage Elements

9.3 Solution of the Second-Order Differential

Equation—The Natural Response

9.4 Natural Response of the Unforced Parallel

RLC Circuit

9.5 Natural Response of the Critically Damped

Unforced Parallel RLC Circuit

9.6 Natural Response of an Underdamped

Unforced Parallel RLC Circuit

9.7 Forced Response of an RLC Circuit

9.8 Complete Response of an RLC Circuit

9.9 State Variable Approach to Circuit Analysis

9.10 Roots in the Complex Plane

9.11 How Can We Check . . . ?

9.12 DESIGN EXAMPLE—Auto Airbag Igniter

9.13 Summary

Problems

PSpice Problems

Design Problems

9.1 I N TRODUCT ION

In this chapter, we consider second-order circuits. A second-order circuit is a circuit that is represented

by a second-order differential equation. As a rule of thumb, the order of the differential equation that

represents a circuit is equal to the number of capacitors in the circuit plus the number of inductors. For

example, a second-order circuit might contain one capacitor and one inductor, or it might contain two

capacitors and no inductors.

For example, a second-order circuit could be represented by the equation

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0 x tð Þ ¼ f tð Þ

where x(t) is the output of the circuit, and f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is

frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of

independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.368

donde x(t) es la salida del circuito, y ƒ(t) es la entrada del circuito. La salida del circuito, también 
llamada la respuesta del circuito, puede ser la corriente o el voltaje de cualquier dispositivo en el 
circuito. Los voltajes de fuentes de voltaje independientes y/o las corrientes de fuentes de corriente 
independientes proporcionan la entrada al circuito. Los coeficientes de esta ecuación diferencial tiene 
nombres: a a se le llama el coeficiente amortiguado, y a 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

0 se le denomina la frecuencia resonante.
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9.1 Introducción
9.2  Ecuación diferencial para circuitos con dos 

elementos de almacenamiento de energía
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 Para encontrar la respuesta del circuito de segundo orden,

•  Representamos el circuito con una ecuación diferencial de segundo orden.

•  Encontramos la solución general de la ecuación diferencial homogénea. Esta solución es la 
respuesta natural, xn(t). La respuesta natural contendrá dos constantes incógnitas que se evaluarán 
posteriormente.

•  Encontramos una solución particular de la ecuación diferencial. Esta solución es la respuesta 
forzada, xf(t).

•  Representamos la respuesta del circuito de segundo orden como x(t) 5 xn(t) 1 xf(t).

•  Aprovechamos las condiciones iniciales, por ejemplo, los valores iniciales de las corrientes en los 
inductores y los voltajes a través de los condensadores, para evaluar las constantes incógnitas.

9.2  E C UA C I Ó N  D I F E R E N C I A L  PA R A  C I R C U I TO S  C O N  D O S 
E L E M E N TO S  D E  A L M A C E N A M I E N TO  D E  E N E R G Í A

En el capítulo 8 consideramos circuitos que contenían solamente un elemento de almacenamiento 
de energía, los cuales se podrían describir por una ecuación diferencial de primer orden. En esta 
sección consideramos la descripción de circuitos con dos elementos irreducibles de almacenamiento 
de energía a los que describe una ecuación diferencial de segundo orden. Más tarde consideraremos 
circuitos con tres o más elementos irreducibles de almacenamiento de energía, descritos por una 
ecuación diferencial de tercer orden (o más alto). Empleamos el término irreducible para indicar que 
todas las conexiones en serie o en paralelo, o bien otras combinaciones reducibles de elementos de 
almacenamiento se han reducido a su forma irreducible. Así, por ejemplo, todos los 
condensadores en paralelo se han reducido a un condensador equivalente, Cp.
 En los párrafos siguientes seguimos dos métodos para obtener la ecuación di-
ferencial de segundo orden para circuitos con dos elementos de almacenamiento de 
energía. Luego, en la sección siguiente, obtenemos la solución de estas ecuaciones 
diferenciales de segundo orden.
 Primero, consideremos el circuito que se muestra en la figura 9.2-1, el cual 
consta de la combinación en serie de un resistor, un inductor y un condensador. Si 
escribimos la ecuación nodal en el nodos alto, tenemos
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To find the response of the second-order circuit, we:

� Represent the circuit by a second-order differential equation.

� Find the general solution of the homogeneous differential equation. This solution is the natural

response, xn(t). The natural response will contain two unknown constants that will be evaluated

later.

� Find a particular solution of the differential equation. This solution is the forced response, xf(t).

� Represent the response of the second-order circuit as x(t) ¼ xn(t) þ xf(t).

� Use the initial conditions, for example, the initial values of the currents in inductors and the

voltages across capacitors, to evaluate the unknown constants.

9.2 D I F F ERENT I A L EQUAT ION FOR C I RCU I TS W I TH TWO

ENERGY STORAGE E LEMENTS _________________________________________________________

In Chapter 8, we considered circuits that contained only one energy storage element, and these could be

described by a first-order differential equation. In this section, we consider the description of circuits with

two irreducible energy storage elements that are described by a second-order differential equation. Later,

we will consider circuits with three or more irreducible energy storage elements that are described by a

third-order (or higher) differential equation.We use the term irreducible to indicate that all parallel or series

connections or other reducible combinations of like storage elements have been

reduced to their irreducible form. Thus, for example, any parallel capacitors have

been reduced to an equivalent capacitor, Cp.

In the following paragraphs, we use two methods to obtain the second-order

differential equation for circuits with two energy storage elements. Then, in the

next section, we obtain the solution to these second-order differential equations.

First, let us consider the circuit shown in Figure 9.2-1, which consists of a

parallel combination of a resistor, an inductor, and a capacitor. Writing the nodal

equation at the top node, we have

v

R
þ iþ C

dv

dt
¼ is ð9:2-1Þ

Then we write the equation for the inductor as

v ¼ L
di

dt
ð9:2-2Þ

Substitute Eq. 9.2-2 into Eq. 9.2-1, obtaining

L

R

di

dt
þ iþ CL

d2i

dt2
¼ is ð9:2-3Þ

which is the second-order differential equation we seek. Solve this equation for i(t). If v(t) is required,

use Eq. 9.2-2 to obtain it.

This method of obtaining the second-order differential equation may be called the direct method

and is summarized in Table 9.2-1.

In Table 9.2-1, the circuit variables are called x1 and x2. In any example, x1 and x2 will be specific

element currents or voltages. When we analyzed the circuit of Figure 9.2-1, we used x1¼ v and x2¼ i.

In contrast, to analyze the circuit of Figure 9.2-2, we will use x1 ¼ i and x2 ¼ v, where i is the inductor

current and v is the capacitor voltage.

Now let us consider the RLC series circuit shown in Figure 9.2-2 and use the direct method to

obtain the second-order differential equation. We chose x1 ¼ i and x2 ¼ v. First, we seek an equation

i

is

v

R L C

Ground

FIGURE 9.2-1 A parallel RLC circuit.
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 (9.2-1)

Luego escribimos la ecuación para el inductor como
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To find the response of the second-order circuit, we:

� Represent the circuit by a second-order differential equation.

� Find the general solution of the homogeneous differential equation. This solution is the natural

response, xn(t). The natural response will contain two unknown constants that will be evaluated

later.

� Find a particular solution of the differential equation. This solution is the forced response, xf(t).

� Represent the response of the second-order circuit as x(t) ¼ xn(t) þ xf(t).

� Use the initial conditions, for example, the initial values of the currents in inductors and the

voltages across capacitors, to evaluate the unknown constants.
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third-order (or higher) differential equation.We use the term irreducible to indicate that all parallel or series

connections or other reducible combinations of like storage elements have been

reduced to their irreducible form. Thus, for example, any parallel capacitors have

been reduced to an equivalent capacitor, Cp.

In the following paragraphs, we use two methods to obtain the second-order

differential equation for circuits with two energy storage elements. Then, in the

next section, we obtain the solution to these second-order differential equations.

First, let us consider the circuit shown in Figure 9.2-1, which consists of a

parallel combination of a resistor, an inductor, and a capacitor. Writing the nodal

equation at the top node, we have

v

R
þ iþ C

dv

dt
¼ is ð9:2-1Þ

Then we write the equation for the inductor as

v ¼ L
di

dt
ð9:2-2Þ

Substitute Eq. 9.2-2 into Eq. 9.2-1, obtaining

L

R

di

dt
þ iþ CL

d2i

dt2
¼ is ð9:2-3Þ

which is the second-order differential equation we seek. Solve this equation for i(t). If v(t) is required,

use Eq. 9.2-2 to obtain it.

This method of obtaining the second-order differential equation may be called the direct method

and is summarized in Table 9.2-1.

In Table 9.2-1, the circuit variables are called x1 and x2. In any example, x1 and x2 will be specific

element currents or voltages. When we analyzed the circuit of Figure 9.2-1, we used x1¼ v and x2¼ i.

In contrast, to analyze the circuit of Figure 9.2-2, we will use x1 ¼ i and x2 ¼ v, where i is the inductor

current and v is the capacitor voltage.

Now let us consider the RLC series circuit shown in Figure 9.2-2 and use the direct method to

obtain the second-order differential equation. We chose x1 ¼ i and x2 ¼ v. First, we seek an equation

i

is

v

R L C

Ground

FIGURE 9.2-1 A parallel RLC circuit.
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Sustituya la ecuación 9.2-2 en la ecuación 9.2-1, obteniendo
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To find the response of the second-order circuit, we:

� Represent the circuit by a second-order differential equation.

� Find the general solution of the homogeneous differential equation. This solution is the natural

response, xn(t). The natural response will contain two unknown constants that will be evaluated

later.

� Find a particular solution of the differential equation. This solution is the forced response, xf(t).

� Represent the response of the second-order circuit as x(t) ¼ xn(t) þ xf(t).

� Use the initial conditions, for example, the initial values of the currents in inductors and the

voltages across capacitors, to evaluate the unknown constants.

9.2 D I F F ERENT I A L EQUAT ION FOR C I RCU I TS W I TH TWO

ENERGY STORAGE E LEMENTS _________________________________________________________

In Chapter 8, we considered circuits that contained only one energy storage element, and these could be

described by a first-order differential equation. In this section, we consider the description of circuits with

two irreducible energy storage elements that are described by a second-order differential equation. Later,

we will consider circuits with three or more irreducible energy storage elements that are described by a

third-order (or higher) differential equation.We use the term irreducible to indicate that all parallel or series

connections or other reducible combinations of like storage elements have been

reduced to their irreducible form. Thus, for example, any parallel capacitors have

been reduced to an equivalent capacitor, Cp.

In the following paragraphs, we use two methods to obtain the second-order

differential equation for circuits with two energy storage elements. Then, in the

next section, we obtain the solution to these second-order differential equations.

First, let us consider the circuit shown in Figure 9.2-1, which consists of a

parallel combination of a resistor, an inductor, and a capacitor. Writing the nodal

equation at the top node, we have

v

R
þ iþ C

dv

dt
¼ is ð9:2-1Þ

Then we write the equation for the inductor as

v ¼ L
di

dt
ð9:2-2Þ

Substitute Eq. 9.2-2 into Eq. 9.2-1, obtaining

L

R

di

dt
þ iþ CL

d2i

dt2
¼ is ð9:2-3Þ

which is the second-order differential equation we seek. Solve this equation for i(t). If v(t) is required,

use Eq. 9.2-2 to obtain it.

This method of obtaining the second-order differential equation may be called the direct method

and is summarized in Table 9.2-1.

In Table 9.2-1, the circuit variables are called x1 and x2. In any example, x1 and x2 will be specific

element currents or voltages. When we analyzed the circuit of Figure 9.2-1, we used x1¼ v and x2¼ i.

In contrast, to analyze the circuit of Figure 9.2-2, we will use x1 ¼ i and x2 ¼ v, where i is the inductor

current and v is the capacitor voltage.

Now let us consider the RLC series circuit shown in Figure 9.2-2 and use the direct method to

obtain the second-order differential equation. We chose x1 ¼ i and x2 ¼ v. First, we seek an equation

i

is

v

R L C

Ground

FIGURE 9.2-1 A parallel RLC circuit.
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la cual es la ecuación diferencial de segundo orden que tratamos de obtener. Despeje esta ecuación 
para i(t). Si se requiere v(t), utilice la ecuación 9.2-2 para obtenerla.
 A este método de obtener la ecuación diferencial de segundo orden se le puede denominar el 
método directo y se resume en la tabla 9.2-1.
 En la tabla 9.2-1, los circuitos variables se denominan x1 y x2. En cualquier ejemplo, x1 y x2 
serán corrientes o voltajes específicos del elemento. Cuando analizamos el circuito de la figura 9.2-1 
utilizamos x1 5 v y x2 5 i. Por el contrario, para analizar el circuito de la figura 9.2-2 utilizaremos x1 
y x2 5 v, donde i es la corriente del inductor y v es el voltaje del condensador.
 Ahora consideremos el circuito serie RLC que se muestra en la figura 9.2-2 y usemos el método 
directo para obtener la ecuación diferencial de segundo orden. Elegimos x1 5 i y x2 5 v. Primero, 
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FIGURA 9.2-1 Circuito RLC en 
paralelo.
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buscamos una ecuación para dx1>dt 5 di>dt. Escribiendo la KVL en torno al circuito cerrado, obtenemos
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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donde v es el voltaje del condensador. Esta ecuación se puede escribir como
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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Traiga de nuevo v = x2 y obtenga una ecuación en términos de 
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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 (9.2-7)

sustituya la ecuación 9.2-6 en la ecuación 9.2-5 para obtener la ecuación diferencial de segundo grado 
deseada:
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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 (9.2-8)

La ecuación 9.2-8 se puede reescribir como 
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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 Otro método para obtener la ecuación diferencial de segundo orden que describa un circuito se deno-
mina método de operador. Primero, obtenemos ecuaciones diferenciales que describan voltajes de nodos o 
corrientes de enlaces y que utilicen operadores para obtener la ecuación diferencial para el circuito.
 Como un ejemplo más complicado de un circuito con dos elementos de almacenamiento de 
energía, considere el circuito que se muestra en la figura 9.2-3. Este circuito tiene dos inductores y se 
le puede describir por las corrientes de enlaces como se muestra en la misma figura. Las ecuaciones 
de enlaces son

y 
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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vs

L C

R

v
+ –

i
+
–

i1 i2vs

L1

L2R+
–

FIGURA 9.2-2 Un circuito serie RLC. FIGURA 9.2-3 Circuito con dos inductores

Tabla 9.2-1 Método directo para obtener la ecuación diferencial de segundo orden de un circuito

Paso 1 Identifique la primera y segunda variables, x1 y x2. Estas variables son los voltajes del condensador y/o 
las corrientes del inductor.

Paso 2
Escriba una ecuación diferencial de primer orden, obteniendo 
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.

370 The Complete Response of Circuits with Two Energy Storage Elements

 o bien 

E1C09_1 11/26/2009 370

for dx1=dt ¼ di=dt. Writing KVL around the loop, we have

L
di

dt
þ vþ Ri ¼ vs ð9:2-4Þ

where v is the capacitor voltage. This equation may be written as

di

dt
þ v

L
þ R

L
i ¼ vs

L
ð9:2-5Þ

Recall v ¼ x2 and obtain an equation in terms of
dx2

dt
. Because

C
dv

dt
¼ i ð9:2-6Þ

or C
dx2

dt
¼ x1 ð9:2-7Þ

substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation:

C
d2v

dt2
þ v

L
þ RC

L

dv

dt
¼ vs

L
ð9:2-8Þ

Equation 9.2-8 may be rewritten as

d2v

dt2
þ R

L

dv

dt
þ 1

LC
v ¼ vs

LC
ð9:2-9Þ

Another method of obtaining the second-order differential equation describing a circuit is called

the operator method. First, we obtain differential equations describing node voltages or mesh currents

and use operators to obtain the differential equation for the circuit.

As a more complicated example of a circuit with two energy storage elements, consider the

circuit shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents

as shown in Figure 9.2-3. The mesh equations are

L1
di1

dt
þ R i1 � i2ð Þ ¼ vs ð9:2-10Þ

and R i2 � i1ð Þ þ L2
di2

dt
¼ 0 ð9:2-11Þ

Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the first and second variables, x1 and x2. These variables are capacitor voltages and/or inductor

currents.

Step 2 Write one first-order differential equation, obtaining
dx1

dt
¼ f x1; x2ð Þ.

Step 3 Obtain an additional first-order differential equation in terms of the second variable so that
dx2

dt
¼ Kx1 or

x1 ¼ 1

K

dx2

dt
.

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential

equation in terms of x2.

vs

L C

R

v
+ –

i
+
–

FIGURE 9.2-2 A series RLC circuit.

i1 i2vs

L1

L2R+
–

FIGURE 9.2-3 Circuit with two

inductors.
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Paso 4 Sustituya la ecuación del paso 3 en la ecuación del paso 2, para así obtener una ecuación diferencial de 
segundo orden en términos de x2.

f

(9.2-6)

(9.2-10)
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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 (9.2-12)

En términos de i1 e i2, podemos reordenar estas ecuaciones como

y 
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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 (9.2-14)

Se mantiene para obtener una ecuación diferencial de segundo orden. Esto se hizo en el segundo 
paso del método de operador. El operador diferencial, s, donde s 5 d>dt, se utiliza para transformar 
ecuaciones diferenciales en ecuaciones algebraicas. Reemplazando d>dt por s, las ecuaciones 9.2-13 y 
9.2-14 se vuelven

y 
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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 (9.2-15)

 En la tabla 9.2-2 se resume el método de operador para obtener la ecuación diferencial de se-
gundo orden.

Tabla 9.2-2  Método de operador para obtener la ecuación diferencial de segundo orden 
de un circuito

Paso 1 Identifique la variable x1 para la cual se desea la solución.

Paso 2 Escriba una ecuación diferencial en términos de la variable deseable x1 y una segunda variable, x2.

Paso 3 Obtenga una ecuación adicional en términos de la segunda variable y la primera variable.

Paso 4 Utilice el operador s 5 d>dt y 1>s 5 
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Now, let us use R ¼ 1 V, L1 ¼ 1 H, and L2 ¼ 2 H. Then we have

di1

dt
þ i1 � i2 ¼ vs

and i2 � i1 þ 2
di2

dt
¼ 0 ð9:2-12Þ

In terms of i1 and i2, we may rearrange these equations as

di1

dt
þ i1 � i2 ¼ vs ð9:2-13Þ

and � i1 þ i2 þ 2
di2

dt
¼ 0 ð9:2-14Þ

It remains to obtain one second-order differential equation. This is done in the second step of the operator

method. The differential operator s, where s ¼ d=dt, is used to transform differential equations into

algebraic equations. Upon replacing d=dt by s, Eqs. 9.2-13 and 9.2-14 become

si1 þ i1 � i2 ¼ vs

and � i1 þ i2 þ 2si2 ¼ 0

These two equations may be rewritten as

sþ 1ð Þi1 � i2 ¼ vs

and � i1 þ 2sþ 1ð Þi2 ¼ 0

We may solve for i2, obtaining

i2 ¼ 1vs
sþ 1ð Þ 2sþ 1ð Þ � 1

¼ vs

2s2 þ 3s

Therefore; 2s2 þ 3s
� �

i2 ¼ vs

Now, replacing s2 by
d2

dt2
and s by

d

dt
, we obtain the differential equation

2
d2i2

dt2
þ 3

di2

dt
¼ vs ð9:2-15Þ

The operator method for obtaining the second-order differential equation is summarized in

Table 9.2-2.

Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation

of a Circuit

Step 1 Identify the variable x1 for which the solution is desired.

Step 2 Write one differential equation in terms of the desired variable x1 and a second variable, x2.

Step 3 Obtain an additional equation in terms of the second variable and the first variable.

Step 4 Use the operator s ¼ d=dt and 1=s ¼ R
dt to obtain two algebraic equations in terms of s and the two

variables x1 and x2.

Step 5 Using Cramer’s rule, solve for the desired variable so that x1¼ f (s, sources) ¼ P(s)=Q(s), where P(s)

and Q(s) are polynomials in s.

Step 6 Rearrange the equation of step 5 so that Q(s)x1 ¼ P(s).

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential

equation.
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 dt para obtener dos ecuaciones algebraicas en términos de s y las 
dos variables x1 y x2.

Paso 5 Aplicando la regla de Cramer, despeje la variable deseada de modo que x1 5 ƒ(s, fuentes) 5 P(s)>Q(s), 
donde P(s) y Q(s) son polinomiales en s.

Paso 6 Reordene la ecuación del paso 5 de modo que Q(s)x1 5 P(s).

Paso 7 Convierta los operadores en derivadas para la ecuación del paso 6 para obtener la ecuación diferencial de 
segundo orden.

(9.2-13)
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Ej E m p l o 9.2-1 Representación de un circuito por una ecuación diferencial

Ej E m p l o 9.2-2 Representación de un circuito por una ecuación diferencial

Encuentre la ecuación diferencial para la corriente i2 para el circuito de la 
figura 9.2-4.

Solución
Escriba las dos ecuaciones de enlace, aplicando la KVL para obtener
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.

372 The Complete Response of Circuits with Two Energy Storage Elements

Utilizando el operador s 5 d>dt, tenemos 

y 
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.

372 The Complete Response of Circuits with Two Energy Storage Elements

Aplicando la regla de Cramer para despejar i2, obtenemos
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.
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 (9.2-16)

Reordenando la ecuación 9.2-16, obtenemos
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.
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 (9.2-17)

Por consiguiente, la ecuación diferencial para i2 es
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.

372 The Complete Response of Circuits with Two Energy Storage Elements

 (9.2-18)

i1vf i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURA 9.2-4 Circuito para el ejemplo 
9.2-1. 

Encuentre la ecuación diferencial para el voltaje v del circuito de la figura 
9.2-5.

Solución
La ecuación nodal KCL en el nodo superior es
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.
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 (9.2-19)

Como deseamos determinar la ecuación en términos de v, necesitamos una 
segunda ecuación en términos de la corriente i. Escriba la ecuación para la 
corriente a través de la derivación que contiene el inductor como
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.
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 (9.2-20)

Utilizando el operador s 5 d>dt, tenemos las dos ecuaciones
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E X A M P L E 9 . 2 - 1 Representing a Circuit by a Differential Equation

Find the differential equation for the current i2 for the circuit of

Figure 9.2-4.

Solution
Write the two mesh equations, using KVL to obtain

2i1 þ di1

dt
� di2

dt
¼ vs

� di1

dt
þ 3 i2 þ 2

di2

dt
¼ 0

Using the operator s ¼ d=dt, we have

2þ sð Þi1 � si2 ¼ vs

and � si1 þ 3þ 2sð Þi2 ¼ 0

Using Cramer’s rule to solve for i2, we obtain

i2 ¼ svs

2þ sð Þ 3þ 2sð Þ � s2
¼ svs

s2 þ 7sþ 6
ð9:2-16Þ

Rearranging Eq. 9.2-16, we obtain

s2 þ 7sþ 6
� �

i2 ¼ svs ð9:2-17Þ
Therefore, the differential equation for i2 is

d2i2

dt2
þ 7

di2

dt
þ 6i2 ¼ dvs

dt
ð9:2-18Þ

i1vs i2+
–

2 Ω

3 Ω

1 H

1 H

FIGURE 9.2-4 Circuit for Example 9.2-1.

E X A M P L E 9 . 2 - 2 Representing a Circuit by a Differential Equation

Find the differential equation for the voltage v for the circuit of Figure 9.2-5.

Solution
The KCL node equation at the upper node is

v� vs

R1
þ iþ C

dv

dt
¼ 0 ð9:2-19Þ

Because we wish to determine the equation in terms of v, we need a second

equation in terms of the current i. Write the equation for the current through

the branch containing the inductor as

Riþ L
di

dt
¼ v ð9:2-20Þ

Using the operator s ¼ d=dt, we have the two equations
v

R1
þ Csvþ i ¼ vs

R1

+
–

1 kΩ
1 Ω

1 mH

Ground

1 mF

i

vR1

vs

R

C

L

FIGURE 9.2-5 The RLC circuit for

Example 9.2-2.
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FIGURA 9.2-5 El circuito RLC para 
el ejemplo 9.2-2.

+
–

1 kΩ
1 Ω

1 mH

Tierra

1 mF

i

vR1

vs

R

C

L
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EXERCISE 9.2-1 Find the second-order differential equation for the

circuit shown in Figure E 9.2-1 in terms of i, using the direct method.

Answer:
d2i

dt2
þ 1

2

di

dt
þ i ¼ 1

2

dis

dt

EXERCISE 9.2-2 Find the second-order differential equation for the

circuit shown in Figure E 9.2-2 in terms of v using the operator method.

Answer:
d2v

dt2
þ 2

dv

dt
þ 2v ¼ 2

dis

dt

9.3 SOLUT ION OF THE SECOND -ORDER D I F F ERENT I A L

EQUAT ION—THE NATURAL RESPONSE _____________________________________

In the preceding section, we found that a circuit with two irreducible energy storage elements can be

represented by a second-order differential equation of the form

a2
d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ

where the constants a2, a1, a0 are known and the forcing function f ðtÞ is specified.
The complete response x(t) is given by

x ¼ xn þ xf ð9:3-1Þ
where xn is the natural response and xf is a forced response. The natural response satisfies the unforced

differential equation when f ðtÞ ¼ 0. The forced response xf satisfies the differential equation with the

forcing function present.

and � vþ Riþ Lsi ¼ 0

Substituting the parameter values and rearranging, we have

10�3 þ 10�3s
� �

vþ i ¼ 10�3vs

and � vþ 10�3sþ 1
� �

i ¼ 0

Using Cramer’s rule, solve for v to obtain

v ¼ sþ 1000ð Þvs
sþ 1ð Þ sþ 1000ð Þ þ 106

¼ sþ 1000ð Þvs
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s2 þ 1001sþ 1001 � 103
� �

v ¼ sþ 1000ð Þvs
or the differential equation we seek is

d2v

dt2
þ 1001

dv

dt
þ 1001� 103v ¼ dvs

dt
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Sustituyendo los valores de parámetros y reordenando, tenemos

y 
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EXERCISE 9.2-1 Find the second-order differential equation for the

circuit shown in Figure E 9.2-1 in terms of i, using the direct method.
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dx

dt
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where the constants a2, a1, a0 are known and the forcing function f ðtÞ is specified.
The complete response x(t) is given by

x ¼ xn þ xf ð9:3-1Þ
where xn is the natural response and xf is a forced response. The natural response satisfies the unforced

differential equation when f ðtÞ ¼ 0. The forced response xf satisfies the differential equation with the

forcing function present.
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Aplicando la regla de Cramer, despejamos v para obtener



1 2
v 

s  1 0001 2vs

s1 2 1 s1 2 1 000 106 
s  1 000 vs

s2  1 001s  1 001 103

Por lo tanto, tenemos

s2  1 001s  1 001 103 v  s  1 0001 2vs

o la ecuación diferencial que buscamos es

d2v
dt2  1 001

dv
dt

 1 001 103v 
dvs

dt
 1 000vs

EJERCICIO 9.2-1  Encuentre la ecuación diferencial de segundo orden 
para el circuito que se muestra en la figura E 9.2-1 en términos de i, siguiendo 
el método directo.

Respuesta:  
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EJERCICIO 9.2-2  Encuentre la ecuación diferencial de segundo orden 
para el circuito que se muestra en la figura E 9.2-2 en términos de v, siguiendo 
el método de operador.

Respuesta:  
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EXERCISE 9.2-1 Find the second-order differential equation for the

circuit shown in Figure E 9.2-1 in terms of i, using the direct method.

Answer:
d2i

dt2
þ 1

2

di

dt
þ i ¼ 1

2

dis

dt

EXERCISE 9.2-2 Find the second-order differential equation for the

circuit shown in Figure E 9.2-2 in terms of v using the operator method.

Answer:
d2v

dt2
þ 2

dv

dt
þ 2v ¼ 2

dis

dt

9.3 SOLUT ION OF THE SECOND -ORDER D I F F ERENT I A L

EQUAT ION—THE NATURAL RESPONSE _____________________________________

In the preceding section, we found that a circuit with two irreducible energy storage elements can be

represented by a second-order differential equation of the form

a2
d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ

where the constants a2, a1, a0 are known and the forcing function f ðtÞ is specified.
The complete response x(t) is given by

x ¼ xn þ xf ð9:3-1Þ
where xn is the natural response and xf is a forced response. The natural response satisfies the unforced

differential equation when f ðtÞ ¼ 0. The forced response xf satisfies the differential equation with the

forcing function present.

and � vþ Riþ Lsi ¼ 0
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and � vþ 10�3sþ 1
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9.3  S O L U C I Ó N  D E  L A  E C U A C I Ó N  D I F E R E N C I A L  D E 
S E G U N D O  O R D E N :  L A  R E S P U E S TA  N AT U R A L

En la sección anterior encontramos que un circuito con dos elementos de almacenamiento de energía 
irreducible se puede representar por una ecuación diferencial de segundo orden de la forma
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EXERCISE 9.2-1 Find the second-order differential equation for the

circuit shown in Figure E 9.2-1 in terms of i, using the direct method.

Answer:
d2i

dt2
þ 1

2

di

dt
þ i ¼ 1

2

dis

dt

EXERCISE 9.2-2 Find the second-order differential equation for the

circuit shown in Figure E 9.2-2 in terms of v using the operator method.

Answer:
d2v

dt2
þ 2

dv

dt
þ 2v ¼ 2

dis

dt
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þ a1

dx

dt
þ a0x ¼ f tð Þ

where the constants a2, a1, a0 are known and the forcing function f ðtÞ is specified.
The complete response x(t) is given by

x ¼ xn þ xf ð9:3-1Þ
where xn is the natural response and xf is a forced response. The natural response satisfies the unforced

differential equation when f ðtÞ ¼ 0. The forced response xf satisfies the differential equation with the

forcing function present.

and � vþ Riþ Lsi ¼ 0

Substituting the parameter values and rearranging, we have

10�3 þ 10�3s
� �

vþ i ¼ 10�3vs

and � vþ 10�3sþ 1
� �

i ¼ 0

Using Cramer’s rule, solve for v to obtain

v ¼ sþ 1000ð Þvs
sþ 1ð Þ sþ 1000ð Þ þ 106

¼ sþ 1000ð Þvs
s2 þ 1001sþ 1001� 103

Therefore, we have

s2 þ 1001sþ 1001 � 103
� �

v ¼ sþ 1000ð Þvs
or the differential equation we seek is
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dt2
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dv

dt
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dt
þ 1000vs
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donde las constantes a2, a1 y a0 son conocidas y la función forzamiento ƒ(t) está especificada.
 La respuesta total x(t) está dada por
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EXERCISE 9.2-1 Find the second-order differential equation for the

circuit shown in Figure E 9.2-1 in terms of i, using the direct method.

Answer:
d2i

dt2
þ 1

2

di

dt
þ i ¼ 1

2

dis

dt

EXERCISE 9.2-2 Find the second-order differential equation for the

circuit shown in Figure E 9.2-2 in terms of v using the operator method.
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d2v

dt2
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dv

dt
þ 2v ¼ 2

dis

dt
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represented by a second-order differential equation of the form

a2
d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ

where the constants a2, a1, a0 are known and the forcing function f ðtÞ is specified.
The complete response x(t) is given by

x ¼ xn þ xf ð9:3-1Þ
where xn is the natural response and xf is a forced response. The natural response satisfies the unforced

differential equation when f ðtÞ ¼ 0. The forced response xf satisfies the differential equation with the

forcing function present.

and � vþ Riþ Lsi ¼ 0

Substituting the parameter values and rearranging, we have

10�3 þ 10�3s
� �

vþ i ¼ 10�3vs

and � vþ 10�3sþ 1
� �

i ¼ 0

Using Cramer’s rule, solve for v to obtain

v ¼ sþ 1000ð Þvs
sþ 1ð Þ sþ 1000ð Þ þ 106

¼ sþ 1000ð Þvs
s2 þ 1001sþ 1001� 103

Therefore, we have

s2 þ 1001sþ 1001 � 103
� �

v ¼ sþ 1000ð Þvs
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 (9.3-1)
donde xn es la respuesta natural y xf es la respuesta forzada. La respuesta natural satisface la ecuación 
diferencial no forzada cuando ƒ(t) 5 0. La respuesta forzada xf satisface la ecuación diferencial con 
la función forzamiento presente.

1 21 Ω

2 H

F
i

is

FIGURA E 9.2-1 

1 21 Ω 1 H Fis

v

Tierra

FIGURA E 9.2-2
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	 374	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

 La respuesta natural de un circuito, xn, satisfará la ecuación
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The natural response of a circuit, xn, will satisfy the equation

a2
d2xn

dt2
þ a1

dxn

dt
þ a0xn ¼ 0 ð9:3-2Þ

Because xn and its derivatives must satisfy the equation, we postulate the exponential solution

xn ¼ Aest ð9:3-3Þ
where A and s are to be determined. The exponential is the only function that is proportional to all of its

derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation

with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we

have

a2As
2est þ a1Ase

st þ a0Ae
st ¼ 0 ð9:3-4Þ

Because xn ¼ Aest, we may rewrite Eq. 9.3-4 as

a2s
2xn þ a1sxn þ a0xn ¼ 0

or a2s
2 þ a1sþ a0

� �
xn ¼ 0

Because we do not accept the trivial solution, xn ¼ 0, it is required that

a2s
2 þ a1sþ a0

� � ¼ 0 ð9:3-5Þ
This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the

derivative by s and the second derivative by s2. Clearly, we have returned to the familiar operator

sn ¼ dn

dtn

The characteristic equation is derived from the governing differential equation for a circuit

by setting all independent sources to zero value and assuming an exponential solution.

Oliver Heaviside (1850–1925), shown in Figure 9.3-1, advanced the theory of operators for the

solution of differential equations.

The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where

s1 ¼ �a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-6Þ

and s2 ¼ �a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-7Þ

When there are two distinct roots, the natural response is of the form

xn ¼ A1e
s1t þ A2e

s2t ð9:3-8Þ
where A1 and A2 are unknown constants that will be evaluated later. We will delay considering

the special case when s1 ¼ s2.

The roots of the characteristic equation contain all the information necessary for determining

the character of the natural response.

FIGURE 9.3-1 Oliver

Heaviside (1850–1925).

Photograph courtesy of

the Institution of

Electrical Engineers.
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 (9.3-2)

Como xn y sus derivadas deben satisfacer la ecuación, postulamos la solución exponencial
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The natural response of a circuit, xn, will satisfy the equation

a2
d2xn

dt2
þ a1

dxn

dt
þ a0xn ¼ 0 ð9:3-2Þ

Because xn and its derivatives must satisfy the equation, we postulate the exponential solution

xn ¼ Aest ð9:3-3Þ
where A and s are to be determined. The exponential is the only function that is proportional to all of its

derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation

with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we

have

a2As
2est þ a1Ase

st þ a0Ae
st ¼ 0 ð9:3-4Þ

Because xn ¼ Aest, we may rewrite Eq. 9.3-4 as

a2s
2xn þ a1sxn þ a0xn ¼ 0

or a2s
2 þ a1sþ a0

� �
xn ¼ 0

Because we do not accept the trivial solution, xn ¼ 0, it is required that

a2s
2 þ a1sþ a0

� � ¼ 0 ð9:3-5Þ
This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the

derivative by s and the second derivative by s2. Clearly, we have returned to the familiar operator

sn ¼ dn

dtn

The characteristic equation is derived from the governing differential equation for a circuit

by setting all independent sources to zero value and assuming an exponential solution.

Oliver Heaviside (1850–1925), shown in Figure 9.3-1, advanced the theory of operators for the

solution of differential equations.

The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where

s1 ¼ �a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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and s2 ¼ �a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
2a2

ð9:3-7Þ

When there are two distinct roots, the natural response is of the form

xn ¼ A1e
s1t þ A2e

s2t ð9:3-8Þ
where A1 and A2 are unknown constants that will be evaluated later. We will delay considering

the special case when s1 ¼ s2.

The roots of the characteristic equation contain all the information necessary for determining

the character of the natural response.

FIGURE 9.3-1 Oliver

Heaviside (1850–1925).

Photograph courtesy of

the Institution of

Electrical Engineers.
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 (9.3-3)

donde se deben determinar A y s. La exponencial es la única función que es proporcional a todas sus 
derivadas e integrales y, por consiguiente, es la elección natural para la solución de una ecuación dife-
rencial con coeficientes constantes. Si sustituimos la ecuación 9.3-3 en la 9.3-2 y diferenciamos donde 
se requiere, tenemos
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The natural response of a circuit, xn, will satisfy the equation

a2
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dt2
þ a1

dxn

dt
þ a0xn ¼ 0 ð9:3-2Þ

Because xn and its derivatives must satisfy the equation, we postulate the exponential solution

xn ¼ Aest ð9:3-3Þ
where A and s are to be determined. The exponential is the only function that is proportional to all of its

derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation

with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we

have

a2As
2est þ a1Ase

st þ a0Ae
st ¼ 0 ð9:3-4Þ

Because xn ¼ Aest, we may rewrite Eq. 9.3-4 as

a2s
2xn þ a1sxn þ a0xn ¼ 0

or a2s
2 þ a1sþ a0

� �
xn ¼ 0

Because we do not accept the trivial solution, xn ¼ 0, it is required that

a2s
2 þ a1sþ a0

� � ¼ 0 ð9:3-5Þ
This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the

derivative by s and the second derivative by s2. Clearly, we have returned to the familiar operator

sn ¼ dn

dtn

The characteristic equation is derived from the governing differential equation for a circuit

by setting all independent sources to zero value and assuming an exponential solution.

Oliver Heaviside (1850–1925), shown in Figure 9.3-1, advanced the theory of operators for the

solution of differential equations.

The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where

s1 ¼ �a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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When there are two distinct roots, the natural response is of the form

xn ¼ A1e
s1t þ A2e

s2t ð9:3-8Þ
where A1 and A2 are unknown constants that will be evaluated later. We will delay considering

the special case when s1 ¼ s2.

The roots of the characteristic equation contain all the information necessary for determining

the character of the natural response.

FIGURE 9.3-1 Oliver

Heaviside (1850–1925).

Photograph courtesy of

the Institution of

Electrical Engineers.
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 (9.3-4)

Dado que xn 5 Aest, podemos reescribir la ecuación 9.3-4 como

o bien,  
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The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where
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where A1 and A2 are unknown constants that will be evaluated later. We will delay considering
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the character of the natural response.
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Photograph courtesy of
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Como no aceptamos la solución trivial, xn 5 0, se requiere que
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The natural response of a circuit, xn, will satisfy the equation
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dxn

dt
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Because xn and its derivatives must satisfy the equation, we postulate the exponential solution

xn ¼ Aest ð9:3-3Þ
where A and s are to be determined. The exponential is the only function that is proportional to all of its

derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation

with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we

have
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2 þ a1sþ a0

� �
xn ¼ 0

Because we do not accept the trivial solution, xn ¼ 0, it is required that

a2s
2 þ a1sþ a0

� � ¼ 0 ð9:3-5Þ
This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the

derivative by s and the second derivative by s2. Clearly, we have returned to the familiar operator

sn ¼ dn

dtn

The characteristic equation is derived from the governing differential equation for a circuit

by setting all independent sources to zero value and assuming an exponential solution.

Oliver Heaviside (1850–1925), shown in Figure 9.3-1, advanced the theory of operators for the

solution of differential equations.

The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where

s1 ¼ �a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-6Þ

and s2 ¼ �a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-7Þ

When there are two distinct roots, the natural response is of the form

xn ¼ A1e
s1t þ A2e

s2t ð9:3-8Þ
where A1 and A2 are unknown constants that will be evaluated later. We will delay considering

the special case when s1 ¼ s2.

The roots of the characteristic equation contain all the information necessary for determining

the character of the natural response.

FIGURE 9.3-1 Oliver

Heaviside (1850–1925).

Photograph courtesy of

the Institution of

Electrical Engineers.
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 (9.3-5)

A esta ecuación, en términos de s, se le llama una ecuación característica. Se obtuvo fácilmente 
reemplazando la derivada por s y la segunda derivada por s2. Desde luego, hemos vuelto al operador 
ya conocido. 
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La ecuación característica se deriva de la ecuación diferencial reguladora para un circuito 
al establecer el valor de todas las fuentes independientes en cero y suponer una solución 
exponencial.

Oliver Heaviside (1850-1925), que se muestra en la figura 9.3-1, propuso la teoría de los ope-
radores para la solución de las ecuaciones diferenciales.
 La solución de la ecuación cuadrática (9.3-5) tiene dos raíces, s1 y s2, donde

y 
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 (9.3-7)

 Donde hay dos raíces distintas, la respuesta natural tiene la forma

 

E1C09_1 11/26/2009 374

The natural response of a circuit, xn, will satisfy the equation

a2
d2xn

dt2
þ a1

dxn

dt
þ a0xn ¼ 0 ð9:3-2Þ

Because xn and its derivatives must satisfy the equation, we postulate the exponential solution

xn ¼ Aest ð9:3-3Þ
where A and s are to be determined. The exponential is the only function that is proportional to all of its

derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation

with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we

have

a2As
2est þ a1Ase

st þ a0Ae
st ¼ 0 ð9:3-4Þ

Because xn ¼ Aest, we may rewrite Eq. 9.3-4 as

a2s
2xn þ a1sxn þ a0xn ¼ 0

or a2s
2 þ a1sþ a0

� �
xn ¼ 0

Because we do not accept the trivial solution, xn ¼ 0, it is required that

a2s
2 þ a1sþ a0

� � ¼ 0 ð9:3-5Þ
This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the

derivative by s and the second derivative by s2. Clearly, we have returned to the familiar operator

sn ¼ dn

dtn

The characteristic equation is derived from the governing differential equation for a circuit

by setting all independent sources to zero value and assuming an exponential solution.

Oliver Heaviside (1850–1925), shown in Figure 9.3-1, advanced the theory of operators for the

solution of differential equations.

The solution of the quadratic equation (9.3-5) has two roots, s1 and s2, where

s1 ¼ �a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-6Þ

and s2 ¼ �a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � 4a2a0

p
2a2

ð9:3-7Þ

When there are two distinct roots, the natural response is of the form

xn ¼ A1e
s1t þ A2e

s2t ð9:3-8Þ
where A1 and A2 are unknown constants that will be evaluated later. We will delay considering

the special case when s1 ¼ s2.

The roots of the characteristic equation contain all the information necessary for determining

the character of the natural response.

FIGURE 9.3-1 Oliver

Heaviside (1850–1925).

Photograph courtesy of
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 (9.3-8)

donde A1 y A2 son constantes incógnitas que evaluaremos más adelante. Nos demoraremos en 
la consideración del caso especial en que s1 5 s2.

Las raíces de la ecuación característica contienen toda la información necesaria para deter-
minar el carácter de la respuesta natural.

FIGURA 9.3-1 Oliver 
Heaviside (1850-1925). 
Fotografía cortesía de 
la Institution of the 
Electrical Engineers.

(9.3-6)

M09_DORF_1571_8ED_SE_368-414.indd   374 4/12/11   6:09 PM



Circuitos Eléctricos - Dorf Alfaomega

 Solución de la ecuación diferencial de segundo orden: la respuesta natural 375

E j E m p l o  9 . 3 - 1  Respuesta natural de un circuito de segundo orden

Encuentre la respuesta natural de la corriente i2 del circuito que 
se muestra en la figura 9.3-2. Utilice operadores para formular 
la ecuación diferencial y obtener la respuesta en términos de dos 
constantes arbitrarias.

Solución
Si escribimos las dos ecuaciones de enlaces, tenemos

y 
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EXERCISE 9.3-1 Find the characteristic equation and the natural frequencies for the circuit

shown in Figure E 9.3-1.

is

v

4 Ω

6 Ω

F

1 H

Ground

1 4

FIGURE E 9.3-1

Answer: s2 þ 7sþ 10 ¼ 0

s1 ¼ �2

s2 ¼ �5

E X A M P L E 9 . 3 - 1 Natural Response of a Second-Order Circuit

Find the natural response of the circuit current i2 shown in Figure

9.3-2. Use operators to formulate the differential equation and

obtain the response in terms of two arbitrary constants.

Solution
Writing the two mesh equations, we have

12i1 þ 2
di1

dt
� 4 i2 ¼ vs

and � 4 i1 þ 4 i2 þ 1
di2

dt
¼ 0

Using the operator s¼d=dt, we obtain

12þ 2sð Þi1 � 4i2 ¼ vs ð9:3-9Þ
�4i1 þ 4þ sð Þi2 ¼ 0 ð9:3-10Þ

Solving for i2, we have

i2 ¼ 4 vs
12þ 2sð Þ 4þ sð Þ � 16

¼ 4 vs
2s2 þ 20sþ 32

¼ 2 vs
s2 þ 10sþ 16

Therefore; s2 þ 10sþ 16
� �

i2 ¼ 2vs

Note that (s2þ 10sþ 16)¼ 0 is the characteristic equation. Thus, the roots of the characteristic equation are s1¼
�2 and s2 ¼ �8. Therefore, the natural response is

xn ¼ A1e
�2t þ A2e

�8t

where x ¼ i2. The roots s1 and s2 are the characteristic roots and are often called the natural frequencies. The

reciprocals of the magnitude of the real characteristic roots are the time constants. The time constants of this

circuit are 1=2 s and 1=8 s.

i1 i2vs

2 H

1 H

8 Ω

+
– 4 Ω

FIGURE 9.3-2 Circuit of Example 9.3-1.
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Con el operador s 5 d>dt obtenemos
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 (9.3-10)

Despejando i2 tenemos

Por consiguiente, 
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FIGURE 9.3-2 Circuit of Example 9.3-1.
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Observe que (s2 1 10s 1 16) 5 0 es la ecuación característica. Por lo tanto, las raíces de la ecuación característica 
son s1 5 22 y s2 5 28. De este modo, la respuesta natural es
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donde x 5 i2. Las raíces s1 y s2 son las raíces características y se les suele llamar frecuencias naturales. Las re-
cíprocas de la magnitud de las raíces características reales son las constantes de tiempo. Las constantes de tiempo 
de este circuito son 1>2 s y 1>8 s.

i1 i2vs

2 H

1 H

8 Ω

+
– 4 Ω

FIGURA 9.3-2 Circuito del ejemplo 9.3-1.

EJERCICIO 9.3-1  Encuentre la ecuación característica y las frecuencias naturales para el circuito que se 
muestra en la figura E 9.3-1.

is

v

4 Ω

6 Ω

F

1 H

Tierra

1 4

 FIGURA E 9.3-1

Respuesta: 
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(9.3-9)
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9.4  R E S P U E S TA  N AT U R A L  D E L  C I R C U I T O  R L C 
E N  PA R A L E LO  N O  F O R Z A D O

En esta sección consideramos la respuesta natural (no forzada) del circuito RLC en para-
lelo que se muestra en la figura 9.4-1. Elegimos examinar el circuito LRC en paralelo para 
ilustrar las tres formas de la respuesta natural. Se podría presentar un debate análogo del 
circuito serie RLC, pero se omite porque el propósito no es obtener la solución a circuitos 
específicos, sino ilustrar el método general.
 Un circuito que contiene un condensador y un inductor se representa por una ecua-
ción diferencial de segundo orden,
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9.4 NATURAL RESPONSE OF THE UNFORCED

PARAL L E L RLC C I RCU I T _________________________________________________________________________

In this section, we consider the (unforced) natural response of the parallel RLC circuit

shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.

A circuit that contains one capacitor and one inductor is represented by a second-

order differential equation,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0 x tð Þ ¼ f tð Þ
where x(t) is the output of the circuit, and f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is

frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of

independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

The circuit shown in Figure 9.4-1 does not contain any independent sources, so the input, f ðtÞ, is
zero. The differential equation with f ðtÞ ¼ 0 is called a homogeneous differential equation. We will

take the output to be the voltage, v(t), at the top node of the circuit. Consequently, we will represent the

circuit in Figure 9.4-1 by a homogeneous differential equation of the form

d2

dt2
v tð Þ þ 2a

d

dt
v tð Þ þ v2

0 v tð Þ ¼ 0

Write the KCL at the top node to obtain

v

R
þ 1

L

Z t

0
v dt þ i 0ð Þ þ C

dv

dt
¼ 0 ð9:4-1Þ

Taking the derivative of Eq. 9.4-1, we have

C
d2v

dt2
þ 1

R

dv

dt
þ 1

L
v ¼ 0 ð9:4-2Þ

Dividing both sides of Eq. 9.4-2 by C, we have

d2v

dt2
þ 1

RC

dv

dt
þ 1

LC
v ¼ 0 ð9:4-3Þ

Using the operator s, we obtain the characteristic equation

s2 þ 1

RC
sþ 1

LC
¼ 0 ð9:4-4Þ

Comparing Eq. 9.4-4 to Eq. 9.4-1, we see

a ¼ 1

2RC
and v2

0 ¼
1

LC
ð9:4-5Þ

The two roots of the characteristic equation are

s1 ¼ � 1

2RC
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
and s2 ¼ � 1
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donde x(t) es la salida del circuito, y ƒ(t) es la entrada al circuito. La salida del circuito, también llama-
da la respuesta del circuito, puede ser la corriente o el voltaje de cualquier dispositivo en el circuito. 
Se suele elegir que la salida sea la corriente de un inductor o el voltaje de un condensador. Los voltajes 
de las fuentes de voltaje independientes y/o las corrientes de las fuentes de corriente independientes 
proporcionan la entrada al circuito. Los coeficientes de esta ecuación diferencial tienen nombres: se 
le llama a al coeficiente de amortiguamiento, y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 a la frecuencia de resonancia.
 El circuito que se muestra en la figura 9.4-1 no contiene ninguna fuente independiente, por lo 
que la entrada, ƒ(t), es cero. A la ecuación diferencial con ƒ(t) 5 0 se le llama ecuación diferencial 
homogénea. Tomaremos la salida a modo que sea el voltaje, v(t), en el nodo superior del circuito. En 
consecuencia, representaremos el circuito en la figura 9.4-1 por una ecuación diferencial homogénea 
de la forma
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In this section, we consider the (unforced) natural response of the parallel RLC circuit

shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.

A circuit that contains one capacitor and one inductor is represented by a second-

order differential equation,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0 x tð Þ ¼ f tð Þ
where x(t) is the output of the circuit, and f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is

frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of

independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

The circuit shown in Figure 9.4-1 does not contain any independent sources, so the input, f ðtÞ, is
zero. The differential equation with f ðtÞ ¼ 0 is called a homogeneous differential equation. We will

take the output to be the voltage, v(t), at the top node of the circuit. Consequently, we will represent the

circuit in Figure 9.4-1 by a homogeneous differential equation of the form

d2

dt2
v tð Þ þ 2a

d

dt
v tð Þ þ v2

0 v tð Þ ¼ 0

Write the KCL at the top node to obtain

v

R
þ 1

L

Z t

0
v dt þ i 0ð Þ þ C

dv

dt
¼ 0 ð9:4-1Þ

Taking the derivative of Eq. 9.4-1, we have

C
d2v
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R

dv
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L
v ¼ 0 ð9:4-2Þ

Dividing both sides of Eq. 9.4-2 by C, we have
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RC

dv

dt
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LC
v ¼ 0 ð9:4-3Þ

Using the operator s, we obtain the characteristic equation
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LC
¼ 0 ð9:4-4Þ

Comparing Eq. 9.4-4 to Eq. 9.4-1, we see
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Escriba la KCL en la parte superior del nodo para obtener
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frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of

independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

The circuit shown in Figure 9.4-1 does not contain any independent sources, so the input, f ðtÞ, is
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take the output to be the voltage, v(t), at the top node of the circuit. Consequently, we will represent the
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 (9.4-1)

Tomando la derivada de la ecuación 9.4-1, tenemos
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shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.
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independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,
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circuit in Figure 9.4-1 by a homogeneous differential equation of the form

d2

dt2
v tð Þ þ 2a

d

dt
v tð Þ þ v2

0 v tð Þ ¼ 0

Write the KCL at the top node to obtain

v

R
þ 1

L

Z t

0
v dt þ i 0ð Þ þ C

dv

dt
¼ 0 ð9:4-1Þ

Taking the derivative of Eq. 9.4-1, we have

C
d2v

dt2
þ 1

R

dv

dt
þ 1

L
v ¼ 0 ð9:4-2Þ

Dividing both sides of Eq. 9.4-2 by C, we have

d2v

dt2
þ 1

RC

dv

dt
þ 1

LC
v ¼ 0 ð9:4-3Þ

Using the operator s, we obtain the characteristic equation

s2 þ 1

RC
sþ 1

LC
¼ 0 ð9:4-4Þ

Comparing Eq. 9.4-4 to Eq. 9.4-1, we see

a ¼ 1

2RC
and v2

0 ¼
1

LC
ð9:4-5Þ

The two roots of the characteristic equation are

s1 ¼ � 1

2RC
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
and s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
ð9:4-6Þ

i

v

L R C

FIGURE 9.4-1 Parallel

RLC circuit.

376 The Complete Response of Circuits with Two Energy Storage Elements

 (9.4-2)

Dividiendo ambos lados de la ecuación 9.4-2 entre C, tenemos
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In this section, we consider the (unforced) natural response of the parallel RLC circuit

shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.
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 (9.4-3)

Utilizando el operador s obtenemos la ecuación característica
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shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.
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independent voltage sources and/or currents of independent current sources provide the input to the
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 (9.4-4)

Si comparamos las ecuaciones 9.4-4 y 9.4-1 veremos que
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9.4 NATURAL RESPONSE OF THE UNFORCED

PARAL L E L RLC C I RCU I T _________________________________________________________________________

In this section, we consider the (unforced) natural response of the parallel RLC circuit

shown in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three

forms of the natural response. An analogous discussion of the series RLC circuit could be

presented, but it is omitted because the purpose is not to obtain the solution to specific

circuits but rather to illustrate the general method.

A circuit that contains one capacitor and one inductor is represented by a second-

order differential equation,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0 x tð Þ ¼ f tð Þ
where x(t) is the output of the circuit, and f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is

frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of

independent voltage sources and/or currents of independent current sources provide the input to the

circuit. The coefficients of this differential equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

The circuit shown in Figure 9.4-1 does not contain any independent sources, so the input, f ðtÞ, is
zero. The differential equation with f ðtÞ ¼ 0 is called a homogeneous differential equation. We will

take the output to be the voltage, v(t), at the top node of the circuit. Consequently, we will represent the

circuit in Figure 9.4-1 by a homogeneous differential equation of the form

d2

dt2
v tð Þ þ 2a

d

dt
v tð Þ þ v2

0 v tð Þ ¼ 0

Write the KCL at the top node to obtain

v
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L

Z t

0
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Cuando s1 no es igual a s2, la solución para la ecuación 9.4-3 diferencial de segundo orden para t . 0 es
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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When v0 > a, the roots of the characteristic equation are complex and can be expressed as
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The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
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0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R
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dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
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����
t¼0

Natural Response of the Unforced Parallel RLC Circuit 377

y

E1C09_1 11/26/2009 377
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When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0
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are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1
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¼ 0

Because i(0) and v(0) are known, we have
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Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain
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Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.
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����
t¼0
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1

2 CMRR
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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0

p
and s2 ¼ �a�
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The damped resonant frequency, vd, is defined to be
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v2
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q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0

Natural Response of the Unforced Parallel RLC Circuit 377

y

E1C09_1 11/26/2009 377

When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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Las raíces de la ecuación característica asumen tres posibles condiciones:

1. Dos raíces reales y distintas cuando a2 . 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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2. Dos raíces iguales reales cuando a2 5 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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3. Dos raíces compuestas cuando a2 , 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Cuando estas dos raíces son reales y distintas, se dice que el circuito está sobreamortigua-
do. Cuando las raíces son reales e iguales, se dice que el circuito está críticamente amorti-
guado. Cuando las dos raíces son compuestas, se dice que el circuito está subamortiguado.

 Determinemos la respuesta natural para el circuito RLC sobreamortiguado de la figura 9.4-1 
cuando las condiciones ideales son v(0) e i(0) para el condensador y el inductor, respectivamente. Ob-
serve que como el circuito de la figura 9.4-1 no tiene entrada, vn(0) y v(0) son nombres para el mismo 
voltaje. Entonces, en t 5 0 para la ecuación 9.4-7 tenemos
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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 (9.4-9)
Dado que A1 y A2 son incógnitas, necesitamos una ecuación más en t 5 0. Reescribiendo la ecuación 
9.4-1 en t 5 0, tenemos1
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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Como i(0) y v(0) son conocidas, tenemos
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0

Natural Response of the Unforced Parallel RLC Circuit 377

 (9.4-10)

Entonces, ahora ya conocemos el valor inicial de la derivada de v en términos de las condiciones ini-
ciales. Si tomamos la derivada de la ecuación 9.4-7 y establecemos t 5 0, obtenemos
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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 (9.4-11)

Al utilizar las ecuaciones 9.4-10 y 9.4-11 obtenemos una segunda ecuación en términos de las dos 
constantes como
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex

conjugates, the circuit is said to be underdamped.

Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the

initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because

the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have

vn 0ð Þ ¼ A1 þ A2 ð9:4-9Þ
Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-10Þ
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:4-12Þ

Using Eqs. 9.4-9 and 9.4-12, we may obtain A1 and A2.

1Note:
dv 0ð Þ
dt

means
dv tð Þ
dt

����
t¼0
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 (9.4-12)

Utilizamos las ecuaciones 9.4-9 y 9.4-12 y obtenemos A1 y A2.

1Nota:
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When s1 is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is

vn ¼ A1e
s1t þ A2e

s2t ð9:4-7Þ
The roots of the characteristic equation may be rewritten as

s1 ¼ �aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
and s2 ¼ �a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p ð9:4-8Þ
The damped resonant frequency, vd, is defined to be

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q

When v0 > a, the roots of the characteristic equation are complex and can be expressed as

s1 ¼ �aþ jvd and s2 ¼ �a� jvd

The roots of the characteristic equation assume three possible conditions:

1. Two real and distinct roots when a2 > v2
0

2. Two real equal roots when a2 ¼ v2
0

3. Two complex roots when a2 < v2
0

When the two roots are real and distinct, the circuit is said to be overdamped. When the roots

are both real and equal, the circuit is critically damped. When the two roots are complex
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the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have
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we have1

v 0ð Þ
R

þ i 0ð Þ þ C
dv 0ð Þ
dt

¼ 0

Because i(0) and v(0) are known, we have
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Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain
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s1A1 þ s2A2 ¼ � v 0ð Þ
RC
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dv tð Þ
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����
t¼0
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the circuit in Figure 9.4-1 has no input, vn(0) and v(0) are both names for the same voltage. Then, at t¼
0 for Eq. 9.4-7, we have
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Because A1 and A2 are both unknown, we need one more equation at t¼ 0. Rewriting Eq. 9.4-1 at t¼ 0,

we have1
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¼ 0

Because i(0) and v(0) are known, we have
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Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the

derivative of Eq. 9.4-7 and setting t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ s1A1 þ s2A2 ð9:4-11Þ
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as
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	 378	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

E j E m p l o  9 . 4 - 1   Respuesta natural de un circuito 
de segundo orden sobreamortiguado

Encuentre la respuesta natural de v(t) para t . 0 para el circuito RLC en paralelo de la figura 9.4-1 cuando R 5 
2>3 V, L 5 1 H, C 5 1>2 F, v(0) 5 10 V e i(0) 5 2 A.

Solución
Utilizando la ecuación 9.4-4, la ecuación característica es

o bien  
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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FIGURE 9.4-2 Response of the RLC circuit of Example 9.4-1.
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Por consiguiente, las raíces de la ecuación característica son
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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FIGURE 9.4-2 Response of the RLC circuit of Example 9.4-1.
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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Entonces la respuesta natural es
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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 (9.4-13)

El voltaje inicial del condensador es v(0) 5 10, por lo que tenemos

o bien  

E1C09_1 11/26/2009 378

EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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 (9.4-14)

Utilizamos la ecuación 9.4-12 para obtener la segunda 
ecuación para las constantes desconocidas. entonces

o bien 
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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Por consiguiente, tenemos
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
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C
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� 2
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Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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 (9.4-15)

Al despejar simultáneamente las ecuaciones 9.4-14 y 
9.4-15 obtenemos A2 5 24 y A1 5 214. Por consi-
guiente, la respuesta natural es
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.
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H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is
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Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2
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Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the
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The natural response of the circuit is shown in

Figure 9.4-2.

t (s)

10

5

0

–5

vn(t)
(V)

1 2

3
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La respuesta natural del circuito se muestra en la fi-
gura 9.4-2.
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FIGURA 9.4-2 Respuesta del circuito RLC del ejemplo 9.4-1.

EJERCICIO 9.4-1  Encuentre la respuesta natural del circuito RLC de la figura 9.4-1 cuando 
R 5 6 V, L 5 7 H y C 5 1>42 F. Las condiciones iniciales son v(0) 5 0 e i(0) 5 10 A.

Respuesta: 
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EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R ¼ 6 V,

L ¼ 7 H, and C¼ 1=42 F. The initial conditions are v(0) ¼ 0 and i(0) ¼ 10 A.

Answer: vn tð Þ ¼ �84 e�t � e�6tð ÞV

E X A M P L E 9 . 4 - 1 Natural Response of an Overdamped

Second-Order Circuit

Find the natural response of v(t) for t> 0 for the parallel RLC circuit shown in Figure 9.4-1 whenR¼ 2=3V, L¼ 1

H, C ¼ 1=2 F, v(0) ¼ 10 V, and i(0) ¼ 2 A.

Solution
Using Eq. 9.4-4, the characteristic equation is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 3sþ 2 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �1 and s2 ¼ �2

Then the natural response is

vn ¼ A1e
�t þ A2e

�2t ð9:4-13Þ
The initial capacitor voltage is v(0) ¼ 10, so we have

vn 0ð Þ ¼ A1 þ A2

or 10 ¼ A1 þ A2 ð9:4-14Þ
We use Eq. 9.4-12 to obtain the second equation

for the unknown constants. Then

s1A1 þ s2A2 ¼ � v 0ð Þ
RC

� i 0ð Þ
C

or � A1 � 2A2 ¼ � 10

1=3
� 2

1=2

Therefore, we have

�A1 � 2A2 ¼ �34 ð9:4-15Þ
Solving Eqs. 9.4-14 and 9.4-15 simultaneously,

we obtain A2 ¼ 24 and A1 ¼ �14. Therefore, the

natural response is

vn ¼ �14e�t þ 24e�2t
� �

V

The natural response of the circuit is shown in

Figure 9.4-2.
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FIGURE 9.4-2 Response of the RLC circuit of Example 9.4-1.
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9.5  R E S P U E S TA  N AT U R A L  D E L  C I R C U I T O  R L C 
E N  PA R A L E LO  N O  F O R Z A D O  
C R Í T I C A M E N T E  A M O R T I G U A D O

Una vez más consideramos el circuito RLC en paralelo, y determinaremos el caso especial en que la 
ecuación característica tiene dos raíces reales iguales. Dos raíces iguales, reales, ocurren cuando a2 = 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Again we consider the parallel RLC circuit, and here we will determine the special case when the

characteristic equation has two equal real roots. Two real, equal roots occur when a2 ¼ v2
0, where

a ¼ 1

2RC
and v2

0 ¼
1

LC

Let us assume that s1 ¼ s2 and proceed to find vn(t). We write the natural response as the sum of two

exponentials as

vn ¼ A1e
s1t þ A2e

s1t ¼ A3e
s1t ð9:5-1Þ

where A3¼ A1þ A2. Because the two roots are equal, we have only one undetermined constant, but we

still have two initial conditions to satisfy. Clearly, Eq. 9.5-1 is not the total solution for the natural

response of a critically damped circuit. We need the solution that will contain two arbitrary constants,

so with some foreknowledge, we try the solution

vn ¼ es1t A1t þ A2ð Þ ð9:5-2Þ
Let us consider a parallel RLC circuit in which L¼ 1 H, R¼ 1V,C¼ 1/4 F, v(0)¼ 5 V, and i(0)¼

�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te

�2t þ A1e
�2t � 2A2e

�2t ð9:5-4Þ
Evaluating Eq. 9.5-4 at t ¼ 0, we have

dv 0ð Þ
dt

¼ A1 � 2A2

Again, we may use Eq. 9.4-10 so that

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

or A1 � 2A2 ¼ �5

1/4
��6

1/4
¼ 4

Therefore, A1 ¼ 14 and the natural response is

vn ¼ e�2t 14t þ 5ð Þ V

The critically damped natural response of this RLC circuit is shown

in Figure 9.5-1.
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LC
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s1t ð9:5-1Þ

where A3¼ A1þ A2. Because the two roots are equal, we have only one undetermined constant, but we

still have two initial conditions to satisfy. Clearly, Eq. 9.5-1 is not the total solution for the natural

response of a critically damped circuit. We need the solution that will contain two arbitrary constants,

so with some foreknowledge, we try the solution

vn ¼ es1t A1t þ A2ð Þ ð9:5-2Þ
Let us consider a parallel RLC circuit in which L¼ 1 H, R¼ 1V,C¼ 1/4 F, v(0)¼ 5 V, and i(0)¼

�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te
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�2t � 2A2e

�2t ð9:5-4Þ
Evaluating Eq. 9.5-4 at t ¼ 0, we have
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dt

¼ A1 � 2A2

Again, we may use Eq. 9.4-10 so that
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¼ � v 0ð Þ
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C
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1/4
��6

1/4
¼ 4

Therefore, A1 ¼ 14 and the natural response is

vn ¼ e�2t 14t þ 5ð Þ V

The critically damped natural response of this RLC circuit is shown

in Figure 9.5-1.
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Supongamos que s1 5 s2 y procedamos a encontrar vn(t). Escribamos la respuesta natural como la suma 
de dos exponenciales como
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characteristic equation has two equal real roots. Two real, equal roots occur when a2 ¼ v2
0, where

a ¼ 1

2RC
and v2

0 ¼
1

LC

Let us assume that s1 ¼ s2 and proceed to find vn(t). We write the natural response as the sum of two

exponentials as

vn ¼ A1e
s1t þ A2e
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s1t ð9:5-1Þ

where A3¼ A1þ A2. Because the two roots are equal, we have only one undetermined constant, but we

still have two initial conditions to satisfy. Clearly, Eq. 9.5-1 is not the total solution for the natural

response of a critically damped circuit. We need the solution that will contain two arbitrary constants,

so with some foreknowledge, we try the solution
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Let us consider a parallel RLC circuit in which L¼ 1 H, R¼ 1V,C¼ 1/4 F, v(0)¼ 5 V, and i(0)¼

�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
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LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te

�2t þ A1e
�2t � 2A2e
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Evaluating Eq. 9.5-4 at t ¼ 0, we have

dv 0ð Þ
dt

¼ A1 � 2A2

Again, we may use Eq. 9.4-10 so that

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

or A1 � 2A2 ¼ �5

1/4
��6

1/4
¼ 4

Therefore, A1 ¼ 14 and the natural response is

vn ¼ e�2t 14t þ 5ð Þ V

The critically damped natural response of this RLC circuit is shown

in Figure 9.5-1.
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 (9.5-1)

donde A3 5 A1 1 A2. Dado que las dos raíces son iguales, solamente contamos con una constante in-
determinada, pero aún tenemos dos condiciones iniciales que satisfacer. Desde luego, la ecuación 9.5-1 
no es la solución total para la respuesta natural de un circuito críticamente amortiguado. Necesitamos 
la solución que contendrá dos constantes arbitrarias, por lo que, con algún conocimiento previo, trata-
remos de obtenerla

 

E1C09_1 11/26/2009 379

9.5 NATURAL RESPONSE OF THE CR I T I CAL LY DAMPED

UNFORCED PARAL L E L RLC C I RCU I T _____________________________________________
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0, where
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1

LC
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where A3¼ A1þ A2. Because the two roots are equal, we have only one undetermined constant, but we

still have two initial conditions to satisfy. Clearly, Eq. 9.5-1 is not the total solution for the natural

response of a critically damped circuit. We need the solution that will contain two arbitrary constants,

so with some foreknowledge, we try the solution
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Let us consider a parallel RLC circuit in which L¼ 1 H, R¼ 1V,C¼ 1/4 F, v(0)¼ 5 V, and i(0)¼

�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te

�2t þ A1e
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�2t ð9:5-4Þ
Evaluating Eq. 9.5-4 at t ¼ 0, we have
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Again, we may use Eq. 9.4-10 so that
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¼ � v 0ð Þ
RC
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C
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1/4
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1/4
¼ 4

Therefore, A1 ¼ 14 and the natural response is

vn ¼ e�2t 14t þ 5ð Þ V

The critically damped natural response of this RLC circuit is shown
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 (9.5-2)

 Consideremos un circuito RLC en paralelo en el cual L 5 1 H, R 5 1 V, C 5 1>4 F, v(0) 5 5 V 
e i(0) 5 26 A. La ecuación característica para el circuito es

o bien 
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0, where
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1

LC
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�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te

�2t þ A1e
�2t � 2A2e

�2t ð9:5-4Þ
Evaluating Eq. 9.5-4 at t ¼ 0, we have
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Entonces, las dos raíces son s1 5 s2 5 22. Utilizando la ecuación 9.5-2 para la respuesta natural, 
tenemos
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 (9.5-3)

Dado que vn(0) 5 5, tenemos en t 5 0
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Ahora, para obtener A1 procedemos a encontrar la derivada de vn y evaluarla en t 5 0. La derivada de 
vn se encuentra al diferenciar la ecuación 9.5-3 para obtener
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response of a critically damped circuit. We need the solution that will contain two arbitrary constants,

so with some foreknowledge, we try the solution

vn ¼ es1t A1t þ A2ð Þ ð9:5-2Þ
Let us consider a parallel RLC circuit in which L¼ 1 H, R¼ 1V,C¼ 1/4 F, v(0)¼ 5 V, and i(0)¼

�6 A. The characteristic equation for the circuit is

s2 þ 1

RC
sþ 1

LC
¼ 0

or s2 þ 4sþ 4 ¼ 0

The two roots are then s1 ¼ s2 ¼ �2. Using Eq. 9.5-2 for the natural response, we have

vn ¼ e�2t A1t þ A2ð Þ ð9:5-3Þ
Because vn(0) ¼ 5, we have at t ¼ 0

5 ¼ A2

Now, to obtain A1, we proceed to find the derivative of vn and evaluate it at t¼ 0. The derivative of vn is

found by differentiating Eq. 9.5-3 to obtain

dv

dt
¼ �2A1te

�2t þ A1e
�2t � 2A2e

�2t ð9:5-4Þ
Evaluating Eq. 9.5-4 at t ¼ 0, we have

dv 0ð Þ
dt

¼ A1 � 2A2

Again, we may use Eq. 9.4-10 so that

dv 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

or A1 � 2A2 ¼ �5

1/4
��6

1/4
¼ 4

Therefore, A1 ¼ 14 and the natural response is

vn ¼ e�2t 14t þ 5ð Þ V

The critically damped natural response of this RLC circuit is shown

in Figure 9.5-1.
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Evaluando la ecuación 9.5-4 en t 5 0, tenemos
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De nuevo, podemos utilizar la ecuación 9.4-10, de modo que

o bien 
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Por consiguiente, A1 5 14 y la respuesta natural es
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La respuesta natural críticamente amortiguada de este circuito RLC 
se muestra en la figura 9.5-1.
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FIGURA 9.5-1 Respuesta críticamente amortiguada 
del circuito RLC en paralelo.
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EJERCICIO 9.5-1  Un circuito RLC en paralelo tiene R 5 10 V, C 5 1 mF, L 5 0.4 H, v(0) 5 
8 V e i(0) 5 0. Encuentre la respuesta natural vn(t) para t , 0.
Respuesta: 
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EXERCISE 9.5-1 A parallel RLC circuit has R ¼ 10 V, C ¼ 1 mF, L ¼ 0.4 H, v(0) ¼ 8 V, and

i(0) ¼ 0. Find the natural response vn(t) for t < 0.

Answer: vn tð Þ ¼ e�50t 8� 400tð ÞV

9.6 NATURAL RESPONSE OF AN UNDERDAMPED

UNFORCED PARAL L E L RLC C I RCU I T ____________________________________________

The characteristic equation of the parallel RLC circuit will have two complex conjugate roots when

a2 < v2
0. This condition is met when

LC < 2RCð Þ2
or when

L < 4R2C

Recall that

vn ¼ A1e
s1t þ A2e

s2t ð9:6-1Þ

where s1;2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

q

When v2
0 > a2

we have

s1;2 ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

0

q

where j ¼
ffiffiffiffiffiffiffi
�1

p

See Appendix B for a review of complex numbers.

The complex roots lead to an oscillatory-type response. We define the square root
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p
as

vd, which we will call the damped resonant frequency. The factor a, called the damping coefficient,

determines how quickly the oscillations subside. Then the roots are

s1;2 ¼ �a� jvd

Therefore, the natural response is

vn ¼ A1e
�atejvdt þ A2e

�ate�jvdt

or vn ¼ e�at A1e
jvdt þ A2e

�jvdt
� � ð9:6-2Þ

Let us use the Euler identity2

e�jvt ¼ cos vt � j sin vt ð9:6-3Þ
Let v ¼ vd in Eq. 9.6-3 and substitute into Eq. 9.6-2 to obtain

vn ¼ e�at A1 cos vdt þ jA1 sin vdt þ A2 cos vdt � jA2 sin vdtð Þ
¼ e�at A1 þ A2ð Þ cos vdt þ j A1 � A2ð Þ sin vdt½ � ð9:6-4Þ

Because the unknown constants A1 and A2 remain arbitrary, we replace (A1 þ A2) and j(A1 � A2) with

new arbitrary (yet unknown) constants B1 and B2. A1 and A2 must be complex conjugates so that B1 and

B2 are real numbers. Therefore, Eq. 9.6-4 becomes

vn ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:6-5Þ

2 See Appendix B for a discussion of Euler’s identity.

380 The Complete Response of Circuits with Two Energy Storage Elements

9.6  R E S P U E S TA  N AT U R A L  D E  U N  C I R C U I T O  R L C  E N 
PA R A L E LO  N O  F O R Z A D O  S U B A M O R T I G U A D O

La ecuación característica del circuito RLC en paralelo tendrá dos raíces conjugadas complejas cuan-
do a2 . 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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. Esta condición se conoce cuando

donde  
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EXERCISE 9.5-1 A parallel RLC circuit has R ¼ 10 V, C ¼ 1 mF, L ¼ 0.4 H, v(0) ¼ 8 V, and
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UNFORCED PARAL L E L RLC C I RCU I T ____________________________________________

The characteristic equation of the parallel RLC circuit will have two complex conjugate roots when

a2 < v2
0. This condition is met when

LC < 2RCð Þ2
or when

L < 4R2C

Recall that

vn ¼ A1e
s1t þ A2e

s2t ð9:6-1Þ

where s1;2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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0

q

When v2
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we have

s1;2 ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

0

q

where j ¼
ffiffiffiffiffiffiffi
�1

p

See Appendix B for a review of complex numbers.

The complex roots lead to an oscillatory-type response. We define the square root
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p
as

vd, which we will call the damped resonant frequency. The factor a, called the damping coefficient,

determines how quickly the oscillations subside. Then the roots are

s1;2 ¼ �a� jvd

Therefore, the natural response is

vn ¼ A1e
�atejvdt þ A2e

�ate�jvdt

or vn ¼ e�at A1e
jvdt þ A2e

�jvdt
� � ð9:6-2Þ

Let us use the Euler identity2

e�jvt ¼ cos vt � j sin vt ð9:6-3Þ
Let v ¼ vd in Eq. 9.6-3 and substitute into Eq. 9.6-2 to obtain

vn ¼ e�at A1 cos vdt þ jA1 sin vdt þ A2 cos vdt � jA2 sin vdtð Þ
¼ e�at A1 þ A2ð Þ cos vdt þ j A1 � A2ð Þ sin vdt½ � ð9:6-4Þ

Because the unknown constants A1 and A2 remain arbitrary, we replace (A1 þ A2) and j(A1 � A2) with

new arbitrary (yet unknown) constants B1 and B2. A1 and A2 must be complex conjugates so that B1 and

B2 are real numbers. Therefore, Eq. 9.6-4 becomes

vn ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:6-5Þ

2 See Appendix B for a discussion of Euler’s identity.
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Vea el apéndice B para un repaso de los números compuestos.
 Las raíces compuestas conducen a una respuesta de tipo oscilatorio. Definimos la raíz cuadrada 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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d, a la cual denominaremos frecuencia de resonancia amortiguada. El factor a, 
llamado coeficiente de amortiguamiento, determina cuán rápidamente se asientan las oscilaciones. 
Entonces, la raíces son
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vd, which we will call the damped resonant frequency. The factor a, called the damping coefficient,

determines how quickly the oscillations subside. Then the roots are
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2 See Appendix B for a discussion of Euler’s identity.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 9.5-1 A parallel RLC circuit has R ¼ 10 V, C ¼ 1 mF, L ¼ 0.4 H, v(0) ¼ 8 V, and

i(0) ¼ 0. Find the natural response vn(t) for t < 0.

Answer: vn tð Þ ¼ e�50t 8� 400tð ÞV

9.6 NATURAL RESPONSE OF AN UNDERDAMPED

UNFORCED PARAL L E L RLC C I RCU I T ____________________________________________

The characteristic equation of the parallel RLC circuit will have two complex conjugate roots when

a2 < v2
0. This condition is met when

LC < 2RCð Þ2
or when

L < 4R2C

Recall that

vn ¼ A1e
s1t þ A2e

s2t ð9:6-1Þ

where s1;2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

q

When v2
0 > a2

we have

s1;2 ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

0

q

where j ¼
ffiffiffiffiffiffiffi
�1

p

See Appendix B for a review of complex numbers.

The complex roots lead to an oscillatory-type response. We define the square root
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p
as

vd, which we will call the damped resonant frequency. The factor a, called the damping coefficient,

determines how quickly the oscillations subside. Then the roots are

s1;2 ¼ �a� jvd

Therefore, the natural response is

vn ¼ A1e
�atejvdt þ A2e

�ate�jvdt

or vn ¼ e�at A1e
jvdt þ A2e

�jvdt
� � ð9:6-2Þ

Let us use the Euler identity2

e�jvt ¼ cos vt � j sin vt ð9:6-3Þ
Let v ¼ vd in Eq. 9.6-3 and substitute into Eq. 9.6-2 to obtain

vn ¼ e�at A1 cos vdt þ jA1 sin vdt þ A2 cos vdt � jA2 sin vdtð Þ
¼ e�at A1 þ A2ð Þ cos vdt þ j A1 � A2ð Þ sin vdt½ � ð9:6-4Þ

Because the unknown constants A1 and A2 remain arbitrary, we replace (A1 þ A2) and j(A1 � A2) with

new arbitrary (yet unknown) constants B1 and B2. A1 and A2 must be complex conjugates so that B1 and

B2 are real numbers. Therefore, Eq. 9.6-4 becomes

vn ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:6-5Þ

2 See Appendix B for a discussion of Euler’s identity.
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Answer: vn tð Þ ¼ e�50t 8� 400tð ÞV

9.6 NATURAL RESPONSE OF AN UNDERDAMPED

UNFORCED PARAL L E L RLC C I RCU I T ____________________________________________

The characteristic equation of the parallel RLC circuit will have two complex conjugate roots when

a2 < v2
0. This condition is met when

LC < 2RCð Þ2
or when

L < 4R2C

Recall that

vn ¼ A1e
s1t þ A2e

s2t ð9:6-1Þ

where s1;2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

q

When v2
0 > a2

we have

s1;2 ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

0

q

where j ¼
ffiffiffiffiffiffiffi
�1

p

See Appendix B for a review of complex numbers.

The complex roots lead to an oscillatory-type response. We define the square root
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p
as

vd, which we will call the damped resonant frequency. The factor a, called the damping coefficient,

determines how quickly the oscillations subside. Then the roots are

s1;2 ¼ �a� jvd

Therefore, the natural response is

vn ¼ A1e
�atejvdt þ A2e

�ate�jvdt

or vn ¼ e�at A1e
jvdt þ A2e

�jvdt
� � ð9:6-2Þ
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Let v ¼ vd in Eq. 9.6-3 and substitute into Eq. 9.6-2 to obtain
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Because the unknown constants A1 and A2 remain arbitrary, we replace (A1 þ A2) and j(A1 � A2) with

new arbitrary (yet unknown) constants B1 and B2. A1 and A2 must be complex conjugates so that B1 and

B2 are real numbers. Therefore, Eq. 9.6-4 becomes

vn ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:6-5Þ

2 See Appendix B for a discussion of Euler’s identity.
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donde B1 y B2 serán determinadas por las condiciones iniciales, v(0) e i(0).
 La respuesta natural subamortiguada es oscilatoria con un magnitud de decaimiento. La rapidez 
de decaimiento depende de a, y la frecuencia de oscilación depende de 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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d.
 Encontremos la forma general de la solución para B1 y B2, en términos de las condiciones ini-
ciales cuando el circuito es no forzado. Entonces, en t 5 0, tenemos
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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Para encontrar B2 evaluamos la primera derivada de vn y luego sea t 5 0. La derivada es
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).
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y, en t 5 0, obtenemos
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).
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 (9.6-6)

Recordemos que ya antes encontramos que la ecuación 9.4-10 proporciona dv(0)>dt para el circuito 
RLC en paralelo como
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have
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 (9.6-7)

Por consiguiente, con las ecuaciones 9.6-6 y 9.6-7 obtenemos
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).
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Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10

Natural Response of an Underdamped Unforced Parallel RLC Circuit 381

 (9.6-8)

E j E m p l o  9 . 6 - 1   Respuesta natural de un circuito 
de segundo orden subamortiguado

Considere el circuito RLC en paralelo cuando R 5 25>3 V, L 5 0.1 H, C 5 1 mF, v(0) 5 10 V e i(0) 5 20.6 A. 
Encuentre la respuesta natural vn(t) para t . 0.

Solución
Primero, determinamos a2 y 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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 para determinar la forma de la respuesta. En consecuencia, obtenemos
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10

Natural Response of an Underdamped Unforced Parallel RLC Circuit 381

y

E1C09_1 11/26/2009 381

where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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Por consiguiente, 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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Por lo tanto, las raíces características son
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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En consecuencia, la respuesta natural se obtiene de la ecuación 9.6-5 como
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped

Second-Order Circuit

Consider the parallel RLC circuit when R¼ 25=3V, L¼ 0.1 H, C ¼ 1 mF, v(0) ¼ 10 V, and i(0) ¼�0.6 A. Find

the natural response vn(t) for t > 0.

Solution
First, we determine a2 and v2

0 to determine the form of the response. Consequently, we obtain

a ¼ 1

2RC
¼ 60 and v2

0 ¼
1

LC
¼ 104

Therefore, v2
0 > a2, and the natural response is underdamped. We proceed to determine the damped resonant

frequency vd as

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104 � 3:6� 103

p
¼ 80 rad/s

Hence, the characteristic roots are

s1 ¼ �aþ jvd ¼ �60þ j80 and s2 ¼ �a� jvd ¼ �60� j80

Consequently, the natural response is obtained from Eq. 9.6-5 as

vn tð Þ ¼ B1e
�60t cos 80t þ B2e

�60t sin 80t

Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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where B1 and B2 will be determined by the initial conditions, v(0) and i(0).

The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of

decay depends on a, and the frequency of oscillation depends on vd.

Let us find the general form of the solution for B1 and B2 in terms of the initial conditions when

the circuit is unforced. Then, at t ¼ 0, we have

vn 0ð Þ ¼ B1

To find B2, we evaluate the first derivative of vn and then let t ¼ 0. The derivative is

dvn

dt
¼ e�at vdB2 � aB1ð Þ cos vdt � vdB1 þ aB2ð Þ sin vdt½ �

and, at t ¼ 0, we obtain

dvn 0ð Þ
dt

¼ vdB2 � aB1 ð9:6-6Þ
Recall that we found earlier that Eq. 9.4-10 provides dv(0)=dt for the parallel RLC circuit as

dvn 0ð Þ
dt

¼ � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-7Þ
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain

vdB2 ¼ aB1 � v 0ð Þ
RC

� i 0ð Þ
C

ð9:6-8Þ

E X A M P L E 9 . 6 - 1 Natural Response of an Underdamped
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Because v(0) ¼ 10, we have

B1 ¼ v 0ð Þ ¼ 10
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Como v(0) 5 10, tenemos
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Podemos aprovechar la ecuación 9.6-8 para obtener B2 como
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The period of the damped oscillation is the time interval, denoted as Td, expressed as

Td ¼ 2p

vd
ð9:6-9Þ

The natural response of an underdamped circuit is not a pure oscillatory response, but it does

exhibit the form of an oscillatory response. Thus, we may approximate Td by the period between the

first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is

f d ¼
1

Td

The period of the oscillation of the circuit of Example 9.6-1 is

Td ¼ 2p

80
¼ 79 ms

EXERCISE 9.6-1 A parallel RLC circuit has R ¼ 62.5 V, L ¼ 10 mH, C ¼ 1 mF,

v(0) ¼ 10 V, and i(0) ¼ 80 mA. Find the natural response vn(t) for t > 0.

Answer: vn tð Þ ¼ e�8000t 10 cos 6000t � 26:7 sin 6000t½ �V

9.7 FORCED RESPONSE OF AN RLC C I RCU I T

The forced response of an RLC circuit described by a second-order differential equation must satisfy

the differential equation and contain no arbitrary constants. As we noted earlier, the response to a

forcing function will often be of the same form as the forcing function. Again, we consider the

We can use Eq. 9.6-8 to obtain B2 as

B2 ¼ a

vd
B1 � v 0ð Þ

vdRC
� i 0ð Þ
vdC

¼ 60� 10

80
� 10

80� 25/3000
� �0:6

80� 10�3 ¼ 7:5� 15:0þ 7:5 ¼ 0

Therefore, the natural response is

vn tð Þ ¼ 10e�60t cos 80 t V

A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the

cosine function, it is damped by the exponential function, e�60t.
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FIGURE 9.6-1 Natural response of the underdamped

parallel RLC circuit.
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Por consiguiente, la respuesta natural es
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En la figura 9.6-1 se presenta un bosquejo de esta respuesta. Aunque la respuesta es de forma oscilatoria por la 
función coseno, es amortiguada por la función exponencial, e260t.
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FIGURA 9.6-1 Respuesta natural del circuito RLC en 
paralelo subamortiguado.

El periodo de la oscilación amortiguada es el intervalo indicado como Td, expresado como
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The period of the damped oscillation is the time interval, denoted as Td, expressed as

Td ¼ 2p

vd
ð9:6-9Þ

The natural response of an underdamped circuit is not a pure oscillatory response, but it does

exhibit the form of an oscillatory response. Thus, we may approximate Td by the period between the

first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is

f d ¼
1
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The period of the oscillation of the circuit of Example 9.6-1 is

Td ¼ 2p

80
¼ 79 ms
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v(0) ¼ 10 V, and i(0) ¼ 80 mA. Find the natural response vn(t) for t > 0.

Answer: vn tð Þ ¼ e�8000t 10 cos 6000t � 26:7 sin 6000t½ �V
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The forced response of an RLC circuit described by a second-order differential equation must satisfy

the differential equation and contain no arbitrary constants. As we noted earlier, the response to a

forcing function will often be of the same form as the forcing function. Again, we consider the

We can use Eq. 9.6-8 to obtain B2 as

B2 ¼ a

vd
B1 � v 0ð Þ

vdRC
� i 0ð Þ
vdC

¼ 60� 10

80
� 10

80� 25/3000
� �0:6

80� 10�3 ¼ 7:5� 15:0þ 7:5 ¼ 0

Therefore, the natural response is

vn tð Þ ¼ 10e�60t cos 80 t V

A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the

cosine function, it is damped by the exponential function, e�60t.
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 (9.6-9)

 La respuesta natural de un circuito subamortiguado no es una pura respuesta oscilatoria, sino 
que presenta la forma de una respuesta oscilatoria. Así, podemos aproximar Td por el periodo entre 
la primera y tercera intersecciones en cero, como se muestra en la figura 9.6-1. Por consiguiente, la 
frecuencia en hertzios es
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The period of the damped oscillation is the time interval, denoted as Td, expressed as

Td ¼ 2p

vd
ð9:6-9Þ

The natural response of an underdamped circuit is not a pure oscillatory response, but it does

exhibit the form of an oscillatory response. Thus, we may approximate Td by the period between the

first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is

f d ¼
1

Td

The period of the oscillation of the circuit of Example 9.6-1 is

Td ¼ 2p

80
¼ 79 ms

EXERCISE 9.6-1 A parallel RLC circuit has R ¼ 62.5 V, L ¼ 10 mH, C ¼ 1 mF,

v(0) ¼ 10 V, and i(0) ¼ 80 mA. Find the natural response vn(t) for t > 0.

Answer: vn tð Þ ¼ e�8000t 10 cos 6000t � 26:7 sin 6000t½ �V

9.7 FORCED RESPONSE OF AN RLC C I RCU I T

The forced response of an RLC circuit described by a second-order differential equation must satisfy

the differential equation and contain no arbitrary constants. As we noted earlier, the response to a

forcing function will often be of the same form as the forcing function. Again, we consider the

We can use Eq. 9.6-8 to obtain B2 as

B2 ¼ a

vd
B1 � v 0ð Þ

vdRC
� i 0ð Þ
vdC

¼ 60� 10

80
� 10

80� 25/3000
� �0:6

80� 10�3 ¼ 7:5� 15:0þ 7:5 ¼ 0

Therefore, the natural response is

vn tð Þ ¼ 10e�60t cos 80 t V

A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the

cosine function, it is damped by the exponential function, e�60t.
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FIGURE 9.6-1 Natural response of the underdamped

parallel RLC circuit.
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El periodo de oscilación del circuito del ejemplo 9.6-1 es
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The period of the damped oscillation is the time interval, denoted as Td, expressed as
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ð9:6-9Þ

The natural response of an underdamped circuit is not a pure oscillatory response, but it does

exhibit the form of an oscillatory response. Thus, we may approximate Td by the period between the

first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is

f d ¼
1
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The period of the oscillation of the circuit of Example 9.6-1 is

Td ¼ 2p

80
¼ 79 ms

EXERCISE 9.6-1 A parallel RLC circuit has R ¼ 62.5 V, L ¼ 10 mH, C ¼ 1 mF,

v(0) ¼ 10 V, and i(0) ¼ 80 mA. Find the natural response vn(t) for t > 0.

Answer: vn tð Þ ¼ e�8000t 10 cos 6000t � 26:7 sin 6000t½ �V
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The forced response of an RLC circuit described by a second-order differential equation must satisfy

the differential equation and contain no arbitrary constants. As we noted earlier, the response to a

forcing function will often be of the same form as the forcing function. Again, we consider the

We can use Eq. 9.6-8 to obtain B2 as

B2 ¼ a
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vdRC
� i 0ð Þ
vdC
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80
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80� 25/3000
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80� 10�3 ¼ 7:5� 15:0þ 7:5 ¼ 0

Therefore, the natural response is
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A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the

cosine function, it is damped by the exponential function, e�60t.
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EJERCICIO 9.6-1  Un circuito RLC en paralelo tiene R 5 62.5 V, L 5 10 mH, C 5 1 mF, 
v(0) 5 10 V e i(0) 5 80 mA. Encuentre la respuesta natural vn(t) para t . 0.

Respuesta: 
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The period of the damped oscillation is the time interval, denoted as Td, expressed as

Td ¼ 2p

vd
ð9:6-9Þ

The natural response of an underdamped circuit is not a pure oscillatory response, but it does

exhibit the form of an oscillatory response. Thus, we may approximate Td by the period between the

first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is

f d ¼
1

Td

The period of the oscillation of the circuit of Example 9.6-1 is

Td ¼ 2p

80
¼ 79 ms

EXERCISE 9.6-1 A parallel RLC circuit has R ¼ 62.5 V, L ¼ 10 mH, C ¼ 1 mF,

v(0) ¼ 10 V, and i(0) ¼ 80 mA. Find the natural response vn(t) for t > 0.

Answer: vn tð Þ ¼ e�8000t 10 cos 6000t � 26:7 sin 6000t½ �V

9.7 FORCED RESPONSE OF AN RLC C I RCU I T

The forced response of an RLC circuit described by a second-order differential equation must satisfy

the differential equation and contain no arbitrary constants. As we noted earlier, the response to a

forcing function will often be of the same form as the forcing function. Again, we consider the

We can use Eq. 9.6-8 to obtain B2 as

B2 ¼ a
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B1 � v 0ð Þ

vdRC
� i 0ð Þ
vdC

¼ 60� 10

80
� 10

80� 25/3000
� �0:6

80� 10�3 ¼ 7:5� 15:0þ 7:5 ¼ 0

Therefore, the natural response is

vn tð Þ ¼ 10e�60t cos 80 t V

A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the

cosine function, it is damped by the exponential function, e�60t.
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f d ¼
1

Td
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9.7 R E S P U E S TA  F O R Z A D A  D E  U N  C I R C U I T O  R L C

La respuesta forzada de un circuito RLC descrita por una ecuación diferencial de segundo orden debe 
satisfacer la ecuación diferencial y contener constantes no arbitrarias. Como notamos anteriormente, 
la respuesta a una función de forzamiento será frecuente que sea de la misma forma que la función 
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forzamiento. De nuevo, consideramos la ecuación diferencial para el circuito de segundo orden como
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differential equation for the second-order circuit as

d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ ð9:7-1Þ

The forced response xf must satisfy Eq. 9.7-1. Therefore, substituting xf, we have

d2xf

dt2
þ a1

dxf

dt
þ a0xf ¼ f tð Þ ð9:7-2Þ

We need to determine xf so that xf and its first and second derivatives all satisfy Eq. 9.7-2.

If the forcing function is a constant, we expect the forced response also to be a constant because

the derivatives of a constant are zero. If the forcing function is of the form f ðtÞ ¼ Be�at, then the

derivatives of f ðtÞ are all exponentials of the form Qe�at, and we expect

xf ¼ De�at

If the forcing function is a sinusoidal function, we can expect the forced response to be a

sinusoidal function. If f ðtÞ ¼ A sin v0t, we will try

xf ¼ M sin v0t þ N cos v0t ¼ Q sin v0t þ uð Þ
Table 9.7-1 summarizes selected forcing functions and their associated assumed solutions.

Table 9.7-1 Forced Responses

FORCING FUNCTION ASSUMED RESPONSE

K A

Kt AtþB

Kt 2 At 2þBtþC

K sin vt A sin vtþB cos vt

Ke�at Ae�at

E X A M P L E 9 . 7 - 1 Forced Response to an Exponential Input

Find the forced response for the inductor current if for the parallel RLC

circuit shown in Figure 9.7-1 when is¼ 8e�2tA. Let R¼ 6V, L¼ 7 H, and

C ¼ 1=42 F.

Solution
The source current is applied at t¼ 0 as indicated by the unit step function

u(t). After t ¼ 0, the KCL equation at the upper node is

iþ v

R
þ C

dv

dt
¼ is ð9:7-3Þ

We note that

v ¼ L
di

dt
ð9:7-4Þ

so
dv

dt
¼ L

d2i

dt2
ð9:7-5Þ

i

is u(t)

v

R L C

Ground

FIGURE 9.7-1 Circuit for Examples

9.7-1 and 9.7-2.
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 (9.7-1)

La respuesta forzada xf debe satisfacer la ecuación 9.7-1. Por lo tanto, al sustituir xf, tenemos
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9.7-1 and 9.7-2.
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 (9.7-2)

Necesitamos determinar xf de modo que xf y su primera y segunda derivadas satisfagan la ecuación 
9.7-2.
 Si la función forzamiento es una constante, esperamos que también la respuesta forzada sea una 
constante porque las derivadas de una constante son cero. Si la función forzamiento es de la forma  
ƒ(t) 5 B2at, entonces las derivadas de ƒ(t) son exponenciales de la forma Qe2at, y esperamos que
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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differential equation for the second-order circuit as

d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ ð9:7-1Þ

The forced response xf must satisfy Eq. 9.7-1. Therefore, substituting xf, we have

d2xf

dt2
þ a1

dxf

dt
þ a0xf ¼ f tð Þ ð9:7-2Þ

We need to determine xf so that xf and its first and second derivatives all satisfy Eq. 9.7-2.

If the forcing function is a constant, we expect the forced response also to be a constant because

the derivatives of a constant are zero. If the forcing function is of the form f ðtÞ ¼ Be�at, then the

derivatives of f ðtÞ are all exponentials of the form Qe�at, and we expect

xf ¼ De�at

If the forcing function is a sinusoidal function, we can expect the forced response to be a

sinusoidal function. If f ðtÞ ¼ A sin v0t, we will try

xf ¼ M sin v0t þ N cos v0t ¼ Q sin v0t þ uð Þ
Table 9.7-1 summarizes selected forcing functions and their associated assumed solutions.
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E X A M P L E 9 . 7 - 1 Forced Response to an Exponential Input

Find the forced response for the inductor current if for the parallel RLC

circuit shown in Figure 9.7-1 when is¼ 8e�2tA. Let R¼ 6V, L¼ 7 H, and

C ¼ 1=42 F.

Solution
The source current is applied at t¼ 0 as indicated by the unit step function

u(t). After t ¼ 0, the KCL equation at the upper node is

iþ v

R
þ C

dv

dt
¼ is ð9:7-3Þ

We note that

v ¼ L
di

dt
ð9:7-4Þ

so
dv

dt
¼ L
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dt2
ð9:7-5Þ
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La tabla 9.7-1 resume las funciones forzamiento seleccionadas así como sus soluciones supuestas.

Tabla 9.7-1 Respuestas forzadas

FUNCIÓN FORZAMIENTO RESPUESTA ASUMIDA

K A
Kt At 1 B
Kt 2 At2 1 Bt 1 C
K sen 
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Ke2at Ae2at

E j E m p l o  9 - 7- 1  Respuesta forzada a una entrada exponencial

Encuentre la respuesta forzada para la corriente del inductor if para el 
circuito RLC que se muestra en la figura 9.7-1 cuando is 5 8e22t A. Sea 
R 5 6 V, L 5 7 H y C 5 1>42 F.

Solución
La corriente de fuente se aplicó en t 5 0 como lo indicaba la función paso 
u(t). Después de t 5 0, la ecuación de la KCL en el nodo superior es
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i

is u(t)

v

R L C

Tierra

FIGURA 9.7-1 Circuito para los 
ejemplos 9.7-1 y 9.7-2.

(9.7-4)
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Al sustituir las ecuaciones 9.7-4 y 9.7-5 en la ecuación 9.7-3, tenemos
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.
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Luego dividimos entre LC y reordenamos para obtener la conocida ecuación diferencial de segundo orden
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have
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dt2
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d2i

dt2
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RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ
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d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

 (9.7-6)

Si sustituimos los valores del componente y la fuente is, obtenemos
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

 (9.7-7)

Como deseamos obtener la respuesta forzada, entonces suponemos que la respuesta será
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

 (9.7-8)
donde se debe determinar B. Sustituyendo la solución asumida, la ecuación 9.7-8, en la ecuación diferencial, 
tenemos

o bien 
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

Por consiguiente, B 5 212 e
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

Encuentre la respuesta forzada if del circuito del ejemplo 9.7-1 cuando is 5 Io, donde Io es una constante.

Solución
Como la fuente es una constante aplicada en t 5 0, esperamos que la respuesta forzada sea también una constante. 
Como primer método, utilizaremos la ecuación diferencial para encontrar la respuesta forzada. Como segundo, 
demostramos el método alternativo que emplea el comportamiento de estado estable del circuito para encontrar if.
 La ecuación diferencial con la fuente constante se obtiene de la ecuación 9.7-6 como
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

De nuevo, suponemos que la respuesta forzada es if 5 D, una constante. Dado que las derivadas primera y segun-
da de la respuesta forzada supuesta son cero, tenemos

Por consiguiente, 
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.

384 The Complete Response of Circuits with Two Energy Storage Elements

Otro método es determinar la respuesta de estado estable if del circuito 
de la figura 9.7-1 dibujando el modelo de circuito de estado estable. El 
inductor actúa como un cortocircuito y el condensador lo hace como un 
circuito abierto, como se muestra en la figura 9.7-2. Desde luego, dado 
que el modelo de estado estable del inductor es un cortocircuito, toda la 
corriente de la fuente fluye a través del inductor en estado estable, e
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have

iþ L

R

di

dt
þ CL

di2

dt2
¼ is

Then we divide by LC and rearrange to obtain the familiar second-order differential equation

d2i

dt2
þ 1

RC

di

dt
þ 1

LC
i ¼ is

LC
ð9:7-6Þ

Substituting the component values and the source is, we obtain

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 48e�2t ð9:7-7Þ

We wish to obtain the forced response, so we assume that the response will be

if ¼ Be�2t ð9:7-8Þ
where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have

4Be�2t þ 7 �2Be�2t
� �þ 6 Be�2t ¼ 48e�2t

or 4� 14þ 6ð ÞBe�2t ¼ 48e�2t

Therefore, B ¼ �12 and

if ¼ �12e�2t A

E X A M P L E 9 . 7 - 2 Forced Response to a Constant Input

Find the forced response if of the circuit of Example 9.7-1 when is ¼ I0, where I0 is a constant.

Solution
Because the source is a constant applied at t ¼ 0, we expect the forced response to be a constant also. As a first

method, we will use the differential equation to find the forced response. Second, we will demonstrate the

alternative method that uses the steady-state behavior of the circuit to find if.

The differential equation with the constant source is obtained from Eq. 9.7-6 as

d2i

dt2
þ 7

di

dt
þ 6i ¼ 6I0

Again, we assume that the forced response is if ¼ D, a constant. Because the first and second derivatives of the

assumed forced response are zero, we have

6D ¼ 6I0

or D ¼ I0

Therefore; if ¼ I0

Another approach is to determine the steady-state response if of the circuit of

Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like

a short circuit, and the capacitor acts like an open circuit, as shown in Figure

9.7-2. Clearly, because the steady-state model of the inductor is a short

circuit, all the source current flows through the inductor at steady state, and

if ¼ I0

is = I0 A R i

FIGURE 9.7-2 Parallel RLC circuit at

steady state for a constant input.
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is = I0 A R i

FIGURA 9.7-2 Circuito RLC en paralelo 
en estado estable para una entrada constante.

E j E m p l o  9 . 7- 2  Respuesta forzada a una entrada constante

o bien

o

o

o

o

o
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Circuitos Eléctricos - Dorf Alfaomega

 Respuesta forzada de un circuito RLC 385

 Los dos ejemplos anteriores mostraron que es relativamente fácil obtener la respuesta del circui-
to a una función forzamiento. Sin embargo, en ocasiones nos vemos confrontados con un caso espe-
cial en el que la forma de la función forzamiento es la misma que la forma de uno de los componentes 
de la respuesta natural.
 Una vez más, considere el circuito de los ejemplos 9.7-1 y 9.7-2 (figura 9.7-1) cuando la ecua-
ción diferencial es

Suponga que 
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 6 is ð9:7-9Þ

Suppose is ¼ 3 e�6t

Substituting this input into Eq. 9.7-9, we have

d2i

dt2
þ 7

di

di
þ 6i ¼ 18 e�6t ð9:7-10Þ

The characteristic equation of the circuit is

s2 þ 7sþ 6 ¼ 0

or sþ 1ð Þ sþ 6ð Þ ¼ 0

Thus, the natural response is

in ¼ A1e
�t þ A2e

�6t

Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.

Forced Response of an RLC Circuit 385

Al sustituir esta entrada en la ecuación 9.7-9, tenemos
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 6 is ð9:7-9Þ

Suppose is ¼ 3 e�6t

Substituting this input into Eq. 9.7-9, we have

d2i

dt2
þ 7

di

di
þ 6i ¼ 18 e�6t ð9:7-10Þ

The characteristic equation of the circuit is

s2 þ 7sþ 6 ¼ 0

or sþ 1ð Þ sþ 6ð Þ ¼ 0

Thus, the natural response is

in ¼ A1e
�t þ A2e

�6t

Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.

Forced Response of an RLC Circuit 385

 (9.7-10)

La ecuación característica del circuito es

o bien 
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 6 is ð9:7-9Þ

Suppose is ¼ 3 e�6t

Substituting this input into Eq. 9.7-9, we have

d2i

dt2
þ 7

di

di
þ 6i ¼ 18 e�6t ð9:7-10Þ

The characteristic equation of the circuit is

s2 þ 7sþ 6 ¼ 0

or sþ 1ð Þ sþ 6ð Þ ¼ 0

Thus, the natural response is

in ¼ A1e
�t þ A2e

�6t

Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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Así, la respuesta natural es
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forcing function is the same as the form of one of the components of the natural response.
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which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
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In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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Entonces, en primer lugar, esperamos que la respuesta forzada sea
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is
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dt2
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dt
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Suppose is ¼ 3 e�6t
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s2 þ 7sþ 6 ¼ 0

or sþ 1ð Þ sþ 6ð Þ ¼ 0

Thus, the natural response is
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Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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 (9.7-11)

Sin embargo, la respuesta forzada y un componente de la respuesta natural podrían tener la forma 
De26t. ¿Cómo funcionará esto? Tratemos de sustituir la ecuación 9.7-11 en la ecuación diferencial 
(9.7-10). Entonces obtenemos

o bien 
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 6 is ð9:7-9Þ

Suppose is ¼ 3 e�6t
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s2 þ 7sþ 6 ¼ 0
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However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain
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or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have
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Simplifying Eq. 9.7-13, we have
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5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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la cual es una solución imposible. Por consiguiente, necesitamos otra forma de respuesta forzada 
cuando uno de los términos de la respuesta natural tiene la misma forma que la función forzamiento. 
 Trataremos con la respuesta forzada
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.

Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential

equation is

d2i

dt2
þ 7

di

dt
þ 6 i ¼ 6 is ð9:7-9Þ

Suppose is ¼ 3 e�6t

Substituting this input into Eq. 9.7-9, we have
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dt2
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di

di
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The characteristic equation of the circuit is

s2 þ 7sþ 6 ¼ 0

or sþ 1ð Þ sþ 6ð Þ ¼ 0
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�6t

Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t
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Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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 (9.7-12)

Entonces, sustituyendo la ecuación 9.7-12 en la ecuación 9.7-10, tenemos
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The two previous examples showed that it is relatively easy to obtain the response of the circuit

to a forcing function. However, we are sometimes confronted with a special case where the form of the

forcing function is the same as the form of one of the components of the natural response.
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Then at first, we, expect the forced response to be
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formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have

B ¼ � 18

5

Therefore; if ¼ � 18

5
te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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 (9.7-13)

Simplificamos la ecuación 9.7-13 y tenemos

Por consiguiente, 
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formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
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In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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 En general, si la función forzamiento tiene la misma forma que uno de los componentes de la 
respuesta natural, xn1, usaremos
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s2 þ 7sþ 6 ¼ 0
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in ¼ A1e
�t þ A2e
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Then at first, we, expect the forced response to be

if ¼ Be�6t ð9:7-11Þ
However, the forced response and one component of the natural response would then both have the

formDe�6t. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10).We

then obtain

36Be�6t � 42Be�6t þ 6Be�6t ¼ 18e�6t

or 0 ¼ 18e�6t

which is an impossible solution. Therefore, we need another form of the forced response when one of

the natural response terms has the same form as the forcing function.

Let us try the forced response

if ¼ Bte�6t ð9:7-12Þ
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have

B �6e�6t � 6e�6t þ 36t e�6t
� �þ 7B e�6t � 6t e�6t

� �þ 6Bt e�6t ¼ 18 e�6t ð9:7-13Þ
Simplifying Eq. 9.7-13, we have
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5

Therefore; if ¼ � 18
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te�6t

In general, if the forcing function is of the same form as one of the components of the natural

response, xn1, we will use

xf ¼ t p xn1

where the integer p is selected so that the xf is not duplicated in the natural response. Use the lowest

power, p, of t that is not duplicated in the natural response.
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donde se selecciona la integral p de modo que la xf no se duplique en la respuesta natural. Utilice la 
potencia más baja, p, de t que no se duplicó en la respuesta natural.

(9.7-9)
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EJERCICIO 9.7-1  Un circuito descrito para t . 0 por la ecuación
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t

386 The Complete Response of Circuits with Two Energy Storage Elements

donde is 5 6 1 2t A. Encuentre la respuesta forzada if para t . 0. 

Respuesta: if 5 1.53 1 0.6t A

9.8 R E S P U E S TA  T O TA L  D E  U N  C I R C U I T O  R L C

Logramos nuestro propósito de encontrar la respuesta natural y la respuesta forzada de un circuito 
descrito por una ecuación diferencial de segundo orden. 

La respuesta total es la suma de la respuesta natural y la respuesta forzada; entonces,

x 5 xn 1 xf

 Consideremos el circuito serie RLC de la figura 9.2-2 con una ecuación diferencial (9.2-8) como 
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation
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dt
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where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
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dv

dt
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When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
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�3t þ 2e�t

386 The Complete Response of Circuits with Two Energy Storage Elements

Cuando L 5 1 H, C 5 1>6 F y R 5 5 V, obtenemos
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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 (9.8-1)

Asignamos
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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 v(0) 5 10 V y dv(0)>dt 5 22 V/s.

 Determinaremos antes la forma de la respuesta total y luego determinaremos la respuesta forzada. 
Sumando estas respuestas tenemos la respuesta total con dos constantes no especificadas. Entonces 
utilizaremos las condiciones iniciales para especificar estas constantes y así obtener la respuesta total.
 Para obtener la respuesta natural, escribimos la ecuación característica, aprovechando operado-
res como

o bien  
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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Por consiguiente, la respuesta natural es
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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La respuesta forzada se obtiene al examinar la función forzamiento y tomar nota de que su respuesta 
exponencial tiene una constante de tiempo diferente de la respuesta natural, por lo que podemos escribir
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t

386 The Complete Response of Circuits with Two Energy Storage Elements

 (9.8-2)

Podemos determinar B si sustituimos la ecuación 9.8-2 en la ecuación 9.8-1. Entonces tenemos

o bien 
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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Entonces la respuesta total es
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation

d2i

dt2
þ 9

di

dt
þ 20i ¼ 6is

where is ¼ 6 þ 2t A. Find the forced response if for t > 0.

Answer: if ¼ 1:53þ 0:6t A

9.8 COMPLETE RESPONSE OF AN RLC C I RCU I T

We have succeeded in finding the natural response and the forced response of a circuit described by

a second-order differential equation. We wish to proceed to determine the complete response for the

circuit.

The complete response is the sum of the natural response and the forced response; thus,

x ¼ xn þ xf

Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as

LC
d2v

dt2
þ RC

dv

dt
þ v ¼ vs

When L ¼ 1 H, C ¼ 1/6 F, and R ¼ 5 V, we obtain

d2v

dt2
þ 5

dv

dt
þ 6v ¼ 6 vs ð9:8-1Þ

We let vs ¼ 2e�t

3
V, v(0) ¼ 10 V, and dv(0)=dt ¼ �2 V/s.

We will first determine the form of the natural response and then determine the forced response.

Adding these responses, we have the complete response with two unspecified constants. We will then

use the initial conditions to specify these constants to obtain the complete response.

To obtain the natural response, we write the characteristic equation, using operators as

s2 þ 5sþ 6 ¼ 0

or sþ 2ð Þ sþ 3ð Þ ¼ 0

Therefore, the natural response is

vn ¼ A1e
�2t þ A2e

�3t

The forced response is obtained by examining the forcing function and noting that its exponential

response has a different time constant than the natural response, so we may write

vf ¼ Be�t ð9:8-2Þ
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have

Be�t þ 5 �Be�tð Þ þ 6 Be�tð Þ ¼ 4e�t

or B ¼ 2

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�3t þ 2e�t
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Circuitos Eléctricos - Dorf Alfaomega

 Respuesta total de un circuito RLC 387

Para encontrar A1 y A2 utilizamos las condiciones iniciales. En t 5 0, tenemos v(0) 5 10, por lo que 
obtenemos
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ

+
– +

–

v
+

–
1 4 F

1 H

10 V

a

6 Ω

4 Ωt = 0

vs = 6 e–3tu(t) V

i

FIGURE 9.8-1 Circuit of Example 9.8-1.

v
+

–i

+
– 6 Ω

4 Ω

10 V

FIGURE 9.8-2 Circuit of Example 9.8-1 at t ¼ 0�.
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 (9.8-3)
Dado que dv>dt 5 22 en t 5 0, tenemos
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ

+
– +

–

v
+

–
1 4 F

1 H

10 V

a

6 Ω

4 Ωt = 0

vs = 6 e–3tu(t) V

i

FIGURE 9.8-1 Circuit of Example 9.8-1.

v
+

–i

+
– 6 Ω

4 Ω

10 V

FIGURE 9.8-2 Circuit of Example 9.8-1 at t ¼ 0�.
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 (9.8-4)
Despejando las ecuaciones 9.8-3 y 9.8-4 tenemos A1 5 24 y A2 5 216. Por lo tanto,
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ

+
– +

–

v
+

–
1 4 F

1 H

10 V

a

6 Ω

4 Ωt = 0

vs = 6 e–3tu(t) V

i

FIGURE 9.8-1 Circuit of Example 9.8-1.

v
+

–i

+
– 6 Ω

4 Ω

10 V

FIGURE 9.8-2 Circuit of Example 9.8-1 at t ¼ 0�.
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E j E m p l o  9 . 8 - 1  Respuesta total de un circuito de segundo orden

Encuentre la respuesta total v(t) para t . 0 para el circuito 
de la figura 9.8-1. Suponga que el circuito se encuentra en 
estado estable en t 5 02.

Solución
Primero, determinamos las condiciones iniciales del cir-
cuito. En t 5 02, tenemos el modelo del circuito en la 
figura 9.8-2, donde reemplazamos el condensador con un 
circuito abierto y el inductor con un cortocircuito. Enton-
ces el voltaje es
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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y la corriente del inductor es
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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Después de dispararse el interruptor, podemos escribir la 
KVL para el enlace del lado derecho de la figura 9.8-1 
para obtener
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 (9.8-5)

La ecuación de la KCL en el nodo a proporcionará una segunda ecuación en términos de v e i como
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 (9.8-6)

Las ecuaciones 9.8-5 y 9.8-6 se pueden reordenar como 
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 (9.8-8)

Emplearemos operadores para que s 5 d/dt, s2 5 d2/dt2 y 1/s 5 
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 Entonces obtenemos
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 (9.8-10)

Despejando la ecuación 9.8-10 para i y sustituyendo el resultado en la ecuación 9.8-9 obtenemos

O, de manera equivalente,  
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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Por lo tanto, la ecuación diferencial de segundo orden es
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To find A1 and A2, we use the initial conditions. At t ¼ 0, we have v(0) ¼ 10, so we obtain

10 ¼ A1 þ A2 þ 2 ð9:8-3Þ
From the fact that dv/dt ¼ �2 at t ¼ 0, we have

�2A1 � 3A2 � 2 ¼ �2 ð9:8-4Þ
Solving Eqs. 9.8-3 and 9.8-4, we have A1 ¼ 24 and A2 ¼ �16. Therefore,

v ¼ 24 e�2t � 16 e�3t þ 2 e�t V

E X A M P L E 9 . 8 - 1 Complete Response of a Second-Order Circuit

Find the complete response v(t) for t > 0 for the circuit of

Figure 9.8-1. Assume the circuit is at steady state at t¼ 0�.

Solution
First, we determine the initial conditions of the circuit. At

t ¼ 0�, we have the circuit model shown in Figure 9.8-2,

where we replace the capacitor with an open circuit and the

inductor with a short circuit. Then the voltage is

v 0�ð Þ ¼ 6 V

and the inductor current is

i 0�ð Þ ¼ 1 A

After the switch is thrown, we can write the KVL for the

right-hand mesh of Figure 9.8-1 to obtain

�vþ di

dt
þ 6i ¼ 0 ð9:8-5Þ

The KCL equation at node a will provide a second equation in terms of v and i as

v� vs

4
þ iþ 1

4

dv

dt
¼ 0 ð9:8-6Þ

Equations 9.8-5 and 9.8-6 may be rearranged as

di

dt
þ 6i

� �
� v ¼ 0 ð9:8-7Þ

iþ v

4
þ 1

4

dv

dt

� �
=
vs

4
ð9:8-8Þ

We will use operators so that s ¼ d=dt, s2 ¼ d2/dt2, and 1=s ¼ R
dt. Then we obtain

sþ 6ð Þi� v ¼ 0 ð9:8-9Þ
iþ 1

4
sþ 1ð Þv ¼ vs=4 ð9:8-10Þ

Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get

sþ 6ð Þ sþ 1ð Þ þ 4ð Þv ¼ sþ 6ð Þvs
Or; equivalently; s2 þ 7sþ 10

� �
v ¼ sþ 6ð Þvs

Hence, the second-order differential equation is

d2v

dt2
þ 7

dv

dt
þ 10v ¼ dvs

dt
þ 6vs ð9:8-11Þ
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 (9.8-11)

(9.8-7)

(9.8-9)

FIGURA 9.8-1 Circuito del ejemplo 9.8-1.

FIGURA 9.8-2 Circuito del ejemplo 9.8-1 en t = 02
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	 388	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

La ecuación característica es

E1C09_1 11/26/2009 388

The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV

388 The Complete Response of Circuits with Two Energy Storage Elements

Por consiguiente, las raíces de la ecuación característica son
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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y
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV

388 The Complete Response of Circuits with Two Energy Storage Elements

la respuesta natural vn es
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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Se supone que la respuesta forzada debe ser de la forma
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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 (9.8-12)

Al sustituir vf en la ecuación diferencial tenemos

y 

E1C09_1 11/26/2009 388

The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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Entonces, la respuesta total es
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV

388 The Complete Response of Circuits with Two Energy Storage Elements

 (9.8-13)

Como v(0) 5 6, tenemos

o bien  
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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 (9.8-14)

También sabemos que i(0) 5 1 A. Podemos utilizar la ecuación 9.8-8 para determinar dv(0)>dt y luego evaluar la 
derivada de la ecuación 9.8-13 en t 5 0. La ecuación 9.8-8 establece que
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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En t 5 0 tenemos
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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Tomemos la derivada de la ecuación 9.8-13 para obtener
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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En t 5 0, obtenemos
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
¼ �4 i� vþ vs

At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
¼ �2A1e

�2t � 5A2e
�5t þ 27e�3t

At t ¼ 0, we obtain

dv 0ð Þ
dt

¼ �2A1 � 5A2 þ 27

Because dv(0)=dt ¼ �4, we have

2A1 þ 5A2 ¼ 31 ð9:8-15Þ
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain

A1 ¼ 44

3
and A2 ¼ 1

3

Therefore; v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3tV
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Dado que dv(0)>dt 5 24, tenemos
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The characteristic equation is

s2 þ 7sþ 10 ¼ 0

Therefore, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �5

The natural response vn is

vn ¼ A1e
�2t þ A2e

�5t

The forced response is assumed to be of the form

vf ¼ Be�3t ð9:8-12Þ
Substituting vf into the differential equation, we have

9Be�3t � 21Be�3t þ 10Be�3t ¼ �18e�3t þ 36e�3t

Therefore; B ¼ �9

and vf ¼ �9e�3t

The complete response is then

v ¼ vn þ vf ¼ A1e
�2t þ A2e

�5t � 9e�3t ð9:8-13Þ
Because v(0) ¼ 6, we have

v 0ð Þ ¼ 6 ¼ A1 þ A2 � 9

or A1 þ A2 ¼ 15 ð9:8-14Þ
We also know that i(0) ¼ 1 A. We can use Eq. 9.8-8 to determine dv(0)=dt and then evaluate the derivative of

Eq. 9.8-13 at t ¼ 0. Equation 9.8-8 states that

dv

dt
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At t ¼ 0, we have

dv 0ð Þ
dt

¼ �4 i 0ð Þ � v 0ð Þ þ vs 0ð Þ ¼ �4� 6þ 6 ¼ �4

Let us take the derivative of Eq. 9.8-13 to obtain

dv

dt
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�5t þ 27e�3t

At t ¼ 0, we obtain
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3
and A2 ¼ 1

3

Therefore; v ¼ 44
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 (9.8-15)

Si despejamos las ecuaciones 9.8-15 y 9.8-14 de manra simultánea, obtenemos
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Por consiguiente 
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Circuitos Eléctricos - Dorf Alfaomega

 Método de las variables de estado para el análisis de circuitos 389

 Observe que utilizamos el voltaje del condensador y la corriente del inductor como las incóg-
nitas. Esto es muy conveniente porque por lo común usted tendrá las condiciones iniciales de estas 
variables. Estas variables, vc e iL, se conocen como las variables de estado. En la siguiente sección 
consideraremos de manera más completa este método.

9.9  M É T O D O  D E  L A S  VA R I A B L E S  D E  E S TA D O  PA R A  E L 
A N Á L I S I S  D E  C I R C U I T O S

Las variables de estado de un circuito son un conjunto de variables asociadas con la energía de los 
elementos de almacenamiento de energía del circuito. En estos términos describen la respuesta total de  
un circuito a una función forzamiento y las condiciones iniciales del circuito. Aquí la palabra estado sig-
nifica “condición”, como en estado de la unión. Elegiremos como variables de estado aquellas variables 
que describen el almacenamiento de energía del circuito. Así, utilizaremos los voltajes del condensador  
independientes y las corrientes del inductor independientes. 
 Considere el circuito que se muestra en la figura 9.9-1. Los dos elementos de almacenamiento 
de energía son C1 y C2, y los condensadores no se pueden reducir a uno. Esperamos que el circuito 
sea descrito por una ecuación diferencial de segundo orden. Sin 
embargo, obtengamos primero las dos ecuaciones diferenciales 
de primer orden que describen la respuesta para v1(t) y v2(t), las 
cuales son las variables de estado del circuito. Si conocemos el 
valor de las variables de estado en un tiempo y de ahí el valor de 
las variables de entrada, podemos encontrar el valor de cualquier 
variable de estado para cualquier tiempo subsecuente. 
 Al escribir la KCL en los nodos 1 y 2, tenemos

 
nodo 2:
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.

9.9 S TATE VAR I AB L E APPROACH TO C I RCU I T

ANALYS I S __________________________________________________________________________________________________________

The state variables of a circuit are a set of variables associated with the energy of the energy storage

elements of the circuit. Thus, they describe the complete response of a circuit to a forcing function and

the circuit’s initial conditions. Here the word state means ‘‘condition,’’ as in state of the union. We

will choose as the state variables those variables that describe the energy storage of the circuit. Thus,

we will use the independent capacitor voltages and the independent inductor currents.

Consider the circuit shown in Figure 9.9-1. The two

energy storage elements are C1 and C2, and the two capacitors

cannot be reduced to one. We expect the circuit to be described

by a second-order differential equation. However, let us first

obtain the two first-order differential equations that describe the

response for v1(t) and v2(t), which are the state variables of the

circuit. If we know the value of the state variables at one time

and the value of the input variables thereafter, we can find the

value of any state variable for any subsequent time.

Writing the KCL at nodes 1 and 2, we have

node 1 : C1
dv1

dt
¼ va � v1

R1
þ v2 � v1

R2
ð9:9-1Þ

node 2 : C2
dv2

dt
¼ vb � v2

R3
þ v1 � v2

R2
ð9:9-2Þ

Equations 9.9-1 and 9.9-2 can be rewritten as

dv1

dt
þ v1

C1R1
þ v1

C1R2
� v2

C1R2
¼ va

C1R1
ð9:9-3Þ

dv2

dt
þ v2

C2R3
þ v2

C2R2
� v1

C2R2
¼ vb

C2R3
ð9:9-4Þ

Assume that C1R1 ¼ 1, C1R2 ¼ 1, C2R3 ¼ 1, and C2R2 ¼ 1=2. Then we have

dv1

dt
þ 2v1 � v2 ¼ va ð9:9-5Þ

and � 2v1 þ dv2

dt
þ 3v2 ¼ vb ð9:9-6Þ

Using operators, we have

sþ 2ð Þv1 � v2 ¼ va
�2v1 þ sþ 3ð Þv2 ¼ vb

If we wish to solve for v1, we use Cramer’s rule to obtain

v1 ¼ sþ 3ð Þva þ vb

sþ 2ð Þ sþ 3ð Þ � 2
ð9:9-7Þ

The characteristic equation is obtained from the denominator and has the form

s2 þ 5sþ 4 ¼ 0

v1

R1

C1

R2 R3

vau(t) vbu(t)
+

–
v2C2

+

–
+
–

+
–

1 2

Ground

FIGURE 9.9-1 Circuit with two energy storage

elements.
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 (9.9-2)

Las ecuaciones 9.9-1 y 9.9-2 se pueden reescribir como
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.
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ANALYS I S __________________________________________________________________________________________________________
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will choose as the state variables those variables that describe the energy storage of the circuit. Thus,

we will use the independent capacitor voltages and the independent inductor currents.

Consider the circuit shown in Figure 9.9-1. The two

energy storage elements are C1 and C2, and the two capacitors

cannot be reduced to one. We expect the circuit to be described

by a second-order differential equation. However, let us first

obtain the two first-order differential equations that describe the

response for v1(t) and v2(t), which are the state variables of the

circuit. If we know the value of the state variables at one time

and the value of the input variables thereafter, we can find the

value of any state variable for any subsequent time.

Writing the KCL at nodes 1 and 2, we have
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dv1
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Assume that C1R1 ¼ 1, C1R2 ¼ 1, C2R3 ¼ 1, and C2R2 ¼ 1=2. Then we have

dv1

dt
þ 2v1 � v2 ¼ va ð9:9-5Þ

and � 2v1 þ dv2

dt
þ 3v2 ¼ vb ð9:9-6Þ

Using operators, we have

sþ 2ð Þv1 � v2 ¼ va
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If we wish to solve for v1, we use Cramer’s rule to obtain
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ð9:9-7Þ
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FIGURE 9.9-1 Circuit with two energy storage

elements.

State Variable Approach to Circuit Analysis 389

 (9.9-4)

Suponga que C1R1 5 1, C1R2 5 1, C2R3 5 1 y C2R2 5 1>2. Entonces tenemos

y 
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.
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ANALYS I S __________________________________________________________________________________________________________
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will choose as the state variables those variables that describe the energy storage of the circuit. Thus,
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FIGURE 9.9-1 Circuit with two energy storage

elements.
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 (9.9-6)

Utilizando operadores tenemos
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.
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FIGURE 9.9-1 Circuit with two energy storage

elements.
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Si lo que queremos es despejar v1, aplicamos la regla de Cramer para obtener
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.
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ANALYS I S __________________________________________________________________________________________________________
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we will use the independent capacitor voltages and the independent inductor currents.
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Writing the KCL at nodes 1 and 2, we have

node 1 : C1
dv1

dt
¼ va � v1

R1
þ v2 � v1

R2
ð9:9-1Þ

node 2 : C2
dv2

dt
¼ vb � v2

R3
þ v1 � v2

R2
ð9:9-2Þ

Equations 9.9-1 and 9.9-2 can be rewritten as

dv1

dt
þ v1

C1R1
þ v1

C1R2
� v2

C1R2
¼ va

C1R1
ð9:9-3Þ

dv2

dt
þ v2

C2R3
þ v2

C2R2
� v1

C2R2
¼ vb

C2R3
ð9:9-4Þ

Assume that C1R1 ¼ 1, C1R2 ¼ 1, C2R3 ¼ 1, and C2R2 ¼ 1=2. Then we have

dv1

dt
þ 2v1 � v2 ¼ va ð9:9-5Þ

and � 2v1 þ dv2

dt
þ 3v2 ¼ vb ð9:9-6Þ

Using operators, we have

sþ 2ð Þv1 � v2 ¼ va
�2v1 þ sþ 3ð Þv2 ¼ vb

If we wish to solve for v1, we use Cramer’s rule to obtain

v1 ¼ sþ 3ð Þva þ vb

sþ 2ð Þ sþ 3ð Þ � 2
ð9:9-7Þ

The characteristic equation is obtained from the denominator and has the form

s2 þ 5sþ 4 ¼ 0

v1

R1

C1

R2 R3

vau(t) vbu(t)
+

–
v2C2

+

–
+
–

+
–

1 2

Ground

FIGURE 9.9-1 Circuit with two energy storage

elements.
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 (9.9-7)

La ecuación característica se obtiene a partir del denominador y tiene la forma
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very

convenient because you will normally have the initial conditions of these variables. These variables, vc
and iL, are known as the state variables. We will consider this approach more fully in the next section.

9.9 S TATE VAR I AB L E APPROACH TO C I RCU I T

ANALYS I S __________________________________________________________________________________________________________

The state variables of a circuit are a set of variables associated with the energy of the energy storage

elements of the circuit. Thus, they describe the complete response of a circuit to a forcing function and

the circuit’s initial conditions. Here the word state means ‘‘condition,’’ as in state of the union. We

will choose as the state variables those variables that describe the energy storage of the circuit. Thus,

we will use the independent capacitor voltages and the independent inductor currents.

Consider the circuit shown in Figure 9.9-1. The two

energy storage elements are C1 and C2, and the two capacitors

cannot be reduced to one. We expect the circuit to be described

by a second-order differential equation. However, let us first

obtain the two first-order differential equations that describe the

response for v1(t) and v2(t), which are the state variables of the

circuit. If we know the value of the state variables at one time

and the value of the input variables thereafter, we can find the

value of any state variable for any subsequent time.

Writing the KCL at nodes 1 and 2, we have

node 1 : C1
dv1

dt
¼ va � v1

R1
þ v2 � v1

R2
ð9:9-1Þ

node 2 : C2
dv2

dt
¼ vb � v2

R3
þ v1 � v2

R2
ð9:9-2Þ

Equations 9.9-1 and 9.9-2 can be rewritten as

dv1

dt
þ v1

C1R1
þ v1

C1R2
� v2

C1R2
¼ va

C1R1
ð9:9-3Þ

dv2

dt
þ v2

C2R3
þ v2

C2R2
� v1

C2R2
¼ vb

C2R3
ð9:9-4Þ

Assume that C1R1 ¼ 1, C1R2 ¼ 1, C2R3 ¼ 1, and C2R2 ¼ 1=2. Then we have

dv1

dt
þ 2v1 � v2 ¼ va ð9:9-5Þ

and � 2v1 þ dv2

dt
þ 3v2 ¼ vb ð9:9-6Þ

Using operators, we have

sþ 2ð Þv1 � v2 ¼ va
�2v1 þ sþ 3ð Þv2 ¼ vb

If we wish to solve for v1, we use Cramer’s rule to obtain

v1 ¼ sþ 3ð Þva þ vb

sþ 2ð Þ sþ 3ð Þ � 2
ð9:9-7Þ

The characteristic equation is obtained from the denominator and has the form

s2 þ 5sþ 4 ¼ 0

v1

R1

C1

R2 R3

vau(t) vbu(t)
+

–
v2C2

+

–
+
–

+
–

1 2

Ground

FIGURE 9.9-1 Circuit with two energy storage

elements.
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nodo 1: (9.9-1)

(9.9-3)

(9.9-5)

FIGURA 9.9-1 Circuito con dos elementos de 
almacenamiento de energía.
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Las raíces características son s 5 24 y s 5 21. La ecuación diferencial de segundo orden se puede 
obtener reescribiendo la ecuación 9.9-7 como
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

Entonces la ecuación diferencial para v1 es
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

 (9.9-8)

Ahora procedemos a obtener la respuesta natural
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

y la respuesta forzada, la cual depende de la forma de la función forzamiento. Por ejemplo, si va 5 
10 V y vb 5 6 V, v1f será una constante (vea la tabla 9.7-1). Obtenemos v1f al sustituir en la ecuación 
9.9-8, con lo cual

Entonces  
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

 (9.9-9)
Por lo común conocemos las condiciones iniciales de los elementos de almacenamiento de energía. 
Por ejemplo, si sabemos que v1(0) 5 5 V y v2(0) 5 10 V, primero utilizamos v1(0) 5 5 a lo largo de 
la ecuación 9.9-9 para obtener
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

y, por consiguiente
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.
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 (9.9-10)
Ahora necesitamos el valor de dv1 >dt en t 5 0. Si volvemos a la ecuación 9.9-5, tenemos
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

Por consiguiente, en t 5 0 tenemos
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

La derivada de la solución completa, la ecuación 9.9-9, en t 5 0 es

Por consiguiente,  
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

 (9.9-11)
Al despejar las ecuaciones 9.9-10 y 9.9-11, tenemos
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

y
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

En consecuencia, 
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The characteristic roots are s¼�4 and s¼�1. The second-order differential equation can be obtained

by rewriting Eq. 9.9-7 as

s2 þ 5sþ 4
� �

v1 ¼ sþ 3ð Þva þ vb

Then the differential equation for v1 is

d2v1

dt2
þ 5

dv1

dt
þ 4v1 ¼ dva

dt
þ 3va þ vb ð9:9-8Þ

We now proceed to obtain the natural response

vln ¼ A1e
�t þ A2e

�4t

and the forced response, which depends on the form of the forcing function. For example, if

va ¼ 10 V and vb ¼ 6 V, v1f will be a constant (see Table 9.7-1). We obtain v1f by substituting

into Eq. 9.9-8, obtaining

4vlf ¼ 3va þ vb

or 4vlf ¼ 30þ 6 ¼ 36

Therefore; vlf ¼ 9

Then v1 ¼ vln þ vlf ¼ A1e
�t þ A2e

�4t þ 9 ð9:9-9Þ
We will usually know the initial conditions of the energy storage elements. For example, if we know

that v1(0) ¼ 5 V and v2(0) ¼ 10 V, we first use v1(0) ¼ 5 along with Eq. 9.9-9 to obtain

v1 0ð Þ ¼ A1 þ A2 þ 9

and, therefore,

A1 þ A2 ¼ �4 ð9:9-10Þ
Now we need the value of dv1=dt at t ¼ 0. Referring back to Eq. 9.9-5, we have

dv1

dt
¼ va þ v2 � 2 v1

Therefore, at t ¼ 0, we have

dv1 0ð Þ
dt

¼ va 0ð Þ þ v2 0ð Þ � 2v1 0ð Þ ¼ 10þ 10� 2 5ð Þ ¼ 10

The derivative of the complete solution, Eq. 9.9-9, at t ¼ 0 is

dv1 0ð Þ
dt

¼ �A1 � 4 A2

Therefore; A1 þ 4 A2 ¼ �10 ð9:9-11Þ
Solving Eqs. 9.9-10 and 9.9-11, we have

A1 ¼ �2 and A2 ¼ �2

Therefore; v1 tð Þ ¼ �2e�t � 2e�4t þ 9 V

As you encounter circuits with two or more energy storage elements, you should consider

using the state variable method of describing a set of first-order differential equations.

The state variable method uses a first-order differential equation for each state variable to

determine the complete response of a circuit.

A summary of the state variable method is given in Table 9.9-1. We will use this method in

Example 9.9-1.

390 The Complete Response of Circuits with Two Energy Storage Elements

 A medida que encuentre circuitos con dos o más elementos de almacenamiento de energía, de-
biera considerar la aplicación del método de la variable de estado a la descripción de un conjunto de 
ecuaciones diferenciales de primer orden.

El método de la variable de estado utiliza una ecuación diferencial de primer orden por 
cada variable de estado para determinar la respuesta total de un circuito.

 En la tabla 9.9-1 se presenta un resumen del método de la variable de estado. Seguiremos este 
método en el ejemplo 9.9-1.

o bien

Por consiguiente,
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E j E m p l o  9 . 9 - 1  Respuesta total de un circuito de segundo orden

Encuentre i(t) para t . 0 para el circuito de la figura 9.9-2 
cuando R 5 3 V, L 5 1 H, C 5 1>2 F e is 5 2e23t A. Suponga 
estado estable en t 5 02.

Solución 
Primero, identificamos las variables de estado como i y v. 
Las condiciones iniciales en t 5 0 se obtienen al considerar el 
circuito con la fuente de 10-V conectada mucho tiempo en t 5 02. En t 5 0, la fuente de voltaje está desconectada 
y la fuente de corriente está conectada. Entonces v(0) 5 10 V e i(0) 5 0 A.
 Considere el circuito después del tiempo t = 0. La primera ecuación diferencial se obtiene aplicando la KVL 
en torno al enlace RLC para obtener

E1C09_1 11/26/2009 391

Table 9.9-1 State Variable Method of Circuit Analysis

1. Identify the state variables as the independent capacitor voltages and inductor currents.

2. Determine the initial conditions at t ¼ 0 for the capacitor voltages and the inductor currents.

3. Obtain a first-order differential equation for each state variable, using KCL or KVL.

4. Use the operator s to substitute for d=dt.

5. Obtain the characteristic equation of the circuit by noting that it can be obtained by setting the determinant of Cramer’s

rule equal to zero.

6. Determine the roots of the characteristic equation, which then determine the form of the natural response.

7. Obtain the second-order (or higher-order) differential equation for the selected variable x by Cramer’s rule.

8. Determine the forced response xf by assuming an appropriate form of xf and determining the constant by substituting

the assumed solution in the second-order differential equation.

9. Obtain the complete solution x ¼ xn þ xf.

10. Use the initial conditions on the state variables along with the set of first-order differential equations (step 3) to obtain

dx(0)=dt.

11. Using x(0) and dx(0)=dt for each state variable, find the arbitrary constants A1, A2, . . . An to obtain the complete

solution x(t).

E X A M P L E 9 . 9 - 1 Complete Response of a Second-Order Circuit

Find i(t) for t> 0 for the circuit shown in Figure 9.9-2 when R¼
3V, L¼ 1 H,C¼ 1=2 F, and is¼ 2e�3tA. Assume steady state

at t ¼ 0�.

Solution
First, we identify the state variables as i and v. The initial

conditions at t¼ 0 are obtained by considering the circuit with

the 10-V source connected for a long time at t ¼ 0�. At t¼ 0,

the voltage source is disconnected and the current source is

connected. Then v(0) ¼ 10 V and i(0) ¼ 0 A.

Consider the circuit after time t ¼ 0. The first differential equation is obtained by using KVL around the

RLC mesh to obtain

L
di

dt
þ Ri ¼ v

The second differential equation is obtained by using KCL at the node at the top of the capacitor to get

C
dv

dt
þ i ¼ is

We may rewrite these two first-order differential equations as

di

dt
þ R

L
i� v

L
¼ 0

and
dv

dt
þ i

C
¼ is

C

Substituting the component values, we have

di

dt
þ 3i� v ¼ 0 ð9:9-12Þ

is +
–RC

L

10 V

t = 0

t = 0

v

i

+

–

FIGURE 9.9-2 Circuit of Example 9.9-1.
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La segunda ecuación diferencial se obtiene aplicando la KCL en el nodo superior del condensador para obtener  
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Table 9.9-1 State Variable Method of Circuit Analysis

1. Identify the state variables as the independent capacitor voltages and inductor currents.

2. Determine the initial conditions at t ¼ 0 for the capacitor voltages and the inductor currents.

3. Obtain a first-order differential equation for each state variable, using KCL or KVL.

4. Use the operator s to substitute for d=dt.

5. Obtain the characteristic equation of the circuit by noting that it can be obtained by setting the determinant of Cramer’s

rule equal to zero.

6. Determine the roots of the characteristic equation, which then determine the form of the natural response.

7. Obtain the second-order (or higher-order) differential equation for the selected variable x by Cramer’s rule.

8. Determine the forced response xf by assuming an appropriate form of xf and determining the constant by substituting

the assumed solution in the second-order differential equation.

9. Obtain the complete solution x ¼ xn þ xf.

10. Use the initial conditions on the state variables along with the set of first-order differential equations (step 3) to obtain

dx(0)=dt.

11. Using x(0) and dx(0)=dt for each state variable, find the arbitrary constants A1, A2, . . . An to obtain the complete

solution x(t).

E X A M P L E 9 . 9 - 1 Complete Response of a Second-Order Circuit

Find i(t) for t> 0 for the circuit shown in Figure 9.9-2 when R¼
3V, L¼ 1 H,C¼ 1=2 F, and is¼ 2e�3tA. Assume steady state

at t ¼ 0�.

Solution
First, we identify the state variables as i and v. The initial

conditions at t¼ 0 are obtained by considering the circuit with

the 10-V source connected for a long time at t ¼ 0�. At t¼ 0,

the voltage source is disconnected and the current source is

connected. Then v(0) ¼ 10 V and i(0) ¼ 0 A.

Consider the circuit after time t ¼ 0. The first differential equation is obtained by using KVL around the

RLC mesh to obtain

L
di

dt
þ Ri ¼ v

The second differential equation is obtained by using KCL at the node at the top of the capacitor to get

C
dv

dt
þ i ¼ is

We may rewrite these two first-order differential equations as

di

dt
þ R

L
i� v

L
¼ 0

and
dv

dt
þ i

C
¼ is

C

Substituting the component values, we have

di

dt
þ 3i� v ¼ 0 ð9:9-12Þ

is +
–RC

L

10 V

t = 0

t = 0

v

i

+

–

FIGURE 9.9-2 Circuit of Example 9.9-1.
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Podemos reescribir estas dos ecuaciones diferenciales de primer orden como

y 
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Table 9.9-1 State Variable Method of Circuit Analysis

1. Identify the state variables as the independent capacitor voltages and inductor currents.

2. Determine the initial conditions at t ¼ 0 for the capacitor voltages and the inductor currents.

3. Obtain a first-order differential equation for each state variable, using KCL or KVL.

4. Use the operator s to substitute for d=dt.

5. Obtain the characteristic equation of the circuit by noting that it can be obtained by setting the determinant of Cramer’s

rule equal to zero.

6. Determine the roots of the characteristic equation, which then determine the form of the natural response.

7. Obtain the second-order (or higher-order) differential equation for the selected variable x by Cramer’s rule.

8. Determine the forced response xf by assuming an appropriate form of xf and determining the constant by substituting

the assumed solution in the second-order differential equation.

9. Obtain the complete solution x ¼ xn þ xf.

10. Use the initial conditions on the state variables along with the set of first-order differential equations (step 3) to obtain

dx(0)=dt.

11. Using x(0) and dx(0)=dt for each state variable, find the arbitrary constants A1, A2, . . . An to obtain the complete

solution x(t).

E X A M P L E 9 . 9 - 1 Complete Response of a Second-Order Circuit

Find i(t) for t> 0 for the circuit shown in Figure 9.9-2 when R¼
3V, L¼ 1 H,C¼ 1=2 F, and is¼ 2e�3tA. Assume steady state

at t ¼ 0�.

Solution
First, we identify the state variables as i and v. The initial

conditions at t¼ 0 are obtained by considering the circuit with

the 10-V source connected for a long time at t ¼ 0�. At t¼ 0,

the voltage source is disconnected and the current source is

connected. Then v(0) ¼ 10 V and i(0) ¼ 0 A.

Consider the circuit after time t ¼ 0. The first differential equation is obtained by using KVL around the

RLC mesh to obtain

L
di

dt
þ Ri ¼ v

The second differential equation is obtained by using KCL at the node at the top of the capacitor to get

C
dv

dt
þ i ¼ is

We may rewrite these two first-order differential equations as

di

dt
þ R

L
i� v

L
¼ 0

and
dv

dt
þ i

C
¼ is

C

Substituting the component values, we have

di

dt
þ 3i� v ¼ 0 ð9:9-12Þ

is +
–RC

L

10 V

t = 0

t = 0

v

i

+

–

FIGURE 9.9-2 Circuit of Example 9.9-1.
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Si sustituimos los valores del componente, tenemos
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Table 9.9-1 State Variable Method of Circuit Analysis

1. Identify the state variables as the independent capacitor voltages and inductor currents.

2. Determine the initial conditions at t ¼ 0 for the capacitor voltages and the inductor currents.

3. Obtain a first-order differential equation for each state variable, using KCL or KVL.

4. Use the operator s to substitute for d=dt.

5. Obtain the characteristic equation of the circuit by noting that it can be obtained by setting the determinant of Cramer’s

rule equal to zero.

6. Determine the roots of the characteristic equation, which then determine the form of the natural response.

7. Obtain the second-order (or higher-order) differential equation for the selected variable x by Cramer’s rule.

8. Determine the forced response xf by assuming an appropriate form of xf and determining the constant by substituting

the assumed solution in the second-order differential equation.

9. Obtain the complete solution x ¼ xn þ xf.

10. Use the initial conditions on the state variables along with the set of first-order differential equations (step 3) to obtain

dx(0)=dt.

11. Using x(0) and dx(0)=dt for each state variable, find the arbitrary constants A1, A2, . . . An to obtain the complete

solution x(t).

E X A M P L E 9 . 9 - 1 Complete Response of a Second-Order Circuit

Find i(t) for t> 0 for the circuit shown in Figure 9.9-2 when R¼
3V, L¼ 1 H,C¼ 1=2 F, and is¼ 2e�3tA. Assume steady state

at t ¼ 0�.

Solution
First, we identify the state variables as i and v. The initial

conditions at t¼ 0 are obtained by considering the circuit with

the 10-V source connected for a long time at t ¼ 0�. At t¼ 0,

the voltage source is disconnected and the current source is

connected. Then v(0) ¼ 10 V and i(0) ¼ 0 A.

Consider the circuit after time t ¼ 0. The first differential equation is obtained by using KVL around the

RLC mesh to obtain

L
di

dt
þ Ri ¼ v

The second differential equation is obtained by using KCL at the node at the top of the capacitor to get

C
dv

dt
þ i ¼ is

We may rewrite these two first-order differential equations as

di

dt
þ R

L
i� v

L
¼ 0

and
dv

dt
þ i

C
¼ is

C

Substituting the component values, we have

di

dt
þ 3i� v ¼ 0 ð9:9-12Þ

is +
–RC

L

10 V

t = 0

t = 0

v

i

+

–

FIGURE 9.9-2 Circuit of Example 9.9-1.
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 (9.9-12)

FIGURA 9.9-2 Circuito del ejemplo 9.9-1.

is +
–RC

L

10 V

t = 0

t = 0

v

i

+

–

Tabla 9.9-1 Método de la variable de estado del análisis de circuitos

 1. Identifique las variables de estado como los voltajes de condensador y corrientes de inductor independientes.

 2. Determine las condiciones iniciales en t 5 0 para los voltajes del condensador y las corrientes del inductor.

 3. Obtenga una ecuación diferencial de primer orden para cada variable de estado, utilizando KCL o KVL.

 4. Utilice el operador s para sustituir d>dt.

 5.  Obtenga la ecuación característica del circuito teniendo en cuenta que se puede obtener al establecer igual a cero la 
determinante de la regla de Cramer.

 6. Determine las raíces de la ecuación característica, las cuales determinan luego la forma de la respuesta natural.

 7. Obtenga la ecuación diferencial de segundo orden (o mayor) para la variable selecta x por la regla de Cramer.

 8.  Determine la respuesta forzada xf suponiendo una forma apropiada de xf y determinando la constante por la susti-
tución de la solución asumida en la ecuación diferencial de segundo orden.

 9. Obtenga la solución total x 5 xn 1 xf.

10.  Utilice las condiciones iniciales en las variables de estado con el conjunto de ecuaciones diferenciales de primer 
orden (paso 3) para obtener dx(0)>dt.

 11.  Utilizando x(0) y dx(0)>dt para cada variable de estado, encuentre las constantes arbitrarias A1, A2, . . . , An para 
obtener la solución total x(t).
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6

392 The Complete Response of Circuits with Two Energy Storage Elements
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Utilizando el operador s 5 d>dt, tenemos
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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 (9.9-15)
Por consiguiente, la ecuación característica obtenida por la determinante es

o bien 
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Así, las raíces de la ecuación característica son
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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y
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Pero como deseamos despejar i(t) para t . 0, aplicamos la regla de Cramer para despejar las ecuaciones 9.9-14 
y 9.9-15 para i, obteniendo
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Por consiguiente, la ecuación diferencial es
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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 (9.9-16)

La respuesta natural es
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Suponemos que la respuesta forzada es de la forma
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Sustituyendo if en la ecuación 9.9-16, tenemos

o bien  
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Por consiguiente, B 5 2, e
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6

392 The Complete Response of Circuits with Two Energy Storage Elements

La respuesta total es
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Porque i(0) 5 0,
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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 (9.9-17)

Necesitamos obtener di(0)>dt a partir de la ecuación 9.9-12, la cual repetimos aquí como
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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Por consiguiente, en t 5 0, tenemos
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and
dv

dt
þ 2i ¼ 2is ð9:9-13Þ

Using the operator s ¼ d=dt, we have

sþ 3ð Þi� v ¼ 0 ð9:9-14Þ
2iþ sv ¼ 2is ð9:9-15Þ

Therefore, the characteristic equation obtained from the determinant is

sþ 3ð Þsþ 2 ¼ 0

or s2 þ 3sþ 2 ¼ 0

Thus, the roots of the characteristic equation are

s1 ¼ �2 and s2 ¼ �1

Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining

i ¼ 2is
s2 þ 3sþ 2

Therefore, the differential equation is

d2i

dt2
þ 3

di

dt
þ 2i ¼ 2is ð9:9-16Þ

The natural response is

in ¼ A1e
�t þ A2e

�2t

We assume the forced response is of the form

if ¼ Be�3t

Substituting if into Eq. 9.9-16, we have

9Be�3t
� �þ 3 �3Be�3t

� �þ 2 Be�3t ¼ 2 2e�3t
� �

or 9B� 9Bþ 2B ¼ 4

Therefore, B ¼ 2 and

if ¼ 2e�3t

The complete response is

i ¼ A1e
�t þ A2e

�2t þ 2e�3t

Because i(0) ¼ 0,

0 ¼ A1 þ A2 þ 2 ð9:9-17Þ
We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di

dt
þ 3i� v ¼ 0

Therefore, at t ¼ 0, we have

di 0ð Þ
dt

¼ �3i 0ð Þ þ v 0ð Þ ¼ 10

The derivative of the complete response at t ¼ 0 is

di 0ð Þ
dt

¼ �A1 � 2A2 � 6
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We need to obtain di(0)=dt from Eq 9.9-12, which we repeat here as

di
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Dado que di(0)>dt 5 10, tenemos
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We recognize that the state variable method is particularly powerful

for finding the response of energy storage elements in a circuit. This is also

true if we encounter higher-order circuits with three or more energy storage

elements. For example, consider the circuit shown in Figure 9.9-3. The state

variables are v1, v2, and i. Two first-order differential equations are obtained

by writing the KCL equations at node a and node b. Then a third first-order

differential equation is obtained by writing the KVL around the middle

mesh containing i. The solution for one or more of these variables can then

be obtained by proceeding with the state variable method summarized in

Table 9.9-1.

EXERCISE 9.9-1 Find v2(t) for t > 0 for the circuit of Figure E 9.9-1. Assume there is no

initial stored energy.

3 10

1 Ω v1 v2 5 61 12 F F

H

10u(t) A
+

–

i

+

–

FIGURE E 9.9-1

Answer: v2 tð Þ ¼ �15e�2t þ 6e�4t � e�6t þ 10 V

9.10 ROOTS IN THE COMPLEX P LANE

We have observed that the character of the natural response of a second-order system is determined by

the roots of the characteristic equation. Let us consider the roots of a parallel RLC circuit. The

characteristic equation (9.4-3) is

s2 þ s

RC
þ 1

LC
¼ 0

and the roots are given by Eq. 9.4-8 to be

s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

q

Because di(0)=dt ¼ 10, we have

�A1 � 2A2 ¼ 16

and, repeating Eq. 9.9-17, we have

A1 þ A2 ¼ �2

Adding these two equations, we determine that A1 ¼ 12 and A2 ¼ �14. Then we have the complete solution for i as

i ¼ 12e�t � 14e�2t þ 2e�3t A

i

v1C1isu(t)

L

+

–
v2 C2 R

+

–

a b

FIGURE 9.9-3 Circuit with three energy

storage elements.
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y, repitiendo la ecuación 9.9-17, tenemos
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Sumando estas dos ecuaciones, determinamos que A1 5 12 y A2 5 214. Entonces tenemos la solución total para 
i como
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 Reconocemos que el método de las variables de estado es particular-
mente poderoso para encontrar la respuesta de elementos de almacenamien-
to de energía en un circuito. Esto también es cierto si nos encontramos con 
circuitos de orden más alto con tres o más elementos de almacenamiento de 
energía. Por ejemplo, considere el circuito que se muestra en la figura 9.9-3. 
Las variables de estado son v1, v2 e i. Dos ecuaciones diferenciales de primer 
orden se obtuvieron escribiendo las ecuaciones de la KCL en el nodo a y 
en el nodo b. Entonces se obtuvo una tercera ecuación diferencial de primer 
orden al escribir la KVL en torno al enlace intermedio que contiene i. La 
solución para una o más de estas variables se puede obtener procediendo 
con el método de las variables de estado, el cual se resume en la tabla 9.9-1.

EJERCICIO 9.9-1  Encuentre v2(t) para t . 0 para el circuito de la figura E 9.9-1. Suponga 
que no hay energía inicial almacenada.

3 10

1 Ω v1 v2 5 61 12 F F

H

10u(t) A
+

–

i

+

–

 FIGURA E 9.9-1

Respuesta: 
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mesh containing i. The solution for one or more of these variables can then
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Answer: v2 tð Þ ¼ �15e�2t þ 6e�4t � e�6t þ 10 V
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Because di(0)=dt ¼ 10, we have

�A1 � 2A2 ¼ 16

and, repeating Eq. 9.9-17, we have

A1 þ A2 ¼ �2

Adding these two equations, we determine that A1 ¼ 12 and A2 ¼ �14. Then we have the complete solution for i as

i ¼ 12e�t � 14e�2t þ 2e�3t A
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FIGURE 9.9-3 Circuit with three energy

storage elements.
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9.10 R A Í C E S  E N  E L  P L A N O  C O M P U E S T O

Hemos observado que el carácter de la respuesta natural de un sistema de segundo orden está deter-
minado por las raíces de la ecuación característica. Consideremos las raíces de un circuito RLC en 
paralelo. La ecuación característica (9.4-3) es
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y las raíces están dadas por la ecuación 9.4-8 para ser
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i

v1C1isu(t)

L

+

–
v2 C2 R

+

–

a b

FIGURA 9.9-3 Circuito con tres elementos 
de almacenamiento de energía.
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation

398 The Complete Response of Circuits with Two Energy Storage Elements

 5 1>(LC). Cuando 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
σ

ωj

–20 –5
××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

Underdamped
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Critically
damped
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roots)
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ω

ω
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FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.
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where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
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××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.
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FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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s o, ya que s tiene las unidades de frecuencia, como el plano de 
frecuencia compuesta. Cuando las raíces son reales, negativas y 
distintas, la respuesta es la suma de dos exponenciales que decaen 
y se dice que está sobreamortiguada. Cuando las raíces son conju-
gadas compuestas, la respuesta natural es una sinusoide que decae 
exponencialmente y se dice que es subamortiguada u oscilatoria. 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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–
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
σ

ωj

–20 –5
××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

Underdamped
   <   0

Overdamped
   >   0

Critically
damped
   =   0

(two identical
roots)

σ

j  

j   0

j   d

–j   d

–j   0

α ω
ω

ω

ω

ω

ω

α ω

α ω

Undamped
   = 0α

×

×

××××

×

×

FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.

394 The Complete Response of Circuits with Two Energy Storage Elements

 En la tabla 9.10-1 se presenta un resumen de las ubicaciones de las raíces, el tipo de respuesta, 
y la forma de la respuesta.

EJERCICIO 9.10-1  Un circuito RLC en paralelo tiene L 5 0.1 H y C 5 100 mF. Determine 
las raíces de la ecuación característica y trácelas en el plano s cuando (a) R 5 0.4 V y (b) R 5 1.0 V.

Respuesta: (a) s 5 25, 220 (figura E 9.10-1)

0
σ

ωj

–20 –5
××

 FIGURA E 9.10-1

9.11 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

FIGURA 9.10-1 El plano s total, mostrando la 
ubicación de las dos raíces, s1 y s2, de la ecuación 
característica en la porción a la izquierda del plano s. 
Las raíces están designadas por el símbolo 3.

Subamortiguada
   <   0

Sobreamortiguada
   >   0

Críticamente
amortiguada

   =   0
(dos raíces
idénticas)

σ

j  

j   0

j   d

–j   d

–j   0

α ω
ω

ω

ω

ω

ω

α ω

α ω

Sin
amortiguamiento

   = 0α

×

×

××××

×

×
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*La i(t) es la corriente del inductor en el circuito que se muestra en la figura 9.4-1 para las condiciones iniciales i(0) 5 1 y v(0) 5 0.

E j E m p l o  9 . 11- 1  ¿Cómo podemos comprobar una respuesta subamortiguada?

La figura 9.11-1b muestra un circuito RLC. El voltaje, vs (t), de la fuente de voltaje es la onda cuadrada que se 
muestra en la figura 9.11-1a. La figura 9.11-2 muestra un trazo de la corriente del inductor, i(t), la cual se obtuvo 
por simulación de este circuito, utilizando PSpice. ¿Cómo podemos comprobar que el trazo de i(t) es correcto?

Solución
Hay que comprobar algunas características del trazo. El trazo indica que los valores de estado estable de la corrien-
te del inductor son i(
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements
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P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a
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senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a
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) 5 200 mA y que el circuito es no amortiguado. Además, algunos puntos en la 

Tabla 9.10-1 La respuesta natural de un circuito RLC en paralelo*

TIPO DE RESPUESTA UBICACIÓN DE RAÍZ FORMA DE RESPUESTA

Sobreamortiguada σ

jω

××

1
i(t), A

t, s

Críticamente amortiguada σ

jω
×

×

1
i(t), A

t, s

Subamortiguada σ

jω

××

1
i(t), A

t, s

No amortiguada σ

jω
×

×

1
i(t), A

t, s
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+
– µ

µ

(b)(a)

i(t)100 Ω

0

20

2 4 6 8

vs, V

t,   s

1 nFvs 10   H

FIGURA 9.11-1 Circuito RLC (b) excitado por una onda cuadrada (a).

0 A

–100 mA

100 mA

200 mA

300 mA

0 s 1.0 ms 2.0 ms 3.0 ms 4.0 ms 5.0 ms 6.0 ms
Tiempo

I (L1)

(378.151n, 237.442m)

(731.092n, 192.927m)

(136.159n, 100.000m)

FIGURA 9.11-2 Trazo de PSpice de la corriente del inductor, i(t), para el circuito que se muestra en la figura 9.11-1.

respuesta se han etiquetado para dar los valores correspondientes de tiempo y corriente. Estos valores se pueden 
utilizar para comprobar el valor de la frecuencia resonante amortiguada, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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d.
 Si el voltaje de la fuente de voltaje fuera una constante, vs(t) 5 Vs, entonces la corriente del inductor en 
estado estable sería
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been labeled to give the corresponding values of time and current. These values can be used to check the value of

the damped resonant frequency, vd.

If the voltage of the voltage source were a constant, vs(t) ¼ Vs, then the steady-state inductor current

would be

i tð Þ ¼ V s

100

Thus, we expect the steady-state inductor current to be i(1) ¼ 0 when Vs ¼ 0 V and to be i(1) ¼ 200 mA when

Vs¼ 20 V. The plot in Figure 9.11-2 shows that the steady-state values of the inductor current are indeed i(1)¼ 0 and

i(1) ¼ 200 mA.

The plot in Figure 9.11-2 shows an underdamped response. The RLC circuit will be underdamped if

10�5 ¼ L < 4R2C ¼ 4� 1002 � 10�9

Because this inequality is satisfied, the circuit is indeed underdamped, as indicated by the plot.
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FIGURE 9.11-1 An RLC circuit (b) excited by a square wave (a).
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FIGURE 9.11-2 PSpice plot of the inductor current, i(t), for the circuit shown in Figure 9.11-1.
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Por lo tanto, esperamos que la corriente del inductor en estado estable sea i(

E1C02_1 10/23/2009 31

The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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been labeled to give the corresponding values of time and current. These values can be used to check the value of

the damped resonant frequency, vd.

If the voltage of the voltage source were a constant, vs(t) ¼ Vs, then the steady-state inductor current

would be

i tð Þ ¼ V s

100

Thus, we expect the steady-state inductor current to be i(1) ¼ 0 when Vs ¼ 0 V and to be i(1) ¼ 200 mA when

Vs¼ 20 V. The plot in Figure 9.11-2 shows that the steady-state values of the inductor current are indeed i(1)¼ 0 and

i(1) ¼ 200 mA.

The plot in Figure 9.11-2 shows an underdamped response. The RLC circuit will be underdamped if

10�5 ¼ L < 4R2C ¼ 4� 1002 � 10�9

Because this inequality is satisfied, the circuit is indeed underdamped, as indicated by the plot.
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FIGURE 9.11-1 An RLC circuit (b) excited by a square wave (a).
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FIGURE 9.11-2 PSpice plot of the inductor current, i(t), for the circuit shown in Figure 9.11-1.
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Dado que esta desigualdad se satisface, el circuito está en realidad subamortiguado, como lo indica el trazo.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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9 . 1 2 DES IGN EXAMPLE

AUTO AIRBAG IGNITER

Airbags are widely used for driver and passenger protection in automobiles. A pendulum is

used to switch a charged capacitor to the inflation ignition device, as shown in Figure

9.12-1. The automobile airbag is inflated by an explosive device that is ignited by the

energy absorbed by the resistive device represented by R. To inflate, it is required that the

energy dissipated in R be at least 1 J. It is required that the ignition device trigger within 0.1

s. Select the L and C that meet the specifications.

Describe the Situation and the Assumptions

1. The switch is changed from position 1 to position 2 at t ¼ 0.

2. The switch was connected to position 1 for a long time.

3. A parallel RLC circuit occurs for t � 0.

+
–12 V

1 2

C

t = 0

L 4 Ω R
Airbag
igniter

FIGURE 9.12-1 An automobile

airbag ignition device.

The damped resonant frequency, vd, is given by

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

10�5 � 10�9 �
1

2� 100� 10�9

� �2
s

¼ 8:66� 106 rad/s

The plot indicates that the plot has a maxima at 378 ns and a minima at 731 ns. Therefore, the period of the

damped oscillation can be approximated as

T d ¼ 2 731� 10�9 � 378� 10�9
� � ¼ 706� 10�9 s

The damped resonant frequency, vd, is related to Td by Eq. 9.6-9. Therefore,

vd ¼ 2p

Td
¼ 2p

706� 10�9 ¼ 8:90� 106 rad/s

The value of vd obtained from the plot agrees with the value obtained from the circuit.

We conclude that the plot is correct.

Design Example 397

El trazo indica que el trazo tiene una máxima en 378 ns, y una mínima en 731 ns. Por consiguiente, el periodo de 
la oscilación amortiguada se puede aproximar como
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used to switch a charged capacitor to the inflation ignition device, as shown in Figure
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energy absorbed by the resistive device represented by R. To inflate, it is required that the

energy dissipated in R be at least 1 J. It is required that the ignition device trigger within 0.1

s. Select the L and C that meet the specifications.

Describe the Situation and the Assumptions
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The damped resonant frequency, vd, is related to Td by Eq. 9.6-9. Therefore,
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We conclude that the plot is correct.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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d, se relaciona con Td por la ecuación 9.6-9. Por consiguiente, 
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9 . 1 2 DES IGN EXAMPLE

AUTO AIRBAG IGNITER

Airbags are widely used for driver and passenger protection in automobiles. A pendulum is

used to switch a charged capacitor to the inflation ignition device, as shown in Figure

9.12-1. The automobile airbag is inflated by an explosive device that is ignited by the

energy absorbed by the resistive device represented by R. To inflate, it is required that the

energy dissipated in R be at least 1 J. It is required that the ignition device trigger within 0.1

s. Select the L and C that meet the specifications.

Describe the Situation and the Assumptions

1. The switch is changed from position 1 to position 2 at t ¼ 0.

2. The switch was connected to position 1 for a long time.

3. A parallel RLC circuit occurs for t � 0.

+
–12 V

1 2

C

t = 0

L 4 Ω R
Airbag
igniter

FIGURE 9.12-1 An automobile

airbag ignition device.

The damped resonant frequency, vd, is given by

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

10�5 � 10�9 �
1

2� 100� 10�9

� �2
s

¼ 8:66� 106 rad/s

The plot indicates that the plot has a maxima at 378 ns and a minima at 731 ns. Therefore, the period of the

damped oscillation can be approximated as

T d ¼ 2 731� 10�9 � 378� 10�9
� � ¼ 706� 10�9 s

The damped resonant frequency, vd, is related to Td by Eq. 9.6-9. Therefore,

vd ¼ 2p

Td
¼ 2p

706� 10�9 ¼ 8:90� 106 rad/s

The value of vd obtained from the plot agrees with the value obtained from the circuit.

We conclude that the plot is correct.
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El valor de 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

d obtenido a partir del trazo concuerda con el valor obtenido a partir del circuito.
 Concluimos que el trazo es correcto

En los automóviles se utilizan ampliamente las bolsas de aire para protección del conductor 
y el pasajero. Para el encendido del dispositivo de inflado se utiliza un péndulo para conectar 
un condensador cargado, como se muestra en la figura 9.12-1. La bolsa de aire del automóvil 
se infla mediante un dispositivo explosivo que se enciende por la energía absorbida por el dis-
positivo resistivo representado por R. Para el inflado se requiere que la energía disipada en R 
sea de al menos 1 J. Se necesita que el dispositivo de ignición se dispare en un lapso de 0.1 s.  
Seleccione los L y C que cumplan con las especificaciones.

Describa la situación y los supuestos
1. El interruptor se cambió de la posición 1 a la posición 2 en t 5 0.

2. El interruptor estuvo conectado a la posición 1 por mucho tiempo.

3. Un circuito RLC en paralelo ocurre para t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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encendido de la
bolsa de aire

 

FIGURA 9.12-1 Dispositivo de 
encendido de la bolsa de aire  
de un automóvil.
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	 398	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

Establezca el objetivo
Seleccione L y C de modo que la energía almacenada en el condensador se transmita rápida-
mente al dispositivo resistivo R.

Genere un plan
1.  Seleccione L y C de modo que se obtenga una respuesta subamortiguada con un periodo 

menor que o igual a 0.4 s(T 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0.4 s).

2. Despeje v(t) e i(t) para el resistor R.

Actúe sobre el plan
Supongamos que el voltaje inicial del condensador es v(0) 5 12 V e iL(0) 5 0 porque el inte-
rruptor está en la posición 1 por mucho tiempo antes de que t 5 0. La respuesta del circuito 
RLC en paralelo para una respuesta subamortiguada es de la forma
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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sen
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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 (9.12-1)

Esta respuesta natural se obtiene cuando a2 , 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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 o L , 4R2C. Elegimos una respuesta sub-
amortiguada para nuestro diseño pero reconocemos que una respuesta sobreamortiguada o 
críticamente amortiguada puede satisfacer los objetivos del diseño del circuito. Además, re-
conocemos que los valores de los parámetros seleccionados a continuación sólo representan 
una solución aceptable.
 Dado que queremos una respuesta rápida, seleccionaremos a 5 2 (una constante de 
tiempo de 1>2 s) donde a 5 1>(2RC). Por lo tanto, tenemos
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Recuerde que 
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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 5 1>(LC) y que se requiere que a2,
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The second term on the right-hand side of Eq. 8.3-6 dies out as t increases. This is the transient or

natural response. At t¼ 0, e�0¼ 1. Letting t¼ 0 in Eq. 8.3-6 gives v(0)¼ v(0), as required. When t¼
5t, e�5 ¼ 0.0067� 0, so at time t ¼ 5t, the capacitor voltage will be

v 5tð Þ ¼ 0:9933 V oc þ 0:0067 v 0ð Þ � V oc

This is the steady-state or forced response. The forced response is of the same form, a constant, as the

input to the circuit. The sum of the natural and forced responses is the complete response:

complete response ¼ v tð Þ; forced response ¼ V oc

and natural response ¼ v 0ð Þ � V ocð Þe�t= RtCð Þ

Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see

that

x tð Þ ¼ i tð Þ; t ¼ L

Rt
; and K ¼ L

Rt
I sc

Making these substitutions in Eq. 8.3-4 gives

i tð Þ ¼ I sc þ i 0ð Þ � I scð Þe� Rt=Lð Þt ð8:3-7Þ
Again, the complete response is the sum of the forced (steady-state) response and the transient

(natural) response:

complete response ¼ i tð Þ; forced response ¼ I sc

and natural response ¼ i 0ð Þ � I scð Þe� Rt=Lð Þt

E X A M P L E 8 . 3 - 1 First-Order Circuit with a Capacitor

Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the

capacitor voltage 50ms after the switch opens?

Solution
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor

voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens.

Therefore, the initial condition is

v 0ð Þ ¼ 2 V

Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b,

we see that

Rt ¼ 10 kV and V oc ¼ 8 V

The time constant for this first-order circuit containing a capacitor is

t ¼ RtC ¼ 10� 103
� �

2� 10�6
� � ¼ 20� 10�3 ¼ 20 ms

Substituting these values into Eq. 8.3-6 gives

v tð Þ ¼ 8� 6e�t=20 V ð8:3-8Þ
where t has units of ms. To find the voltage 50 ms after the switch opens, let t ¼ 50. Then,

v 50ð Þ ¼ 8� 6e�50=20 ¼ 7:51 V
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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La potencia es entonces
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State the Goal

Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive

device R.

Generate a Plan

1. Select L and C so that an underdamped response is obtained with a period of less than or

equal to 0.4 s (T � 0.4 s).

2. Solve for v(t) and i(t) for the resistor R.

Act on the Plan
We assume that the initial capacitor voltage is v(0)¼ 12 V and iL(0)¼ 0 because the switch is

in position 1 for a long time prior to t ¼ 0. The response of the parallel RLC circuit for an

underdamped response is of the form

v tð Þ ¼ e�at B1 cos vdt þ B2 sin vdtð Þ ð9:12-1Þ
This natural response is obtained when a2 <v2

0 or L < 4R2C. We choose an underdamped

response for our design but recognize that an overdamped or critically damped response may

satisfy the circuit’s design objectives. Furthermore, we recognize that the parameter values

selected below represent only one acceptable solution.

Because we want a rapid response, we will select a ¼ 2 (a time constant of 1=2 s)

where a ¼ 1= 2RCð Þ. Therefore, we have

C ¼ 1

2Ra
¼ 1

16
F

Recall that v2
0 ¼ 1= LCð Þ and it is required that a2<v2

0. Because we want a rapid response, we

select the natural frequency v0 so that (recall T � 0.4 s)

v0 ¼ 2p

T
¼ 2p

0:4
¼ 5p rad/s

Therefore, we obtain

L ¼ 1

v2
0C

¼ 1

25p2 1=16ð Þ ¼ 0:065 H

Thus, we will use C ¼ 1=16 F and L ¼ 65 mH. We then find that vd ¼ 15.58 rad/s and, using

Eq. 9.6-5, we have

v tð Þ ¼ e�2t B1 cos vdt þ B2 sin vdtð Þ ð9:12-2Þ
Then B1 ¼ v(0) ¼ 12 and

vdB2 ¼ aB1 � B1

RC
¼ 2� 4ð Þ12 ¼ �24

Therefore, B2 ¼ �24=15.58 ¼ �1.54. Because B2 � B1, we can approximate Eq. 9.12-2 as

v tð Þ ffi 12e�2t cos vdt V

The power is then

p ¼ v2

R
¼ 36e�4t cos2 vdt W

Verify the Proposed Solution
The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100

ms. If we sketch the product of v and i for the first 100 ms, we obtain a linear approximation
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Verifique la solución propuesta
El voltaje y la corriente actual para el resistor R se muestran en la figura 9.12-2 para los pri-
meros 100 ms. Si bosquejamos el producto de v e i para los primeros 100 ms, obtenemos una 
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FIGURA 9.12-2 La respuesta 
del circuito RLC.

aproximación lineal que declina de 36 W en t 5 0 a 0 W en t 5 95 ms. Entonces, la energía 
absorbida por el resistor sobre los primeros 100 ms es
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declining from 36W at t¼ 0 to 0W at t¼ 95 ms. The energy absorbed by the resistor over the

first 100 ms is then

w ffi 1

2
36ð Þ 0:1 sð Þ ¼ 1:8 J

Therefore, the airbag will trigger in less than 0.1 s, and our objective is achieved.

9.13 SUMMARY
Second-order circuits are circuits that are represented by a

second-order differential equation, for example,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0x tð Þ ¼ f tð Þ
where x(t) is the output current or voltage of the circuit and

f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or

voltage of any device in the circuit. The output is frequently

chosen to be the current of an inductor or the voltage of a

capacitor. The input to the circuit is provided by the voltages

of independent voltage sources and/or currents of indepen-

dent current sources. The coefficients of this differential

equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

Obtaining the differential equation to represent an arbi-

trary circuit can be challenging. This chapter presents

three methods for obtaining that differential equation:

the direct method (Section 9.2), the operator method

(Section 9.2), and the state variable method (Section 9.10).

The characteristic equation of a second-order circuit is

s2 þ 2asþ v2
0 ¼ 0

This second-order equation has two solutions, s1 and s2.

These solutions are called the natural frequencies of the

second-order circuit.

Second-order circuits are characterized as overdamped,

critically damped, or underdamped. A second-order circuit

is overdamped when s1 and s2 are real and unequal, or,

equivalently, a > v0. A second-order circuit is critically

damped when s1 and s2 are real and equal, or, equivalently,

a¼ v0. A second-order circuit is underdamped when s1 and

s2 are real and equal, or, equivalently, a < v0.

Table 9.13-1 describes the natural frequencies of over-

damped, underdamped, and critically damped parallel and

series RLC circuits.

The complete response of a second-order circuit is the sum

of the natural response and the forced response

x ¼ xn þ xf

The form of the natural response depends on the natural

frequencies of the circuit as summarized in Table 9.13-2.

The form of the forced response depends on the input to the

circuit as summarized in Table 9.13-3.
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FIGURE 9.12-2 The response

of the RLC circuit.
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Por consiguiente, la bolsa de aire se disparará en menos de 0.1 s, y alcanzaremos nuestro 
objetivo.

9.13 R E S U M E N
  Los circuitos de segundo orden son circuitos que se repre-

sentan por una ecuación diferencial, por ejemplo,
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declining from 36W at t¼ 0 to 0W at t¼ 95 ms. The energy absorbed by the resistor over the

first 100 ms is then

w ffi 1

2
36ð Þ 0:1 sð Þ ¼ 1:8 J

Therefore, the airbag will trigger in less than 0.1 s, and our objective is achieved.

9.13 SUMMARY
Second-order circuits are circuits that are represented by a

second-order differential equation, for example,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0x tð Þ ¼ f tð Þ
where x(t) is the output current or voltage of the circuit and

f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or

voltage of any device in the circuit. The output is frequently

chosen to be the current of an inductor or the voltage of a

capacitor. The input to the circuit is provided by the voltages

of independent voltage sources and/or currents of indepen-

dent current sources. The coefficients of this differential

equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

Obtaining the differential equation to represent an arbi-

trary circuit can be challenging. This chapter presents

three methods for obtaining that differential equation:

the direct method (Section 9.2), the operator method

(Section 9.2), and the state variable method (Section 9.10).

The characteristic equation of a second-order circuit is

s2 þ 2asþ v2
0 ¼ 0

This second-order equation has two solutions, s1 and s2.

These solutions are called the natural frequencies of the

second-order circuit.

Second-order circuits are characterized as overdamped,

critically damped, or underdamped. A second-order circuit

is overdamped when s1 and s2 are real and unequal, or,

equivalently, a > v0. A second-order circuit is critically

damped when s1 and s2 are real and equal, or, equivalently,

a¼ v0. A second-order circuit is underdamped when s1 and

s2 are real and equal, or, equivalently, a < v0.

Table 9.13-1 describes the natural frequencies of over-

damped, underdamped, and critically damped parallel and

series RLC circuits.

The complete response of a second-order circuit is the sum

of the natural response and the forced response

x ¼ xn þ xf

The form of the natural response depends on the natural

frequencies of the circuit as summarized in Table 9.13-2.

The form of the forced response depends on the input to the

circuit as summarized in Table 9.13-3.
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  donde x(t) es la corriente o el voltaje de salida del circuito y 
ƒ(t) es la entrada al circuito. La salida del circuito, también 
llamada la respuesta del circuito, puede ser la corriente o el 
voltaje de cualquier dispositivo en el circuito. Con frecuen-
cia se selecciona que la salida sea la corriente de un inductor 
o el voltaje de un condensador. La entrada al circuito la pro-
porcionan los voltajes de las fuentes de voltaje independien-
tes y/o las corrientes de fuentes de corriente independientes. 
Los coeficientes de esta ecuación diferencial tienen nom-
bres: a a se le denomina coeficiente de amortiguamiento y a 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0 se le llama la frecuencia resonante.
  Obtener la ecuación diferencial para representar un circuito 

arbitrario puede convertirse en un reto. Este capítulo pre-
senta tres métodos para obtener esa ecuación diferencial: el 
método directo (sección 9.2), el método operador (sección 
9.2) y el método de variable de estado (sección 9.10).

  La ecuación característica de un circuito de segundo orden 
es
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declining from 36W at t¼ 0 to 0W at t¼ 95 ms. The energy absorbed by the resistor over the

first 100 ms is then

w ffi 1

2
36ð Þ 0:1 sð Þ ¼ 1:8 J

Therefore, the airbag will trigger in less than 0.1 s, and our objective is achieved.

9.13 SUMMARY
Second-order circuits are circuits that are represented by a

second-order differential equation, for example,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0x tð Þ ¼ f tð Þ
where x(t) is the output current or voltage of the circuit and

f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or

voltage of any device in the circuit. The output is frequently

chosen to be the current of an inductor or the voltage of a

capacitor. The input to the circuit is provided by the voltages

of independent voltage sources and/or currents of indepen-

dent current sources. The coefficients of this differential

equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

Obtaining the differential equation to represent an arbi-

trary circuit can be challenging. This chapter presents

three methods for obtaining that differential equation:

the direct method (Section 9.2), the operator method

(Section 9.2), and the state variable method (Section 9.10).

The characteristic equation of a second-order circuit is

s2 þ 2asþ v2
0 ¼ 0

This second-order equation has two solutions, s1 and s2.

These solutions are called the natural frequencies of the

second-order circuit.

Second-order circuits are characterized as overdamped,

critically damped, or underdamped. A second-order circuit

is overdamped when s1 and s2 are real and unequal, or,

equivalently, a > v0. A second-order circuit is critically

damped when s1 and s2 are real and equal, or, equivalently,

a¼ v0. A second-order circuit is underdamped when s1 and

s2 are real and equal, or, equivalently, a < v0.

Table 9.13-1 describes the natural frequencies of over-

damped, underdamped, and critically damped parallel and

series RLC circuits.

The complete response of a second-order circuit is the sum

of the natural response and the forced response

x ¼ xn þ xf

The form of the natural response depends on the natural

frequencies of the circuit as summarized in Table 9.13-2.

The form of the forced response depends on the input to the

circuit as summarized in Table 9.13-3.
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  Esta ecuación de segundo orden tiene dos soluciones, s1 y 
s2. Estas soluciones se denominan frecuencias naturales del 
circuito de segundo orden.

  Los circuitos de segundo orden se clasifican en sobreamorti-
guados, críticamente amortiguados, o subamortiguados. Un 
circuito de segundo orden está sobreamortiguado cuando s1 y 
s2 son reales y desiguales, o, de manera equivalente, a . 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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d. 
Un circuito de segundo orden está críticamente amortiguado 
cuando s1 y s2 son reales e iguales, o, de manera equivalente, 
a 5 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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0. Un circuito de segundo orden está subamortiguado 
cuando s1 y s2 son reales e iguales, o, de manera equivalente, 
a , 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.
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PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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0.
  La tabla 9.13-1 describe las frecuencias naturales de circui-

tos serie RLC en paralelo y en serie sobreamortiguados, sub-
amortiguados y críticamente amortiguados.

  La respuesta total de un circuito de segundo orden es la suma 
de la respuesta natural y la respuesta forzada
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declining from 36W at t¼ 0 to 0W at t¼ 95 ms. The energy absorbed by the resistor over the

first 100 ms is then

w ffi 1

2
36ð Þ 0:1 sð Þ ¼ 1:8 J

Therefore, the airbag will trigger in less than 0.1 s, and our objective is achieved.

9.13 SUMMARY
Second-order circuits are circuits that are represented by a

second-order differential equation, for example,

d2

dt2
x tð Þ þ 2a

d

dt
x tð Þ þ v2

0x tð Þ ¼ f tð Þ
where x(t) is the output current or voltage of the circuit and

f ðtÞ is the input to the circuit. The output of the circuit, also
called the response of the circuit, can be the current or

voltage of any device in the circuit. The output is frequently

chosen to be the current of an inductor or the voltage of a

capacitor. The input to the circuit is provided by the voltages

of independent voltage sources and/or currents of indepen-

dent current sources. The coefficients of this differential

equation have names: a is called the damping coefficient,

and v0 is called the resonant frequency.

Obtaining the differential equation to represent an arbi-

trary circuit can be challenging. This chapter presents

three methods for obtaining that differential equation:

the direct method (Section 9.2), the operator method

(Section 9.2), and the state variable method (Section 9.10).

The characteristic equation of a second-order circuit is

s2 þ 2asþ v2
0 ¼ 0

This second-order equation has two solutions, s1 and s2.

These solutions are called the natural frequencies of the

second-order circuit.

Second-order circuits are characterized as overdamped,

critically damped, or underdamped. A second-order circuit

is overdamped when s1 and s2 are real and unequal, or,

equivalently, a > v0. A second-order circuit is critically

damped when s1 and s2 are real and equal, or, equivalently,

a¼ v0. A second-order circuit is underdamped when s1 and

s2 are real and equal, or, equivalently, a < v0.

Table 9.13-1 describes the natural frequencies of over-

damped, underdamped, and critically damped parallel and

series RLC circuits.

The complete response of a second-order circuit is the sum

of the natural response and the forced response

x ¼ xn þ xf

The form of the natural response depends on the natural

frequencies of the circuit as summarized in Table 9.13-2.

The form of the forced response depends on the input to the

circuit as summarized in Table 9.13-3.
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v(t) voltage across
the resistor (V)

Time (ms)

FIGURE 9.12-2 The response

of the RLC circuit.
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  La forma de la respuesta natural depende de las frecuencias 
naturales el circuito, como se resume en la tabla 9.13-2. 
La forma de la respuesta forzada depende de la entrada del 
circuito, como sintetiza la tabla 9.13-3.
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Tabla 9.13-1 Frecuencias naturales de circuitos serie RLC en serie y en paralelo

RLC EN PARALELO RLC EN SERIE

Circuito

Ecuación diferencial

Ecuación característica

Coeficiente de amortiguamiento, rad/s

Frecuencia resonante, rad/s

Frecuencia resonante amortiguada, rad/s

Frecuencias naturales:  
condición sobreamortiguada

Frecuencias naturales:  
condición críticamente amortiguada

Frecuencias naturales:  
condición subamortiguada

LR C

i(t) L

CR v(t)

+

–
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Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

E1C09_1 11/26/2009 400
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Circuit
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LC

s
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R

2L

� �2

� 1

LC

s
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1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r
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2RC
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C
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r
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2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r
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LC
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2RC
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s
s1; s2 ¼ � R
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s
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2

ffiffiffiffi
L

C
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ffiffiffiffi
L

C

r
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2RC
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LC
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2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
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ffiffiffiffi
L

C

r
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Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit
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+
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dt2
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dt
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2RC

� �2
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R

2L

� �2

� 1

LC

s
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2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s
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1

2

ffiffiffiffi
L

C

r
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ffiffiffiffi
L

C

r
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ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
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2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
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ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

cuando R

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

cuando R

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

cuando R

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

cuando R

E1C09_1 11/26/2009 400

Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits

PARALLEL RLC SERIES RLC

Circuit

LR C

i(t) L

CR v(t)

+

–

Differential equation d2

dt2
i tð Þ þ 1

RC

d

dt
i tð Þ þ 1

LC
i tð Þ ¼ 0

d2

dt2
v tð Þ þ R

L

d

dt
v tð Þ þ 1

LC
v tð Þ ¼ 0

Characteristic equation
s2 þ 1

RC
sþ 1

LC
¼ 0 s2 þ R

L
sþ 1

LC
¼ 0

Damping coefficient, rad/s
a ¼ 1

2RC
a ¼ R

2L

Resonant frequency, rad/s
v0 ¼ 1ffiffiffiffiffiffiffi

LC
p v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

Damped resonant frequency, rad/s

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2RC

� �2

� 1

LC

s
vd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

Natural frequencies: overdamped case

s1; s2 ¼ � 1

2RC
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2RC

� �2

� 1

LC

s
s1; s2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2L

� �2

� 1

LC

s

when R <
1

2

ffiffiffiffi
L

C

r
when R > 2

ffiffiffiffi
L

C

r

Natural frequencies: critically damped case
s1 ¼ s2 ¼ � 1

2RC
when R ¼ 1

2

ffiffiffiffi
L

C

r
s1 ¼ s2 ¼ � R

2L
when R ¼ 2

ffiffiffiffi
L

C

r

Natural frequencies: underdamped case

s1; s2 ¼ � 1

2RC
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� 1

2RC

� �2
s

s1; s2 ¼ � R

2L
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LC
� R

2L

� �2
s

when R >
1

2

ffiffiffiffi
L

C

r
when R < 2

ffiffiffiffi
L

C

r

Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t

Critically damped s1; s2 ¼ �a (A1þA2t)e
�at

Underdamped s1; s2 ¼ �a� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt

400 The Complete Response of Circuits with Two Energy Storage Elements

Tabla 9.13-2 Respuesta natural de circuitos de segundo orden

CONDICIÓN FRECUENCIAS NATURALES RESPUESTA NATURAL, xn

Sobreamortiguada
Críticamente amortiguada

Subamortiguada
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Table 9.13-2 Natural Response of Second-Order Circuits

CASE NATURAL FREQUENCIES NATURAL RESPONSE, xn

Overdamped s1; s2 ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
A1e

s1t þ A2e
s2 t
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�at

Underdamped s1; s2 ¼ �a� j
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v2
0 � a2

p ¼ �a� jvd
(A1 cos vdtþA2 sin vdt)e

�at

Table 9.13-3 Forced Response of Second-Order Circuits

INPUT, f(t) FORCED RESPONSE, xf

Constant K A

Ramp K t AþBt

Sinusoid K cos vt, K sin vt, or K cos (vtþu) A cos vtþB sin vt

Exponential Ke�bt Ae�bt
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Tabla 9.13-3 Respuesta forzada de circuitos de segundo orden

ENTRADA, f(t) RESPUESTA FORZADA, xf

Constante
Pendiente
Sinusoide
Exponencial

K
K t
K cos 
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differential equation for the second-order circuit as

d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ ð9:7-1Þ

The forced response xf must satisfy Eq. 9.7-1. Therefore, substituting xf, we have

d2xf

dt2
þ a1

dxf

dt
þ a0xf ¼ f tð Þ ð9:7-2Þ

We need to determine xf so that xf and its first and second derivatives all satisfy Eq. 9.7-2.

If the forcing function is a constant, we expect the forced response also to be a constant because

the derivatives of a constant are zero. If the forcing function is of the form f ðtÞ ¼ Be�at, then the

derivatives of f ðtÞ are all exponentials of the form Qe�at, and we expect

xf ¼ De�at

If the forcing function is a sinusoidal function, we can expect the forced response to be a

sinusoidal function. If f ðtÞ ¼ A sin v0t, we will try

xf ¼ M sin v0t þ N cos v0t ¼ Q sin v0t þ uð Þ
Table 9.7-1 summarizes selected forcing functions and their associated assumed solutions.

Table 9.7-1 Forced Responses

FORCING FUNCTION ASSUMED RESPONSE

K A

Kt AtþB

Kt 2 At 2þBtþC

K sin vt A sin vtþB cos vt

Ke�at Ae�at

E X A M P L E 9 . 7 - 1 Forced Response to an Exponential Input

Find the forced response for the inductor current if for the parallel RLC

circuit shown in Figure 9.7-1 when is¼ 8e�2tA. Let R¼ 6V, L¼ 7 H, and

C ¼ 1=42 F.

Solution
The source current is applied at t¼ 0 as indicated by the unit step function

u(t). After t ¼ 0, the KCL equation at the upper node is

iþ v

R
þ C

dv

dt
¼ is ð9:7-3Þ

We note that

v ¼ L
di

dt
ð9:7-4Þ

so
dv

dt
¼ L

d2i

dt2
ð9:7-5Þ

i

is u(t)

v

R L C

Ground

FIGURE 9.7-1 Circuit for Examples

9.7-1 and 9.7-2.

Forced Response of an RLC Circuit 383
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R2

L

+
– Vs

i(t)

t = 0

v(t)

+

–

R1
R3

C

Figura P 9.2-4

P 9.2-5 La entrada al circuito que se muestra en la figura 
P 9.2-5 es el voltaje de la fuente de voltaje, vs. La salida es el 
voltaje v(t) del condensador. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método directo.

+
– vs

R1

R2

L

i(t)

v(t)

+

–

C

t = 0

Figura P 9.2-5

P 9.2-6 La entrada al circuito que se muestra en la figura 
P 9.2-6 es el voltaje de la fuente de voltaje, vs. La salida es 
la corriente i(t) del inductor. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método directo.

+
– vs

R1

R2

L i(t)

v(t)

+

–

C

t = 0

Figura P 9.2-6

P 9.2-7 La entrada al circuito que se muestra en la figura 
P 9.2-7 es el voltaje de la fuente de voltaje, vs. La salida es 
la corriente i(t) del inductor. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método de operador.

Sección 9.2 Ecuación diferencial para circuitos con 
dos elementos de almacenamiento de energía

P 9.2-1 Encuentre la ecuación diferencial para el circuito que 
se muestra en la figura P 9.2-1 aplicando el método directo.

vs 100 Ω

2 Ω

10   F

1 mH

µ+
–

Figura P 9.2-1

P 9.2-2 Encuentre la ecuación diferencial para el circuito 
que se muestra en la figura P 9.2-2 aplicando el método de 
operador.

Respuesta:
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PROBLEMS

Section 9.2 Differential Equation for Circuits with
Two Energy Storage Elements

P 9.2-1 Find the differential equation for the circuit shown in

Figure P 9.2-1 using the direct method.

vs 100 Ω

2 Ω

10   F

1 mH

μ+
–

Figure P 9.2-1

P 9.2-2 Find the differential equation for the circuit shown in

Figure P 9.2-2 using the operator method.

Answer:

d2

dt2
iL tð Þ þ 11; 000

d

dt
iL tð Þ þ 1:1� 108iL tð Þ ¼ 108is tð Þ

is 100 Ω

1 mH

10 Ω

10   Fμ

iL

Figure P 9.2-2

P 9.2-3 Find the differential equation for iL(t) for t> 0 for the

circuit of Figure P 9.2-3.

R1

R2

L

+
–

is

vcC

vs

iL

t = 0

+

–

Figure P 9.2-3

P 9.2-4 The input to the circuit shown in Figure P 9.2-4 is the

voltage of the voltage source, Vs. The output is the inductor

current i(t). Represent the circuit by a second-order differential

equation that shows how the output of this circuit is related to

the input for t> 0.

Hint: Use the direct method.

R2

L

+
– Vs

i(t)

t = 0

v(t)

+

–

R1
R3

C

Figure P 9.2-4

P 9.2-5 The input to the circuit shown in Figure P 9.2-5 is the

voltage of the voltage source, vs. The output is the capacitor

voltage v(t). Represent the circuit by a second-order differen-

tial equation that shows how the output of this circuit is related

to the input for t > 0.

Hint: Use the direct method.

+
– vs

R1

R2

L

i(t)

v(t)

+

–

C

t = 0

Figure P 9.2-5

P 9.2-6 The input to the circuit shown in Figure P 9.2-6 is the

voltage of the voltage source, vs. The output is the inductor

current i(t). Represent the circuit by a second-order differential

equation that shows how the output of this circuit is related to

the input for t > 0.

Hint: Use the direct method.

+
– vs

R1

R2

L i(t)

v(t)

+

–

C

t = 0

Figure P 9.2-6

P 9.2-7 The input to the circuit shown in Figure P 9.2-7 is the

voltage of the voltage source, vs. The output is the inductor

current i2(t). Represent the circuit by a second-order differen-

tial equation that shows how the output of this circuit is related

to the input for t > 0.

Hint: Use the operator method.

Problems 401

is 100 Ω

1 mH

10 Ω

10   Fµ

iL

Figura P 9.2-2

P 9.2-3 Encuentre la ecuación diferencial para iL(t) para t . 0 
para el circuito que se muestra en la figura P 9.2-3.

R1

R2

L

+
–

is

vcC

vs

iL

t = 0

+

–

Figura P 9.2-3

P 9.2-4 La entrada al circuito que se muestra en la figura 
P 9.2-4 es el voltaje de la fuente de voltaje, Vs. La salida es 
la corriente i(t) del inductor. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método directo.

P R O B L E M AS
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+
– vs

R1

R2

L1 i1(t)

t = 0

L2 i2(t)

R3

Figura P 9.2-7

P 9.2-8 La entrada al circuito que se muestra en la figura 
P 9.2-8 es el voltaje de la fuente de voltaje, vs. La salida es el 
voltaje v(t) del condensador. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método de operador.

+
– vs

R1 R2

v2(t)

+

–

C2

t = 0

v1(t)

+

–

C1

R3

Figura P 9.2-8

P 9.2-9 La entrada al circuito que se muestra en la figura 
P 9.2-9 es el voltaje de la fuente de voltaje, vs. La salida es el 
voltaje v(t) del condensador. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Siga el método directo.

+
– vs R1

R2

L i(t)

v(t)

+

–
C

t = 0

Figura P 9.2-9

P 9.2-10 La entrada al circuito que se muestra en la figura 
P 9.2-10 es el voltaje de la fuente de voltaje, vs. La salida es 
el voltaje v(t) del condensador. Represente el circuito con una 
ecuación diferencial de segundo orden que muestre cómo se 
relaciona la salida de este circuito con la entrada para t . 0.

Sugerencia: Encuentre un circuito equivalente de Thévenin.

+
–

ia

biavs

R1

R2

L

i(t)

v(t)

+

–

C

t = 0

Figura P 9.2-10

P 9.2-11 La entrada al circuito que se muestra en la figura 
P 9.2-11 es el voltaje de la fuente de voltaje, vs(t). La salida 
es el voltaje v2(t). Derive la ecuación diferencial de segundo 
orden que muestre cómo se relaciona la salida de este circuito 
con la entrada.

Sugerencia: Siga el método directo.

–

+

v2(t)

+

–

C2v1(t)

+

–

C1
+
–

R1

vs(t)

R2

Figura P 9.2-11

P 9.2-12 La entrada al circuito que se muestra en la figura 
P 9.2-12 es el voltaje de la fuente de voltaje, vs(t). La salida 
es el voltaje vo(t). Derive la ecuación diferencial de segundo 
orden que muestre cómo se relaciona la salida de este circuito 
con la entrada.

Sugerencia: Siga el método de operador.

+

–

+
–

v2(t) +–

C2

R2

v1(t)+ –

C1R1

vo(t)

+

–

vs(t)

Figura P 9.2-12

P 9.2-13 La entrada al circuito que se muestra en la figura 
P 9.2-13 es el voltaje de la fuente de voltaje, vs(t). La salida 
es el voltaje vo(t). Derive la ecuación diferencial de segundo 
orden que muestre cómo se relaciona la salida de este circuito 
con la entrada.

Sugerencia: Siga el método directo.
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is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figura P 9.3-2

P 9.3-3 Encuentre la ecuación característica y sus raíces para 
el circuito que se muestra en la figura P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fµ

+
–

vc

iL

+

–

Figura P 9.3-3

P 9.3-4 La fabricante alemana de automóviles Volkswagen, 
en su deseo de hacer automóviles más eficientes, lo ha logrado 
con un auto cuyo motor ahorra energía al apagarse por sí solo 
en los semáforos. El sistema de arranque y paro surge de una 
campaña en su mercado mundial para desarrollar automóviles 
que consuman menos combustible y contaminen menos que 
los vehículos en uso actualmente. El control de paro y arran-
que de la transmisión tiene un mecanismo que siente cuando el 
auto no necesita gasolina: al deslizarse cuesta abajo y perma-
necer quieto en un cruce. El motor se detiene, pero un pequeño 
volante de arranque queda girando, de modo que la potencia se 
restaure rápidamente cuando el conductor toque el acelerador.
 En la figura P 9.3-4 se muestra un modelo de circuito 
de paro y arranque. Determine la ecuación característica y la 
frecuencia natural para el circuito.

Respuesta: 
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+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figure P 9.2-13

P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is

the voltage of the voltage source, vs(t). The output is the

voltage v2(t). Derive the second-order differential equation

that shows how the output of this circuit is related to the input.

Hint: Use the direct method.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figure P 9.2-14

P 9.2-15 Find the second-order differential equation for i2 for

the circuit of Figure P 9.2-15 using the operator method.

Recall that the operator for the integral is 1=s.

Answer: 3
d2i2

dt2
þ 4

di2

dt
þ 2 i2 ¼ d2vs

dt2

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figure P 9.2-15

Section 9.3 Solution of the Second-Order
Differential Equation—The Natural Response

P 9.3-1 Find the characteristic equation and its roots for the

circuit of Figure P 9.2-2.

P 9.3-2 Find the characteristic equation and its roots for the

circuit of Figure P 9.3-2.

Answer: s2 þ 400sþ 3� 104 ¼ 0

roots: s ¼ �300; �100

is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figure P 9.3-2

P 9.3-3 Find the characteristic equation and its roots for the

circuit shown in Figure P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fμ

+
–

vc

iL

+

–

Figure P 9.3-3

P 9.3-4 German automaker Volkswagen, in its bid to make

more efficient cars, has come up with an auto whose engine

saves energy by shutting itself off at stoplights. The stop–start

system springs from a campaign to develop cars in all its world

markets that use less fuel and pollute less than vehicles now on

the road. The stop–start transmission control has a mechanism

that senses when the car does not need fuel: coasting downhill

and idling at an intersection. The engine shuts off, but a small

starter flywheel keeps turning so that power can be quickly

restored when the driver touches the accelerator.

A model of the stop–start circuit is shown in Figure

P 9.3-4. Determine the characteristic equation and the natural

frequencies for the circuit.

Answer: s2 þ 20sþ 400 ¼ 0

s ¼ �10� j17:3

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figure P 9.3-4 Stop–start circuit.

Section 9.4 Natural Response of the Unforced
Parallel RLC Circuit

P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when

L ¼ 1 H and vs ¼ 0 for t � 0. The initial conditions are v(0) ¼
6 V and dv=dt(0) ¼ �3000 V/s.

Answer: v tð Þ ¼ �2e�100t þ 8e�400t V

Problems 403

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figura P 9.3-4 Circuito de paro y arranque.

Sección 9.4 Respuesta natural del circuito RCL 
en paralelo no forzado

P 9.4-1 Determine v(t) para el circuito de la figura P 9.4-1 
cuando L 5 1 H y vf 5 0 para t . 0. Las condiciones iniciales 
son v(0) 5 6 V y dv>dt(0) 5 23 000 V/s.

Respuesta: 
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+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figure P 9.2-13

P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is

the voltage of the voltage source, vs(t). The output is the

voltage v2(t). Derive the second-order differential equation

that shows how the output of this circuit is related to the input.

Hint: Use the direct method.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figure P 9.2-14

P 9.2-15 Find the second-order differential equation for i2 for

the circuit of Figure P 9.2-15 using the operator method.

Recall that the operator for the integral is 1=s.

Answer: 3
d2i2

dt2
þ 4

di2

dt
þ 2 i2 ¼ d2vs

dt2

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figure P 9.2-15

Section 9.3 Solution of the Second-Order
Differential Equation—The Natural Response

P 9.3-1 Find the characteristic equation and its roots for the

circuit of Figure P 9.2-2.

P 9.3-2 Find the characteristic equation and its roots for the

circuit of Figure P 9.3-2.

Answer: s2 þ 400sþ 3� 104 ¼ 0

roots: s ¼ �300; �100

is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figure P 9.3-2

P 9.3-3 Find the characteristic equation and its roots for the

circuit shown in Figure P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fμ

+
–

vc

iL

+

–

Figure P 9.3-3

P 9.3-4 German automaker Volkswagen, in its bid to make

more efficient cars, has come up with an auto whose engine

saves energy by shutting itself off at stoplights. The stop–start

system springs from a campaign to develop cars in all its world

markets that use less fuel and pollute less than vehicles now on

the road. The stop–start transmission control has a mechanism

that senses when the car does not need fuel: coasting downhill

and idling at an intersection. The engine shuts off, but a small

starter flywheel keeps turning so that power can be quickly

restored when the driver touches the accelerator.

A model of the stop–start circuit is shown in Figure

P 9.3-4. Determine the characteristic equation and the natural

frequencies for the circuit.

Answer: s2 þ 20sþ 400 ¼ 0

s ¼ �10� j17:3

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figure P 9.3-4 Stop–start circuit.

Section 9.4 Natural Response of the Unforced
Parallel RLC Circuit

P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when

L ¼ 1 H and vs ¼ 0 for t � 0. The initial conditions are v(0) ¼
6 V and dv=dt(0) ¼ �3000 V/s.

Answer: v tð Þ ¼ �2e�100t þ 8e�400t V

Problems 403

+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figura P 9.2-13

P 9.2-14 La entrada al circuito que se muestra en la figura 
P 9.2-14 es el voltaje de la fuente de voltaje, vs(t). La salida 
es el voltaje v2(t). Derive la ecuación diferencial de segundo 
orden que muestre cómo se relaciona la salida de este circuito 
con la entrada.

Sugerencia: Siga el método directo.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figura P 9.2-14

P 9.2-15 Encuentre la ecuación diferencial de segundo orden 
de i2 para el circuito de la figura 9.2-15 aplicando el método de 
operador. Recuerde que el operador para la integral es 1>s.

Respuesta: 
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+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figure P 9.2-13

P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is

the voltage of the voltage source, vs(t). The output is the

voltage v2(t). Derive the second-order differential equation

that shows how the output of this circuit is related to the input.

Hint: Use the direct method.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figure P 9.2-14

P 9.2-15 Find the second-order differential equation for i2 for

the circuit of Figure P 9.2-15 using the operator method.

Recall that the operator for the integral is 1=s.

Answer: 3
d2i2

dt2
þ 4

di2

dt
þ 2 i2 ¼ d2vs

dt2

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figure P 9.2-15

Section 9.3 Solution of the Second-Order
Differential Equation—The Natural Response

P 9.3-1 Find the characteristic equation and its roots for the

circuit of Figure P 9.2-2.

P 9.3-2 Find the characteristic equation and its roots for the

circuit of Figure P 9.3-2.

Answer: s2 þ 400sþ 3� 104 ¼ 0

roots: s ¼ �300; �100

is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figure P 9.3-2

P 9.3-3 Find the characteristic equation and its roots for the

circuit shown in Figure P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fμ

+
–

vc

iL

+

–

Figure P 9.3-3

P 9.3-4 German automaker Volkswagen, in its bid to make

more efficient cars, has come up with an auto whose engine

saves energy by shutting itself off at stoplights. The stop–start

system springs from a campaign to develop cars in all its world

markets that use less fuel and pollute less than vehicles now on

the road. The stop–start transmission control has a mechanism

that senses when the car does not need fuel: coasting downhill

and idling at an intersection. The engine shuts off, but a small

starter flywheel keeps turning so that power can be quickly

restored when the driver touches the accelerator.

A model of the stop–start circuit is shown in Figure

P 9.3-4. Determine the characteristic equation and the natural

frequencies for the circuit.

Answer: s2 þ 20sþ 400 ¼ 0

s ¼ �10� j17:3

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figure P 9.3-4 Stop–start circuit.

Section 9.4 Natural Response of the Unforced
Parallel RLC Circuit

P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when

L ¼ 1 H and vs ¼ 0 for t � 0. The initial conditions are v(0) ¼
6 V and dv=dt(0) ¼ �3000 V/s.

Answer: v tð Þ ¼ �2e�100t þ 8e�400t V

Problems 403

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figura P 9.2-15

Sección 9.3 Solución de la ecuación diferencial  
de segundo orden: la respuesta natural

P 9.3-1 Encuentre la ecuación característica y sus raíces para 
el circuito de la figura P 9.2-2.

P 9.3-2 Encuentre la ecuación característica y sus raíces para 
el circuito de la figura P 9.3-2.

Respuesta: 
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+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figure P 9.2-13

P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is

the voltage of the voltage source, vs(t). The output is the

voltage v2(t). Derive the second-order differential equation

that shows how the output of this circuit is related to the input.

Hint: Use the direct method.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figure P 9.2-14

P 9.2-15 Find the second-order differential equation for i2 for

the circuit of Figure P 9.2-15 using the operator method.

Recall that the operator for the integral is 1=s.

Answer: 3
d2i2

dt2
þ 4

di2

dt
þ 2 i2 ¼ d2vs

dt2

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figure P 9.2-15

Section 9.3 Solution of the Second-Order
Differential Equation—The Natural Response

P 9.3-1 Find the characteristic equation and its roots for the

circuit of Figure P 9.2-2.

P 9.3-2 Find the characteristic equation and its roots for the

circuit of Figure P 9.3-2.

Answer: s2 þ 400sþ 3� 104 ¼ 0

roots: s ¼ �300; �100

is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figure P 9.3-2

P 9.3-3 Find the characteristic equation and its roots for the

circuit shown in Figure P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fμ

+
–

vc

iL

+

–

Figure P 9.3-3

P 9.3-4 German automaker Volkswagen, in its bid to make

more efficient cars, has come up with an auto whose engine

saves energy by shutting itself off at stoplights. The stop–start

system springs from a campaign to develop cars in all its world

markets that use less fuel and pollute less than vehicles now on

the road. The stop–start transmission control has a mechanism

that senses when the car does not need fuel: coasting downhill

and idling at an intersection. The engine shuts off, but a small

starter flywheel keeps turning so that power can be quickly

restored when the driver touches the accelerator.

A model of the stop–start circuit is shown in Figure

P 9.3-4. Determine the characteristic equation and the natural

frequencies for the circuit.

Answer: s2 þ 20sþ 400 ¼ 0

s ¼ �10� j17:3

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figure P 9.3-4 Stop–start circuit.

Section 9.4 Natural Response of the Unforced
Parallel RLC Circuit

P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when

L ¼ 1 H and vs ¼ 0 for t � 0. The initial conditions are v(0) ¼
6 V and dv=dt(0) ¼ �3000 V/s.

Answer: v tð Þ ¼ �2e�100t þ 8e�400t V

Problems 403

raíces
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+

–

+
–

v(t) +–

C

R2

R1

vo(t)

+

–

vs(t)

t = 0

L

i(t)

Figure P 9.2-13

P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is

the voltage of the voltage source, vs(t). The output is the

voltage v2(t). Derive the second-order differential equation

that shows how the output of this circuit is related to the input.

Hint: Use the direct method.

+

–

+
–

v1(t)+ –

C1

R2

R1

vs(t)

R3

v2(t)

+

–

C2

Figure P 9.2-14

P 9.2-15 Find the second-order differential equation for i2 for

the circuit of Figure P 9.2-15 using the operator method.

Recall that the operator for the integral is 1=s.

Answer: 3
d2i2

dt2
þ 4

di2

dt
þ 2 i2 ¼ d2vs

dt2

i1 i2vs
1 H

+
–

1 2

1 Ω 2 Ω

F

Figure P 9.2-15

Section 9.3 Solution of the Second-Order
Differential Equation—The Natural Response

P 9.3-1 Find the characteristic equation and its roots for the

circuit of Figure P 9.2-2.

P 9.3-2 Find the characteristic equation and its roots for the

circuit of Figure P 9.3-2.

Answer: s2 þ 400sþ 3� 104 ¼ 0

roots: s ¼ �300; �100

is 40 Ω mF

100 mH

1 3

iL
vc

+

–

Figure P 9.3-2

P 9.3-3 Find the characteristic equation and its roots for the

circuit shown in Figure P 9.3-3.

vs 1 mH

2 Ω
1 Ω

10   Fμ

+
–

vc

iL

+

–

Figure P 9.3-3

P 9.3-4 German automaker Volkswagen, in its bid to make

more efficient cars, has come up with an auto whose engine

saves energy by shutting itself off at stoplights. The stop–start

system springs from a campaign to develop cars in all its world

markets that use less fuel and pollute less than vehicles now on

the road. The stop–start transmission control has a mechanism

that senses when the car does not need fuel: coasting downhill

and idling at an intersection. The engine shuts off, but a small

starter flywheel keeps turning so that power can be quickly

restored when the driver touches the accelerator.

A model of the stop–start circuit is shown in Figure

P 9.3-4. Determine the characteristic equation and the natural

frequencies for the circuit.

Answer: s2 þ 20sþ 400 ¼ 0

s ¼ �10� j17:3

1 2 H

10 Ω

+
–

+
–

5 mF

10u(t) V

7u(t) V

Figure P 9.3-4 Stop–start circuit.

Section 9.4 Natural Response of the Unforced
Parallel RLC Circuit

P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when

L ¼ 1 H and vs ¼ 0 for t � 0. The initial conditions are v(0) ¼
6 V and dv=dt(0) ¼ �3000 V/s.

Answer: v tð Þ ¼ �2e�100t þ 8e�400t V
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L

Ω80
+

–
v(t) 25  Fµ+

–vs(t)

Figura P 9.4-1

P 9.4-2 En la figura P 9.4-2 se muestra un circuito RLC, en el 
cual v(0) 5 2 V. El interruptor ha estado abierto mucho tiempo 
antes de cerrarse en t 5 0. Determine y trace v(t).

F 1 HΩ
t = 0

v(t)
+

–
3 41 3

Figura P 9.4-2

P 9.4-3 Determine i1(t) e i2(t) para el circuito de la figura 
P 9.4-3 cuando i1(0) 5 i2(0) 5 11 A. 

i2
Ω2

i1

2 H

3 HΩ1

Figura P 9.4-3

P 9.4-4 El circuito que se muestra en la figura P 9.4-4 con-
tiene un interruptor que a veces está abierto y a veces cerra-
do. Determine el factor de amortiguamiento, a, la frecuencia 
resonante, 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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0, y la frecuencia resonante amortiguada 
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due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.
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PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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d, del 
circuito cuando (a) el interruptor está abierto y (b) cuando está 
cerrado.

+
–

i(t)

v(t)

+

–

5 mF50 Ω

10 Ω

2 H

20 V

40 Ω

Figura P 9.4-4

P 9.4-5 El circuito que se muestra en la figura P 9.4-5 se uti-
liza en aviones para detectar fumadores que subrepticiamente 
encienden algo antes de que den siquiera una sola fumada. 
El sensor activa el interruptor, y el cambio en el voltaje v(t) 
activa una luz en la estación del ayudante de vuelo. Determine 
la respuesta natural v(t).

Respuesta: 
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L

Ω80
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–
v(t) 25  Fμ+

–vs(t)

Figure P 9.4-1

P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which

v(0) ¼ 2 V. The switch has been open for a long time before

closing at t ¼ 0. Determine and plot v(t).

F 1 HΩ
t = 0

v(t)
+

–
3 41 3

Figure P 9.4-2

P 9.4-3 Determine i1(t) and i2(t) for the circuit of Figure

P 9.4-3 when i1(0) ¼ i2(0) ¼ 11 A.

i2
Ω2

i1

2 H

3 HΩ1

Figure P 9.4-3

P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch

that is sometimes open and sometimes closed. Determine the

damping factor, a, the resonant frequency, v0, and the damped

resonant frequency, vd, of the circuit when (a) the switch is

open and (b) the switch is closed.

+
–

i(t)

v(t)

+

–

5 mF50 Ω

10 Ω

2 H

20 V

40 Ω

Figure P 9.4-4

P 9.4-5 The circuit shown in Figure P 9.4-5 is used in

airplanes to detect smokers, who surreptitiously light up before

they can take a single puff. The sensor activates the switch, and

the change in the voltage v(t) activates a light at the flight

attendant’s station. Determine the natural response v(t).

Answer: v tð Þ ¼ �1:16e�2:7t þ 1:16e�37:3t V

1 A
1 Ω

0.4 H F v(t)
+

–

Light 
bulb

t = 0
1 40

Sensor

Figure P 9.4-5 Smoke detector.

Section 9.5 Natural Response of the Critically
Damped Unforced Parallel RLC Circuit

P 9.5-1 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.5-1.

Answer: vc tð Þ ¼ 3þ 6000tð Þe�2000t V

Figure P 9.5-1

P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.

Assume steady-state conditions exist at t ¼ 0�.

Answer: vc tð Þ ¼ �8te�2t V

+
–

t = 0

20 V F vc
+

–
11

Ω10

1 4H Ω

Figure P 9.5-2

P 9.5-3 Police often use stun guns to incapacitate potentially

dangerous felons. The handheld device provides a series of

high-voltage, low-current pulses. The power of the pulses is

far below lethal levels, but it is enough to cause muscles to

contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the

spark gap. Select C so that the response is critically damped.

+
–

v
+

–

R = 106 Ω
t = 0 

104 V

10 mH

C

Figure P 9.5-3

P 9.5-4 Reconsider Problem P 9.4-1 when L ¼ 640 mH and

the other parameters and conditions remain the same.

Answer: v tð Þ ¼ 6� 1500tð Þe�250t V
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1 A
1 Ω

0.4 H
F v(t)

+

–

Bulbo 
luminoso

t = 0
1 40

Sensor

Figura P 9.4-5 Detector de humo.

Sección 9.5 Respuesta natural del circuito RLC en 
paralelo no forzado críticamente amortiguado
P 9.5-1 Encuentre vc(t) para t . 0 para el circuito que se 
muestra en la figura P 9.5-1.
Respuesta: 
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Figure P 9.4-1

P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which

v(0) ¼ 2 V. The switch has been open for a long time before

closing at t ¼ 0. Determine and plot v(t).

F 1 HΩ
t = 0

v(t)
+

–
3 41 3

Figure P 9.4-2

P 9.4-3 Determine i1(t) and i2(t) for the circuit of Figure

P 9.4-3 when i1(0) ¼ i2(0) ¼ 11 A.
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P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch

that is sometimes open and sometimes closed. Determine the

damping factor, a, the resonant frequency, v0, and the damped

resonant frequency, vd, of the circuit when (a) the switch is

open and (b) the switch is closed.
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P 9.4-5 The circuit shown in Figure P 9.4-5 is used in

airplanes to detect smokers, who surreptitiously light up before

they can take a single puff. The sensor activates the switch, and

the change in the voltage v(t) activates a light at the flight

attendant’s station. Determine the natural response v(t).

Answer: v tð Þ ¼ �1:16e�2:7t þ 1:16e�37:3t V
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Figure P 9.4-5 Smoke detector.

Section 9.5 Natural Response of the Critically
Damped Unforced Parallel RLC Circuit

P 9.5-1 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.5-1.

Answer: vc tð Þ ¼ 3þ 6000tð Þe�2000t V

Figure P 9.5-1

P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.

Assume steady-state conditions exist at t ¼ 0�.

Answer: vc tð Þ ¼ �8te�2t V
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Figure P 9.5-2

P 9.5-3 Police often use stun guns to incapacitate potentially

dangerous felons. The handheld device provides a series of

high-voltage, low-current pulses. The power of the pulses is

far below lethal levels, but it is enough to cause muscles to

contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the

spark gap. Select C so that the response is critically damped.
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R = 106 Ω
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Figure P 9.5-3

P 9.5-4 Reconsider Problem P 9.4-1 when L ¼ 640 mH and

the other parameters and conditions remain the same.

Answer: v tð Þ ¼ 6� 1500tð Þe�250t V
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Figure P 9.4-1

P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which

v(0) ¼ 2 V. The switch has been open for a long time before

closing at t ¼ 0. Determine and plot v(t).

F 1 HΩ
t = 0

v(t)
+

–
3 41 3

Figure P 9.4-2

P 9.4-3 Determine i1(t) and i2(t) for the circuit of Figure

P 9.4-3 when i1(0) ¼ i2(0) ¼ 11 A.
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Figure P 9.4-3

P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch

that is sometimes open and sometimes closed. Determine the

damping factor, a, the resonant frequency, v0, and the damped

resonant frequency, vd, of the circuit when (a) the switch is

open and (b) the switch is closed.
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P 9.4-5 The circuit shown in Figure P 9.4-5 is used in

airplanes to detect smokers, who surreptitiously light up before

they can take a single puff. The sensor activates the switch, and

the change in the voltage v(t) activates a light at the flight

attendant’s station. Determine the natural response v(t).

Answer: v tð Þ ¼ �1:16e�2:7t þ 1:16e�37:3t V
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Figure P 9.4-5 Smoke detector.

Section 9.5 Natural Response of the Critically
Damped Unforced Parallel RLC Circuit

P 9.5-1 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.5-1.

Answer: vc tð Þ ¼ 3þ 6000tð Þe�2000t V

Figure P 9.5-1

P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.

Assume steady-state conditions exist at t ¼ 0�.

Answer: vc tð Þ ¼ �8te�2t V
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P 9.5-3 Police often use stun guns to incapacitate potentially

dangerous felons. The handheld device provides a series of

high-voltage, low-current pulses. The power of the pulses is

far below lethal levels, but it is enough to cause muscles to

contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the

spark gap. Select C so that the response is critically damped.
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104 V
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Figure P 9.5-3

P 9.5-4 Reconsider Problem P 9.4-1 when L ¼ 640 mH and

the other parameters and conditions remain the same.

Answer: v tð Þ ¼ 6� 1500tð Þe�250t V
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P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which

v(0) ¼ 2 V. The switch has been open for a long time before

closing at t ¼ 0. Determine and plot v(t).
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P 9.4-3 Determine i1(t) and i2(t) for the circuit of Figure

P 9.4-3 when i1(0) ¼ i2(0) ¼ 11 A.
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P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch

that is sometimes open and sometimes closed. Determine the

damping factor, a, the resonant frequency, v0, and the damped

resonant frequency, vd, of the circuit when (a) the switch is

open and (b) the switch is closed.
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P 9.4-5 The circuit shown in Figure P 9.4-5 is used in

airplanes to detect smokers, who surreptitiously light up before

they can take a single puff. The sensor activates the switch, and

the change in the voltage v(t) activates a light at the flight

attendant’s station. Determine the natural response v(t).

Answer: v tð Þ ¼ �1:16e�2:7t þ 1:16e�37:3t V
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Figure P 9.4-5 Smoke detector.

Section 9.5 Natural Response of the Critically
Damped Unforced Parallel RLC Circuit

P 9.5-1 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.5-1.

Answer: vc tð Þ ¼ 3þ 6000tð Þe�2000t V
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P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.

Assume steady-state conditions exist at t ¼ 0�.

Answer: vc tð Þ ¼ �8te�2t V
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P 9.5-3 Police often use stun guns to incapacitate potentially

dangerous felons. The handheld device provides a series of

high-voltage, low-current pulses. The power of the pulses is

far below lethal levels, but it is enough to cause muscles to

contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the

spark gap. Select C so that the response is critically damped.
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Figure P 9.5-3

P 9.5-4 Reconsider Problem P 9.4-1 when L ¼ 640 mH and

the other parameters and conditions remain the same.

Answer: v tð Þ ¼ 6� 1500tð Þe�250t V
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Figura P 9.5-1

P 9.5-2 Encuentre vc(t) para t . 0 para el circuito de la figura 
P 9.5-2. Suponga que en t 5 02 se dan las condiciones de 
estado estable.
Respuesta: 
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P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which
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contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the

spark gap. Select C so that the response is critically damped.
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P 9.5-4 Reconsider Problem P 9.4-1 when L ¼ 640 mH and

the other parameters and conditions remain the same.

Answer: v tð Þ ¼ 6� 1500tð Þe�250t V

404 The Complete Response of Circuits with Two Energy Storage Elements

+
–

t = 0

20 V F vc
+

–
11

Ω10

1 4H Ω

Figura P 9.5-2

P 9.5-3 Con frecuencia, la policía utiliza pistolas de aturdi-
miento para incapacitar potencialmente a malhechores peligro-
sos. El dispositivo manual proporciona una serie de impulsos 
de alto voltaje y baja corriente. La potencia de los impulsos no  
es letal, pero sí la suficiente para que los músculos se contrai-
gan y la persona quede fuera de combate. El dispositivo pro-
porciona un impulso de más de 50 000 voltios, y una corriente 
de 1 mA fluye a través de un arco. En la figura P 9.5-3 se pre-
senta un modelo del circuito para un periodo. Encuentre v(t) 
para 0 , t , 1 ms. El resistor R representa la abertura de la 
chispa. Seleccione C de modo que la respuesta sea críticamente 
amortiguada.
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P 9.5-4 Reconsidere el problema 9.4-1 cuando L 5 640 mH 
y los demás parámetros permanecen sin cambios.
Respuesta: 
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P 9.4-2 An RLC circuit is shown in Figure P 9.4-2 , in which

v(0) ¼ 2 V. The switch has been open for a long time before

closing at t ¼ 0. Determine and plot v(t).
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P 9.4-3 Determine i1(t) and i2(t) for the circuit of Figure

P 9.4-3 when i1(0) ¼ i2(0) ¼ 11 A.
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P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch

that is sometimes open and sometimes closed. Determine the

damping factor, a, the resonant frequency, v0, and the damped

resonant frequency, vd, of the circuit when (a) the switch is

open and (b) the switch is closed.
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P 9.4-5 The circuit shown in Figure P 9.4-5 is used in

airplanes to detect smokers, who surreptitiously light up before

they can take a single puff. The sensor activates the switch, and

the change in the voltage v(t) activates a light at the flight

attendant’s station. Determine the natural response v(t).

Answer: v tð Þ ¼ �1:16e�2:7t þ 1:16e�37:3t V
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Figure P 9.4-5 Smoke detector.

Section 9.5 Natural Response of the Critically
Damped Unforced Parallel RLC Circuit
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P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.

Assume steady-state conditions exist at t ¼ 0�.
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a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure

P 9.5-3. Find v(t) for 0< t< 1ms. The resistor R represents the
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P 9.5-2 Find vc(t) for t > 0 for the circuit of Figure P 9.5-2.
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dangerous felons. The handheld device provides a series of

high-voltage, low-current pulses. The power of the pulses is

far below lethal levels, but it is enough to cause muscles to

contract and put the person out of action. The device provides

a pulse of up to 50,000 V, and a current of 1 mA flows through

an arc. A model of the circuit for one period is shown in Figure
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t = 0
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Figura P 9.6-3 (a) Alimentador de potencia de 240 W. Cortesía 
de Kepco, Inc. (b) Modelo del circuito alimentador de potencia.

P 9.6-4 La respuesta natural de un circuito RLC en paralelo 
se midió y trazó como se muestra en la figura P 9.6-4. Utilice 
esta gráfica y determine una expresión para v(t).

Sugerencia: Observe que v(t) 5 260 mV en t 5 5 ms y que 
v(t) 5 2200 mV en t 5 7.5 ms. Incluso, que el tiempo entre la 
primera y la tercera intersecciones en cero es de 5 ms.

Respuesta: 
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P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).

i6 u(t) V
v(t)
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–

–Trigger

1 H 1 4 F

R

Figure P 9.5-5

Section 9.6 Natural Response of an Underdamped
Unforced Parallel RLC Circuit

P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.

Answer: vc tð Þ ¼ e�400t 3 cos 300t þ 4 sin 300t½ �V
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250 Ω
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t = 0
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Figure P 9.6-1

P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is

opened at t ¼ 0. Determine and plot v(t) when C ¼ 1=4 F.

Assume steady state at t ¼ 0�.

Answer: v tð Þ ¼ �4e�2t sin 2t V

+
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+

–
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Figure P 9.6-2

P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA

(a)

2 Ω

4 Ω

8 Ω

iL

1 4 F

7 A

t = 0

4 H

(b)

Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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Figure P 9.6-4 The natural response of a parallel RLC circuit.
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P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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Section 9.6 Natural Response of an Underdamped
Unforced Parallel RLC Circuit

P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.

Answer: vc tð Þ ¼ e�400t 3 cos 300t þ 4 sin 300t½ �V
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P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is

opened at t ¼ 0. Determine and plot v(t) when C ¼ 1=4 F.

Assume steady state at t ¼ 0�.

Answer: v tð Þ ¼ �4e�2t sin 2t V
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P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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Figure P 9.6-4 The natural response of a parallel RLC circuit.
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Figura P 9.6-4 La respuesta natural de un circuito RLC en paralelo.

P 9.5-5 El encendido de un automóvil utiliza un disparador 
electromagnético. El circuito disparador RLC que se muestra en 
la figura P 9.5-5 tiene una entrada de paso de 6 V, y v(0) 5 2 V, 
e i(0) 5 0. Se debe elegir la resistencia R de 2 V , R , 7 V 
de modo que la corriente i(t) supere los 0.6 A para más de 0.5 s 
para activar el disparador. Se requiere una respuesta críticamen-
te amortiguada i(t) para evitar oscilaciones en la corriente del 
disparador. Seleccione R y determine y trace i(t).
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Figura P 9.5-5

Sección 9.6 Respuesta natural de un circuito RLC 
en paralelo no forzado subamortiguado

P 9.6-1 Un sistema de comunicaciones desde una estación 
espacial utiliza pulsos cortos para controlar un robot que opere 
en el espacio. El circuito del transmisor está modelado en la 
figura P 9.6-1. Encuentre el voltaje de salida vc(t) para t . 0. 
Suponga condiciones de estado estable en t 5 02.

Respuesta: 
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P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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Section 9.6 Natural Response of an Underdamped
Unforced Parallel RLC Circuit

P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.

Answer: vc tð Þ ¼ e�400t 3 cos 300t þ 4 sin 300t½ �V
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P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is

opened at t ¼ 0. Determine and plot v(t) when C ¼ 1=4 F.

Assume steady state at t ¼ 0�.

Answer: v tð Þ ¼ �4e�2t sin 2t V
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P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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Figure P 9.6-4 The natural response of a parallel RLC circuit.
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P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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Section 9.6 Natural Response of an Underdamped
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P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.

Answer: vc tð Þ ¼ e�400t 3 cos 300t þ 4 sin 300t½ �V
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P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is

opened at t ¼ 0. Determine and plot v(t) when C ¼ 1=4 F.

Assume steady state at t ¼ 0�.

Answer: v tð Þ ¼ �4e�2t sin 2t V
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P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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Figure P 9.6-4 The natural response of a parallel RLC circuit.
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P 9.6-2 El interruptor del circuito que se muestra en la figura 
P 9.6-2 se abre en t 5 0. Determine y trace v(t) cuando C 5 
1>4 F. Suponga estado estable en t 5 02.

Respuesta: 
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P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.
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P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is

opened at t ¼ 0. Determine and plot v(t) when C ¼ 1=4 F.
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P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V

0 5 10 15 20 25 30
–400

–300

–200

–100

0

100

200

300

400

500

600

v(t)
(mV)

Time (ms)

Figure P 9.6-4 The natural response of a parallel RLC circuit.

Problems 405

sen

E1C09_1 11/26/2009 405

P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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Figure P 9.5-5

Section 9.6 Natural Response of an Underdamped
Unforced Parallel RLC Circuit

P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.

Answer: vc tð Þ ¼ e�400t 3 cos 300t þ 4 sin 300t½ �V
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P 9.6-3 A 240-W power supply circuit is shown in Figure

P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA

(a)

2 Ω

4 Ω

8 Ω

iL

1 4 F

7 A

t = 0

4 H

(b)

Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.
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measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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Figura P 9.6-2

P 9.6-3 En la figura P 9.6-3a se muestra un alimentador de 
potencia de 240 W. Este circuito emplea un inductor y un 
condensador grandes. El modelo del circuito se muestra en la 
figura P 9.6-3b. Encuentre iL(t) para t . 0 para el circuito de 
la figura P 9.6-3b. Suponga condiciones de estado estable en 
t 5 02.

Respuesta: 

E1C09_1 11/26/2009 405

P 9.5-5 An automobile ignition uses an electromagnetic trig-

ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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P 9.6-1 A communication system from a space station uses

short pulses to control a robot operating in space.The transmitter

circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)

for t > 0. Assume steady-state conditions at t ¼ 0�.
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capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.

P 9.6-4 The natural response of a parallel RLC circuit is

measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V
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ger. The RLC trigger circuit shown in Figure P 9.5-5 has a step

input of 6 V, and v(0)¼ 2 V and i(0)¼ 0. The resistance Rmust

be selected from 2V< R< 7V so that the current i(t) exceeds

0.6 A for greater than 0.5 s to activate the trigger. A critically

damped response i(t) is required to avoid oscillations in the

trigger current. Select R and determine and plot i(t).
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circuit ismodeled in Figure P 9.6-1. Find the output voltage vc(t)
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P 9.6-3a. This circuit employs a large inductor and a large

capacitor. The model of the circuit is shown in Figure P 9.6-3b.

Find iL(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume

steady-state conditions exist at t ¼ 0�.

Answer: iL tð Þ ¼ e�2t �4 cos t þ 2 sin tð ÞA
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Figure P 9.6-3 (a) A 240-W power supply. Courtesy of Kepco,

Inc. (b) Model of the power supply circuit.
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measured and plotted as shown in Figure P 9.6-4. Using this

chart, determine an expression for v(t).

Hint: Notice that v(t) ¼ 260 mV at t ¼ 5 ms and that v(t) ¼
�200 mV at t ¼ 7.5 ms. Also, notice that the time between

the first and third zero-crossings is 5 ms.

Answer: v tð Þ ¼ 544e�276t sin 1257t V

0 5 10 15 20 25 30
–400

–300

–200

–100

0

100

200

300

400

500

600

v(t)
(mV)

Time (ms)

Figure P 9.6-4 The natural response of a parallel RLC circuit.

Problems 405

M09_DORF_1571_8ED_SE_368-414.indd   405 4/12/11   6:18 PM



Alfaomega Circuitos Eléctricos - Dorf

	 406	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

P 9.6-5 Las celdas fotovoltaicas de la estación espacial pro-
puesta que se muestra en la figura P 9.6-5a proporcionan el vol-
taje v(t) del circuito que se muestra en la figura 9.6-5b. La esta-
ción espacial pasa detrás de la sombra de la Tierra (en t 5 0) con 
v(0) 5 2 V e i(0) 5 1/10 A. Determine y bosqueje v(t) para t . 0.

Las celdas
fotovoltaicas

conectadas en paralelo

Fotoceldas

(a)

+

–
Ω5

Motores
eléctricos de la

estación espacial

2 H F v

i

(b)

1 10

Figura P 9.6-5 (a) Fotoceldas en la estación espacial. (b) Circuito 
con fotoceldas.

Sección 9.7 Respuesta forzada de un circuito RLC

P 9.7-1 Determine la respuesta forzada para la corriente i del 
inductor cuando (a) is 5 1 A; (b) is 5 0.5t A y (c) is 5 2e2250t 
A para el circuito de la figura P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figura P 9.7-1

P 9.7-2 Determine la respuesta forzada para el voltaje vf del 
condensador para el circuito de la figura P 9.7-1 cuando (a) vs 5 
2 V; (b) vs 5 0.2t V y (c) vs 5 1e230t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

µ

Figura P 9.7-2

P 9.7-3 Un circuito se describe para t . 0 por la ecuación
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)

+

–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i
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10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v
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–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.

406 The Complete Response of Circuits with Two Energy Storage Elements

Encuentre la respuesta forzada vf para t . 0 cuando (a) vs 5 8 V; 
(b) vs 5 3e24t y (c) vs 5 2e22t V

Respuesta: 
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.
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cells connected
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Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.
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Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.
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P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
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P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0
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P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0
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P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.
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Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1
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P 9.7-3 A circuit is described for t > 0 by the equation
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Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V
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P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.
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dt2
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P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in
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Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0
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P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.
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voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v
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þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V
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P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
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P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.
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dt2
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d
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Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.
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P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.
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P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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Sección 9.8 Respuesta total de un circuito RLC

P 9.8-1 Determine i(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-1.

iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 µFvc

+

–

Figura P 9.8-1

P 9.8-2 Determine i(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-2.

Sugerencia: Muestre que 
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)

+

–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)

+

–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)
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–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)

+

–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figura P 9.8-2

P 9.8-3 Determine v1(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-3.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)
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–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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P 9.6-5 The photovoltaic cells of the proposed space station

shown in Figure P 9.6-5a provide the voltage v(t) of the circuit

shown in Figure P 9.6-5b. The space station passes behind the

shadow of earth (at t ¼ 0) with v(0) ¼ 2 V and i(0) ¼ 1/10 A.

Determine and sketch v(t) for t > 0.

Photocells

(a)

+

–
Ω5

Space
station

electric motors

2 H F v

The photovoltaic
cells connected

in parallel

i

(b)

1 10

Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with

photocells.

Section 9.7 Forced Response of an RLC Circuit

P 9.7-1 Determine the forced response for the inductor

current if when (a) is ¼ 1 A, (b) is ¼ 0.5t A, and (c) is ¼
2e�250t A for the circuit of Figure P 9.7-1.

is u(t) A

i

   Ω
10 mH

1 mF100 65

Figure P 9.7-1

P 9.7-2 Determine the forced response for the capacitor

voltage, vf, for the circuit of Figure P 9.7-2 when (a) vs ¼
2 V, (b) vs ¼ 0.2t V, and (c) vs ¼ 1e�30t V.

+
–vs u(t) V v

+

–

7 Ω

833.3   F 

0.1 H

μ

Figure P 9.7-2

P 9.7-3 A circuit is described for t > 0 by the equation

d2v

dt2
þ 5

dv

dt
þ 6v ¼ vs

Find the forced response vf for t> 0 when (a) vs¼ 8 V, (b) vs¼
3e�4t V, and (c) vs ¼ 2e�2t V.

Answer: (a) vf ¼ 8=6 V (b) vf ¼ 3

2
e�4t V (c) vf ¼ 2te�2t V

Section 9.8 Complete Response of an RLC Circuit

P 9.8-1 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-1.
iLi

+
–11 mA

t = 0
1 kΩ 4 V

6.25 H2 kΩ
1 μFvc

+

–

Figure P 9.8-1

P 9.8-2 Determine i(t) for t > 0 for the circuit shown in

Figure P 9.8-2.

Hint: Show that 1 ¼ d2

dt2
i tð Þ þ 5

d

dt
i tð Þ þ 5i tð Þ for t > 0

Answer: i tð Þ ¼ 0:2þ 0:246 e�3:62t � 0:646 e�1:38t A for t> 0.

i(t)2u(t) – 1 V 0.25 Fv(t)
+

–

+
– 4 H

4 Ω1 Ω

Figure P 9.8-2

P 9.8-3 Determine v1(t) for t > 0 for the circuit shown in

Figure P 9.8-3.

Answer: v1 tð Þ ¼ 10þ e�2:4�104 t � 6 e�4�103 t V for t > 0

+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 μF v2(t)
+

–
1/16 μF

Figure P 9.8-3

P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure

P 9.8-4 when v(0) ¼ 1 V and iL(0) ¼ 0.
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+
–10 V v1(t)

t = 0+

–

1 kΩ 1 kΩ

1/6 µF v2(t)
+

–
1/16 µF

Figura P 9.8-3

P 9.8-4 Encuentre v(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-4 cuando v(0) 5 1 V e iL(0) 5 0.
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F vC(t)
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–
iL(t)

2 H

u(t) +     A– 1 4

1 4

1 2

Figura P 9.8-8

P 9.8-9 En la figura 9.8-9, determine la corriente i(t) del in-
ductor cuando is 5 5u(t) A. Suponga que i(0) 5 0, vc(0) 5 0.

Respuesta: 
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Answer: v ¼ 25e�3t � 1

17
[429e�4t � 21 cos t þ 33 sin t�V

1 12 F
iL

+
– v

+

–
0.5 H5 cos t V

1 Ω 1 Ω

Figure P 9.8-4

P 9.8-5 Find v(t) for t > 0 for the circuit of Figure P 9.8-5.

Answer: v tð Þ ¼ �16e�t þ 16e�3t þ 8½ �u tð Þ
þ 16e� t�2ð Þ � 16e�3 t�2ð Þ � 8

� �
u t � 2ð ÞV

v

+

–

1 3 F

4 Ω 1 H2[u(t) – u(t – 2)] A

Figure P 9.8-5

P 9.8-6 An experimental space station power supply system

is modeled by the circuit shown in Figure P 9.8-6. Find v(t) for

t > 0. Assume steady-state conditions at t ¼ 0�.

t = 0

0.125 F
+

–4 Ω
2 Ω 5 V

4 H

(10 cos t)u(t) V

i(t)

v(t) +
–

– +

Figure P 9.8-6

P 9.8-7 Find vc(t) for t > 0 in the circuit of Figure P 9.8-7

when (a) C ¼ 1=18 F, (b) C ¼ 1=10 F, and (c) C ¼ 1=20 F.

Answers:

(a) vc tð Þ ¼ 8e�3t þ 24te�3t � 8 V

(b) vc tð Þ ¼ 10e�t � 2e�5t � 8 V

(c) vc tð Þ ¼ e�3t 8 cos t þ 24 sin tð Þ � 8 V

v(t)
+

–
4 Ω C

8 Ω

2 H

a

2u(t) A

i(t)

Figure P 9.8-7

P 9.8-8 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.8-8.

Hint: 2 ¼ d2

dt2
vc tð Þ þ 6

d

dt
vc tð Þ þ 2vc tð Þ for t > 0

Answer: vc tð Þ ¼ 0:123e�5:65t þ 0:877e�0:35t þ 1 V for t > 0.

4 Ω 8 Ω

F vC(t)

+

–
iL(t)

2 H

u(t) +     A– 1 4

1 4

1 2

Figure P 9.8-8

P 9.8-9 In Figure P 9.8-9, determine the inductor current i(t)

when is ¼ 5u(t) A. Assume that i(0) ¼ 0, vc(0) ¼ 0.

Answer: i(t) ¼ 5 + e�2t [�5 cos 5t � 2 sin 5t] A

i

Ω2 Fis
8 29 1 8

H

Figure P 9.8-9

P 9.8-10 Railroads widely use automatic identification of

railcars. When a train passes a tracking station, a wheel

detector activates a radio-frequency module. The module’s

antenna, as shown in Figure P 9.8-10a, transmits and receives

a signal that bounces off a transponder on the locomotive. A

Vehicle-mounted
transponder tag

Wheel detector
input

Antenna

+ –

ΩΩ1

L

v

0.5
Ω1.5

is

0.5 F

i

(b)

(a)

Figure P 9.8-10 (a) Railroad identification system.

(b) Transponder circuit.
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Answer: v ¼ 25e�3t � 1
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[429e�4t � 21 cos t þ 33 sin t�V

1 12 F
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– v
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P 9.8-6 An experimental space station power supply system

is modeled by the circuit shown in Figure P 9.8-6. Find v(t) for

t > 0. Assume steady-state conditions at t ¼ 0�.
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P 9.8-7 Find vc(t) for t > 0 in the circuit of Figure P 9.8-7

when (a) C ¼ 1=18 F, (b) C ¼ 1=10 F, and (c) C ¼ 1=20 F.
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(a) vc tð Þ ¼ 8e�3t þ 24te�3t � 8 V

(b) vc tð Þ ¼ 10e�t � 2e�5t � 8 V

(c) vc tð Þ ¼ e�3t 8 cos t þ 24 sin tð Þ � 8 V
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P 9.8-8 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.8-8.

Hint: 2 ¼ d2

dt2
vc tð Þ þ 6

d

dt
vc tð Þ þ 2vc tð Þ for t > 0

Answer: vc tð Þ ¼ 0:123e�5:65t þ 0:877e�0:35t þ 1 V for t > 0.
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P 9.8-9 In Figure P 9.8-9, determine the inductor current i(t)

when is ¼ 5u(t) A. Assume that i(0) ¼ 0, vc(0) ¼ 0.
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P 9.8-10 Railroads widely use automatic identification of

railcars. When a train passes a tracking station, a wheel
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a signal that bounces off a transponder on the locomotive. A

Vehicle-mounted
transponder tag

Wheel detector
input

Antenna

+ –

ΩΩ1

L

v

0.5
Ω1.5

is

0.5 F

i

(b)

(a)

Figure P 9.8-10 (a) Railroad identification system.

(b) Transponder circuit.

Problems 407

i

Ω2 Fis
8 29 1 8

H

Figura P 9.8-9

P 9.8-10 Los ferrocarriles utilizan ampliamente una identi-
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P 9.8-5 Encuentre v(t) para t . 0 para el circuito de la figura 
P 9.8-5.
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P 9.8-6 An experimental space station power supply system

is modeled by the circuit shown in Figure P 9.8-6. Find v(t) for
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P 9.8-6 El sistema de alimentación de potencia de una esta-
ción experimental está modelado por el circuito que se mues-
tra en la figura p 9.8-6. Encuentre v(t) para t . 0. Suponga 
condiciones de estado estable en t 5 02.
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P 9.8-7 Encuentre vc(t) para t . 0 en el circuito de la figura 
P 9.8-7 cuando (a) C 5 1>18 F; (b) C 5 1>10 F y (c) C 5 1>20 F.
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P 9.8-8.

Hint: 2 ¼ d2

dt2
vc tð Þ þ 6

d

dt
vc tð Þ þ 2vc tð Þ for t > 0

Answer: vc tð Þ ¼ 0:123e�5:65t þ 0:877e�0:35t þ 1 V for t > 0.

4 Ω 8 Ω

F vC(t)

+

–
iL(t)

2 H

u(t) +     A– 1 4

1 4

1 2

Figure P 9.8-8

P 9.8-9 In Figure P 9.8-9, determine the inductor current i(t)

when is ¼ 5u(t) A. Assume that i(0) ¼ 0, vc(0) ¼ 0.

Answer: i(t) ¼ 5 + e�2t [�5 cos 5t � 2 sin 5t] A

i

Ω2 Fis
8 29 1 8

H

Figure P 9.8-9

P 9.8-10 Railroads widely use automatic identification of

railcars. When a train passes a tracking station, a wheel

detector activates a radio-frequency module. The module’s

antenna, as shown in Figure P 9.8-10a, transmits and receives

a signal that bounces off a transponder on the locomotive. A

Vehicle-mounted
transponder tag

Wheel detector
input

Antenna

+ –

ΩΩ1

L

v

0.5
Ω1.5

is

0.5 F

i

(b)

(a)

Figure P 9.8-10 (a) Railroad identification system.

(b) Transponder circuit.

Problems 407

v(t)
+

–
4 Ω C

8 Ω

2 H

a

2u(t) A

i(t)

Figura P 9.8-7

P 9.8-8 Encuentre vc(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-8.

Sugerencia: 

E1C09_1 11/26/2009 407

Answer: v ¼ 25e�3t � 1

17
[429e�4t � 21 cos t þ 33 sin t�V

1 12 F
iL

+
– v

+

–
0.5 H5 cos t V

1 Ω 1 Ω

Figure P 9.8-4

P 9.8-5 Find v(t) for t > 0 for the circuit of Figure P 9.8-5.

Answer: v tð Þ ¼ �16e�t þ 16e�3t þ 8½ �u tð Þ
þ 16e� t�2ð Þ � 16e�3 t�2ð Þ � 8

� �
u t � 2ð ÞV

v

+

–

1 3 F

4 Ω 1 H2[u(t) – u(t – 2)] A

Figure P 9.8-5

P 9.8-6 An experimental space station power supply system
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a signal that bounces off a transponder on the locomotive. A

Vehicle-mounted
transponder tag

Wheel detector
input

Antenna

+ –

ΩΩ1

L

v

0.5
Ω1.5

is

0.5 F

i

(b)

(a)

Figure P 9.8-10 (a) Railroad identification system.

(b) Transponder circuit.

Problems 407

Respuesta: 

E1C09_1 11/26/2009 407

Answer: v ¼ 25e�3t � 1
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P 9.8-5 Find v(t) for t > 0 for the circuit of Figure P 9.8-5.

Answer: v tð Þ ¼ �16e�t þ 16e�3t þ 8½ �u tð Þ
þ 16e� t�2ð Þ � 16e�3 t�2ð Þ � 8
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P 9.8-6 An experimental space station power supply system

is modeled by the circuit shown in Figure P 9.8-6. Find v(t) for

t > 0. Assume steady-state conditions at t ¼ 0�.
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P 9.8-7 Find vc(t) for t > 0 in the circuit of Figure P 9.8-7

when (a) C ¼ 1=18 F, (b) C ¼ 1=10 F, and (c) C ¼ 1=20 F.
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(a) vc tð Þ ¼ 8e�3t þ 24te�3t � 8 V
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P 9.8-8 Find vc(t) for t > 0 for the circuit shown in Figure

P 9.8-8.

Hint: 2 ¼ d2

dt2
vc tð Þ þ 6

d

dt
vc tð Þ þ 2vc tð Þ for t > 0

Answer: vc tð Þ ¼ 0:123e�5:65t þ 0:877e�0:35t þ 1 V for t > 0.
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	 408	 Respuesta total de circuitos con dos elementos de almacenamiento de energía

procesador de seguimiento transforma la señal recibida en in-
formación útil que consiste en la ubicación del tren, velocidad 
y dirección del viaje. El ferrocarril utiliza esta información 
para programar locomotoras, trenes, tripulaciones y equipo, de 
una manera más eficiente.
 En la figura P 9.8-10b se muestra un circuito de radiofa-
ro de respuesta propuesto con una bobina de radiofaro grande 
de L 5 5 H. Determine i(t) y v(t). La señal recibida es is 5 9 1 
3e22t u(t) A.

P 9.8-11 Determine v(t) para t . 0 para el circuito que se 
muestra en la figura P 9.8-11.

Respuesta: 
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trackside processor turns the received signal into useful infor-

mation consisting of the train’s location, speed, and direction

of travel. The railroad uses this information to schedule

locomotives, trains, crews, and equipment more efficiently.

One proposed transponder circuit is shown in Figure

P 9.8-10b with a large transponder coil of L ¼ 5 H. Determine

i(t) and v(t). The received signal is is ¼ 9 þ 3e�2t u(t) A.

P 9.8-11 Determine v(t) for t > 0 for the circuit shown in

Figure P 9.8-11.

Answer: vc tð Þ ¼ 0:75 e�4t � 6:75 e�36t þ 16 V for t > 0

i(t) va(t)

v(t)

–

+

+

–

4 Ω0.1 H
+
– 0.625 F

2va(t)
6u(t) + 10 V

Figure P 9.8-11

P 9.8-12 The circuit shown in Figure P 9.8-12 is at steady state

before the switch opens. The inductor current is given to be

i(t) ¼ 240þ 193e�6:25t cos (9:27t � 102�) mA for t � 0

Determine the values of R1, R3, C, and L.

L

+
–

i(t)

t = 0

v(t)

+

–

R1
R3

C 20 Ω

24 V

Figure P 9.8-12

P 9.8-13 The circuit shown in Figure P 9.8-13 is at steady

state before the switch opens. Determine the inductor current,

i(t), for t > 0.
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t = 0

v(t)

+

–

12 Ω

18 V

8 Ω 24 Ω

0.4 H

25 mF

Figure P 9.8-13

*P 9.8-14 The circuit shown in Figure P 9.8-14 is at

steady state before the switch closes. Determine the capacitor

voltage, v(t), for t > 0.

+
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t = 0

10 Ω
10 Ω20 V

0.4 H

25 mF
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P 9.8-15 The circuit shown in Figure P 9.8-15 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)
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t = 0

5 mF50 Ω

50 Ω

2 H

20 V

Figure P 9.8-15

P 9.8-16 The circuit shown in Figure P 9.8-16 is at steady

state before the switch closes. Determine the inductor current,

i(t), for t > 0.
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v(t)
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–

t = 0

9 Ω

16 Ω

0.4 H

25 mF20 V

Figure P 9.8-16

P 9.8-17 The circuit shown in Figure P 9.8-17 is at steady

state before the switch opens. Determine the inductor current,

i2(t), for t > 0.

+
–

i1(t)

t = 0

i2(t)24 Ω

75 Ω

15 Ω

4 H 1.6 H

20 V

Figure P 9.8-17
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P 9.8-16 The circuit shown in Figure P 9.8-16 is at steady
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Figura P 9.8-11

P 9.8-12 El circuito que se muestra en la figura P 8.9-12 se 
encuentra en estado estable antes de que se abra el interruptor. 
La corriente del inductor está dada para
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Determine los valores de R1, R3, C y L.
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P 9.8-13 El circuito que se muestra en la figura P 8.9-13 se 
encuentra en estado estable antes de que se abra el interruptor. 
Determine la corriente del inductor i(t), para t . 0.
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*P 9.8-14 El circuito que se muestra en la figura P 8.9-14 
se encuentra en estado estable antes de que el interruptor se 
cierre. Determine el voltaje del condensador v(t), para t . 0.
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P 9.8-15 El circuito que se muestra en la figura P 8.9-15 se 
encuentra en estado estable antes de que se cierre el interrup-
tor. Determine el voltaje del condensador v(t), para t . 0.

+
–

i(t)

v(t)

+

–

t = 0

5 mF50 Ω

50 Ω

2 H

20 V

Figura P 9.8-15

P 9.8-16 El circuito que se muestra en la figura P 8.9-16 se 
encuentra en estado estable antes de que el interruptor se cierre.  
Determine la corriente del inductor i(t), para t . 0.

+
–

i(t)

v(t)

+

–

t = 0

9 Ω

16 Ω

0.4 H

25 mF20 V

Figura P 9.8-16

P 9.8-17 El circuito que se muestra en la figura P 8.9-17 se 
encuentra en estado estable antes de que se abra el interruptor. 
Determine la corriente del inductor i2(t), para t . 0.

+
–

i1(t)

t = 0

i2(t)24 Ω

75 Ω

15 Ω

4 H 1.6 H

20 V

Figura P 9.8-17
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L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figura P 9.8-20

Sección 9.9 Método de las variables de estado para 
el análisis de circuitos

P 9.9-1 Encuentre v(t) para t . 0, siguiendo el método de 
variables de estado de la sección 9.9 cuando C 5 1>5 F en el 
circuito de la figura P 9.9-1. Bosqueje la respuesta para v(t) 
para 0 , t , 10 s.

Respuesta: 
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.

Problems 409

6 Ω

v
+

–
C

1 H

4u(t) A

Figura P 9.9-1

P 9.9-2 Repita el problema P 9.9-1 cuando C 5 1>10 F. Bos-
queje la respuesta para v(t) para 0 , t , 3 s.

Respuesta: 
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.

Problems 409

sen
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.

Problems 409

P 9.9-3 Determine la corriente i(t) y el voltaje v(t) para el 
circuito de la figura P 9.9-3.

Respuesta: 
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.

Problems 409

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figura P 9.9-3

P 9.9-4 Las leyes de limpieza del medio ambiente están im-
pulsando a la industria automotriz al desarrollo de los auto-
móviles eléctricos. La figura P 9.9-4a muestra un vehículo 
propuesto que utiliza motor de ca. El circuito controlador del 
motor se muestra en la figura P 9.9-4b con L 5 100 mH y C 5 
10 mF. Siga el método de la ecuación de estado para determinar 
i(t) y v(t) donde i(t) sea la corriente del controlador del motor. 
Las condiciones iniciales son v(0) 5 10 V e i(0) 5 0.

P 9.8-18 El circuito que se muestra en la figura P 8.9-18 se 
encuentra en estado estable antes de que se cierre el interrup-
tor. Determine el voltaje del condensador v(t), para t . 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figura P 9.8-18

P 9.8-19 Encuentre la ecuación diferencial para vc(t) en el 
circuito de la figura P 9.8-19, siguiendo el método directo. En-
cuentre vc(t) para el tiempo t . 0 para cada uno de los siguien-
tes conjuntos de valores de componentes:

(a) C 5 1 F, L 5 0.25 H, R1 5 R2 5 1.309 V
(b) C 5 1 F, L 5 1 H, R1 5 3 V, R2 5 1 V
(c) C 5 0.125 F, L 5 0.5 H, R1 5 1 V, R2 5 4 V

Respuesta: 
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.

Problems 409
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
–

i(t)

v(t)

+

–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18

P 9.8-19 Find the differential equation for vc(t) in the circuit

of Figure P 9.8-19, using the direct method. Find vc(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V

(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 3 V, R2 ¼ 1 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 1 V, R2 ¼ 4 V

Answer:

(a) vc tð Þ ¼ 1

2
�e�2t þ 1

2
e�4t V

(b) vc tð Þ ¼ 1

4
� 1

4
þ 1

2
t

� �
e�2t V

(c) vc tð Þ ¼ 0:8� e�2t 0:8 cosð 4t þ 0:4 sin 4tÞV

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure P 9.8-19

P 9.8-20 Find the differential equation for vo(t) in the circuit

of Figure P 9.8-20, using the direct method. Find vo(t) for time

t > 0 for each of the following sets of component values:

(a) C ¼ 1 F, L ¼ 0.25 H, R1 ¼ R2 ¼ 1.309 V
(b) C ¼ 1 F, L ¼ 1 H, R1 ¼ 1 V, R2 ¼ 3 V
(c) C ¼ 0.125 F, L ¼ 0.5 H, R1 ¼ 4 V, R2 ¼ 1 V

Answer:

(a) vo tð Þ ¼ 1

2
� e�2t þ 1

2
e�4t V

(b) vo tð Þ ¼ 3

4
� 3

4
þ 3

2
t

� �
e�2t V

(c) vo tð Þ ¼ 0:2� e�2t 0:2 cos 4t þ 0:1 sin 4tð ÞV

L

R2

R1

C+
–

iL(t)

vo(t)vs(t) = u(t)

+

–

vc(t)
+

–

Figure P 9.8-20

Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V

6 Ω

v
+

–
C

1 H

4u(t) A

Figure P 9.9-1

P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA

0.5 Ω
i

–3u(t) A 0.2 H v
+

–
20 mF 3 A

Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.
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L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figura P 9.8-19

P 9.8-20 Encuentre la ecuación diferencial para vo(t) en el 
circuito de la figura P 9.8-20, siguiendo el método directo. En-
cuentre vo(t) para el tiempo t 5 0 para cada uno de los siguien-
tes conjuntos de valores de componentes:

(a) C 5 1 F, L 5 0.25 H, R1 5 R2 5 1.309 V
(b) C 5 1 F, L 5 1 H, R1 5 1 V, R2 5 3 V
(c) C 5 0.125 F, L 5 0.5 H, R1 5 4 V, R2 5 1 V

Respuesta: 
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P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady

state before the switch closes. Determine the capacitor voltage,

v(t), for t > 0.

+
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v(t)
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–

t = 0

50 Ω

50 Ω

5 mF

2 H

20 V

Figure P 9.8-18
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Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.
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P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA
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Figure P 9.9-3

P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.
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Section 9.9 State Variable Approach to Circuit
Analysis

P 9.9-1 Find v(t) for t > 0, using the state variable

method of Section 9.9 when C ¼ 1=5 F in the circuit

of Figure P 9.9-1. Sketch the response for v(t) for 0 <
t < 10 s.

Answer: v tð Þ ¼ �25e�t þ e�5t þ 24 V
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P 9.9-2 Repeat Problem P 9.9-1 whenC¼ 1=10 F. Sketch the
response for v(t) for 0 < t < 3 s.

Answer: v tð Þ ¼ e�3t �24 cos t � 32 sin tð Þ þ 24 V

P 9.9-3 Determine the current i(t) and the voltage v(t) for the

circuit of Figure P 9.9-3.

Answer: i tð Þ ¼ 3:08e�2:57t � 0:08e�97:4t � 6ð ÞA
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P 9.9-4 Clean-air laws are pushing the auto industry

toward the development of electric cars. One proposed

vehicle using an ac motor is shown in Figure P 9.9-4a.

The motor-controller circuit is shown in Figure P 9.9-4b with

L ¼ 100 mH and C ¼ 10 mF. Using the state equation

approach, determine i(t) and v(t) where i(t) is the motor-

control current. The initial conditions are v(0) ¼ 10 V and

i(0) ¼ 0.
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(c)

(a)

(b)

(c)
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+ –

Ω
2vx

vx

2ix

1

ix

L

2
C

v

+

–

i

Ω

+ –

Inversor de cd a ca
transistorizado

Motor de ca con
imán permanente

integrado al interior
y transeje automático

Batería de
sulfuro

de sodio Controlador
del sistema

Mecanismo de
dirección por

potencia eléctrica

(a) (b)

P 9.9-5 Se están utilizando los estudios de un insecto arti-
ficial para entender el sistema nervioso de los animales. Un 
modelo de neurona en el sistema nervioso del insecto artificial 
se muestra en la figura P 8.6-6. Se requiere generar una serie  
de pulsos, llamada sinapsis, para lo cual se necesita una señal de  
entrada, vs. El interruptor genera un pulso al abrirse en t 5 0 y 
cerrarse en t 5 0.5 s. Suponga que el circuito se encuentra en 
estado estable y que v(02) 5 10 V. Determine el voltaje v(t) 
para 0 , t , 2 s.

+
–

vvs

+

–
F30 V

H

3 Ω

6 Ω
Interruptor

1 6

1 2

Figura P 9-9-5 Modelo de un circuito de neuronas.

Sección 9.10 Raíces en el plano compuesto

P 9.10-1 Para el circuito de la figura P 9.10-1, determine las 
raíces de la ecuación característica y trace las raíces sobre el 
plano s.

3 kΩ2 kΩ

i1 i2

+
– 2 mH2 mH12 – 6u(t) V

Figura P 9.10-1

P 9.10-2 Para el circuito de la figura P 9.10-1, determine las 
raíces de la ecuación característica y trace las raíces sobre el 
plano s.

P 9.10-3 Para el circuito de la figura P 9.10-3, determine las 
raíces de la ecuación característica y trace las raíces sobre el 
plano s.

vs 4 kΩF

4 H

µ1 4
+
–

Figura P 9.10-3

P 9.10-4 En la figura P 9.10-4 se muestra un circuito RLC.

  Obtenga las ecuaciones del voltaje de dos nodos utilizan-
do operadores.

 Obtenga la ecuación característica para el circuito.
  Muestre la ubicación de las raíces de la ecuación caracte-

rística en el plano s.
 Determine v(t) para t . 0.

36u(t) V +
–

Ω12 Ω6

a b

v(t)
+

–
F

1 H

1 18

Figura P 9.10-4

Sección 9.11 ¿Cómo lo podemos comprobar...?

P 9.11-1 La figura P 9.11-1a muestra un circuito RLC. El vol-
taje, vs(t) de la fuente de voltaje es la onda cuadrada que se 
muestra en la figura P 9.11-1a. La figura P 9.11-1c muestra 
un trazo de la corriente del inductor, i(t), el cual se obtuvo por 
simulación de este circuito mediante PSpice. Verifique que el 
trazo de i(t) esté correcto.

Respuesta: El trazo es correcto.

Figura P 9.9-4 (a) Vehículo eléctrico. (b) circuito de controlador de motor.

(a)

(b)
(c)

(d)
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simulación de este circuito mediante PSpice. Verifique que el 
trazo de i(t) esté correcto.

Respuesta: El trazo no es correcto.

P 9.11-2 La figura P 9.11-2b muestra un circuito RLC. El vol-
taje, vs(t) de la fuente de voltaje es la onda cuadrada que se 
muestra en la figura P 9.11-2a. La figura P 9.11-2c muestra 
un trazo de la corriente del inductor, i(t), el cual se obtuvo por 

t, ms

(a)

0

25

4 8 12 16

vs, V

+
–

(b)

i(t)100 Ω

12 mHvs µ2   F

(c)

0 A

–200 mA

200 mA

400 mA

0 s 2.0 ms 4.0 ms 6.0 ms 8.0 ms
TiempoI (L1)

I (L1)

(550.562u, 321.886m)

(1.6405m, 256.950m)

(1.0787m, 228.510m)

(3.6854m, 250.035m)

t, ms

+
–

(b)(a)

i(t)100 Ω

0

15

2 4 6 8

vs, V

8 mHvs µ0.2   F

Figura P 9.11-1

Figura P 9.11-2
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(c)

0 A

–100 mA

200 mA

100 mA

300 mA

0 s 2.0 ms 4.0 ms 6.0 ms 8.0 ms

Tiempo

I (L1)

(426.966u, 172.191m)

(1.7753m, 149.952m)

(831.461u, 146.570m)

Figura P 9.11-2 (continuación)

Problemas de PSpice
PS 9-1 La entrada al circuito que se muestra en la fi gura 
PS 9-1 es el voltaje de la fuente de voltaje, vi(t). La salida es el 
voltaje a través del condensador, vo(t). La entrada es la señal 
de pulso especifi cada de manera gráfi ca por el trazo. Utilice 
PSpice para trazar la salida, vo(t), como una función de t para 
cada uno de los casos siguientes: 

(a) C � 1 F, L � 0.25 H, R1 � R2 � 1.309 �
(b) C � 1 F, L � 1 H, R1 � 3 �, R2 � 1 �
(c) C � 0.125 F, L � 0.5 H, R1 � 1 �, R2 � 4 �
Trace la salida para estos tres casos en el mismo eje.

0

5

vi(V)

t (s)10 15

5

vo(t)vi(t) R2

R1L

+

–
C+

–

Figura PS 9-1

Sugerencia: Represente la fuente de voltaje utilizando la par-
te denominada VPULSE de PSpice.

PS 9-2 La entrada al circuito que se muestra en la fi gura PS 9-2 
es el voltaje de la fuente de voltaje, vi(t). La salida es el voltaje 

a través del resistor, R2. La entrada es la señal de pulso espe-
cifi cada de manera gráfi ca por el trazo. Utilice PSpice para 
trazar la salida, vo(t), como una función de t para cada uno de 
los casos siguientes: 

(a) C � 1 F, L � 0.25 H, R1 � R2 � 1.309 �
(b) C � 1 F, L � 1 H, R1 � 3 �, R2 � 1 �
(c) C � 0.125 F, L � 0.5 H, R1 � 1 �, R2 � 4 �
Trace la salida para estos tres casos en el mismo eje.

Sugerencia: Represente la fuente de voltaje utilizando la par-
te denominada VPULSE de PSpice.

0

5

vi(V)

t (s)10 15

5

vo(t)vi(t)

R1

+

–
C+

– R2

L

Figura PS 9-2

PS 9-3 Determine y trace el voltaje v(t) del condensador para 
0 � t 300 ms para el circuito que se muestra en la fi gura PS 
9-3a. Las fuentes son pulsos como se muestra en la fi guras 
PS 9-3b, c.
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v 0.1   F

+
–+

–

ig 50

50

1 mH

vg

10

(a)

0 100 200
0

0.2 A

ig

t (   s)
0 100 200

0

5 V

vg

t (   s)

(b) (c)

Figura PS 9-3 (a) Circuito, (b) pulso de corriente y (c) pulso de 
voltaje.

PS 9-4 Determine y trace v(t) del condensador de la fi gura 
PS 9-4 cuando vs(t) = 5u(t) V. Trace v(t) para 0 � t � 0.25 s.

+
–

v(t)
+

–

vs(t)

2  F

3 k 6 k

2 k 3 k

3  F

Figura PS 9-4

Problemas de diseño
PD 9-1 Diseñe el circuito que se muestra en la fi gura PD 9-1 
de modo que 

vc tð Þ ¼ 1

2
þ A1e

�2t þ A2e
�4t V para t > 0

Determine los valores de las constantes no especifi cadas, A1 y A2.
Sugerencia: El circuito está sobreamortiguado, y las frecuen-
cias naturales son 2 y 4 rad/seg.

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figura PD 9-1
PD 9-2 Diseñe el circuito que se muestra en la fi gura PD 9-1 
de modo que 

vc tð Þ ¼ 1

4
þ A1 þ A2tð Þe�2t V para t > 0

Determine los valores de las constantes no especifi cadas, A1 y A2.
Sugerencia: El circuito está críticamente amortiguado, y ambas 
frecuencias naturales son 2 rad/seg.
PD 9-3 Diseñe el circuito que se muestra en la fi gura PD 9-1 
de modo que 

vc tð Þ ¼ 0:8þ e�2t A1 cos 4t þ A2ð sen 4tÞV para t > 0

Determine el valor de las constantes no especifi cadas, A1 y A2.

Sugerencia: El circuito está subamortiguado, la frecuencia re-
sonante amortiguada es de 4 rad/seg, y el coefi ciente de amor-
tiguamiento es 2.
PD 9-4 Demuestre que el circuito que se muestra en la fi gura 
PD 9-1 no se puede diseñar porque 

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2ð sen 4tÞV para t > 0

Sugerencia: Muestre que un diseño semejante requeriría 1>RC 
� 10 RC � 4 donde R � R1 � R2. Luego, muestre que 1>RC � 
10 RC � 4 requeriría que el valor de RC fuera compuesto.
PD 9-5 Diseñe el circuito que se muestra en la fi gura PD 9-5 
de modo que

vo tð Þ ¼ 1

2
þ A1 e

�2t þ A2 e
�4t V para t > 0

Determine los valores de las constantes no especifi cadas,  A1 y A2.

+
–

iL(t)

vc(t)

+

–

vo(t)

+

–

L

R2

R1

Cvs(t) = u(t)

Figura PD 9-5
Sugerencia: El circuito está sobreamortiguado, y las frecuen-
cias naturales son 2 y 4 rad/seg.

PD 9-6 Diseñe el circuito que se muestra en la fi gura PD 9-5 
de modo que

s
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v 0.1   Fμ

+
–+

–

ig Ω50

Ω50

1 mH

vg

Ω10

(a)

0 100 200
0

0.2 A

ig

t (   s)μ
0 100 200

0

5 V

vg

t (   s)μ

(b) (c)

Figure SP 9-3 (a) Circuit, (b) current pulse, and (c) voltage

pulse.

SP 9-4 Determine and plot v(t) for the circuit of Figure

SP 9-4 when vs(t) ¼ 5u(t) V. Plot v(t) for 0 < t < 0.25 s.

+
–

v(t)
+

–

vs(t)

2  Fμ

Ω3 k Ω6 k

Ω2 k Ω3 k

3  Fμ

Figure SP 9-4

Design Problems
DP 9-1 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 1

2
þ A1e

�2t þ A2e
�4t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is overdamped, and the natural frequencies

are 2 and 4 rad/sec.

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure DP 9-1

DP 9-2 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 1

4
þ A1 þ A2tð Þe�2t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is critically damped, and the natural fre-

quencies are both 2 rad/sec.

DP 9-3 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 0:8þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-4 Show that the circuit shown in Figure DP 9-1 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-5 Design the circuit shown in Figure DP 9-5 so that

vo tð Þ ¼ 1

2
þ A1 e

�2t þ A2 e
�4t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

+
–

iL(t)

vc(t)

+

–

vo(t)

+

–

L

R2

R1

Cvs(t) = u(t)

Figure DP 9-5

Hint: The circuit is overdamped, and the natural frequencies

are 2 and 4 rad/sec.

DP 9-6 Design the circuit shown in Figure DP 9-5 so that

vo tð Þ ¼ 3

4
þ A1 þ A2tð Þe�2t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is critically damped, and the natural fre-

quencies are both 2 rad/sec.
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Figure SP 9-3 (a) Circuit, (b) current pulse, and (c) voltage

pulse.

SP 9-4 Determine and plot v(t) for the circuit of Figure

SP 9-4 when vs(t) ¼ 5u(t) V. Plot v(t) for 0 < t < 0.25 s.

+
–

v(t)
+

–
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Ω2 k Ω3 k

3  Fμ

Figure SP 9-4

Design Problems
DP 9-1 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 1

2
þ A1e

�2t þ A2e
�4t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is overdamped, and the natural frequencies

are 2 and 4 rad/sec.

L

R2

R1

C+
–

iL(t)

vc(t)vs(t) = u(t)
+

–

Figure DP 9-1

DP 9-2 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 1

4
þ A1 þ A2tð Þe�2t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is critically damped, and the natural fre-

quencies are both 2 rad/sec.

DP 9-3 Design the circuit shown in Figure DP 9-1 so that

vc tð Þ ¼ 0:8þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-4 Show that the circuit shown in Figure DP 9-1 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-5 Design the circuit shown in Figure DP 9-5 so that

vo tð Þ ¼ 1

2
þ A1 e

�2t þ A2 e
�4t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

+
–

iL(t)

vc(t)

+

–

vo(t)

+

–

L

R2

R1

Cvs(t) = u(t)

Figure DP 9-5

Hint: The circuit is overdamped, and the natural frequencies

are 2 and 4 rad/sec.

DP 9-6 Design the circuit shown in Figure DP 9-5 so that

vo tð Þ ¼ 3

4
þ A1 þ A2tð Þe�2t V for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is critically damped, and the natural fre-

quencies are both 2 rad/sec.

Design Problems 413

Determine los valores de las constantes no especificadas, A1 y A2.

Sugerencia: El circuito está críticamente amortiguado, y ambas 
frecuencias naturales son 2 rad/seg.

PD 9-7 Diseñe el circuito que se muestra en la figura PD 9-5 
de modo que
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.

t = 0

10 V +
–

1 2

i

L

F
Ω4

1 3

Figure DP 9-9 Flourescent lamp circuit.
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.

t = 0

10 V +
–

1 2

i

L

F
Ω4

1 3

Figure DP 9-9 Flourescent lamp circuit.
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.

t = 0

10 V +
–

1 2

i

L

F
Ω4

1 3

Figure DP 9-9 Flourescent lamp circuit.

414 The Complete Response of Circuits with Two Energy Storage Elements

Determine los valores de las constantes no especificadas, A1 y A2.

Sugerencia: El circuito está subamortiguado, la frecuencia re-
sonante amortiguada es de 4 rad/seg, y el coeficiente de amor-
tiguamiento es 2.

PD 9-8 Demuestre que el circuito de la figura PD 9-5 no se 
puede diseñar porque
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.

t = 0

10 V +
–
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i

L

F
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Figure DP 9-9 Flourescent lamp circuit.
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.
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–
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Figure DP 9-9 Flourescent lamp circuit.
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that

vc tð Þ ¼ 0:2þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Determine the values of the unspecified constants, A1 and A2.

Hint: The circuit is underdamped, the damped resonant

frequency is 4 rad/sec, and the damping coefficient is 2.

DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be

designed so that

vc tð Þ ¼ 0:5þ e�2t A1 cos 4t þ A2 sin 4tð ÞV for t > 0

Hint: Show that such a design would require 1=RC þ 10 RC ¼
4 where R ¼ R1 ¼ R2. Next, show that 1=RC þ 10 RC ¼ 4

would require the value of RC to be complex.

DP 9-9 A fluorescent light uses cathodes (coiled tungsten

filaments coated with an electron-emitting substance) at each

end that send current through mercury vapors sealed in the tube.

Ultraviolet radiation is produced as electrons from the cathodes

knock mercury electrons out of their natural orbits. Some of the

displaced electrons settle back into orbit, throwing off the

excess energy absorbed in the collision. Almost all of this

energy is in the form of ultraviolet radiation. The ultraviolet

rays, which are invisible, strike a phosphor coating on the inside

of the tube. The rays energize the electrons in the phosphor

atoms, and the atoms emit white light. The conversion of one

kind of light into another is known as fluorescence.

One form of a fluorescent lamp is represented by the RLC

circuit shown in Figure DP 9-9. Select L so that the current i(t)

reaches a maximum at approximately t ¼ 0.5 s. Determine the

maximum value of i(t). Assume that the switch was in position 1

for a long time before switching to position 2 at t ¼ 0.

Hint: Use PSpice to plot the response for several values of L.

t = 0
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i
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F
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Figure DP 9-9 Flourescent lamp circuit.

414 The Complete Response of Circuits with Two Energy Storage Elements

Sugerencia: Muestre que un diseño semejante requeriría 1>RC 
1 10RC 5 4 donde R 5 R1 5 R2. Luego, muestre que 1>RC 1 
10RC 5 4 requeriría que el valor de RC fuera compuesto.

PD 9.9 Una luz fluorescente utiliza cátodos (filamentos de 
tungsteno enrollados y cubiertos con una sustancia emisora  
de electrones) en cada punta que envían corriente a través de 

vapores de mercurio sellado en el tubo. La radiación ultravioleta 
se produce en cuanto los electrones provenientes de los cátodos 
desplazan a los electrones de mercurio de sus órbitas naturales. 
Algunos de los electrones desplazados se reintegran a su órbi-
ta, liberando la energía absorbida en la colisión. Casi toda esta 
energía está en forma de radiación ultravioleta. Los rayos ultra-
violeta, que son invisibles, golpean una cubierta de fósforo den-
tro del tubo. Los rayos energizan los electrones en los átomos de 
fósforo, y los átomos emiten una luz blanca. La conversión de un  
tipo de luz en otro se conoce como fluorescencia.
 Una forma de lámpara fluorescente está representada por 
el circuito RLC que se muestra en la figura PD9-9. Seleccione 
L a modo que la corriente i(t) alcance un máximo en aproxima-
damente t 5 0.5 s. Determine el valor máximo de i(t). Suponga 
que el interruptor estaba en la posición 1 mucho tiempo antes de 
cambiarse a la posición 2 en t 5 0.

Sugerencia: Utilice PSpice para trazar la respuesta para varios 
valores de L.

t = 0

10 V +
–

1 2

i

L

F
Ω4

1 3

Figura PD 9-9 Circuito de lámpara fluorescente.
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Análisis 
senoidal en
estado estable

10.1 I N T R O D U C C I Ó N

Considere el experimento ilustrado en la figura 10.1-1. Aquí, un generador de funciones proporciona 
la entrada a un circuito lineal y el osciloscopio despliega la salida, o respuesta, del circuito lineal. De 
suyo el circuito lineal consta de resistores, condensadores; quizá fuentes dependientes y/o amplifica-
dores operacionales. El generador de funciones nos permite elegir entre varios tipos de funciones de 
entrada. Estas funciones de entrada se llaman formas de onda u ondas. Un generador de funciones 
típico proporcionará ondas cuadradas, ondas de pulso, ondas triangulares y ondas senoidales.
 La salida del circuito constará de dos partes: una parte transitoria que se consume al extenderse 
el tiempo, y una parte de estado estable que persiste. Por lo común, la parte transitoria se acaba pronto, 
quizás en un par de milisegundos. Esperamos que el osciloscopio en la figura 10.1-1 despliegue la 
respuesta de estado estable del circuito lineal para la entrada provista por el generador de funciones. 
 Suponga que seleccionamos una entrada senoidal. El generador de funciones nos permite ajus-
tar la amplitud, el ángulo de fase y la frecuencia de la entrada. Observemos que no importa cuántos 
ajustes hagamos, la respuesta (estado estable) siempre es una onda de seno en la misma frecuencia que 
la entrada. La amplitud y el ángulo de fase de la salida difieren de la entrada, pero la frecuencia siem-
pre es la misma.
 Supongamos ahora que seleccionamos un entrada de onda cuadrada. La respuesta de estado es-
table no es una onda cuadrada. Del mismo modo, las respuestas de estado estable para ondas de pulso 
y ondas triangulares no tienen la misma forma que la entrada.

CAPÍTULO10
EN ESTE CAPÍTULO

 10.1 Introducción
 10.2 Fuentes senoidales
 10.3  Respuesta de estado estable de un circuito 

RL para una función de forzamiento senoidal
 10.4  Función de forzamiento exponencial 

compuesta
 10.5 El fasor
 10.6  Relaciones de fasor para los elementos 

R, L y C
 10.7 Impedancia y admitancia
 10.8 Leyes de Kirchhoff que utilizan fasores
 10.9  Análisis del voltaje de nodos y de la 

corriente de enlaces utilizando fasores
10.10  Superposición, equivalentes de Thévenin y 

de Norton y transformaciones de fuentes

10.11 Diagramas de fasores
10.12  Circuitos de fasores y el amplifi cador 

operacional
10.13 La respuesta total
10.14  Uso de MATLAB para el análisis de 

circuitos en estado estable con entradas 
senoidales

10.15 Uso de PSpice para analizar circuitos de CA
10.16 ¿Cómo lo podemos comprobar . . . ?
10.17   EJEMPLO DE DISEÑO — Circuito del 

amplifi cador operacional
10.18 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño
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Circuito

lineal

 

FIGURA 10.1-1
Medición de la entrada 
y la salida de un 
circuito lineal.

 Los circuitos lineales con entradas senoidales que se encuentran en estado estable se denominan 
circuitos de ca. El sistema de potencia eléctrica que nos alimenta de la electricidad necesaria es un circui-
to de ca muy grande. Los circuitos CA son el tema de este capítulo. En particular, veremos que:

•  Es útil asociar un número compuesto con uno senoidal. Esto nos permite defi nir fasores e impedancias.

•  Al utilizar fasores e impedancias, obtenemos una nueva representación del circuito lineal, denominada 
“representación de dominio de frecuencia”.

•  Podemos analizar circuitos de ca en el dominio de frecuencia para determinar la respuesta de estado 
estable.

10.2 F U E N T E S  S E N O I D A L E S

En ingeniería eléctrica, las entradas senoidales son particularmente importantes porque las fuentes de 
poder y las señales de comunicación se suelen transmitir como sinusoides o sinusoides modificados. 
La entrada ocasiona la respuesta forzada, y la respuesta natural es resultado de las dinámicas internas 
del circuito. Normalmente, la respuesta natural decaerá después de un lapso de tiempo, pero la res-
puesta forzada, o de estado estable, continúa de manera indefinida. Por consiguiente, en este capítulo 
nos enfocaremos sobre todo en la respuesta de estado estable de un circuito para la entrada senoidal.
 Consideremos la entrada
 vs � Vm sen vt (10.2-1)
o bien, en el caso de la fuente de corriente,
 is � Im sen vt (10.2-2)
 La amplitud de la sinusoide es Vm, y la frecuencia de radianes es v (rad/s). La sinusoide es una 
función periódica definida por la propiedad

x1t � T 2 � x1t2
para todo t y donde T es el periodo de oscilación.
 La recíproca de T define la frecuencia o número de ciclos por segundo, indicado por ƒ, donde 

f ¼ 1

T

La frecuencia ƒ está en ciclos por segundo, mejor conocida como hertzios (Hz) en honor del científico 
Heinrich Hertz, que se muestra en la figura 10.2-1. Así que la frecuencia angular (radián) de la función 
senoidal es

v ¼ 2pf ¼ 2p

T
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La frecuencia angular v está en radianes por segundo.
 Para la fuente de voltaje de la ecuación 10.2-1, el valor máximo es Vm. Si el voltaje senoidal 
tiene un ángulo de fase f asociado, la fuente de voltaje es

 vs � Vm sen(vt � f) (10.2-23)

El voltaje senoidal de la ecuación 10.2-3 está representado por la figura 10.2-2.
 Como, de manera convencional, el ángulo f se puede expresar en grados, encontrará la notación 

vs � Vm sen(4t � 30°)
o, como alternativa 

vs ¼ Vm sen 4t þ p

6

� �
donde el ángulo f se expresa en radianes. La inconsistencia angular no nos desanimará en tanto re-
conozcamos que en el cálculo real del seno u, u debe ser en grados o radianes según requiera nuestro 
calculo.
 Además, vale la pena tener en cuenta que

Vm sen (vt � 30°) � Vm cos (vt � 60°)

Esta relación se puede deducir al utilizar las fórmulas trigonométricas resumidas en el apéndice C.
 Si un circuito tiene un voltaje a través de un elemento como

v � Vm sen vt

y una corriente fluye a través del elemento

i � Im sen (vt � n)

tenemos el v y la i que se muestran en la figura 10.2-3. Sabemos que la 
corriente conduce el voltaje por los f radianes. Si analizamos la figura 
10.2-3, observamos que la corriente alcanza su valor pico antes que el 
voltaje y por lo tanto se dice que conduce al voltaje. De otro modo, po-
dríamos decir que el voltaje retarda la corriente por f radianes.
 Veamos una forma de onda de seno con

v � 2 sen (3t � 20°) V

y la forma de onda de la corriente asociada

i � 4 sen (3t � 10°) A

Desde luego, el voltaje v conduce la corriente i por 30°, p>6 radianes.

Vm

t

T

FIGURA 10.2-1 Heinrich R. Hertz (1857–1894). 
Cortesía de la Institution of Electrical Engineers.

FIGURA 10.2-2 Fuente de voltaje senoidal 
vs � Vm sen(vt � f).

Im

Vm Vm sen   t

Im sen (  t +  )

t

T

FIGURA 10.2-3 Voltaje y corriente de un elemento 
del circuito.
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E J E M P L O  10 . 2 - 1  Ángulos de fase

El voltaje a través de un elemento es v � 3 cos 3t V, y la corriente asociada a través del elemento es i � �2 sen13t � 
10°2A. Determine la relación de fase entre el voltaje y la corriente.

Solución
Primero, necesitamos convertir la corriente en una forma de coseno con magnitud positiva de modo que se pueda 
contrastar con el voltaje. Para determinar una relación de fase, es necesario expresar ambas formas de onda en 
una forma consistente.
 Como �sen vt � sen1vt � p2, tenemos

i � 2 sen 13t � 180° � 10°2 A
Además, observamos que

sen u � cos 1u � 90°2

Por consiguiente,  i � 2 cos 13t � 180° � 10° � 90°2 � 2 cos 13t � 100°2 A

Recordamos que v � 3 cos 3t. Por lo tanto, la corriente conduce el voltaje al 100°.

 La función senoidal C cos 1vt � u2 se puede representar como A cos vt � B sen vt. Ocasio-
nalmente necesitaremos convertir de una representación a otra. Para ver cómo se lleva a cabo esto, 
consideremos un voltaje
 v1t2 � A cos vt � B sen vt (10.2-4)
Ahora, la ecuación 10.2-4 se puede reescribir  como 

v tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p cos vt þ Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
 

senvt

!

Considere el triángulo que se muestra en la figura 10.2-4, el cual ilustra la situación cuando A � 0, y 
observe que

sen u ¼ Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p ; cos u ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
 
y tan u ¼ sin u

cos u
¼ B

A

Entonces tenemos para v(t)
 v1t2 � C1cos u cos vt � sen u sen vt2 (10.2-5)

donde 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
. Incluso, al comparar las ecuaciones 10.2-4 y 10.2-5, vemos que A � C cos u y B � C 

sen u. Por último, si utilizamos una fórmula del apéndice C, podemos escribir la ecuación 10.2-5 como
 v1t2 � C cos 1vt � u2 (10.2-6)

A –A

C C
B B

(a) (b)

FIGURA 10.2-4 Triángulos utilizados para derivar la ecuación 10.2-7 cuando (a) A � 0 y (b) A � 0.

usen
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La figura 10.2-4b ilustra la situación cuando A � 0. Este caso se semejante al anterior excepto en que 
ahora el ángulo de fase se calcula como

u ¼ 180� � f ¼ 180� � tan �1
B

�A
� �

¼ 180� þ tan �1
B

A

� �
 En resumen
 A cos vt þ B senvt ¼ C cos vt � uð Þ (10.2-7)

donde  C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
; A ¼ C cos u; B ¼ C sen u

y u ¼
tan �1

B

A

� �

180� þ tan �1
B

A

� �
8>>><
>>>: cuando A � 0

cuando A � 0

E J E M P L O  10 . 2 - 2  Magnitud y ángulo de fase

Una corriente tiene la forma i � �6 cos 2t � 8 sen 2t. Encuentre la corrien-
te restablecida en la forma de la ecuación 10.2-6.

Solución
El triángulo para A y B se muestra en la figura 10.2-5, y como el coeficiente 
A es igual a �6 y B es � 8, tenemos el ángulo u que se muestra. Por con-
siguiente,

u ¼ 180� þ tan�1
8

�6
� �

¼ 180� � 53:1� ¼ 126:9�

En consecuencia,  i � 10 cos 12t � 126.9°2
FIGURA 10.2-5 El triángulo A–B para 
el ejemplo 10.2-2.

–6

8

 A continuación, considere el problema de obtener una 
representación analítica, A cos1vt � u2, de una sinusoide 
dada gráficamente. Los ingenieros y los estudiantes de inge-
niería se suelen encontrar con este problema en el laboratorio. 
En ocasiones, un ingeniero verá un voltaje senoidal desple-
gado en un osciloscopio y necesitará representarlo mediante 
una ecuación. La representación analítica de la sinusoide se 
obtiene en tres pasos. Los primeros dos son directos. El ter-
cero requiere alguna atención. El procedimiento se ilustra en 
la figura 10.2-6, la cual muestra dos voltajes senoidales.

1.  Mida la amplitud, A. La ubicación del eje del tiempo 
puede no ser clara cuando se despliega el voltaje senoidal 
en el osciloscopio, por lo que sería más conveniente 
medir la amplitud de pico a pico, 2A, como se muestra 
en la fi gura 10.2-6.

2.  Mida el periodo, T, en s y calcule la frecuencia, v � 2p>T, 
en rad/s.

–20
0

v 1
(t

),
 v

2
(t

) 
(V

)

t (s)
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

–15

–10

–5

0

5

10

15

20
T

2A

v1(t)

v2(t)

FIGURA 10.2-6 Dos sinusoides que tienen la misma amplitud 
y periodo pero con diferentes ángulos de fase.
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3.  Tome un tiempo y mida el voltaje en ese tiempo. Por ejemplo, t � t1 � 0.15 s en el punto marcado 
en la fi gura 10.2-6. Observe que v1(t1) � v2(t1) � 10.6066 V, pero es obvio que v1(t1) y v2(t1) no 
son la misma sinusoide. La información adicional requerida para distinguir estas dos sinusoides 
es que v1(t) va en aumento (pendiente positiva) en tiempo t1, en tanto que v2(t) va en disminución 
(pendiente negativa) en tiempo t1. Por último, calcule el ángulo de fase, u, de un voltaje senoidal 
v(t) como

u ¼
� cos �1

v t1ð Þ
A

� �
� vt1

cos �1
v t1ð Þ
A

� �
� vt1

8>>><
>>>: cuando v1t2 va disminuyendo en tiempo t1

cuando v1t2 va en aumento en tiempo t1

E J E M P L O  10 . 2 - 3  Representación gráfica y analítica de sinusoides

Determine las representaciones analíticas de los voltajes senoidales v1(t) y v2(t) que se muestran en la figura 
10.2-6.

Solución
Tanto v1(t) como v2(t) tiene la misma amplitud y periodo:

y 

2A ¼ 30 ) A ¼ 15 V

T ¼ 0:2 s ) v ¼ 2p

0:2
¼ 10p rad/s

Como observamos anteriormente, v1(t1) � v2(t1) � 10.6066 V en t1 � 0.15 s. Dado que v1(t) va en aumento (pen-
diente positiva) en tiempo t1, el ángulo de fase, u1, del voltaje senoidal v1(t) se calcula como

u1 ¼ � cos �1
v t1ð Þ
A

� �
� vt1 ¼ � cos �1

10:6066

15

� �
� 10pð Þ 0:15ð Þ ¼ �5:498 rad ¼ �315� ¼ 45�

(Observe que las unidades de vt1 son radianes, por lo que cos�1
v t1ð Þ
A

� �
 
se debe calcular en radianes de modo que 

podemos hacer la resta.) Por último, v1(t) se representa como

v1 1t2 � 15 cos 110pt � 45°2 V

A continuación, puesto que v2(t) está disminuyendo (pendiente negativa) en tiempo t1, el ángulo de fase, u2, del 
voltaje senoidal vs(t) se calcula como

u2 ¼ cos �1
v t1ð Þ
A

� �
� vt1 ¼ cos �1

10:6066

15

� �
� 10pð Þ 0:15ð Þ ¼ �3:927 rad ¼ �225� ¼ 135�

Por último, v2(t) se representa como
v2 1t2 � 15 cos 110pt � 135°2 V

EJERCICIO 10.2-1  Un voltaje es v � 6 cos14t � 30°2. (a) Encuentre el periodo de oscila-
ción. (b) Establezca la relación de fase para la corriente asociada i � 8 cos14t � 70°2.

Respuestas:  (a) T � 2p>4
 (b) El voltaje conduce la corriente a 100°.

M10_DORF_1571_8ED_SE_415-495.indd   420M10_DORF_1571_8ED_SE_415-495.indd   420 5/7/11   9:22 AM5/7/11   9:22 AM



Circuitos Eléctricos - Dorf Alfaomega

 Respuesta de estado estable de un circuito RL para una función forzamiento senoidal 421

EJERCICIO 10.2-2  Un voltaje es v � 3 cos 4t � 4 sen 4t. Encuentre el voltaje en la forma 
de la ecuación 10.2-6.

Respuesta: v � 5 cos14t � 53°2 V

EJERCICIO 10.2-3  Una corriente es i � 12 sen 5t � 5 cos 5t. Encuentre la corriente en la 
forma de la ecuación 10.2-6.

Respuesta: i � 13 cos115t � 112.6°2 A

10.3  R E S P U E S TA  D E  E S TA D O  E S TA B L E  D E  U N  C I R C U I T O  R L 
PA R A  U N A  F U N C I Ó N  F O R Z A M I E N T O  S E N O I D A L

A guisa de ejemplo de la tarea de determinar la respuesta de estado estable de un circuito 
lineal para una entrada senoidal, considere el circuito RL que se muestra en la figura 10.3-1. 
La entrada a este circuito es el voltaje de la fuente de voltaje

vs1t2 � Vm cos vt
La respuesta de este circuito es la corriente i. La respuesta será de la forma

i � in � if � Ke�t=t � Im cos 1vt � f2
Aún se deben determinar los valores de las constantes reales K, t, Im y f. Incluso, el valor de 
K depende de la condición inicial i(0).

Como t ! 1, Ke�t=t ! 0 e i ! if � Im cos vt
En otras palabras, al seguir su curso el tiempo, el término Ke�t=t se consume, y queda el término Im 
cos vt. Por esta razón, a if � Im cos vt se le llama la respuesta de estado estable. Esperamos que la 
respuesta de estado estable de un circuito lineal para una entrada senoidal sea senoidal en sí misma y 
tenga la misma frecuencia, v, como la entrada.
 La ecuación diferencial reguladora del circuito RL está dada por 

 
L
di

dt
þ Ri ¼ Vm cos vt (10.3-1)

Siguiendo el método del capítulo anterior, suponemos que
 if � A cos vt � B sen vt (10.3-2)
En este punto, dado que sólo estamos despejando la respuesta forzada, eliminamos la notación ƒ itá-
lica. Al sustituir la solución supuesta de la ecuación 10.3-2 en la ecuación diferencial y completar la 
derivada, tenemos

L1�v A sen vt � v B cos vt2 � R1A cos vt � B sen vt2 � Vm cos vt
Igualando los coeficientes de cos vt, obtenemos

vLB � RA � Vm

A continuación, igualando los coeficientes de sen vt, obtenemos
�vLA � RB � 0

Despejando A y B, tenemos

y 

A ¼ RVm

R2 þ v2L2

B ¼ vLVm

R2 þ v2L2

FIGURA 10.3-1 Circuito 
RL.

i
+
–

L

Rvf
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Entonces la respuesta a la entrada senoidal es

i � A cos vt � B sen vt

y 

i ¼ Vm

Z
cos vt � bð Þ

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ v2L2

p
b ¼ tan�1

vL

R

Por lo tanto, la respuesta (estado estable) forzada es de la forma

y 

i ¼ Im cos vt þ fð Þ
Im ¼ Vm

Z

f ¼ �b
 En este caso sólo hemos encontrado la respuesta de estado estable de un circuito con un elemen-
to de almacenamiento de energía. Desde luego, este método puede llegar a ser muy complicado si el 
circuito tiene varios elementos de almacenamiento.

EJERCICIO 10.3-1  Encuentre la respuesta forzada v para el circuito RC que se 
muestra en la figura E 10.3-1 cuando is � Im cos vt.

Respuesta: v � 1RIm >P2 cos 1vt � u2 y P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2R2C2

p
, u � tan�1 1v RC2

EJERCICIO 10.3-2   Encuentre la respuesta forzada i(t) para el circuito RC de la figura 
E 10.3-1 cuando R � 2 �, L � 1 H y vs � 10 cos 3t V.

Respuesta: i � 2.77 cos13t � 56.3°2 A

10.4 FUNCIÓN DE FORZAMIENTO EXPONENCIAL COMPUESTA

Al revisar la sección anterior vemos que la entrada al circuito en la figura 10.3-1 tenía la forma

vs � Vm cos vt
y la respuesta de estado estable era

i ¼ Vm

Z
cos vt � bð Þ

Por lo tanto, la respuesta de estado estable a una entrada senoidal también es senoidal y tiene la misma 
frecuencia que la entrada, pero una amplitud y ángulo de fase diferentes que la fuente de voltaje original.
 Es útil considerar la señal exponencial

 ve � Vme jvt (10.4-1)

Utilizando la ecuación de Euler, podemos relacionar la señal exponencial con una señal senoidal

vs � Vm cos vt � Re5Vme jvt6 � Re5ve6

La notación Re5a � jb6 se lee como la parte real del número compuesto 1a � jb2. Por ejemplo,

Re5a � jb6 � a

vCRis
+

–

FIGURA E 10.3-1

o bien

donde

donde
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Ahora tratemos la fuente exponencial ve de la ecuación 10.4-1 con la ecuación diferencial 
del circuito RL que se muestra en la figura 10.4-1

 
L
die

dt
þ Rie ¼ ve (10.4-2)

donde ie es la respuesta a la entrada exponencial. Como la fuente es una exponencial, tra-
temos la solución
 ie � Ae jvt (10.4-3)

y sustituimos en la ecuación 10.4-2 para obtener

y 

jvLþ Rð ÞAe jvt ¼ Vme
jvt

A ¼ Vm

Rþ jvL
¼ Vm

Z
e�jb

b ¼ tan�1
vL

R

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ v2L2

p
Por consiguiente, al sustituir A tenemos

 
ie ¼ Vm

Z
e�jbe jvt (10.4-4)

De nuevo, al observar que la función forzamiento original era

vs � Re5Vme jvt6 � Vm cos vt
esperamos que

i ¼ Refieg ¼ Re
Vm

Z
e�jbe jvt

	 


En consecuencia,

i ¼ Vm

Z
Re e�jbe jvt
� � ¼ Vm

Z
Re e j vt�bð Þ
n o

¼ Vm

Z
cos vt � bð Þ

 En general, estamos buscando la respuesta senoidal

i ¼ Im cos vt � bð Þ ¼ Re
Vm

Z
e j vt�bð Þ

	 


para la excitación senoidal
vs � Vm cos vt � Re5Vme jvt6

Hemos aprendido que esta respuesta es fácil de obtener utilizando la excitación exponencial compues-
ta, Re5Vme jvt6. 
 A guisa de ejemplo, encontremos la respuesta de estado estable para el circuito RLC que se 
muestra en la figura 10.4-2. Este circuito está representado por la ecuación diferencial

 
d2i

dt2
þ di

dt
þ 12i ¼ 12 cos 3t (10.4-5)

+
–

iL

R

vs

FIGURA 10.4-1

+ –

1 12

1 

1 F

cos 3t

H

i

FIGURA 10.4-2

1 Nota: Vea el apéndice B para un repaso de los números compuestos.

Por lo tanto,1

donde
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Primero, reemplace la excitación real por la excitación exponencial compuesta

ve � 12e j3t

Entonces tenemos la ecuación 10.4-5 restablecida como

 
d2ie

dt2
þ die

dt
þ 12ie ¼ 12e j3t (10.4-6)

Esperamos que la respuesta a la entrada exponencial sea de la forma

 ie � Ae j3t (10.4-7)

La primera y segunda derivadas de la ie de la ecuación 10.4-7 son

die

dt
¼ j3Ae j3t

y

 
d2ie

dt2
¼ �9 Ae j3t

Si sustituimos la ecuación 10.4-6, tenemos

 1�9 � j3 � 122Ae j3t � 12e j3t (10.4-8)

Despejamos A y obtenemos

Por consiguiente,  

A ¼ 12

3þ j3
¼ 12 3� j3ð Þ

3þ j3ð Þ 3� j3ð Þ ¼
12 3� j3ð Þ

18
¼ 2

ffiffiffi
2

p ff�45�
ie ¼ Ae j3t ¼ 2

ffiffiffi
2

p
e�j p=4ð Þe j3t ¼ 2

ffiffiffi
2

p
e j 3t�p=4ð Þ

Recuerde que la identidad de Euler es e jf � cos f � j sen f. De modo que la respuesta deseada para 
la corriente de estado estable es2

i tð Þ ¼ Re ief g ¼ Re 2
ffiffiffi
2

p
e j 3t�p=4ð Þ

n o
¼ 2

ffiffiffi
2

p
cos 3t � 45�ð Þ

 Observe que hemos cambiado de p>4 radianes a 45°, los cuales son intercambiables y equiva-
lentes. Tanto la notación en grados como en radianes se aceptan y se pueden intercambiar. 
 Compare las ecuaciones 10.4-6 y 10.4-7. La primera es una ecuación diferente, que es lo que 
esperamos para la ecuación que represente un circuito que contenga condensadores o inductores. Por 
el contrario, la ecuación 10.4-8 es una ecuación algebraica que implica suma y multiplicación, pero 
no integración o diferenciación. Los coeficientes de esta ecuación son números compuestos en tanto 
que los coeficientes de la ecuación 10.4-6 son números reales. Las ecuaciones algebraicas son más 
fáciles de despejar que las ecuaciones diferenciales, por lo que preferimos despejar la ecuación 10.4-8 
aun cuando contenga coeficientes compuestos.
 Hemos desarrollado un método directo para determinar la respuesta de estado estable de un 
circuito para una excitación senoidal. El proceso es como sigue: (1) En vez de aplicar la función forza-
miento actual, aplicamos una función forzamiento exponencial compuesta, y (2) entonces obtenemos 
la respuesta compuesta cuya parte real es la respuesta deseada. El proceso se resume en la tabla 10.4-1. 
Utilicemos este proceso en otro ejemplo.

2 Vea el apéndice B para una exposición de la ecuación de Euler.
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Tabla 10.4-1  Uso de la excitación exponencial compuesta para determinar la respuesta de estado 
estable de un circuito a una fuente senoidal

1.  Escriba la excitación (función forzamiento) con una forma de onda de coseno con un ángulo de fase de modo que ys ¼  
Ym cos vt þ fð Þ, donde ys sea una fuente de corriente, is, o una fuente de voltaje, vs, en el circuito.

2.  Recuerde la identidad de Euler, la cual es

e ja ¼ cos aþ j sena

 donde a ¼ vt þ f en este caso.
3. Introduzca la excitación compuesta de modo que para una fuente de voltaje, por ejemplo, tengamos

vs ¼ RefVme
j vtþfð Þg

 donde Vme
j vtþfð Þ sea una excitación exponencial compuesta.

4.  Utilice la excitación compuesta y la ecuación diferencial junto con la respuesta asumida xe ¼ Ae j vtþfð Þ, donde A se tenga 
que determinar. Observe que por lo común A será una cantidad compuesta.

5. Determine la constante A ¼ Be�jb, de modo que 

xe ¼ Ae j vtþfð Þ ¼ Be j vtþf�bð Þ

6. Reconozca que la respuesta deseada es

x tð Þ ¼ Refxeg ¼ B cos vt þ f� bð Þ

E J E M P L O  10 . 4 - 1  Respuesta de un circuito CA

Encuentre la respuesta de estado estable i del circuito RL de la figura 10.4-1, donde R � 2 �, L � 1 H y vs � 
10 sen 3t V.

Solución
Primero, reescribimos la fuente de voltaje de modo que se exprese como una forma de onda de coseno como sigue:

vs � 10 sen 3t � 10 cos 13t � 90°2
Utilizando la excitación compuesta, tenemos

ve ¼ 10 e j 3t�90�ð Þ

Introduzca la excitación compuesta en la ecuación diferencial del circuito, la cual es

Con lo que obtiene 

L
die

dt
þ Rie ¼ ve

die

dt
þ 2ie ¼ 10 e j 3t�90�ð Þ

Suponga que la respuesta es
 ie ¼ Ae j 3t�90�ð Þ (10.4-9)

donde A es una cantidad compuesta que se debe determinar. Si sustituimos la solución asumida, ecuación 10.4-9, 
en la ecuación diferencial y tomamos la derivada, tenemos

o bien  

j3Ae j 3t�90�ð Þ þ 2Ae j 3t�90�ð Þ ¼ 10e j 3t�90�ð Þ

j3Aþ 2A ¼ 10

A ¼ 10

j3þ 2
¼ 10ffiffiffiffiffiffiffiffiffiffiffi

9þ 4
p e�jb

Por consiguiente
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donde  b ¼ tan�1
3

2
¼ 56:3�

Entonces la solución es

ie ¼ Ae j 3t�90�ð Þ ¼ 10ffiffiffiffiffi
13

p e�j56:3
�
e j 3t�90�ð Þ ¼ 10ffiffiffiffiffi

13
p e j 3t�146:3�ð Þ

En consecuencia, la respuesta real es

i tð Þ ¼ Re ief g ¼ 10ffiffiffiffiffi
13

p cos 3t � 146:3�ð ÞA

 Steinmetz observó el proceso que acabamos de utilizar y decidió formular un método para resol-
ver la respuesta de estado estable senoidal de circuitos utilizando la notación de números compuestos. 
El desarrollo de este método es el tema de la sección siguiente.

EJERCICIO 10.4-1  Encuentre a y b cuando

10

aþ jb
¼ 2:36e j45

Respuestas: a � 3 y b � �3

EJERCICIO 10.4-2  Encuentre A y u cuando

Affuh i
�3þ j8ð Þ ¼ j32

Respuestas: A � 3.75 y u � �20.56 °

10.5 E L  FA S O R

Una corriente o voltaje senoidal en una frecuencia dada se caracteriza por su amplitud y ángulo de 
fase. Por ejemplo, la respuesta de la corriente en el circuito RL considerada en el ejemplo 10.4-1 era

i tð Þ ¼ RefIme j vtþf�bð Þg ¼ Im cos vt þ f� bð Þ
La magnitud Im y el ángulo de fase f� bð Þ junto con el conocimiento de v, especifican por completo 
la respuesta. Por lo tanto, podemos escribir i(t) como 

i tð Þ ¼ RefIme j f�bð Þe jvtg
Sin embargo, observamos que el factor compuesto e jvt permanece sin cambio a pesar de todos nues-
tros cálculos anteriores. Por lo tanto, la información que buscamos está representada por

 I ¼ Ime
j f�bð Þ ¼ Imfff� b (10.5-1)

donde a I se le denomina un fasor. Un fasor es un número compuesto que representa la magnitud y la 
fase de un sinusoide. El término fasor se utiliza en vez de vector, porque el ángulo se basa en tiempo 
más que en espacio. Un fasor se puede escribir en forma exponencial, forma polar o forma rectangular.

Los fasores se pueden utilizar cuando el circuito es lineal, cuando se ha tratado de obtener 
la repuesta de estado estable, y todas las fuentes independientes son senoidales y tienen la 
misma frecuencia.
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 Una corriente senoidal real, donde u � f� bð Þ, se escribe como

i1t2 � Im cos 1vt � u2
Se puede representar por

i tð Þ ¼ RefIme j vtþuð Þg
 Entonces decidimos prescindir de la notación Re y de la redundante e jvt para obtener la repre-
sentación del fasor

I ¼ Ime
ju ¼ Imffu

Esta representación abreviada es la notación de fasor. Las cantidades de fasor son compuestas y por 
tanto se imprimen en negritas en este libro. Puede elegir el uso de la notación subrayada como sigue:

I ¼ Imffu
Aunque hemos eliminado o suprimido la frecuencia compuesta e jvt, continuamos para hacer notar 
que estamos en la forma de frecuencia compuesta y que estamos realizando cálculos en el dominio 
de frecuencia. Hemos transformado el problema del dominio de tiempo al dominio de frecuencia me-
diante el uso de la notación de fasor. Una transformación es un tipo de codificación para simplificar un 
proceso de cálculo. Un ejemplo de una transformación matemática es la transformación logarítmica.

Una transformación es un cambio en la descripción matemática de una variable física para 
facilitar el cálculo.

 Los pasos reales implicados en transformar una función en el dominio de tiempo al dominio 
de frecuencia se resumen en la tabla 10.5-1. Como es fácil moverse a través de estos pasos, solemos 
saltar directamente del paso 1 al paso 4.
 Por ejemplo, determinemos la notación de fasor para

i � 5 sen 1100t � 120°2
Preferimos utilizar funciones de coseno como la norma para la notación de fasor. Así, expresamos la 
corriente como una forma de onda de coseno:

i � 5 cos 1100t � 30°2
En este punto es fácil ver que la información que requerimos son la amplitud y la fase. Entonces, el 
fasor es 

I ¼ 5ff30�
Desde luego, el proceso inverso de la notación de fasor a la notación de tiempo es seguir exactamente 
al revés los pasos requeridos para ir del tiempo a la notación de fasor. Así, si tenemos un voltaje en la 
notación de fasor:

V ¼ 24ff125�
la notación de dominio de tiempo es

v1t2 � 24 cos 1vt � 125°2

Tabla 10.5-1 Transformación del dominio de tiempo al dominio de frecuencia

1.  Escriba la función en el dominio de tiempo, y(t), como una forma de onda de coseno con un ángulo de fase f como
y tð Þ ¼ Ym cos vt þ fð Þ

2.  Exprese la forma de onda de coseno como la parte real de una cantidad compuesta al utilizar la identidad de Euler de modo que 

y tð Þ ¼ RefYme
j vtþuð Þg

3. Elimine la notación de la parte real.

4. Suprima el factor e jvt, mientras toma nota del valor de v para un uso posterior, obteniendo el fasor

Y ¼ Yme
jf ¼ Ymfff
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donde la frecuencia v se señaló en el enunciado original de la formulación del circuito. Esta transfor-
mación de dominio de frecuencia a dominio de tiempo se resume en la tabla 10.5-2.

Un fasor es una versión transformada de una forma de onda de voltaje o corriente 
senoidal, y contiene información de magnitud y ángulo de fase de la sinusoide.

 El método de fasor utiliza la transformación de dominio de tiempo a dominio de 
frecuencia para obtener más fácilmente la solución de estado estable senoidal de la ecuación 
diferencial. Considere el circuito RL de la figura 10.5-1. Nos gustaría encontrar la solu-
ción para la corriente i de estado estable cuando la fuente de voltaje es vs � Vm cos vt V y 
v � 100 rad/s. 
 Además, para este circuito sea R � 200 � y L � 2 H. Entonces podemos escribir la 

ecuación diferencial como

Porque  

L
di

dt
þ Ri ¼ vs

vs ¼ Vm cos vt þ fð Þ ¼ RefVme
j vtþfð Þg (10.5-3)

Utilizaremos la solución asumida

 i ¼ Im cos vt þ bð Þ ¼ RefIme j vtþbð Þg (10.5-4)

Por consiguiente, podemos sustituir las ecuaciones 10.5-3 y 10.5-4 en la ecuación 10.5-2 y suprimir 
la notación Re para obtener

jvLIm þ RImð Þe j vtþbð Þ ¼ Vme
j vtþfð Þ

Suprima e jvt para obtener
jvLþ Rð ÞIme jb ¼ Vme

jf

Ahora reconozcamos los fasores

y 
I ¼ Ime

jb

Vs ¼ Vme
jf

Por lo tanto, en la notación de fasores, tenemos

jvLþ Rð ÞI ¼ Vs

Despejando I, tenemos

I ¼ Vs

jvLþ R
¼ Vs

j200þ 200

Tabla 10.5-2 Transformación del dominio de frecuencia al dominio de tiempo
1.  Escriba el fasor en forma exponencial como

Y ¼ Yme
jb

2.  Reinserte el factor e jvt de modo que obtenga
Yme

jbe jvt

3. Reinserte la parte real operador Re como
RefYme

jbe jvtg
4. Utilice la identidad de Euler para obtener la función de tiempo

y tð Þ ¼ RefYme
j vtþbð Þg ¼ Ym cos vt þ bð Þ

+
–

R

Lvf

i

FIGURA 10.5-1 Circuito 
RL.

(10.5-2)

I ¼ Ime
jb
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para v � 100, L � 2 y R � 200. Entonces, dado que

Vs ¼ Vmff0�
tenemos 

I ¼ Vm

283ff45� ¼
Vm

283ff�45�
Siguiendo el método de la tabla 10.5-2, podemos transformar este resultado de vuelta al dominio de 
tiempo para obtener la solución del tiempo en estado estable como

i tð Þ ¼ Vm

283
cos 100t � 45�ð ÞA

 Desde luego, podemos utilizar fasores directamente para obtener una ecuación algebraica lineal 
expresada en términos de fasores y números compuestos y luego despejar la variable de interés del 
fasor. Después de obtener el fasor deseado, simplemente lo transformamos de nuevo en dominio de 
tiempo para obtener la solución de estado estable.

(10.5-6)

E J E M P L O  10 . 5 - 1  Análisis de circuitos de CA utilizando fasores

Encuentre el voltaje v de estado estable para el circuito RC que se mues-
tra en la figura 10.5-2 cuando i � 10 cos vt A, R � 1 �, C � 10 mF y 
v � 100 rad/s.

Solución
Primero, encontramos la representación del fasor de la corriente de fuen-
te como
 I ¼ Imff0� ¼ 10ff0� (10.5-5)
Tratamos de encontrar el voltaje v obteniendo primero el fasor V.
 Escriba la ecuación diferencial del voltaje de nodos para el circuito para obtener

y 

v

R
þ C

dv

dt
¼ i

i ¼ 10 Refe jvtg
v ¼ VmRefe j vtþfð Þg

sustituimos en la ecuación 10.5-6 y suprimimos la notación Re para obtener
Vm

R
e j vtþfð Þ þ jvCVme

j vtþfð Þ ¼ 10e jvt

Ahora suprimimos el factor e jvt  y obtenemos
1

R
þ jvC

� �
Vme

jf ¼ 10e j0�

Retomando la representación de fasor de la ecuación 10.5-5, tenemos
1

R
þ jvC

� �
V ¼ I

Dado que R � 1, C � 10�2 y v � 100, tenemos
11 � j12 V � I

v
+

–
i = 10 cos t A CR

FIGURA 10.5-2 Circuito RC con una 
fuente de corriente senoidal.

Porque 
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o bien  
V ¼ I

1þ j1

Por consiguiente,  
V ¼ 10ffiffiffi

2
p ff45� ¼

10ffiffiffi
2

p ff�45�
Al transformar de notación de fasor a la solución de tiempo en estado estable, tenemos

v ¼ 10ffiffiffi
2

p cos 100t � 45�ð ÞV

EJERCICIO 10.5-1  Exprese la corriente i como un fasor.
(a) i � 4 cos 1vt � 80°2 (b) i � 10 cos 1vt � 20°2, (c) i � 8 sen 1vt � 20°2

Respuestas: (a)
 (b)
 (c)

EJERCICIO 10.5-2  Encuentre el voltaje v en estado estable representado por el fasor 
(a) V ¼ 10ff�140� (b) V � 80 � j75

Respuestas: (a) v � 10 cos 1vt � 140°2
 (b) 109.7 cos 1vt � 43.2°2

10.6  R E L A C I O N E S  D E  FA S O R  PA R A  LO S 
E L E M E N T O S  R ,  L  Y  C

En la sección anterior encontramos que la representación del fasor es en realidad una trans-
formación de dominio de tiempo a dominio de frecuencia. Con esta transformación hemos 
convertido la solución de una ecuación diferencial en la solución de una ecuación algebraica.
 En esta sección determinamos la relación entre el voltaje del fasor y la corriente del fasor 
de los elementos R, L y C. Utilizamos la transformación del dominio de tiempo al dominio de 
frecuencia y luego resolvemos la relación del fasor para un elemento especificado. Aplicamos 
el método de las tablas 10.5-1 y 10.5-2 como se registró en la sección anterior.
 Empecemos con el resistor, como se muestra en la figura 10.6-1a. La relación entre 
voltaje y corriente en el dominio de tiempo es
 v = Ri (10.6-1)
Ahora considere el voltaje de estado estable

v ¼ Vm cos vt þ fð Þ
Entonces
 v ¼ RefVme

j vtþfð Þg (10.6-2)

Suponga que la corriente es de la forma

 i ¼ RefIme j vtþbð Þg (10.6-3)

(a)

i

v = Ri

+

–

(b)

I

V = RI

+

–

R

R

FIGURA 10.6-1
(a) Relación de dominio 
de tiempo v-i para R.
(b) Relación de dominio 
de frecuencia para R. 

4ff�80�
10ffþ20�
8ff�110�
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Luego sustituya las ecuaciones 10.6-2 y 10.6-3 en la ecuación 10.6-1 y suprima la notación Re para 
obtener

Vme
j vtþfð Þ ¼ R Ime

j vtþbð Þ

Suprima e jvt para obtener
Vme

jf ¼ R Ime
jb

Por consiguiente, observemos que b � f, y

 V � RI (10.6-4)

Dado que b � f, las formas de onda de la corriente y el voltaje están en fase. Esta relación de fasor 
se muestra en la figura 10.6-1b. 
 Por ejemplo, si el voltaje a través de un resistor es v � 10 cos10t, sabemos que la corriente será 

i ¼ 10

R
cos 10t

en el dominio de tiempo.
 En el dominio de frecuencia, primero anotamos que el voltaje es

V ¼ 10ff0�
Luego, utilizando la relación de fasor del resistor, ecuación 10.6-4, tenemos

I ¼ V

R
¼ 10ff0�

R

Entonces, al obtener la expresión dominio de tiempo para I, tenemos

i ¼ 10

R
cos 10t

Ahora, considere el inductor como se muestra en la figura 10.6-2a. La relación 
entre dominio de tiempo y corriente y voltaje es

 
v ¼ L

di

dt
 (10.6-5)

Nuevamente, utilizamos el voltaje compuesto como 

 v ¼ RefVme
j vtþfð Þg (10.6-6)

Y suponemos que la corriente es

 i ¼ RefIme j vtþbð Þg (10.6-7)

Si sustituimos las ecuaciones 10.6-6 y 10.6-5 en la ecuación 10.6-5 y suprimimos la notación Re, 
tenemos

Vme
jfe jvt ¼ L

d

dt
Ime

jvte jb
� �

Tomando la derivada, nos da
Vme

jfe jvt ¼ jvLIme
jvte jb

 Ahora, suprimiendo el factor e jvt, tenemos

 Vme
jf ¼ jvLIme

jb (10.6-8)

o bien
 V � jvLI (10.6-9)

(a)

i

v = L

+

–

(b)

I

+

–

L V = j LI j Ldi
dt

FIGURA 10.6-2 (a) Relación dominio de 
tiempo v-i para un inductor. (b) Relación 
dominio de frecuencia para un inductor.
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Esta relación de fasor se muestra en la figura 10.6-2b. Dado que j � e j90° , la ecuación 10.6-8 también 
se puede escribir

Vme
jf ¼ vLIme

j 90�e jb

Por consiguiente,
f � b � 90º

Por lo tanto, el voltaje conduce la corriente a 90° exactamente.
 A guisa de ilustración, considere un inductor de 2 H con v � 100 rad/s y un voltaje 
v � 10 cos 1vt � 50°2 V. Entonces el voltaje del fasor es 

V ¼ 10ff50�
y la corriente del fasor es

I ¼ V

jvL

Dado que vL � 200, tenemos

I ¼ V

j200
¼ 10ff50�

200ff90� ¼ 0:05ff�40� A
Entonces, la corriente expresada en el dominio de tiempo es

i � 0.05 cos 1100t � 40°2 A

Por consiguiente, la corriente retarda 90° el voltaje.
 Finalmente, consideremos el caso del condensador, como se muestra en la 
figura 10.6-3a. La relación entre corriente y voltaje es

 
i ¼ C

dv

dt
 (10.6-10)

Suponemos que el voltaje es

 v ¼ Vm cos vt þ fð Þ ¼ RefVme
j vtþfð Þg (10.6-11)

y que la corriente es de la forma

 i ¼ RefIme j vtþbð Þg (10.6-12)

Suprima la notación Re en las ecuaciones 10.6-11 y 10.612 y sustitúyalas en la 
ecuación 10.6-10 para obtener

 
Ime

j vtþbð Þ ¼ C
d

dt
ðVme

j vtþfð ÞÞ
Tomamos la derivada y tenemos

Ime
jvte jb ¼ jvCVme

jvte jf

Suprimimos el factor e jvt y obtenemos

o bien 
Ime

jb ¼ jvCVme
jf

I ¼ jvCV  (10.6-13)

 Esta relación de fasor se muestra en la figura 10.6-3b. como j � e j90°, la corriente conduce el 
voltaje a 90°. Como ejemplo, considere un voltaje v � 100 cos vt V y busquemos la corriente cuando 
v � 1 000 rad/s y C � 1 mF. Porque

V ¼ 100ff0�
tenemos

I ¼ jv C V ¼ v C e j90� �
100e j0 ¼ 1e j90� �

100 ¼ 100ff90�

FIGURA 10.6-3 (a) Relación 
dominio de tiempo v-i para un 
condensador. (b) Relación dominio 
de frecuencia para un condensador.

(a)

v

+

–

i = C dv
dt

C

(b)

V

+

–

I = j CV

j C
1
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Por consiguiente, al transformar este fasor en el dominio de tiempo, tenemos
i � 100 cos 1vt � 90°2 A

Podemos reescribir la ecuación 10.6-3 como 

 
V ¼ 1

jv C
I (10.6-14)

Utilizando esta forma, resumimos las ecuaciones de fasor para fuentes y el resistor, inductor y 
condensador en la tabla 10.6-1, donde se expresa el voltaje del fasor en su relación con la corriente 
del fasor.

Tabla 10.6-1 Relaciones entre dominio de tiempo y dominio de frecuencia

ELEMENTO DOMINIO DE TIEMPO DOMINIO DE FRECUENCIA

Fuente de corriente i(t) = A cos (   t +   ) I(  ) = Ae j

Fuente de voltaje v(t) = B cos (   t +   )+
– V(  ) = Bej+

–

Resistor
+

–
v(t) = R i(t)v(t)

i(t)

R
+

–
V(  ) = R I(  )V(  )

I(  )

R

Condensador 1
C

+

–
v(t) v(t) = i(  ) d

i(t)

C
t

–
1

j   C

1
j   C

+

–
V(  ) V(  ) = I(  )

I(  )

Inductor  d
dt

+

–
v(t) v(t) = L i(t)

i(t)

L
+

–
V(  ) V(  ) = j   L I(  ) 

I(  )

j   L

CCVS ic(t)
+

–
v(t) = K ic(t)

i(t)

+

–
Ic(  )

+

–
V(  ) = K Ic(  )

I(  )

+

–

Amp op ideal +

–
v(t)

+

–
O

i2 = O

i1 = O
–

+

i(t)
I1 = O

I2 = O

+

–
V(  )

+

–
O

I(  )–

+
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EJERCICIO 10.6-1  Una corriente en un elemento es i � 5 cos 100t A. Encuentre el voltaje 
v(t) en estado estable a través del elemento para (a) un resistor de 10 �, (b) un inductor L � 10 mH 
y (c) un condensador C � 1 mF.

Respuestas: (a) 50 cos 100t V 
 (b) 5 cos 1100t � 90°2 V 
 (c) 50 cos 1100t � 90°2 V

EJERCICIO 10.6-2  Un condensador C � 10 mF tiene un voltaje en estado estable a través 
de sí de v � 100 cos1500t � 30°2V. Encuentre la corriente en estado estable en el condensador.

Respuesta: i � 0.5 cos1500t � 120°2A

EJERCICIO 10.6-3  El voltaje v(t) y la corriente i(t) para un elemento se muestran en la 
figura E 10.6-3. Determine si el elemento es un inductor o un condensador.

Im

–Im

–Vm

Vm

t (s)

v(t)

i(t)

– –
2 2 2

3 2

 FIGURA E 10.6-3

10. 7 I M P E D A N C I A  Y  A D M I TA N C I A

Las relaciones en el dominio de frecuencia para la corriente y el voltaje del fasor de un condensador, 
inductor y resistor se resumen en la tabla 10.6-1. Estas relaciones parecen ser semejantes a la ley de 
Ohm para los resistores.
 Definiremos la impedancia de un elemento como la razón del voltaje del fasor con la corriente 
del fasor, la cual indicamos como Z. Por consiguiente,

 
Z ¼ V

I
 (10.7-1)

A esto se le denomina ley de Ohm en notación de fasor.
 Porque V ¼ Vmfff e I ¼ Imffb, tenemos

 
Z ¼ Vmfff

Imffb ¼
Vm

Im
fff� b  (10.7-2)
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Entonces, se dice que la impedancia tiene una magnitud 0 Z 0 y un ángulo de fase u � f � b. Por lo tanto,

 
jZj ¼ Vm

Im
 (10.7-3)

y u � f � b (10.7-4)

La impedancia en circuitos de ca tiene un rol semejante al rol de la resistencia en circuitos de cd.

Incluso, como hay una razón de voltios a amperios, la impedancia tiene unidades de ohmios. Im-
pedancia es la razón de dos fasores; sin embargo, en sí no es un fasor. La impedancia es un número 
compuesto que relaciona un fasor V con otro fasor I como
 V � ZI (10.7-5)
Los fasores V e I pueden ser transformados en dominio de tiempo para que den por resultado voltaje 
o corriente en estado estable, respectivamente. Sin embargo, la impedancia no tiene significado en el 
dominio de tiempo.
 Con el concepto de impedancia podemos resolver el comportamiento de circuitos excitados de 
manera senoidal, utilizando álgebra compuesta de la misma manera en que resolvimos los circuitos 
resistivos.
 Pero como la impedancia es un número compuesto, se puede escribir de diversas formas, como 
sigue: 

 

Z ¼ jZjffu !
¼ Ze ju !
¼ Rþ jX !

forma exponencial (10.7-6)

donde R es la parte real y X es la parte imaginaria del número compuesto Z. Introducimos la notación 
0 Z 0 � Z, en la ecuación 10.7-6. De este modo, la magnitud de la impedancia se puede escribir como 
Z (no negrita). La notación R � ReZ se denomina la parte resistiva de la impedancia, y X � Im Z se 
denomina la parte reactiva de la impedancia. Tanto R como X se miden en ohmios.
 También observamos que la magnitud de la impedancia es

 Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ X 2

p
 (10.7-7)

y que el ángulo de fase es

 
u ¼ tan�1

X

R
 (10.7-8)

Estas relaciones se resumen de manera gráfica, en el plano compuesto, en la 
figura 10.7-1. A guisa de ejemplo, consideremos

Z � 2 � j2

Entonces, Z ¼
ffiffiffi
8

p

y u � 45°
 Los tres elementos, R, L y C, están representados de manera singular por 
una impedancia que surge a partir de su relación V-I. Para un resistor, tenemos
 V � RI
y, por consiguiente,
 Z � R (10.7-9)
 Para el inductor tenemos 

V � jvLI

Im

Z

R
Resistencia

Re

X
Reactancia

FIGURA 10.7-1 Representación 
gráfi ca de la impedancia.

forma polar

forma rectangular
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y, por consiguiente

 Z � jvL (10.7-10)

Finalmente, para el condensador, tenemos

 
V ¼ I

jvC

por lo que

 
Z ¼ 1

jvC
¼ �j

vC
 (10.7-11)

Las impedancias para R, L y C se utilizaron en la tabla 10.6-1 para representar resistores, inductores, 
y condensadores en el dominio de frecuencia. La unidad para una impedancia son los ohmios.
 La recíproca de la impedancia se llama admitancia y se indica por la Y:

 
Y ¼ 1

Z
 (10.7-12)

La admitancia es análoga a la conductancia para circuitos resistivos. Las unidades de admitancia son 
los siemens, abreviados como S. Si retomamos la ecuación 10.7-6 en que Z = Zffu, tenemos

 
Y ¼ 1

jZjffu ¼ jYjff�u (10.7-13)

Por consiguiente, 0 Y 0 = 1> 0 Z 0 y el ángulo de Y es �u. También podemos escribir la relación de mag-
nitud como Y � 1>Z.
 Utilizando la forma

Z � R � jX

obtenemos 

 
Y ¼ 1

Rþ jX
¼ R� jX

R2 þ X 2 ¼ G þ jB (10.7-14)

 Observe que G no es simplemente la recíproca de R, ni B es la recíproca de X. La parte real 
de la admitancia, G, se denomina conductancia, y la parte imaginaria, B, se llama susceptancia. Las 
unidades de G y B son los siemens.
 La impedancia de un elemento es Z � R � jX. El elemento es inductivo si la parte reactiva X es 
positiva, capacitiva si X es negativa. Dado que Y es la recíproca de Z y Y � G � jB, también se puede 
decir que si B es positiva, el elemento es capacitivo y que una B negativa indica un elemento inductivo.
 Consideremos el condensador C � 1 mF y encontremos su capacitancia y admitancia. La impe-
dancia de un condensador es

Z ¼ 1

jvC

Por consiguiente, además del valor de C � 1 mF, necesitamos la frecuencia v. Si consideramos el caso 
v � 100 rad/s, obtenemos

Z ¼ 1

j0:1
¼ 10

j
¼ �10j ¼ 10ff�90� V

Para encontrar la admitancia, observemos que

Y ¼ 1

Z
¼ jvC ¼ j0:1 ¼ 0:1ff90� S
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8 2 H

4 H

5 sen 5t V 
vs

+

–

+ –

1
12

F

Vo

+

–

+ –

)b()a(

Vs

ZR

ZC

ZL1

ZL2

FIGURA E 10.7-1 Circuito representado (a) en el dominio de tiempo y (b) en el dominio de frecuencia.

EJERCICIO 10.7-1  La figura E 10.7-1a muestra un circuito representado en el dominio 
de tiempo. La figura E 10.7-1b muestra el mismo circuito representado en el dominio de frecuencia, 
utilizando fasores e impedancias. ZR, ZC, ZLI y ZL2 son las impedancias correspondientes a resistor, 
condensador y dos inductores en la figura E 10.7-1a. Vs es el fasor correspondiente al voltaje de la 
fuente de voltaje. Determine ZR, ZC, ZLI, ZL2 y Vs.

Sugerencia: 5 sen 5t � 5 cos 15t � 90°2

Respuesta: ZR ¼ 8V;ZC ¼ 1

j5
1

12

� � ¼ 2:4

j
¼ j2:4

j� j
¼ �j2:4V;ZL1 ¼ j5 2ð Þ ¼ j10V;

 ZL2 ¼ j5 4ð Þ ¼ j20V; y Vs ¼ 5ff�90� V

Is

ZR

ZC

ZL1

ZL2

8 2 H

4 H

4 cos (3t + 15 ) A vo

+

–

F

)b()a(

Vo

+

–

1 12

FIGURA E 10.7-2 Circuito representado (a) en el dominio de tiempo y (b) en el dominio de frecuencia.

EJERCICIO 10.7-2  La figura E 10.7-2a muestra un circuito representado en el dominio 
de tiempo. La figura E 10.7-1b muestra el mismo circuito representado en el dominio de frecuencia, 
utilizando fasores e impedancias. ZR, ZC, ZLI y ZL2 son las impedancias correspondientes a resistor, 
condensador y dos inductores en la figura E 10.7-2a. Is es el fasor correspondiente a la corriente de la 
fuente de corriente. Determine ZR, ZC, ZLI, ZL2 e Is.

Respuesta: ZR ¼ 8V; ZC ¼ 1

j3
1

12

� � ¼ 4

j
¼ j4

j� j
¼ �j4V; ZL1 ¼ j3 2ð Þ ¼ j6V;

 ZL2 ¼ j3 4ð Þ ¼ j 12V e Is ¼ 4ff15� A
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10.8 L E Y E S  D E  K I R C H H O F F  Q U E  U T I L I Z A N  FA S O R E S

La ley de la corriente y la ley del voltaje de Kirchhoff se consideraron anteriormente en el dominio de 
tiempo. Veamos la KVL en torno a una ruta cerrada, la cual requiere que
 v1 þ v2 þ v3 þ � � � þ vn ¼ 0 (10.8-1)
Para voltajes en estado estable senoidales, podemos escribir la ecuación en términos de formas de 
onda de coseno como
 Vm1 cos vt þ u1ð Þ þ Vm2 cos vt þ u2ð Þ þ � � � þ Vmn

cos vt þ unð Þ ¼ 0 (10.8-2)
Toda la información concerniente a cada voltaje vn se incorpora en la magnitud y en la fase, Vmn

 y un 
(suponiendo que tomamos nota de v, la cual es la misma para cada término). La ecuación 10.8-2 se 
puede reescribir, utilizando la identidad de Euler, como

o bien 

RefVm1e
ju1e jvtg þ � � � þ RefVmn

e june jvtg ¼ 0

RefVm1e
ju1e jvt þ � � � þ Vmn

e june jvtg ¼ 0

Podemos factorizar e jvt para obtener
Ref Vm1e

ju1 þ � � � þ Vmn
e jun

 �
e jvtg ¼ 0

Escribimos Vmp
e jup como Vp y obtenemos

Re V1 þ V2 þ � � � þ Vnð Þe jvtg ¼ 0

Como e jvt no puede ser igual a cero, requerimos que
 V1 þ V2 þ � � � þ Vn ¼ 0 (10.8-3)
 Por consiguiente, tenemos el importante resultado de que la suma de los voltajes de fasor en una 
ruta cerrada son cero. Por lo tanto,

La ley del voltaje de Kirchhoff se mantiene en el dominio de frecuencia con voltajes de fasor.

Empleando un proceso similar, podemos mostrar que

La ley de la corriente de Kirchhoff se mantiene en el dominio de frecuencia con corrientes de fasor.

por lo que en un nodo tenemos
 I1 þ I2 þ � � � þ In ¼ 0 (10.8-4)
Puesto que la KVL y la KCL se mantienen en el dominio de frecuencia, es fácil concluir que todas las 
técnicas de análisis que desarrollamos para circuitos resistivos permanecen para corrientes y voltajes 
de fasor. Por ejemplo, podemos aplicar el principio de superposición, transformaciones de fuentes, 
circuitos equivalentes de Thévenin y de Norton, y análisis de voltajes de nodos y corrientes de enla-
ces. Todos estos métodos se aplican en cuanto el circuito sea lineal.

 Primero, consideremos las impedancias conectadas en serie, como se muestra en la 
figura 10.8-1. La corriente del fasor I fluye a través de cada impedancia. Aplicando 
la KVL, podemos escribir

V1 þ V2 þ � � � þ Vn ¼ V

Como Vj � ZjI, tenemos
Z1 þ Z2 þ � � � þ Znð ÞI ¼ V

Por consiguiente, la impedancia equivalente que se ve en la terminal de entrada es

 
Zeq ¼ Z1 þ Z2 þ � � � þ Zn  (10.8-5)

FIGURA 10.8-1 Impedancias 
en serie.

I

V

+

–

Zn

Z2Z1
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Por lo tanto, la impedancia equivalente para una serie de impedancias es la suma 
de las impedancias individuales.
 Considere el conjunto de admitancias en paralelo que se muestra en la 
figura 10.8-2. Se puede mostrar fácilmente que la admitancia equivalente Yeq es

 
Yeq ¼ Y1 þ Y2 þ � � � þ Yn  (10.8-6)

En el caso de dos admitancias en paralelo, tenemos
Yeq � Y1 � Y2

y la impedancia equivalente correspondiente es

 
Zeq ¼ 1

Yeq
¼ 1

Y1 þ Y2
¼ Z1Z2

Z1 þ Z2
 (10.8-7)

 Del mismo modo, las reglas del divisor de corriente y del divisor de voltaje funcionan para 
las corrientes y voltajes de fasor. La tabla 10.8-1 resume las ecuaciones para la división de voltaje 
y de corriente en el dominio de frecuencia.

V

I
+

–

Y1 Y2 Yn

FIGURA 10.8-2 Admitancias en 
paralelo.

E J E M P L O  10 . 8 - 1  Análisis de circuitos de CA utilizando impedancias

Determine la corriente i(t) de estado estable en el circuito RLC que se muestra en la figura 10.8-3a, utilizando 
fasores e impedancias.

i(t)
Vs

R  9 

(b)(a)

Z3

Z2vs(t)=100 cos100t  V +
–

L  10 mH

C  1 mF +
–

I Z1

 

FIGURA 10.8-3 Circuito del ejemplo 
10.8-1, representado (a) en el dominio de 
tiempo y (b) en el dominio de frecuencia.

Tabla 10.8-1 División de voltaje y de corriente en el dominio de frecuencia

CIRCUITO ECUACIONES

División de voltaje

I I1

V1

V
V2

+
+

–

–

I2

+
–

Z1

Z2

I1 ¼ I2 ¼ I

V1 ¼ Z1

Z1 þ Z2

V

V2 ¼ Z2

Z1 þ Z2

V

División de corriente I V2

+

–

I2I1

Z2V1

+

–

V
+

–
Z1

V1 ¼ V2 ¼ V

I1 ¼ Z2

Z1 þ Z2

I

I2 ¼ Z1

Z1 þ Z2

I
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E J E M P L O  I N T E R A C T I V O

Solución
Primero, representamos el circuito con el uso de fasores e impedancias como se muestra en la figura 10.8-3b. 
Tomando en cuenta que la frecuencia de la entrada senoidal en la figura 10.8-3a es v � 100 rad/s, las impedancias 
en la figura 10.8-3b se determina que sean

y 

Z1 ¼ R ¼ 9V; Z2 ¼ 1

jvC
¼ 1

j 100ð Þ 0:001ð Þ ¼
10

j
¼ �j10V

Z3 ¼ jvL ¼ j 100ð Þ 0:001ð Þ ¼ j1V

El fasor de entrada en la figura 10.8-3b es
Vs ¼ 100ff0� V

A continuación, aplicamos la KVL en la figura 10.8-3b para obtener
Z1I � Z2I � Z3I � Vs

Sustituir las impedancias y el fasor de entrada nos da

o bien 

9� j10þ j1ð ÞI ¼ 100ff0�

I ¼ 100ff0�
9� j9

¼ 10ff0�
9
ffiffiffi
2

p ff�45� ¼ 7:86ff45� A
Por consiguiente, la corriente en estado estable en el dominio de tiempo es

i1t2 � 7.86 cos 1100t � 45°2 A

E J E M P L O  10 . 8 - 2   División de voltaje 
utilizando impedancias

Considere el circuito que se muestra en la figura 10.8-4a. La entrada al circuito es el voltaje de la fuente de voltaje,
 vs 1t2 � 7.28 cos 14t � 77°2 V
La salida es el voltaje a través del inductor, vo(t). Determine el voltaje de salida en estado estable, vo(t).

77  V7.28vo(t)vs(t)

+

–

3 

0.54 H

(b)(a)

–
+

+

–

3 

j2.16 –
+ Vo( )

 

FIGURA 10.8-4 El circuito considerado en el 
ejemplo 10.8-2, representado (a) en el dominio 
de tiempo y (b) en el dominio de frecuencia.

Solución
El voltaje de entrada es sinusoide. El voltaje de salida también es sinusoide y tiene la misma frecuencia que el 
voltaje de entrada. El circuito ha alcanzado el estado estable. En consecuencia, el circuito en la figura 10.8-4a 
se puede representar en el dominio de frecuencia utilizando fasores e impedancias. La figura 10.8-4b muestra la 
representación del dominio de frecuencia del circuito de la figura 10.8-4a. La impedancia del inductor es jvL � 
j(4)(0.54) � j2.16 � como se muestra en la figura 10.8-4b.

M10_DORF_1571_8ED_SE_415-495.indd   440M10_DORF_1571_8ED_SE_415-495.indd   440 5/7/11   9:23 AM5/7/11   9:23 AM



Circuitos Eléctricos - Dorf Alfaomega

 Leyes de Kirchhoff que utilizan fasores 441

E J E M P L O  I N T E R A C T I V O

 Aplique el principio del divisor de voltaje al circuito de la figura 10.8-4b para representar el voltaje de 
salida en el dominio de frecuencia como

 

Vo vð Þ ¼ j2:16

3þ j2:16
�7:28ff77�� �

¼ 2:16ff90�
3:70ff36� �7:28ff77�� �

¼ 2:16ð Þ �7:28ð Þ
3:70 ff 90� þ 77�ð Þ � 36�

¼ �4:25ff131� ¼ 4:25ff311�
En el dominio de tiempo, el voltaje de salida está representado como

vo1t2 � 4.25 cos 14t � 311°2 V

E J E M P L O  10 .8 -3  Análisis de circuito de CA

Considere el circuito que se muestra en la figura 10.8-5a. La entrada al circuito es el voltaje de la fuente de voltaje,
vs 1t2 � 7.68 cos 12t � 47°2 V

La salida es el voltaje a través del resistor,
vo1t2 � 1.59 cos 12t � 125°2 V

Determine la capacitancia, C, del condensador.

1
2C

vo(t)vs(t)
+

–

(b)(a)

+
–

C

1 +
– 1 Vs( )

++ –

–
Vo( )

l( )

Vc( )

–j

 

FIGURA 10.8-5 El circuito considerado en el 
ejemplo 10.8-3, representado (a) en el dominio 
de tiempo y (b) en el dominio de frecuencia. 

Solución
El voltaje de entrada es una sinusoide. El voltaje de salida también es sinusoide y tiene la misma frecuencia 
que el voltaje de entrada. Al parecer, el circuito ha alcanzado el estado estable. En consecuencia, el circuito en 
la figura 10.8-5a se puede representar en el dominio de frecuencia utilizando fasores e impedancias. La figura 
10.8-5b muestra la representación del dominio de frecuencia del circuito de la figura 10.8-5a. La impedancia del 
condensador es

1

jvC
¼ j

j2vC
¼ � j

vC
¼ � j

2 C

 Los fasores que corresponden a las sinusoides de entrada y de salida son 

 Vs vð Þ ¼ 7:68ff47� V
y

Vo vð Þ ¼ 1:59ff125� V
La corriente I1v2 en la figura 10.8-5b está dada por

I vð Þ ¼ Vo vð Þ
1

¼ 1:59ff125�
1ff0� ¼ 1:59ff125� A
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El voltaje del condensador, Vc(v), en la figura 10.8-5b está dado por

Vc vð Þ ¼ Vs vð Þ � Vo vð Þ ¼ 7:68ff45� � 1:59ff125�
¼ 5:23þ j5:62ð Þ � �0:91þ 1:30ð Þ
¼ 5:23þ 0:91ð Þ þ j 5:62� 1:30ð Þ
¼ 6:14þ j4:32

¼ 7:51ff35�
La impedancia del condensador está dada por

�j 1

2C
¼ Vc vð Þ

I vð Þ ¼
7:51ff35�
1:59ff125� ¼ 4:72ff�90�

Despejando C tenemos

C ¼ �j
2 4:72ff�90�� � ¼ 1ff�90�

2 4:72ff�90�� � ¼ 0:106 F

E J E M P L O  10 .8 -4  Análisis de circuito de CA

Considere el circuito que se muestra en la figura 10.8-
6a. La entrada al circuito es el voltaje de la fuente de vol-
taje, vs (t), y la salida es el voltaje a través del resistor de 
4-�, vo(t). Cuando la entrada es vs 1t2 � 8.93 cos 12t � 
54°2 V, la salida correspondiente es vo(t) � 3.83 cos 
12t � 83°2 V. Determine el voltaje a través del resis-
tor de 9-�, va(t), y el valor de la capacitancia, C, del 
condensador.

Solución
El voltaje de entrada es una sinusoide. El voltaje de 
salida también es sinusoide y tiene la misma frecuen-
cia que el voltaje de entrada. Al parecer, el circuito ha 
alcanzado el estado estable. En consecuencia, el circuito en la figura 10.8-6a se puede representar en el dominio 
de frecuencia, utilizando fasores e impedancias. La figura 10.8-6b muestra la representación del dominio de fre-
cuencia del circuito de la figura 10.8-6a. Los voltajes Vs (v), Va(v) y Vo(v), en la figura 10.8-6b son los fasores 
que corresponden a vs (t), va(t) y vo(t) de la figura 10.8-6a. El condensador y el resistor están representados como 
impedancias en la figura 10.8-6b. La impedancia del condensador es �j1>vC � �j1>2C cuando el valor de la 
frecuencia de vs (t) es 2 rad/s.
 Los fasores que corresponden a las sinusoides de entrada y de salida son 

 Vs vð Þ ¼ 8:93ff54� V
y 

Vo vð Þ ¼ 3:83ff83� V

vo(t)

va(t)– + +

–
vs(t)

+
– 4 

9 

C

+
– 4 

9 
a b

c

1
2C

Vs( )
+– +

–
Vo( )

Va( )

–j

(b)(a)

FIGURA 10.8-6 El circuito considerado en el ejemplo 10.8-4, 
representado (a) en el dominio de tiempo y (b) en el dominio 
de frecuencia. 
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Primero, calculamos el valor de Va(v). Aplique la KVL al enlace de la figura 10.8-6b que consta de dos resistores 
y la fuente de voltaje para tener

Va vð Þ ¼ Vo vð Þ � Vs vð Þ ¼ 3:83ff83�� �
� 8:93ff54�� �

¼ 0:47þ j3:80ð Þ � 5:25þ j7:22ð Þ
¼ �4:78� j3:42

¼ 5:88ff216�
El voltaje a través del resistor de 9-�, va(t), es la sinusoide que corresponde a este fasor

va(t) � 5.88 cos 12t � 216°2 V

Podemos determinar el valor de la capacitancia si aplicamos la ley de la corriente de Kirchhoff (KCL) al nodo b 
en la figura 10.8-6a:

Va vð Þ
�j 1

2C

þ Va vð Þ
9

þ Vo vð Þ
4

¼ 0

j2Cð ÞVa vð Þ þ Va vð Þ
9

þ Vo vð Þ
4

¼ 0

Despejando esta ecuación para j2C nos da

j2C ¼ 4Va vð Þ þ 9Vo vð Þ
�36Va vð Þ

Sustituyendo los valores de los fasores Va(v) y Vo(v) en esta ecuación nos da

j2C ¼ 4 �4:78� j3:42ð Þ þ 9 0:47þ j3:80ð Þ
�36 5:88ff216�� �

¼ �14:89þ j20:52

�36 5:88ff216�� �

¼ 25:35ff126�
36ff�180�� �

5:88ff216�� �
¼ 25:35

36ð Þ 5:88ð Þff126� � �180� þ 216�ð Þ

¼ 0:120ff90�
¼ j 0:120

Por consiguiente, el valor de la capacitancia es C ¼ 0:12

2
¼ 0:06 ¼ 60 mF.

10.9  A N Á L I S I S  D E L  VO LTA J E  D E  N O D O S  Y  D E  L A  C O R R I E N T E 
D E  E N L AC E S  U T I L I Z A N D O  FAS O R E S

El análisis de circuitos en el dominio de frecuencia sigue el mismo procedimiento que hemos aplicado 
para los circuitos resistivos; sin embargo, utilizamos impedancias y fasores en vez de resistencias y 
funciones de tiempo. Dado que la ley de Ohm se puede aplicar en el dominio de frecuencia, utiliza-
mos la relación V � ZI para los elementos pasivos y procedemos a utilizar las técnicas del voltaje de 
nodos y la corriente de enlaces.

M10_DORF_1571_8ED_SE_415-495.indd   443M10_DORF_1571_8ED_SE_415-495.indd   443 5/7/11   9:23 AM5/7/11   9:23 AM



Alfaomega Circuitos Eléctricos - Dorf

 444 Análisis senoidal en estado estable

 A guisa de ejemplo del método de voltaje de nodos utilizando fasores, 
considere los circuitos de la figura 10.9-1 cuando is � Im cos vt. Para un v 
específico y para L y C específicos, podemos obtener la impedancia para los 
elementos L y C. Cuando v � 1 000 rad/s y C � 100 mF, obtenemos

Z1 ¼ 1

jvC
¼ �j10V

Cuando L � 5 mH para el inductor, tenemos la impedancia
ZL � jvL � j5 �

 Entonces, podemos dibujar de nuevo el circuito que se muestra en la fi-
gura 10.9-1, utilizando el formato de fasor que se muestra en la figura 10.9-2. 
Desde luego, Z3 � 10 �, y Z2 se obtiene de la combinación en paralelo del 
resistor de 5-� y de la impedancia, ZL, del inductor. En vez de obtener Z2, 
determinemos Y2, la cual se encuentra fácilmente sumando las dos admitan-
cias en paralelo como sigue:

Y2 ¼ 1

5
þ 1

ZL
¼ 1

5
þ 1

j5
¼ 1

5
1� jð Þ S

Aplicando la KCL en el nodo a, tenemos

 
Va

Z1
þ Va � Vb

Z3
¼ Is (10.9-1)

En el nodo b tenemos

 
Vb

Z2
þ Vb � Va

Z3
¼ 0 (10.9-2)

Reordenando las ecuaciones 10.9-1 y 10.9-2, tenemos

 

Y1 þ Y3ð ÞVa þ �Y3ð ÞVb ¼ Is

�Y3ð ÞVa þ Y2 þ Y3ð ÞVb ¼ 0

 (10.9-3)

donde utilizamos la admitancia Yn ¼ 1=Zn e Is ¼ Imff0�
 Encontramos que las ecuaciones 10.9-3 y 10.9-4 son semejantes a la ecuaciones de voltaje de 
nodos que encontramos en el capítulo 4 para circuitos resistivos. En este caso, sin embargo, obtenemos 
las ecuaciones de voltaje de nodos en términos de corrientes de fasor, voltajes de fasor e impedancias 
y admitancias compuestas.
 En general, podemos establecer que para circuitos que contienen sólo admitancias y fuentes indepen-
dientes, la KCl en el nodo k requiere que el coeficiente de Vk sea la suma de las admitancias en el nodo k, 
y los coeficientes de otros términos sean la negativa de la admitancia entre esos nodos y el k-ésimo nodo.
 Procedamos a despejar Va para el circuito que se muestra en las figuras 10.9-1 y 10.9-2 cuando 
Im � 10 A. Al sustituir las admitancias en las ecuaciones 10.9-3 y 10.9-4, tenemos

 

1

�j10þ
1

10

� �
Va þ�110 Vb ¼ 10

�1
10

Va þ 1

5
1� jð Þ þ 1

10

� �
Vb ¼ 0 (10.9-6)

Entonces aplicamos la regla de Cramer para despejar Va, obteniendo

Va ¼ 100 3� 2jð Þ
4þ j

¼ 100 3� 2jð Þ 4� jð Þ
17

¼ 100

17
10� 11jð Þ ¼ 87:5ff�47:7�

Por consiguiente, tenemos el voltaje va en estado estable:
va � 87.5 cos 11000t � 47.7°2 V

 Aquí se pueden utilizar los métodos de análisis nodal generales del capítulo 4, donde somos cau-
tos al observar que utilizamos impedancias y admitancias compuestas, así como voltajes y corrientes 
de fasor. Una vez que determinamos los voltajes o corrientes de fasor deseados, los transformamos de 
vuelta al dominio de tiempo para obtener la corriente o el voltaje senoidal de estado estable deseados. 
Empleamos el concepto de un supernodo, si fuera necesario, e incluimos el efecto de una fuente de-
pendiente, si se requiriera.

10 

5 

va

is

vb

C L

FIGURA 10.9-1 Circuito para el cual 
querríamos determinar va y vb.

Z3

Va

If

Vb

Z2Z1

FIGURA 10.9-2 Circuito equivalente para 
el de la fi gura 10.9-1 en forma de fasor

(10.9-4)

(10.9-5)
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E J E M P L O  10 . 9 - 1  Circuito de CA con un supernodo

En la figura 10.9-3 se muestra un circuito con v � 10 rad/s, 
L � 0.5 H y C � 10 mF. Encuentre el voltaje de nodo v en 
su forma senoidal en estado estable cuando vs � 10 cos vt V.

Solución
El circuito tiene una fuente dependiente entre dos nodos, de 
modo que identificamos un supernodo como se muestra en 
la figura 10.9-4, cuando también mostramos la impedancia 
para cada elemento. Por ejemplo, la impedancia del inductor 
es ZL � jvL � j5. Del mismo modo, la impedancia para el 
condensador es

Zc ¼ 1

jvC
¼ 10

j
¼ �j10

 Primero, observamos que Y1 � 1>R1 � 1>10. Ahora 
queremos dar a ambas las dos admitancias en paralelo para R2 
y C para obtener una admitancia Y2, como se muestra en la 
figura 10.9-5. Entonces obtenemos

Y2 ¼ 1

R2
þ 1

Zc
¼ 1

10
þ j

10
¼ 1

10
1þ jð Þ S

Podemos obtener Y3 para la resistencia e inductancia en serie 
como

Y3 ¼ 1

Z3

donde Z3 � R3 � ZL � 5 � j5�. Por consiguiente, tenemos

Y3 ¼ 1

5þ j5
¼ 1

50
5� j5ð Þ S

Si escribimos la KCL en el supernodo de la figura 10.9-5, 
tenemos
 Y1 1V � Vs2 � Y2V � Y31V � 10I2 � 0 (10.9-7)
Además, observamos que
 I � Y11Vs � V2 (10.9-8)
Sustituyendo la ecuación 10.9-8 en la ecuación 10.9-7, obtenemos

Y1 1V � Vf2 � Y2V � Y33V � 10Y11Vf � V24 � 0
Reordenando, tenemos

Por consiguiente 

Y1 þ Y2 þ Y3 � 10Y1Y3ð ÞV ¼ Y1 � 10Y1Y3ð ÞVs

V ¼ Y1 � 10Y1Y3ð ÞVs

Y1 þ Y2 þ Y3 � 10Y1Y3

Dado queVs ¼ 10ff0�, tenemos

V ¼
1

10
� 1

50
5� j5ð Þ

� �
10

1

10
þ 1

10
1þ jð Þ

¼ 1� 1� jð Þ
1

10
2þ jð Þ

¼ 10j

2þ j

Por consiguiente, obtenemos
v ¼ 10ffiffiffi

5
p cos 10t þ 63:4�ð ÞV

vs

R1 = 10 

R2 C10 

5 R3

v +

–

i

L

10i

+
–

FIGURA 10.9-3 Circuito para el ejemplo 10.9-1.

Vs

10I

R1 = 10 

R2 = 10 Zc = –j10

5 R3

V +

–

I

ZL = j5

Supernodo

+
–

FIGURA 10.9-4 Representación de dominio de 
frecuencia para el circuito del ejemplo 10.9-1.

I

V

Vs
+
–

Y1

Y2 Y3

+

–
10I

Supernodo

FIGURA 10.9-5 Circuito para el ejemplo 10.9-1 con 
tres admitancias y el supernodo identifi cados.
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EJ E M P L O 10.9-2 Análisis de circuitos de CA utilizando ecuaciones de enlaces

Encuentre la corriente senoidal de estado estable i1 para el circuito de 
la figura 10.9-6 cuando vs � 10

ffiffiffi
2

p
 cos 1vt � 45°2 V y v � 100 rad/s. 

Además, L � 30 mH y C � 5 mF.
i1

vs

3i1

C
i2

+
–

+ –

L

3 

FIGURA 10.9-6 Circuito del ejemplo 10.9-2.

Tabla 10.9-1  Análisis del voltaje de nodos utilizando el concepto de fasores para encontrar los voltajes de nodos 
de estado estable senoidales

1.  Convierta las fuentes independientes en forma de fasor.
2.  Seleccione los nodos y el nodo de referencia y etiquete los voltajes de nodos en el dominio de tiempo, vn, y sus voltajes de fasor correspondientes, Vn.
3.  Si el circuito contiene solamente fuentes de corriente independientes, proceda con el paso 5, de otro modo, proceda con el paso 4.
4.  Si el circuito contiene una fuente de voltaje, seleccione uno de los tres casos siguientes y el método asociado:

CASO MÉTODO
a.  La fuente de voltaje conecta el nodo q y el nodo de referencia.
b.  La fuente de voltaje se ubica entre dos nodos.
c.  La fuente de voltaje en serie con la impedancia se ubica entre 

el nodo d y la tierra, con su terminal positiva en el nodo d.

Establezca Vq � Vs y proceda.
Cree un supernodo que incluya ambos nodos.
Reemplace la fuente de voltaje y la impedancia en serie con una 
combinación en paralelo de una admitancia Y1 � 1>Z1 y una fuente 
de corriente I1 � VsY1 introduciendo el nodo d.

5.  Utilizando la frecuencia conocida de las fuentes, v, encuentre la impedancia de cada elemento en el circuito.
6.  Para cada extensión en un nodo dado, encuentre la admitancia equivalente de esa extensión Yn.
7.  Escriba la KCL en cada nodo.
8.  Resuelva el voltaje de nodos deseado Va, siguiendo la regla de Cramer.
9.  Convierta el voltaje de fasor Va de nuevo en la forma de dominio de tiempo.

Tabla 10.9-2  Análisis de la corriente de enlaces utilizando el concepto de fasor para encontrar las corrientes de 
enlace de estado estable

1.  Convierta las fuentes independientes en forma de fasor.
2.  Seleccione las corrientes de enlaces y etiquete las corrientes en el dominio de tiempo, im, y las corrientes de fasor independientes, In.
3.  Si el circuito contiene solamente fuentes de voltaje independientes, proceda al paso 5; de otro modo, proceda al paso 4.
4.  Si el circuito contiene una fuente de corriente, seleccione uno de los dos casos siguientes y el método asociado:

CASO MÉTODO
a.  La fuente de corriente aparece como un elemento de sólo un 

enlace, n.
b.  La fuente de corriente es común a los dos enlaces.

Iguale la corriente de enlace In con la corriente de la fuente de corriente, 
teniendo en cuenta la dirección de la corriente de fuente.
Cree un superenlace como la periferia de los dos enlaces. En el paso 6. 
Escriba una ecuación de KVL en torno a la periferia del superenlace. 
Registre también la ecuación de restricción que incurrió por la fuente de 
corriente.

5.  Utilizando la frecuencia conocida de las fuentes, v, encuentre la impedancia de cada elemento en el circuito.
6.  Escriba la KCL en cada nodo.
7.  Resuelva la corriente de enlaces deseada In, siguiendo la regla de Cramer.
8.  Convierta la corriente de fasor In de nuevo en la forma de dominio de tiempo.

El análisis del proceso de voltaje de nodos y de la corriente de enlaces, utilizando fasores para deter-
minar la respuesta senoidal de estado estable de un circuito, se registran en las tablas 10.9-1 y 10.9-2, 
respectivamente.
 El análisis de la corriente de enlaces, siguiendo el método de la tabla 10.9-2, es relativamente 
directo. Cuando tiene la impedancia de cada elemento, puede escribir fácilmente las ecuaciones de la 
KVL para cada enlace.
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Solución
Primero, transformamos el voltaje de fuente a forma de fasor para obtener

Vs ¼ 10
ffiffiffi
2

p ff45� ¼ 10þ 10jV

Luego seleccionamos las dos corrientes de enlaces como I1 e I2, como se muestra en la figura 10.9-7. Dado que 
la frecuencia de la fuente es v � 100, encontramos que la inductancia tiene una impedancia de

ZL � j vL � j3 �
El condensador tiene una impedancia de

Zc ¼ 1

jvC
¼ 1

j
1

2

� � ¼ �j2V

Podemos resumir las corrientes de fasor del circuito y la impedancia de 
cada elemento dibujando de nuevo el circuito en términos de fasores, 
como se muestra en la figura 10.9-7. Ahora podemos escribir las ecuacio-
nes de la KVL para cada enlace, obteniendo
 enlace 1: 13 � j32I1 � j3I2 � Vs

 enlace 2: 13 � j32I1 � 1j3 � j22I2 � 0
Despejando I1, siguiendo la regla de Cramer, tenemos

I1 ¼ 10þ j10ð Þj
D

donde la determinante es
� � 13 � j321j2 � j313 � j32 � 6 � 12j

Por consiguiente, tenemos

I1 ¼ 10j� 10

6þ 12j

Si continuamos, obtenemos

I1 ¼ 10 j� 1ð Þ
6 1þ 2jð Þ ¼

10
ffiffiffi
2

p ff135�� �
6

ffiffiffi
5

p ff63:4�� � ¼ 1:05ff71:6�
Por lo tanto, la respuesta del tiempo en estado estable es

i1 � 1.05 cos 1100t � 71.6°2 A

Encuentre la corriente de estado estable i1 cuando la fuente de 
voltaje es vs � 10

ffiffiffi
2

p
 cos 1vt � 45°2 V y la fuente de corriente 

es is � 3 cos vt A para el circuito de dominio de frecuencia de la 
figura 10.9-8. El circuito de la figura proporciona la impedancia 
en ohmios para cada elemento en el v especificado.

FIGURA 10.9-7 Circuito del ejemplo 
10.9-2 con fasores e impedancias.

I1Vs

3I1

–j2
I2

+
–

+ –

j3

3

I1 I2

+
–

Z1 = j2 Z2 = 2

Z3 = –j2Vs Is

FIGURA 10.9-8 Circuito de domino de frecuencia 
del ejemplo 10.9-3.

E J E M P L O  10 . 9 - 3  Análisis de circuitos de Ca utilizando impedancias
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Solución
Primero, transformamos las fuentes independientes en forma de fasor. La fuente de voltaje es

Vs ¼ 10
ffiffiffi
2

p ff45� ¼ 10 1þ jð ÞV
y la fuente de corriente es

Is ¼ 3ff0� A
Observamos que la fuente de corriente conecta los dos enlaces y proporciona una ecuación de restricción:
 I2 � I1 � Is (10.9-9)
Al crear un superenlace en torno a la periferia de los dos enlaces, escribimos una ecuación de la KVL, obteniendo
 I1 Z1 � I21Z2 � Z32 � Vs (10.9-10)
Dado que deseamos despejar I1, utilizaremos I2 de la ecuación 10.9-9 y la sustituimos en la ecuación 10.9-10, 
con lo que obtenemos

I1 Z1 � 1If � I121Z2 � Z32 � Vs

Reordenamos para obtener
1Z1 � Z2 � Z32I1 � Vf � 1Z2 � Z32Is

Por consiguiente, tenemos

I1 ¼ Vs � Z2 þ Z3ð ÞIs
Z1 þ Z2 þ Z3

Sustituimos las impedancias y las fuentes y tenemos

I1 ¼ 10þ j10ð Þ � 2� j2ð Þ3
2

¼ 2þ j8 ¼ 8:25ff76� A
Por tanto, obtenemos

i1 � 8.25 cos 1vt � 76°2 A

Encuentre el voltaje v de estado estable para el circuito de la figura 10.9-9a
v

10 

10 

10 mH

10 cos 1000t A 

(a)

100   F 10 

10 

j10 

–j10 10 A 

(b)

V

 

FIGURA 10.9-9
(a) Representación del 
dominio de tiempo y 
(b) del dominio de frecuencia 
del circuito para el ejemplo 
10.9-4.

Solución
Primero, represente el circuito en el dominio de frecuencia, utilizando impedancias y fasores. La impedancia  del 
inductor es

jvL � j1000 A10 	 10�3 B � j10 �

EJ E M P L O 10.9-4 Análisis de un circuito de CA utilizando ecuaciones nodales
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La impedancia del condensador es 

1

jvC
¼ 1

j1000 100� 10�6
 � ¼ 10

j
¼ �j10V

La representación de fasor de la corriente de entrada es

10ff0� ¼ 10 A

La figura 10.9-9b muestra la representación de dominio de frecuencia del circuito. El voltaje de fasor V se 
puede obtener aplicando la ley de la corriente de Kirchhoff en el nodo superior del circuito en la figura 10.9-9b 
para obtener

V

10
þ V

10þ j10
þ V

�j10 ¼ 10

o bien
V

10
þ V

10þ j10

10� j10

10� j10

� �
þ V

�j10 ¼ 0:1Vþ 0:05� j0:05ð ÞVþ j0:1V ¼ 10

Despejamos V y tenemos

V ¼ 10

0:158ff�18:4� ¼ 63:3ff�18:4�
Por consiguiente, tenemos el voltaje de estado estable como

v � 63.3 cos 11000t � 18.4°2 V.

10.10  S U P E R P O S I C I Ó N ,  E Q U I VA L E N T E S 
D E  T H É V E N I N  Y  N O R T O N  Y 
T R A N S F O R M A C I O N E S  D E  F U E N T E S

Los circuitos en el dominio de frecuencia con corrientes y voltajes de fasor e impedancias, son análo-
gos a los circuitos resistivos que ya consideramos antes. Dado que son lineales, esperamos que el prin-
cipio de superposición y el método de transformación de fuentes se mantendrán. Además, podemos 
definir los circuitos equivalentes de Thévenin y de Norton en términos de impedancia o admitancia.
 Primero, consideremos el principio de superposición, el cual se puede redefinir como sigue: 
para un circuito lineal que contiene dos o más fuentes independientes, cualquier voltaje o corriente se 
puede calcular como la suma algebraica de todas corrientes o voltajes individuales ocasionados por 
cada fuente independiente que actúe sola.
 Si un circuito lineal es excitado por varias fuentes senoidales y todas con la misma frecuencia, 
v, entonces se puede utilizar la superposición. Si un circuito lineal es excitado por varias fuentes pero 
todas de diferentes frecuencias, entonces se debe utilizar la superposición.
 El principio de superposición es particularmente útil si un circuito tiene dos o más fuentes que 
actúan en diferentes frecuencias. Desde luego, el circuito tendrá un conjunto de valores de impedan-
cia en una frecuencia y un conjunto diferente de valores de impedancia en otra frecuencia. Podemos 
determinar la respuesta de fasor en cada frecuencia. Entonces encontramos la respuesta de tiempo que 
corresponde a cada respuesta de fasor y las agregamos. Observe que la superposición, en el caso de 
fuentes que operan en diferentes frecuencias, aplica solamente a las respuesta de tiempo. No podemos 
sobreponer las respuestas de fasor.
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E J E M P L O  10 . 10 - 1  Superposición

Aplicando el principio de la superposición, encuentre la corrien-
te i de estado estable para el circuito que se muestra en la fi-
gura 10.10-1 cuando vs � 10 cos 10t V, is � 3 A, L � 1.5 H y 
C � 10 mF.

Solución
El principio de superposición indica que la respuesta a la fuente 
de voltaje y a la fuente de corriente actuando solas es igual a la 
suma de la respuesta a la fuente de voltaje actuando sola más la respuesta a la fuente de corriente actuando sola. 
Sea i1 que indique la respuesta a la fuente de voltaje actuando sola. La figura 10.10-2a muestra el circuito que 
se utiliza para calcular i1. En la figura 10.10-2b, este circuito ha sido representado en el dominio de frecuencia 
utilizando impedancias y fasores. Del mismo modo, sea i2 que indique la respuesta a la fuente de voltaje actuando 
sola. La figura 10.10-3a muestra el circuito que se utiliza para calcular i2. En la figura 10.10-3b, este circuito se 
ha representado en el dominio de frecuencia.
 El primer paso es convertir las fuentes independientes en forma de fasor, teniendo en cuenta que las fuentes 
operan en frecuencias diferentes. Para la fuente de voltaje que opera en v � 10, tenemos 

Vs = 10 ff0� V
Observamos que la fuente de corriente es una corriente directa, podemos establecer que v � 0 para la fuente de 
corriente. La forma de fasor de la fuente de corriente es, entonces, 

Is = 10 ff0� A
 El segundo paso es convertir en fasor el circuito con la impedancia de cada elemento como se muestra en 
la figura 10.10-2b.
 Ahora determinemos la corriente de fasor I1, la cual es componente de la corriente I debido a la fuente de 
voltaje. Eliminamos la fuente de corriente, reemplazándola con un circuito abierto a través del resistor de 10 �. 
Luego podemos encontrar la corriente I1 por la primera fuente, como

 
I1 ¼ Vs

5þ jvLþ Zp
 (10.10-1)

donde Zp es la impedancia del condensador y la resistencia de 10 Ω en paralelo. Recuerde que  v � 10 y C � 
10 mF. Por lo tanto, dado que Zc � �j10 �, tenemos

Zp ¼ ZcR

Rþ Zc
¼ �j10ð Þ10

10� j10
¼ 5 1� jð ÞV

10 

5 

RC

L

i1
vs

+
–

(b)(a)

10 

5 

R–j10 

j15 

I1
Vs

+
–

 

FIGURA 10.10-2
(a) Circuito para el ejemplo 
10.10-1 para la fuente de 
voltaje que actúa sola. 
(b) Representación en el 
dominio de frecuencia.

10 

5 

RC

L

i2

(b)(a)

10 

5 

R
I2

is Is

 

FIGURA 10.10-3 (a) Circuito 
para el ejemplo 10.10-1 para la 
fuente de corriente que actúa sola. 
(b) Representación en el dominio 
de frecuencia.

FIGURA 10.10-1 Circuito del ejemplo 10.10-1

i
10 

5 

RC

L

isvs
+
–

f
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Si sustituimos Zp y vL � 15 en la ecuación 10.10-1, tenemos

I1 ¼ 10ff0�
5þ j15þ 5� j5ð Þ ¼

10

10þ j10
¼ 10ffiffiffiffiffiffiffiffi

200
p ff�45�

Por lo tanto, la corriente en dominio de tiempo resultante de la fuente de voltaje es
i1 � 0.71 cos 110t �45°2 A.

 Ahora determinemos la corriente de fasor I2 debida a la fuente de corriente. Estableciendo la fuente de 
voltaje a cero resulta un cortocircuito. Como v � 0 para la fuente de cd, la impedancia del condensador se vuel-
ve un circuito abierto porque ZC � 1>jvC � 1. La impedancia del inductor se vuelve un cortocircuito porque 
ZL � jvL � 0. Por lo tanto, obtenemos el circuito que se muestra en la figura 10.10-3b. Vemos que hemos vuelto 
al ya familiar circuito resistivo para una fuente de cd. Entonces, la respuesta debida a la fuente de corriente es

I2 ¼ � 10

15
3ð Þ ¼ �2 A

En consecuencia, siguiendo el principio de superposición, la corriente total de estado estable es i � i1 � i2 o 
i � 0.71 cos 110t �45°2 � 2 A.

 Ahora considere la transformación de fuentes para circuitos de dominio de frecuencia (fasor). 
Las técnicas para circuitos resistivos que vimos en el capítulo 5 se pueden ampliar fácilmente. La 
transformación de fuentes se refiere a transformar una fuente de voltaje y su impedancia en serie aso-
ciada en una fuente de corriente y su impedancia en paralelo asociada, o viceversa, como se muestra 
en la figura 10.10-4. El método de transformación de una fuente a otra se resume en la figura 10.10-5.

FIGURA 10.10-4 Las fuentes equivalentes cuando Vs � ZsIs. FIGURA 10.10-5 Método de transformaciones de fuentes. 
(a) conversión de una fuente de voltaje a fuente de corriente. 
(b) Conversión de una fuente de corriente en una fuente de voltaje.

E J E M P L O  10 . 10 - 2  Transformaciones de fuentes en circuitos de CA

Un circuito tiene una fuente de voltaje vs en serie con dos elementos, como se mues-
tra en la figura 10.10-6. Determine la forma de fasor de la fuente de corriente equi-
valente cuando vs � 10 cos 1vt � 45º2 V y v � 100 rad/s.

Vs Is
+
–

Zf

Zf

a

b

a

b

Vs Is
+
–

Zf

Zf

Método

Zf es el mismo en
ambos circuitos

Asigne Is =
Vs

Zs

VsIs
+
–

Zf

Zf

Método

Asigne Vs = IsZs

Zf es el mismo en
ambos circuitos

(a)

(b)

FIGURA 10.10-6 Circuito 
del ejemplo 10.10-2

vs

10 100 mH

+
–
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Solución 
Primero, determinamos la fuente de corriente equivalente como

Is ¼ Vs

Zs

Como Zs � 10 � j10 y Vs � 10 ff45�, obtenemos

Is ¼ 10ff45�ffiffiffiffiffiffiffiffi
200

p ff45� ¼
10ffiffiffiffiffiffiffiffi
200

p ff0� A
El equivalente del circuito de la fuente de corriente es mostrado en la figura 10.10-7

FIGURA 10.10-7 Circuito del 
ejemplo 10.10-2 transformado 
en fuente de corriente donde 
Zs ¼ 10þ j10V e 
Is ¼ 1=

ffiffiffi
2

p
A.

Is Zs

 Los teoremas de Thévenin y Norton aplican a las corrientes o voltajes de fasor e impe-
dancias del mismo modo que con los circuitos resistivos. El teorema de Thévenin se aplica para 
obtener un circuito equivalente, como se explicó en el capítulo 5. El circuito equivalente de 
Thévenin se muestra en la figura 10.10-8.
 Un procedimiento par determinar el circuito equivalente de Thévenin es como sigue:

1. Identifi que una porción de circuito separada de un circuito completo.

2. Determine el voltaje de Thévenin Vt � Voc, el voltaje de circuito abierto en las terminales.

3.  (a) Encuentre Zt desactivando todas las fuentes independientes y reduciendo el circuito a 
una impedancia equivalente; (b) si el circuito tiene una o más fuentes dependientes, enton-
ces una u otra pone en cortocircuito las terminales y determine Isc a partir de Zt � Voc > Isc; 
o bien, (c) desactive las fuentes independientes, junte una corriente de fuente en las termi-
nales, y determine V e I en las terminales de las cuales Zt � V>I.

Vs
+
–

Zs

FIGURA 10.10-8
Circuito equivalente 
de Thévenin.

E J E M P L O  10 . 10 - 3  Circuito equivalente de Thévenin

Encuentre el circuito equivalente de Thévenin para el circuito que se muestra en la figura 10.10-9 cuando Z1 � 
1 � j� y Z2 � �j1 �

0Is = 2 Z1

Z2 a

b FIGURA 10.10-9 Circuito del ejemplo 10.10-3.

Solución
El voltaje de circuito abierto es

Voc ¼ IsZ1 ¼ 2ff0�� �
1þ jð Þ ¼ 2

ffiffiffi
2

p ff45� V
La impedancia Zt se encuentra desactivando la fuente de corriente al reemplazarla con un circuito abierto. Enton-
ces tenemos Z1 en series con Z2, por tanto 

Zt � Z1 � Z2 � 11 � j2 � j � 1 �
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E J E M P L O  10 . 10 - 4  Circuito equivalente de Thévenin

Encuentre el circuito equivalente de Thévenin del circuito de dominio de frecuencia que se muestra en la figura 
10.10-10 en forma de fasor.

0Is = 2 V

3V

+

–

+

Voc

–

10 

j10+

–

 (b)

3V
V

Vo I

– ++

–

10 

10 

+

– j10

(a)

3V
V

+

–

+
–

+

– j10

20 V

FIGURA 10.10-10 Circuito del ejemplo 10.10-4.  

FIGURA 10.10-11 (a) Circuito del ejemplo 10.10-4 con un circuito 
abierto en la salida y en la fuente de corriente transformada en una 
fuente de voltaje. (b) Circuito con una fuente de corriente de prueba 
conectada en la terminal de salida.

Solución
El voltaje de Thévenin Vt � Voc, de modo que primero determinamos el Voc. Observe que con el circuito abierto,

V � 10 Is � 20 ff0� V
Entonces, para el enlace a la derecha, aplicamos la KVL y tenemos

Voc � 3V � V � 4V � 80 ff0� V
Al examinar el circuito de la figura 10.10-10, transformamos la cuente de corriente en una resistencia de 10-� 
para la fuente de voltaje y una resistencia de 10-� en serie, como se muestra en la figura 10.10-11a. Cuando la 
fuente de voltaje está desactivada y se conecta una fuente de corriente en las terminales, como se muestra en 
la figura 10.10-11b, la KVL da

Vo � j10I � 4V � 1 j10 � 402 I
Por consiguiente, Zt � 40 � j10 �

 Ahora consideremos el procedimiento para encontrar el circuito equivalente de Nor-
ton. Los pasos son similares a los que se usaron para el equivalente de Thévenin porque Zt en 
serie con el voltaje de Thévenin es igual a la impedancia de Norton en paralelo con la fuente 
de corriente de Norton. El circuito equivalente de Norton se muestra en la figura 10.10-12.
 Para determinar el circuito de Norton, seguimos este procedimiento:

1. Identifi que una porción de circuito separada de un circuito completo.

2.  La corriente de Norton In es la corriente a través de un cortocircuito en la terminales, 
por lo que In � Isc.

3.  Encuentre Zt (a) desactivando todas las fuentes independientes y reduciendo el 
circuito a una impedancia equivalente, o bien (b) si el circuito tiene una o más fuentes 
dependientes, encuentre el voltaje de circuito abierto en las terminales Voc de modo que

Zt ¼ Voc

Isc

IN Z t

FIGURA 10.10-12 El 
circuito equivalente de 
Norton, expresado en 
términos de una corriente 
de fasor y una impedancia.
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E J E M P L O  10 . 10 - 5  Circuito equivalente de Norton

Encuentre el equivalente de Norton del circuito que se muestra en 
la figura 10.10-13 en formas de fasor e impedancia. Suponga que 
Vs � 100 ff0� V.

Solución
Primero, encontremos la impedancia equivalente desactivando la 
fuente de voltaje al reemplazarla con un cortocircuito. Como Zt 
aparece en paralelo con Z2, tenemos

Zt ¼ Z3 þ Z1Z2

Z1 þ Z2
¼ 1� j2ð Þ þ 5þ j5ð Þ j4ð Þ

5þ j5ð Þ þ j4ð Þ
¼ 1� j2ð Þ þ 20

53

� �
2þ j7ð Þ ¼ 93

53
þ j

34

53
¼ 1

53

� �
93þ j34ð Þ

Ahora procedemos a determinar la fuente de corriente equivalente 
de Norton determinando la corriente que fluye a través de un cor-
tocircuito conectado en las terminales a-b, como se muestra en la figura 10.10-14.
 Utilizaremos la corrientes de enlaces para encontrar Isc como se muestra en la figura 10.10-14. Las dos 
ecuaciones de la KVL de enlaces son
 enlace 1: (Z1 � Z2)I � (�Z2)Isc � Vs

 enlace 2: (�Z2)I � (Z2 � Z3)Isc � 0
Siguiendo la regla de Cramer, encontramos IN � Icc como sigue:

Isc ¼ Z2Vs

Z1 þ Z2ð Þ Z2 þ Z3ð Þ � Z2
2

¼ j4ð Þ100
5þ j9ð Þ 1þ j2ð Þ � �16ð Þ

¼ j400

3þ j19
¼ 400

370
19þ 3jð ÞA

Vs
+
–

Z1 = 5 + j5 Z3 = 1 – j2

Z2 = j4

FIGURA 10.10-13 Circuito del ejemplo 10.10-5

I
IccVf

+
–

Z1

Icc

Z3

Z2

a

b

FIGURA 10.10-14 Circuito del ejemplo 10.10-5 
con un cortocircuito en las terminales a-b.

10.11 D I A G R A M A S  D E  FA S O R E S

Los fasores que representan el voltaje o la corriente de un circuito son cantidades de tiempo transfor-
madas o convertidas en el dominio de frecuencia. Los fasores son números compuestos y se pueden 
describir gráficamente en un plano compuesto. La relación de fasores en un plano compuesto se llama 
diagrama de fasor.

 Consideremos un circuito serie RLC como se muestra en la figura 10.11-1. 
La impedancia de cada elemento también se identifica en el diagrama. Dado que 
la corriente fluye a través de todos los elementos y es común a todos, tomamos I 
como fasor de referencia.

I = I ff0�
Entonces los fasores de voltaje son

 

VR ¼ RI ¼ RIff0�
VL ¼ jvLI ¼ vLIff90�
Vc ¼ �jI

vC
¼ I

vC
ff�90�  (10.11-3)

Vs

VR

R

ω

ωj L

+ –
VL

+ –

I

+
– Vc

+

–

–j
C

FIGURA 10.11-1 Circuito RLC. 

(10.11-1)

(10.11-2)
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Estos fasores se muestran en el diagrama de fasores de la figura 10.11-2. 
Observe que la KVL para este circuito requiere que

Vs � VR � VL � Vc

Un diagrama de fasores es una representación gráfica de faso-
res y su relación en el plano compuesto.

 La corriente I y el voltaje a través del resistor están en fase. El vol-
taje del inductor conduce la corriente a 90°, y el voltaje del condensador 
retarda la corriente a 90°. Para un L y C dados, habrá una frecuencia v 
que da por resultado

jVLj ¼ jVcj
Refiriéndonos a las ecuaciones 10.11-2 y 10.11-3, esta cualidad de magnitudes de voltaje ocurre 
cuando

o bien  

vL ¼ 1

vC

v2 ¼ 1

LC

Cuando v2 � 1>LC, las magnitudes del voltaje del inductor y el voltaje del condensador son iguales. 
Como están desfasados por 180°, cancelan y la condición resultante es

Vf � VR

y entonces Vs está en fase con I. Esta condición se denomina resonancia.

EJERCICIO 10.11-1  Considere el circuito serie RLC de la figura 
10.11-1 cuando L � 1 mH y C � 1 mF. Encuentre la frecuencia v cuando la 
corriente, voltaje de fuente y VR están todos en fase.

Respuesta: v � 1000 rad/s

EJERCICIO 10.11-2  Dibuje el diagrama de fasores para el circui-
to de la figura E 10.11-2 cuando V � V ff0�. Muestre cada corriente en el 
diagrama.

10.12  C I R C U I T O S  D E  FA S O R E S  Y  E L  A M P L I F I C A D O R 
O P E R A C I O N A L

La exposición en las anteriores secciones consideraba el comportamiento de los amplificadores ope-
racionales y sus circuitos asociados en el dominio de tiempo. En esta sección consideramos el com-
portamiento de los amplificadores operacionales y los circuitos RLC asociados en el dominio de 
frecuencia, utilizando fasores.
 La figura 10.12-1 muestra dos circuitos de amplificador operacional de uso muy frecuente, el 
amplificador inversor y el amplificador no inversor. Estos circuitos se representan utilizando impedan-
cias y fasores. Esta representación es adecuada cuando la entrada es senoidal y el circuito se encuentra 
en estado estable. Vs es el fasor que corresponde al voltaje de entrada senoidal, y Vo es el fasor que 
representa el voltaje de salida senoidal resultante. Ambos circuitos implican dos impedancias, Z1 y Z2. 

θ

VL

Vc

VR

Vs

I

FIGURA 10.11-2 Diagrama de fasores para el 
circuito RLC de la fi gura 10.11-1.

Is
IR IL Ic

+

–
R L C V

FIGURA E 10.11-2
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–

+

(a)

Vs

I1

+

–
Vo

Z2Z1

+
–

–

+

+

–

(b)

V1

+

–
V1

I1

+

–

Vo

Z2Z1

Vs
+
–

a

a

 

FIGURA 10.12-1 (a) Amplifi cador 
inversor y (b) amplifi cador 
no inversor. 

 Ahora determinemos la razón del voltaje de entrada a salida, Vo > Vs, para el amplificador inver-
sor que se muestra en la figura 10.12-1a. Este circuito se puede analizar al escribir la ecuación nodal 
en el nodo a como

 
Vs V1

Z1

Vo V1

Z2
I1 0 (10.12-1)

Cuando el amplificador operacional es ideal, V1 e I1 son 0. Entonces,

Finalmente,  

Vs

Z1

Vo

Z2
0

Vo

Vs

Z2

Z1
 (10.12-3)

 A continuación, determinaremos la razón del voltaje de entrada a salida, Vo > Vs, para el ampli-
ficador no inversor que se muestra en la figura 10.12-1b. Este circuito se puede analizar al escribir la 
ecuación nodal en el nodo a como

 
Vs V1

Z1

Vo Vs V1

Z2
I1 0 (10.12-4)

Cuando el amplificador operacional es ideal, V1 e I1 son 0. Entonces,

Finalmente, 

Vs

Z1

Vo Vs

Z2
0

Vo

Vs

Z1 Z2

Z1
 (10.12-5)

Por lo común las impedancias Z1 y Z2 se obtienen utilizan-
do solamente resistores y condensadores. Desde luego, en 
teoría, podríamos utilizar inductores, pero por su costo y 
tamaño con respecto a los condensadores se usan poco con 
amplificadores operacionales.
 Un ejemplo del amplificador inversor se muestra en la 
figura 10.12-2. La impedancia Zn, donde n es igual a 1 o 2, 
es una impedancia RnCn en paralelo, por lo que

 

Zn ¼
Rn

1

jvCn

Rn þ 1

jvCn

¼ Rn

1þ jvCnRn

 (10.12-6)

Utilizando las ecuaciones 10.12-3 y 10.12-6 se puede obte-
ner la razón Vo > Vs.

–

+Vs

R2

C2

+

–
Vo

+
–

R1

C1

FIGURA 10.12-2 Amplifi cador operacional 
con dos circuitos RLC conectados.

(10.12-2)
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E J E M P L O  10 . 1 2 - 1  Amplificador de CA

Encuentre la razón Vo > Vs para el circuito de la figura 10.12-2 cuando R1 � 1 k�, R2 � 10 k�, C1 � 0 y 
C2 � 0.1 mF para v � 1000 rad/s.

Solución
El circuito de la figura 10.12-2 es un ejemplo de amplificador inversor que se muestra en la figura 10.12-1a. Con 
las ecuaciones 10.12-3 y 10.12-6 obtenemos

Vo

Vs
¼ �Z1

Z2
¼ �

R2

1þ jvC2R2

R1

1þ jvC1R1

¼ �R2 1þ jvC1R1ð Þ
R1 1þ jvC2R2ð Þ

Si sustituimos los valores dados de R1, R2, C1, C2 y v resulta

Vo

Vs
¼ � 104 1þ j100 0ð Þ103 �

103 1þ j103 0:1� 10�6
 �

104
 � ¼ � 10

1þ j
¼ 7:07ff135�

EJERCICIO 10.12-1  Encuentre la razón Vo > Vs para el circuito que se muestra en la figura 
10.12-2 cuando R1 � R2 � 1 k�, C2 � 0, C1 � 1 mF y v � 1000 rad/s.

Respuesta: Vo > Vs � � 1 � j

10.13 L A  R E S P U E S TA  T O TA L

A continuación, consideramos circuitos con entradas senoidales que están sujetos a cambios abruptos, 
como cuando un interruptor se abre o se cierra. Para hallar la respuesta total de tales circuitos:

•  Representamos el circuito por una ecuación diferencial.

•  Encontramos la solución general de la ecuación diferencial homogénea. Esta solución es la 
respuesta natural, vn(t). La respuesta natural contendrá constantes desconocidas que se evaluarán 
posteriormente.

•  Hallamos una solución particular de la ecuación diferencial. Dicha solución es la respuesta forzada 
vf(t).

•  Representamos la respuesta del circuito como v1t2 � vn1t2 � vf 1t2.

•  Utilizamos las condiciones iniciales, por ejemplo, los valores iniciales de las corrientes en inductores 
y los voltajes a través de condensadores para evaluar las constantes desconocidas.

 Considere el circuito que se muestra en la figura 10.13-1. Antes del tiempo t � 0, 
este circuito se encuentra en estado estable, por lo tanto todos sus voltajes y corrientes 
son senoidales con una frecuencia de 5 rad/s. En tiempo t � 0, el interruptor se cie-
rra, con lo que altera el circuito. Inmediatamente antes de t � 0, las corrientes y vol-
tajes no son senoidales. A fin de cuentas, la alteración termina y el circuito de nuevo 
está en estado estable (más bien ligeramente diferente de un estado estable). Una 
vez más, todas las corrientes y voltajes son senoidales con una frecuencia de 5 rad/s.

FIGURA 10.13-1 El circuito 
considerado en el ejemplo 10.13-1.

+
– v(t)

+

–
50 mF

2 Ω

12 cos 5t V

2 Ω

t=0
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 Para encontrar la respuesta total de este circuito se utilizan dos diferentes respuestas de estado 
estable. La respuesta de estado estable antes que el interruptor se cierre, se utiliza para determinar 
la condición inicial. La respuesta de estado estable después que se cierra el interruptor se utiliza en la 
solución particular de la ecuación diferencial que representa este circuito.

E J E M P L O  10 . 1 3 - 1  Respuesta total

Determine v(t), el voltaje a través del condensador en la figura 10.13-1, antes y después de que el interruptor 
se cierre.

Solución
Paso 1: Para t � 0, el interruptor se abre y el circuito se encuentra en estado estable.
 El interruptor abierto actúa como un circuito abierto, de modo que los dos resistores de 2-� están conecta-
dos en serie. Reemplazar los resistores en serie con un resistor equivalente hace que el interruptor se muestre en la 
figura 10.13-2a. Luego, utilizamos impedancias y fasores para representar el circuito en el dominio de frecuencia 
como se muestra en la figura 10.13-2b. 
 Si utilizamos la división de voltaje en el dominio de frecuencia nos da

V vð Þ ¼ �j4
4� j4

� �
12ff0�� �

¼ 48ff�90�
5:66ff�45� ¼ 8:485ff�45� V

En el dominio de tiempo,
v tð Þ ¼ 8:485 cos 5t � 45�ð ÞV

Inmediatamente antes de que se cierre el interruptor, el voltaje del condensador es
v 0�ð Þ ¼ lim

t!0�
v tð Þ ¼ 8:485 cos 0� 45�ð Þ ¼ 6 V

El voltaje del condensador es continuo, por lo que el voltaje del condensador inmediatamente después de que se 
cierra el interruptor es el mismo que inmediatamente antes. Es decir,

v 0þð Þ ¼ v 0�ð Þ ¼ 6 V

Paso 2: Para t � 0, el interruptor está cerrado. A fin de cuentas, el circuito alcanzará un nuevo estado estable.
 El interruptor cerrado actúa como un cortocircuito. Un cortocircuito en paralelo con un resistor es equi-
valente a un cortocircuito, de modo que tenemos el circuito que se muestra en la figura 10.13-3a. La respuesta 
de estado estable del circuito se puede obtener representando el circuito en el dominio de frecuencia como se 
muestra en la figura 10.13-3b.

+
– v(t)

+

–
50 mF

4 Ω

12 cos 5t  V
+
–

+

–

4 Ω

−j4 Ω V(ω)

(a) (b)

0° V12

 

FIGURA 10.13-2 Circuito de la fi gura 
10.13-1 antes de que se cierre el circuito, 
representado (a) en el dominio de tiempo y 
(b) en el dominio de frecuencia.
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FIGURA 10.13-3 Circuito de la fi gura 
10.13-1 después de que se cierra el circuito, 
representado (a) en el dominio de tiempo y 
(b) en el dominio de frecuencia.

lím
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 Utilizando la división de voltaje en el dominio de frecuencia resulta

V vð Þ ¼ �j4
2� j4

� �
12ff0�� �

¼ 48ff�90�
4:47ff�63:4� ¼ 10:74ff�26:6� V

En el dominio de tiempo,
v1t2 � 10.74 cos 15t � 26.6°2 V

Paso 3: Inmediatamente después de t � 0, el interruptor está cerrado 
pero el circuito no se encuentra en estado estable. Debemos encontrar 
la respuesta total de un circuito de primer orden.
 En la figura 10.13-2a, el condensador está conectado a una fuente 
de voltaje y resistor en serie, es decir, un circuito equivalente de Théve-
nin. Podemos identificar Rt y voc como se muestra en la figura 10.13-4.
 En consecuencia, la constante de tiempo del circuito es 

t � Rt C � 2 	 0.05 � 0.1 1>s
La respuesta natural del circuito es

vn1t2 � Ke�10t

La respuesta en estado estable para t � 0 se puede usar como la respuesta forzada, entonces
vf 1t2 � 10.74 cos 15t � 26.6°2 V

La respuesta total es
v1t2 � vn1t2 � vf 1t2 � Ke�10t � 10.74 cos 15t � 26.6°2

La constante, K, se evalúa utilizando el voltaje inicial del condensador, v(0�):
6 � v10�2 � Ke�0 � 10.74 cos 10 � 26.6°2 � K � 9.6

Por lo tanto, K � �3.6 y
v1t2 � �3.6e�10t � 10.74 cos 15t � 26.6°2V

Paso 4: Resuma los resultados.
 El voltaje del condensador es

v tð Þ ¼ 8:485 cos 5t � 45�ð ÞV
�3:6e�10t þ 10:74 cos 5t � 26:6�ð ÞV

	
para t 
 0

La figura 10.13-5 muestra el voltaje del condensador como una función de tiempo:
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Respuesta total de un circuito permanente con entrada senoidal

 
FIGURA 10.13-5 La respuesta total, trazada utilizando 
MATLAB.

+
–

v(t)vca 12 cos 5t  V

+

–
C 0.05 F

Rt 2 

FIGURA 10.13-4 Identifi cación de Rt y voc 
en la fi gura 10.13-2a.

para t � 0
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E J E M P L O  10 . 1 3 - 2  Respuestas de varios tipos de circuitos

La entrada a cada circuito de los mostrados en la figura 10.13-6 es el voltaje de la fuente de voltaje. La salida de 
cada circuito es la corriente i(t). Determine la salida de cada uno de los circuitos.

+
–

6 

4 + 8u(t)  V 2 H

i(t)

(a)

+
–

6 

12 cos 5t  V 2 H

i(t)

(b)

+
–

6 

12  V 2 H

i(t)

(e)

+
–

4 

2 H

i(t)

t = 0

12 cos 5t  V

2 

(f)

+
– 6 2 H

i(t)

12e 5t u(t)  V

iL(t)

iR(t)

(c)

+
–

4 

12  V 2 H

i(t)

t = 0

2 

(d)

 
FIGURA 10.13-6 Seis circuitos 
considerados en el ejemplo 10.13-2.

Solución
En este ejemplo consideramos circuitos semejantes en situaciones contrastantes. En algunos casos el circuito 
cambia abruptamente en tiempo t � 0. En consecuencia, el circuito no se encuentra en estado estable y lo que 
queremos es una respuesta total, que conste de una parte en estado estable y una parte transitoria. En otros casos 
no hay un cambio abrupto y por lo tanto no hay parte transitoria de la respuesta. Buscamos solamente la respuesta 
de estado estable. En un caso, la entrada proporciona directamente el voltaje del inductor, y podemos determinar 
la respuesta utilizando la ecuación constitutiva del inductor.
Caso 1: El circuito en la figura 10.13-6a estará en estado estable hasta el tiempo t � 0. Como la entrada es cons-
tante antes del tiempo t � 0, todos los voltajes y corrientes de los elementos serán constantes. En el tiempo t � 0 
la entrada cambia abruptamente, alterando el estado estable. A fin de cuentas, la perturbación se acabará y el cir-
cuito estará nuevamente en estado estable. Todos los voltajes y corrientes de los elementos serán constantes una 
vez más, pero tendrán diferentes valores de constantes porque la entrada ha cambiado.
 Las tres etapas se pueden ilustrar como se 
muestra en la figura 10.13-7. La figura 10.13-7a 
representa el circuito para t � 0. El voltaje de 
fuente es constante y el circuito se encuentra en 
estado estable. La corriente del inductor es

i tð Þ ¼ 4

6
¼ 2

3
A

En particular, inmediatamente antes de t � 0, 
i10�2 � 0.667 A. La corriente en un inductor es 
constante, por lo que

i10�2 � i10�2 � 0.667 A

+
–

6 

4 V

i(t)

(a) (b) (c)

+
–

6 

12  V 2 H

i(t)

+
– 12  V

i(t)6 

FIGURA 10.13-7 El circuito de la fi gura 10.13-6a, (a) en estado 
estable para t � 0; (b) después de t � 0 pero antes el circuito alcanza 
el estado estable, y (c) en estado estable para t � 0.
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 La figura 10.13-7b representa el circuito inmediatamente después de t � 0. La entrada es constante pero 
el circuito no se encuentra en estado estable, por lo que el inductor no actúa como un cortocircuito. La parte del 
circuito que está conectada al inductor tiene la forma de un circuito de Thévenin, por lo tanto reconocemos que

Rt � 6 � y voc = 12 V

En consecuencia,

isc ¼ 12

6
¼ 2 A

La constante de tiempo del circuito es

t ¼ L

Rt
¼ 2

6
¼ 1

3

Finalmente,

i1t2 � isc � 1i10�2 � isc2e�t=t � 2 � 10.667 � 22e�3t � 2 � 1.33e�3t A

Al aumentar t, la parte exponencial de i(t) disminuye. Cuando t � 5t � 1.667 s,

i1t2 � 2 � 1.33e�311.6672 � 2 � 0.009 � 2 A

La parte exponencial de i(t) se vuelve insignificante, por lo tanto reconocemos que el circuito está de nuevo en 
estado estable y que la nueva corriente en estado estable es i(t) � 2 A.
 La figura 10.13-7c representa el circuito luego de que la perturbación ha pasado y el circuito ha alcanzado el 
estado estable, es decir, cuando t � 5t. La fuente de voltaje es constante y el circuito se encuentra en estado estable, 
por lo tanto el inductor actúa como un cortocircuito. Como se esperaba, la corriente del inductor es 2 A. 
Caso 2: El circuito en la figura 10.13-6b no contiene un interruptor y la entrada 
no cambia abruptamente, por lo que esperamos que el circuito se encuentre en 
estado estable. La entrada es senoidal en una frecuencia de 5 rad/s, de modo que 
todas las corrientes y voltajes de los elementos serán senoidales en una frecuen-
cia de 5 rad/s. Podemos encontrar la respuesta de estado estable si representa-
mos el circuito en el dominio de frecuencia, utilizando impedancias y fasores 
como se muestra en la figura 10.13-8.
 La ley de Ohm da

I vð Þ ¼ 12ff0�
6þ j10

¼ 12ff0�
11:66ff59� ¼ 1:03ff�59� A

La corriente correspondiente en el dominio de tiempo es

i1t2 � 1.03 cos 15t � 59°2 A

Caso 3: La fuente de voltaje, el resistor y el inductor en el circuito de la figura 10.13-6c están conectados en pa-
ralelo. El voltaje del elemento del resistor y del inductor son iguales al voltaje de la fuente de voltaje. La corriente 
en el resistor la da la ley de Ohm para que

iR tð Þ ¼ 12e�5t

6
¼ 2e�5t A

La corriente en el inductor es

iL tð Þ ¼ 1

L

Z t

0
n tð Þ dt þ iL 0ð Þ ¼ 1

2

Z t

0
12e�5tdt þ iL 0ð Þ

¼ 12

2 �5ð Þ e
�5t � 1ð Þ þ iL 0ð Þ ¼ �1:2e�5t þ 1:2þ iL 0ð Þ

FIGURA 10.13-8 El circuito en la 
fi gura 10.13-6b está representado 
en el dominio de frecuencia.

+
–

6 

j10 

I( )

0   V12
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+
–

4 

12  V

i(t)2 

+
– 12  V 2 H

i(t)6 

+
– 12  V

i(t)6 

(a) (b) (c)

FIGURA 10.13-9 El circuito de la fi gura 10.13-6d (a) en estado estable para t � 0; (b) luego de que t � 0 pero antes de que el 
circuito alcance el estado estable y (c) en estado estable para t � 0.

Finalmente, utilizando la KCL se obtiene

i1t2 � iR1t2 � iL1t2 � 2e�5t � 1.2e�5t � 1.2 � iL102 � 0.8e�5t � 1.2 � iL102

Antes del tiempo t � 0, el voltaje de la fuente de voltaje es cero. Si el circuito se encuentra en estado estable, 
iL(0) � 0. Entonces 

i1t2 � 0.8e�5t � 1.2 A

Caso 4: El circuito en la figura 10.13-6d estará en estado estable hasta que el interruptor se abra en tiempo t � 0. 
Como el voltaje de fuente es constante, todos los voltajes y corrientes de los elementos serán constantes. En el 
tiempo t � 0 el interruptor se abre, alterando el estado estable. A fin de cuentas, la perturbación se acabará y el 
circuito estará nuevamente en estado estable. Todos los voltajes y corrientes de los elementos serán constantes, 
pero tendrán diferentes valores de constantes porque el circuito ha cambiado.
 Las tres etapas se pueden ilustrar como se muestra en la figura 10.13-9. La figura 10.13-9a representa el 
circuito para t � 0. El interruptor cerrado está representado como un cortocircuito. El voltaje de fuente es cons-
tante y el circuito se encuentra en estado estable, por lo que el inductor actúa como un cortocircuito. La corriente 
del inductor es

i1t2 � 0 A

En particular, inmediatamente antes de t � 0, i(0�) � 0 A. La corriente en un inductor es continua, por lo que

i10�2 � i10 �2 � 0 A

 La figura 10.13-9b representa el circuito inmediatamente después de t � 0. La entrada es constante pero 
el circuito no se encuentra en estado estable, por lo que el inductor no actúa como un cortocircuito. La parte del 
circuito que está conectada al inductor tiene la forma de un circuito equivalente de Thévenin, por lo tanto reco-
nocemos que

Rt � 6 � y voc � 12 V

En consecuencia,

isc ¼ 12

6
¼ 2 A

La constante de tiempo del circuito es

t ¼ L

Rt
¼ 2

6
¼ 1

3

Finalmente, 
i1t2 � isc � 1i10�2 � isc2e�t=t � 2 � 10 � 22e�3t � 2 � 2e�3t A

Al aumentar t, la parte exponencial de i(t) disminuye. Cuando t � 5t � 1.667 s,

i1t2 � 2 � 2e�311.6672 � 2 � 0.013 � 2 A
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La parte exponencial de i(t) se vuelve insignificante, por lo tanto reconocemos que el circuito está de nuevo en 
estado estable y que la corriente en estado estable es i(t) � 2 A.
 La figura 10.13-9c representa el circuito luego de que la perturbación ha pasado y el circuito ha alcan-
zado el estado estable, es decir, cuando t � 5t. El voltaje de fuente es constante y el circuito se encuentra en 
estado estable, por lo tanto el inductor actúa como un cortocircuito. Como se esperaba, la corriente del inductor 
es 2 A. 
Caso 5: El circuito en la figura 10.13-6e no contiene un interruptor y la entrada no cambia abruptamente, por 
lo que esperamos que el circuito se encuentre en estado estable. Como el voltaje de fuente es constante, todos 
los voltajes y corrientes de los elementos serán constantes. Como el voltaje de fuente es constante y el circuito 
se encuentra en estado estable, el inductor actúa como un cortocircuito. (Nos hemos encontrado con este cir-
cuito dos veces antes en este ejemplo, desapareció luego de la perturbación en los casos 2 y 4.) La corriente 
está dada por

i tð Þ ¼ 12

6
¼ 2 A

Caso 6: Esperamos que el circuito en la figura 10.13-6ƒ se encontrará en estado estable antes de que el interrup-
tor se abra. Como antes, abrir el interruptor modificará el circuito y alterará el estado estale. A fin de cuentas, la 
perturbación cederá y el circuito se encontrará nuevamente en estado estable. Veremos que la corriente de estado 
estable es constante antes de que se abra el interruptor y senoidal después de que se abre el interruptor.
 La figura 10.13-10a muestra el circuito antes de que se abra el interruptor. Aplicamos la KVL y obtenemos

2i tð Þ þ 2
d

dt
i tð Þ ¼ 0

En consecuencia, la corriente del inductor es i(t) � 0 antes de que se abra el interruptor. La corriente en el induc-
tor es continua, por lo que

i10�2 � i10 �2 � 0 A

 La figura 10.13-10b representa el circuito luego de abrirse el interruptor. Podemos determinar la corriente 
del inductor agregando la respuesta natural a la respuesta forzada y utilizando luego la condición inicial para 
evaluar la constante en la respuesta natural.
 Primero encontramos la respuesta natural. La parte del circuito que está conectada al inductor tiene la forma 
del circuito equivalente de Thévenin, por lo que reconocemos que

Rt � 6 �

+
–

6 

12 cos 5t  V 2 H

i(t)

+
–

4 

2 H

i(t)

12 cos 5t  V

2 

(a) (b)

+
–

6 

j10 

I( )

(c)

0   V12

 

FIGURA 10.13-10 El circuito de la fi gura 10.13-6f 
(a) antes de que se abra el interruptor; (b) luego de 
abierto el interruptor, y (c) el circuito en estado estable 
para t � 0 representado en el dominio de frecuencia.
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La constante de tiempo del circuito es

t ¼ L

Rt
¼ 2

6
¼ 1

3

La respuesta natural es

in tð Þ ¼ Ke�3t A

 Podemos utilizar la respuesta en estado estable como la respuesta forzada. Como en el caso 2, obtenemos 
la respuesta en estado estable representando el circuito en la frecuencia como se muestra en la figura 10.13-10c. 
Como antes, encontramos I1v2 � 1.03 

pff�59�  A. La respuesta forzadas es

Entonces,  

if tð Þ ¼ 1:03 cos 5t � 59�ð ÞA

i tð Þ ¼ in tð Þ þ if tð Þ ¼ Ke�3t þ 1:03 cos 5t � 59�ð ÞA:

En t � 0,

o bien  

i 0ð Þ ¼ Ke�0 þ 1:03 cos �59�ð Þ ¼ K þ 0:53

i tð Þ ¼ �0:53e�3t þ 1:03 cos 5t � 59�ð ÞA

10.14  U S O  D E  M AT L A B  PA R A  E L  A N Á L S I S I S 
D E  C I R C U I T O S  E N  E S TA D O  E S TA B L E 
C O N  E N T R A D A S  S E N O I D A L E S

El análisis de circuitos lineales de estado estable con entradas senoidales utilizando fasores e impe-
dancias requiere aritmética compleja. Se puede utilizar MATLAB para reducir el esfuerzo requerido 
para manejar esta aritmética compleja. Considere el circuito que se muestra en la figura 10.14-1a. 
La entrada a este circuito, vs(t), es un voltaje senoidal. En estado estable, la salida, vo(t) también será 
un voltaje senoidal como se muestra en la figura 10.14-1a. Este circuito se puede representar en el 
dominio de frecuencia, utilizando fasores e impedancias como se muestra en la figura 10.14-1b. El 

FIGURA 10.14-1 Circuito en estado 
estable excitado por un voltaje de entrada 
senoidal. Este circuito está representado 
por (a) el dominio de tiempo y por (b) el 
dominio de frecuencia.(b)
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análisis de este circuito procede como sigue. Sea Z1 que indique la impedancia de la combinación en 
serie de R1 y jvL. Es decir,

 Z1 � R1 � jvL (10.14-1)

A continuación, sea Y2 que indique la admitancia de la combinación en paralelo de R2 y 1 > jvC. Es 
decir,

 
Y2 ¼ 1

R2
þ jvC (10.14-2)

Sea Z2 que indique la impedancia correspondiente, es decir,

 
Z2 ¼ 1

Y2
 (10.14-3)

%-----------------------------------------------
%      Describe the input voltage source.
%-----------------------------------------------
w = 2;
A = 12;
theta = (pi/180)*60;
Vs = A*exp(j*theta)
%-----------------------------------------------
%Describe the resistors, inductor and capacitor.
%-----------------------------------------------
R1 = 6;
L = 4;
R2 = 12;
C = 1/24;
%-----------------------------------------------
% Calculate the equivalent impedances of the
%  series resistor and inductor and of the
%      parallel resistor and capacitor
%-----------------------------------------------
Z1 = R1 + j*w*L % Eqn 10.14-1
Y2 = 1/R2 + j*w*C;      % Eqn 10.14-2
Z2 = 1 / Y2 % Eqn 10.14-3
%-----------------------------------------------
%  Calculate the phasor corresponding to the
%               output voltage.
%-----------------------------------------------
Vo = Vs * Z2/(Z1 + Z2) % Eqn 10.14-4
B = abs(Vo);
phi = angle(Vo);
%-----------------------------------------------
%
%-----------------------------------------------
T = 2*pi/w;
tf = 2*T; N = 100; dt = tf/N;
t = 0 : dt : tf;
%-----------------------------------------------
%     Plot the input and output voltages.
%-----------------------------------------------
for k = 1 : 101

vs(k) = A * cos(w * t(k) + theta);
vo(k) = B * cos(w * t(k) + phi);

end
plot (t, vs, t, vo)

FIGURA 10.14-2 Archivo de entrada de MATLAB que corresponde al circuito que se muestra en la fi gura 10.14-1. 
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FIGURA 10.14-3 Trazos de MATLAB que muestran los voltajes de entrada y de salida del circuito que se muestra 
en la fi gura 10.14-1.

Finalmente, Vo se calcula a partir de Vs utilizando la división de voltaje. Es decir,

 
Vo ¼ Z2

Z1 þ Z2
Vs (10.14-4)

 La figura 10.14-2 muestra un archivo de entrada de MATLAB que utiliza de las ecuaciones 
10.14-1 a 10.14-3 para encontrar la respuesta de estado estable del circuito que se muestra en la fi-
gura 10.14-1. La ecuación 10.14-4 se utiliza para calcular Vo. A continuación, B ¼ Voj j  y f ¼ ffVo

se calculan y utilizan para determinar la magnitud y el ángulo de fase del voltaje de salida senoidal. 
Observe que MATLAB, no el usuario, ejecuta la aritmética compuesta que se necesita para despejar 
estas ecuaciones. Finalmente, MATLAB produce el trazo que se muestra en la figura 10.14-3 el cual 
despliega los voltajes senoidales de entrada y salida en el dominio de tiempo.

10.15  U S O  D E  P S P I C E  PA R A  A N A L I Z A R 
C I R C U I T O S  D E  C A

Para utilizar PSpice y analizar un circuito de ca, hacemos lo siguiente:

1. Dibujamos el circuito en el taller de OrCAD Capture.

2. Especifi camos una simulación de AC Sweep\Noise.

3. Ejecute la simulación

4. Archivo de entrada y salida para ver los resultados de la simulación.

 La tabla 10.15-1 muestra algunas partes de PSpice que se utilizan para analizar circuitos de ca. 
Al momento de simular circuitos de ca, representaremos fuentes de corriente y voltaje independientes 
al utilizar las partes VAC e IAC de PSpice respectivamente. Cada una de estas partes tiene propieda-
des denominadas ACMAG y ACPHASE. Editaremos el valor de estas propiedades para especificar 
la amplitud y el ángulo de fase de una sinusoide. (Por consiguiente, ACMAG y ACPHASE también 
representan la magnitud y el ángulo de fase del fasor que corresponda a esta sinusoide.)
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 Agregaremos las partes VPRINT1, VPRINT2 e IPRINT  de ¨PSpice de la tabla 10.15-1 para 
especificar esos valores de corriente y voltaje que PSpice va a imprimir en el archivo de salida. Cada 
una de estas partes de PSpice tiene propiedades llamadas AC, REAL, IMAG, MAG y PHASE. Edi-
taremos el valor de cada una de estas propiedades para que sean y. Entonces, cuando simulemos el 
circuito, PSpice imprimirá el valor del fasor correspondiente en forma rectangular y en forma polar.

Tabla 10.15-1 Partes de PSpice para circuitos de CA y bibliotecas en que se encuentran

SÍMBOLO DESCRIPCIÓN NOMBRE PSPICE BIBLIOTECA

–

+1Vca
0Vcd

V?

Fuente de voltaje de CA VAC SOURCE

–

+1Aca
0Acd

I?

Fuente de corriente de CA IAC SOURCE

Voltaje de elemento de impresión VPRINT2 SPECIAL

Voltaje de nodo de impresión VPRINT1 SPECIAL

IPRINT

Corriente de elemento de impresión IPRINT SPECIAL

E J E M P L O  10 . 1 5 - 1  Uso de PSpice para analizar circuitos de CA

Considere el circuito de ca que se muestra en la figura 10.15-1, en el cual

vs 1t2 � 12 cos 1100t � 15°2V e is 1t2 � 1.5 cos 1100t � 135°2A

Utilice PSpice para determinar los voltajes v1 y v3, así como la corriente i2.

20 

4 mF

5 H2 H

i2
10 

vs is+
–

+ –v1
v3

 FIGURA 10.15-1 Circuito de CA.

Solución
Empezamos por dibujar el circuito en el taller de OrCAD como se muestra en la figura 10.15-2 (vea el apéndice 
A). Observe que hemos utilizado las partes VAC e IAC de PSpice de la tabla 10.15-1 para representar las fuentes. 
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FIGURA 10.15-2 El circuito de la fi gura 10.15-1 como se dibujó en el taller de OrCAD.

Incluso, hemos editado las propiedades ACMAG y ACPHASE de estas fuentes, estableciendo ACMAG � 12 
y ACPHASE � 15 para la fuente de voltaje, y ACMAG � 1.5 y ACPHASE � 135 para la fuente de corriente.
 La figura 10.15-2 también muestra que hemos agregado las partes VPRINT1, IPRINT y VPRINT2 de PS-
pice para medir v1, i2 y v3. Estos impresores están conectados al circuito de la misma manera que se conectarían 
amperímetros y voltímetros para medir v1, i2 y v3. Observe el signo menos en el impresor VPRINT2. Indica la 
terminal cercana al signo menos de la polaridad del voltaje medido. Del mismo modo, la corriente medida por el 
impresor IPRINT es la corriente dirigida hacia la terminal marcada por el signo menos. El signo menos en el im-
presor VPRINT1 se puede pasar por alto. Este impresor mide el voltaje de nodos en el nodo a que está conectado.
 Realizaremos una simulación AC Sweep\Noise. (En la barra de menús de OrCAD Capture, seleccione el 
menú New Simulation Profile de PSpice y haga clic en la opción AC Sweep\Noise del menú contextual Analysis 
Type. Establezca Start Frecuency y End Frecuency en 100>12p2 � 15.92 cada una. Seleccione Linear Sweep y 
establezca Total Points en 1.) Para ejecutar la simulación, seleccione en la barra de menús de OrCAD Capture el 
menú Run Simulation Profile.
 Después de ejecutar la simulación, OrCAD Capture abrirá la ventana Schematics. En la barra de menús 
de Schematics seleccione el menú View y haga clic en la opción Output File. Recorra hacia abajo el archivo de 
entrada hasta encontrar el voltaje y las corrientes del impresor:

FREQ VM(N615) VP(N615) VR(N615) VI(N615)
15.92E+00 1.579E+01 -8.112E+00 1.564E+01 -2.229E+00

FREQ IM(V_PRINT2) IP(V_PRINT2) IR(V_PRINT2) II (V_PRINT2)
15.92E+00 6.694E-01 1.272E+02 -4.045E-01 5.334E-01

FREQ VM(N256,N761) VP(N256,N761) VR(N256,N761) VI(N256,N761)
15.92E+00 4.533E+01 2.942E+01 3.949E+01 2.227E+01

Esta salida requiere cierta interpretación. Las etiquetas VM, VP, VR y VI indican magnitud, ángulo, parte real y 
parte imaginaria de un voltaje, y las etiquetas IM, I, IR e I1 indican magnitud, ángulo, parte real y parte imagina-
ria de una corriente. Las etiquetas N1614, N256 y N761 son números de nodos generados por PSpice. VM(N615) 
se refiere al voltaje en un nodo único, es decir, el voltaje de nodos v1. IM(V_PRINT2) se refiere a la corriente, 
que es i2. VM(N256,N761) se refiere a un voltaje entre dos nodos, es decir, v3. En consecuencia, los resultados 
de la simulación indican que

v1 tð Þ ¼ 15:79 cos 100t � 8:1�ð Þ ¼ 15:64 cos 100tð Þ þ 2:229 sen 100tð ÞV;

i2 tð Þ ¼ 0:6694 cos 100t þ 127:2�ð Þ ¼ �0:4045 cos 100tð Þ � 0:5334 sen 100tð ÞV;
y

v3 tð Þ ¼ 45:33 cos 100t þ 29:40ð Þ ¼ 39:49 cos 100tð Þ � 22:27 sen 100tð ÞV
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10.16 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

E J E M P L O  10 . 1 6 - 1   ¿Cómo podemos comprobar la aritmética 
con números compuestos?

Sabemos que
10

R� j4
¼ Aff53�

Un programa de computadora establece que A � 2. ¿Cómo podemos comprobar este resultado? (Observe que 
los valores están dados para sólo dos figuras importantes.).

Solución
La ecuación para el ángulo es

�tan�1 �4
R

� �
¼ 53�

Entonces, tenemos

R ¼ �4
tan �53�ð Þ ¼ 3:014

Despejamos A en términos de R y obtenemos

A ¼ 10

R2 þ 16
 �1=2 ¼ 1:997

Por lo tanto, A � 2 es correcto para dos figuras importantes.

Considere el circuito que se muestra en la figura 10.16-1. Suponga que sabemos que los voltajes del condensador son

1:96 cos 100t � 101:3�ð ÞV y 4:39 cos 100t � 37:88�ð ÞV
pero no sabemos qué voltaje es v1(t) y cuál es v2(t). ¿Cómo podemos comprobar los voltajes del condensador?

EJEMPLO 10.16-2 ¿Cómo podemos comprobar el análisis de circuitos de CA?
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+
– v1(t)

+

–

v2(t)

+

–
BA

10 k10 ka b c

10cos(100t) V 2   F1   F

 FIGURA 10.16-1 Ejemplo de circuito.

Solución
Supongamos que

v11t2 � 1.96 cos 1100t � 101.3°2
y

v21t2 � 4.39 cos 1100t � 37.88°2
y entonces verificamos si esta elección satisface las ecuaciones nodales que representan el circuito. Estas ecua-
ciones nodales son

10� V1

R1
¼ jvC1V1 þ V1 � V2

R2

y

jvC2V2 ¼ V1 � V2

R2

donde V1 y V2 son los fasores que corresponden a v1(t) y v2(t). Es decir,

V1 ¼ 1:96e�j101:3
�

y V2 ¼ 4:39e�j37:88
�

Sustituir los fasores V1 y V2 en el lado izquierdo de la primera ecuación nodal resulta

10� 1:96e�j101:3

10� 103
¼ 0:001þ j1:92� 10�4

Sustituir los fasores V1 y V2 en el lado derecho de la primera ecuación nodal resulta

j � 100� 10�6 � 1:96e�j101:3 þ 1:96e�j101:3 � 4:39e�j37:88

10� 103

¼ �19:3� 10�4 þ j3:89� 10�5

Como el lado derecho no es igual al izquierdo, V1 y V2 no satisfacen la ecuación nodal. Eso significa que el orden 
seleccionado de v1(t) y v2(t) no es correcto. En cambio, utilice el orden inverso de modo que

v11t2 � 4.39 cos 1100t � 37.88°2
y

v21t2 � 1.96 cos 1100t � 101.3°2

Ahora los fasores V1 y V2 serán

V1 ¼ 4:39e�j37:88
�

y V2 ¼ 1:96e�j101:3
�

Si sustituimos los nuevos valores de los fasores V1 y V2 en el lado izquierdo de la primera ecuación nodal, resulta

10� 4:39e�j37:88

10� 103
¼ 6:353� 10�4 þ j2:696� 10�4
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Si sustituimos los nuevos valores de los fasores V1 y V2 en el lado derecho de la primera ecuación nodal, resulta

j � 100 � 10�6 � 4:39e�j37:88 þ 4:39e�j37:88 � 1:96e�j101:3

10� 103

¼ þ6:545� 10�4 þ j2:69� 10�4

Dado que el lado derecho está muy próximo a ser igual al lado izquierdo, V1 y V2 satisfacen la primera ecuación 
nodal. Eso significa que v1(t) y v2(t) son probablemente correctos. Para tener una certeza, también comprobare-
mos la segunda ecuación nodal. Si sustituimos los fasores V1 y V2 en el lado izquierdo de la segunda ecuación 
nodal, resulta

j � 100 � 2� 10�6 � 1:96e�j101:3 ¼ þ3:84� 10�4 � j7:681� 10�5

Si sustituimos los fasores V1 y V2 en el lado derecho de la segunda ecuación nodal, resulta
4:39e�j37:88 � 1:96e�j101:3

10� 103
¼ 3:85� 10�4 � j7:735� 10�5

Dado que el lado derecho es igual al lado izquierdo, V1 y V2 satisfacen la segunda ecuación nodal. Ahora tenemos 
la certeza de que

v11t2 � 4.39 cos 1100t � 37.88°2 V
y

v21t2 � 1.96 cos 1100t � 101.3°2 V

La fi gura 10.17-1a muestra dos voltajes senoidales, uno etiquetado como entrada y el otro 
como salida. Queremos diseñar un circuito que transformará la entrada sinusoide en la salida 
sinusoide. La fi gura 10.17-1b muestra un circuito candidato. Primero debemos determinar si 
este circuito puede funcionar como tal. Y si así es, diseñaremos el circuito, es decir, especifi -
camos los valores requeridos de R1, R2 y C.

v(t)

t

Salida
v2(t) = 2 sen(2  1000t + 120 ) V

Entrada
v1(t) = sen(2  1000t) V

–

+

(b)

(a)

R1v1(t)
v2(t)

R2

C

FIGURA 10.17-1 (a) Voltajes de entrada y salida. (b) Circuito propuesto. 

10 . 1 7  E J E M P LO  D E  D I S E Ñ O

CIRCUITO DEL AMPLIFICADOR OPERACIONAL
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Defi na la situación y los supuestos
La entrada y salida senoidales tiene amplitudes y ángulos de fase diferentes pero la misma 
frecuencia:

f � 1 000 Hz
o, de manera equivalente, 

v � 2p1 000 rad/s

Sabemos que éste deber ser el caso. Cuando la entrada a un circuito lineal es una sinusoide, la 
salida en estado estable también será una sinusoide que tenga la misma frecuencia.
 En este caso, la sinusoide de entrada es

v1 tð Þ ¼ sen 2p1ð  000tÞ ¼ cos 2p1ð  000t � 90�ÞV
y el fasor correspondiente es

V1 ¼ 1e�j90
� ¼ 1ff�90� V

La sinusoide de salida es
v2 tð Þ ¼ 2 sen 2p1000t þ 120�ð Þ ¼ 2 cos 2p1000t þ 30�ð Þ V

y el fasor correspondiente es

V2 ¼ 2e j30� V

La razón de estos fasores es

V2

V1
¼ 2e j30�

1e�j90�
¼ 2e j120�

La magnitud de esta razón, denominada ganancia, G, del circuito utilizado para transformar la 
sinusoide de entrada en una sinusoide de salida es

G ¼ V2

V1

����
���� ¼ 2

El ángulo de esta razón se denomina cambio de fase, u, del circuito requerido:

u ¼ff V2

V1
¼ 120�

Por consiguiente, necesitamos un circuito que tenga una ganancia de 2 y un cambio de fase 
de 120°.

Establezca el objetivo
Determine si es posible diseñar el circuito que se muestra en la fi gura 10.17-1b para tener una 
ganancia de 2 y un cambio de fase de 120°. Si es posible, especifi que los valores apropiados 
de R1, R2 y C. 

Genere un plan
Analice el circuito que se muestra en la fi gura 10.17-1b para determinar la razón entre el fasor 
de salida y el fasor de entrada, V2 > V1. Determine si el circuito puede tener una ganancia de 2 
y un cambio de fase de 120°. Si es así, determine los valores requeridos de R1, R2 y C.

Actúe sobre el plan
El circuito en la fi gura 10.17-1b es un caso especial del circuito de la fi gura 10.12-1. La impe-
dancia Z1 en dicha fi gura corresponde al resistor R1 en la fi gura 10.17-1b, y la impedancia Z2 
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corresponde a la combinación en paralelo del resistor R2 y el condensador C. Es decir,

Z1 � R1

y

Z2 ¼ R2 1=jvCð Þ
R2 þ 1=jvC

¼ R2

1þ jvCR2

Entonces, utilizando la ecuación 10.12-3,

V2

V1
¼ �Z2

Z1
¼ �R2= 1þ jvCR2ð Þ

R1
¼ � R2=R1

1þ jvCR2

El cambio de fase del circuito en la fi gura 10.17-1b está dado por

 
u ¼ff V2

V1
¼ff� R2=R1

1þ jvCR2
¼ 180� � tan�1 vCR2 (10-17-1)

¿Qué valores de cambio de fase son posibles? Observe que v, C y R2 son positivos, lo que 
signifi ca que

0° � tan�1 vCR2 � 90°

Por consiguiente, el circuito que se muestra en la fi gura 10.17-1b se puede utilizar para obte-
ner cambios de fase entre 90° y 180°. Por lo tanto, podemos usar este circuito para producir 
una cambio de fase de 120°.
 La ganancia del circuito en la fi gura 10.17-1b la da

 

G ¼ V2

V1

����
���� ¼ � R2=R1

1þ jvCR2

����
����

¼ R2=R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2C2R2

2

q ¼ R2=R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 180� � uð Þ

p  (10-17-2)

A continuación, primero despejamos la ecuación 10.17-1 para R2 y luego la ecuación 10.17-1 
para R1 para obtener

R2 ¼ tan 180� � uð Þ
vC

y

R1 ¼ R2=Gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 180� � uð Þ

p
Estas ecuaciones se pueden utilizar para diseñar el circuito. Primero, tome un valor convenien-
te, fácilmente disponible y no costoso del condensador, digamos

C � 0.02 mF

A continuación, calcule valores de R1 y R2 a partir de los valores de v, C, G y u. Para v � 
6283 rad/s, C � 0.02 mF, G � 2 y u � 120°, calculamos

R1 � 3446 � y R2 � 13.78 k�

y el diseño está completo.

M10_DORF_1571_8ED_SE_415-495.indd   473M10_DORF_1571_8ED_SE_415-495.indd   473 5/7/11   9:23 AM5/7/11   9:23 AM



Alfaomega Circuitos Eléctricos - Dorf

 474 Análisis senoidal en estado estable

Verifi que la solución propuesta
Cuando C � 0.02 mF, R1 � 3446 � y R2 � 13.78 k�, la función red del circuito es

V2

V1
¼ � R2=R1

1þ jvCR2
¼ � 4

1þ jv 0:2756� 10�3
 �

En este caso, v � 2p 1 000 y V1 � 1 ff�90�, por lo que

V2

V1
¼ � 4

1þ j 2p� 103
 �

0:2756� 10�3
 � ¼ 2ff120�

como lo requerían las especifi caciones.

10.18 R E S U M E N
  Con el uso penetrante de la energía eléctrica de ca en el ho-

gar y en la industria, es importante para los ingenieros el 
análisis de circuitos con fuentes independientes senoidales.

  La respuesta de estado estable de un circuito lineal a una 
entrada senoidal es en sí misma una sinusoide que contiene 
la misma frecuencia que la señal de entrada.

  Los circuitos que contienen inductores y condensadores es-
tán representados por ecuaciones diferenciales. Cuando la 
entrada al circuito es senoidal, se pueden utilizar fasores e 
impedancias para representar el circuito en el dominio de 
frecuencia. En dicho dominio el circuito está representado 
por ecuaciones algebraicas. El circuito original, representa-
do por una ecuación diferencial, se denomina la represen-
tación en dominio de tiempo del circuito.

  La respuesta de estado estable de un circuito lineal con un 
entrada senoidal se obtiene a partir de lo siguiente:

 1.  Transforme el circuito en el dominio de frecuencia, utili-
zando fasores e impedancias.

 2.  Represente el circuito del dominio de frecuencia con 
ecuaciones algebraicas, por ejemplo, ecuaciones de en-
laces o nodales.

 3.  Despeje las ecuaciones algebraicas para obtener la res-
puesta del circuito.

 4.  Transforme la respuesta en el dominio de tiempo, utili-
zando fasores.

  La tabla 10.6-1 resume las relaciones utilizadas para trans-
formar un circuito de dominio de tiempo a dominio de fre-
cuencia o viceversa.

  Cuando un circuito contiene varias fuentes senoidales, dis-
tinguimos dos casos.

 1.  Cuando todas las fuentes senoidales tienen la misma fre-
cuencia, la respuesta será una sinusoide con esa frecuen-
cia, y el problema se puede resolver de la misma manera 
que si fuera solamente una fuente.

 2.  Cuando las fuentes senoidales tienen frecuencias dife-
rentes, la superposición se utiliza para desmembrar el 
circuito de dominio de tiempo en varios circuitos, cada 
uno con entradas senoidales todas en la misma frecuen-
cia. Cada uno de los circuitos separados se analizó por 
separado y las respuestas se resumen en el dominio de 
tiempo.

  MATLAB reduce enormemente la rutina computacional 
asociada con la solución de enlaces o ecuaciones nodales 
que contiene coefi cientes compuestos.

Sección 10.2 Fuentes senoidales
P 10.2-1 Exprese las siguientes adiciones de sinusoides en 
la forma general A sen1vt � u2 utilizando identidades trigo-
nométricas. 

(a) i(t) � 2 cos16t � 120°2 � 4 sen16t � 60°2
(b) v(t) � 5

ffiffiffi
2

p
 cos 8t � 10 sen18t � 45°2

P 10.2-2 Un voltaje senoidal tiene un valor máximo de 100V, 
y el valor es 10 V en t � 0. El periodo es T � 1 ms. Determine 
v(t).

P 10.2-3 Una corriente senoidal está dada por i � 300 cos 
11200 pt � 55°2 mA. Determine la frecuencia ƒ y el valor de 
la corriente en t � 2 ms.

P R O B L E M AS
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P 10.3-2 Encuentre la respuesta forzada v para el circuito de 
la fi gura P 10.3-2 cuando is (t) � 0.5 cos vt A y v � 1000 rad/s.

is v
+

–
2 1 mF

Figura P 10.3-2

P 10.3-3 Encuentre la respuesta forzada i(t) para el circuito 
de la fi gura P 10.3-3.

Respuesta: i(t) � 2 cos 14t � 45°2 mA 

+
–

i(t)

6 k

12 cos(4t + 45 ) V
0.05 H

Figura P 10.3-3

Sección 10.4 Función de forzamiento exponencial 
compuesta
P 10.4-1 Determine la forma polar de la cantidad

ð5ff36:9�Þð10ff�53:1�Þ
4þ j3ð Þ þ 6� j8ð Þ

Respuesta: 2
ffiffiffi
5

p ff10:36�
P 10.4-2 Determine la forma polar y rectangular de la ex-
presión

5ffþ81:87� 4� j3þ 3
ffiffiffi
2

p ff�45�
7� j1

 !

Respuesta: 28ffþ45� ¼ 14
ffiffiffi
2

p þ j14
ffiffiffi
2

p

P 10.4-3 Dadas A � 3 � j7, B � 6 ff15� y C � 5e j2:3� , en-
cuentre A�C�ð Þ=B.
Respuesta: 0.65 � j6.32

P 10.4-4 Determine a y b cuando (ángulos en grados)

ð6ff120�Þ �4þ j3þ 2e j15
 � ¼ aþ jb

P 10.4-5 Encuentre a, b, A y u como se requiere (ángulos 
dados en grados).

(a) Ae j120 þ jb ¼ �4þ j3

(b) 6e j120 �4þ jbþ 8e juð Þ ¼ 18

(c) aþ j4ð Þj2 ¼ 2þ Ae j60

P 10.4-6 Encuentre la respuesta de estado estable, v(t) para el 
circuito que se muestra en la fi gura P 10.4-6.

Respuesta: v tð Þ ¼ 1ffiffiffi
2

p cos 2t � 45�ð ÞV

P 10.2-4 Trace una gráfi ca de la señal del voltaje

v1t2 � 15 cos 1628t � 45°2 mV

P 10.2-5 La fi gura P 10.2-5 muestra un voltaje senoidal, v(t), 
trazado como una función de tiempo, t. Represente v(t) por 
una función de la forma A cos 1vt � u2.

Respuesta: v(t) � 18 cos 1393t � 27°2

–20 V
0 s 20 ms

t
40 ms

0 V

20 V

v(t)

Figura P 10.2-5

P 10.2-6 La fi gura 10.2-6 muestra un voltaje senoidal, v(t), 
trazado como una función de tiempo, t. Represente v(t) por 
una función de la forma A cos 1vt � u2.

–20 V
0 s 20 ms

t
40 ms 60 ms

0 V

20 V

v(t)

Figura P 10.2-6

Sección 10.3 Respuesta de estado estable de un 
circuito RL para una función de forzamiento senoidal
P 10.3-1 Encuentre la respuesta forzada i para el circuito de 
la fi gura P 10.3-1 cuando vs (t) � 10 cos 1300 t2 V.

Respuesta: i(t) � 1.24 cos 1300t � 68°2 A

+
–vs

i

25 mH

3 

Figura P 10.3-1
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v(t)
+

–

5 

0.1 F+
–cos 2t V

Figura P 10.4-6 

P 10.4-7 Encuentre la respuesta de estado estable, v(t) para el 
circuito que se muestra en la fi gura P 10.4-7.

v(t)
+

–

9 

3 H

0.05 F+
–4 cos 5t V

Figura P 10.4-7

Sección 10.5 El fasor

P 10.5-1 Encuentre la respuesta de estado estable, v(t) para el 
circuito que se muestra en la fi gura P 10.5-1.

Sugerencia: Primero, muestre que 2
d

dt
iþ 6i ¼ 15 cos 4t

Respuesta: v(t) � 12 cos 14t � 37°2 V

v(t)
+

–

6 

+
–15 cos 4t V

i(t)
2 H

Figura P 10.5-1

P 10.5-2 Encuentre la respuesta de estado estable, i(t) para el 
circuito que se muestra en la fi gura P 10.5-2.

Respuesta: i(t) � 0.398 cos 12t � 85°2 A

v(t)
+

–

1 

+
–

4 a

4 cos 2t V 4 H0.25 F i(t)

Figura P 10.5-2 

P 10.5-3 Para el circuito de la fi gura P 10.5-3, encuentre v(t) 
cuando vs � 2 sen 500t V.

Respuesta: v(t) � 1.25 cos 1500t � 141°2 V

+
– 0.125   F

20 k

10 k v(t)vs

+

–

–

+

Figura P 10.5-3 

P 10.5-4 Encuentre la respuesta v para el circuito que se 
muestra en la fi gura P 10.5-4 cuando is � 10 cos 100t A.

Respuesta: v � 7.071 cos 1100t � 45°2

v1 is
+

–
1 100 F

Figura P 10.5-4 

P 10.5-5 Encuentre la corriente i(t) para el circuito RLC de la 
fi gura P 10.5-5 cuando vs � 4 cos 100t V.

Respuesta: i(t) � 2
ffiffiffi
2

p
 cos 1100t � 45°2 A

i
+
–vs

1 10 mH

5 mF

Figura P 10.5-5

Sección 10.6 Relaciones de fasor para los 
elementos R, L y C

P 10.6-1 Represente el circuito que se muestra en la fi gura 
P 10.6-1 en el dominio de frecuencia, utilizando impedancias 
y fasores.

+
– v(t)

+

–i(t)
15 cos 4t V 5i(t)

6 

2 H 0.125 F

Figura P 10.6-1 

P 10.6-2 Represente el circuito que se muestra en la fi gura 
P 10.6-2 en el dominio de frecuencia, utilizando impedancias 
y fasores.

v(t)
+

–

i(t)

+ –

+ –

0.25 F

2 H

12 cos (5t – 30 ) V

15 cos (5t + 60 ) V

0.05 F
6 

Figura P 10.6-2 
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P 10.6-7 El voltaje y la corriente para el circuito que se mues-
tra en la fi gura P 10.6-7 están dados por

v(t) � 20 cos 120t � 15°2 V e i(t) � 1.49 cos 120t � 63°2 A

Determine los valores de la resistencia, R, y la capacitancia, C.

v(t)

C
R

i(t)

+ –

Figura P 10.6-7

P 10.6-8 Dado que

i1(t) � 30 cos 14t � 45°2 mA

e

i2(t) � �40 cos 14t2 mA

Determine v(t) para el circuito que se muestra en la fi gura 
P 10.6-8.

120 100 

15 H v(t)

i1 (t) i2 (t)

+

–

Figura P 10.6-8

P 10.6-9 La fi gura P 10.6-9 muestra un circuito de ca repre-
sentado en el dominio de tiempo y en el dominio de frecuen-
cia. Determine los valores de A, B, a y b.

+
– 12cos10t  V

3 4

1 2
18 2.5 H

4 mF9 

5 mF

0.8 H

5 

+
– 12 0   V

1 2

3 4

Z1 = A 54.2  

Z3 = a + jb  

Z2 = B 19.8  

Figura P 10.6-9

P 10.6-3 Represente el circuito que se muestra en la fi gura 
P 10.6-3 en el dominio de frecuencia, utilizando impedancias 
y fasores.

v(t)+ –

6 

0.25 F

2 H

i(t)

3 cos (2t + 15 ) A

2.5 cos (2t + 135 ) A

Figura P 10.6-3

P 10.6-4 Represente el circuito que se muestra en la fi gura 
P 10.6-4 en el dominio de frecuencia, utilizando impedancias 
y fasores.

v(t)+ –

6 

0.25 F

2 H

i(t)

8v(t)

2.5 cos (5t + 135 ) V

Figura P 10.6-4

P 10.6-5 Cada uno de los siguientes pares de voltaje de ele-
mento y de corriente de elemento se apega a la convención pa-
siva. Indique si el elemento es capacitivo, inductivo o resistivo 
y encuentre el valor de los elementos.

(a) v(t) � 15 cos 1400t � 30°2; i � 3 sen 1400t � 30°2
(b) v(t) � 8 sen 1900t � 50°2; i � 2 sen 1900t � 140°2
(c) v(t) � 20 cos 1250t � 60°2; i � 5 sen 1250t � 150°2

Respuestas: (a) L � 12.5 mH
 (b) C � 277.77 mF
 (c) R � 4 �

P 10.6-6 Dos elementos de circuito están conectados en se-
rie, por lo que v � v1 � v2. Encuentre v(t) cuando v1(t) � 
150 cos 1377t � p>62 V y V2 � 200 

( )ffþ60�V.
Respuesta: v(t) � 250 cos 1377t � 23.1°2 V
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Sección 10.7 Impedancia y admitancia

P 10.7-1 Encuentre Z y Y para el circuito de la fi gura P 10.7-1 
que opere a 10 kHz.

1   F

Z,Y

36 160   H

Figura P 10.7-1

P 10.7-2 Encuentre R y L del circuito de la fi gura P 10.7-2 
cuando v(t) � 10 cos 1vt � 40°2 V, i(t) � 2 cos 1vt � 15°2 mA 
y v � 2 	 106 rad/s.

Respuesta: R � 4.532 k�, L � 1.057 mH

+

–

v L

R

i

Figura P 10.7-2

P 10.7-3 Considere el circuito de la fi gura P 10.7-3 cuando 
R � 6 �, L � 27 mH y C � 22 mF. Determine la frecuencia 
ƒ cuando la impedancia Z es puramente resistiva, y encuentre 
la resistencia de entrada en esa frecuencia.

Z

C

R

L

Figura P 10.7-3

P 10.7-4 Considere el circuito de la fi gura P 10.7-4 cuan-
do R � 10 k� y ƒ � 1 kHz. Encuentre L y C de modo que 
Z � 100 � j0�. 

Respuesta: L � 0.1587 H y C � 0.158 mF

Z

L

C R

Figura P 10.7-4

P 10.7-5 Para el circuito de la fi gura P 10.7-5, encuentre 
el valor de C requerido de modo que Z � 590.7 � cuando 
ƒ � 1 MHz.

Respuesta: C � 0.27 nF

Z

C 47   H

300 

Figura P 10.7-5

P 10.7-6 Determine la impedancia Z para el circuito que se 
muestra en la fi gura P 10.7-6.

Z

2 mF

2 mF

2 mF100 

2.5 H

1.5 H

Figura P 10.7-6

P 10.7-7 La fi gura P 10.7-7 muestra un circuito de ca repre-
sentado en el domino de tiempo y en el dominio de frecuencia. 
Suponga

Z1 ¼ 15:3ff�24:1� V y Z2 ¼ 14:4ff53:1� V
Determine el voltaje v(t) y los valores de R1, R2, L y C.

+
–

R1

R2

C

L15 cos 20t  V v (t)

+

–

+
– V( )

+

–

Z1

Z215 0   V

Figura P 10.7-7

Sección 10.8 Leyes de Kirchhoff que utilizan fasores

P 10.8-1 Para el circuito que se muestra en la fi gura P 10.8-1, 
encuentre (a) las impedancias Z1 y Z2 en forma polar; (b) la 
impedancia total combinada en forma polar, y (c) la corriente 
i(t) en estado estable. 

Respuestas: (a) Z1 ¼ 5ff53:1�; Z2 ¼ 8
ffiffiffi
2

p ff�45�
 (b) Z1 þ Z2 ¼ 11:7ff�20�
 (c) i tð Þ ¼ 8:55ð Þ cos 1250t þ 20�ð ÞA
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P 10.8-5 El gran juguete que surgió del éxito de taquilla Big 
es la fantasía musical de un niño, la cual se hace realidad: un 
piano del tamaño de una acera. Como un juego infantil de ra-
yuela, este vehemente juego navideño invita a todo el que pasa 
a saltar en él, moverse de aquí para allá y hacer música. El 
desarrollador del piano de juguete utilizó un sintetizador mu-
sical y altavoces estereofónicos como se muestra en la fi gura 
P 10.8-5. (Gardner, 1988). Determine la corriente i(t) para un 
tono a 796 Hz cuando C � 10 mF.

i+
–v = 12 cos   t V

20

3 mH

C

Altavoz

Figura P 10.8-5 Sintetizador de tonos.

P 10.8-6 Determine B y L para el circuito de la fi gura P 10.8-6 
cuando i(t) � B cos 13t � 51.87°2 A.

Respuestas: B � 1.6, y L � 2 H

8 2 cos(3t – 15 ) A

i(t)

L

Figura P 10.8-6

P 10.8-7 Determine i(t), v(t) y L para el circuito que se mues-
tra en la fi gura P 10.8-7.

Respuesta: i(t) � 1.34 cos 12t � 87°2 A, v(t) � 7.29 cos 12t � 
24°2 V, y L � 4 H

+
– 24 cos (2t) V 4 6 3 Hv(t)i(t)

+

–

F

3.05 cos (2t – 77 ) A 1.72 cos (2t – 69 ) A 

L
1 8

Figura P 10.8-7

P 10.8-8 Las lesiones en la espina dorsal resultan en parálisis 
de la parte inferior del cuerpo y pueden causar pérdida del 
control de la vejiga. Se han propuesto numerosos dispositi-
vos eléctricos para reemplazar el estímulo normal de la ruta 
del nervio del control de la vejiga. La fi gura P 10.8-8 mues-
tra el modelo de un sistema de control de vejiga en el cual 
vs � 20 cos vt V y v � 100 rad/s. Encuentre el voltaje de esta-
do estable a través del resistor de carga de 10 �.

Respuesta: v tð Þ ¼ 10
ffiffiffi
2

p
cos 100t þ 45�ð ÞV

Z1 Z2

+ –
i

3.2 mH3 8 100 F

100 cos (1250t) V

Figura P 10.8-1

P 10.8-2 El circuito que se muestra en la fi gura P 10.8-2 se 
encuentra en estado estable. Los voltajes vs (t) y v2(t) están da-
dos por

vs(t) � 7.68 cos 12t � 47°2 V
y

v2(t) � 1.59 cos 12t � 125°2 V

Encuentre el voltaje de estado estable v1(t).

Respuesta: v1(t) � 7.51 cos 12t � 35°2 V

v1(t)

vs(t) v2(t)

+

+

–

–

+
–

C
R

Figura P 10.8-2

P 10.8-3 El circuito que se muestra en la fi gura P 10.8-3 se 
encuentra en estado estable. Las corrientes i1(t) e i2(t) están 
dadas por

i1(t) � 7.44 cos 12t � 118°2 mA
e

i2(t) � 540.5 cos 12t � 100°2 mA

Encuentre la corriente de estado estable i(t).

Respuesta: i(t) � 460 cos 12t � 196°2 mA

i1(t) i2(t)

v1(t) v2(t)10 

10 10 

0.05 F

6 H

i(t)

+
–

+
–

Figura P 10.8-3

P 10.8-4 Determine i(t) del circuito RLC que se muestra en la 
fi gura P 10.8-4 cuando vs � 2 cos 14t � 30°2 V.

Respuesta: i(t) � 0.185 cos 14t � 26.3°2 A

+
–vs F

3 H

6 
1 12

i(t)

Figura P 10.8-4
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50 Carga en la ruta
regular del nervio10 100 F+

–vs

1 mF

Figura P 10.8-8

P 10.8-9 Cada año suceden de 500 a 1 000 decesos por cho-
que eléctrico en Estados Unidos. Si una persona efectúa un 
buen contacto con sus manos, el circuito se puede representar 
por la fi gura P 10.8-9, en el cual vs � 160 cos vt V y v � 2pƒ. 
Encuentre la corriente i de estado estable que fl uye a través del 
cuerpo cuando (a) ƒ � 60 Hz y (b) ƒ � 400 Hz.

Respuesta: (a) i(t) � 0.53 cos 1120pt � 5.9°2
 (b) i(t) � 0.625 cos 1800pt � 59.9°2 A

i

vs

100 mH

300 

2 F+
–

Fuente

Cuerpo de la persona

Figura P 10.8-9

P 10.8-10 Determine el voltaje de estado estable, v(t), y la 
corriente i(t), para cada uno de los circuitos que se muestran 
en la fi gura P 10.8-10.

+
–

+–

(a)

40 10 

4 

i(t)

v(t)

24 V

+
–

+–

(b)

40 

4 H

i(t)

v(t)

24 cos (4t + 15 ) V
10 mF

Figura P 10.8-10

P 10.8-11 Determine la corriente de estado estable, i(t), para 
el circuito que se muestra en la fi gura P 10.8-11.

4 H

5 H

+ –

i(t)

30 

20 2 mF

5 mF

5 cos (10t + 30 ) V

Figura P 10.8-11

P 10.8-12 Determine el voltaje de estado estable, v(t), para el 
circuito que se muestra en la fi gura P 10.8-12.

30 

20 

10 cos(5t + 45 ) mAv(t)

5 mF

4 H

2 H

4 mF

+

–

Figura P 10.8-12

P 10.8-13 Determine el voltaje de estado estable, v(t), para 
cada circuito que se muestra en la fi gura P 10.8-13.

+
–

20 

40 

10 mF
5 mF

5 H

2.5 H

10 cos(4t + 60 ) V v(t)
+

–

Figura P 10.8-13

P 10.8-14 La entrada al circuito que se muestra en la fi gura 
P 10.8-14 es la corriente de la fuente de corriente

is (t) � 25 cos 110t � 15°2 mA 

La salida es la corriente i1(t). Determine la respuesta de estado 
estable, i1(t).
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Determine los valores de las resistencias R1 y R2.

+
–

+

–
0.5   F v(t)20 cos (100t) V

R1 R2

Figura P 10.8-17

P 10.8-18 Determine la corriente de estado estable, i(t), para 
el circuito que se muestra en la fi gura P 10.8-18.

20 

40 

15 

4 H

8 H
2 H

i(t)

8 mF

10 mF

20 cos (5t + 30 ) mA

Figura P 10.8-18

P 10.8-19 Determine el voltaje de estado estable, v(t), y la 
corriente i(t), para cada uno de los circuitos que se muestran 
en la fi gura P 10.8-19.

5 mF

(a)

3 H

2 H4i(t) v(t)
+

–

(b)

10 

40 

i(t)

20 cos (10t + 15 ) V
+
–

4i(t) v(t)
+

–
40 

50 

i(t)

20 V
+
–

Figura P 10.8-19

is(t)

i1(t)

40 

25 

2 H

5 H

2 mF

5 mF

Figura P 10.8-14

P 10.8-15 Determine el voltaje de estado estable, v(t), y la 
corriente i(t), para cada uno de los circuitos que se muestran 
en la fi gura P 10.8-15.

v(t)

(a)

80 

80 

8 H

40 24 mA

v(t)

(b)

80 4 mF i(t)

i(t)

24 cos(10t + 15 ) mA

+

–

+

–

Figura P 10.8-15

P 10.8-16 Determine la corriente de estado estable, i(t), para 
el circuito en la fi gura P 10.8-16.

2 H

2 H

40 

25 

5 mF

2 mF

20 
i(t)

16 cos(20t + 75 ) V+
–

Figura P 10.8-16

P 10.8-17 Cuando el interruptor en el circuito que se muestra 
en la fi gura P 10.8-17 está abierto y el circuito se encuentra en 
estado estable, el voltaje del condensador es

v(t) � 14.14 cos 1100t � 45°2 V

Cuando el interruptor está cerrado y el circuito se encuentra en 
estado estable, el voltaje del condensador es

v(t) � 17.89 cos 1100t � 26.6°2 V
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P 10.8-20 Determine el voltaje de estado estable, v(t), para 
cada uno de los circuitos que se muestran en la fi gura P 10.8-20.

(b)

+
–

20 

15 20 2 mF

25 

v(t)

3 H

24 cos (20t + 45 ) V

24 V

4 H 4 mF

5 mF

(a)

+
–

80 

40 100 

20 

v(t)

+ –

Figura P 10.8-20

P 10.8-21 La entrada al circuito que se muestra en la fi gura 
P 10.8-21 es el voltaje de la fuente de voltaje

vs (t) � 5 cos 12t � 45°2 V 

La salida es el voltaje del inductor, v(t). Determine el voltaje 
de salida de estado estable.

0.1 F

4 vs(t) v(t)
+

–
3 H+

–

Figura P 10.8-21

P 10.8-22 Determine el voltaje de estado estable, v(t), para el 
circuito de la fi gura P 10.8-22.

Sugerencia: Analice el circuito en el dominio de frecuencia, 
utilizando impedancias y fasores. Utilice dos veces la división 
de voltaje. Agregue los resultados.

Respuesta: v(t) � 3.58 cos 15t � 47.2°2 V

v(t)

8 2 H

4 H

5 sin 5t V 

+

_

+ –

F1 12

Figura P 10.8-22

P 10.8-23 Determine el voltaje, v(t), para el circuito de la 
fi gura P 10.8-23.

Sugerencia: Analice el circuito en el dominio de frecuencia, 
utilizando impedancias y fasores. Reemplace las impedancias 
en paralelo con una impedancia equivalente dos veces. Apli-
que la KVL.

Respuesta: v (t) � 14.4 cos 13t � 22°2 V

8 2 H

4 H

4 cos (3t + 15 ) A v(t)

+

–

F1 12

Figura P 10.8-23

P 10.8-24 La entrada al circuito en la fi gura P 10.8-24 es el 
voltaje de la fuente de voltaje, vs (t). La salida es el voltaje 
vo(t). Cuando la entrada es vs (t) � 8 cos (40t) V, la salida 
es vo(t) � 2.5 cos 140t � 14°2 V. Determine los valores de 
las resistencias R1 y R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figura P 10.8-24

10.9 Análisis del voltaje de nodos y de la corriente 
de enlaces utilizando fasores

P 10.9-1 Encuentre el voltaje del fasor Vc para el circuito que 
se muestra en la fi gura P 10.9-1.
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P 10.9-5 Una avión comercial tiene dispositivos sensores 
para indicar a la tripulación de la cabina que todas las puertas y 
la compuerta de la carga están cerradas. Un dispositivo llama-
do magnetómetro de bobina de búsqueda, también conocido 
como sensor de proximidad, proporciona una señal indicativa 
de la proximidad de metal o de otro material de conducción 
a una bobina sensora inductiva. La inductancia de la bobina 
sensora cambia al aproximarse algún metal a la bobina. La 
inductancia de la bobina sensora se compara a una inductancia 
de bobina de referencia con un circuito denominado puente de 
inductancia equilibrado (vea la fi gura P 10.9-5). En el puente 
de inductancia se observa una señal indicadora de proximidad 
entre las terminales a y b al sustraerse el voltaje en b, vb, del 
voltaje en a, va (Lenz, 1990).
 El circuito de puente es excitado por una fuente de volta-
je senoidal vs, � sen (800pt) V. Los dos resistores, R � 100 �, 
son de igual resistencia. Al abrirse la puerta (no hay metal), la 
inductancia de la bobina sensora, LS, es igual a la inductancia 
de la bobina de referencia, LR � 40 mH. En este caso, ¿cuál es 
la magnitud de la señal Va � Vb?
 Cuando la puerta del avión está completamente cerrada, 
LS � 60 mH. Con la puerta cerrada, ¿cuál es la representación 
del fasor de la señal Va � Vb?

+
–vs

ab

LR Ls

R R

Puerta

Figura P 10.9-5 Unidad sensora de la puerta de un avión comercial.

P 10.9-6 Utilizando un fi no taladro con punta de diamante 
que funciona a 190 000 rpm, los cardiólogos pueden remover 
en las arterias coronarias depósitos de plaquetas que ponen en 
peligro la vida. El procedimiento es rápido, sin complicacio-
nes y relativamente indoloro (McCarthy, 1991). El Rotablator, 
un sistema de angioplastia consta de un impulsor de catéter, un 
cable guía, una consola y una fuente de poder. El impulsor de 
catéter contiene un delgada turbina que dirige el eje fl exible 
que hace girar el taladro del catéter. El modelo del circuito 
operacional y de control se muestra en la fi gura P 10.9-6. De-
termine v(t), el voltaje que dirige la punta, cuando vs � 

ffiffiffi
2

p
cos 

140t � 135°2 V.

Respuesta: v(t) � 
ffiffiffi
2

p
 cos 140t � 135°2 V

+
–

2i

H F

FF 2
i

vs

+

–
v(t)1 80

1 20 1 80

1 80

Figura P 10.9-6 Circuito de control para el Rotablator.

45  A20  A2 10 

j5 

–j4 Vc

+

–

Figura P 10.9-1

P 10.9-2 Para el circuito que se muestra en la fi gura P 10.9-2, 
determine las corrientes de fasores Is, IC, IL e IR si v � rad/s.

Respuesta: Is ¼ 0:347ff�25:5� A
Ic ¼ 0:461ff112:9� A
IL ¼ 0:720ff�67:1� A
IR ¼ 0:230ff22:9� A

0  V100

150 

250 

IRIc ILIs

8 F+
– 80 mH

Figura P 10.9-2

P 10.9-3 Encuentre los dos voltajes de nodos, va(t) y vb(t), para 
el circuito de la fi gura P 10.9-3 cuando vs (t) � 12 cos 4000t.

Respuesta: vs (t) � 1.97 cos 14000t � 171°2 V

 vb (t) � 2.21 cos 14000t � 144°2 V

200 5 F +
–

vs

va vb 20 mH25 mH

Figura P 10.9-3

P 10.9-4 Determine el voltaje va para el circuito en la fi gura 
P 10.9-4 cuando is � 20 cos 1vt � 53.13°2 A y v � 104 rad/s.

Respuesta: va (t) � 339.4 cos 1104t � 45°2 V

20is 1.67   F 404 mH

1.25    Fa 40

Figura P 10.9-4
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P 10.9-7 Se sabe que para el circuito de la fi gura 10.9-7, 

v2(t) � 0.7571 cos 12t � 66.7°2 V

v3(t) � 0.6064 cos 12t � 69.8°2 V

Determine i1(t).

+
–

v3

i1

 3i1A cos 2t V

1 H 5 H

5 

1 F F

+

–

v2

+

–

1 4

Figura P 10.9-7

P 10.9-8 Determine I1, I2, VL y Vc para el circuito de la fi gura 
P 10.9-8, utilizando la KVL y el análisis de enlaces.

Respuesta: I1 ¼ 2:5ff29:0� A
I2 ¼ 1:8ff105� A
VL ¼ 16:3ff78:7� V
Vc ¼ 7:2ff15� V

I1
V VcVL I2

+
–

4 8 

+

–

+

–

–j4 
j6 6024

Figura P 10.9-8

P 10.9-9 Determine la corriente i(t) para el circuito de la fi gura 
P 10.9-9, utilizando corrientes de enlace cuando v � 1 000 rad/s.

t V +
–

+
–

10 1 1 mH

1 mF 1 mF10 cos t V10 sen

i

Figura P 10.9-9

P 10.9-10 La idea de utilizar una bobina de inducción en una 
lámpara no es nueva, pero aplicarla en un producto disponi-
ble comercialmente sí lo es. Una bobina de inducción en una 
bombilla induce el fl ujo de una energía de alta frecuencia en 
vapor de mercurio para producir luz. La lámpara utiliza casi la 
misma cantidad de energía que un bulbo fl uorescente pero seis 
veces más tiempo, con 60 veces la vida de un foco incandes-
cente convencional. El modelo del circuito del bulbo y su cir-
cuito asociado se muestran en la fi gura P 10.9-10. Determine 
el voltaje v(t) a través del resistor de 2-� cuando C � 40 mF, 
L � 40 mH, vf � 10 cos 1v0t � 30°2 y v0 � 105rad/s.

Respuesta: v(t) � 6.45 cos 1105t � 44°2 V

v

vs

+

–

1 

1 

2 

Bulbo de inducción

1 

+
–

C

L

Figura P 10.9-10 Circuito del bulbo de inducción.

P 10.9-11 El desarrollo de hoteles en las costas en varias par-
tes del mundo es una empresa que va en rápido crecimiento. 
La necesidad de una protección contra tiburones de una ma-
nera aceptable para el ambiente se manifi esta al situarse estos 
desarrollos al lado de aguas que pululan de tiburones (Smith, 
1991). Un concepto es el uso de una línea electrifi cada su-
mergida para disuadir a los tiburones, como se muestra en la 
fi gura P 10.9-11a. El modelo del circuito de la valla eléctrica 
se muestra en la fi gura P 10.9.11b, en la cual el tiburón está 
representado por una resistencia equivalente de 100 �. Deter-
mine la corriente que fl uye a través del cuerpo del tiburón, i(t), 
cuando vs � 375 cos 400t V.

Valla
eléctrica

(a)

+
–

(b)

100 250 mH

100   F

i

vs

25   F

Fuente Valla eléctrica Tiburón

Figura P 10.9-11 Valla eléctrica para repeler tiburones.

P 10.9-12 Determine los voltajes de nodos a y b de cada uno 
de los circuitos en la fi gura P 10.9-12.

i(t)

(a)

+
– 15 50 

20 

24 V

40 

25 

a
b
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i(t)

25 

4 mF

+ –

+ –

L R

8 cos (10t + 210 ) V

30 cos (10t – 15 ) V

Figura P 10.9-15

P 10.9-16 El circuito que se muestra en la fi gura P 10.9-16 
tiene dos entradas:

v1(t) � 50 cos 120t � 75°2 V
v2(t) � 35 cos 120t � 110°2 V

Cuando el circuito se encuentra en estado estable, el voltaje 
de nodos es

v(t) � 21.25 cos 120t � 168.8°2 V

Determine los valores de L y R.

5 mF 6 H

2 H

v(t)v1(t) v2(t)
+

–

40 

50 

+
–

+
–LR

Figura P 10.9-16

P 10.9-17 Determine la corriente de estado estable, i(t), para 
el circuito que se muestra en la fi gura P 10.9-17.

2 mF

4 H

2 H

i(t)

15 

25 

+
– 50 cos (25t) V

Figura P 10.9-17

25 

40 

15 3 H

4 H

5 H

4 mF 5 mF2 H

(b)

24 cos (20t + 45 ) V

20 a
b

+
–

Figura P 10.9-12

P 10.9-13 Determine el voltaje de estado estable, v(t), para el 
circuito en la fi gura P 10.9-13.

15 cos (8t + 45 ) V

v(t)

50 cos (8t – 30 ) mA

+ –

4 H 15 

25 5 mF

+

–

Figura P 10.9-13

P 10.9-14 La entrada al circuito que se muestra en la fi -
gura P 10.9-14 es el voltaje del voltaje de fuente, vs (t). La 
salida es el voltaje del resistor, vo(t). Determine el voltaje de 
la salida cuando el circuito se encuentra en estado estable 
y la entrada es

vs (t) � 25 cos 1100t � 15°2 V

vo(t)vs(t)
+

–

+
– 40 9 i(t)

i(t) 2 mF

5 H

Figura P 10.9-14

P 10.9-15 Cuando el circuito que se muestra en la fi gura 
P 10.9-15 se encuentra en estado estable, la corriente de en-
lace es

i(t) � 0.8394 cos 110t � 138.5°2 A

Determine los valores de L y R.
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P 10.9-18 Determine la corriente de estado estable, i(t), para 
el circuito que se muestra en la fi gura P 10.9-18.

16 mF

i(t)
4 H 45 

10 

25 

+
– 24 cos (10t + 15 ) V

Figura P 10.9-18

P 10.9-19 Determine el voltaje de estado estable, vo(t), para 
el circuito que se muestra en la fi gura P 10.9-19.

vo(t)
+

–
v(t) 5v(t)
+

–

25 20 cos (5t) V

10 mF8 H 10 

20 mF+
–

+
–

Figura P 10.9-19

P 10.9-20 Determine la corriente de estado estable, i(t), para 
cada uno de los circuitos que se muestran en la fi gura P 10.9-20.

2 H

2 mF 4 mF

i(t)

15 

20 

i(t)

4 i(t)

4 i(t)

20 8 36 mA

36 cos (25t) mA

(a)

(b)

+ –

+ –

Figura P 10.9-20

P 10.9-21 Un circuito tiene la forma que se muestra en la fi gu-
ra P 10.9-21 cuando is 1 � 1 cos 100t A, e is 2 � 0.5 cos 1100t � 
90°2 A. Encuentre el voltaje va en el dominio de tiempo.

Respuesta: va � 
ffiffiffi
5

p
 cos 1100t � 63.5°2 V

1 mF

5 mF

va vb

is1 is2

40 mH

4 
2 

Figura P 10.9-21

P 10.9-22 Utilice el análisis de la corriente de enlaces para el 
circuito de la fi gura P 10.9-22 para encontrar el voltaje de esta-
do estable a través del inductor, vL, cuando vs1 � 20 cos vt V, 
vs2 � 30 cos 1vt � 90°2 V y v � 100 rad/s.

Respuesta: vL � 24
ffiffiffi
2

p
 cos 1vt � 82°2 V

vL+ –
200 F

+
–

+
–

15 mH

10 vs1 vs2

Figura P 10.9-22

P 10.9-23 Determine los voltajes de fasores de nodos en las 
terminales a y b para el circuito de la fi gura P 10.9-23 cuando 
Vs � j50 V y V1 � j30 V.

Respuesta: Va � 14.33 ff�71:75� V y Vb � 36.67 ff83� V

+
–

+–

–j50 

–j20 10 j10 

30 a b
Vs

V1

Figura P 10.9-23

P 10.9-24 El circuito que se muestra en la fi gura P 10.9-24 
se encuentra en estado estable. Los voltajes de la fuente de 
voltajes están dados por 

v1(t) � 12 cos 12t � 90°2 V y v2(t) � 5 cos 12t � 90°2 V

Las corrientes están dadas por 

i1(t) � 744 cos 12t � 118°2 mA, i2(t) � 540.5 cos 12t � 100°2 mA

Determine los valores de R1, R2, C y C.

R2

R1

L C

v1(t) v2(t)

i1(t) i2(t)

i(t)
10 +

–
+
–

Figura P 10.9-24
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P 10.10-5 Encuentre el circuito equivalente de Thévenin para 
el circuito que se muestra en la fi gura P 10.10-5 siguiendo el 
método de la corriente de enlaces.

Respuesta: Vt ¼ 3:71ff�16� V
Zt ¼ 247ff�16� V

1 150 mF 300 

600 
2v

9 cos 500t +
– v

+

–

+–

Figura P 10.10-5

P 10.10-6 Un sistema de reproductor de minidiscos CD ta-
maño bolsillo tiene un circuito de amplifi cador que se muestra 
en la fi gura P 10.10-6 con una señal vs � 10 cos 1vt � 53.1°2 
en v � 10 000 rad/s. Determine el equivalente de Thévenin en 
las terminales de salida a y b.

+
–

a

b

3i /2

2 

200   H

25   Fvs

i

Figura P 10.10-6

P 10.10-7 Un radiorreceptor de AM utiliza el circuito RCL en 
paralelo que se muestra en la fi gura P 10.10-7. Determine la 
frecuencia, ƒ0, en el cual la admitancia Y sea una conductancia 
pura. El radio de AM recibirá la señal emitida en la frecuen-
cia ƒ0. ¿Cuál es el “número” de esta estación en el cuadrante 
del radio de AM?

Respuesta: ƒ0 � 800 kHz, la cual corresponde a 80 en el cua-
drante del radio de AM.

Y

20 k 39.6   H1 nF

Figura P 10.10-7

P 10.10-8 Un circuito lineal se coloca dentro de una caja ne-
gra con sólo dos terminales a-b disponibles, como se muestra 
en la fi gura P 10.10-8. Hay tres elementos disponibles en el 
laboratorio: (1) un resistor de 50 �; (2) un condensador de 
2.5 mF, y (3) un inductor de 50 mH. Estos tres elementos se 
ubican a través de las terminales a-b en cuanto la carga ZL, y la 
magnitud de V se miden como (1) 25 V, (2) 100 V, y (3) 50 V, 
respectivamente. Se sabe que las fuentes dentro de la caja son 
senoidales con v � 2 	 103 rad/s. Determine el equivalente 
de Thévenin para el circuito en la caja como se muestra en la 
fi gura P 10.10-8.

Sección 10.10 Superposición, equivalentes de 
Thévenin y de Norton, y transformaciones 
de fuentes

P 10.10-1 Para el circuito de la fi gura P 10.10-1, encuentre 
i(t) cuando v1 � 12 cos 14000t � 45°2 V y v2 � 5 cos 3000t V.

+
–

+
–

v1 v2

3 k

0.5 Hi(t)

Figura P 10.10-1

P 10.10-2 Determine i(t) del circuito de la fi gura P 10.10-2.

Sugerencia: Reemplace la fuente de voltaje por una combi-
nación en serie de un voltaje de cd y una fuente de voltaje 
senoidal.

Respuesta: i(t) � 0.166 cos 14t � 135°2 � 0.5 mA

+
–

i(t)

6 k

3 – cos (4t + 45 ) V
0.05 H

Figura P 10.10-2

P 10.10-3 Determine i(t) para el circuito de la fi gura P 10.10-3.

Respuesta: i(t) � 1.9 cos 14t � 26.6°2 � 0.8 cos 13t � 166°2 A

+
–

+
–

6 

0.5 H
i(t)

5 sen 3t V12 cos (4t + 45 ) V

Figura P 10.10-3

P 10.10-4 Determine el circuito equivalente de Thévenin 
para el circuito que se muestra en la fi gura P 10.10-4 cuando 
vs � 5 cos 14000t � 30°2.

Respuesta: Vt ¼ 5:7ff�21:9� V
Zt ¼ 23ff�81:9� V

1 80 mF

80 

+
–vs

20 mH

Figura P 10.10-4
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ZLV

+
a

b

–

Circuito en
= 2  103

rad/s

Figura P 10.10-8 Un circuito dentro de una caja negra está co-
nectado a una impedancia ZL seleccionada.

P 10.10-9 Considere el circuito de la fi gura 10.10-9, del cual 
deseamos determinar la corriente I. Utilice una serie de trans-
formaciones de fuentes para reducir la parte del circuito co-
nectado al resistor de 2-� a un circuito equivalente de Norton, 
y luego encuentre la corriente en el resistor de 2-� por división 
de corriente.

30  A3 –j3 –j2 2 

j4 

4 

I

Figura P 10.10-9

P 10.10-10 Para el circuito de la fi gura P 10.10-10, determine 
la corriente I utilizando una serie de transformaciones de fuen-
tes. La fuente tiene v � 25 	 103 rad/s. 

Respuesta: i(t) � 4 cos 125 000t � 44°2 mA

+
–

I

100 200 

20
160   H

10   F45  V

P 10.10-11 La entrada al circuito que se muestra en la fi gura 
P 10.10-11 es la corriente de la fuente de corriente

is (t) � 36 cos 125t2 � 48 cos 150t � 45°2 mA

Determine la corriente en estado estable, i(t).

2 H

2 mF 4 mF15 

20 

i(t)
is(t)

4i(t)

+ –

Figura P 10.10-11

P 10.10-12 Las entradas al circuito que se muestran en la 
fi gura P 10.10-12 son

vs 1(t) � 30 cos 120t � 70°2 V

y

vs 2(t) � 18 cos 110t � 15°2 V

La respuesta de este circuito es la corriente i(t). Determine la 
respuesta de estado estable del circuito.

5 mF4 H

2 H

vs1(t) vs2(t)

20 20 

15 

10 

+
–

+
–

i(t)

Figura P 10.10-12

P 10.10-13 El circuito que se muestra en la fi gura P 10.10-13 
ilustra un procedimiento experimental para determinar el equi-
valente de Thévenin de un circuito de ca. Cuando R � 20 �, 
el voltaje en estado estable a través de las terminales a-b se 
mide que sea

v(t) � 3.0 cos 120t � 100.9°2 V

Cuando esa resistencia se cambia a R � 40 �, el voltaje en 
estado estable se mide que sea

v(t) � 4.88 cos 120t � 95.8°2 V

Determine los valores de A, u, Rt y Lt.

v(t)

+

–

Rt Lt a

b

voc = A cos (20t + )  V R+
–

Figura P 10.10-13

P 10.10-14 El circuito en la fi gura P 10.10-14 ilustra un pro-
cedimiento experimental para determinar el equivalente de 
Norton de un circuito de ca. Cuando R � 20 �, la corriente 
de salida en estado estable se mide que sea

i(t) � 1.025 cos 110t � 108.5°2 A

Cuando la resistencia se cambia a R � 40 �, la corriente de 
salida en estado estable se mide que sea

i(t) � 0.848 cos 110t � 100.7°2 A

Determine los valores de B, u, Rt y Lt.
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Luego reemplazamos el inductor de 4 H con un condensador 
que tenga capacitancia C y medimos que el voltaje de salida 
de estado estable sea

v(t) � B cos 115t � 45°2 V
¿Qué valor de capacitancia C se requiere para hacer que el 
ángulo de fase de la salida sea de �45°?

25 

+

–

v(t)vs(t)
Circuito

RLC

a

b

+
–

Figura P 10.10-16

P 10.10-17 La entrada al circuito que se muestra en la fi gura 
P 10.10-17 es el voltaje de la fuente de voltaje

vs (t) � 5 � 30 cos 1100t2 V
Determine la corriente en estado estable, i(t). 

20 F 50 mH

5 25 

vs(t)
+
–

i(t)

Figura P 10.10-17

P 10.10-18 Determine el valor de Vt y Zt de tal modo que 
el circuito que se muestra en la fi gura P 10.10-18b sea el cir-
cuito equivalente de Thévenin como se muestra en la fi gura 
P 10.10-18a.

Respuesta: Vt ¼ 3:58ff47�  y Zt ¼ 4:9þ j1:2 V

+
–

8 

j20 

j10 

–j5

a

a

b

b

+ –

–j2.4 

(a) (b)

Zt

Vt

Figura P 10.10-18

P 10.10-19 Determine el voltaje v(t) para el circuito de la 
fi gura P 10.10-19.

Sugerencia: Aplique la superposición.

Respuesta: v(t) � 3.58 cos 15t � 47.2°2 � 14.4 cos 13t � 22°2 V

Lt

Rt

R

i(t)

isc = B cos (10t + ) A 

Figura P 10.10-14

*P 10.10-15 La entrada al circuito que se muestra en la fi gu-
ra P 10.10-15 es el voltaje de la fuente de voltaje

vs (t) � A cos 125t � u2 V
La salida es el voltaje, v(t). El “circuito RLC ” consta sola-
mente de resistores, condensadores e inductores. Considere el 
experimento siguiente. Conectamos un resistor y un inductor 
en serie entre las terminales a y b, como se muestra, y medi-
mos el voltaje en estado estable, v(t). Cuando R � 10 � y L � 
5 H, medimos

v(t) � 7.063 cos 125t � 50.2°2 V
Cuando cambiamos la resistencia y la inductancia en serie a 
R � 25 � y L � 10 H, medimos

v(t) � 8.282 cos 125t � 47.8°2 V
Determine el voltaje de estado estable, v(t), que mediremos 
después de cambiar la resistencia y la inductancia a R � 10 � 
y L � 8 H.

Sugerencia: Determine el equivalente de Thévenin del circui-
to a la izquierda de las terminales a-b.

L

R

a

b

+

–

v(t)vs(t)
Circuito

RLC
+
–

Figura P 10.10-15

*P 10.10-16 La entrada al circuito que se muestra en la fi gu-
ra P 10.10-16 es el voltaje de la fuente de voltaje

vs (t) � A cos 115t � u2 V
La salida es el voltaje, v(t). El “circuito RLC ” consta solamen-
te de resistores, condensadores e inductores. Considere el ex-
perimento siguiente. Conectamos un resistor de 25 � a través 
de las terminales a y b, como se muestra, y medimos que el 
voltaje de salida de estado estable sea

v(t) � 9.77 cos 115t � 31.6°2 V
A continuación, reemplazamos el resistor de 25 � con un in-
ductor de 4 H, y medimos que el voltaje de salida de estado 
estable sea

v(t) � 18.9 cos 115t � 90.9°2 V
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v(t)

8 2 H

4 H

5 sen 5t V 

+

–

F

4 cos (3t + 15 ) A + –

1 12

Figura P 10.10-19

P 10.10-20 Aplicando el principio de la superposición, de-
termine i(t) del circuito que se muestra en la fi gura P 10.10-20 
cuando v1 � 10 cos 10t V.

Respuesta: i � �2 � 0.71 cos 110t � 45°2 A
5 1.5 H

10 mF 10 
i(t)

v1
+
– 3 A

Figura P 10.10-20

Sección 10.11 Diagramas de fasores

P 10.11-1 Utilizando un diagrama de fasores, determine V 
cuando V � V1 � V2 � V*

3 y V1 � 3 � j3, V2 � 4 � j2 y V3 � 
�3 �j2. (Las unidades son voltios).

Respuesta: V � 5 ff143:1� V
P 10.11-2 Considere el circuito serie RLC de la fi gura 
P 10.11-2 cuando R � 10 �, L � 1 mH, C � 100 mF y v � 
103 rad/s. Encuentre I y trace el diagrama de fasores.

+
–

I
0  V10

R Lj

Cj
1

Figura P 10.11-2

P 10.11-3 Considere la señal
i tð Þ ¼ 72

ffiffiffi
3

p
cos 8t þ 36

ffiffiffi
3

p
sin 8t þ 140�ð Þ

þ 144 cos 8t þ 210�ð Þ þ 25 cos 8t þ fð Þ
Utilizando el plano de fasores, ¿para qué valor de f el fasor |I| 
llega a su máximo?

P 10.11-4 El circuito que se muestra en la fi gura P 10.11-4 
contiene un fuente de corriente senoidal de 25 ff0� A. Un am-
perímetro lee la magnitud de la corriente. El amperímetro A1 
lee 15 A y el amperímetro A2 lee 6 A. Encuentre la lectura del 
amperímetro A3.

Sugerencia: El amperímetro mide la magnitud de la corriente 
a través del amperímetro.

Respuesta: 26 A

A1 A2
A3

25

R L C

0  A
+
–+

–
+
–

Figura P 10.11-4

Sección 10.12 Circuitos de fasores y el amplifi cador 
operacional

P 10.12-1 Encuentre la respuesta de estado estable vo(t) si 
vs (t) � 

ffiffiffi
2

p
 cos 1000t para el circuito de la fi gura P 10.12-1.

Respuesta: vs(t) � 10 cos 11000t � 225°2

vo

+

–

1000 

10 k

0.1   F

–

+
+
–vs

Figura P 10.12-1

P 10.12-2 Determine Vo > Vs para el circuito del amplifi cador 
operacional que se muestra en la fi gura P 10.12-2.

R1

+

vo

R3

+

–

vs
+
– C1

R2

–

Figura P 10.12-2 Circuito de amplifi cador para reproductor de 
discos.

P 10.12-3 Determine Vo > Vs para el circuito del amplifi cador 
operacional que se muestra en la fi gura P 10.12-3.

Respuesta: 
Vo

Vs

¼ jvR1C1 1þ R3=R2ð Þ
1þ jvR1C1

C1

+

vo

R3

+

–

vs
+
– R1

R2

–

Figura P 10.12-3

sin 8t þ 140�ð Þsen
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Vs Z2

Z1

+
–

–

+
+

–

VoZ6

Z3 Z4

Z5

Figura P 10.12-7

P 10.12-8 Cuando la entrada al circuito que se muestra en la 
fi gura 10.12-8 es el voltaje de la fuente de voltaje

vs (t) � 2 cos (1 000t) V

la salida es el voltaje

vo(t) � 5 cos 11 000t � 71.6°2 V

Determine los valores de las resistencias R1 y R2.

+

–

1 k

+
–

v(t)

+

–

vo(t)

+

–

vs(t)

R2

R1

C 1 F

Figura P 10.12-8

P 10.12-9 Cuando la entrada al circuito que se muestra en la 
fi gura 10.12-9 es el voltaje de la fuente de voltaje

vs (t) � 4 cos (100t) V

la salida es el voltaje

vo(t) � 8 cos 1100t � 135°2 V

Determine los valores de C y R.

10 k

10 k10 k

–

+ +

–

+
– v(t)

+

– vo(t)

C

R

vs(t)

Figura P 10.12-9

P 10.12-10 El circuito que se muestra en la fi gura 10.12-10 
se denomina inductor simulado aterrizado porque su impedan-
cia de entrada está dada por 

Z � jvLeq

P 10.12-4 Para el circuito de la fi gura P 10.12-4, determine 
vo(t) cuando vs � 5 cos vt mV y ƒ � 10 kHz.

Respuesta: vs � 0.5 cos 1vt � 89.5°2 mV

–

+

+
–

vs

vo

+

–

1 k

175 

10 k

Ideal

10   F

Figura P 10.12-4

P 10.12-5 Determine la razón Vo > Vs para el circuito que se 
muestra en la fi gura P 10.12-5.

–

+
Vs

Z2Z1

+
–

–

+ +

–
Vo

Z4Z3

Figura P 10.12-5

P 10.12-6 Determine la razón Vo > Vs para los dos circuitos 
que se muestran en la fi gura P 10.12-6.

Vs Z2

Z1

+
–

–

+
+

–

Vo
Z4

Z3

Vs Z2

Z1

+
–

+

–

VoZ4

Z3

(a)

(b)

Figura P 10.12-6

P 10.12-7 Determine la razón Vo > Vs para el circuito que se 
muestra en la fi gura P 10.12-7.
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Es decir, el circuito actúa como un inductor aterrizado cuya 
inductancia es Leq. Exprese la Leq como una función de la ca-
pacitancia y las resistencias.

+

–

+

–

R1

R3

R4

R5

C2

Z

Figura P 10.12-10

P 10.12-11 La entrada al circuito que se muestra en la fi gura 
10.12-11 es el voltaje de la fuente de voltaje vs (t). La salida es 
el voltaje vo(t). La entrada vs (t) � 2.5 cos (1000t) V hace que 
la salida sea vo(t) � 8 cos 11000t � 104°2 V. Determine los 
valores de las resistencias R1 y R2.

Respuestas: R1 � 1515 � y R2 = 20 k�.

+
–

R2

C = 0.2 F

–

+

R1

vs(t)

R3

+

–

vo(t)

Figura P 10.12-11

Sección 10.16 ¿Cómo lo podemos comprobar...?

P 10.16-1 El análisis por computadora del circuito en la fi -
gura P 10.16-1 indica que los valores de los voltajes de nodos 
son V1 � 20 ff�90� y V2 � 44.7 ff�63:4�. ¿Son correctos los 
valores?

Sugerencia: Calcule la corriente en cada elemento de circuito, 
utilizando los valores de V1 y V2. Compruebe si se satisface la 
KCL en cada nodo del circuito.

2 A 10 

j10 

Ix

3Ix

V1 V2

10 

Figura P 10.16-1

P 10.16-2 El análisis por computadora del circuito en la fi -
gura P 10.16-2 indica que las corrientes de enlaces son i1(t) � 
0.39 cos 15t � 39°2 A e i2(t) � 0.28 cos 15t � 180°2 A. ¿Es 
correcto este análisis?

Sugerencia: Represente el circuito en el dominio de frecuen-
cia, utilizando impedancias y fasores. Calcule el voltaje a través 
de cada elemento del circuito, utilizando los valores de I1 e I2. 
Compruebe si se satisface la KCL en cada enlace del circuito.

8 2 H

4 H

5 sen 5t V 

+ –

F i2

i1

1 12

Figura P 10.16-2

P 10.16-3 El análisis por computadora del circuito en la fi gu-
ra P 10.16-3 indica que los valores de los voltajes de nodos son 
v1(t) � 19.2 cos 13t � 68°2 V y v2(t) � 2.4 cos 13t � 105°2 V. 
¿Es correcto este análisis?

Sugerencia: Represente el circuito en el dominio de frecuen-
cia, utilizando impedancias y fasores. Calcule la corriente en 
cada elemento del circuito, utilizando los valores de V1 y V2. 
Compruebe si se satisface la KCL en cada nodo del circuito.

8 2 H

4 H

4 cos (3t + 15 ) A 

F

v2

v1

1 12

Figura P 10.16-3

P 10.16-4 Un programa de computadora informa que las 
corrientes del circuito de la fi gura P 10.16-4 son I = 0.2 ff53:1� 
A, I1 � 632 ff�18:4� mA e I2 � 190 ff71:6� mA. Verifi que 
este resultado.
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La fuente de voltaje representa un generador de señales. Su-
ponga que el generador de señales se ajustó tan cuidadosamen-
te que los errores en la amplitud, frecuencia y ángulo del vol-
taje de la fuente de voltaje son insignifi cantes. ¿La respuesta 
medida se explicó por las tolerancias de los componentes? Es 
decir, podría la v(t) medida haber sido producida por este cir-
cuito con una resistencia R que está entre 2% de 500 � y una 
capacitancia C que está entre 5% de 5 mF?

v(t)

+

–

R

C20 cos (200t) V +
–

Figura P 10.16-5

+
–

I

I1 I2

j500 

–j1000 3000 100 0  V

Figura P 10.16-4

P 10.16-5 El circuito que se muestra en la fi gura P 10.16-5 
se construyó utilizando un resistor al 2%, con una resistencia 
nominal de 500 � y un condensador al 10% con una capaci-
tancia nominal de 5 mF. El voltaje del condensador en estado 
estable se midió que fuera

v(t) � 18.3 cos 1200t � 24°2 V

Problemas de PSpice
PS 10-1 El circuito que se muestra en la fi gura PS 10.1 tiene 
dos entradas, vs(t) e is(t), y una salida, v(t). Las entradas están 
dadas por

vs (t) � 10 sen 16t � 45°2 V

e

is (t) � 2 sen 16t � 60°2 A

Utilice PSpice para demostrar superposición. Simule tres 
versiones simultáneas del circuito. (Dibuje el circuito en el 
taller de PSpice. Corte y pegue para hacer dos copias. Edite 
los nombres de partes en las copias para evitar duplicidad de 
nombres. Por ejemplo, en el circuito original el resistor será 
R1. Cambie R1 a R2 y R3 en las dos copias.) Utilice las vs (t) e 
is (t) dadas en la primera versión. Ajuste is (t) � 0 en la segun-
da versión y vs (t) � 0 en la tercera versión. Trace el voltaje del 
condensador, v(t), para las tres versiones del circuito. Muestre 
que el voltaje del condensador en la primera versión del cir-
cuito es igual a la suma de los voltajes del condensador en la 
segunda y tercera versiones.

Sugerencia: Utilice las partes VSIN  e ISIN de PSpice para la 
fuente del voltaje y de la corriente. PSpice utiliza hertz en vez 
de rad/s como la unidad de frecuencia.

Advertencia: Observe que v(t) es senoidal y que tiene la mis-
ma frecuencia que vs (t) e is (t).

vs(t) is(t)

3 1 H

F+
– v(t)

+

–
1 12

Figura PS 10.1

PS 10-2 El circuito que se muestra en la fi gura PS 10-1 tiene 
dos entradas, vs(t) e is(t), y una salida, v(t). Las entradas están 

dadas por
vs(t) = 10 sen (6t + 45º) V

e
is(t) = 2 sen (18t + 60º) A

Utilice PSpice para demostrar superposición. Simule tres 
versiones simultáneas del circuito. (Dibuje el circuito en el 
taller de PSpice. Corte y pegue para hacer dos copias. Edite 
los nombres de partes en las copias para evitar duplicidad de 
nombres. Por ejemplo, en el circuito original el resistor será 
R1. Cambie R1 a R2 y R3 en las dos copias.) Utilice las vs (t) e 
is (t) dadas en la primera versión. Ajuste is (t) � 0 en la segun-
da versión y vs (t) � 0 en la tercera versión. Trace el voltaje del 
condensador, v(t), para las tres versiones del circuito. Muestre 
que el voltaje del condensador en la primera versión del cir-
cuito es igual a la suma de los voltajes del condensador en la 
segunda y tercera versiones.
Sugerencia: Utilice las partes VSIN e ISIN de PSpice para la 
fuente del voltaje y de la corriente. PSpice utiliza hertz en vez 
de rad/s como la unidad de frecuencia.
Advertencia: Observe que v(t) no es senoidal.

PS 10-3 El circuito que se muestra en la fi gura PS 10-1 tiene 
dos entradas, vs(t) e is(t), y una salida, v(t). Las entradas están 
dadas por

vs (t) � 10 sen 16t � 45°2 V
e

is (t) � 0.8 A

Utilice PSpice para demostrar superposición. Simule tres 
versiones simultáneas del circuito. (Dibuje el circuito en el 
taller de PSpice. Corte y pegue para hacer dos copias. Edite 
los nombres de partes en las copias para evitar duplicidad de 
nombres. Por ejemplo, en el circuito original el resistor será 
R1. Cambie R1 a R2 y R3 en las dos copias.) Utilice las vs (t) e 
is (t) dadas en la primera versión. Ajuste is (t) � 0 en la segun-
da versión y vs (t) � 0 en la tercera versión. Trace el voltaje del 
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condensador, v(t), para las tres versiones del circuito. Muestre 
que el voltaje del condensador en la primera versión del cir-
cuito es igual a la suma de los voltajes del condensador en la 
segunda y tercera versiones.

Sugerencia: Utilice las partes VSIN e IDC de PSpice para la 
fuente del voltaje y de la corriente. PSpice utiliza hertz en vez 
de rad/s como la unidad de frecuencia.

Advertencia: Observe que v(t) parece senoidal, pero no lo es 
debido al ramal de cd.

PS 10-4 El circuito que se muestra en la fi gura PS 10-1 tiene 
dos entradas, vs(t) e is(t), y una salida, v(t). Cuando las entra-
das están dadas por

vs(t) � Vm sen 6t V
e

is(t) � Im A

la salida será 

vo(t) � A sen 16t � u2 � B V

La linealidad requiere que A sea proporcional a Vm y que B 
sea proporcional a Im. En consecuencia, podemos escribir 
A � k1Vm y B � k2Im, donde k1 y k2 sean constantes que aún 
se deben determinar.

(a)  Utilice PSpice para determinar el valor de k1 por simu-
lación del circuito y aprovechando que Vm � 1 V e Im � 0.

(b)  Utilice PSpice para determinar el valor de k2 por simu-
lación del circuito y aprovechando que Vm � 0 V e Im � 1.

(c)  Conocidas k1 y k2, especifi que los valores de Vm e Im que 
se requieren para que

   vo(t) � 5 sen 16t � u2 � 5 V

Simule el circuito, utilizando PSpice para verifi car los valores 
especifi cados de Vm e Im.

Problemas de diseño
PD 10.1 Diseñe el circuito que se muestra en la fi gura PD 10-1 
para producir el voltaje de salida especifi cado vo(t) cuando se 
proporciona con el voltaje de entrada vi(t).

 

+
–

10 k vo(t) = 8 cos (1000t + 104 ) V 

vi(t) = 2.5 cos (1000t) V +

–

R1 R2

C

–

+

 Figura PD 10.1

PD 10.2 Diseñe el circuito que se muestra en la fi gura PD 10-2 
para producir el voltaje de salida especifi cado vo(t) cuando se 
proporciona con el voltaje de entrada vi(t).

 

+
– vi(t) = 12 cos (1000t) V vo(t) = 2.5 cos (1000t – 76 ) V 

+

–

R1

R2C

 Figura PD 10.2
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PD 10.3 Diseñe el circuito que se muestra en la fi gura PD 
10-3 para producir el voltaje de salida especifi cado vo(t) 
cuando se proporciona con el voltaje de entrada vi(t).

 

+
– vi(t) = 8 cos (40t) V vo(t) = 2.5 cos (40t + 14 ) V 

+

–

R1

R2L

 Figura PD 10.3

PD 10.4 Muestre que no es posible diseñar el circuito que 
se presenta en la fi gura PD 10-4 para producir el voltaje de 
salida especifi cado vo(t) cuando se proporciona con el vol-
taje de entrada vi(t).

 

+
– vi(t) = 8 cos (40t) V vo(t) = 2.5 cos (40t – 14 ) V 

+

–

R1

R2L

 Figura PD 10-4

PD 10.5 En la fi gura PD 10-5 se muestra un circuito con R, L y 
C no especifi cados. La fuente de entrada es is � 10 cos 1000t A, 
y el objetivo es seleccionar R, L y C de modo que el voltaje de 
nodos sea v � 80 cos 1000t V.

Cis 10

R

L

v

Figura PD 10.5

PD 10.6 La entrada al circuito que se muestra en la fi gura 
PD 10-6 es el voltaje de la fuente de voltaje

vs (t) � 10 cos (1000t) V

La salida es el voltaje del condensador en estado estable
vo(t) � A cos (1000t � u) V

(a)  Especifi que valores para R y C tales que u � �30°. Deter-
mine el valor que resulte de A.

(b)  Especifi que valores para R y C tales que A � 5 V. Determi-
ne el valor que resulte de u.

(c)  ¿Se pueden especifi car valores para R y C tales que A � 4 
y u � �60°? (Si no, justifi que su respuesta. Si es así, espe-
cifi que R y C.)

(d)  ¿Es posible especifi car valores de R y C tales que A � 7.07 V 
y u � �45°? (Si no, justifi que su respuesta. Si es así, espe-
cifi que R y C.)

vo(t)vs(t)

+

–

R

C+
–

Figura PD 10-6
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Potencia de CA  
de estado estable 

11.1 I N T R O D U C C I Ó N

En este capítulo continuamos nuestro estudio de circuitos de ca. En particular, veremos lo siguiente:

•  La potencia alimentada o recibida por algún elemento de un circuito de ca se puede calcular de 
manera adecuada luego de representar el circuito en el dominio de frecuencia.
 La potencia en circuitos de ca es un tema importante. Los ingenieros han desarrollado un 
amplio vocabulario para describir la potencia en un circuito de ca. Encontraremos potencia promedio, 
potencia real y reactiva, potencia compleja, el factor de potencia, valores rcm y otros más.

•  Los circuitos de ca que contienen inductores acoplados y/o transformadores ideales se pueden 
analizar de manera muy conveniente en el dominio de frecuencia.
 Tanto los inductores como los transformadores ideales constan de bobinas acopladas magné-
ticamente. (Las bobinas se pueden acoplar apretadas o en forma libre. Las bobinas de un transfor-
mador ideal están perfectamente acopladas.) Después de representar inductores y transformadores 
en el dominio de frecuencia, tendremos la capacidad para analizar circuitos de ca que contengan 
estos dispositivos.

11.2 P O T E N C I A  E L É C T R I C A

El progreso de la civilización humana se ha intensificado por la habilidad de la sociedad para controlar 
y distribuir la energía. La electricidad sirve como un vehículo de energía al usuario. La energía presente 
en un combustible fósil o un combustible nuclear se convierte en energía eléctrica para ser transportada 
y distribuida fácilmente a sus consumidores. Por medio de líneas de transmisión, la potencia eléctrica 
se distribuye en esencia a todas las residencias, industrias y edificios comerciales en el país.

CAPÍTULO

EN ESTE CAPÍTULO

11.1 Introducción 
11.2 Potencia eléctrica 
11.3 Potencia instantánea y potencia promedio 
11.4  Valor efectivo de una forma de onda 

periódica 
11.5 Potencia compleja 
11.6 Factor de potencia 
11.7 Principio de superposición de potencia
11.8  Teorema de la transferencia de potencia 

máxima

 11.9 Inductores acoplados 
11.10 El transformador ideal 
11.11 ¿Cómo lo podemos comprobar . . . ?
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 La potencia eléctrica se puede transportar sin dificultad con poca pérdida, y en los últimos 90 
años se han desarrollado métodos de mejora para el manejo seguro de la potencia eléctrica. Además, 
se han desarrollado de manera económica y segura métodos para convertir combustibles fósiles en 
energía eléctrica.
 Actualmente, medios para convertir la energía solar y nuclear en potencia eléctrica están en va-
rias etapas de desarrollo o de seguridad comprobada. La energía geotérmica, la energía de las mareas 
y la energía del viento también se pueden convertir en potencia eléctrica. La energía cinética de las 
cascadas se puede utilizar para generar potencia hidroeléctrica.
 La necesidad de transmitir la potencia eléctrica a través de largas distancias impulsó el desarro-
llo de líneas de potencia de alto voltaje desde la planta de potencia hasta el usuario final. En la figura 
11.2-1 se muestra una moderna línea de transmisión.
 La generación de la energía eléctrica utiliza fuentes originales como fuerza hidroeléctrica, car-
bón y energía nuclear. Un ejemplo de un gran proyecto de fuerza hidroeléctrica se muestra en la figura 
11.2-2. Una típica planta de fuerza hidroeléctrica puede generar 1 000 MW. Por otra parte, muchas 
regiones se están volviendo pequeños generadores como los dispositivos de fuerza eólica en la figura 
11.2-3. Una máquina de fuerza eólica puede llegar a generar 75 kW.
 Un elemento único del sistema estadounidense de energía es su interconectividad. Aun cuando el 
sistema de energía de Estados Unidos consiste en muchas compañías independientes, está interconec-
tado por grandes instalaciones de transmisión. En ocasiones, una instalación eléctrica puede ahorrar 
dinero al comprar electricidad de otra planta y transmitir la energía a través de las líneas de transmisión 
de una tercera.
 Los niveles de potencia para dispositivos o fenómenos eléctricos seleccionados se muestran en 
la figura 11.2-4.

11.3 P OT E N C I A  I N STA N TÁ N E A  Y  P OT E N C I A  P R O M E D I O

Nuestro interés es determinar la potencia generada y absorbida en un circuito o en un elemento de 
un circuito. Los ingenieros eléctricos hablan de diversos tipos de potencia, por ejemplo, la potencia 
instantánea, la potencia promedio y la potencia compleja. Empezaremos por examinar la potencia ins-
tantánea, la cual es el producto del voltaje del dominio de tiempo y la corriente asociada con uno o más 
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FIGURA 11.2-1 Líneas de transmisión 
de potencia de ca de alto voltaje. Cortesía 
de Pacific Gas and Electric Company.

FIGURA 11.2-2 Planta de energía eléctrica. Cortesía 
de Hydro Quebec.

FIGURA 11.2-3 Generador y turbina 
de energía eólica. Cortesía de EPRI 
Journal. 
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elementos del circuito. Es probable que la potencia instantánea sea una complicada función de tiempo. 
Esto nos mueve a buscar una medida más sencilla de la potencia generada y absorbida en un elemento 
de circuito, como la potencia promedio.
 Considere el elemento de circuito que se muestra en la figura 11.3-1. Observe que el voltaje v(t) 
del elemento y la corriente i(t) del elemento se apegan a la convención pasiva. La potencia instantánea 
transmitida a este elemento del circuito es el producto del voltaje v(t) y de la corriente i(t), por lo que
 p1t2 5 v1t2 i1t2 (11.3-1)
La unidad de potencia son los watts (W). Siempre podemos calcular la potencia instantánea porque no 
se han puesto restricciones ni en v(t) ni en i(t). La potencia instantánea puede llegar a ser una función 
algo complicada de t cuando v(t) o i(t) es en sí misma una función complicada de t.
 Suponga que el voltaje v(t) es una función periódica que tiene el periodo T. Es decir,

v1t2 5 v1t 1 T 2
porque el voltaje se repite cada T segundos. Entonces, para un circuito lineal, la corriente también será 
una función periódica que tiene el mismo periodo, por lo tanto

i1t2 5 i1t 1 T 2
Por consiguiente, la potencia instantánea es

E1C11_1 11/06/2009 498

look for a simpler measure of the power generated and absorbed in a circuit element, such as the

average power.

Consider the circuit element shown in Figure 11.3-1. Notice that the element voltage

v(t) and the element current i(t) adhere to the passive convention. The instantaneous power delivered

to this circuit element is the product of the voltage v(t) and the current i(t), so that

p tð Þ ¼ v tð Þ i tð Þ ð11:3-1Þ
The unit of power is watts (W). We can always calculate the instantaneous power because no

restrictions have been placed on either v(t) or i(t). The instantaneous power can be a quite complicated

function of t when v(t) or i(t) is itself a complicated function of t.

Suppose that the voltage v(t) is a periodic function having period T. That is,

v tð Þ ¼ v t þ Tð Þ
because the voltage repeats every T seconds. Then, for a linear circuit, the current will also be a

periodic function having the same period, so

i tð Þ ¼ i t þ Tð Þ
Therefore, the instantaneous power is

p tð Þ ¼ v tð Þi tð Þ
¼ v t þ Tð Þi t þ Tð Þ

The average value of a periodic function is the integral of the time function over a complete period,

divided by the period. We use a capital P to denote average power and a lowercase p to denote

v(t)

+

–

i(t)

FIGURE 11.3-1
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El valor medio de una función periódica es la integral de la función de tiempo durante un periodo 
completo, dividido entre el periodo. Utilizamos la P mayúscula para indicar potencia promedio y 
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p minúscula para la potencia instantánea. Por consiguiente, la potencia promedio P está dada por

 
P ¼ 1

T

Z t0þT

t0

p tð Þdt  (11.3-2)

donde t0 es un punto de inicio arbitrario en el tiempo.
 A continuación, suponga que el voltaje v(t) es senoidal, es decir,

v1t2 � Vm1cos vt � uV2

Entonces, para un circuito lineal en estado estable, la corriente también será senoidal y tendremos la 
misma frecuencia, de modo que

i1t2 � Im1cos vt � uI2

El periodo y la frecuencia de v(t) e i(t) se relacionan por

v ¼ 2p

T

La potencia instantánea transmitida al elemento es
p1t2 � Vm Im cos 1vt � uV2 cos 1vt � uI2 

Utilizando la identidad trigonométrica (vea el apéndice C) para el producto de dos funciones de co-
seno,

p tð Þ ¼ VmIm

2
cos uV � uIð Þ þ cos 2vt þ uV þ uIð Þ½ �

Vemos que la potencia instantánea tiene dos términos. El primer término entre corchetes es indepen-
diente del tiempo, y el segundo término varía de manera senoidal durante el tiempo en dos veces la 
frecuencia de radianes de v(t).
 La potencia promedio transmitida al elemento es

P ¼ 1

T

Z T

0

VmIm

2
cos uV � uIð Þ þ cos 2vt þ uV þ uIð Þ½ � dt

donde hemos elegido t0 � 0. Entonces tenemos

P ¼ 1

T

Z T

0

VmIm

2
cos uV � uIð Þdt þ 1

T

Z T

0

VmIm

2
cos 2vt þ uV þ uIð Þdt

¼ VmIm cos uV � uIð Þ
2T

Z T

0
dt þ VmIm

2T

Z T

0
cos 2vt þ uV þ uIð Þdt

La segunda integral es cero porque el valor medio de la función coseno durante un periodo completo 
es cero. Así tenemos

 
P ¼ VmIm

2
cos uV � uIð Þ  (11.3-3)

E J E M P L O  11. 3 - 1  Potencia promedio

Encuentre la potencia promedio transmitida a un resistor R cuando la corriente a través del resistor es i(t), como 
se muestra en la figura 11.3-2.

Im

–T 0 T 2T t (s)  FIGURA 11.3-2 Corriente a través de un resistor en el ejemplo 11.3-1.
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Solución
La forma de onda de la corriente se repite cada T segundos y alcanza un valor máximo de Im. Si utilizamos el 
periodo de t 5 0 a t 5 T, tenemos
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E X A M P L E 1 1 . 3 - 2 Average Power

The circuit shown in Figure 11.3-3 is at steady state. The mesh current is

i tð Þ ¼ 721 cos 100t � 41�ð Þ mA

The element voltages are

vs tð Þ ¼ 20 cos 100t � 15�ð Þ V
vR tð Þ ¼ 18 cos 100t � 41�ð Þ V
vL tð Þ ¼ 8:66 cos 100t þ 49�ð Þ V

Find the average power delivered to each device in this circuit.
vR(t)

vL(t)vs(t) = 20 cos (100t – 15°) V
25 Ω

i(t)

120 mH

+

+

–

–

+
–

FIGURE 11.3-3 An RL circuit with

a sinusoidal voltage source.

Solution
Notice that vs(t) and i(t) don’t adhere to the passive convention. Thus, vs(t) i(t) is the power delivered by the

voltage source. Therefore, the average power calculated using Eq. 11.3-3 is the average power delivered by the

voltage source. The average power delivered by the voltage source is

Ps ¼ 20ð Þ 0:721ð Þ
2

cos �15� � �41�ð Þð Þ ¼ 6:5W

Solution
The current waveform repeats every T seconds and attains a maximum value of Im. Using the period from t¼ 0 to

t¼ T, we have

i ¼ Im

T
t 0 � t < T

Then the instantaneous power is

p ¼ i 2R ¼ I 2
mt

2

T2 R 0 � t < T

It is sufficient to find the average power over 0 < t < T because the power is periodic with period T. Then the

average power is

P ¼ 1

T

Z T

0

I 2
mR

T2 t 2 dt

Integrating, we have

P ¼ I 2
mR

T3

Z T

0
t2 dt ¼ I 2

mR

T3

T 3

3
¼ I 2

mR

3
W
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Entonces la potencia instantánea es
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Eso es suficiente para encontrar la potencia promedio durante 0 , t , T porque la potencia es periódica con el 
periodo T. Así, la potencia promedio es
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Al hacer la integración tenemos
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El circuito que se muestra en la figura 11.3-3 se encuentra en estado estable. La corriente de enlaces es

i1t2 5 721 cos 1100t 2 41°2 mA

Los voltajes de los elementos son
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Encuentre la potencia promedio transmitida a cada dispositivo en este circuito.

vR(t)

vL(t)vs(t) = 20 cos (100t – 15°) V
25 Ω

i(t)

120 mH

+

+

–

–

+
–

 
FIGURA 11.3-3 Circuito RL con 
una fuente de voltaje senoidal.

Solución
Observe que vs (t) e i(t) no se apegan a la convención pasiva. De este modo, vs (t) i(t) es la potencia transmitida por 
la fuente de voltaje. Por consiguiente, la potencia promedio calculada utilizando la ecuación 11.3-3 es la potencia 
promedio transmitida por la fuente de voltaje. La potencia promedio transmitida por la fuente de voltaje es
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E j E m p l o  11. 3 - 2  Potencia promedio
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La potencia promedio transmitida a la fuente de voltaje es 26.5 W.
 Dado que vR(t) e i(t) se apegan a la convención pasiva, la potencia promedio calculada utilizando la ecua-
ción 11.3-3 es la potencia promedio transmitida al resistor. La potencia transmitida al resistor es
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EXERCISE 11.3-1 Determine the instantaneous power delivered to an element and sketch

p(t) when the element is (a) a resistance R and (b) an inductor L. The voltage across the element is

v(t) ¼ Vm cos (vt þ u) V.

Answers:

(a) PR ¼ V 2
m

2R
1þ cos 2vt þ 2uð Þ½ � W

(b) PL ¼ V 2
m

2vL
cos 2vt þ 2u � 90�ð Þ W

11.4 E F F ECT I V E VALUE OF A PER IOD I C WAVEFORM

The voltage available from a wall plug in a residence is said to be 110V. Of course, this is not the

average value of the sinusoidal voltage because we know that the average would be zero. It is also not

the instantaneous value or the maximum value, Vm, of the voltage v ¼ Vm cos vt.

The effective value of a voltage is a measure of its effectiveness in delivering power to a load

resistor. The concept of an effective value comes from a desire to have a sinusoidal voltage (or current)

deliver to a load resistor the same average power as an equivalent dc voltage (or current). The goal is to

find a dc Veff (or Ieff) that will deliver the same average power to the resistor as would be delivered by a

periodically varying source, as shown in Figure 11.4-1.

The average power delivered to the voltage source is �6.5 W.

Because vR(t) and i(t) do adhere to the passive convention, the average power calculated using Eq. 11.3-3 is

the average power delivered to the resistor. The power delivered to the resistor is

PR ¼ 18ð Þ 0:721ð Þ
2

cos �41� � �41�ð Þð Þ ¼ 6:5W

The power delivered to the inductor is

PL ¼ 8:66ð Þ 0:721ð Þ
2

cos 49� � �41�ð Þð Þ ¼ 0W

Why is the average power delivered to the inductor equal to zero? The angle of the element voltage is 90� larger
than the angle of the element current. Because cos 90�ð Þ ¼ 0, the average power delivered to the inductor is zero.

The angle of the inductor voltage will always be 90� larger than the angle of the inductor current. Therefore, the

average power delivered to any inductor is zero.

i

+
–

Ieff

+
–vs VeffR R

FIGURE 11.4-1 The goal is to find a dc voltage, Veff,

for a specified vs(t) that will deliver the same average

power to R as would be delivered by the ac source.

Effective Value of a Periodic Waveform 501

La potencia transmitida al inductor es
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average value of the sinusoidal voltage because we know that the average would be zero. It is also not

the instantaneous value or the maximum value, Vm, of the voltage v ¼ Vm cos vt.

The effective value of a voltage is a measure of its effectiveness in delivering power to a load

resistor. The concept of an effective value comes from a desire to have a sinusoidal voltage (or current)

deliver to a load resistor the same average power as an equivalent dc voltage (or current). The goal is to

find a dc Veff (or Ieff) that will deliver the same average power to the resistor as would be delivered by a

periodically varying source, as shown in Figure 11.4-1.

The average power delivered to the voltage source is �6.5 W.

Because vR(t) and i(t) do adhere to the passive convention, the average power calculated using Eq. 11.3-3 is

the average power delivered to the resistor. The power delivered to the resistor is

PR ¼ 18ð Þ 0:721ð Þ
2

cos �41� � �41�ð Þð Þ ¼ 6:5W

The power delivered to the inductor is

PL ¼ 8:66ð Þ 0:721ð Þ
2

cos 49� � �41�ð Þð Þ ¼ 0W

Why is the average power delivered to the inductor equal to zero? The angle of the element voltage is 90� larger
than the angle of the element current. Because cos 90�ð Þ ¼ 0, the average power delivered to the inductor is zero.

The angle of the inductor voltage will always be 90� larger than the angle of the inductor current. Therefore, the

average power delivered to any inductor is zero.

i

+
–

Ieff

+
–vs VeffR R

FIGURE 11.4-1 The goal is to find a dc voltage, Veff,

for a specified vs(t) that will deliver the same average

power to R as would be delivered by the ac source.

Effective Value of a Periodic Waveform 501

¿Por qué la potencia transmitida al inductor es igual a cero? El ángulo del voltaje del elemento es 90° más 
grande que el ángulo de la corriente del elemento. Dado que cos190°2 5 0, la potencia promedio transmitida al 
inductor es cero. El ángulo del voltaje del inductor siempre será 90° más grande que el ángulo de la corriente 
del inductor. Por lo tanto, la potencia promedio transmitida a cualquier inductor es cero.

EJERCICIO 11.3-1  Determine la potencia instantánea transmitida a un elemento y bosque-
je p(t) cuando el elemento es (a) una resistencia R y (b) un inductor L. El voltaje a través del elemento 
es v(t) 5 Vm cos 1
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t 1 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2 V.

Respuestas: 

(b) 
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EXERCISE 11.3-1 Determine the instantaneous power delivered to an element and sketch

p(t) when the element is (a) a resistance R and (b) an inductor L. The voltage across the element is

v(t) ¼ Vm cos (vt þ u) V.

Answers:

(a) PR ¼ V 2
m

2R
1þ cos 2vt þ 2uð Þ½ � W

(b) PL ¼ V 2
m

2vL
cos 2vt þ 2u � 90�ð Þ W

11.4 E F F ECT I V E VALUE OF A PER IOD I C WAVEFORM

The voltage available from a wall plug in a residence is said to be 110V. Of course, this is not the

average value of the sinusoidal voltage because we know that the average would be zero. It is also not

the instantaneous value or the maximum value, Vm, of the voltage v ¼ Vm cos vt.

The effective value of a voltage is a measure of its effectiveness in delivering power to a load

resistor. The concept of an effective value comes from a desire to have a sinusoidal voltage (or current)

deliver to a load resistor the same average power as an equivalent dc voltage (or current). The goal is to

find a dc Veff (or Ieff) that will deliver the same average power to the resistor as would be delivered by a

periodically varying source, as shown in Figure 11.4-1.

The average power delivered to the voltage source is �6.5 W.

Because vR(t) and i(t) do adhere to the passive convention, the average power calculated using Eq. 11.3-3 is

the average power delivered to the resistor. The power delivered to the resistor is

PR ¼ 18ð Þ 0:721ð Þ
2

cos �41� � �41�ð Þð Þ ¼ 6:5W

The power delivered to the inductor is

PL ¼ 8:66ð Þ 0:721ð Þ
2

cos 49� � �41�ð Þð Þ ¼ 0W

Why is the average power delivered to the inductor equal to zero? The angle of the element voltage is 90� larger
than the angle of the element current. Because cos 90�ð Þ ¼ 0, the average power delivered to the inductor is zero.

The angle of the inductor voltage will always be 90� larger than the angle of the inductor current. Therefore, the

average power delivered to any inductor is zero.

i

+
–

Ieff

+
–vs VeffR R

FIGURE 11.4-1 The goal is to find a dc voltage, Veff,

for a specified vs(t) that will deliver the same average

power to R as would be delivered by the ac source.
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11.4  VA LO R  E F E C T I VO  D E  U N A  F O R M A 
D E  O N D A  P E R I Ó D I C A

Se dice que el voltaje disponible para un enchufe de pared en una residencia debe ser de 110 V. Desde 
luego, éste no es el valor medio del voltaje senoidal porque sabemos que el voltaje debería ser cero. 
Tampoco es el valor instantáneo o el valor máximo, Vm, del voltaje v 5 Vm cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t.
 El valor efectivo de un voltaje es una medida de su efectividad al transmitir potencia a un resis-
tor de carga. El concepto de un valor efectivo viene desde un deseo de contar con un voltaje (o corrien-
te) senoidal. El objetivo es encontrar un Veff (o Leff ) de cd que transmita la misma potencia promedio 
al resistor como la debiera transmitir una fuente variable de manera periódica, como se muestra en la 
figura 11.4-1.

i

+
–

Ieff

+
–vs VeffR R

 

FIGURA 11.4-1 El objetivo es encontrar un voltaje de cd, 
Veff, para un vs (t) específico que transmita la misma potencia 
promedio a R como la debiera transmitir la fuente de cd.

(a)
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The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.

502 AC Steady-State Power

 (11.4-1)

Seleccionamos el periodo, T, de la corriente periódica como el intervalo de integración.
 La potencia transmitida por una corriente directa es
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The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.

502 AC Steady-State Power

 (11.4-2)

Donde Ieff es la corriente de cd que transmitirá la misma potencia que la corriente variable de manera 
periódica. Es decir, Ieff está definida como la corriente estable (constante) que es tan efectiva al trans-
mitir potencia como la corriente variable de manera periódica.
 Igualamos las ecuaciones 11.4-1 y 11.4-2 y obtenemos
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The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.

502 AC Steady-State Power

Despejando Ieff tenemos
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The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.

502 AC Steady-State Power

 (11.4-3)

Vemos que Ieff es la raíz cuadrada de la media del valor al cuadrado. Entonces, la corriente efectiva Ieff 
se suele denominar corriente de la raíz cuadrada de la media Irms.
 El valor efectivo de una corriente es la corriente estable (cd) que transfiere la misma potencia 
promedio que la corriente variable dada. 
 Desde luego, el valor efectivo del voltaje en un circuito se encuentra de la misma manera a 
partir de la ecuación

E1C11_1 11/06/2009 502

The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.

502 AC Steady-State Power

Por lo tanto 
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502 AC Steady-State Power

 Ahora encontremos la Irms de una corriente variable senoidal i 5 Im cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t. Utilizando la ecua-
ción 11.4-3 y una fórmula trigonométrica del apéndice C, tenemos
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The average power delivered to the resistor R by a periodic current is

P ¼ 1

T

Z T

0
i 2R dt ð11:4-1Þ

We select the period, T, of the periodic current as the integration interval.

The power delivered by a direct current is

P ¼ I2eff R ð11:4-2Þ

where Ieff is the dc current that will deliver the same power as the periodically varying current. That is,

Ieff is defined as the steady (constant) current that is as effective in delivering power as the periodically

varying current.

We equate Eqs. 11.4-1 and 11.4-2, obtaining

I2eff R ¼ R

T

Z T

0
i 2 dt

Solving for Ieff, we have

I eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
i 2 dt

s
ð11:4-3Þ

We see that Ieff is the square root of the mean of the squared value. Thus, the effective current Ieff is

commonly called the root-mean-square current Irms.

The effective value of a current is the steady current (dc) that transfers the same average power

as the given varying current.

Of course, the effective value of the voltage in a circuit is similarly found from the equation

V 2
eff ¼ V 2

rms ¼
1

T

Z T

0
v 2 dt

Thus V rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
v 2dt

s

Now let us find the Irms of a sinusoidally varying current i ¼ Im cos vt. Using Eq. 11.4-3 and a

trigonometric formula from Appendix C, we have

I rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0
I2m cos2vt dt

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2m
T

Z T

0

1

2
1þ cos 2vtð Þ dt

s
¼ Imffiffiffi

2
p ð11:4-4Þ

because the integral of cos 2vt is zero over the period T. Remember that Eq. 11.4-4 is true only for

sinusoidal currents.

In practice, wemust be careful to determine whether a sinusoidal voltage is expressed in terms of

its effective value or its maximum value Im. In the case of power transmission and use in the home, the

voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective

values of the sinusoidal voltage.

In electronics or communications circuits, the voltage could be described as 10V, and the person

is typically indicating the maximum or peak amplitude, Vm. Henceforth, we will use Vm as the peak

value and Vrms as the rms value. Sometimes it is necessary to distinguish Vrms from Vm by the context

in which the voltage is given.
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 (11.4-4)

porque la integral de cos 2
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet
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product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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2
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2 CMRR
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR
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v2 � 1� 1
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v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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� �
v2 � 1� 1
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v1
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t es cero durante el periodo T. Recuerde que la ecuación 11.4-4 es verda-
dera sólo para las corrientes senoidales.
 En la práctica, debemos ser cuidadosos al determinar si un voltaje senoidal está expresado en 
términos de su valor efectivo o de su valor máximo Im. En el caso de transmisión de potencia y su uso 
en el hogar, se supone que el voltaje debe ser de 110 o de 220 V, y se entiende que estos valores se 
refieren a la rms o a los valores efectivos del voltaje senoidal.
 En electrónica o circuitos de comunicaciones, el voltaje podría describirse como 10 V, y por lo 
común se hace la indicación de la amplitud máxima o pico, Vm. En lo sucesivo utilizaremos Vm como 
el valor pico y Vrms como el valor rms. En ocasiones será necesario distinguir Vrms de Vm por el con-
texto en que se dé el voltaje.
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E j E m p l o  11. 4 - 1  Valor efectivo

Encuentre el valor efectivo de la corriente para la forma de onda dentada que se muestra en la figura 11.4-2

–T 0 T 2T

Im

 FIGURA 11.4-2 Forma de onda dentada de corriente.

Solución
Primero, expresaremos la forma de onda de la corriente durante el periodo 0 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 t , T. Entonces, la corriente es
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EXERCISE 11.4-1 Find the effective value of the following currents: (a) cos 3t þ cos 3t;

(b) sin 3t þ cos(3t þ 60�); (c) 2 cos 3t þ 3 cos 5t

Answer: (a)
ffiffiffi
2

p
(b) 0.366 (c) 2.55

11.5 COMPLEX POWER

Suppose that a linear circuit with a sinusoidal input is at steady state. All the element voltages and

currents will be sinusoidal, with the same frequency as the input. Such a circuit can be analyzed in the

frequency domain, using phasors. Indeed, we can calculate the power generated or absorbed in a

circuit or in any element of a circuit, in the frequency domain, using phasors.

Figure 11.5-1 represents the voltage and current of an element in both the time domain

and the frequency domain. Notice that the element current and voltage adhere to the passive

convention. In a previous section, the instantaneous power and the average power were calcula-

ted from the time-domain representations of the element current and voltage, v(t) or i(t). In contrast,

we now turn our attention to the frequency-domain representations of the element current and

voltage

I vð Þ ¼ ImffuI and V vð Þ ¼ VmffuV ð11:5-1Þ

E X A M P L E 1 1 . 4 - 1 Effective Value

Find the effective value of the current for the sawtooth waveform shown in Figure 11.4-2.

–T 0 T 2T

Im

FIGURE 11.4-2 A sawtooth current waveform.

Solution
First, we will express the current waveform over the period 0 � t < T. The current is then

i ¼ Im

T
t 0 � t < T

The effective value is found from

I2eff ¼
1

T

Z T

0
i 2 dt ¼ 1

T

Z T

0

I2m

T2 t2 dt ¼ I2m

T 3

t3

3

� �T
0

¼ I2m
3

Therefore, solving for Ieff, we have

I eff ¼ Imffiffiffi
3

p

It’s worth noticing that the rms value of a sawtooth waveform with amplitude Im is different than the rms value of

a sinusoidal waveform having amplitude Im.

Complex Power 503

El valor efectivo se encuentra a partir de
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First, we will express the current waveform over the period 0 � t < T. The current is then

i ¼ Im

T
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The effective value is found from

I2eff ¼
1
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Therefore, solving for Ieff, we have

I eff ¼ Imffiffiffi
3
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It’s worth noticing that the rms value of a sawtooth waveform with amplitude Im is different than the rms value of

a sinusoidal waveform having amplitude Im.
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Por consiguiente, despejando Ieff tenemos
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� �T
0

¼ I2m
3

Therefore, solving for Ieff, we have

I eff ¼ Imffiffiffi
3

p

It’s worth noticing that the rms value of a sawtooth waveform with amplitude Im is different than the rms value of

a sinusoidal waveform having amplitude Im.
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Es importante tener en cuenta que el valor rcm de una forma de onda dentada con amplitud Im es diferente del 
valor rcm de una forma de onda senoidal que tenga amplitud Im.

EJERCICIO 11.4-1 Encuentre el valor efectivo de las corrientes siguientes: (a) cos 3t 1 cos 3t; 
(b) seno 3t 1 cos13t + 60°2; (c) 2 cos 3t 1 3 cos 5t.

Respuesta: (a) 
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 (b) 0.366 (c) 2.55

11.5 P O T E N C I A  C O M P L E J A

Suponga que un circuito lineal con una entrada senoidal se encuentra en estado estable. Todos los volta-
jes y corrientes de los elementos serán senoidales, con la misma frecuencia que la entrada. Un circuito 
tal se puede analizar en el dominio de frecuencia utilizando fasores. En verdad, podemos calcular la 
potencia generada o absorbida en un circuito o en un elemento de un circuito, en el dominio de frecuen-
cia, utilizando fasores.
 La figura 11.5-1 representa el voltaje y la corriente de un elemento en el dominio de tiempo y en 
el dominio de frecuencia. Observe que la corriente y el voltaje del elemento se apegan a la convención 
pasiva. En una sección anterior, la potencia instantánea y la potencia promedio se calculaban a partir 
de las representaciones del dominio de tiempo de la corriente y el voltaje del elemento, v(t) o i(t). Por 
el contrario, ahora volvemos nuestra atención a las representaciones del dominio de frecuencia de la 
corriente y el voltaje del elemento
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(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+

–

V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURA 11.5-1 Un circuito lineal es excitado por una entrada senoidal. El circuito ha llegado al estado estable. El 
voltaje y la corriente del elemento se pueden representar (a) en el dominio de tiempo o (b) en el dominio de frecuencia.

Se define que la potencia compleja transmitida al elemento sea
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+

–

V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.

504 AC Steady-State Power

 (11.5-2)

donde 
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+

–

V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.

504 AC Steady-State Power

 indica la conjugada compleja de I (vea el apéndice B). La magnitud de S
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j
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Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ
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V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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 (11.5-3)

se denomina potencia aparente.
 Al convertir la potencia compleja, S, de la forma polar a la rectangular, nos da
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The complex power delivered to the element is defined to be
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2
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2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives
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2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
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Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as
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FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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The complex power delivered to the element is defined to be
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2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.
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VmIm

2
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The real part of S is equal to the average power that we calculated previously in the time domain! (See
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S ¼ Pþ jQ ð11:5-5Þ
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2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
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Vm
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v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ
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V V( ) = Vme jω θ
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FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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 (11.5-4)
La parte real de S ¡es igual a la potencia promedio que calculamos antes en el dominio de tiempo! (vea 
la ecuación 11.3-3). Recuerde que la potencia promedio se indicaba como P. Podemos representar la 
potencia compleja como

donde 
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.
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2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and
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2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
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Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
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Vm

Im
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We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ
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V V( ) = Vme jω θ
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FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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es la potencia promedio y
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+

–

V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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The complex power delivered to the element is defined to be

S ¼ VI�

2
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ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as
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v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ
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V V( ) = Vme jω θ
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FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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es la potencia reactiva. Potencia compleja, potencia promedio y potencia reactiva, son producto de 
un voltaje y una corriente. Con todo, es convencional utilizar diferentes unidades para estos tres tipos 
de potencia. Ya hemos visto que las unidades de la potencia promedio son los watts. Las unidades de 
la potencia compleja son voltios y amperios (VA), y las unidades de la potencia reactiva son voltios y 
amperios reactivos (VAR). Las fórmulas utilizadas para calcular la potencia en el dominio de frecuen-
cia se resumen en la tabla 11.5-1.
 Volvamos a la figura 11.5-1b. La impedancia del elemento se puede expresar como
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Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as
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is the average power and
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2
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is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
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Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as
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v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ
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+
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V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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Convertir la impedancia, Z, de forma polar a rectangular, resulta
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is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
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Vm

Im
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We can represent the impedance as
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where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S
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2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+
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v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+
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V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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Podemos representar la impedancia como
Z1
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR

Im (Z)

R
θ

X

Re (Z)

Im (S)
⎜S ⎜⎜Z ⎜

P

Q

θ
Re (S)

(a) (b)

FIGURE 11.5-2 (a) The impedance triangle where Z ¼ Rþ jX ¼ Z. (b) The complex power triangle where

S ¼ Pþ jQ.

Complex Power 505

 es la resistencia y 

E1C11_1 11/06/2009 505

where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR

Im (Z)

R
θ

X

Re (Z)

Im (S)
⎜S ⎜⎜Z ⎜

P

Q

θ
Re (S)

(a) (b)

FIGURE 11.5-2 (a) The impedance triangle where Z ¼ Rþ jX ¼ Z. (b) The complex power triangle where

S ¼ Pþ jQ.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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resistor having a third contact, called the wiper, that slides along the resistor. Two
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specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,
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Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used
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Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields
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RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

I2 es la reactancia.

 La semejanza entre las ecuaciones 11.5-4 y 11.5-9 hace suponer que la potencia compleja se 
puede utilizar en términos de la impedancia. 
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the
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where R ¼ Vm
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a
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Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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Cuando el elemento es un resistor, entonces Re(Z) 5 R
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where R ¼ Vm
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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Cuando el elemento es un condensador o un inductor, entonces Re(Z) 5 0; por lo tanto, la potencia 
promedio transmitida a un condensador o un inductor es cero.
 La figura 11.5-2 resume las ecuaciones 11.5-4 y 11.5-9 utilizando (a) el triángulo de impedancia 
y (b) el triángulo de potencia.
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S Z 
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Q

θ
Re (S)

(a) (b)
FIGURA 11.5-2 (a) El triángulo de impedancia cuando Z 5 R 1 jX 5 Z. (b) El triángulo de potencia compleja en el 
que S 5 P 1 jQ.

Tabla 11.5-1 Relaciones de potencia en el dominio de frecuencia

 
CANTIDAD

RELACIÓN UTILIZANDO  
VALORES PICO

RELACIÓN UTILIZANDO  
VALORES rms

 
UNIDADES

Voltaje de elemento, v(t)
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be
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When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be
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In particular, the average power delivered to the element is given by
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When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
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� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ
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When the element is a resistor, then Re(Z) ¼ R
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be
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In particular, the average power delivered to the element is given by
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When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
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R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be
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In particular, the average power delivered to the element is given by

P ¼ I2m
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When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
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R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm
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cos uV � uIð Þ is the resistance and X ¼ Vm
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sin uV � uIð Þ is the reactance.
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In particular, the average power delivered to the element is given by
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When the element is a resistor, then Re(Z) ¼ R
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W
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2
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Im (Z)

R
θ

X

Re (Z)

Im (S)
⎜S ⎜⎜Z ⎜

P

Q

θ
Re (S)

(a) (b)

FIGURE 11.5-2 (a) The impedance triangle where Z ¼ Rþ jX ¼ Z. (b) The complex power triangle where

S ¼ Pþ jQ.

Complex Power 505

E1C11_1 11/06/2009 505

where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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S ¼ Pþ jQ.

Complex Power 505

W

Potencia reactiva, Q

E1C11_1 11/06/2009 505

where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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FIGURE 11.5-2 (a) The impedance triangle where Z ¼ Rþ jX ¼ Z. (b) The complex power triangle where
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
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FIGURE 11.5-2 (a) The impedance triangle where Z ¼ Rþ jX ¼ Z. (b) The complex power triangle where
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
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þj
VmIm

2
sin uV � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þjV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2

jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rmscos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rmssin uV � uIð Þ VAR
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S ¼ Pþ jQ.
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where R ¼ Vm

Im
cos uV � uIð Þ is the resistance and X ¼ Vm

Im
sin uV � uIð Þ is the reactance.

The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be

expressed in terms of the impedance

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ

¼ I2m
2

� �
Vm

Im
cos uV � uIð Þ þ j

I2m
2

� �
Vm

Im
sin uV � uIð Þ

¼ I2m
2

� �
Re Zð Þ þ j

I2m
2

� �
Im Zð Þ

ð11:5-10Þ

In particular, the average power delivered to the element is given by

P ¼ I2m
2

� �
Re Zð Þ ð11:5-11Þ

When the element is a resistor, then Re(Z) ¼ R

PR ¼ I2m
2

� �
R

When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a

capacitor or an inductor is zero.

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the

power triangle.

Table 11.5-1 Frequency-Domain Power Relationships

QUANTITY
RELATIONSHIP USING

PEAK VALUES
RELATIONSHIP

USING rms VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uvð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Imcos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm
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2
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where R ¼ Vm
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Im
sin uV � uIð Þ is the reactance.
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When the element is a capacitor or an inductor, then Re(Z)¼ 0; thus, the average power delivered to a
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i(t) R L

fuente carga

+

–

v(t)

FIGURA 11.5-3 Circuito que 
consta de un fuente que conduce 
una carga.

R jωL

fuente carga

+

–

VI

FIGURA 11.5-4 El circuito de 
la figura 11.5-3, representado en 
el dominio de frecuencia.

E j E m p l o  11. 5 - 1  Potencia compleja

El circuito que se muestra en la figura 11.5-3 consta de una fuente que conduce 
una carga. La corriente de la fuente de corriente es

i(t) 5 1.25 cos 15t 2 15°2 A
(a)  ¿Cuál es el valor de la potencia compleja transmitida por la fuente a la carga 

cuando R 5 20 V y L 5 3 H?

(b)  ¿Cuáles son los valores de la resistencia, R, y la inductancia, L, cuando la 
fuente transmite 11.72 1 j11.72 VA a la carga?

Solución
Represente el circuito en el dominio de frecuencia como se muestra en la figura 
11.5-4, donde I 5 1.25 
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+
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VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.

506 AC Steady-State Power

 A. La impedancia equivalente al resistor y al in-
ductor en paralelo es
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load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?
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(a) Cuando R 5 20 V y L 5 3 H, la impedancia equivalente es
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The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?
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delivers 11.72 þ j11.72 VA to the load?
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The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is
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Z ¼ j300
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FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.

506 AC Steady-State Power

(b)  El voltaje a través de la impedancia equivalente se puede calcular a partir de la potencia compleja y la co-
rriente, utilizando 

E1C11_1 11/06/2009 506

E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?
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and inductor is
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 Cuando S 5 11.72 1 j11.72 5 16.57 
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The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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 En consecuencia,

E1C11_1 11/06/2009 506

E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.
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Circuitos Eléctricos - Dorf Alfaomega

 Potencia compleja 507

E j E m p l o  11. 5 - 2  Cargas en paralelo

El circuito que se muestra en la figura 11.5-5 consta de una fuente que conduce una carga consistente en la co-
nexión en paralelo de dos cargas. El voltaje de la fuente de voltaje es

v(t) 5 24 cos 15t 1 30°2 V
La carga A recibe

SA 5 9.216 1 j6.912 VA
La impedancia de la carga B es

ZB 5 42.426 
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E X A M P L E 1 1 . 5 - 1 Complex Power

The circuit shown in Figure 11.5-3 consists of a source driving a load. The

current source current is

i tð Þ ¼ 1:25 cos 5t � 15�ð ÞA
(a) What is the value of the complex power delivered by the source to the

load when R ¼ 20 V and L ¼ 3 H?

(b) Whatare thevaluesof the resistance,R, and inductance,L,when thesource

delivers 11.72 þ j11.72 VA to the load?

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-4,

where I ¼ 1:25ff�15�A. The equivalent impedance of the parallel resistor

and inductor is

Z ¼ jvLR

Rþ jvL

(a) When R ¼ 20 V and L ¼ 3 H, the equivalent impedance is

Z ¼ j300

20þ j15
¼ 12ff53� V

The voltage across this impedance is

V ¼ IZ ¼ ð1:25ff�15�Þð12ff53�Þ ¼ 15ff38� V
The complex power delivered by the source is

S ¼ VI�

2
¼ ð15ff38�Þð1:25�ff15�Þ�

2
¼ ð15ff38�Þð1:25ff15�Þ

2
¼ 9:375ff53� VA

(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using

S ¼ VI�

2
) V ¼ 2S

I�

When S ¼ 11:72þ j11:72 ¼ 16:57ff45� VA
V ¼ 2S

I�
¼ 2ð16:57ff45�Þ

ð1:25ff�15�Þ�
¼ 2ð16:57ff45�Þ

1:25ff15� ¼ 26:52ff30� V
The equivalent impedance is

Z ¼ V

I
¼ 26:52ff30�

1:25ff�15�
¼ 21:21ff45� V

It’s convenient to take the reciprocal:

1

R
� j

1

vL
¼ 1

21:21ff45� ¼ 0:033338� j 0:033338

Consequently,

R ¼ 1

0:033338
¼ 30V and 5L ¼ 1

0:033338
¼ 30 ) L ¼ 6 H

i(t) R L

source load

+

–

v(t)

FIGURE 11.5-3 A circuit

consisting of a source driving

a load.

R jωL

source load

+

–

VI

FIGURE 11.5-4 The circuit from

Figure 11.5-3, represented in the

frequency domain.

506 AC Steady-State Power

 VA

(a)  Determine el valor de la potencia compleja transmitida por la fuente a la carga en paralelo.

(b) Determine el valor de la impedancia equivalente de la carga en paralelo.

Solución
Represente el circuito en el dominio de frecuencia como se muestra en la 
figura 11.5-6, donde V 5 24 
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Complex power is conserved. The sum of the complex power received by all the elements of a

circuit is zero. This fact can be expressed by the equation

X

all
elements

VkI
�
k

2
¼ 0 ð11:5-12Þ

E X A M P L E 1 1 . 5 - 2 Parallel Loads

The circuit shown in Figure 11.5-5 consists of a source driving a load that consists of the parallel connection of

two loads. The voltage source voltage is

v tð Þ ¼ 24 cos 5t þ 30�ð ÞV
Load A receives

SA ¼ 9:216þ j6:912 VA

The impedance of load B is

ZB ¼ 42:426ff45� VA
(a) Determine the value of the complex power delivered by the source to the parallel load.

(b) Determine the value of the equivalent impedance of the parallel load.

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-6,

where V ¼ 24ff30� V. The current in load A can be calculated from the

complex power received by load A, using

SA ¼ VI�1
2

) I1 ¼ 2SA
V

� ��

When SA ¼ 9:216þ j6:912 ¼ 11:52ff36:9� VA
I1 ¼ 2ð11:52ff36:9�Þ

24ff30�
 !�

¼ ð0:96ff7�Þ� ¼ 0:96ff�7� A

The current in load B can be calculated as

I2 ¼ V

ZB
¼ 24ff30�

42:426ff45� ¼ 0:566ff�15� A

The source current is

I ¼ I1 þ I2 ¼ 1:522ff�9:9� A

(a) The complex power delivered by the source is

S ¼ VI�

2
¼ ð24ff30�Þð1:522ff�9:9�Þ�

2
¼ 18:265ff39:9� ¼ 14:02þ j11:71 VA

(b) The equivalent impedance of the parallel load is

Z ¼ V

I
¼ 24ff30�

1:522ff�9:9�
¼ 15:768ff39:9� V

+
–v(t) A B

FIGURE 11.5-5 A circuit consisting

of a source driving a parallel load.

+
–

I

I2I1V A B

FIGURE 11.5-6 The circuit from

Figure 11.5-5, represented in the

frequency domain.

Complex Power 507

 V. La corriente en la carga A se puede 
calcular a partir de la potencia compleja recibida por la carga A, utilizando

E1C11_1 11/06/2009 507

Complex power is conserved. The sum of the complex power received by all the elements of a

circuit is zero. This fact can be expressed by the equation

X

all
elements

VkI
�
k

2
¼ 0 ð11:5-12Þ

E X A M P L E 1 1 . 5 - 2 Parallel Loads

The circuit shown in Figure 11.5-5 consists of a source driving a load that consists of the parallel connection of

two loads. The voltage source voltage is

v tð Þ ¼ 24 cos 5t þ 30�ð ÞV
Load A receives

SA ¼ 9:216þ j6:912 VA

The impedance of load B is

ZB ¼ 42:426ff45� VA
(a) Determine the value of the complex power delivered by the source to the parallel load.

(b) Determine the value of the equivalent impedance of the parallel load.

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-6,

where V ¼ 24ff30� V. The current in load A can be calculated from the

complex power received by load A, using

SA ¼ VI�1
2

) I1 ¼ 2SA
V

� ��

When SA ¼ 9:216þ j6:912 ¼ 11:52ff36:9� VA
I1 ¼ 2ð11:52ff36:9�Þ

24ff30�
 !�

¼ ð0:96ff7�Þ� ¼ 0:96ff�7� A

The current in load B can be calculated as

I2 ¼ V

ZB
¼ 24ff30�

42:426ff45� ¼ 0:566ff�15� A

The source current is

I ¼ I1 þ I2 ¼ 1:522ff�9:9� A

(a) The complex power delivered by the source is

S ¼ VI�

2
¼ ð24ff30�Þð1:522ff�9:9�Þ�

2
¼ 18:265ff39:9� ¼ 14:02þ j11:71 VA

(b) The equivalent impedance of the parallel load is

Z ¼ V

I
¼ 24ff30�

1:522ff�9:9�
¼ 15:768ff39:9� V

+
–v(t) A B

FIGURE 11.5-5 A circuit consisting

of a source driving a parallel load.

+
–

I

I2I1V A B

FIGURE 11.5-6 The circuit from

Figure 11.5-5, represented in the

frequency domain.

Complex Power 507

Cuando SA 5 9.216 1 j6.912 5 11.52 
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Complex power is conserved. The sum of the complex power received by all the elements of a

circuit is zero. This fact can be expressed by the equation

X

all
elements

VkI
�
k

2
¼ 0 ð11:5-12Þ

E X A M P L E 1 1 . 5 - 2 Parallel Loads

The circuit shown in Figure 11.5-5 consists of a source driving a load that consists of the parallel connection of

two loads. The voltage source voltage is

v tð Þ ¼ 24 cos 5t þ 30�ð ÞV
Load A receives

SA ¼ 9:216þ j6:912 VA

The impedance of load B is

ZB ¼ 42:426ff45� VA
(a) Determine the value of the complex power delivered by the source to the parallel load.

(b) Determine the value of the equivalent impedance of the parallel load.

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-6,

where V ¼ 24ff30� V. The current in load A can be calculated from the

complex power received by load A, using

SA ¼ VI�1
2

) I1 ¼ 2SA
V

� ��

When SA ¼ 9:216þ j6:912 ¼ 11:52ff36:9� VA
I1 ¼ 2ð11:52ff36:9�Þ

24ff30�
 !�

¼ ð0:96ff7�Þ� ¼ 0:96ff�7� A

The current in load B can be calculated as

I2 ¼ V

ZB
¼ 24ff30�

42:426ff45� ¼ 0:566ff�15� A

The source current is

I ¼ I1 þ I2 ¼ 1:522ff�9:9� A

(a) The complex power delivered by the source is

S ¼ VI�

2
¼ ð24ff30�Þð1:522ff�9:9�Þ�

2
¼ 18:265ff39:9� ¼ 14:02þ j11:71 VA

(b) The equivalent impedance of the parallel load is

Z ¼ V

I
¼ 24ff30�

1:522ff�9:9�
¼ 15:768ff39:9� V

+
–v(t) A B

FIGURE 11.5-5 A circuit consisting

of a source driving a parallel load.

+
–

I

I2I1V A B

FIGURE 11.5-6 The circuit from

Figure 11.5-5, represented in the

frequency domain.

Complex Power 507
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Complex power is conserved. The sum of the complex power received by all the elements of a

circuit is zero. This fact can be expressed by the equation

X

all
elements

VkI
�
k

2
¼ 0 ð11:5-12Þ

E X A M P L E 1 1 . 5 - 2 Parallel Loads

The circuit shown in Figure 11.5-5 consists of a source driving a load that consists of the parallel connection of

two loads. The voltage source voltage is

v tð Þ ¼ 24 cos 5t þ 30�ð ÞV
Load A receives

SA ¼ 9:216þ j6:912 VA

The impedance of load B is

ZB ¼ 42:426ff45� VA
(a) Determine the value of the complex power delivered by the source to the parallel load.

(b) Determine the value of the equivalent impedance of the parallel load.

Solution
Represent the circuit in the frequency domain as shown in Figure 11.5-6,

where V ¼ 24ff30� V. The current in load A can be calculated from the

complex power received by load A, using

SA ¼ VI�1
2

) I1 ¼ 2SA
V

� ��

When SA ¼ 9:216þ j6:912 ¼ 11:52ff36:9� VA
I1 ¼ 2ð11:52ff36:9�Þ

24ff30�
 !�

¼ ð0:96ff7�Þ� ¼ 0:96ff�7� A

The current in load B can be calculated as

I2 ¼ V

ZB
¼ 24ff30�

42:426ff45� ¼ 0:566ff�15� A

The source current is

I ¼ I1 þ I2 ¼ 1:522ff�9:9� A

(a) The complex power delivered by the source is

S ¼ VI�

2
¼ ð24ff30�Þð1:522ff�9:9�Þ�

2
¼ 18:265ff39:9� ¼ 14:02þ j11:71 VA

(b) The equivalent impedance of the parallel load is

Z ¼ V

I
¼ 24ff30�

1:522ff�9:9�
¼ 15:768ff39:9� V

+
–v(t) A B

FIGURE 11.5-5 A circuit consisting

of a source driving a parallel load.

+
–

I

I2I1V A B
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 La potencia compleja se conservó. La suma de la potencia compleja recibida por todos los ele-
mentos de un circuito es cero. Este hecho se puede expresar por la ecuación
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donde Vk e Ik son los fasores que corresponden al voltaje y la corriente del elemento del k-ésimo ele-
mento del circuito. Los fasores Vk e Ik se deben apegar a la convención pasiva de modo que VkIk
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The complex power delivered to the element is defined to be

S ¼ VI�

2
¼

ðVm ffuVÞ Im ff�uI

� �

2
¼ VmIm

2 ffuV � uI ð11:5-2Þ

where I� denotes the complex conjugate of I (see Appendix B). The magnitude of S

jSj ¼ VmIm

2
ð11:5-3Þ

is called the apparent-power.

Converting the complex power, S, from polar to rectangular form gives

S ¼ VmIm

2
cos uV � uIð Þ þ j

VmIm

2
sin uV � uIð Þ ð11:5-4Þ

The real part of S is equal to the average power that we calculated previously in the time domain! (See

Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as

S ¼ Pþ jQ ð11:5-5Þ

where P ¼ VmIm

2
cos uV � uIð Þ ð11:5-6Þ

is the average power and

Q ¼ VmIm

2
sin uV � uIð Þ ð11:5-7Þ

is the reactive power. The complex power, average power, and reactive power are all the product of a

voltage and a current. Nonetheless, it is conventional to use different units for these three types of

power. We have already seen that the units of the average power are watts. The units of complex power

are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used

to calculate power in the frequency domain are summarized in Table 11.5-1.

Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as

Z vð Þ ¼ V vð Þ
I vð Þ ¼ VmffuV

Imffu I

¼ Vm

Im
ffuV � uI ð11:5-8Þ

Converting the impedance, Z, from polar to rectangular form gives

Z vð Þ ¼ Vm

Im
cos uV � uIð Þ þ j

Vm

Im
sin uV � uIð Þ ð11:5-9Þ

We can represent the impedance as

Z vð Þ ¼ Rþ jX

(a)

+

–

v(t) = Vm cos (  t + V) ω θ

i(t) = Im cos ( t + I) ω θ

(b)

+

–

V V( ) = Vme jω θ

I I( ) = Ime jω θ

FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.

504 AC Steady-State Power

>2 
sea la potencia compleja recibida por la k-ésima extensión. La suma en la ecuación 11.5-12 agrega 
las potencias complejas de todos los elementos del circuito. Cuando un elemento del circuito es una 
fuente que está alimentando la potencia del circuito, VkIk
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504 AC Steady-State Power

>2 será negativa, indicando que la potencia 
compleja positiva está siendo alimentada en vez de recibida. En ocasiones la conservación de la po-
tencia compleja se expresa como
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where Vk and Ik are the phasors corresponding to the element voltage and current of the kth element of the

circuit. The phasors Vk and Ik must adhere to the passive convention so that VkIk
�=2 is the complex power

received by the kth branch. The summation in Eq. 11.5-12 adds up the complex powers in all elements of the

circuit. When an element of the circuit is a source that is supplying power to the circuit, VkIk
�=2 will be

negative, indicating that positive complex power is being supplied rather than received. Sometimes

conservation of complex power is expressed as
X

sources

VkI
�
k

2
¼

X

other
elements

VkI
�
k

2
ð11:5-13Þ

where phasors Vk and Ik adhere to the passive convention for the ‘‘other elements’’ but do not adhere

to the passive convention for the sources. WhenVk and Ik do not adhere to the passive convention, then

VkIk
�=2 is the complex power supplied by the kth branch. We read Eq. 11.5-13 to say that the total

complex power supplied by the sources is equal to the total complex power received by the other

elements of the circuit.

Equation 11.5-12 implies that both

X

all
Elements

Re
VkI

�
k

2

� �
¼ 0

and

X

all
Elements

Im
VkI

�
k

2

� �
¼ 0

Therefore,

X

all
elements

Pk ¼ 0 and
X

all
elements

Qk ¼ 0

In other words, average power and reactive power are both conserved.

E X A M P L E 1 1 . 5 - 3 Conservation of Complex Power

Verify that complex power is conserved in the circuit of Figure 11.5-7 when vs ¼ 100 cos 1000t V.

i(t)

vR(t)

R = 10 Ω L = 20 mH

+ –
vL(t)

+ –

vC(t)vs(t)
+

–
μC = 100 F+

–

FIGURE 11.5-7 Circuit for Examples 11.5-3 and 11.5-4.

Solution
The phasor corresponding to the source voltage is

Vs vð Þ ¼ 100ff0 V
Writing and solving a mesh equation, we find that the phasor corresponding to the mesh current is

I vð Þ ¼ Vs vð Þ
Rþ jvL� j

1

vC

¼ 100

10þ j 1000ð Þ 0:02ð Þ � j
1

1000ð Þ10�4

¼ 7:07ff�45� A

508 AC Steady-State Power
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donde los fasores Vk e Ik se apegan a la convención pasiva para los “demás elementos” pero no se 
apegan a la convención pasiva para las fuentes. Cuando Vk e Ik no se apegan a la convención pasiva, 
entonces VkIk
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FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element

voltage and current can be represented in (a) the time domain or (b) the frequency domain.
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>2 es la potencia compleja transmitida por la kaésima extensión. Leemos la ecuación 
11.5-13 para decir que la potencia compleja total transmitida por las fuentes es igual a la potencia 
compleja total recibida por los demás elementos del circuito.
 La ecuación 11.5-12 implica que ambas
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where Vk and Ik are the phasors corresponding to the element voltage and current of the kth element of the
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�=2 will be
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Por consiguiente, 
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En otras palabras, la potencia promedio y la potencia reactiva se han conservado.

E j E m p l o  11. 5 - 3  Conservación de la potencia compleja

Compruebe que la potencia compleja se conserva en el circuito de la figura 11.5-7 cuando vs 5 100 cos 1 000t V.
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+

–
µC = 100 F+

–

 FIGURA 11.5-7 Circuito para los ejemplos 11.5-3 y 11.5-4.

Solución
El fasor que corresponde al voltaje de la fuente es
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Si escribimos y despejamos una ecuación de enlaces, encontramos que el fasor que corresponde a la corriente de 
enlaces es
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Circuitos Eléctricos - Dorf Alfaomega

 Potencia compleja 509

La ley de Ohm proporciona los fasores correspondientes a los voltajes de los elementos:
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Ohm’s law provides the phasors corresponding to the element voltages:

VR vð Þ ¼ R I vð Þ ¼ 10ð7:07ff�45�Þ ¼ 70:7ff�45� V

VL vð Þ ¼ jvL I vð Þ ¼ j 1000ð Þ 0:02ð Þð7:07ff45�Þ
¼ ð20ff90�Þð7:07ff�45�Þ ¼ 141:4ff45� V

VC vð Þ ¼ �j
1

vC
I vð Þ ¼ �j

1

1000ð Þ 10�4
� � ð7:07ff�45�Þ

¼ ð10ff90�Þð7:07ff�45�Þ ¼ 70:7ff�135� V

Consider the voltage source. The phasors Vs and I do not adhere to the passive convention. The complex power

SV ¼ VsI
�

2
¼ 100ð7:07ff�45�Þ�

2
¼ 100ð7:07ff45�Þ

2

¼ 100 7:07ð Þ
2 ff45� ¼ 353:5ff45� VA

is the complex power supplied by the voltage source.

The phasors I and VR do adhere to the passive convention. The complex power

SR ¼ VRI
�

2
¼ ð70:7ff�45�Þð7:07ff�45�Þ�

2

¼ ð70:7ff�45�Þð7:07ff45�Þ
2

¼ 70:7ð Þ 7:07ð Þ
2 ff�45� þ 45� ¼ 250ff0 VA

is the complex power absorbed by the resistor. Similarly,

SL ¼ VLI
�

2
¼ ð141:4ff45�Þð7:07ff45�Þ

2
¼ 141:4ð Þ 7:07ð Þ

2 ff45� þ 45� ¼ 500ff90� VA
is the complex power delivered to the inductor, and

SC ¼ VCI
�

2
¼ ð70:7ff�135�Þð7:07ff45�Þ

2
¼ 70:7ð Þ 7:07ð Þ

2 ff�135� þ 45�

¼ 250ff�90� VA

is the complex power delivered to the capacitor.

To verify that complex power has been conserved, we calculate the complex power received by the ‘‘other

elements’’ and compare it to the complex power supplied by the source:

SR þ SL þ SC ¼ 250ff0� þ 500ff90� þ 250ff�90�

¼ 250þ j0ð Þ þ 0þ j500ð Þ þ 0� j250ð Þ
¼ 250þ j250 ¼ 353:5ff45� ¼ SV

As expected, the complex power supplied by the source is equal to the complex power received by the other

elements of the circuit.

Complex Power 509

Considere la fuente de voltaje. Los fasores Vs e I no se apegan a la convención pasiva. La potencia compleja
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SV ¼ VsI
�

2
¼ 100ð7:07ff�45�Þ�

2
¼ 100ð7:07ff45�Þ

2

¼ 100 7:07ð Þ
2 ff45� ¼ 353:5ff45� VA
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is the complex power delivered to the capacitor.

To verify that complex power has been conserved, we calculate the complex power received by the ‘‘other

elements’’ and compare it to the complex power supplied by the source:

SR þ SL þ SC ¼ 250ff0� þ 500ff90� þ 250ff�90�
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As expected, the complex power supplied by the source is equal to the complex power received by the other

elements of the circuit.

Complex Power 509

es la potencia compleja transmitida por la fuente de voltaje.
 Los fasores I y VR se apegan a la convención pasiva. La potencia compleja
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is the complex power supplied by the voltage source.

The phasors I and VR do adhere to the passive convention. The complex power
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is the complex power delivered to the capacitor.
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¼ 250þ j0ð Þ þ 0þ j500ð Þ þ 0� j250ð Þ
¼ 250þ j250 ¼ 353:5ff45� ¼ SV

As expected, the complex power supplied by the source is equal to the complex power received by the other
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es la potencia compleja absorbida por el resistor. Del mismo modo,
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is the complex power supplied by the voltage source.
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is the complex power delivered to the capacitor.

To verify that complex power has been conserved, we calculate the complex power received by the ‘‘other
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SR þ SL þ SC ¼ 250ff0� þ 500ff90� þ 250ff�90�
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es la potencia compleja transmitida al inductor, y
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is the complex power delivered to the capacitor.

To verify that complex power has been conserved, we calculate the complex power received by the ‘‘other
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As expected, the complex power supplied by the source is equal to the complex power received by the other
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Complex Power 509

es la potencia compleja transmitida al condensador.
 Para comprobar que la potencia compleja se ha conservado, calculamos la potencia compleja recibida por 
los “demás elementos” y la comparamos con la potencia máxima alimentada por la fuente:
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2
¼ 100ð7:07ff45�Þ

2

¼ 100 7:07ð Þ
2 ff45� ¼ 353:5ff45� VA

is the complex power supplied by the voltage source.

The phasors I and VR do adhere to the passive convention. The complex power

SR ¼ VRI
�

2
¼ ð70:7ff�45�Þð7:07ff�45�Þ�

2

¼ ð70:7ff�45�Þð7:07ff45�Þ
2

¼ 70:7ð Þ 7:07ð Þ
2 ff�45� þ 45� ¼ 250ff0 VA

is the complex power absorbed by the resistor. Similarly,

SL ¼ VLI
�

2
¼ ð141:4ff45�Þð7:07ff45�Þ

2
¼ 141:4ð Þ 7:07ð Þ

2 ff45� þ 45� ¼ 500ff90� VA
is the complex power delivered to the inductor, and

SC ¼ VCI
�

2
¼ ð70:7ff�135�Þð7:07ff45�Þ

2
¼ 70:7ð Þ 7:07ð Þ

2 ff�135� þ 45�

¼ 250ff�90� VA

is the complex power delivered to the capacitor.

To verify that complex power has been conserved, we calculate the complex power received by the ‘‘other

elements’’ and compare it to the complex power supplied by the source:

SR þ SL þ SC ¼ 250ff0� þ 500ff90� þ 250ff�90�

¼ 250þ j0ð Þ þ 0þ j500ð Þ þ 0� j250ð Þ
¼ 250þ j250 ¼ 353:5ff45� ¼ SV

As expected, the complex power supplied by the source is equal to the complex power received by the other

elements of the circuit.

Complex Power 509

Como se esperaba, la potencia compleja transmitida por la fuente es igual a la potencia compleja recibida por los 
demás elementos del circuito. 

11 0002

5 j11 0002
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	 510	 Potencia de CA de estado estable 

E j E m p l o  11. 5 - 4  Conservación de la potencia promedio

Compruebe que la potencia promedio se conserva en el circuito de la figura 11.5-7 cuando vs 5 100 cos 1 000t V.

Solución
El fasor que corresponde al voltaje de fuente es 
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where Vk and Ik are the phasors corresponding to the element voltage and current of the kth element of the

circuit. The phasors Vk and Ik must adhere to the passive convention so that VkIk
�=2 is the complex power

received by the kth branch. The summation in Eq. 11.5-12 adds up the complex powers in all elements of the

circuit. When an element of the circuit is a source that is supplying power to the circuit, VkIk
�=2 will be

negative, indicating that positive complex power is being supplied rather than received. Sometimes

conservation of complex power is expressed as
X

sources

VkI
�
k

2
¼

X

other
elements

VkI
�
k

2
ð11:5-13Þ

where phasors Vk and Ik adhere to the passive convention for the ‘‘other elements’’ but do not adhere

to the passive convention for the sources. WhenVk and Ik do not adhere to the passive convention, then

VkIk
�=2 is the complex power supplied by the kth branch. We read Eq. 11.5-13 to say that the total

complex power supplied by the sources is equal to the total complex power received by the other

elements of the circuit.

Equation 11.5-12 implies that both

X

all
Elements

Re
VkI

�
k

2

� �
¼ 0

and

X

all
Elements

Im
VkI

�
k

2

� �
¼ 0

Therefore,

X

all
elements

Pk ¼ 0 and
X

all
elements

Qk ¼ 0

In other words, average power and reactive power are both conserved.

E X A M P L E 1 1 . 5 - 3 Conservation of Complex Power

Verify that complex power is conserved in the circuit of Figure 11.5-7 when vs ¼ 100 cos 1000t V.

i(t)

vR(t)

R = 10 Ω L = 20 mH

+ –
vL(t)

+ –

vC(t)vs(t)
+

–
μC = 100 F+

–

FIGURE 11.5-7 Circuit for Examples 11.5-3 and 11.5-4.

Solution
The phasor corresponding to the source voltage is

Vs vð Þ ¼ 100ff0 V
Writing and solving a mesh equation, we find that the phasor corresponding to the mesh current is

I vð Þ ¼ Vs vð Þ
Rþ jvL� j

1

vC

¼ 100

10þ j 1000ð Þ 0:02ð Þ � j
1

1000ð Þ10�4

¼ 7:07ff�45� A

508 AC Steady-State Power

Si escribimos y despejamos una ecuación de enlaces, encontramos que el fasor que corresponde a la corriente de 
enlaces es
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EXERCISE 11.5-1 Determine the average power delivered to each element of

the circuit shown in Figure E 11.5-1. Verify that average power is conserved.

Answer: 4:39þ 0 ¼ 4:39 W

EXERCISE 11.5-2 Determine the complex power delivered to each element

of the circuit shown in Figure E 11.5-2. Verify that complex power is conserved.

Answer: 6:606þ j5:248� j3:303 ¼ 6:606þ j1:982 VA

E X A M P L E 1 1 . 5 - 4 Conservation of Average Power

Verify that average power is conserved in the circuit of Figure 11.5-7 when vs ¼ 100 cos 1000t V.

Solution
The phasor corresponding to the source voltage is

Vs vð Þ ¼ 100ff0 V
Writing and solving a mesh equation, we find that the phasor corresponding to the mesh current is

I vð Þ ¼ Vs vð Þ
Rþ jvL� j

1

vC

¼ 100

10þ j 1000ð Þ 0:02ð Þ � j
1

1000ð Þ10�4

¼ 7:07ff�45� A

The average power absorbed by the resistor, the capacitor, and the inductor can be calculated using

P ¼ I2m
2

� �
Re Zð Þ

Because Re(Z)¼ 0 for the capacitor and for the inductor, the average power absorbed by each of these devices is

zero. Re(Z) ¼ R for the resistor, so

PR ¼ I2m
2

� �
R ¼ 7:072

� �
2

10 ¼ 250W

The average power supplied by the source is

PV ¼ Re SVð Þ ¼ Re
VsI

�

2

� �
¼ Re

100 7:07ð Þ
2 ff45�� �

¼ Reð353:5ff45�Þ ¼ 250W

To verify that average power has been conserved, we calculate the average power received by the ‘‘other

elements’’ and compare it to the average power supplied by the source:

PR þ PL þ PC ¼ 250þ 0þ 0 ¼ 250 ¼ PV

As expected, the average power supplied by the sources is equal to the average power received by the other

elements of the circuit.

10 Ω

+
– 4 H12 cos 2t

FIGURE E 11.5-1

10 Ω

+
– 4 H12 cos 2t

1 10 F

FIGURE E 11.5-2

510 AC Steady-State Power

La potencia promedio absorbida por el resistor, el condensador y el inductor se puede calcular utilizando
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FIGURE E 11.5-2

510 AC Steady-State Power

Como Re(Z) 5 0 para el condensador y el inductor, la potencia promedio absorbida por cada uno de estos dispo-
sitivos es cero. Re(Z) 5 R para el resistor, por lo tanto
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510 AC Steady-State Power

La potencia promedio alimentada por la fuente es
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510 AC Steady-State Power

Para comprobar que la potencia promedio se ha conservado, calculamos la potencia promedio recibida por los 
“demás elementos” y la comparamos con la potencia promedio alimentada por la fuente:

PR 1 PL 1 PC 5 250 1 0 1 0 5 250 5 PV

Como se esperaba, la potencia promedio alimentada por las fuentes es igual a la potencia promedio recibida por 
los demás elementos del circuito.

EJERCICIO 11.5-1  Determine la potencia promedio transmitida a cada 
elemento del circuito que se muestra en la figura E 11.5-1. Verifique que la potencia 
promedio se conserva.

Respuesta: 4.39 1 0 5 4.39 W

EJERCICIO 11.5-2  Determine la potencia promedio transmitida a cada 
elemento del circuito que se muestra en la figura E 11.5-2. Verifique que la potencia 
compleja se conserva.

Respuesta: 6.606 1 j5.248 2 j3.303 5 6.606 1 j1.982 VA

10 Ω

+
– 4 H12 cos 2t

FIGURA E 11.5-1

10 Ω

+
– 4 H12 cos 2t

1 10 F

FIGURA E 11.5-2
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 Factor de potencia 511

11.6 FA C T O R  D E  P O T E N C I A

En esta sección, como en la anterior, consideramos un circuito lineal con una entrada sinusoide que 
se encuentra en estado estable. Todos los voltajes y corrientes de los elementos serán senoidales y 
tendrán la misma frecuencia que la entrada. Un circuito de estas características se puede analizar en 
el dominio de frecuencia, utilizando fasores. En particular, podemos calcular la potencia generada o 
absorbida en un circuito o en cualquier elemento de un circuito, en el dominio de frecuencia, utilizan-
do fasores e impedancias.
 Recuerde que en la sección 11.5 mostramos que la potencia promedio absorbida por el elemento 
que se muestra en la figura 11.5-1 es
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11.6 POWER FACTOR

In this section, as in the previous section, we consider a linear circuit with a sinusoidal input that is at

steady state. All the element voltages and currents will be sinusoidal and will have the same frequency

as the input. Such a circuit can be analyzed in the frequency domain, using phasors. In particular, we

can calculate the power generated or absorbed in a circuit or in any element of a circuit, in the

frequency domain, using phasors and impedances.

Recall that in Section 11.5, we showed that the average power absorbed by the element shown in

Figure 11.5-1 is

P ¼ VmIm

2
cos uV � uIð Þ

and that the apparent power is

jSj ¼ VmIm

2

The ratio of the average power to the apparent power is called the power factor (pf ). The power factor

is calculated as

pf ¼ cos uV � uIð Þ
The angle uV � uIð Þ is often referred to as the power factor angle. The average power absorbed by the
element shown in Figure 11.5-1 can be expressed as

P ¼ VmIm

2
pf ð11:6-1Þ

The cosine is an even function, that is, cos (u) ¼ cos (�u). So

pf ¼ cos uV � uIð Þ ¼ cos uI � uVð Þ
This causes a small difficulty.We can’t calculate uV � uI from pfwithout some additional information.

For example, suppose pf ¼ 0:8. We calculate

36:87� ¼ cos�1 0:8ð Þ
but that’s not enough to determine uV � uI uniquely. Because the cosine is even, both cos (36.87�) ¼
0.8 and cos (�36.87�) ¼ 0.8, so either uV � uI ¼ 36:87� or uV � uI ¼ �36:87�. This difficulty is

resolved by labeling the power factor as leading or lagging. When uV � uI > 0, the power factor is said

to be lagging, and when uV � uI < 0, the power factor is said to be leading. If the power factor is

specified to be 0.8 leading, then uV � uI ¼ �36:87�. On the other hand, if the power factor is specified
to be 0.8 lagging, then uV � uI ¼ 36:87�.

The significance of the power factor is illustrated by the

circuit shown in Figure 11.6-1. This circuit models the trans-

mission of electric power from a power utility company to a

customer. The customer’s load is connected to the power

company’s power plant by a transmission line. Typically, the

customer requires power at a specified voltage. The power

company must supply both the power used by the customer

and the power absorbed by the transmission line. The power

absorbed by the transmission line is lost; it doesn’t do anybody

any good, and we want to minimize it.

The circuit in Figure 11.6-2 models the transmission of

electric power from a power utility company to a customer in the

frequency domain, using impedances and phasors. Our objective

v(t)

+

–

i(t)
+
–

R

Lvs(t) = A cos tω

Transmission linePower plant Customer’s load

R1

2

R1

2

L1

2

L1

2

FIGURE 11.6-1 Power plant supplying a customer’s

electrical load. A transmission line connects the power

plant to the customer’s terminals.
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y que la potencia aparente es
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La razón de la potencia promedio con la potencia aparente se denomina factor de potencia ( pf ). El 
factor de potencia se calcula como 
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En ocasiones, el ángulo 1
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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11.6 POWER FACTOR

In this section, as in the previous section, we consider a linear circuit with a sinusoidal input that is at

steady state. All the element voltages and currents will be sinusoidal and will have the same frequency

as the input. Such a circuit can be analyzed in the frequency domain, using phasors. In particular, we

can calculate the power generated or absorbed in a circuit or in any element of a circuit, in the

frequency domain, using phasors and impedances.

Recall that in Section 11.5, we showed that the average power absorbed by the element shown in

Figure 11.5-1 is

P ¼ VmIm

2
cos uV � uIð Þ

and that the apparent power is

jSj ¼ VmIm

2

The ratio of the average power to the apparent power is called the power factor (pf ). The power factor

is calculated as

pf ¼ cos uV � uIð Þ
The angle uV � uIð Þ is often referred to as the power factor angle. The average power absorbed by the
element shown in Figure 11.5-1 can be expressed as

P ¼ VmIm

2
pf ð11:6-1Þ

The cosine is an even function, that is, cos (u) ¼ cos (�u). So

pf ¼ cos uV � uIð Þ ¼ cos uI � uVð Þ
This causes a small difficulty.We can’t calculate uV � uI from pfwithout some additional information.

For example, suppose pf ¼ 0:8. We calculate

36:87� ¼ cos�1 0:8ð Þ
but that’s not enough to determine uV � uI uniquely. Because the cosine is even, both cos (36.87�) ¼
0.8 and cos (�36.87�) ¼ 0.8, so either uV � uI ¼ 36:87� or uV � uI ¼ �36:87�. This difficulty is

resolved by labeling the power factor as leading or lagging. When uV � uI > 0, the power factor is said

to be lagging, and when uV � uI < 0, the power factor is said to be leading. If the power factor is

specified to be 0.8 leading, then uV � uI ¼ �36:87�. On the other hand, if the power factor is specified
to be 0.8 lagging, then uV � uI ¼ 36:87�.

The significance of the power factor is illustrated by the

circuit shown in Figure 11.6-1. This circuit models the trans-

mission of electric power from a power utility company to a

customer. The customer’s load is connected to the power

company’s power plant by a transmission line. Typically, the

customer requires power at a specified voltage. The power

company must supply both the power used by the customer

and the power absorbed by the transmission line. The power

absorbed by the transmission line is lost; it doesn’t do anybody

any good, and we want to minimize it.

The circuit in Figure 11.6-2 models the transmission of

electric power from a power utility company to a customer in the

frequency domain, using impedances and phasors. Our objective

v(t)

+

–

i(t)
+
–

R

Lvs(t) = A cos tω

Transmission linePower plant Customer’s load

R1

2

R1

2

L1

2

L1

2

FIGURE 11.6-1 Power plant supplying a customer’s

electrical load. A transmission line connects the power

plant to the customer’s terminals.
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 El coseno es una función par, es decir, cos(
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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resistor having a third contact, called the wiper, that slides along the resistor. Two
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specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1
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7.83 V would indicate that u ¼ 282�.
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7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

1 de manera singular. Dado que el coseno es par, cos (36.87°) 5 0.8 
y cos (236.87°) 5 0.8, de modo que 

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields
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FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing
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Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a
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360. Then,
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a model of the potentiometer.

Solving for the angle gives

u ¼ 360
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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1 5 36.87°. 
 El significado del factor de potencia se ilustra por el cir-
cuito que se muestra en la figura 11.6-1. Este circuito modela la 
transmisión de la potencia eléctrica desde las instalaciones de 
una compañía de energía hasta un consumidor. La carga del con-
sumidor está conectada a la potencia de la planta de energía de la 
compañía por una línea de transmisión. Por lo común, el cliente 
requiere potencia a un voltaje especificado. La compañía debe 
alimentar la potencia utilizada por el cliente y la potencia ab-
sorbida por la línea de transmisión. La potencia absorbida por la 
línea es pérdida; no beneficia a nadie, y queremos minimizarla.
 El circuito en la figura 11.6-2 modela la transmisión  
de energía eléctrica desde la planta de potencia de una compa-
ñía hasta un cliente en el dominio de frecuencia, con el uso de 

v(t)

+

–

i(t)
+
–

R

Lvs(t) = A cos tω

Línea de transmisiónPlanta de energía Carga del cliente

R1

2

R1

2

L1

2

L1

2

FIGURA 11.6-1 Planta de energía alimentando una carga 
eléctrica de un cliente. Una línea de transmisión conecta la 
planta de energía a las terminales del cliente.
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impedancias y fasores. Nuestro objetivo es 
encontrar una manera de reducir la poten-
cia absorbida por la línea de transmisión. 
En esta situación, es parecido a que no po-
demos cambiar la línea de transmisión R1 o 
j
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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L1. Del mismo modo, dado que el clien-
te requiere una potencia promedio especí-
fica a un voltaje especificado, no podemos 
cambiar Vm o P. En el análisis siguiente, 
dejamos R1, L1, Vm y P como variables 
por cuestión de generalidad. No necesita-
remos repetir más tarde el análisis si nos 
encontramos en una situación semejante con un cliente distinto y una línea de transmisión diferente. 
Veremos que es posible ajustar  el factor de potencia si agregamos un impedancia de compensación a 
la carga del cliente. Dejaremos el factor de potencia, pf, como una variable en nuestro análisis, ya que 
planeamos variar el factor de potencia para reducir la potencia absorbida por la carga.
 La impedancia de la línea es

ZLÍNEA
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is to find a way to reduce the power absorbed

by the transmission line. In this situation, it is

likely that we cannot change the transmission

line, so we can’t change R1 or jvL1. Similarly,

because the customer requires a specified

average power at a specified voltage, we

can’t change Vm or P. In the following analy-

sis, we leave R1, L1, Vm, and P as variables for

the sake of generality. We won’t need to

repeat the analysis later if we encounter a

similar situation with a different customer and

a different transmission line. We will see that

it is possible to adjust the power factor by

adding a compensating impedance to the customer’s load.Wewill leave the power factor, pf, as a variable

in our analysis because we plan to vary the power factor to reduce the power absorbed by the load.

The impedance of the line is

ZLINE vð Þ ¼ R1

2
þ jv

L1

2
þ R1

2
þ jv

L1

2
¼ R1 þ jvL1

The average power absorbed by the line is

PLINE ¼ I2m
2
Re ZLINEð Þ ¼ I2m

2
R1

Because the customer requires power at a specified voltage, we will treat the voltage across the load,

Vm, and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that

P ¼ VmIm

2
pf

Solving for Im gives

Im ¼ 2P

Vm pf

so PLINE ¼ 2
P

Vm pf

� �2

R1

Increasing pfwill reduce the power absorbed in the transmission line. The power factor is the cosine of

an angle, so its maximum value is 1. Notice that pf ¼ 1 occurs when uV ¼ uI, that is, when the load

appears to be resistive.

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the

customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because

it is to the advantage of both the power

company and the user to keep the

power factor of a load as close to

unity as feasible, we say that we are

correcting the power factor of the

load. We will denote the corrected

power factor as pfc and the corre-

sponding phase angle as uC. That is,

pfc ¼ cos uC

We can represent the imped-

ance of the load as

Z ¼ Rþ jX

+

–

+
–

R1

R2

L1

2

R1

2
Transmission linePower plant Customer’s load

Vs( ) = Aω 0°
I( I) = Imω θ

V( V) = Vmω θ

jω

L1

2
jω

j Lω

FIGURE 11.6-2 Frequency-domain representation of the

power plant supplying a customer’s electrical load.
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FIGURE 11.6-3 Power plant supplying a customer’s electrical load.

A compensating impedance has been added to the customer’s load to

correct the power factor.
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La potencia promedio absorbida por la línea es

PLÍNEA
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is to find a way to reduce the power absorbed

by the transmission line. In this situation, it is

likely that we cannot change the transmission

line, so we can’t change R1 or jvL1. Similarly,

because the customer requires a specified

average power at a specified voltage, we

can’t change Vm or P. In the following analy-

sis, we leave R1, L1, Vm, and P as variables for

the sake of generality. We won’t need to

repeat the analysis later if we encounter a

similar situation with a different customer and

a different transmission line. We will see that

it is possible to adjust the power factor by

adding a compensating impedance to the customer’s load.Wewill leave the power factor, pf, as a variable

in our analysis because we plan to vary the power factor to reduce the power absorbed by the load.

The impedance of the line is

ZLINE vð Þ ¼ R1
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þ jv

L1

2
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2
þ jv

L1

2
¼ R1 þ jvL1

The average power absorbed by the line is

PLINE ¼ I2m
2
Re ZLINEð Þ ¼ I2m

2
R1

Because the customer requires power at a specified voltage, we will treat the voltage across the load,

Vm, and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that

P ¼ VmIm

2
pf

Solving for Im gives

Im ¼ 2P

Vm pf

so PLINE ¼ 2
P

Vm pf

� �2

R1

Increasing pfwill reduce the power absorbed in the transmission line. The power factor is the cosine of

an angle, so its maximum value is 1. Notice that pf ¼ 1 occurs when uV ¼ uI, that is, when the load

appears to be resistive.

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the

customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because

it is to the advantage of both the power

company and the user to keep the

power factor of a load as close to

unity as feasible, we say that we are

correcting the power factor of the

load. We will denote the corrected

power factor as pfc and the corre-

sponding phase angle as uC. That is,

pfc ¼ cos uC

We can represent the imped-

ance of the load as

Z ¼ Rþ jX
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is to find a way to reduce the power absorbed

by the transmission line. In this situation, it is

likely that we cannot change the transmission

line, so we can’t change R1 or jvL1. Similarly,

because the customer requires a specified

average power at a specified voltage, we

can’t change Vm or P. In the following analy-

sis, we leave R1, L1, Vm, and P as variables for

the sake of generality. We won’t need to

repeat the analysis later if we encounter a

similar situation with a different customer and

a different transmission line. We will see that

it is possible to adjust the power factor by

adding a compensating impedance to the customer’s load.Wewill leave the power factor, pf, as a variable

in our analysis because we plan to vary the power factor to reduce the power absorbed by the load.

The impedance of the line is

ZLINE vð Þ ¼ R1
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2
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2
þ jv

L1

2
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The average power absorbed by the line is

PLINE ¼ I2m
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Re ZLINEð Þ ¼ I2m

2
R1

Because the customer requires power at a specified voltage, we will treat the voltage across the load,

Vm, and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that

P ¼ VmIm

2
pf

Solving for Im gives

Im ¼ 2P

Vm pf

so PLINE ¼ 2
P

Vm pf
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R1

Increasing pfwill reduce the power absorbed in the transmission line. The power factor is the cosine of

an angle, so its maximum value is 1. Notice that pf ¼ 1 occurs when uV ¼ uI, that is, when the load

appears to be resistive.

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the

customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because

it is to the advantage of both the power

company and the user to keep the

power factor of a load as close to

unity as feasible, we say that we are

correcting the power factor of the

load. We will denote the corrected

power factor as pfc and the corre-

sponding phase angle as uC. That is,

pfc ¼ cos uC

We can represent the imped-

ance of the load as
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Como el cliente requiere potencia a un voltaje especificado, trataremos el voltaje a través de la carga, 
Vm, y la potencia promedio transmitida a la carga, P, como cantidades conocidas. Recuerde de la 
ecuación 11.6-1 que 
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is to find a way to reduce the power absorbed

by the transmission line. In this situation, it is

likely that we cannot change the transmission

line, so we can’t change R1 or jvL1. Similarly,

because the customer requires a specified

average power at a specified voltage, we

can’t change Vm or P. In the following analy-

sis, we leave R1, L1, Vm, and P as variables for

the sake of generality. We won’t need to

repeat the analysis later if we encounter a

similar situation with a different customer and

a different transmission line. We will see that

it is possible to adjust the power factor by

adding a compensating impedance to the customer’s load.Wewill leave the power factor, pf, as a variable

in our analysis because we plan to vary the power factor to reduce the power absorbed by the load.

The impedance of the line is
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The average power absorbed by the line is

PLINE ¼ I2m
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Re ZLINEð Þ ¼ I2m
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Because the customer requires power at a specified voltage, we will treat the voltage across the load,

Vm, and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that

P ¼ VmIm

2
pf

Solving for Im gives

Im ¼ 2P

Vm pf

so PLINE ¼ 2
P

Vm pf
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R1

Increasing pfwill reduce the power absorbed in the transmission line. The power factor is the cosine of

an angle, so its maximum value is 1. Notice that pf ¼ 1 occurs when uV ¼ uI, that is, when the load

appears to be resistive.

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the

customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because

it is to the advantage of both the power

company and the user to keep the

power factor of a load as close to

unity as feasible, we say that we are

correcting the power factor of the

load. We will denote the corrected

power factor as pfc and the corre-

sponding phase angle as uC. That is,

pfc ¼ cos uC

We can represent the imped-

ance of the load as
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Despejamos Im y nos da

por lo tanto  
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is to find a way to reduce the power absorbed

by the transmission line. In this situation, it is

likely that we cannot change the transmission

line, so we can’t change R1 or jvL1. Similarly,

because the customer requires a specified

average power at a specified voltage, we

can’t change Vm or P. In the following analy-

sis, we leave R1, L1, Vm, and P as variables for

the sake of generality. We won’t need to

repeat the analysis later if we encounter a

similar situation with a different customer and

a different transmission line. We will see that

it is possible to adjust the power factor by

adding a compensating impedance to the customer’s load.Wewill leave the power factor, pf, as a variable

in our analysis because we plan to vary the power factor to reduce the power absorbed by the load.

The impedance of the line is
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2
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Because the customer requires power at a specified voltage, we will treat the voltage across the load,

Vm, and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that

P ¼ VmIm

2
pf

Solving for Im gives

Im ¼ 2P

Vm pf

so PLINE ¼ 2
P

Vm pf
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Increasing pfwill reduce the power absorbed in the transmission line. The power factor is the cosine of

an angle, so its maximum value is 1. Notice that pf ¼ 1 occurs when uV ¼ uI, that is, when the load

appears to be resistive.

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the

customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because

it is to the advantage of both the power

company and the user to keep the

power factor of a load as close to

unity as feasible, we say that we are

correcting the power factor of the

load. We will denote the corrected

power factor as pfc and the corre-

sponding phase angle as uC. That is,
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Incrementar el pf reducirá la potencia absorbida en la línea de transmisión. El factor de potencia es el 
coseno de un ángulo, por lo tanto su valor máximo es 1. Observe que pf 5 1 ocurre cuando 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

V 5 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two
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specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,
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360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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1, 
es decir, cuando pareciera que la carga fuera resistiva.  
 En la figura 11.6-3a se ha agregado una impedancia de compensación a través de las termina-
les de la carga del cliente. El plan es utilizar esta impedancia par ajustar el factor de potencia de la 
carga del cliente. Como tener el factor de potencia de una carga lo más cercano posible a la unidad es 
una ventaja para la compañía y para 
el usuario, decimos que estamos 
corrigiendo el factor de potencia de 
la carga. Así, indicaremos como pfc 
el factor de potencia corregido y el 
ángulo de fase que le corresponde 
como 
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 Podemos representar la impe-
dancia de una carga como 

Z 5 R 1 jX
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FIGURA 11.6-2 Representación del dominio de frecuencia de la 
planta de energía alimentando una carga eléctrica de un cliente.
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FIGURA 11.6-3 Planta de energía alimentando una carga de un cliente. 
Se ha agregado una impedancia de compensación a la carga del cliente 
para corregir el factor de potencia.
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 Factor de potencia 513

Del mismo modo, podemos representar la impedancia de la impedancia de compensación como 

ZC 5 RC 1 jXC

Puesto que Z está conectada para dibujar una corriente I, la potencia transmitida a Z permanecerá P. 
El beneficio de la impedancia en paralelo es que la combinación en paralelo aparece como la carga de 
la fuente, e IL es la corriente que fluye a través de la línea de transmisión. Lo que queremos es que lo 
que absorba ZC no sea potencia promedio. Por lo tanto, elegimos un elemento reactivo de modo que 

ZC 5 jXC

La impedancia de la combinación en paralelo, ZP, es
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Similarly, we can represent the impedance of the compensating impedance as

ZC ¼ RC þ jXC

Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the

parallel impedance is that the parallel combination appears as the load to the source, and IL is the

current that flows through the transmission line. We want ZC to absorb no average power. Therefore,

we choose a reactive element so that

ZC ¼ jXC

The impedance of the parallel combination, ZP, is

ZP ¼ ZZC

Zþ ZC

The parallel impedance may be written as

ZP ¼ RP þ jXP ¼ ZPffuP
and the power factor of the new combination is

pfc ¼ cos uP ¼ cos tan�1 XP

RP

� �
ð11:6-2Þ

where pfc is the corrected power factor, and the corrected phase uC ¼ uP. Some algebra is needed to

calculate RP and XP:

ZP ¼ Rþ jXð Þ jXC

Rþ jX þ jXC

¼ RX 2
C þ j R2XC þ XC þ Xð ÞX XC

� �

R2 þ X þ XCð Þ2

¼ RX 2
C

R2 þ X þ XCð Þ2 þ j
R2XC þ XC þ Xð ÞX XC

R2 þ X þ XCð Þ2

Therefore, the ratio of XP to RP is

XP

RP

¼ R2 þ XC þ Xð ÞX
RXC

ð11:6-3Þ

Equation 11.6-2 may be written as

XP

RP

¼ tan cos�1 pfc
� � ð11:6-4Þ

Combining Eqs. 11.6-3 and 11.6-4 and solving for XC, we have

XC ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X
ð11:6-5Þ

We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

La impedancia en paralelo se puede escribir como 
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y el factor de potencia de la nueva combinación es

 

E1C11_1 11/06/2009 513

Similarly, we can represent the impedance of the compensating impedance as

ZC ¼ RC þ jXC

Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the

parallel impedance is that the parallel combination appears as the load to the source, and IL is the

current that flows through the transmission line. We want ZC to absorb no average power. Therefore,

we choose a reactive element so that

ZC ¼ jXC

The impedance of the parallel combination, ZP, is

ZP ¼ ZZC

Zþ ZC

The parallel impedance may be written as

ZP ¼ RP þ jXP ¼ ZPffuP
and the power factor of the new combination is

pfc ¼ cos uP ¼ cos tan�1 XP

RP

� �
ð11:6-2Þ

where pfc is the corrected power factor, and the corrected phase uC ¼ uP. Some algebra is needed to

calculate RP and XP:

ZP ¼ Rþ jXð Þ jXC

Rþ jX þ jXC

¼ RX 2
C þ j R2XC þ XC þ Xð ÞX XC

� �

R2 þ X þ XCð Þ2

¼ RX 2
C

R2 þ X þ XCð Þ2 þ j
R2XC þ XC þ Xð ÞX XC

R2 þ X þ XCð Þ2

Therefore, the ratio of XP to RP is

XP

RP

¼ R2 þ XC þ Xð ÞX
RXC

ð11:6-3Þ

Equation 11.6-2 may be written as

XP

RP

¼ tan cos�1 pfc
� � ð11:6-4Þ

Combining Eqs. 11.6-3 and 11.6-4 and solving for XC, we have

XC ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X
ð11:6-5Þ

We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

 (11.6-2)

donde pfc es el factor de potencia corregido, y la fase corregida 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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P. Se requiere algo de álgebra 
para calcular RP y XP:
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Similarly, we can represent the impedance of the compensating impedance as

ZC ¼ RC þ jXC

Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the

parallel impedance is that the parallel combination appears as the load to the source, and IL is the

current that flows through the transmission line. We want ZC to absorb no average power. Therefore,

we choose a reactive element so that

ZC ¼ jXC

The impedance of the parallel combination, ZP, is

ZP ¼ ZZC

Zþ ZC

The parallel impedance may be written as

ZP ¼ RP þ jXP ¼ ZPffuP
and the power factor of the new combination is

pfc ¼ cos uP ¼ cos tan�1 XP

RP

� �
ð11:6-2Þ

where pfc is the corrected power factor, and the corrected phase uC ¼ uP. Some algebra is needed to

calculate RP and XP:

ZP ¼ Rþ jXð Þ jXC

Rþ jX þ jXC

¼ RX 2
C þ j R2XC þ XC þ Xð ÞX XC

� �

R2 þ X þ XCð Þ2

¼ RX 2
C

R2 þ X þ XCð Þ2 þ j
R2XC þ XC þ Xð ÞX XC

R2 þ X þ XCð Þ2

Therefore, the ratio of XP to RP is

XP

RP

¼ R2 þ XC þ Xð ÞX
RXC

ð11:6-3Þ

Equation 11.6-2 may be written as

XP

RP

¼ tan cos�1 pfc
� � ð11:6-4Þ

Combining Eqs. 11.6-3 and 11.6-4 and solving for XC, we have

XC ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X
ð11:6-5Þ

We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

Por consiguiente, la razón de XP a RP es
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 (11.6-3)

La ecuación 11.6-2 se puede escribir como
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We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

 (11.6-4)

Al combinar las ecuaciones 11.6-3 y 11.6-4 y despejar XC, tenemos
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Similarly, we can represent the impedance of the compensating impedance as

ZC ¼ RC þ jXC

Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the

parallel impedance is that the parallel combination appears as the load to the source, and IL is the

current that flows through the transmission line. We want ZC to absorb no average power. Therefore,

we choose a reactive element so that

ZC ¼ jXC

The impedance of the parallel combination, ZP, is

ZP ¼ ZZC

Zþ ZC

The parallel impedance may be written as

ZP ¼ RP þ jXP ¼ ZPffuP
and the power factor of the new combination is

pfc ¼ cos uP ¼ cos tan�1 XP

RP

� �
ð11:6-2Þ

where pfc is the corrected power factor, and the corrected phase uC ¼ uP. Some algebra is needed to

calculate RP and XP:

ZP ¼ Rþ jXð Þ jXC

Rþ jX þ jXC

¼ RX 2
C þ j R2XC þ XC þ Xð ÞX XC

� �

R2 þ X þ XCð Þ2

¼ RX 2
C

R2 þ X þ XCð Þ2 þ j
R2XC þ XC þ Xð ÞX XC

R2 þ X þ XCð Þ2

Therefore, the ratio of XP to RP is

XP

RP

¼ R2 þ XC þ Xð ÞX
RXC

ð11:6-3Þ

Equation 11.6-2 may be written as

XP

RP

¼ tan cos�1 pfc
� � ð11:6-4Þ

Combining Eqs. 11.6-3 and 11.6-4 and solving for XC, we have

XC ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X
ð11:6-5Þ

We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

 (11.6-5)

Observamos que XC puede ser positiva o negativa, dependiendo del pfc requerido, de la R original, y 
de la X de la carga. El factor tan[cos21( pfc)] será positivo si el pfc está especificado como de retardo 
y negativo si está especificado como de conducción.
 Por lo común, encontraremos que la carga del cliente es inductiva, y necesitaremos una impe-
dancia capacitiva ZC. Recuerde que para un condensador tenemos
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Similarly, we can represent the impedance of the compensating impedance as

ZC ¼ RC þ jXC

Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the

parallel impedance is that the parallel combination appears as the load to the source, and IL is the

current that flows through the transmission line. We want ZC to absorb no average power. Therefore,

we choose a reactive element so that

ZC ¼ jXC

The impedance of the parallel combination, ZP, is

ZP ¼ ZZC

Zþ ZC

The parallel impedance may be written as

ZP ¼ RP þ jXP ¼ ZPffuP
and the power factor of the new combination is

pfc ¼ cos uP ¼ cos tan�1 XP

RP

� �
ð11:6-2Þ

where pfc is the corrected power factor, and the corrected phase uC ¼ uP. Some algebra is needed to

calculate RP and XP:

ZP ¼ Rþ jXð Þ jXC

Rþ jX þ jXC

¼ RX 2
C þ j R2XC þ XC þ Xð ÞX XC

� �

R2 þ X þ XCð Þ2

¼ RX 2
C

R2 þ X þ XCð Þ2 þ j
R2XC þ XC þ Xð ÞX XC

R2 þ X þ XCð Þ2

Therefore, the ratio of XP to RP is

XP

RP

¼ R2 þ XC þ Xð ÞX
RXC

ð11:6-3Þ

Equation 11.6-2 may be written as

XP

RP

¼ tan cos�1 pfc
� � ð11:6-4Þ

Combining Eqs. 11.6-3 and 11.6-4 and solving for XC, we have

XC ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X
ð11:6-5Þ

We note that XC may be positive or negative, depending on the required pfc and the original R and X of

the load. The factor tan cos�1 pfcð Þ½ � will be positive if pfc is specified as lagging and negative if it is

specified as leading.

Typically, we will find that the customer’s load is inductive, and we will need a capacitive

impedance ZC. Recall that for a capacitor, we have

ZC ¼ �j

vC
¼ jXC ð11:6-6Þ

Power Factor 513

 (11.6-6)
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives

�1

vC
¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

Solving for vC gives

vC ¼ X � R tan cos�1 pfcð Þ
R2 þ X 2 ¼ R

R2 þ X 2

X

R
� tan cos�1 pfc

� �� �

Let u ¼ tan�1 X

R

� �
. Then

vC ¼ R

R2 þ X 2 tan u � tan uCð Þ ð11:6-7Þ
where u ¼ cos�1 pfð Þ and uC ¼ cos�1 pfcð Þ.

E X A M P L E 1 1 . 6 - 1 Parallel Loads

A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists

of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor.

The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current

flowing from the utility’s lines into the plant and the plant’s overall power factor.

Solution
Figure 11.6-4a summarizes what is known about this power system.

First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore,

S1 ¼ P1 ¼ 50 kW

Next, consider the motors. The power factor is lagging, so u2 > 0�:

u2 ¼ cos�1 pf 2ð Þ ¼ cos�1 0:86ð Þ ¼ 30:7�

The complex power absorbed by the motors is

S2 ¼ jS2jffu2 ¼ 100ff30:7� kVA
The average power and reactive power absorbed by the motors is obtained by converting the complex power to

rectangular form:

S2 ¼ jS2j cos u2 þ jjS2j sin u2 ¼ 100 cos 30:7� þ j100 sin 30:7� ¼ 86þ j51 kVA

(a)

Vrms = 10 kV

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

i(t) P = 50 kW
pf = 1

⎪S⎪ = 100 kVA
pf = 0.86
lagging

+
–

R
2

L
2

R
2

L
2

(b)

Vrms = 10 kV
Irms = 14.5 A

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

P = 136 kW
pf = 0.94
lagging

+
–

R
2

L
2

R
2

L
2

FIGURE 11.6-4 Power system for Example 11.6-1.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives

�1

vC
¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

Solving for vC gives

vC ¼ X � R tan cos�1 pfcð Þ
R2 þ X 2 ¼ R

R2 þ X 2

X

R
� tan cos�1 pfc

� �� �

Let u ¼ tan�1 X

R

� �
. Then

vC ¼ R

R2 þ X 2 tan u � tan uCð Þ ð11:6-7Þ
where u ¼ cos�1 pfð Þ and uC ¼ cos�1 pfcð Þ.

E X A M P L E 1 1 . 6 - 1 Parallel Loads

A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists

of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor.

The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current

flowing from the utility’s lines into the plant and the plant’s overall power factor.

Solution
Figure 11.6-4a summarizes what is known about this power system.

First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore,

S1 ¼ P1 ¼ 50 kW

Next, consider the motors. The power factor is lagging, so u2 > 0�:

u2 ¼ cos�1 pf 2ð Þ ¼ cos�1 0:86ð Þ ¼ 30:7�

The complex power absorbed by the motors is

S2 ¼ jS2jffu2 ¼ 100ff30:7� kVA
The average power and reactive power absorbed by the motors is obtained by converting the complex power to

rectangular form:

S2 ¼ jS2j cos u2 þ jjS2j sin u2 ¼ 100 cos 30:7� þ j100 sin 30:7� ¼ 86þ j51 kVA

(a)

Vrms = 10 kV

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

i(t) P = 50 kW
pf = 1

⎪S⎪ = 100 kVA
pf = 0.86
lagging

+
–

R
2

L
2

R
2

L
2

(b)

Vrms = 10 kV
Irms = 14.5 A

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

P = 136 kW
pf = 0.94
lagging
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–
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2

L
2
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2
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2

FIGURE 11.6-4 Power system for Example 11.6-1.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 5 tan21 
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives

�1

vC
¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

Solving for vC gives

vC ¼ X � R tan cos�1 pfcð Þ
R2 þ X 2 ¼ R

R2 þ X 2

X

R
� tan cos�1 pfc

� �� �

Let u ¼ tan�1 X

R

� �
. Then

vC ¼ R

R2 þ X 2 tan u � tan uCð Þ ð11:6-7Þ
where u ¼ cos�1 pfð Þ and uC ¼ cos�1 pfcð Þ.

E X A M P L E 1 1 . 6 - 1 Parallel Loads

A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists

of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor.

The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current

flowing from the utility’s lines into the plant and the plant’s overall power factor.

Solution
Figure 11.6-4a summarizes what is known about this power system.

First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore,

S1 ¼ P1 ¼ 50 kW

Next, consider the motors. The power factor is lagging, so u2 > 0�:

u2 ¼ cos�1 pf 2ð Þ ¼ cos�1 0:86ð Þ ¼ 30:7�

The complex power absorbed by the motors is

S2 ¼ jS2jffu2 ¼ 100ff30:7� kVA
The average power and reactive power absorbed by the motors is obtained by converting the complex power to

rectangular form:

S2 ¼ jS2j cos u2 þ jjS2j sin u2 ¼ 100 cos 30:7� þ j100 sin 30:7� ¼ 86þ j51 kVA

(a)

Vrms = 10 kV

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

i(t) P = 50 kW
pf = 1

⎪S⎪ = 100 kVA
pf = 0.86
lagging
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2
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2
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2
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2

(b)

Vrms = 10 kV
Irms = 14.5 A

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

P = 136 kW
pf = 0.94
lagging

+
–
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2

L
2
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2
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2

FIGURE 11.6-4 Power system for Example 11.6-1.

514 AC Steady-State Power
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives

�1

vC
¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

Solving for vC gives

vC ¼ X � R tan cos�1 pfcð Þ
R2 þ X 2 ¼ R

R2 þ X 2

X

R
� tan cos�1 pfc

� �� �

Let u ¼ tan�1 X

R

� �
. Then

vC ¼ R

R2 þ X 2 tan u � tan uCð Þ ð11:6-7Þ
where u ¼ cos�1 pfð Þ and uC ¼ cos�1 pfcð Þ.

E X A M P L E 1 1 . 6 - 1 Parallel Loads

A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists

of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor.

The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current

flowing from the utility’s lines into the plant and the plant’s overall power factor.

Solution
Figure 11.6-4a summarizes what is known about this power system.

First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore,

S1 ¼ P1 ¼ 50 kW

Next, consider the motors. The power factor is lagging, so u2 > 0�:

u2 ¼ cos�1 pf 2ð Þ ¼ cos�1 0:86ð Þ ¼ 30:7�

The complex power absorbed by the motors is

S2 ¼ jS2jffu2 ¼ 100ff30:7� kVA
The average power and reactive power absorbed by the motors is obtained by converting the complex power to

rectangular form:

S2 ¼ jS2j cos u2 þ jjS2j sin u2 ¼ 100 cos 30:7� þ j100 sin 30:7� ¼ 86þ j51 kVA

(a)

Vrms = 10 kV

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t
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pf = 0.86
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(b)

Vrms = 10 kV
Irms = 14.5 A
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FIGURE 11.6-4 Power system for Example 11.6-1.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

C 5 cos211 pfc2.

E j E m p l o  11. 6 - 1  Cargas en paralelo

La planta de un cliente tiene dos cargas en paralelo conectadas a las líneas de distribución de la planta de potencia. 
La primera carga consta de 50 kW de calefacción y es resistiva. La segunda carga es un conjunto de motores que 
funcionan a 0.86 del factor de potencia de retardo. La carga del motor es de 100 kVA. La potencia se alimenta a 
la planta a 10 000 voltios rms. Determine la corriente total que fluye de las líneas de la instalación en la planta y 
el factor de potencia de toda la planta.

Solución
La figura 11.6-4a resume lo que se sabe de este sistema de potencia.
 Primero, considere la carga de calefacción. Como la carga es resistiva, la potencia reactiva es cero. Por 
consiguiente,

S1 5 P1 5 50 kW
 A continuación considere los motores. El factor de potencia es de retardo, por lo tanto 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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2 5 cos21 1 pf 22 5 cos21 10.862 5 30.7°
La potencia compleja absorbida por los motores es
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives

�1

vC
¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

Solving for vC gives

vC ¼ X � R tan cos�1 pfcð Þ
R2 þ X 2 ¼ R

R2 þ X 2

X

R
� tan cos�1 pfc

� �� �

Let u ¼ tan�1 X

R

� �
. Then

vC ¼ R

R2 þ X 2 tan u � tan uCð Þ ð11:6-7Þ
where u ¼ cos�1 pfð Þ and uC ¼ cos�1 pfcð Þ.

E X A M P L E 1 1 . 6 - 1 Parallel Loads

A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists

of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor.

The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current

flowing from the utility’s lines into the plant and the plant’s overall power factor.

Solution
Figure 11.6-4a summarizes what is known about this power system.

First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore,

S1 ¼ P1 ¼ 50 kW

Next, consider the motors. The power factor is lagging, so u2 > 0�:

u2 ¼ cos�1 pf 2ð Þ ¼ cos�1 0:86ð Þ ¼ 30:7�

The complex power absorbed by the motors is

S2 ¼ jS2jffu2 ¼ 100ff30:7� kVA
The average power and reactive power absorbed by the motors is obtained by converting the complex power to

rectangular form:

S2 ¼ jS2j cos u2 þ jjS2j sin u2 ¼ 100 cos 30:7� þ j100 sin 30:7� ¼ 86þ j51 kVA

(a)

Vrms = 10 kV

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

i(t) P = 50 kW
pf = 1

⎪S⎪ = 100 kVA
pf = 0.86
lagging

+
–

R
2

L
2

R
2

L
2

(b)

Vrms = 10 kV
Irms = 14.5 A

Power plant Transmission line Customer’s load

ω
vs(t) =

A cos t

+

–

P = 136 kW
pf = 0.94
lagging

+
–

R
2

L
2

R
2

L
2

FIGURE 11.6-4 Power system for Example 11.6-1.

514 AC Steady-State Power

La potencia promedio y la potencia reactiva absorbida por los motores se obtiene al convertir la potencia com-
pleja en la forma rectangular:
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sen

E1C11_1 11/06/2009 514

Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives
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Note that we determine that XC is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives
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FIGURA 11.6-4 Sistema de potencia para el ejemplo 11.6-1.
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 Factor de potencia 515

Por consiguiente,
P2 5 86 kW y Q2 5 51 kVAR

La potencia compleja total S transmitida a la carga total es la suma de la potencia compleja transmitida a cada 
carga:

S 5 S1 1 S2 5 50 1 (86 1 j51) 5 136 1 j51 kVA
La potencia promedio y la potencia reactiva de la carga del cliente son

P 5 136 kW y Q 5 51 kVAR
Para calcular el factor de potencia de la carga del cliente, primero hay que convertir S en forma polar
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Therefore, P2 ¼ 86 kW and Q2 ¼ 51 kVAR

The total complex power S delivered to the total load is the sum of the complex power delivered to each

load:

S ¼ S1 þ S2 ¼ 50þ 86þ j51ð Þ ¼ 136þ j51 kVA

The average power and reactive power of the customer’s load is

P ¼ 136 kW and Q ¼ 51 kVAR

To calculate the power factor of the customer’s load, first convert S to polar form:

S ¼ 145:2ff20:6� kVA
Then pf ¼ cos 20:6�ð Þ ¼ 0:94 lagging

The total current flowing from the utility’s lines into the plant can be calculated from the apparent

power absorbed by the customer’s load and the voltage across the terminals of the customer’s load. Recall that

jSj ¼ VmIm

2
¼ V rmsI rms

Solving for the current gives

I rms ¼ jSj
V rms

¼ 145; 200

104
¼ 14:52 A rms

Figure 11.6-4b summarizes the results of this example.

E X A M P L E 1 1 . 6 - 2 Power Factor Correction

A load as shown in Figure 11.6-5 has an impedance of Z ¼ 100þ j100V. Find the parallel capacitance required

to correct the power factor to (a) 0.95 lagging and (b) 1.0. Assume that the source is operating at v ¼ 377 rad/s.

I1
Vs

I
+
– Z1 Z

Power
company
generator

Transmission
line current

Customer’s
terminals

Parallel
impedance Load

FIGURE 11.6-5 Use of an added parallel impedance Z1 to correct the customer’s power factor.

Solution
The phase angle of the impedance is u ¼ 45�, so the original load has a lagging power factor with

cos u ¼ cos 45� ¼ 0:707

First, we wish to correct the pf so that pfc ¼ 0.95 lagging. Then, we use Eq. 11.6-5 as follows:

XC ¼ 1002 þ 1002

100 tan cos�1 0:95ð Þ � 100
¼ �297:9 V

The capacitor required is determined from

� 1

vC
¼ XC

Power Factor 515

Entonces pf 5 cos 120.6°2 5 0.94 de retardo
 La corriente que fluye desde las líneas de las instalaciones a la planta se puede calcular a partir de la po-
tencia aparente absorbida por la carga del cliente y el voltaje a través de las terminales de la carga del cliente. 
Recuerde que
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FIGURE 11.6-5 Use of an added parallel impedance Z1 to correct the customer’s power factor.

Solution
The phase angle of the impedance is u ¼ 45�, so the original load has a lagging power factor with

cos u ¼ cos 45� ¼ 0:707

First, we wish to correct the pf so that pfc ¼ 0.95 lagging. Then, we use Eq. 11.6-5 as follows:

XC ¼ 1002 þ 1002

100 tan cos�1 0:95ð Þ � 100
¼ �297:9 V

The capacitor required is determined from

� 1

vC
¼ XC

Power Factor 515

Despejamos la corriente y nos da
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Therefore, P2 ¼ 86 kW and Q2 ¼ 51 kVAR
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Power Factor 515

La figura 11.6-4b resume los resultados de este ejemplo.

Una carga como la que se muestra en la figura 11.6-5 tiene una impedancia de Z 5 100 1 j100 V. Encuentre la 
capacitancia en paralelo requerida para corregir el factor de potencia en (a) 0.95 con retardo y (b) 1.0. Suponga 
que la fuente está operando a 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 377 rad/s.
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FIGURA 11.6-5 Uso de una impedancia Z1 en paralelo agregada para corregir el factor de potencia del cliente.

Solución
El ángulo de fase de la impedancia es 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 5 45°, por lo que la carga original tiene un factor de potencia de retardo con
cos 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,
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Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the
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and (b) a model for the

potentiometer.
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Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI
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+
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–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 5 cos 45° 5 0.707
Primero, lo que queremos es corregir el pf de modo que pfc 5 0.95 con retardo. Luego, utilizamos la ecuación 
11.6-5 como sigue:
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Therefore, P2 ¼ 86 kW and Q2 ¼ 51 kVAR

The total complex power S delivered to the total load is the sum of the complex power delivered to each

load:

S ¼ S1 þ S2 ¼ 50þ 86þ j51ð Þ ¼ 136þ j51 kVA

The average power and reactive power of the customer’s load is

P ¼ 136 kW and Q ¼ 51 kVAR

To calculate the power factor of the customer’s load, first convert S to polar form:

S ¼ 145:2ff20:6� kVA
Then pf ¼ cos 20:6�ð Þ ¼ 0:94 lagging

The total current flowing from the utility’s lines into the plant can be calculated from the apparent

power absorbed by the customer’s load and the voltage across the terminals of the customer’s load. Recall that

jSj ¼ VmIm

2
¼ V rmsI rms

Solving for the current gives

I rms ¼ jSj
V rms

¼ 145; 200

104
¼ 14:52 A rms

Figure 11.6-4b summarizes the results of this example.

E X A M P L E 1 1 . 6 - 2 Power Factor Correction

A load as shown in Figure 11.6-5 has an impedance of Z ¼ 100þ j100V. Find the parallel capacitance required

to correct the power factor to (a) 0.95 lagging and (b) 1.0. Assume that the source is operating at v ¼ 377 rad/s.

I1
Vs

I
+
– Z1 Z

Power
company
generator

Transmission
line current

Customer’s
terminals

Parallel
impedance Load

FIGURE 11.6-5 Use of an added parallel impedance Z1 to correct the customer’s power factor.

Solution
The phase angle of the impedance is u ¼ 45�, so the original load has a lagging power factor with

cos u ¼ cos 45� ¼ 0:707

First, we wish to correct the pf so that pfc ¼ 0.95 lagging. Then, we use Eq. 11.6-5 as follows:

XC ¼ 1002 þ 1002

100 tan cos�1 0:95ð Þ � 100
¼ �297:9 V

The capacitor required is determined from

� 1

vC
¼ XC

Power Factor 515

El condensador que se requiere está determinado por
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Therefore, P2 ¼ 86 kW and Q2 ¼ 51 kVAR

The total complex power S delivered to the total load is the sum of the complex power delivered to each

load:

S ¼ S1 þ S2 ¼ 50þ 86þ j51ð Þ ¼ 136þ j51 kVA

The average power and reactive power of the customer’s load is

P ¼ 136 kW and Q ¼ 51 kVAR

To calculate the power factor of the customer’s load, first convert S to polar form:

S ¼ 145:2ff20:6� kVA
Then pf ¼ cos 20:6�ð Þ ¼ 0:94 lagging

The total current flowing from the utility’s lines into the plant can be calculated from the apparent

power absorbed by the customer’s load and the voltage across the terminals of the customer’s load. Recall that

jSj ¼ VmIm

2
¼ V rmsI rms

Solving for the current gives

I rms ¼ jSj
V rms

¼ 145; 200

104
¼ 14:52 A rms

Figure 11.6-4b summarizes the results of this example.

E X A M P L E 1 1 . 6 - 2 Power Factor Correction

A load as shown in Figure 11.6-5 has an impedance of Z ¼ 100þ j100V. Find the parallel capacitance required

to correct the power factor to (a) 0.95 lagging and (b) 1.0. Assume that the source is operating at v ¼ 377 rad/s.
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FIGURE 11.6-5 Use of an added parallel impedance Z1 to correct the customer’s power factor.

Solution
The phase angle of the impedance is u ¼ 45�, so the original load has a lagging power factor with

cos u ¼ cos 45� ¼ 0:707

First, we wish to correct the pf so that pfc ¼ 0.95 lagging. Then, we use Eq. 11.6-5 as follows:

XC ¼ 1002 þ 1002

100 tan cos�1 0:95ð Þ � 100
¼ �297:9 V

The capacitor required is determined from

� 1

vC
¼ XC

Power Factor 515

E j E m p l o  11. 6 - 2  Corrección del factor de potencia
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Por consiguiente, dado que 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

 5 377 rad/s.
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Therefore, because v ¼ 377 rad/s,

C ¼ � 1

v XC
¼ �1

377 �297:9ð Þ ¼ 8:9 mF

If we wish to correct the load to pfc ¼ 1, we have

XC ¼ 2� 104

100 tan cos�1 1ð Þ � 100
¼ �200

The capacitor required to correct the power factor to 1.0 is determined from

C ¼ �1

vXC
¼ �1

377 �200ð Þ ¼ 13:3 mF

Because the uncorrected power factor is lagging, we can alternatively use Eq. 11.6-7 to determine C. For

example, it follows that pfc ¼ 1. Then uC ¼ 0�. Therefore,

vC ¼ 100

2� 104
tan u � tan uCð Þ ¼ 5� 10�3

� �
tan 45�ð Þ � tan 0�ð Þð Þ ¼ 5� 10�3

and C ¼ 5� 10�3

377
¼ 13:3 mF

As expected, this is the same value of capacitance as was calculated using Eq. 11.6-5.

E X A M P L E 1 1 . 6 - 3 Complex Power INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.6-6a is the voltage of the voltage source,

vs tð Þ ¼ 7:28 cos 4t þ 77�ð Þ V
The output is the voltage across the inductor,

vo tð Þ ¼ 4:254 cos 4t þ 311�ð Þ V
Determine the following:

(a) The average power supplied by the voltage source

(b) The average power received by the resistor

(c) The average power received by the inductor

(d) The power factor of the impedance of the series connection of the resistor and inductor

Solution
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage.

Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 11.6-6a can be represented in the

3 Ω

–
+vs(t) vo(t)

+

+

–

–

(a)

0.54 H

3 Ω
–
+

+

–

(b)

j 2.16 Ω

VR( )ω

Vs( )ω

l( )ω

Vo( )ω

FIGURE 11.6-6 The circuit considered in

Example 11.6-3 represented (a) in the time domain

and (b) in the frequency domain.

516 AC Steady-State Power

Si nuestro deseo es corregir la carga a pfc 5 1, tenemos
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Therefore, because v ¼ 377 rad/s,

C ¼ � 1

v XC
¼ �1

377 �297:9ð Þ ¼ 8:9 mF

If we wish to correct the load to pfc ¼ 1, we have

XC ¼ 2� 104

100 tan cos�1 1ð Þ � 100
¼ �200

The capacitor required to correct the power factor to 1.0 is determined from

C ¼ �1

vXC
¼ �1

377 �200ð Þ ¼ 13:3 mF

Because the uncorrected power factor is lagging, we can alternatively use Eq. 11.6-7 to determine C. For

example, it follows that pfc ¼ 1. Then uC ¼ 0�. Therefore,

vC ¼ 100

2� 104
tan u � tan uCð Þ ¼ 5� 10�3
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tan 45�ð Þ � tan 0�ð Þð Þ ¼ 5� 10�3

and C ¼ 5� 10�3

377
¼ 13:3 mF

As expected, this is the same value of capacitance as was calculated using Eq. 11.6-5.
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The input to the circuit shown in Figure 11.6-6a is the voltage of the voltage source,

vs tð Þ ¼ 7:28 cos 4t þ 77�ð Þ V
The output is the voltage across the inductor,
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Determine the following:

(a) The average power supplied by the voltage source

(b) The average power received by the resistor

(c) The average power received by the inductor

(d) The power factor of the impedance of the series connection of the resistor and inductor

Solution
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage.

Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 11.6-6a can be represented in the
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–
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FIGURE 11.6-6 The circuit considered in

Example 11.6-3 represented (a) in the time domain

and (b) in the frequency domain.

516 AC Steady-State Power

El condensador que se requiere para corregir el factor de potencia a 1.0 está determinado por
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Therefore, because v ¼ 377 rad/s,

C ¼ � 1

v XC
¼ �1

377 �297:9ð Þ ¼ 8:9 mF
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As expected, this is the same value of capacitance as was calculated using Eq. 11.6-5.
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516 AC Steady-State Power

 Como el factor de potencia no corregido es de retardo, podemos usar como alternativa la ecuación 11.6-7 
para determinar C. Por ejemplo, se sigue que pfc 5 1. Entonces 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

C 5 0°. Por lo tanto,

y 
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Therefore, because v ¼ 377 rad/s,

C ¼ � 1

v XC
¼ �1

377 �297:9ð Þ ¼ 8:9 mF

If we wish to correct the load to pfc ¼ 1, we have

XC ¼ 2� 104

100 tan cos�1 1ð Þ � 100
¼ �200

The capacitor required to correct the power factor to 1.0 is determined from

C ¼ �1

vXC
¼ �1

377 �200ð Þ ¼ 13:3 mF

Because the uncorrected power factor is lagging, we can alternatively use Eq. 11.6-7 to determine C. For

example, it follows that pfc ¼ 1. Then uC ¼ 0�. Therefore,

vC ¼ 100

2� 104
tan u � tan uCð Þ ¼ 5� 10�3

� �
tan 45�ð Þ � tan 0�ð Þð Þ ¼ 5� 10�3

and C ¼ 5� 10�3

377
¼ 13:3 mF

As expected, this is the same value of capacitance as was calculated using Eq. 11.6-5.

E X A M P L E 1 1 . 6 - 3 Complex Power INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.6-6a is the voltage of the voltage source,

vs tð Þ ¼ 7:28 cos 4t þ 77�ð Þ V
The output is the voltage across the inductor,

vo tð Þ ¼ 4:254 cos 4t þ 311�ð Þ V
Determine the following:

(a) The average power supplied by the voltage source

(b) The average power received by the resistor

(c) The average power received by the inductor

(d) The power factor of the impedance of the series connection of the resistor and inductor

Solution
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage.

Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 11.6-6a can be represented in the
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–
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+
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–
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0.54 H
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–
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–

(b)
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FIGURE 11.6-6 The circuit considered in

Example 11.6-3 represented (a) in the time domain

and (b) in the frequency domain.

516 AC Steady-State Power

Como se esperaba, éste es el mismo valor de capacitancia que el que se calculó utilizando la ecuación 11.6-5.

La entrada al circuito que se muestra en la figura 11.6-6a es el voltaje de la fuente de voltaje
vs (t) 5 7.28 cos 14t 1 77°2 V

La salida es el voltaje a través del inductor,
vo(t) 5 4.254 cos 14t 1 311°2 V

Determine lo siguiente:

(a) La potencia promedio a por la fuente de voltaje

(b) La potencia promedio recibida por el resistor

(c) La potencia promedio recibida por el inductor

(d) El factor de potencia de la impedancia de la conexión en serie del resistor y el inductor

3 Ω

–
+vs(t) vo(t)

+

+

–

–

(a)

0.54 H

3 Ω
–
+

+

–

(b)

j 2.16 Ω

VR( )ω

Vs( )ω

l( )ω

Vo( )ω

 

FIGURA 11.6-6 El circuito considerado en el 
ejemplo 11.6-3, representado (a) en el dominio 
de tiempo y (b) en el dominio de frecuencia.

Solución
El voltaje de entrada es sinusoide. El voltaje de salida también es sinusoide y tiene la misma frecuencia que el 
voltaje de la entrada. Al parecer, el circuito ha alcanzado el estado estable. Por consiguiente, el circuito en la figu-
ra 11.6-6a se puede representar en el dominio de frecuencia utilizando fasores e impedancias. La figura 11.6-6b 
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M11_DORF_1571_8ED_SE_496-557.indd   516 4/12/11   7:10 PM



Circuitos Eléctricos - Dorf Alfaomega

 Factor de potencia 517

muestra la representación del dominio de frecuencia del circuito de la figura 11.6-6a. La impedancia del inductor 
es j
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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L 5 j(4)(0.54) 5 j2.16 V, como se muestra en la figura 11.6-6b. 
 Los fasores que corresponden a los sinusoides de entrada y salida son
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) se apegan a la convención pasiva. En consecuencia, la ecuación 11.6-8 proporcio-
na la potencia recibida por la fuente de voltaje en vez de la potencia alimentada por la fuente de voltaje. La 
potencia alimentada es lo negativo de la potencia recibida. Por lo tanto, la potencia alimentada por la fuente 
de voltaje es

Ps 5 5.8 W
(b) El voltaje del resistor, VR(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode
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The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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frequency domain, using phasors and impedances. Figure 11.6-6b shows the frequency-domain representation of the

circuit fromFigure 11.6-6a. The impedance of the inductor is jvL ¼ j 4ð Þ 0:54ð Þ ¼ j2:16V, as shown in Figure 11.6-6b.

The phasors corresponding to the input and output sinusoids are

VS vð Þ ¼ 7:28ff77� V
and

Vo vð Þ ¼ 4:254ff311� V
The current I(v) in Figure 11.6-6b is calculated fromVo(v) and the impedance of the inductor, using Ohm’s law:

I vð Þ ¼ Vo vð Þ
j 2:16

¼ 4:254ff311�
2:16ff90� ¼ 4:254

2:16 ff311� � 90� ¼ 1:969ff221�A
Once we know I(v), we are ready to answer the questions asked in this example.

(a) The average power supplied by the source is calculated from I(v) andVs(v). The average power of the source

is given by

Vs vð Þj j I vð Þj j
2

cosðffVs vð Þ �ffI vð ÞÞ ¼ 7:28ð Þ 1:969ð Þ
2

cos 77� � 221�ð Þ
¼ 7:167 cos �144�ð Þ ¼ �5:8W

ð11:6-8Þ

Notice that I(v) and Vs(v) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power

received by the voltage source rather than the power supplied by the voltage source. The power supplied is

the negative of the power received. Therefore, the power supplied by the voltage source is

Ps ¼ 5:8W

(b) The resistor voltage, VR(v), in Figure 11.6-6b is given by

VR vð Þ ¼ R I vð Þ ¼ 3ð1:969ff221�Þ ¼ 5:907ff221� V
The average power received by the resistor is calculated from I(v) and VR(v):

PR ¼ VR vð Þj j I vð Þj j
2

ðcosðffVR vð Þ �ffI vð ÞÞÞ ¼ 5:907ð Þ 1:969ð Þ
2

cos 221� � 221�ð Þ
¼ 5:8 cos 0�ð Þ ¼ 5:8W

ð11:6-9Þ

Notice that I(v) and VR(v) adhere to the passive convention. Consequently, PR is the power received by the

resistor, as required.

Alternately, the power received by a resistor can be calculated from the current I(v) and the resistance,
R. To see how, first notice that the voltage and current of a resistor are related by

VR vð Þ ¼ RI vð Þ ) VR vð Þj jffVR vð Þ ¼ Rð I vð Þj jffI vð ÞÞ ) VR vð Þj j ¼ R I vð Þj jffVR vð Þ ¼ ffI vð Þ
�

Substituting these expressions for jVR(v)j and ffVR(v) into Eq. 11.6-9 gives

PR ¼ jRI vð Þj jI vð Þj
2

cos ðffI vð Þ �ffI vð ÞÞ ¼ RjI vð Þj2
2

¼ 3ð Þ 1:969ð Þ2
2

¼ 5:8W

(c) The average power received by the inductor is calculated from I(v) and Vo(v):

PL ¼ jVo vð ÞjjI vð Þj
2

cos ðffVo vð Þ �ffI vð ÞÞ ¼ 4:254ð Þ 1:969ð Þ
2

cos 311� � 221�ð Þ
¼ 4:188 cos 90�ð Þ ¼ 0W

ð11:6-10Þ

The phase angle of the inductor voltage is always 90� greater than the phase angle of the inductor current.

Consequently, the value of average power received by any inductor is zero.

Power Factor 517

 (11.6-10)

  El ángulo de fase del voltaje del inductor siempre es 90° más grande que el ángulo de fase de la corriente del 
inductor. En consecuencia, el valor de la potencia promedio recibida por cualquier inductor es cero.
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(d)  El factor de potencia de la impedancia de la conexión en serie del resistor y el inductor se puede calcular a 
partir de I(

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) y el voltaje a través de la impedancia. Ese voltaje es VR(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), el cual se calcula aplican-
do la ley del voltaje de Kirchhoff al circuito en la figura 11.6-6b: 
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EXERCISE 11.6-1 A circuit has a large motor connected to the ac power lines [v¼ (2p)60¼
377 rad/s]. The model of the motor is a resistor of 100 V in series with an inductor of 5 H. Find the

power factor of the motor.

Answer: pf ¼ 0.053 lagging

EXERCISE 11.6-2 A circuit has a load impedance Z ¼ 50þj80 V, as shown in Figure 11.6-5.

Determine the power factor of the uncorrected circuit. Determine the impedance ZC required to

obtain a corrected power factor of 1.0.

Answer: pf ¼ 0:53 lagging, ZC ¼ �j111:25V

EXERCISE 11.6-3 Determine the power factor for the total plant of Example 11.6-1 when the

resistive heating load is decreased to 30 kW. The motor load and the supply voltage remain as

described in Example 11.6-1.

Answer: pf ¼ 0.915

EXERCISE 11.6-4 A 4-kW, 110-Vrms load, as shown in Figure 11.6-5, has a power factor of

0.82 lagging. Find the value of the parallel capacitor that will correct the power factor to 0.95

lagging when v ¼ 377 rad/s.

Answer: C ¼ 0.324 mF

(e) The power factor of the impedance of the series connection of the resistor and inductor can be calculated from

I(v) and the voltage across the impedance. That voltage is VR(v) þ Vo(v), which is calculated by applying

Kirchhoff’s voltage law to the circuit in Figure 11.6-6b:

VR vð Þ þ Vo vð Þ þ Vs vð Þ ¼ 0

VR vð Þ þ Vo vð Þ ¼ �Vs vð Þ ¼ �7:28ff77�
¼ ð1ff180�Þð7:28ff77�Þ
¼ 7:28ff257�

Now the power factor is calculated as

pf ¼ cos ðff VR vð Þ þ Vo vð Þð Þ �ffI vð ÞÞ ¼ cos 257� � 221�ð Þ ¼ 0:809

The power factor is said to be lagging because 257� � 221� ¼ 36� > 0.

Average power is conserved. In this example, that means that the average power supplied by the

voltage source must be equal to the sum of the average powers received by the resistor and the inductor. This

fact provides a check on the accuracy of our calculations.

If the value of Vo(v) had not been given, then I(v) would be calculated by writing and solving a mesh

equation. Referring to Figure 11.6-6b, the mesh equation is

3I vð Þ þ j2:16 I vð Þ þ 7:28ff77� ¼ 0

Solving for I(v) gives

I vð Þ ¼ �7:28ff77�
3þ j2:16

¼ ð1ff180�Þð7:28ff77�Þ
3:697ff36�

¼ 1ð Þ 7:28ð Þ
3:697 ff180þ 77� 36 ¼ 1:969ff221� A

as before.

518 AC Steady-State Power

 Ahora el factor de potencia se calcula como
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EXERCISE 11.6-1 A circuit has a large motor connected to the ac power lines [v¼ (2p)60¼
377 rad/s]. The model of the motor is a resistor of 100 V in series with an inductor of 5 H. Find the

power factor of the motor.

Answer: pf ¼ 0.053 lagging

EXERCISE 11.6-2 A circuit has a load impedance Z ¼ 50þj80 V, as shown in Figure 11.6-5.

Determine the power factor of the uncorrected circuit. Determine the impedance ZC required to

obtain a corrected power factor of 1.0.

Answer: pf ¼ 0:53 lagging, ZC ¼ �j111:25V

EXERCISE 11.6-3 Determine the power factor for the total plant of Example 11.6-1 when the

resistive heating load is decreased to 30 kW. The motor load and the supply voltage remain as

described in Example 11.6-1.

Answer: pf ¼ 0.915

EXERCISE 11.6-4 A 4-kW, 110-Vrms load, as shown in Figure 11.6-5, has a power factor of

0.82 lagging. Find the value of the parallel capacitor that will correct the power factor to 0.95

lagging when v ¼ 377 rad/s.

Answer: C ¼ 0.324 mF

(e) The power factor of the impedance of the series connection of the resistor and inductor can be calculated from

I(v) and the voltage across the impedance. That voltage is VR(v) þ Vo(v), which is calculated by applying

Kirchhoff’s voltage law to the circuit in Figure 11.6-6b:

VR vð Þ þ Vo vð Þ þ Vs vð Þ ¼ 0

VR vð Þ þ Vo vð Þ ¼ �Vs vð Þ ¼ �7:28ff77�
¼ ð1ff180�Þð7:28ff77�Þ
¼ 7:28ff257�

Now the power factor is calculated as

pf ¼ cos ðff VR vð Þ þ Vo vð Þð Þ �ffI vð ÞÞ ¼ cos 257� � 221�ð Þ ¼ 0:809

The power factor is said to be lagging because 257� � 221� ¼ 36� > 0.

Average power is conserved. In this example, that means that the average power supplied by the

voltage source must be equal to the sum of the average powers received by the resistor and the inductor. This

fact provides a check on the accuracy of our calculations.

If the value of Vo(v) had not been given, then I(v) would be calculated by writing and solving a mesh

equation. Referring to Figure 11.6-6b, the mesh equation is

3I vð Þ þ j2:16 I vð Þ þ 7:28ff77� ¼ 0

Solving for I(v) gives

I vð Þ ¼ �7:28ff77�
3þ j2:16

¼ ð1ff180�Þð7:28ff77�Þ
3:697ff36�

¼ 1ð Þ 7:28ð Þ
3:697 ff180þ 77� 36 ¼ 1:969ff221� A

as before.

518 AC Steady-State Power

 Se dice que el factor de potencia se está retardando porque 257° 2 221° 5 36° . 0.
   La potencia promedio se conserva. En este ejemplo, eso quiere decir que la potencia promedio alimen-

tada por la fuente de voltaje debe ser igual a la suma de las potencias promedio recibidas por el resistor y el 
inductor. Este hecho proporciona una comprobación sobre la seguridad de nuestros cálculos.

   Si el valor de Vo(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

) se debería calcular mediante la escritura y despeje de 
una ecuación de enlaces. Refiriéndonos a la figura 11.6-6b, la ecuación de enlaces es
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EXERCISE 11.6-1 A circuit has a large motor connected to the ac power lines [v¼ (2p)60¼
377 rad/s]. The model of the motor is a resistor of 100 V in series with an inductor of 5 H. Find the

power factor of the motor.

Answer: pf ¼ 0.053 lagging

EXERCISE 11.6-2 A circuit has a load impedance Z ¼ 50þj80 V, as shown in Figure 11.6-5.

Determine the power factor of the uncorrected circuit. Determine the impedance ZC required to

obtain a corrected power factor of 1.0.

Answer: pf ¼ 0:53 lagging, ZC ¼ �j111:25V

EXERCISE 11.6-3 Determine the power factor for the total plant of Example 11.6-1 when the

resistive heating load is decreased to 30 kW. The motor load and the supply voltage remain as

described in Example 11.6-1.

Answer: pf ¼ 0.915

EXERCISE 11.6-4 A 4-kW, 110-Vrms load, as shown in Figure 11.6-5, has a power factor of

0.82 lagging. Find the value of the parallel capacitor that will correct the power factor to 0.95

lagging when v ¼ 377 rad/s.

Answer: C ¼ 0.324 mF

(e) The power factor of the impedance of the series connection of the resistor and inductor can be calculated from

I(v) and the voltage across the impedance. That voltage is VR(v) þ Vo(v), which is calculated by applying

Kirchhoff’s voltage law to the circuit in Figure 11.6-6b:

VR vð Þ þ Vo vð Þ þ Vs vð Þ ¼ 0

VR vð Þ þ Vo vð Þ ¼ �Vs vð Þ ¼ �7:28ff77�
¼ ð1ff180�Þð7:28ff77�Þ
¼ 7:28ff257�

Now the power factor is calculated as

pf ¼ cos ðff VR vð Þ þ Vo vð Þð Þ �ffI vð ÞÞ ¼ cos 257� � 221�ð Þ ¼ 0:809

The power factor is said to be lagging because 257� � 221� ¼ 36� > 0.

Average power is conserved. In this example, that means that the average power supplied by the

voltage source must be equal to the sum of the average powers received by the resistor and the inductor. This

fact provides a check on the accuracy of our calculations.

If the value of Vo(v) had not been given, then I(v) would be calculated by writing and solving a mesh

equation. Referring to Figure 11.6-6b, the mesh equation is

3I vð Þ þ j2:16 I vð Þ þ 7:28ff77� ¼ 0

Solving for I(v) gives

I vð Þ ¼ �7:28ff77�
3þ j2:16

¼ ð1ff180�Þð7:28ff77�Þ
3:697ff36�

¼ 1ð Þ 7:28ð Þ
3:697 ff180þ 77� 36 ¼ 1:969ff221� A

as before.

518 AC Steady-State Power

 Despejamos I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 11.6-1 A circuit has a large motor connected to the ac power lines [v¼ (2p)60¼
377 rad/s]. The model of the motor is a resistor of 100 V in series with an inductor of 5 H. Find the

power factor of the motor.

Answer: pf ¼ 0.053 lagging

EXERCISE 11.6-2 A circuit has a load impedance Z ¼ 50þj80 V, as shown in Figure 11.6-5.

Determine the power factor of the uncorrected circuit. Determine the impedance ZC required to

obtain a corrected power factor of 1.0.

Answer: pf ¼ 0:53 lagging, ZC ¼ �j111:25V

EXERCISE 11.6-3 Determine the power factor for the total plant of Example 11.6-1 when the

resistive heating load is decreased to 30 kW. The motor load and the supply voltage remain as

described in Example 11.6-1.

Answer: pf ¼ 0.915

EXERCISE 11.6-4 A 4-kW, 110-Vrms load, as shown in Figure 11.6-5, has a power factor of

0.82 lagging. Find the value of the parallel capacitor that will correct the power factor to 0.95

lagging when v ¼ 377 rad/s.

Answer: C ¼ 0.324 mF

(e) The power factor of the impedance of the series connection of the resistor and inductor can be calculated from

I(v) and the voltage across the impedance. That voltage is VR(v) þ Vo(v), which is calculated by applying

Kirchhoff’s voltage law to the circuit in Figure 11.6-6b:

VR vð Þ þ Vo vð Þ þ Vs vð Þ ¼ 0

VR vð Þ þ Vo vð Þ ¼ �Vs vð Þ ¼ �7:28ff77�
¼ ð1ff180�Þð7:28ff77�Þ
¼ 7:28ff257�

Now the power factor is calculated as

pf ¼ cos ðff VR vð Þ þ Vo vð Þð Þ �ffI vð ÞÞ ¼ cos 257� � 221�ð Þ ¼ 0:809

The power factor is said to be lagging because 257� � 221� ¼ 36� > 0.

Average power is conserved. In this example, that means that the average power supplied by the

voltage source must be equal to the sum of the average powers received by the resistor and the inductor. This

fact provides a check on the accuracy of our calculations.

If the value of Vo(v) had not been given, then I(v) would be calculated by writing and solving a mesh

equation. Referring to Figure 11.6-6b, the mesh equation is

3I vð Þ þ j2:16 I vð Þ þ 7:28ff77� ¼ 0

Solving for I(v) gives

I vð Þ ¼ �7:28ff77�
3þ j2:16

¼ ð1ff180�Þð7:28ff77�Þ
3:697ff36�

¼ 1ð Þ 7:28ð Þ
3:697 ff180þ 77� 36 ¼ 1:969ff221� A

as before.
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 como antes.

EJERCICIO 11.6-1  Un circuito tiene un motor grande conectado a líneas de potencia de ca 
[
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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)60 5 377 rad/s]. El modelo del motor es un resistor con un inductor de 5 H. Encuentre el 
factor de potencia del motor.

Respuesta: pf 5 0.053 en retardo

EJERCICIO 11.6-2  Un circuito tiene una impedancia de carga Z 5 50 1 j80 V, como se 
muestra en la figura 11.6-5. Determine le factor de potencia del circuito no corregido. Determine la 
impedancia ZC requerida para obtener un factor de potencia de 1.0 corregido.

Respuesta: pf 5 0.53 con retardo, ZC 5 2j111.25 V

EJERCICIO 11.6-3  Determine el factor de potencia para toda la planta del ejemplo 11.6-1 
cuando la carga de calefacción resistiva ha disminuido a 30 kW. La carga del motor y la alimentación 
del voltaje permanecen como se describe en el ejemplo 11.6-1.

Respuesta: pf 5 0.915

EJERCICIO 11.6-4  Una carga de 4-kW, 110-Vrms, como se muestra en la figura 11.6-5, 
tiene un factor de potencia de 0.82 con retardo. Encuentre el valor del condensador en paralelo que 
corregirá el factor de potencia a 0.95 de retardo cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 377 rad7s.

Respuesta: C 5 0.3224 mF
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 Principio de superposición de potencia 519

11.7 P R I N C I P I O  D E  S U P E R P O S I C I Ó N  D E  P OT E N C I A

En esta sección consideraremos el caso de cuando el circuito tiene dos o más fuentes. Por ejemplo, 
considere el circuito de la figura 11.7-1a con dos fuentes de voltaje senoidales. El principio de super-
posición establece que la respuesta de ambas fuentes actuando en conjunto es igual a la suma de las 
respuestas a cada fuente de voltaje actuando solas. La aplicación del principio de superposición se 
ilustra en la figura 11.7-1b, cuando i1 es la respuesta a la fuente 1 que actúa sola, y la respuesta i2 es 
la respuesta a la fuente 2 que actúa sola. La respuesta total es
 i 5 i1 1 i2 (11.7-1)
 La potencia instantánea es
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11.7 THE POWER SUPERPOS I T I ON PR INC I P L E

In this section, let us consider the case when the circuit contains two or more sources. For example,

consider the circuit shown in Figure 11.7-1a with two sinusoidal voltage sources. The principle of

superposition states that the response to both sources acting together is equal to the sum of the

responses to each voltage source acting alone. The application of the principle of superposition is

illustrated in Figure 11.7-1b, where i1 is the response to source 1 acting alone, and the response i2 is the

response to source 2 acting alone. The total response is

i ¼ i1 þ i2 ð11:7-1Þ
The instantaneous power is

p ¼ i 2R ¼ R i1 þ i2ð Þ2 ¼ R i 21 þ i 22 þ 2i1i2
� �

where R is the resistance of the circuit. Then the average power is

P ¼ 1

T

Z T

0
p dt ¼ R

T

Z T

0
i 21 þ i 22 þ 2i1i2
� �

dt

¼ R

T

Z T

0
i 21 dt þ

R

T

Z T

0
i 22 dt þ

2R

T

Z T

0
i1i2 dt ¼ P1 þ P2 þ 2R

T

Z T

0
i1i2 dt

ð11:7-2Þ

where P1 is the average power due to v1 and P2 is the average power due to v2.We will see that when v1
and v2 are sinusoids having different frequencies, then

2R

T

Z T

0
i1i2 dt ¼ 0 ð11:7-3Þ

When Eq. 11.7-3 is satisfied, then Eq. 11.7-2 reduces to

P ¼ P1 þ P2 ð11:7-4Þ
This equation states that the average power delivered to the resistor by both sources acting together is

equal to the sum of the average power delivered to the resistor by each voltage source acting alone.

This is the principle of power superposition. Notice that the principle of power superposition is valid

only when Eq. 11.7-3 is satisfied.

Now let us determine under what conditions Eq. 11.7-3 is satisfied. Let the radian frequency for

the first source be mv, and let the radian frequency for the second source be nv. The currents can be

represented by the general form
i1 ¼ I1 cos mvt þ fð Þ

and i2 ¼ I2 cos nvt þ uð Þ
It can be shown that Z T

0
cos mvt þ fð Þcos nvt þ uð Þdt ¼ 0 m 6¼ n

cos f� uð Þ m ¼ n

�

Consequently,

2R

T

Z T

0
i1i2dt ¼ 0 m 6¼ n

RI1I2 cos f� uð Þ m ¼ n

�
ð11:7-5Þ

(a)

R

i(t)

v1(t) v2(t)+
–

+
–

(b)

R

i1(t) i2(t)

v1(t) +
–

R
v2(t)+

–

FIGURE 11.7-1 (a) A circuit

with two sources. (b) Using

superposition to calculate the

resistor current as i(t) ¼ i1(t) þ
i2(t).

The Power Superposition Principle 519

 
donde R es la resistencia del circuito. Entonces la potencia promedio es
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11.7 THE POWER SUPERPOS I T I ON PR INC I P L E
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consider the circuit shown in Figure 11.7-1a with two sinusoidal voltage sources. The principle of
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where P1 is the average power due to v1 and P2 is the average power due to v2.We will see that when v1
and v2 are sinusoids having different frequencies, then

2R

T

Z T

0
i1i2 dt ¼ 0 ð11:7-3Þ

When Eq. 11.7-3 is satisfied, then Eq. 11.7-2 reduces to

P ¼ P1 þ P2 ð11:7-4Þ
This equation states that the average power delivered to the resistor by both sources acting together is

equal to the sum of the average power delivered to the resistor by each voltage source acting alone.

This is the principle of power superposition. Notice that the principle of power superposition is valid

only when Eq. 11.7-3 is satisfied.

Now let us determine under what conditions Eq. 11.7-3 is satisfied. Let the radian frequency for

the first source be mv, and let the radian frequency for the second source be nv. The currents can be

represented by the general form
i1 ¼ I1 cos mvt þ fð Þ

and i2 ¼ I2 cos nvt þ uð Þ
It can be shown that Z T

0
cos mvt þ fð Þcos nvt þ uð Þdt ¼ 0 m 6¼ n
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Consequently,
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FIGURE 11.7-1 (a) A circuit

with two sources. (b) Using

superposition to calculate the

resistor current as i(t) ¼ i1(t) þ
i2(t).

The Power Superposition Principle 519

 (11.7-2)

donde P1 es la potencia promedio debido a que v1 y P2 son la potencia promedio derivada de v2. Ve-
remos que cuando v1 y v2 son sinusoides con frecuencias diferentes, entonces
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In this section, let us consider the case when the circuit contains two or more sources. For example,

consider the circuit shown in Figure 11.7-1a with two sinusoidal voltage sources. The principle of

superposition states that the response to both sources acting together is equal to the sum of the

responses to each voltage source acting alone. The application of the principle of superposition is

illustrated in Figure 11.7-1b, where i1 is the response to source 1 acting alone, and the response i2 is the

response to source 2 acting alone. The total response is
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represented by the general form
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 (11.7-3)

Cuando se satisface la ecuación 11.7-3, la ecuación 11.7-2 se reduce a
 P 5 P1 1 P2 (11.7-4)
Eta ecuación establece que la potencia promedio transmitida al resistor por ambas fuentes actuando 
en conjunto es igual a la suma de la potencia promedio transmitida al resistor por cada fuente de vol-
taje actuando solas. Éste es el principio de la superposición de potencia. Observe que el principio de 
superposición de potencia es válido sólo cuando se satisface la ecuación 11.7-3.
 Ahora determinemos en qué condiciones se satisface la ecuación 11.7-3. Sea m
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 la frecuencia 
de radianes para la primera fuente, que la frecuencia de radianes para la segunda fuente sea n
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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. Las 
corrientes se pueden representar por la forma general

y 
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11.7 THE POWER SUPERPOS I T I ON PR INC I P L E

In this section, let us consider the case when the circuit contains two or more sources. For example,

consider the circuit shown in Figure 11.7-1a with two sinusoidal voltage sources. The principle of

superposition states that the response to both sources acting together is equal to the sum of the

responses to each voltage source acting alone. The application of the principle of superposition is

illustrated in Figure 11.7-1b, where i1 is the response to source 1 acting alone, and the response i2 is the

response to source 2 acting alone. The total response is

i ¼ i1 þ i2 ð11:7-1Þ
The instantaneous power is

p ¼ i 2R ¼ R i1 þ i2ð Þ2 ¼ R i 21 þ i 22 þ 2i1i2
� �

where R is the resistance of the circuit. Then the average power is

P ¼ 1

T

Z T

0
p dt ¼ R

T

Z T

0
i 21 þ i 22 þ 2i1i2
� �

dt

¼ R

T

Z T

0
i 21 dt þ

R

T

Z T

0
i 22 dt þ

2R

T

Z T

0
i1i2 dt ¼ P1 þ P2 þ 2R

T

Z T

0
i1i2 dt

ð11:7-2Þ

where P1 is the average power due to v1 and P2 is the average power due to v2.We will see that when v1
and v2 are sinusoids having different frequencies, then

2R

T

Z T

0
i1i2 dt ¼ 0 ð11:7-3Þ

When Eq. 11.7-3 is satisfied, then Eq. 11.7-2 reduces to

P ¼ P1 þ P2 ð11:7-4Þ
This equation states that the average power delivered to the resistor by both sources acting together is

equal to the sum of the average power delivered to the resistor by each voltage source acting alone.

This is the principle of power superposition. Notice that the principle of power superposition is valid

only when Eq. 11.7-3 is satisfied.

Now let us determine under what conditions Eq. 11.7-3 is satisfied. Let the radian frequency for

the first source be mv, and let the radian frequency for the second source be nv. The currents can be

represented by the general form
i1 ¼ I1 cos mvt þ fð Þ

and i2 ¼ I2 cos nvt þ uð Þ
It can be shown that Z T

0
cos mvt þ fð Þcos nvt þ uð Þdt ¼ 0 m 6¼ n

cos f� uð Þ m ¼ n

�

Consequently,

2R

T

Z T

0
i1i2dt ¼ 0 m 6¼ n

RI1I2 cos f� uð Þ m ¼ n

�
ð11:7-5Þ
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+
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(b)
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i1(t) i2(t)

v1(t) +
–

R
v2(t)+

–

FIGURE 11.7-1 (a) A circuit

with two sources. (b) Using

superposition to calculate the

resistor current as i(t) ¼ i1(t) þ
i2(t).
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En consecuencia,
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FIGURA 11.7-1 (a) Un circuito 
con dos fuentes. (b) Utilizando 
la superposición para calcular la 
corriente del resistor como i(t) 5 
i1(t) 1 i2(t).
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	 520	 Potencia de CA de estado estable 

 Por consiguiente, en resumen, la superposición de la potencia promedio establece que la poten-
cia promedio transmitida a un circuito por varias fuentes senoidales, actuando en conjunto, es igual 
a la suma de la potencia promedio transmitida al circuito por cada fuente actuando sola. Argumentos 
semejantes muestran que la superposición se puede usar para calcular la potencia reactiva o la poten-
cia compleja transmitidas a un circuito por varias fuentes senoidales, siempre que, una vez más, no 
haya dos fuentes que tengan la misma frecuencia.
 Si dos o más fuentes están operando en la misma frecuencia, el principio de la superposición de 
potencia no es válido, pero el principio de superposición sigue siendo válido. En este caso utilizamos 
el principio de superposición para encontrar cada corriente de fasor y luego sumamos las corrientes 
para obtener el total de corrientes de fasor
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Therefore, in summary, the superposition of average power states that the average power

delivered to a circuit by several sinusoidal sources, acting together, is equal to the sum of the average

power delivered to the circuit by each source acting alone, if, and only if, no two of the sources have

the same frequency. Similar arguments show that superposition can be used to calculate the reactive

power or the complex power delivered to a circuit by several sinusoidal sources, provided again that no

two sources have the same frequency.

If two or more sources are operating at the same frequency, the principle of power superposition

is not valid, but the principle of superposition remains valid. In this case, we use the principle of

superposition to find each phasor current and then add the currents to obtain the total phasor current

I ¼ I1 þ I2 þ � � � þ IN

for N sources. Then we have the average power

P ¼ I2mR

2
ð11:7-6Þ

where jIj ¼ Im.

E X A M P L E 1 1 . 7 - 1 Power Superposit ion

The circuit in Figure 11.7-2 contains two sinusoidal sources. To illustrate power superposition, consider two cases:

(1) vA tð Þ ¼ 12 cos 3t V and vB tð Þ ¼ 4 cos 4t V

(2) vA tð Þ ¼ 12 cos 4t V and vB tð Þ ¼ 4 cos 4t V

Find the average power absorbed by the 6-V resistor.

Solution
The application of the principle of superposition is illustrated in Figure 11.7-2b, where i1 is the response to the

voltage source A acting alone, and the response i2 is the response to the voltage source B acting alone. The total

+
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+
–

i(t)

6 Ω 2 H

vA(t) = 12 cos 1t Vω vB(t) = 4 cos 2t Vω

(a)

+
–

i1(t)

6 Ω 2 H

vA(t) +
–

i2(t)

6 Ω 2 H

vB(t)

(b)

+
–

6 Ω

(c)

+
–

6 Ω
VA( )ω VB( )ω

l1( )ω l2( )ω

j2 1ω j2 2ω FIGURE 11.7-2 (a) A circuit with two

sinusoidal sources. (b) Using superposition to

find the response to each source separately.

(c) Representing the circuits from (b) in the

frequency domain.

520 AC Steady-State Power

para N fuentes. Entonces ya tenemos la potencia promedio
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 (11.7-6)
donde 
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E j E m p l o  11. 7- 1  Superposición de potencia

El circuito en la figura 11.7-2 contiene dos fuentes senoidales. Para ilustrar la superposición de potencia, consi-
dere dos casos: 
(1) vA(t) 5 12 cos 3t V y vB(t) 5 4 cos 4t V
(2) vA(t) 5 12 cos 4t V y vB(t) 5 4 cos 4t V
Encuentre la potencia promedio absorbida por el resistor de 6-V.

Solución
La aplicación del principio de superposición se ilustra en la figura 11.7-2b, donde i1 es la respuesta a la fuente 
de voltaje A que actúa sola, y la respuesta i2 es la respuesta a la fuente de voltaje B que actúa sola. La respuesta 
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FIGURA 11.7-2 (a) Circuito con dos fuentes 
senoidales. (b) Uso de la superposición para 
encontrar la respuesta a cada fuente por 
separado. (c) Representación de los circuitos 
a partir de (b) en el dominio de frecuencia.
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total es i 5 i1 1 i2. En la figura 11.7-2c, los circuitos de la figura 11.7-2b están representados en el dominio de 
frecuencia, utilizando impedancias y fasores.
 Ahora analicemos los dos casos:
 Caso 1: El análisis de los circuitos de la figura 11.7-2c da

E1C11_1 11/06/2009 521

EXERCISE 11.7-1 Determine the average power absorbed by the resistor in Figure 11.7-2a for

these two cases:

(a) vA(t) ¼ 12 cos 3t V and vB(t) ¼ 4 cos 3t V;

(b) vA(t) ¼ 12 cos 4t V and vB(t) ¼ 4 cos 3t V

Answers: (a) 2.66 W (b) 4.99 W

response is i¼ i1þ i2. In Figure 11.7-2c, the circuits from Figure 11.7-2b are represented in the frequency domain,

using impedances and phasors.

Now consider the two cases.

Case 1: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:414ff�45� A and I2 vð Þ ¼ 0:4ff127� A
These phasors correspond to different frequencies and cannot be added. The corresponding time-domain currents are

i1 tð Þ ¼ 1:414 cos 3t � 45�ð ÞA and i2 tð Þ ¼ 0:4 cos 4t � 143�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þ A
The average power could be calculated as

P ¼ R

T

Z T

0
i 2 dt ¼ R

T

Z T

0
1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þð Þ2 dt

Because the two sinusoidal sources have different frequencies, the average power can be calculated more easily

using power superposition:

P ¼ P1 þ P2 ¼ 1:4142

2
6þ 0:42

2
6 ¼ 6:48W

Notice that both superposition and power superposition were used in this case. First, superposition was used to

calculate I1(v) and I2(v). Next, P1 was calculated using I1(v), and P2 was calculated using I2(v). Finally, power

superposition was used to calculate P from P1 and P2.

Case 2: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:2ff�53� A and I2 vð Þ ¼ 0:4ff127� A
Both of these phasors correspond to the same frequency, v ¼ 4 rad/s. Therefore, these phasors can be added to

obtain the phasor corresponding to i(t).

I vð Þ ¼ I1 vð Þ þ I2 vð Þ ¼ ð1:2ff�53�Þ þ ð0:4ff127�Þ ¼ 0:8ff�53� A

The sinusoidal current corresponding to this phasor is

i tð Þ ¼ 0:8 cos 4t � 53�ð Þ A
The average power absorbed by the resistor is

P ¼ 0:82

2
6 ¼ 1:92W

Alternately, the time-domain currents corresponding to I1(v) and I2(v) are

i1 tð Þ ¼ 1:2 cos 4t � 53�ð ÞA and i2 tð Þ¼0:4 cos 4t þ 127�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:2 cos 4t � 53�ð Þ þ 0:4 cos 4t þ 127�ð Þ ¼ 0:8 cos 4t � 53�ð Þ A
So P ¼ 1.92 W, as before.

Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency.

The Power Superposition Principle 521

e
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The average power absorbed by the resistor is

P ¼ 0:82

2
6 ¼ 1:92W

Alternately, the time-domain currents corresponding to I1(v) and I2(v) are

i1 tð Þ ¼ 1:2 cos 4t � 53�ð ÞA and i2 tð Þ¼0:4 cos 4t þ 127�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:2 cos 4t � 53�ð Þ þ 0:4 cos 4t þ 127�ð Þ ¼ 0:8 cos 4t � 53�ð Þ A
So P ¼ 1.92 W, as before.

Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency.
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Estos fasores corresponden a frecuencias diferentes y no se pueden sumar. Las corrientes de dominio de tiempo 
correspondientes son

i1(t) 5 1.414 cos 13t 2 45°2 A e i2(t) 5 0.4 cos 14t 2 143°2 A
Utilizando la superposición encontramos que la corriente total en el resistor es

i(t) 5 1.414 cos 13t 2 45°2 1 0.4 cos 14t 1 127°2 A
La potencia promedio se puede calcular como
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EXERCISE 11.7-1 Determine the average power absorbed by the resistor in Figure 11.7-2a for

these two cases:

(a) vA(t) ¼ 12 cos 3t V and vB(t) ¼ 4 cos 3t V;

(b) vA(t) ¼ 12 cos 4t V and vB(t) ¼ 4 cos 3t V

Answers: (a) 2.66 W (b) 4.99 W

response is i¼ i1þ i2. In Figure 11.7-2c, the circuits from Figure 11.7-2b are represented in the frequency domain,

using impedances and phasors.

Now consider the two cases.
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i1 tð Þ ¼ 1:414 cos 3t � 45�ð ÞA and i2 tð Þ ¼ 0:4 cos 4t � 143�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þ A
The average power could be calculated as

P ¼ R

T

Z T

0
i 2 dt ¼ R

T

Z T

0
1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þð Þ2 dt

Because the two sinusoidal sources have different frequencies, the average power can be calculated more easily

using power superposition:

P ¼ P1 þ P2 ¼ 1:4142

2
6þ 0:42

2
6 ¼ 6:48W

Notice that both superposition and power superposition were used in this case. First, superposition was used to

calculate I1(v) and I2(v). Next, P1 was calculated using I1(v), and P2 was calculated using I2(v). Finally, power

superposition was used to calculate P from P1 and P2.
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I1 vð Þ ¼ 1:2ff�53� A and I2 vð Þ ¼ 0:4ff127� A
Both of these phasors correspond to the same frequency, v ¼ 4 rad/s. Therefore, these phasors can be added to

obtain the phasor corresponding to i(t).

I vð Þ ¼ I1 vð Þ þ I2 vð Þ ¼ ð1:2ff�53�Þ þ ð0:4ff127�Þ ¼ 0:8ff�53� A

The sinusoidal current corresponding to this phasor is

i tð Þ ¼ 0:8 cos 4t � 53�ð Þ A
The average power absorbed by the resistor is

P ¼ 0:82

2
6 ¼ 1:92W

Alternately, the time-domain currents corresponding to I1(v) and I2(v) are

i1 tð Þ ¼ 1:2 cos 4t � 53�ð ÞA and i2 tð Þ¼0:4 cos 4t þ 127�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:2 cos 4t � 53�ð Þ þ 0:4 cos 4t þ 127�ð Þ ¼ 0:8 cos 4t � 53�ð Þ A
So P ¼ 1.92 W, as before.

Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency.
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Como las dos fuentes senoidales tienen frecuencias diferentes, la potencia promedio se puede calcular más fácil-
mente utilizando la superposición de potencia:
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Alternately, the time-domain currents corresponding to I1(v) and I2(v) are
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Observe que en este caso se utilizaron la superposición y la superposición de potencia. Primero, la superposición se 
utilizó para calcular I1(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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The dependent source voltage can be expressed using A and CMRR as
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1

2 CMRR
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v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) se calculó P2. Finalmente, 
la superposición de potencia se utilizó para calcular P a partir de P1 y P2.
 Caso 2: Del análisis de los circuitos en la figura 11.7-2c resulta
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EXERCISE 11.7-1 Determine the average power absorbed by the resistor in Figure 11.7-2a for

these two cases:

(a) vA(t) ¼ 12 cos 3t V and vB(t) ¼ 4 cos 3t V;

(b) vA(t) ¼ 12 cos 4t V and vB(t) ¼ 4 cos 3t V

Answers: (a) 2.66 W (b) 4.99 W

response is i¼ i1þ i2. In Figure 11.7-2c, the circuits from Figure 11.7-2b are represented in the frequency domain,

using impedances and phasors.

Now consider the two cases.

Case 1: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:414ff�45� A and I2 vð Þ ¼ 0:4ff127� A
These phasors correspond to different frequencies and cannot be added. The corresponding time-domain currents are

i1 tð Þ ¼ 1:414 cos 3t � 45�ð ÞA and i2 tð Þ ¼ 0:4 cos 4t � 143�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þ A
The average power could be calculated as

P ¼ R

T

Z T

0
i 2 dt ¼ R

T

Z T

0
1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þð Þ2 dt

Because the two sinusoidal sources have different frequencies, the average power can be calculated more easily

using power superposition:

P ¼ P1 þ P2 ¼ 1:4142

2
6þ 0:42

2
6 ¼ 6:48W

Notice that both superposition and power superposition were used in this case. First, superposition was used to

calculate I1(v) and I2(v). Next, P1 was calculated using I1(v), and P2 was calculated using I2(v). Finally, power

superposition was used to calculate P from P1 and P2.

Case 2: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:2ff�53� A and I2 vð Þ ¼ 0:4ff127� A
Both of these phasors correspond to the same frequency, v ¼ 4 rad/s. Therefore, these phasors can be added to

obtain the phasor corresponding to i(t).

I vð Þ ¼ I1 vð Þ þ I2 vð Þ ¼ ð1:2ff�53�Þ þ ð0:4ff127�Þ ¼ 0:8ff�53� A

The sinusoidal current corresponding to this phasor is

i tð Þ ¼ 0:8 cos 4t � 53�ð Þ A
The average power absorbed by the resistor is

P ¼ 0:82

2
6 ¼ 1:92W

Alternately, the time-domain currents corresponding to I1(v) and I2(v) are

i1 tð Þ ¼ 1:2 cos 4t � 53�ð ÞA and i2 tð Þ¼0:4 cos 4t þ 127�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:2 cos 4t � 53�ð Þ þ 0:4 cos 4t þ 127�ð Þ ¼ 0:8 cos 4t � 53�ð Þ A
So P ¼ 1.92 W, as before.

Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency.
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Estos dos fasores corresponden a la misma frecuencia, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 4 rad/s. Por consiguiente, estos fasores se pueden 
sumar para obtener el fasor correspondientes a i(t).
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EXERCISE 11.7-1 Determine the average power absorbed by the resistor in Figure 11.7-2a for

these two cases:

(a) vA(t) ¼ 12 cos 3t V and vB(t) ¼ 4 cos 3t V;

(b) vA(t) ¼ 12 cos 4t V and vB(t) ¼ 4 cos 3t V

Answers: (a) 2.66 W (b) 4.99 W

response is i¼ i1þ i2. In Figure 11.7-2c, the circuits from Figure 11.7-2b are represented in the frequency domain,

using impedances and phasors.

Now consider the two cases.

Case 1: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:414ff�45� A and I2 vð Þ ¼ 0:4ff127� A
These phasors correspond to different frequencies and cannot be added. The corresponding time-domain currents are

i1 tð Þ ¼ 1:414 cos 3t � 45�ð ÞA and i2 tð Þ ¼ 0:4 cos 4t � 143�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þ A
The average power could be calculated as

P ¼ R

T

Z T

0
i 2 dt ¼ R

T

Z T

0
1:414 cos 3t � 45�ð Þ þ 0:4 cos 4t þ 127�ð Þð Þ2 dt

Because the two sinusoidal sources have different frequencies, the average power can be calculated more easily

using power superposition:

P ¼ P1 þ P2 ¼ 1:4142

2
6þ 0:42

2
6 ¼ 6:48W

Notice that both superposition and power superposition were used in this case. First, superposition was used to

calculate I1(v) and I2(v). Next, P1 was calculated using I1(v), and P2 was calculated using I2(v). Finally, power

superposition was used to calculate P from P1 and P2.

Case 2: Analysis of the circuits in Figure 11.7-2c gives

I1 vð Þ ¼ 1:2ff�53� A and I2 vð Þ ¼ 0:4ff127� A
Both of these phasors correspond to the same frequency, v ¼ 4 rad/s. Therefore, these phasors can be added to

obtain the phasor corresponding to i(t).

I vð Þ ¼ I1 vð Þ þ I2 vð Þ ¼ ð1:2ff�53�Þ þ ð0:4ff127�Þ ¼ 0:8ff�53� A

The sinusoidal current corresponding to this phasor is

i tð Þ ¼ 0:8 cos 4t � 53�ð Þ A
The average power absorbed by the resistor is

P ¼ 0:82

2
6 ¼ 1:92W

Alternately, the time-domain currents corresponding to I1(v) and I2(v) are

i1 tð Þ ¼ 1:2 cos 4t � 53�ð ÞA and i2 tð Þ¼0:4 cos 4t þ 127�ð Þ A
Using superposition, we find that the total current in the resistor is

i tð Þ ¼ 1:2 cos 4t � 53�ð Þ þ 0:4 cos 4t þ 127�ð Þ ¼ 0:8 cos 4t � 53�ð Þ A
So P ¼ 1.92 W, as before.

Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency.
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La corriente senoidal que corresponde a este fasor es
i(t) 5 0.8 cos 14t 2 53°2 A

La potencia promedio absorbida por el resistor es
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Alternately, the time-domain currents corresponding to I1(v) and I2(v) are
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Como alternativa, las corrientes en el dominio de tiempo que corresponden a I1(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) son
i1(t) 5 1.2 cos 14t 2 53°2 A e i2(t) 5 0.4 cos 14t 1 127°2 A

Si aplicamos la superposición, encontramos que la corriente total en el resistor es
i1(t) 5 1.2 cos 14t 2 53°2 1 0.4 cos 14t 1 127°2 5 0.8 cos 14t 2 53°2 A

De modo que P 5 1.92 W, como antes.
 La superposición de potencia no se puede utilizar en este caso porque las dos fuentes senoidales tienen la 
misma frecuencia.

EJERCICIO 11.7-1   Determine la potencia promedio absorbida por el resistor en la figura 
11.7-2a para estos dos casos:

(a) vA(t) 5 12 cos 3t V y vB(t) 5 4 cos 3t V;
(b) vA(t) 5 12 cos 4t V y vB(t) 5 4 cos 3t V

Respuestas: (a) 2.66 W (b) 4.99 W
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	 522	 Potencia de CA de estado estable 

11.8  T E O R E M A  D E  L A  T R A N S F E R E N C I A 
D E  P O T E N C I A  M Á X I M A

En el capítulo 5 probamos que para una red resistiva una potencia máxima de una fuente se trans-
fiere a una carga cuando la resistencia de carga se establece iguala a la resistencia de Thévenin de 
la fuente equivalente de Thévenin. Ahora consideremos un circuito representado por un circuito 
equivalente de Thévenin para un circuito senoidal de estado estable, como se muestra en la figura 
11.8-1, cuando la carga es ZL.
 Entonces tenemos

y 
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11.8 THE MAX IMUM POWER TRANSFER THEOREM

In Chapter 5, we proved that for a resistive network, maximum power is transferred from a source to a

load when the load resistance is set equal to the Th�evenin resistance of the Th�evenin equivalent source.
Now let us consider a circuit represented by a Th�evenin equivalent circuit for a sinusoidal steady-state
circuit, as shown in Figure 11.8-1, when the load is ZL.

We then have

Zt ¼ Rt þ jX t

and ZL ¼ RL þ jXL

The average power delivered to the load is

P ¼ I2m
2
RL

The phasor current I is given by

I ¼ Vt

Zt þ ZL
¼ Vt

Rt þ jX tð Þ þ RL þ jXLð Þ

where we may select the values of RL and XL. The average power delivered to the load is

P ¼ I2mRL

2
¼ jVtj2RL=2

Rt þ RLð Þ2 þ X t þ XLð Þ2

and we wish to maximize P. The term (Xt þ XL)
2 can be eliminated by setting XL ¼ �Xt. We have

P ¼ jVtj2RL

2 Rt þ RLð Þ2

The value of RL that maximizes P is determined by taking the derivative dP/dRL and setting it

equal to zero. Then we find that dP=dRL ¼ 0 when RL ¼ Rt.

Consequently, we have

ZL ¼ Rt � jX t

Thus, the maximum power transfer from a circuit with a Th�evenin equivalent circuit with an

impedance Zt is obtained when ZL is set equal to Z�
t , the complex conjugate of Zt.

I
+
–

Zt

ZLVt

FIGURE 11.8-1 The Th�evenin

equivalent circuit with a load

impedance.

E X A M P L E 1 1 . 8 - 1 Maximum Power Transfer

Find the load impedance that transfers maximum power to the load and determine

the maximum power delivered to the load for the circuit shown in Figure 11.8-2.

Solution
We select the load impedance, ZL, to be the complex conjugate of Zt so that

ZL ¼ Z�
t ¼ 5þ j6V

+
–

5 – j6

ZL0° V10
I

FIGURE 11.8-2 Circuit for

Example 11.8-1. Impedances

in ohms.

522 AC Steady-State Power

La potencia promedio transmitida a la carga es
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Example 11.8-1. Impedances

in ohms.

522 AC Steady-State Power

La corriente I de fasor está dada por
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in ohms.

522 AC Steady-State Power

donde podemos seleccionar los valores de RL y XL. La potencia promedio transmitida a la carga es
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y queremos maximizar P. El término (Xt 1 XL)2 se puede eliminar al establecer XL 5 2Xt. Tenemos
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 El valor de RL que maximiza P se determina al tomar la derivada dP>dRL y establecerla igual a 
cero. De aquí encontramos que dP>dRL 5 0 cuando RL 5 Rt.
 En consecuencia, tenemos

ZL 5 Rt 2 jXt

 Por lo tanto, la transferencia de potencia máxima de un circuito con un circuito equivalente de 
Thévenin con una impedancia Zt se obtiene cuando ZL se establece igual a 
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and ZL ¼ RL þ jXL

The average power delivered to the load is

P ¼ I2m
2
RL

The phasor current I is given by

I ¼ Vt

Zt þ ZL
¼ Vt

Rt þ jX tð Þ þ RL þ jXLð Þ

where we may select the values of RL and XL. The average power delivered to the load is

P ¼ I2mRL

2
¼ jVtj2RL=2

Rt þ RLð Þ2 þ X t þ XLð Þ2

and we wish to maximize P. The term (Xt þ XL)
2 can be eliminated by setting XL ¼ �Xt. We have

P ¼ jVtj2RL

2 Rt þ RLð Þ2

The value of RL that maximizes P is determined by taking the derivative dP/dRL and setting it

equal to zero. Then we find that dP=dRL ¼ 0 when RL ¼ Rt.

Consequently, we have

ZL ¼ Rt � jX t

Thus, the maximum power transfer from a circuit with a Th�evenin equivalent circuit with an

impedance Zt is obtained when ZL is set equal to Z�
t , the complex conjugate of Zt.
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Zt

ZLVt

FIGURE 11.8-1 The Th�evenin

equivalent circuit with a load

impedance.

E X A M P L E 1 1 . 8 - 1 Maximum Power Transfer

Find the load impedance that transfers maximum power to the load and determine

the maximum power delivered to the load for the circuit shown in Figure 11.8-2.

Solution
We select the load impedance, ZL, to be the complex conjugate of Zt so that

ZL ¼ Z�
t ¼ 5þ j6V

+
–

5 – j6

ZL0° V10
I

FIGURE 11.8-2 Circuit for

Example 11.8-1. Impedances

in ohms.
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 la conjugada compleja 
de Zt.

FIGURA 11.8-1 El circuito 
equivalente de Thévenin con 
una impedancia de carga.

I
+
–

Zt

ZLVt

E j E m p l o  11. 8 - 1  Transferencia de potencia máxima

Encuentre la impedancia de carga que transfiere la potencia máxima a la carga 
y determine la potencia máxima transmitida a la carga para el circuito que se 
muestra en la figura 11.8-2.

Solución
Seleccionamos la impedancia de carga, ZL, para que sea la conjugada compleja 
de Zt de modo que

E1C11_1 11/06/2009 522

11.8 THE MAX IMUM POWER TRANSFER THEOREM

In Chapter 5, we proved that for a resistive network, maximum power is transferred from a source to a

load when the load resistance is set equal to the Th�evenin resistance of the Th�evenin equivalent source.
Now let us consider a circuit represented by a Th�evenin equivalent circuit for a sinusoidal steady-state
circuit, as shown in Figure 11.8-1, when the load is ZL.

We then have

Zt ¼ Rt þ jX t

and ZL ¼ RL þ jXL

The average power delivered to the load is

P ¼ I2m
2
RL

The phasor current I is given by

I ¼ Vt
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¼ Vt

Rt þ jX tð Þ þ RL þ jXLð Þ

where we may select the values of RL and XL. The average power delivered to the load is

P ¼ I2mRL

2
¼ jVtj2RL=2

Rt þ RLð Þ2 þ X t þ XLð Þ2

and we wish to maximize P. The term (Xt þ XL)
2 can be eliminated by setting XL ¼ �Xt. We have

P ¼ jVtj2RL

2 Rt þ RLð Þ2

The value of RL that maximizes P is determined by taking the derivative dP/dRL and setting it

equal to zero. Then we find that dP=dRL ¼ 0 when RL ¼ Rt.

Consequently, we have

ZL ¼ Rt � jX t

Thus, the maximum power transfer from a circuit with a Th�evenin equivalent circuit with an

impedance Zt is obtained when ZL is set equal to Z�
t , the complex conjugate of Zt.
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impedance.

E X A M P L E 1 1 . 8 - 1 Maximum Power Transfer

Find the load impedance that transfers maximum power to the load and determine

the maximum power delivered to the load for the circuit shown in Figure 11.8-2.

Solution
We select the load impedance, ZL, to be the complex conjugate of Zt so that

ZL ¼ Z�
t ¼ 5þ j6V
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5 – j6
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I

FIGURE 11.8-2 Circuit for
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in ohms.

522 AC Steady-State Power

FIGURA 11.8-2 Circuito para el 
ejemplo 11.8-1. Las impedancias 
están en ohmios.

+
–

5 – j6

ZL0° V10
I
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Entonces la potencia máxima transferida se puede obtener anotando que
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EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find ZL to obtain the maximum power

transferred when the Th�evenin equivalent circuit has Vt ¼ 100ff0�V and Zt ¼ 10þ j14V. Also,

determine the maximum power transferred to the load.

Answer: ZL ¼ 10� j14V and P ¼ 125W

EXERCISE 11.8-2 A television receiver uses a cable to connect

the antenna to the TV, as shown in Figure E 11.8-2, with vs ¼ 4 cos vt

mV. The TV station is received at 52 MHz. Determine the average

power delivered to each TV set if (a) the load impedance isZ¼ 300V;

(b) two identical TV sets are connected in parallel with Z¼ 300V for

each set; (c) two identical sets are connected in parallel and Z is to be

selected so that maximum power is delivered at each set.

Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW

11.9 COUPLED INDUCTORS

The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance

for self-inductance, and we are familiar with circuits that have inductors. In this section, we consider

coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents

and are also widely used in electronic circuits.

Coupled inductors, or coupled coils, are magnetic devices that consist of two or more

multiturn coils wound on a common core.

Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to

be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage

across the second coil. Here’s why. The input voltage, v1(t), causes a current i1(t) in coil 1. The current

and voltage are related by

v1 ¼ L1
di1

dt
ð11:9-1Þ

where L1 is the self-inductance of coil 1. The current i1(t) causes a flux in the magnetic core. This flux

is related to the current by

f ¼ c1N 1i1 ð11:9-2Þ

Then the maximum power transferred can be obtained by noting that

I ¼ 10ff0�
5þ 5

¼ 1ff0� A
Therefore, the average power transferred to the load is

P ¼ I2m
2
RL ¼ 1ð Þ2

2
5 ¼ 2:5W

Cable

+
–

Antenna TV set

Impedance of
one TV setZ

Ω200
Vs

FIGURE E 11.8-2
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Por consiguiente, la potencia promedio transferida a la carga es
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EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find ZL to obtain the maximum power

transferred when the Th�evenin equivalent circuit has Vt ¼ 100ff0�V and Zt ¼ 10þ j14V. Also,

determine the maximum power transferred to the load.

Answer: ZL ¼ 10� j14V and P ¼ 125W
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the antenna to the TV, as shown in Figure E 11.8-2, with vs ¼ 4 cos vt

mV. The TV station is received at 52 MHz. Determine the average

power delivered to each TV set if (a) the load impedance isZ¼ 300V;

(b) two identical TV sets are connected in parallel with Z¼ 300V for

each set; (c) two identical sets are connected in parallel and Z is to be

selected so that maximum power is delivered at each set.

Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW

11.9 COUPLED INDUCTORS

The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance

for self-inductance, and we are familiar with circuits that have inductors. In this section, we consider

coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents

and are also widely used in electronic circuits.

Coupled inductors, or coupled coils, are magnetic devices that consist of two or more

multiturn coils wound on a common core.

Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to

be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage

across the second coil. Here’s why. The input voltage, v1(t), causes a current i1(t) in coil 1. The current

and voltage are related by

v1 ¼ L1
di1

dt
ð11:9-1Þ

where L1 is the self-inductance of coil 1. The current i1(t) causes a flux in the magnetic core. This flux

is related to the current by

f ¼ c1N 1i1 ð11:9-2Þ

Then the maximum power transferred can be obtained by noting that

I ¼ 10ff0�
5þ 5

¼ 1ff0� A
Therefore, the average power transferred to the load is

P ¼ I2m
2
RL ¼ 1ð Þ2

2
5 ¼ 2:5W
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Antenna TV set

Impedance of
one TV setZ

Ω200
Vs

FIGURE E 11.8-2
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EJERCICIO 11.8-1  Para el circuito de la figura E 11.8-1, encuentre ZL para obtener la po-
tencia máxima transferida cuando el circuito equivalente de Thévenin tiene Vt 5 100 
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EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find ZL to obtain the maximum power

transferred when the Th�evenin equivalent circuit has Vt ¼ 100ff0�V and Zt ¼ 10þ j14V. Also,

determine the maximum power transferred to the load.

Answer: ZL ¼ 10� j14V and P ¼ 125W

EXERCISE 11.8-2 A television receiver uses a cable to connect

the antenna to the TV, as shown in Figure E 11.8-2, with vs ¼ 4 cos vt

mV. The TV station is received at 52 MHz. Determine the average

power delivered to each TV set if (a) the load impedance isZ¼ 300V;

(b) two identical TV sets are connected in parallel with Z¼ 300V for

each set; (c) two identical sets are connected in parallel and Z is to be

selected so that maximum power is delivered at each set.

Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW

11.9 COUPLED INDUCTORS

The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance

for self-inductance, and we are familiar with circuits that have inductors. In this section, we consider

coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents

and are also widely used in electronic circuits.

Coupled inductors, or coupled coils, are magnetic devices that consist of two or more

multiturn coils wound on a common core.

Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to

be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage

across the second coil. Here’s why. The input voltage, v1(t), causes a current i1(t) in coil 1. The current

and voltage are related by

v1 ¼ L1
di1

dt
ð11:9-1Þ

where L1 is the self-inductance of coil 1. The current i1(t) causes a flux in the magnetic core. This flux

is related to the current by

f ¼ c1N 1i1 ð11:9-2Þ

Then the maximum power transferred can be obtained by noting that

I ¼ 10ff0�
5þ 5

¼ 1ff0� A
Therefore, the average power transferred to the load is

P ¼ I2m
2
RL ¼ 1ð Þ2

2
5 ¼ 2:5W
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one TV setZ

Ω200
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 V y Zt 5 
10 1 j14 V. Incluso, determine la potencia máxima transferida a la carga.

Respuesta: ZL 5 10 2 j14 V y P 5 125 W

EJERCICIO 11.8-2  Un receptor de televisión utiliza cable 
para conectar la antena a la TV, como se muestra en la figura E 11.8-2, 
con vs 5 4 cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t mV. La estación de TV se recibe a 52 MHz. Deter-
mine la potencia promedio transmitida a cada aparato de TV si (a) la 
impedancia de carga es Z 5 300 V; (b) dos aparatos de TV idénticos 
están conectados en paralelo con Z 5 300 V para cada uno; (c) dos 
aparatos idénticos están conectados en paralelo y se debe seleccionar 
Z de modo que se transmita la potencia máxima a cada aparato.

Respuestas: (a) 9.6 nW; (b) 4.9 nW; (c) 5 nW

11.9 I N D U C T O R E S  A C O P L A D O S

El concepto de autoinductancia se introdujo en el capítulo 7. Por lo común utilizamos el término induc-
tancia para indicar el concepto de autoinductancia, y manejamos más los circuitos que contienen induc-
tores. En esta sección estudiaremos los inductores acoplados, los cuales son muy útiles en circuitos con 
voltajes y corrientes (ca) en estado estable, e incluso se les utiliza ampliamente en circuitos electrónicos.

Inductores acoplados, o bobinas acopladas, son dispositivos magnéticos que constan de 
dos o más bobinas de gran devanado arrolladas en un centro común.

 La figura 11.9-1a muestra las dos bobinas de cable arrollado en torno a un centro magnético. 
Se dice que estas bobinas deben estar acopladas magnéticamente. Un voltaje aplicado a una bobina, 
como se muestra en la figura 11.9-1a, genera un voltaje a través de la segunda bobina. He aquí por 
qué. El voltaje de entrada, v1(t) ocasiona una corriente i1(t) en la bobina 1. La corriente y el voltaje se 
relacionan por 
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EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find ZL to obtain the maximum power

transferred when the Th�evenin equivalent circuit has Vt ¼ 100ff0�V and Zt ¼ 10þ j14V. Also,

determine the maximum power transferred to the load.

Answer: ZL ¼ 10� j14V and P ¼ 125W

EXERCISE 11.8-2 A television receiver uses a cable to connect

the antenna to the TV, as shown in Figure E 11.8-2, with vs ¼ 4 cos vt

mV. The TV station is received at 52 MHz. Determine the average

power delivered to each TV set if (a) the load impedance isZ¼ 300V;

(b) two identical TV sets are connected in parallel with Z¼ 300V for

each set; (c) two identical sets are connected in parallel and Z is to be

selected so that maximum power is delivered at each set.

Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW

11.9 COUPLED INDUCTORS

The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance

for self-inductance, and we are familiar with circuits that have inductors. In this section, we consider

coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents

and are also widely used in electronic circuits.

Coupled inductors, or coupled coils, are magnetic devices that consist of two or more

multiturn coils wound on a common core.

Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to

be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage

across the second coil. Here’s why. The input voltage, v1(t), causes a current i1(t) in coil 1. The current

and voltage are related by

v1 ¼ L1
di1

dt
ð11:9-1Þ

where L1 is the self-inductance of coil 1. The current i1(t) causes a flux in the magnetic core. This flux

is related to the current by

f ¼ c1N 1i1 ð11:9-2Þ

Then the maximum power transferred can be obtained by noting that

I ¼ 10ff0�
5þ 5

¼ 1ff0� A
Therefore, the average power transferred to the load is

P ¼ I2m
2
RL ¼ 1ð Þ2

2
5 ¼ 2:5W

Cable

+
–

Antenna TV set

Impedance of
one TV setZ

Ω200
Vs

FIGURE E 11.8-2
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 (11.9-1)

donde L1 es la autoinductancia de la bobina 1. La corriente i1(t) ocasiona un flujo en el centro magné-
tico. Este flujo se relaciona con la corriente por 
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EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find ZL to obtain the maximum power

transferred when the Th�evenin equivalent circuit has Vt ¼ 100ff0�V and Zt ¼ 10þ j14V. Also,

determine the maximum power transferred to the load.

Answer: ZL ¼ 10� j14V and P ¼ 125W

EXERCISE 11.8-2 A television receiver uses a cable to connect

the antenna to the TV, as shown in Figure E 11.8-2, with vs ¼ 4 cos vt

mV. The TV station is received at 52 MHz. Determine the average

power delivered to each TV set if (a) the load impedance isZ¼ 300V;

(b) two identical TV sets are connected in parallel with Z¼ 300V for

each set; (c) two identical sets are connected in parallel and Z is to be

selected so that maximum power is delivered at each set.

Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW

11.9 COUPLED INDUCTORS

The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance

for self-inductance, and we are familiar with circuits that have inductors. In this section, we consider

coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents

and are also widely used in electronic circuits.

Coupled inductors, or coupled coils, are magnetic devices that consist of two or more

multiturn coils wound on a common core.

Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to

be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage

across the second coil. Here’s why. The input voltage, v1(t), causes a current i1(t) in coil 1. The current

and voltage are related by

v1 ¼ L1
di1

dt
ð11:9-1Þ

where L1 is the self-inductance of coil 1. The current i1(t) causes a flux in the magnetic core. This flux

is related to the current by

f ¼ c1N 1i1 ð11:9-2Þ

Then the maximum power transferred can be obtained by noting that

I ¼ 10ff0�
5þ 5

¼ 1ff0� A
Therefore, the average power transferred to the load is

P ¼ I2m
2
RL ¼ 1ð Þ2

2
5 ¼ 2:5W
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 (11.9-2)

Cable

+
–

Antena Aparato de TV

Impedancia de
un aparato de TVZ

Ω200
Vs

FIGURA E 11.8-2 
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FIGURA 11.9-1 Dos bobinas acopladas magnéticamente montadas en un material magnético. El flujo 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.
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Vm Vm sin   t

Im sin (  t +  )

t
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ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.
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 se contiene 
en el centro magnético.

donde c1 es una constante que depende de las propiedades magnéticas y geométricas del centro, y N1 es 
la cantidad de vueltas en la bobina 1. El número de vueltas en una bobina indica la cantidad de veces 
que el alambre se enrolla alrededor del centro. El flujo, 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p
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where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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, se contiene en el interior del centro magnéti-
co. El centro tiene un área transversal A. El voltaje a través de la bobina 1 se relaciona con el flujo por
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where c1 is a constant that depends on the magnetic properties and geometry of the core, and N1 is the

number of turns in coil 1. The number of turns in a coil indicates the number of times the wire is

wrapped around the core. The flux, f, is contained within the magnetic core. The core has a cross-

sectional area A. The voltage across the coil 1 is related to the flux by

v1 ¼ N1
df

dt
¼ N1

d

dt
c1N1i1ð Þ ¼ c1N

2
1

di1

dt
ð11:9-3Þ

Comparing Eqs. 11.9-1 and 11.9-3 shows that

L1 ¼ c1N
2
1 ð11:9-4Þ

A voltage, v2, at the terminals of the second coil is induced by f, which flows through

the second coil. This voltage is related to the flux by

v2 ¼ N2
df

dt
¼ cM N1N2

di1

dt
¼ M

di1

dt
ð11:9-5Þ

where cM is a constant that depends on the magnetic properties and geometry of the core, N2

is the number of turns in the second coil, and M ¼ cMN1N2 is a positive number called the

mutual inductance. The unit of mutual inductance is the henry, H.

The polarity of the voltage v2, compared to the polarity of v1, depends on the way in

which the coils are wrapped on the core. There are two distinct cases, and they are shown in

Figures 11.9-1a,b. The difference between these two figures is the direction in which coil 2 is

wrapped around the core. A dot convention is used to indicate the way the coils have been

wrapped on the coil. Notice that one end of each coil is marked with a dot. When the reference

direction of the current of one coil enters the dotted end of that coil, the reference polarity of the

induced voltage is positive at the dotted end of the other coil. For example, in Figures 11.9-1a,

b, the reference direction of the current i1 enters the dotted end of the left coil. Consequently, in

Figures 11.9-1a,b, the + sign of the reference polarity of v2 is located at the dotted end of the

right coil.

The circuit symbol that is used to represent coupled inductors is shown in Figure 11.9-2

with the dots shown and the mutual inductance identified as M. Two cases are shown in

Figure 11.9-2. In Figure 11.9-2a, both coil currents enter the dotted ends of the coils. In

Figure 11.9-2b, one current, i1, enters the dotted end of a coil, but the other current, i2, enters

the undotted end on the coil. In both cases, the reference directions of the voltage and current

of each coil adhere to the passive convention.
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FIGURE 11.9-1 Two magnetically coupled coils mounted on a magnetic material. The flux f is contained

within the magnetic core.
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 (11.9-3)

La comparación de las ecuaciones 11.9-1 y 11-9-3 muestra que
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where c1 is a constant that depends on the magnetic properties and geometry of the core, and N1 is the

number of turns in coil 1. The number of turns in a coil indicates the number of times the wire is

wrapped around the core. The flux, f, is contained within the magnetic core. The core has a cross-

sectional area A. The voltage across the coil 1 is related to the flux by

v1 ¼ N1
df

dt
¼ N1

d

dt
c1N1i1ð Þ ¼ c1N

2
1

di1

dt
ð11:9-3Þ

Comparing Eqs. 11.9-1 and 11.9-3 shows that

L1 ¼ c1N
2
1 ð11:9-4Þ

A voltage, v2, at the terminals of the second coil is induced by f, which flows through

the second coil. This voltage is related to the flux by

v2 ¼ N2
df

dt
¼ cM N1N2

di1

dt
¼ M

di1

dt
ð11:9-5Þ

where cM is a constant that depends on the magnetic properties and geometry of the core, N2

is the number of turns in the second coil, and M ¼ cMN1N2 is a positive number called the

mutual inductance. The unit of mutual inductance is the henry, H.

The polarity of the voltage v2, compared to the polarity of v1, depends on the way in

which the coils are wrapped on the core. There are two distinct cases, and they are shown in

Figures 11.9-1a,b. The difference between these two figures is the direction in which coil 2 is

wrapped around the core. A dot convention is used to indicate the way the coils have been

wrapped on the coil. Notice that one end of each coil is marked with a dot. When the reference

direction of the current of one coil enters the dotted end of that coil, the reference polarity of the

induced voltage is positive at the dotted end of the other coil. For example, in Figures 11.9-1a,

b, the reference direction of the current i1 enters the dotted end of the left coil. Consequently, in

Figures 11.9-1a,b, the + sign of the reference polarity of v2 is located at the dotted end of the

right coil.

The circuit symbol that is used to represent coupled inductors is shown in Figure 11.9-2

with the dots shown and the mutual inductance identified as M. Two cases are shown in

Figure 11.9-2. In Figure 11.9-2a, both coil currents enter the dotted ends of the coils. In

Figure 11.9-2b, one current, i1, enters the dotted end of a coil, but the other current, i2, enters

the undotted end on the coil. In both cases, the reference directions of the voltage and current

of each coil adhere to the passive convention.
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FIGURE 11.9-1 Two magnetically coupled coils mounted on a magnetic material. The flux f is contained

within the magnetic core.
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 (11.9-4)
 En las terminales de la segunda bobina, 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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 induce un voltaje, v2, el cual fluye a través 
de la segunda bobina. Este voltaje se relaciona con el flujo por
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where c1 is a constant that depends on the magnetic properties and geometry of the core, and N1 is the

number of turns in coil 1. The number of turns in a coil indicates the number of times the wire is

wrapped around the core. The flux, f, is contained within the magnetic core. The core has a cross-

sectional area A. The voltage across the coil 1 is related to the flux by

v1 ¼ N1
df

dt
¼ N1

d

dt
c1N1i1ð Þ ¼ c1N

2
1

di1

dt
ð11:9-3Þ

Comparing Eqs. 11.9-1 and 11.9-3 shows that

L1 ¼ c1N
2
1 ð11:9-4Þ

A voltage, v2, at the terminals of the second coil is induced by f, which flows through

the second coil. This voltage is related to the flux by

v2 ¼ N2
df

dt
¼ cM N1N2

di1

dt
¼ M

di1

dt
ð11:9-5Þ

where cM is a constant that depends on the magnetic properties and geometry of the core, N2

is the number of turns in the second coil, and M ¼ cMN1N2 is a positive number called the

mutual inductance. The unit of mutual inductance is the henry, H.

The polarity of the voltage v2, compared to the polarity of v1, depends on the way in

which the coils are wrapped on the core. There are two distinct cases, and they are shown in

Figures 11.9-1a,b. The difference between these two figures is the direction in which coil 2 is

wrapped around the core. A dot convention is used to indicate the way the coils have been

wrapped on the coil. Notice that one end of each coil is marked with a dot. When the reference

direction of the current of one coil enters the dotted end of that coil, the reference polarity of the

induced voltage is positive at the dotted end of the other coil. For example, in Figures 11.9-1a,

b, the reference direction of the current i1 enters the dotted end of the left coil. Consequently, in

Figures 11.9-1a,b, the + sign of the reference polarity of v2 is located at the dotted end of the

right coil.

The circuit symbol that is used to represent coupled inductors is shown in Figure 11.9-2

with the dots shown and the mutual inductance identified as M. Two cases are shown in

Figure 11.9-2. In Figure 11.9-2a, both coil currents enter the dotted ends of the coils. In

Figure 11.9-2b, one current, i1, enters the dotted end of a coil, but the other current, i2, enters

the undotted end on the coil. In both cases, the reference directions of the voltage and current

of each coil adhere to the passive convention.
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FIGURE 11.9-1 Two magnetically coupled coils mounted on a magnetic material. The flux f is contained

within the magnetic core.
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 (11.9-5)

donde cM es una constante que depende de las propiedades magnéticas y geométricas del 
centro, N2 es la cantidad de vueltas en la segunda bobina, y M 5 cMN1N2 es un número po-
sitivo denominado inductancia mutua. La unidad de la inductancia mutua es el henry, H.
 La polaridad del voltaje v2, comparada con la polaridad de v1, depende de la manera 
en que estén arrolladas las bobinas en el centro. Hay dos casos distintos, y se muestran en 
las figuras 11.9-1a, b. La diferencia entre estas dos figuras es la dirección en que la bobi-
na 2 se ha arrollado en torno al centro. Se utiliza una convención de puntos para indicar 
la manera en que las bobinas se han arrollado en la bobina. Observe que un extremo de 
cada bobina está marcado con un punto. Cuando la dirección de referencia de la corriente 
de una bobina llega al extremo con punto de esa bobina, la polaridad de referencia del 
voltaje inducido es positiva en el extremo con punto de la otra bobina. Por ejemplo, en las 
figuras 11.9-1a, b, la dirección de referencia de la corriente i1 llega al extremo con punto de 
la bobina izquierda. En consecuencia, en las figuras 11.9-1a, b, el signo 1 de la polaridad 
de referencia de v2 se localiza en el extremo con punto de la bobina derecha.
 El símbolo de circuito que se utiliza para representar inductores acoplados se mues-
tra en la figura 11.9-2 con los puntos mostrados, y la inductancia mutua identificada como 
M. En la figura 11.9-2 se muestran dos casos. En la figura 11.9-2a, ambas corrientes de 
bobina llegan a los extremos con punto de las bobinas. En la figura 11.9-2b, una corriente, 
i1, llega al extremo con punto de una bobina, pero la otra corriente, i2, llega al extremo sin 
punto en la bobina. En ambos casos, las direcciones de referencia del voltaje y la corriente 
de cada bobina se apegan a la convención pasiva.
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FIGURA 11.9-2 Símbolo 
de circuito para inductores 
acoplados. En (a) las dos 
corrientes de bobina llegan 
a los extremos con punto 
de las bobinas. En (b) una 
corriente de bobina llega 
al extremo con punto de 
la bobina, pero la otra 
corriente de bobina llega 
al extremo sin punto.
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 Suponga que las dos corrientes de bobina llegan a los extremos con punto de las bobinas, como 
en la figura 11.9-1a, o que las corrientes de ambas bobinas lleguen a los extremos sin punto de las 
bobinas. El voltaje a través de la primera bobina, v1, se relaciona con las corrientes de bobina por 
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Suppose both coil currents enter the dotted ends of the coils, as in Figure 11.9-1a, or both coil

currents enter the undotted ends of the coils. The voltage across the first coil, v1, is related to the coil

currents by

v1 ¼ L1
di1

dt
þM

di2

dt
ð11:9-6Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
þM

di1

dt
ð11:9-7Þ

In contrast, suppose one coil current enters the dotted end of a coil while the other coil current

enters the undotted end of a coil, as in Figure 11.9-2b. The voltage across the first coil, v1, is related to

the coil currents by

v1 ¼ L1
di1

dt
�M

di2

dt
ð11:9-8Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
�M

di1

dt
ð11:9-9Þ

Thus, the mutual inductance can be seen to induce a voltage in a coil due to the current in the other coil.

Coupled inductors can be modeled using inductors (without coupling) and dependent sources.

Figure 11.9-3 shows an equivalent circuit for coupled inductors.

The use of coupled inductors is usually limited to non-dc applications because coils behave as

short circuits for a steady current.

Suppose that coupled inductors are part of a linear circuit with a sinusoidal input and that the

circuit is at steady state. Such a circuit can be analyzed in the frequency domain, using phasors. The

coupled inductors shown in Figure 11.9-2a are represented by the phasor equations

V1 ¼ jvL1I1 þ jvM I2 ð11:9-10Þ
and

V2 ¼ jvL2I2 þ jvM I1 ð11:9-11Þ

In contrast, the coupled inductors shown in Figure 11.9-2b are represented by the phasor equations

V1 ¼ jvL1I1 � jvM I2 ð11:9-12Þ
and

V2 ¼ jvL2I2 � jvM I1 ð11:9-13Þ
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FIGURE 11.9-3 (a) Coupled inductors and (b) an equivalent circuit.
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 (11.9-6)

Del mismo modo, el voltaje a través de la segunda bobina se relaciona con las corrientes de bobina por
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Suppose both coil currents enter the dotted ends of the coils, as in Figure 11.9-1a, or both coil

currents enter the undotted ends of the coils. The voltage across the first coil, v1, is related to the coil

currents by

v1 ¼ L1
di1

dt
þM

di2

dt
ð11:9-6Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
þM

di1

dt
ð11:9-7Þ

In contrast, suppose one coil current enters the dotted end of a coil while the other coil current

enters the undotted end of a coil, as in Figure 11.9-2b. The voltage across the first coil, v1, is related to

the coil currents by

v1 ¼ L1
di1

dt
�M

di2

dt
ð11:9-8Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
�M

di1

dt
ð11:9-9Þ

Thus, the mutual inductance can be seen to induce a voltage in a coil due to the current in the other coil.

Coupled inductors can be modeled using inductors (without coupling) and dependent sources.

Figure 11.9-3 shows an equivalent circuit for coupled inductors.

The use of coupled inductors is usually limited to non-dc applications because coils behave as

short circuits for a steady current.

Suppose that coupled inductors are part of a linear circuit with a sinusoidal input and that the

circuit is at steady state. Such a circuit can be analyzed in the frequency domain, using phasors. The

coupled inductors shown in Figure 11.9-2a are represented by the phasor equations

V1 ¼ jvL1I1 þ jvM I2 ð11:9-10Þ
and

V2 ¼ jvL2I2 þ jvM I1 ð11:9-11Þ

In contrast, the coupled inductors shown in Figure 11.9-2b are represented by the phasor equations

V1 ¼ jvL1I1 � jvM I2 ð11:9-12Þ
and

V2 ¼ jvL2I2 � jvM I1 ð11:9-13Þ
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FIGURE 11.9-3 (a) Coupled inductors and (b) an equivalent circuit.
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 (11.9-7)

 Por el contrario, suponga que una corriente de bobina llega al extremo con punto de una bobina 
en tanto que la corriente de la otra bobina llega al extremo sin punto de una bobina, como en la figura 
11.9-2b. El voltaje a través de la primera bobina, v1, se relaciona con las corrientes de bobina por
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Suppose both coil currents enter the dotted ends of the coils, as in Figure 11.9-1a, or both coil

currents enter the undotted ends of the coils. The voltage across the first coil, v1, is related to the coil

currents by

v1 ¼ L1
di1

dt
þM

di2

dt
ð11:9-6Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
þM

di1

dt
ð11:9-7Þ

In contrast, suppose one coil current enters the dotted end of a coil while the other coil current

enters the undotted end of a coil, as in Figure 11.9-2b. The voltage across the first coil, v1, is related to

the coil currents by

v1 ¼ L1
di1

dt
�M

di2

dt
ð11:9-8Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
�M

di1

dt
ð11:9-9Þ

Thus, the mutual inductance can be seen to induce a voltage in a coil due to the current in the other coil.

Coupled inductors can be modeled using inductors (without coupling) and dependent sources.

Figure 11.9-3 shows an equivalent circuit for coupled inductors.

The use of coupled inductors is usually limited to non-dc applications because coils behave as

short circuits for a steady current.

Suppose that coupled inductors are part of a linear circuit with a sinusoidal input and that the

circuit is at steady state. Such a circuit can be analyzed in the frequency domain, using phasors. The

coupled inductors shown in Figure 11.9-2a are represented by the phasor equations

V1 ¼ jvL1I1 þ jvM I2 ð11:9-10Þ
and

V2 ¼ jvL2I2 þ jvM I1 ð11:9-11Þ

In contrast, the coupled inductors shown in Figure 11.9-2b are represented by the phasor equations

V1 ¼ jvL1I1 � jvM I2 ð11:9-12Þ
and

V2 ¼ jvL2I2 � jvM I1 ð11:9-13Þ
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FIGURE 11.9-3 (a) Coupled inductors and (b) an equivalent circuit.
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 (11.9-8)

Del mismo modo, el voltaje a través de la segunda bobina se relaciona con las corrientes de bobina por
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Suppose both coil currents enter the dotted ends of the coils, as in Figure 11.9-1a, or both coil

currents enter the undotted ends of the coils. The voltage across the first coil, v1, is related to the coil

currents by

v1 ¼ L1
di1

dt
þM

di2

dt
ð11:9-6Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
þM

di1

dt
ð11:9-7Þ

In contrast, suppose one coil current enters the dotted end of a coil while the other coil current

enters the undotted end of a coil, as in Figure 11.9-2b. The voltage across the first coil, v1, is related to

the coil currents by

v1 ¼ L1
di1

dt
�M

di2

dt
ð11:9-8Þ

Similarly, the voltage across the second coil is related to the coil currents by

v2 ¼ L2
di2

dt
�M

di1

dt
ð11:9-9Þ

Thus, the mutual inductance can be seen to induce a voltage in a coil due to the current in the other coil.

Coupled inductors can be modeled using inductors (without coupling) and dependent sources.

Figure 11.9-3 shows an equivalent circuit for coupled inductors.

The use of coupled inductors is usually limited to non-dc applications because coils behave as

short circuits for a steady current.

Suppose that coupled inductors are part of a linear circuit with a sinusoidal input and that the

circuit is at steady state. Such a circuit can be analyzed in the frequency domain, using phasors. The

coupled inductors shown in Figure 11.9-2a are represented by the phasor equations

V1 ¼ jvL1I1 þ jvM I2 ð11:9-10Þ
and

V2 ¼ jvL2I2 þ jvM I1 ð11:9-11Þ

In contrast, the coupled inductors shown in Figure 11.9-2b are represented by the phasor equations

V1 ¼ jvL1I1 � jvM I2 ð11:9-12Þ
and

V2 ¼ jvL2I2 � jvM I1 ð11:9-13Þ

(a) (b)

i1(t) i2(t)

v1(t) L1 L2

M
+

–

v2(t)

+

–

i1(t) i2(t)L1 L2

v1(t)

+

–

v2(t)

+

–

+

–

di2
dt

M
di1
dt

M
+

–

FIGURE 11.9-3 (a) Coupled inductors and (b) an equivalent circuit.
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De este modo, la inductancia mutua se puede ver que induce un voltaje en una bobina debido a la 
corriente en la otra bobina. 
 Los inductores acoplados se pueden modelar utilizando inductores (sin acoplamiento) y fuentes 
dependientes. La figura 11.9-3 muestra un circuito equivalente para inductores acoplados.
 El uso de inductores acoplados se suele limitar a aplicaciones de no cd porque las bobinas se 
comportan como cortocircuitos para una corriente estable.
 Suponga que los inductores acoplados son parte de un circuito lineal con una entrada senoidal 
y que el circuito se encuentra en estado estable. Un circuito de estas características se puede analizar 
en el dominio de frecuencia, utilizando fasores. Los inductores acoplados que se muestran en la figura 
11.9-2a están representados por ecuaciones de fasores
 V1 5 j
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Por el contrario, los inductores acoplados que se muestran en la figura 11.9-2b están representados 
por ecuaciones de fasores
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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FIGURA 11.9-3 (a) Inductores acoplados y (b) un circuito equivalente.
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 Las inductancias, L1 y L2, y la inductancia mutua, M, dependen de las propiedades magnéticas 
y geométricas del centro y de la cantidad de vueltas en las bobinas. Refiriéndonos a las ecuaciones 
11.9-4 y 11.9-5, podemos escribir
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
i2 tð Þ

� �
i1 tð Þ þ L2

d

dt
i2 tð Þ �M

d

dt
i1 tð Þ

� �
i2 tð Þ

¼ L1i1 tð Þ d
dt

i1 tð Þ �M
d

dt
i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have

1

2
L1i

2
1 þ

1

2
L2i

2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 (11.9-14)

donde la constante 
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ
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d

dt
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i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
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2
1 þ
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2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 se denomina coeficiente de acoplamiento. Como el coeficiente 
de acoplamiento depende de c1, c2 y cM, depende de las propiedades magnéticas y geométricas del 
centro. Despejamos la ecuación 11.9-14 para el coeficiente de acoplamiento y nos da
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
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dt

i1 tð Þ �M
d

dt
i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 (11.9-15)

La potencia instantánea absorbida por los inductores acoplados es 
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
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dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 (11.9-16)

donde 2M se utiliza si una corriente llega al extremo sin punto de una bobina, en tanto que la otra 
corriente llega al extremo con punto; de otra manera, se utiliza 1M. La energía almacenada en los 
inductores acoplados se calcula al integrar la potencia absorbida por los inductores acoplados. La 
energía almacenada en los inductores acoplados es
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
i2 tð Þ
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d
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i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d
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ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
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2
1 þ

1

2
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2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 (11.9-17)

donde, una vez más, se utiliza 2M si una corriente llega al extremo sin punto de una bobina en tanto 
que la otra corriente llega al extremo con punto; de otra manera, se utiliza 1M. Podemos utilizar esta 
ecuación para encontrar qué tan grande puede llegar a ser un valor M en términos de L1 y L2. Como 
los inductores acoplados son un elementos pasivo, la energía almacenada debe ser mayor que o igual a 
cero. La cantidad limitante para M se obtiene cuando w 5 0 en la ecuación 11.9-17. Entonces tenemos
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d
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ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
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2
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2
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2
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where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
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p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 (11.9-18)

como la condición limitante para el caso en el que una corriente llegue a la terminal con punto y la 
otra corriente deje la terminal con punto. Ahora sume y reste el término 
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write
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2
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where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is
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where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
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p tð Þdt ¼ 1
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where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have
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as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
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in the equation to

generate a term that is a perfect square as follows:
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The perfect square term can be positive or zero. Therefore, to have w � 0, we require that
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p � M ð11:9-19Þ
Thus, the maximum value of M is
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.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 en la ecuación 
para generar un término que sea un cuadrado perfecto como sigue:

E1C11_1 11/06/2009 526

The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we
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where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
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The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
i2 tð Þ

� �
i1 tð Þ þ L2

d

dt
i2 tð Þ �M

d

dt
i1 tð Þ

� �
i2 tð Þ

¼ L1i1 tð Þ d
dt

i1 tð Þ �M
d

dt
i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have

1

2
L1i

2
1 þ

1

2
L2i

2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:

ffiffiffiffiffi
L1

2

r
i1 �

ffiffiffiffiffi
L2

2

r
i2

 !2

þ i1i2
ffiffiffiffiffiffiffiffiffiffi
L1L2

p �M
� � ¼ 0

The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
i2 tð Þ

� �
i1 tð Þ þ L2

d

dt
i2 tð Þ �M

d

dt
i1 tð Þ

� �
i2 tð Þ

¼ L1i1 tð Þ d
dt

i1 tð Þ �M
d

dt
i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have

1

2
L1i

2
1 þ

1

2
L2i

2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:

ffiffiffiffiffi
L1

2

r
i1 �

ffiffiffiffiffi
L2

2

r
i2

 !2

þ i1i2
ffiffiffiffiffiffiffiffiffiffi
L1L2

p �M
� � ¼ 0

The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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De este modo, el valor máximo de M es 
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and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we
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where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
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is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives
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where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have

1

2
L1i

2
1 þ

1

2
L2i

2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:

ffiffiffiffiffi
L1
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i1 �

ffiffiffiffiffi
L2

2
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i2

 !2

þ i1i2
ffiffiffiffiffiffiffiffiffiffi
L1L2

p �M
� � ¼ 0

The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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 Por consiguiente, el coeficiente de acoplamiento de los inductores acoplados pasivos puede no 
ser más grande que 1. Además, el coeficiente de acoplamiento no puede ser negativo porque L1, L2 
y M son no negativos. Cuando k 5 0 no se da el acoplamiento. Por consiguiente, el coeficiente de 
acoplamiento debe satisfacer
 0 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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for the one-minute period is 40 mJ. Element 1 is a
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It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.
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State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW
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Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.
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La mayoría de los transformadores del sistema de potencia tiene una k que se aproxima a 1, en tanto 
que k es baja para circuitos de radio.

M11_DORF_1571_8ED_SE_496-557.indd   526 4/12/11   7:14 PM



Circuitos Eléctricos - Dorf Alfaomega

 Inductores acoplados 527

(b)

j Mω

j L1ω j L2ωI1 I2
+
–V1 V2Z2

+

–

(a)

i1(t) i2(t)

v1(t) L1 L2

M
+

–

v2(t)

+

–

Circuito 1
(fuente)

Primario Secundario

Circuito 2
(carga)

FIGURA 11.9-4 (a) Inductores acoplados utilizados como un transformador para acoplar magnéticamente dos circuitos, y (b) un trans-
formador utilizado para acoplar magnéticamente una fuente de voltaje a una impedancia.

 La figura 11.9-4a muestra inductores acoplados utilizados como un transformador  para conec-
tar una fuente a una carga. La bobina conectada a la fuente se denomina bobina primaria, y la bobina 
conectada a la carga se llama bobina secundaria. El circuito 2 está conectado al circuito 1 a través del 
acoplamiento magnético del transformador pero no es una conexión eléctrica entre estos dos circuitos. 
Por ejemplo, no hay una ruta para la corriente que fluye del circuito 1 al circuito 2. Además, ningún 
elemento del circuito está conectado entre un nodo del circuito 1 y un nodo del circuito 2.
 La figura 11.9-4b muestra un ejemplo específico de la situación que se presenta en la figura 
11.9-4a. La fuente es una fuente de voltaje senoidal única y la carga es una impedancia individual. El 
circuito se ha representado en el dominio de frecuencia, utilizando fasores e impedancias. El circuito 
en la figura 11.9-4b se puede analizar escribiendo ecuaciones de enlaces. Las dos ecuaciones de en-
laces son
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Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The

coil connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. For example, there is no path for

current to flow from circuit 1 to circuit 2. In addition, no circuit element is connected between a node

of circuit 1 and a node of circuit 2.

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is

a single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented

in the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed

by writing mesh equations. The two mesh equations are

jvL1I1 � jvM I2 ¼ V1

�jvM I1 þ jvL2 þ Z2ð ÞI2 ¼ 0

Solving for I2 in terms of V1, we have

I2 ¼ jv M

jvð Þ2 L1L2 �M2
� �þ jv L1Z2ð Þ

� �
2
4

3
5V1 ð11:9-21Þ

When the coupling coefficient of the coupled inductors is unity, then M ¼ ffiffiffiffiffiffiffiffiffiffi
L1L2

p
and Eq. 11.9-21

reduces to

I2 ¼ jv M

jv L1Z2

� �
V1 ¼ jv

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
jvL1Z2

� �
V1 ¼

ffiffiffiffiffi
L2

p

Z2
ffiffiffiffiffi
L1

p V1 ð11:9-22Þ

The voltage across the impedance is given by

V2 ¼ Z2I2 ¼
ffiffiffiffiffi
L2

L1

r
V1 ð11:9-23Þ

The ratio of the inductances is related to the magnetic properties and geometry of the core and the

number of turns in the coils. Referring to Eq. 11.9-4, we can write

L2

L1
¼ c2N

2
2

c1N
2
1

When both coils are wound symmetrically on the same core, then c1 ¼ c2. In this case,

L2

L1
¼ N 2

2

N 2
1

¼ n2 ð11:9-24Þ

where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives

V2 ¼ nV1 ð11:9-25Þ
whereV1 is the voltage across the primary coil,V2 is the voltage across the secondary coil, and n is the

turns ratio.
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+
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Circuit 1
(source)

Primary Secondary

Circuit 2
(load)

FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple a

voltage source magnetically to an impedance.
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Cuando el coeficiente de acoplamiento de los inductores acoplados es unidad, entonces M 5 
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The inductances, L1 and L2, and mutual inductance,M, each depend on the magnetic properties

and geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we

can write

L1L2 ¼ c1N
2
1

� �
c2N

2
2

� � ¼ c1c2 N1N2ð Þ2 ¼ cMN 1N2

k

� �2

¼ M2

k2
ð11:9-14Þ

where the constant k ¼ cM=
ffiffiffiffiffiffiffiffiffi
c1c2

p
is called the coupling coefficient. Because the coupling coefficient

depends on c1, c2, and cM, it depends on the magnetic properties and geometry of the core. Solving Eq.

11.9-14 for the coupling coefficient gives

k ¼ Mffiffiffiffiffiffiffiffiffiffi
L1L2

p ð11:9-15Þ

The instantaneous power absorbed by coupled inductors is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ

¼ L1
d

dt
i1 tð Þ �M

d

dt
i2 tð Þ

� �
i1 tð Þ þ L2

d

dt
i2 tð Þ �M

d

dt
i1 tð Þ

� �
i2 tð Þ

¼ L1i1 tð Þ d
dt

i1 tð Þ �M
d

dt
i1 tð Þi2 tð Þð Þ þ L2i2 tð Þ d

dt
i2 tð Þ

ð11:9-16Þ

where �M is used if one current enters the undotted end of a coil while the other current enters the

dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by

integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is

w tð Þ ¼
Z t

�1
p tð Þdt ¼ 1

2
L1i

2
1 þ

1

2
L2i

2
2 � Mi1i2 ð11:9-17Þ

where, again,�M is used if one current enters the undotted end of a coil while the other current enters

the dotted end; otherwise, +M is used. We can use this equation to find how large a valueM can attain

in terms of L1 and L2. Because coupled inductors are a passive element, the energy stored must be

greater than or equal to zero. The limiting quantity forM is obtained when w¼ 0 in Eq. 11.9-17. Then

we have

1

2
L1i

2
1 þ

1

2
L2i

2
2 �Mi1 i2 ¼ 0 ð11:9-18Þ

as the limiting condition for the case in which one current enters the dotted terminal and the other

current leaves the dotted terminal. Now add and subtract the term i1i2 ¼
ffiffiffiffiffiffiffiffiffiffi
L1L2

p
in the equation to

generate a term that is a perfect square as follows:

ffiffiffiffiffi
L1

2

r
i1 �

ffiffiffiffiffi
L2

2

r
i2

 !2

þ i1i2
ffiffiffiffiffiffiffiffiffiffi
L1L2

p �M
� � ¼ 0

The perfect square term can be positive or zero. Therefore, to have w � 0, we require that

ffiffiffiffiffiffiffiffiffiffi
L1L2

p � M ð11:9-19Þ
Thus, the maximum value of M is

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
.

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In

addition, the coupling coefficient cannot be negative because L1, L2, andM are all nonnegative. When

k ¼ 0, no coupling exists. Therefore, the coupling coefficient must satisfy

0 � k � 1 ð11:9-20Þ
Most power system transformers have a k that approaches 1, whereas k is low for radio circuits.
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y la ecuación 11.9-21 se reduce a 
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Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The

coil connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. For example, there is no path for

current to flow from circuit 1 to circuit 2. In addition, no circuit element is connected between a node

of circuit 1 and a node of circuit 2.

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is

a single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented

in the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed

by writing mesh equations. The two mesh equations are

jvL1I1 � jvM I2 ¼ V1

�jvM I1 þ jvL2 þ Z2ð ÞI2 ¼ 0

Solving for I2 in terms of V1, we have

I2 ¼ jv M

jvð Þ2 L1L2 �M2
� �þ jv L1Z2ð Þ

� �
2
4

3
5V1 ð11:9-21Þ

When the coupling coefficient of the coupled inductors is unity, then M ¼ ffiffiffiffiffiffiffiffiffiffi
L1L2

p
and Eq. 11.9-21

reduces to

I2 ¼ jv M

jv L1Z2

� �
V1 ¼ jv

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
jvL1Z2

� �
V1 ¼

ffiffiffiffiffi
L2

p

Z2
ffiffiffiffiffi
L1

p V1 ð11:9-22Þ

The voltage across the impedance is given by

V2 ¼ Z2I2 ¼
ffiffiffiffiffi
L2

L1

r
V1 ð11:9-23Þ

The ratio of the inductances is related to the magnetic properties and geometry of the core and the

number of turns in the coils. Referring to Eq. 11.9-4, we can write

L2

L1
¼ c2N

2
2

c1N
2
1

When both coils are wound symmetrically on the same core, then c1 ¼ c2. In this case,

L2

L1
¼ N 2

2

N 2
1

¼ n2 ð11:9-24Þ

where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives

V2 ¼ nV1 ð11:9-25Þ
whereV1 is the voltage across the primary coil,V2 is the voltage across the secondary coil, and n is the

turns ratio.
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+
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i1(t) i2(t)

v1(t) L1 L2

M
+

–

v2(t)

+

–

Circuit 1
(source)
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Circuit 2
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FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple a

voltage source magnetically to an impedance.
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 (11.9-22)

El voltaje a través de la impedancia está dado por 

 

E1C11_1 11/06/2009 527

Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The

coil connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. For example, there is no path for

current to flow from circuit 1 to circuit 2. In addition, no circuit element is connected between a node

of circuit 1 and a node of circuit 2.

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is

a single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented

in the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed

by writing mesh equations. The two mesh equations are

jvL1I1 � jvM I2 ¼ V1

�jvM I1 þ jvL2 þ Z2ð ÞI2 ¼ 0

Solving for I2 in terms of V1, we have

I2 ¼ jv M

jvð Þ2 L1L2 �M2
� �þ jv L1Z2ð Þ

� �
2
4

3
5V1 ð11:9-21Þ

When the coupling coefficient of the coupled inductors is unity, then M ¼ ffiffiffiffiffiffiffiffiffiffi
L1L2

p
and Eq. 11.9-21

reduces to

I2 ¼ jv M

jv L1Z2

� �
V1 ¼ jv

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
jvL1Z2

� �
V1 ¼

ffiffiffiffiffi
L2

p

Z2
ffiffiffiffiffi
L1

p V1 ð11:9-22Þ

The voltage across the impedance is given by

V2 ¼ Z2I2 ¼
ffiffiffiffiffi
L2

L1

r
V1 ð11:9-23Þ

The ratio of the inductances is related to the magnetic properties and geometry of the core and the

number of turns in the coils. Referring to Eq. 11.9-4, we can write

L2

L1
¼ c2N

2
2

c1N
2
1

When both coils are wound symmetrically on the same core, then c1 ¼ c2. In this case,

L2

L1
¼ N 2

2

N 2
1

¼ n2 ð11:9-24Þ

where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives

V2 ¼ nV1 ð11:9-25Þ
whereV1 is the voltage across the primary coil,V2 is the voltage across the secondary coil, and n is the

turns ratio.
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FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple a

voltage source magnetically to an impedance.
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 (11.9-23)

La razón de las inductancias se relaciona con las propiedades magnéticas y geométricas del centro y 
la cantidad de vueltas en las bobinas. Refiriéndonos a la ecuación 11.9-4, podemos escribir
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Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The

coil connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. For example, there is no path for

current to flow from circuit 1 to circuit 2. In addition, no circuit element is connected between a node

of circuit 1 and a node of circuit 2.

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is

a single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented

in the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed

by writing mesh equations. The two mesh equations are

jvL1I1 � jvM I2 ¼ V1

�jvM I1 þ jvL2 þ Z2ð ÞI2 ¼ 0

Solving for I2 in terms of V1, we have

I2 ¼ jv M

jvð Þ2 L1L2 �M2
� �þ jv L1Z2ð Þ

� �
2
4

3
5V1 ð11:9-21Þ

When the coupling coefficient of the coupled inductors is unity, then M ¼ ffiffiffiffiffiffiffiffiffiffi
L1L2

p
and Eq. 11.9-21

reduces to

I2 ¼ jv M

jv L1Z2

� �
V1 ¼ jv

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
jvL1Z2

� �
V1 ¼

ffiffiffiffiffi
L2

p

Z2
ffiffiffiffiffi
L1

p V1 ð11:9-22Þ

The voltage across the impedance is given by

V2 ¼ Z2I2 ¼
ffiffiffiffiffi
L2

L1

r
V1 ð11:9-23Þ

The ratio of the inductances is related to the magnetic properties and geometry of the core and the

number of turns in the coils. Referring to Eq. 11.9-4, we can write

L2

L1
¼ c2N

2
2

c1N
2
1

When both coils are wound symmetrically on the same core, then c1 ¼ c2. In this case,

L2

L1
¼ N 2

2

N 2
1

¼ n2 ð11:9-24Þ

where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives

V2 ¼ nV1 ð11:9-25Þ
whereV1 is the voltage across the primary coil,V2 is the voltage across the secondary coil, and n is the

turns ratio.
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FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple a

voltage source magnetically to an impedance.
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Cuando ambas bobinas se han arrollado simétricamente en el mismo centro, entonces c1 5 c2. En este 
caso,
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Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The

coil connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. For example, there is no path for

current to flow from circuit 1 to circuit 2. In addition, no circuit element is connected between a node

of circuit 1 and a node of circuit 2.

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is

a single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented

in the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed

by writing mesh equations. The two mesh equations are

jvL1I1 � jvM I2 ¼ V1

�jvM I1 þ jvL2 þ Z2ð ÞI2 ¼ 0

Solving for I2 in terms of V1, we have

I2 ¼ jv M

jvð Þ2 L1L2 �M2
� �þ jv L1Z2ð Þ

� �
2
4

3
5V1 ð11:9-21Þ

When the coupling coefficient of the coupled inductors is unity, then M ¼ ffiffiffiffiffiffiffiffiffiffi
L1L2

p
and Eq. 11.9-21

reduces to

I2 ¼ jv M

jv L1Z2

� �
V1 ¼ jv

ffiffiffiffiffiffiffiffiffiffi
L1L2

p
jvL1Z2

� �
V1 ¼

ffiffiffiffiffi
L2

p

Z2
ffiffiffiffiffi
L1

p V1 ð11:9-22Þ

The voltage across the impedance is given by

V2 ¼ Z2I2 ¼
ffiffiffiffiffi
L2

L1

r
V1 ð11:9-23Þ

The ratio of the inductances is related to the magnetic properties and geometry of the core and the

number of turns in the coils. Referring to Eq. 11.9-4, we can write

L2

L1
¼ c2N

2
2

c1N
2
1

When both coils are wound symmetrically on the same core, then c1 ¼ c2. In this case,

L2

L1
¼ N 2

2

N 2
1

¼ n2 ð11:9-24Þ

where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives

V2 ¼ nV1 ð11:9-25Þ
whereV1 is the voltage across the primary coil,V2 is the voltage across the secondary coil, and n is the

turns ratio.
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FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple a

voltage source magnetically to an impedance.
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 (11.9-24)

donde a n se le llama proporción de vueltas del transformador. La combinación de las ecuaciones 
11.9-23 y 11.9-24 nos da
 V2 5 nV1 (11.9-25)
donde V1 es el voltaje a través de la bobina primaria, V2 es el voltaje a través de la bobina secundaria, 
y n es la proporción de vueltas.
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E J E M P L O  I N T E R A C T I V OE j E m p l o  11. 9 - 1  Inductores acoplados

Encuentre el voltaje v2(t) en el circuito que se muestra en la figura 11.9-5a.

(b)

I1 I2

V1

+

–

V2

+

–

j16

j8
8

j12 12+
–45°5

Primario Secundario

(a)

i1(t) i2(t)

v1(t)

+

–

v2(t)

+

–

4 H 3 H

2 H
8 Ω

12 Ω+
–5 cos (4t + 45°) V

Primario Secundario

FIGURA 11.9-5 Circuito en el cual los inductores acoplados se usan como un transformador. El circuito está representado (a) en el 
dominio de tiempo y (b) en el dominio de frecuencia, utilizando fasores e impedancias.

Solución
Primero, represente el circuito en el dominio de frecuencia, utilizando fasores e impedancias, como se muestra 
en la figura 11.9-5b. Observe que ambas corrientes de bobina, I1 e I2, llegan al extremo con punto de las bobinas. 
Exprese los voltajes de bobina como funciones de las corrientes de bobina, utilizando las ecuaciones que descri-
ben los inductores acoplados, ecuaciones 11.9-10 y 11.9-11.

V1 5 j16 I1 1 j8 I2

V2 5 j8 I1 1 j12 I2

A continuación escribimos dos ecuaciones de enlaces
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Find the voltage v2(t) in the circuit as shown in Figure 11.9-5a.

(b)

I1 I2

V1

+

–

V2

+

–

j16

j8
8

j12 12+
–45°5

Primary Secondary

(a)

i1(t) i2(t)

v1(t)

+

–

v2(t)

+

–

4 H 3 H

2 H
8 Ω

12 Ω+
–5 cos (4t + 45°) V

Primary Secondary

FIGURE 11.9-5 A circuit in which coupled inductors are used as a transformer. The circuit is represented (a) in the time domain

and (b) in the frequency domain, using phasors and impedances.

Solution
First, represent the circuit in the frequency domain, using phasors and impedances, as shown in Figure

11.9-5b. Notice that the coil currents, I1 and I2, both enter the dotted end of the coils. Express the coil voltages

as functions of the coil currents, using the equations that describe the coupled inductors, Eqs.

11.9-10 and 11.9-11.

V1 ¼ j16 I1 þ j8 I2

V2 ¼ j8 I1 þ j12 I2

Next, write two mesh equations

5ff45� ¼ 8 I1 þ V1

and

V2 ¼ �12 I2

Substituting the equations for the coil voltages into the mesh equations gives

5ff45� ¼ 8 I1 þ j16 I1 þ j8 I2ð Þ ¼ 8þ j16ð ÞI1 þ j8 I2
and

j8 I1 þ j12 I2 ¼ �12 I2

Solving for I2 gives

I2 ¼ 0:138ff�141� A

Next, V2 is given by

V2 ¼ �12 I2 ¼ 1:656ff39� V
Returning to the time domain,

v2 tð Þ ¼ 1:656 cos 4t þ 39�ð ÞV
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 5 8 I1 1 V1

y
V2 5 212 I2

Sustituir las ecuaciones para los voltajes de bobina en las ecuaciones de enlaces da
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E X A M P L E 1 1 . 9 - 1 Coupled Inductors INTERACT IVE EXAMPLE

Find the voltage v2(t) in the circuit as shown in Figure 11.9-5a.

(b)

I1 I2

V1
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–

V2

+

–

j16
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–45°5
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(a)
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4 H 3 H

2 H
8 Ω

12 Ω+
–5 cos (4t + 45°) V
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FIGURE 11.9-5 A circuit in which coupled inductors are used as a transformer. The circuit is represented (a) in the time domain

and (b) in the frequency domain, using phasors and impedances.

Solution
First, represent the circuit in the frequency domain, using phasors and impedances, as shown in Figure

11.9-5b. Notice that the coil currents, I1 and I2, both enter the dotted end of the coils. Express the coil voltages

as functions of the coil currents, using the equations that describe the coupled inductors, Eqs.

11.9-10 and 11.9-11.

V1 ¼ j16 I1 þ j8 I2

V2 ¼ j8 I1 þ j12 I2

Next, write two mesh equations

5ff45� ¼ 8 I1 þ V1

and

V2 ¼ �12 I2

Substituting the equations for the coil voltages into the mesh equations gives

5ff45� ¼ 8 I1 þ j16 I1 þ j8 I2ð Þ ¼ 8þ j16ð ÞI1 þ j8 I2
and

j8 I1 þ j12 I2 ¼ �12 I2

Solving for I2 gives

I2 ¼ 0:138ff�141� A

Next, V2 is given by

V2 ¼ �12 I2 ¼ 1:656ff39� V
Returning to the time domain,

v2 tð Þ ¼ 1:656 cos 4t þ 39�ð ÞV
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 5 8 I1 1 1 j16 I1 1 j8 I22 5 18 1 j162 I1 1 j8 I2

y
j8 I1 1 j12 I2 5 212 I2

Despejar I2 resulta en

I2 5 0.138 
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Find the voltage v2(t) in the circuit as shown in Figure 11.9-5a.

(b)
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v2(t)

+

–

4 H 3 H

2 H
8 Ω

12 Ω+
–5 cos (4t + 45°) V
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FIGURE 11.9-5 A circuit in which coupled inductors are used as a transformer. The circuit is represented (a) in the time domain

and (b) in the frequency domain, using phasors and impedances.

Solution
First, represent the circuit in the frequency domain, using phasors and impedances, as shown in Figure

11.9-5b. Notice that the coil currents, I1 and I2, both enter the dotted end of the coils. Express the coil voltages

as functions of the coil currents, using the equations that describe the coupled inductors, Eqs.

11.9-10 and 11.9-11.

V1 ¼ j16 I1 þ j8 I2

V2 ¼ j8 I1 þ j12 I2

Next, write two mesh equations

5ff45� ¼ 8 I1 þ V1

and

V2 ¼ �12 I2

Substituting the equations for the coil voltages into the mesh equations gives

5ff45� ¼ 8 I1 þ j16 I1 þ j8 I2ð Þ ¼ 8þ j16ð ÞI1 þ j8 I2
and

j8 I1 þ j12 I2 ¼ �12 I2

Solving for I2 gives

I2 ¼ 0:138ff�141� A

Next, V2 is given by

V2 ¼ �12 I2 ¼ 1:656ff39� V
Returning to the time domain,

v2 tð Þ ¼ 1:656 cos 4t þ 39�ð ÞV
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 A

A continuación, V2 lo da

V2 5 212 I2 5 1.656 
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Find the voltage v2(t) in the circuit as shown in Figure 11.9-5a.
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FIGURE 11.9-5 A circuit in which coupled inductors are used as a transformer. The circuit is represented (a) in the time domain

and (b) in the frequency domain, using phasors and impedances.

Solution
First, represent the circuit in the frequency domain, using phasors and impedances, as shown in Figure

11.9-5b. Notice that the coil currents, I1 and I2, both enter the dotted end of the coils. Express the coil voltages

as functions of the coil currents, using the equations that describe the coupled inductors, Eqs.

11.9-10 and 11.9-11.

V1 ¼ j16 I1 þ j8 I2

V2 ¼ j8 I1 þ j12 I2

Next, write two mesh equations

5ff45� ¼ 8 I1 þ V1

and

V2 ¼ �12 I2

Substituting the equations for the coil voltages into the mesh equations gives

5ff45� ¼ 8 I1 þ j16 I1 þ j8 I2ð Þ ¼ 8þ j16ð ÞI1 þ j8 I2
and

j8 I1 þ j12 I2 ¼ �12 I2

Solving for I2 gives

I2 ¼ 0:138ff�141� A

Next, V2 is given by

V2 ¼ �12 I2 ¼ 1:656ff39� V
Returning to the time domain,

v2 tð Þ ¼ 1:656 cos 4t þ 39�ð ÞV

528 AC Steady-State Power

 V

Volviendo al dominio de tiempo,

v21t2 5 1.656 cos 14t 1 39°2 V
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E J E M P L O  I N T E R A C T I V OE j E m p l o  11. 9 - 2  Inductores acoplados

La entrada al circuito que se muestra en la figura 11.9-6a es el voltaje de la fuente de voltaje,

vs1t2 5 5.94 cos 13t 1 140°2 V
La salida es el voltaje vo(t) a través de la bobina de la derecha. Determine el voltaje de la salida, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURA 11.9-6 El circuito considerado en el ejemplo 11.9-2, representado (a) en el dominio de tiempo y (b) en el dominio de 
frecuencia.

Solución
El voltaje de entrada es una sinusoide El voltaje de salida también es una sinusoide y tiene la misma frecuencia 
que el voltaje de entrada. Al parecer, el circuito se encuentra en estado estable. En consecuencia, el circuito en 
la figura 11.9-6a se puede representar en el dominio de frecuencia utilizando fasores e impedancias. La figura 
11.96b muestra la representación en el dominio de frecuencia del circuito de la figura 11.9-6a.
 El fasor correspondiente a las sinusoides de entrada es
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E X A M P L E 1 1 . 9 - 2 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in

the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation

of the circuit from Figure 11.9-6a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current, I(v), enters the undotted ends

of both coils. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ þ j6 I vð Þð Þ þ j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12þ j6þ j6þ j15ð ÞI vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12þ 6þ 6þ 15ð Þ ¼

5:94ff140�
5þ j39

¼ 5:94ff140�
39:3ff83� ¼ 0:151ff57� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ þ j6 I vð Þ ¼ j21 I vð Þ ¼ j21ð0:151ff57�Þ
¼ ð21ff90�Þð0:151ff57�Þ
¼ 3:17ff147� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:17 cos 3t þ 147�ð ÞV

Coupled Inductors 529

El circuito en la figura 11.9-6b consta de un único enlace. Observe que la corriente de enlaces, I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) llega a los 
extremos sin punto de ambas bobinas. Aplique la KVL a los enlaces para obtener
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E X A M P L E 1 1 . 9 - 2 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in

the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation

of the circuit from Figure 11.9-6a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current, I(v), enters the undotted ends

of both coils. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ þ j6 I vð Þð Þ þ j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12þ j6þ j6þ j15ð ÞI vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12þ 6þ 6þ 15ð Þ ¼

5:94ff140�
5þ j39

¼ 5:94ff140�
39:3ff83� ¼ 0:151ff57� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ þ j6 I vð Þ ¼ j21 I vð Þ ¼ j21ð0:151ff57�Þ
¼ ð21ff90�Þð0:151ff57�Þ
¼ 3:17ff147� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:17 cos 3t þ 147�ð ÞV

Coupled Inductors 529

Despejar I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in

the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation

of the circuit from Figure 11.9-6a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current, I(v), enters the undotted ends

of both coils. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ þ j6 I vð Þð Þ þ j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12þ j6þ j6þ j15ð ÞI vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12þ 6þ 6þ 15ð Þ ¼

5:94ff140�
5þ j39

¼ 5:94ff140�
39:3ff83� ¼ 0:151ff57� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ þ j6 I vð Þ ¼ j21 I vð Þ ¼ j21ð0:151ff57�Þ
¼ ð21ff90�Þð0:151ff57�Þ
¼ 3:17ff147� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:17 cos 3t þ 147�ð ÞV

Coupled Inductors 529

Observe que el voltaje, Vo(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

), a través de la bobina de la derecha y el de la corriente de enlaces, I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), se apegan 
a la convención pasiva. El voltaje a través de la bobina de la derecha lo da
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E X A M P L E 1 1 . 9 - 2 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in

the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation

of the circuit from Figure 11.9-6a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current, I(v), enters the undotted ends

of both coils. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ þ j6 I vð Þð Þ þ j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12þ j6þ j6þ j15ð ÞI vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12þ 6þ 6þ 15ð Þ ¼

5:94ff140�
5þ j39

¼ 5:94ff140�
39:3ff83� ¼ 0:151ff57� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ þ j6 I vð Þ ¼ j21 I vð Þ ¼ j21ð0:151ff57�Þ
¼ ð21ff90�Þð0:151ff57�Þ
¼ 3:17ff147� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:17 cos 3t þ 147�ð ÞV

Coupled Inductors 529

En el dominio de tiempo, el voltaje de salida lo da

vo1t2 5 3.17 cos 13t 1 147°2 V
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La entrada al circuito que se muestra en la figura 11.9-7a es el voltaje de la fuente voltaje,

vs1t2 5 5.94 cos 13t 1 140°2 V
La salida es el voltaje a través de la bobina de la derecha, vo(t). Determine el voltaje de salida vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURA 11.9-7 El circuito considerado en el ejemplo 11.9-3, representado (a) en el dominio de tiempo y (b) en el dominio de 
frecuencia.

Solución
El circuito que se presenta en la figura 11.9-7b es muy semejante al circuito de la figura 11.9-6a. Sólo hay una 
diferencia: en la figura 11.9-6a el punto de la bobina izquierda está colocado a la derecha de la bobina, y a la 
izquierda en la figura 11.9-7a. Como en el ejemplo 11.9-2, nuestro primer paso es representar el circuito en el do-
minio de frecuencia, utilizando fasores e impedancias. La figura 11.9-7b muestra la representación en el dominio 
de frecuencia del circuito de la figura 11.9-7a.
 El fasor que corresponde a la sinusoide de entrada es
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E X A M P L E 1 1 . 9 - 2 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in

the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation

of the circuit from Figure 11.9-6a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current, I(v), enters the undotted ends

of both coils. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ þ j6 I vð Þð Þ þ j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12þ j6þ j6þ j15ð ÞI vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12þ 6þ 6þ 15ð Þ ¼

5:94ff140�
5þ j39

¼ 5:94ff140�
39:3ff83� ¼ 0:151ff57� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ þ j6 I vð Þ ¼ j21 I vð Þ ¼ j21ð0:151ff57�Þ
¼ ð21ff90�Þð0:151ff57�Þ
¼ 3:17ff147� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:17 cos 3t þ 147�ð ÞV
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El circuito en la figura 11.9-7 consta de un enlace único. Observe que la corriente de enlaces, I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), llega al extremo 
con punto de la bobina izquierda y al extremo sin punto de la bobina derecha. Aplique la KVL al enlace para obtener
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E X A M P L E 1 1 . 9 - 3 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-7a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-7 The circuit considered in Example 11.9-3, represented (a) in the time domain and (b) in the frequency domain.

Solution
The circuit shown in Figure 11.9-7b is very similar to the circuit shown in Figure 11.9-6a. There is only one

difference: the dot of the left-hand coil is located at the right of the coil in Figure 11.9-6a and at the left of the coil in

Figure 11.9-7a. As in Example 11.9-2, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 11.9-7b shows the frequency-domain representation of the circuit from Figure 11.9-7a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-7 consists of a single mesh. Notice that the mesh current, I(v), enters the dotted end of

the left-hand coil and the undotted end of the right-hand coil. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ � j6 I vð Þð Þ þ �j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12� j6� j6þ j15ð Þ I vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12� 6� 6þ 15ð Þ ¼

5:94ff140�
5þ j15

¼ 5:94ff140�
15:8ff71:6 ¼ 0:376ff68:4� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ � j6 I vð Þ ¼ j9 I vð Þ ¼ j9ð0:376ff68:4�Þ
¼ ð9ff90�Þð0:376ff68:4�Þ
¼ 3:38ff158:4� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:38 cos 3t þ 158:4�ð Þ V

530 AC Steady-State Power

Despejamos I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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E X A M P L E 1 1 . 9 - 3 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-7a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-7 The circuit considered in Example 11.9-3, represented (a) in the time domain and (b) in the frequency domain.

Solution
The circuit shown in Figure 11.9-7b is very similar to the circuit shown in Figure 11.9-6a. There is only one

difference: the dot of the left-hand coil is located at the right of the coil in Figure 11.9-6a and at the left of the coil in

Figure 11.9-7a. As in Example 11.9-2, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 11.9-7b shows the frequency-domain representation of the circuit from Figure 11.9-7a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-7 consists of a single mesh. Notice that the mesh current, I(v), enters the dotted end of

the left-hand coil and the undotted end of the right-hand coil. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ � j6 I vð Þð Þ þ �j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12� j6� j6þ j15ð Þ I vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12� 6� 6þ 15ð Þ ¼

5:94ff140�
5þ j15

¼ 5:94ff140�
15:8ff71:6 ¼ 0:376ff68:4� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ � j6 I vð Þ ¼ j9 I vð Þ ¼ j9ð0:376ff68:4�Þ
¼ ð9ff90�Þð0:376ff68:4�Þ
¼ 3:38ff158:4� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:38 cos 3t þ 158:4�ð Þ V

530 AC Steady-State Power

Observe que el voltaje, Vo(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), a través de la bobina derecha y de la corriente de enlaces, I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), se apega a la con-
vención pasiva. El voltaje a través de la bobina derecha lo da
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E X A M P L E 1 1 . 9 - 3 Coupled Inductors INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.9-7a is the voltage of the voltage source,

vs tð Þ ¼ 5:94 cos 3t þ 140�ð ÞV

The output is the voltage across the right-hand coil, vo(t). Determine the output voltage, vo(t).

(a)

vo(t)

+

–

5 Ω

+
–vs(t)

4 H

5 H2 H

(b)

+

–

5 Ω j12 Ω

+
– j15 Ωj6 ΩVs( )ω Vo( )ω

l( )ω

FIGURE 11.9-7 The circuit considered in Example 11.9-3, represented (a) in the time domain and (b) in the frequency domain.

Solution
The circuit shown in Figure 11.9-7b is very similar to the circuit shown in Figure 11.9-6a. There is only one

difference: the dot of the left-hand coil is located at the right of the coil in Figure 11.9-6a and at the left of the coil in

Figure 11.9-7a. As in Example 11.9-2, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 11.9-7b shows the frequency-domain representation of the circuit from Figure 11.9-7a.

The phasor corresponding to the input sinusoids is

Vs vð Þ ¼ 5:94ff140� V
The circuit in Figure 11.9-7 consists of a single mesh. Notice that the mesh current, I(v), enters the dotted end of

the left-hand coil and the undotted end of the right-hand coil. Apply KVL to the mesh to get

5 I vð Þ þ j12 I vð Þ � j6 I vð Þð Þ þ �j6 I vð Þ þ j15 I vð Þð Þ � 5:94ff140� ¼ 0

5 I vð Þ þ j12� j6� j6þ j15ð Þ I vð Þ � 5:94ff140� ¼ 0

Solving for I(v) gives

I vð Þ ¼ 5:94ff140�
5þ j 12� 6� 6þ 15ð Þ ¼

5:94ff140�
5þ j15

¼ 5:94ff140�
15:8ff71:6 ¼ 0:376ff68:4� A

Notice that the voltage, Vo(v), across the right-hand coil and the mesh current, I(v), adhere to the passive

convention. The voltage across the right-hand coil is given by

Vo vð Þ ¼ j15 I vð Þ � j6 I vð Þ ¼ j9 I vð Þ ¼ j9ð0:376ff68:4�Þ
¼ ð9ff90�Þð0:376ff68:4�Þ
¼ 3:38ff158:4� V

In the time domain, the output voltage is given by

vo tð Þ ¼ 3:38 cos 3t þ 158:4�ð Þ V

530 AC Steady-State Power

En el dominio de tiempo, el voltaje de salida está dado por

vo1t2 5 3.38 cos 13t 1 158.4°2 V
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EJERCICIO 11.9-1  Determine el voltaje vo para el circui-
to de la figura E 11.9-1.

Sugerencia: Escriba una ecuación de enlace único. Las corrientes 
en las dos bobinas son iguales entre sí e iguales a la corriente de 
enlaces.

Respuesta: vo 5 14 cos 4t V

EJERCICIO 11.9-2  Determine el voltaje vo para el circui-
to de la figura E 11.9-2.

Sugerencia: Este ejercicio es el mismo que el ejercicio 11.9-1, ex-
cepto por la posición del punto en la bobina vertical.

Respuesta: vo 5 18 cos 4t V

EJERCICIO 11.9-3  Determine la corriente io para el cir-
cuito de la figura E 11.9-3.

Sugerencia: El voltaje a través de la bobina vertical izquierda es 
cero porque está en cortocircuito. El voltaje a través de la bobina ho-
rizontal induce una corriente en la bobina vertical. En consecuencia, 
la corriente en la bobina vertical es cero.

Respuesta: io 5 1.909 cos 14t 2 90°2 A

EJERCICIO 11.9-4  Determine la corriente io para el cir-
cuito de la figura E 11.9-4.

Sugerencia: Este ejercicio es el mismo que el ejercicio 11.9-3, ex-
cepto por la posición del punto en la bobina vertical.

Respuesta: io 5 0.818 cos 14t 2 90°2 A

11.10 E L  T R A N S F O R M A D O R  I D E A L

Un uso de importancia de transformadores es en la distribución de potencia de ca. Una habilidad  
de los transformadores es establecer hacia arriba o hacia abajo los voltajes o las corrientes de ca. Se 
utilizan también en instalaciones de energía para elevar (establecer hacia arriba) el voltaje, de 10 kV 
en una planta generadora, a 200 kV o más para la transmisión a largas distancias. Luego, en la planta 
receptora, los transformadores se utilizan para reducir (establecer hacia abajo) el voltaje a 220 o 110 V  
para uso del consumidor (Coltman, 1988).
 Además de los sistemas de potencia, los transformadores se suelen usar en circuitos electrónicos 
y de comunicación. Proporcionan la cualidad de elevar o reducir voltajes y aislar un circuito de otro.
 Una de las bobinas, por lo común dibujada en la izquierda del diagrama de un transformador, 
se designa como la bobina primaria y la otra se denomina bobina secundaria o bobina. La bobina 
primaria está conectada a la fuente de energía y la secundaria a la carga.

24 cos 4t V vo

+

–

+
–

4 H

6 H

10 H

FIGURA E 11.9-1

24 cos 4t V vo

+

–

+
–

4 H

6 H

10 H

FIGURA E 11.9-2

24 cos 4t V io+
–

4 H

6 H

10 H

FIGURA E 11.9-3

24 cos 4t V io+
–

4 H

6 H

10 H

FIGURA E 11.9-4
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	 532	 Potencia de CA de estado estable 

(a)

i1(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v2(t)

+

–

(b)

I1
N1 : N2

Ideal

I2

V1

+

–

V2

+

–

FIGURA 11.10-1 Símbolo de circuito para un transformador ideal. El transformador ideal tiene la misma representación 
en (a) el dominio de tiempo y (b) en el dominio de frecuencia.

Un transformador ideal es un modelo de un transformador con un coeficiente de acoplamiento 
igual a la unidad.

 El símbolo para el transformador ideal se muestra en la figura 11.10-1, donde N1 y N2 son el 
número de vueltas en las bobinas primaria y secundaria. La representación de dominio de tiempo 
del transformador se muestra en la figura 11.10-1a. En el dominio de tiempo, las dos ecuaciones 
que definen un transformador ideal son

y 
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An ideal transformer is a model of a transformer with a coupling coefficient equal to unity.

The symbol for the ideal transformer is shown in Figure 11.10-1, where N1 andN2 are the number

of turns in the primary and secondary coils. The time-domain representation of the transformer is shown

in Figure 11.10-1a. In the time domain, the two defining equations for an ideal transformer are

v2 tð Þ ¼ N2

N1
v1 tð Þ ð11:10-1Þ

and i2 tð Þ ¼ N2

N1
i2 tð Þ ð11:10-2Þ

where N 2=N 1 ¼ n is called the turns ratio of the transformer. The use of transformers is usually

limited to non-dc applications because the primary and secondary windings behave as short circuits for

a steady current.

The frequency-domain representation of the transformer is shown in Figure 11.10-1b. The

operation of the ideal transformer is the same in the time domain as in the frequency domain. In the

frequency domain, the two defining equations for an ideal transformer are

V2 ¼ N2

N1
V1 ð11:10-3Þ

and I1 ¼ N2

N1
I2 ð11:10-4Þ

The vertical bars in Figure 11.10-1 indicate the iron core, and we write ideal with the transformer to

ensure recognition of the ideal case. An ideal transformer can be modeled using dependent sources, as

shown in Figure 11.10-2.

(a)

i1(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v2(t)

+

–

(b)

I1
N1 : N2

Ideal

I2

V1

+

–

V2

+

–

FIGURE 11.10-1 Circuit symbol for an ideal transformer. The ideal transformer has the same representation in (a) the

time domain and (b) the frequency domain.

(a) (b)

i1(t) i1(t) i2(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v1(t)

+

–

v2(t)

+

–

v2(t)

+

–

i2(t)
N2

N1

N2

N1
v1(t)
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donde N2 >N1 5 n se denomina proporción de vueltas del transformador. El uso de transformadores 
se suele limitar a aplicaciones en que no se usa corriente directa (cd) porque las bobinas primaria  
y secundaria se comportan como cortocircuitos para una corriente estable.
 La representación de dominio de frecuencia del transformador se muestra en la figura 11.10-1b. 
El funcionamiento del transformador ideal es el mismo en el dominio de tiempo que en el dominio de 
frecuencia. En el dominio de frecuencia, las dos ecuaciones que definen un transformador ideal son 

y 
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An ideal transformer is a model of a transformer with a coupling coefficient equal to unity.

The symbol for the ideal transformer is shown in Figure 11.10-1, where N1 andN2 are the number

of turns in the primary and secondary coils. The time-domain representation of the transformer is shown

in Figure 11.10-1a. In the time domain, the two defining equations for an ideal transformer are

v2 tð Þ ¼ N2

N1
v1 tð Þ ð11:10-1Þ

and i2 tð Þ ¼ N2

N1
i2 tð Þ ð11:10-2Þ

where N 2=N 1 ¼ n is called the turns ratio of the transformer. The use of transformers is usually

limited to non-dc applications because the primary and secondary windings behave as short circuits for

a steady current.

The frequency-domain representation of the transformer is shown in Figure 11.10-1b. The

operation of the ideal transformer is the same in the time domain as in the frequency domain. In the

frequency domain, the two defining equations for an ideal transformer are

V2 ¼ N2

N1
V1 ð11:10-3Þ

and I1 ¼ N2

N1
I2 ð11:10-4Þ

The vertical bars in Figure 11.10-1 indicate the iron core, and we write ideal with the transformer to

ensure recognition of the ideal case. An ideal transformer can be modeled using dependent sources, as

shown in Figure 11.10-2.
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FIGURE 11.10-1 Circuit symbol for an ideal transformer. The ideal transformer has the same representation in (a) the

time domain and (b) the frequency domain.
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FIGURE 11.10-2 (a) Ideal transformer and (b) an equivalent circuit.
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Las barras verticales en la figura 11.10-1 indica el centro de hierro, y escribimos ideal con el transfor-
mador para asegurar que se reconoce que es un caso ideal. Un transformador ideal se puede modelar 
utilizando fuentes dependientes, como se muestra en la figura 11.10-2.

(a) (b)

i1(t) i1(t) i2(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v1(t)

+

–

v2(t)

+

–

v2(t)

+

–

i2(t)
N2

N1

N2

N1
v1(t)

+
–

FIGURA 11.10-2 (a) Un transformador ideal y (b) un circuito equivalente.

(11.10-1)

(11.10-3)
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 El transformador ideal 533

 Observe que el voltaje y la corriente de ambas bobinas del transformador en la figura 11.10-1 se 
apegan a la convención pasiva. La potencia instantánea absorbida por el transformador ideal es

 p1t2 5 v11t2i11t2 1 v21t2i21t2 5 v11t212ni21t22 1 1nv11t22i21t2 5 0 (11.10-5)

Se dice que el transformador ideal debe ser sin pérdida porque la potencia instantánea que 
absorbe es cero. Un argumento similar muestra que el transformador ideal absorbe cero 
potencia compleja, cero potencia promedio y cero potencia reactiva.

 La figura 11.10-3 muestra un transformador ideal que se utiliza para conectar una fuente a una 
carga. La bobina conectada a la fuente se denomina bobina primaria, y la bobina conectada a la carga 
se llama bobina secundaria. El circuito 2 se conecta al circuito 1 a través del acoplamiento magnético 
del transformador, pero no hay una conexión eléctrica entre estos dos circuitos. Como el transfor-
mador ideal no tiene pérdida, toda la potencia transmitida al transformador ideal por el circuito 1, el 
transformador ideal la turna a su vez al circuito 2.
 Consideremos el circuito de la figura 11.10-4, el cual tiene una impedancia Z2 acoplada magné-
ticamente a una fuente de voltaje utilizando un transformador ideal.
 La impedancia de entrada del circuito conectado a la fuente de voltaje es
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Notice that the voltage and current of both coils of the transformer in Figure 11.10-1 adhere to

the passive convention. The instantaneous power absorbed by the ideal transformer is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ ¼ v1 tð Þ �ni2 tð Þð Þ þ nv1 tð Þð Þi2 tð Þ ¼ 0 ð11:10-5Þ

The ideal transformer is said to be lossless because instantaneous power absorbed by it is

zero. A similar argument shows that the ideal transformer absorbs zero complex power, zero

average power, and zero reactive power.

Figure 11.10-3 shows an ideal transformer that is used to connect a source to a load. The coil

connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. Because the ideal transformer is

lossless, all of the power delivered to the ideal transformer by circuit 1 is in turn delivered to circuit 2

by the ideal transformer.

Let us consider the circuit of Figure 11.10-4, which has a load impedance Z2 magnetically

coupled to a voltage source, using an ideal transformer.

The input impedance of the circuit connected to the voltage source is

Z1 ¼ V1

I1

Z1 is called the impedance, seen at the primary of the transformer, or the impedance, seen by the

voltage source.

The transformer is represented by the equations

V1 ¼ V2=n
and

I1 ¼ �nI2

where n ¼ N2=N1 is the turns ratio of the transformer.

The current and voltage of the impedance, I2 andV2, do not adhere to the passive convention, so

V2 ¼ �Z2I2

Therefore, for Z1, we have

Z1 ¼ V2=n

�n I2
¼ 1

n2
�V2

I2

� �
¼ 1

n2
Z2

The source experiences the impedance Z1, which is equal to Z2 scaled by the factor 1=n2. We

sometimes say that Z1 is the impedance Z2 reflected to the primary of the transformer.

i1(t) i2(t)

v1(t)

+

–

v2(t)

+

–

Circuit 1
(source)

Primary Secondary

Circuit 2
(load)

N1 : N2

Ideal

FIGURE 11.10-3 An ideal transformer used to couple two circuits

magnetically.

I1 I2
+
–V1 V2Z2

+

–

Primary Secondary

N1 : N2

Ideal

FIGURE 11.10-4 An ideal transformer used to couple an

impedance magnetically to a sinusoidal voltage source. This

circuit is represented in the frequency domain, using impedances

and phasors.
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 A Z1 se le llama impedancia, vista en la primaria del transformador, o la impedancia, vista por 
la fuente del voltaje.
 El transformador está representado por las ecuaciones

V1 5 V2 > n
y

I1 5 2nI2

donde n 5 N2 > N1 es la proporción de vueltas del transformador.
 La corriente y el voltaje de la impedancia, I2 y V2, no se apegan a la convención pasiva, por lo tanto

V2 5 2Z2I2

Por consiguiente, para Z1, tenemos 
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Notice that the voltage and current of both coils of the transformer in Figure 11.10-1 adhere to

the passive convention. The instantaneous power absorbed by the ideal transformer is

p tð Þ ¼ v1 tð Þi1 tð Þ þ v2 tð Þi2 tð Þ ¼ v1 tð Þ �ni2 tð Þð Þ þ nv1 tð Þð Þi2 tð Þ ¼ 0 ð11:10-5Þ

The ideal transformer is said to be lossless because instantaneous power absorbed by it is

zero. A similar argument shows that the ideal transformer absorbs zero complex power, zero

average power, and zero reactive power.

Figure 11.10-3 shows an ideal transformer that is used to connect a source to a load. The coil

connected to the source is called the primary coil, and the coil connected to the load is called the

secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer,

but there is no electrical connection between these two circuits. Because the ideal transformer is

lossless, all of the power delivered to the ideal transformer by circuit 1 is in turn delivered to circuit 2

by the ideal transformer.

Let us consider the circuit of Figure 11.10-4, which has a load impedance Z2 magnetically

coupled to a voltage source, using an ideal transformer.

The input impedance of the circuit connected to the voltage source is

Z1 ¼ V1

I1

Z1 is called the impedance, seen at the primary of the transformer, or the impedance, seen by the

voltage source.

The transformer is represented by the equations

V1 ¼ V2=n
and

I1 ¼ �nI2

where n ¼ N2=N1 is the turns ratio of the transformer.

The current and voltage of the impedance, I2 andV2, do not adhere to the passive convention, so

V2 ¼ �Z2I2

Therefore, for Z1, we have

Z1 ¼ V2=n

�n I2
¼ 1

n2
�V2

I2

� �
¼ 1

n2
Z2

The source experiences the impedance Z1, which is equal to Z2 scaled by the factor 1=n2. We

sometimes say that Z1 is the impedance Z2 reflected to the primary of the transformer.
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–

Circuit 1
(source)

Primary Secondary
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(load)

N1 : N2
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FIGURE 11.10-3 An ideal transformer used to couple two circuits

magnetically.
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–V1 V2Z2

+

–
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Ideal

FIGURE 11.10-4 An ideal transformer used to couple an

impedance magnetically to a sinusoidal voltage source. This

circuit is represented in the frequency domain, using impedances

and phasors.
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La fuente experimenta la impedancia Z1, la cual es igual a Z2 escalada por el factor 1 > n2. En ocasio-
nes decimos que Z1 es la impedancia Z2 reflejada en la primaria del transformador.

i1(t) i2(t)

v1(t)

+

–

v2(t)

+

–

Circuito 1
(fuente)

Primario Secundario

Circuito 2
(carga)

N1 : N2

Ideal

I1 I2
+
–V1 V2Z2

+

–

Primario Secundario

N1 : N2

Ideal

FIGURA 11.10-3 Un transformador ideal utilizado para acoplar 
magnéticamente dos circuitos.

FIGURA 11.10-4 Un transformador ideal utilizado para acoplar 
magnéticamente una impedancia a una fuente de voltaje senoidal. 
Este circuito se representa en el dominio de frecuencia utilizando 
impedancias y fasores.
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Circuito 1

+

–

V( )ω Z( )ω

l( )ω
N1 : N2

(a)

Circuito 1

+

–

V( )ω

l( )ω

(b)

Zeq( ) =ω 2
 Z( )ω

N1
N2

FIGURA 11.10-5 El circuito que se muestra en (b) es equivalente al circuito que se muestra en (a).

 Suponga que vamos a conectar una impedancia de carga a una fuente. Si conectamos la impe-
dancia de carga directamente a la fuente, entonces la fuente ve la impedancia de carga Z2. Por el con-
trario, si conectamos la impedancia de carga a la fuente, utilizando un transformador ideal, la fuente 
ve la impedancia Z1. En este contexto, decimos que el transformador ha cambiado la impedancia vista 
por la fuente de Z2 a Z1.
 Podemos formalizar este resultado como la equivalencia del circuito ilustrada en la figura 11.10-5.  
La figura 11.10-5a muestra el circuito 1 conectado a la bobina de la izquierda de un transformador 
ideal. Una impedancia, Z(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), está conectada en paralelo con la bobina de la derecha del transforma-
dor ideal. En la figura 11.10-5b, el transformador ideal y la impedancia han sido reemplazados por 
una impedancia equivalente única, Zeq(
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dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode
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appropriate change is
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2 CMRR
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v2 � 1� 1

2 CMRR
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v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR
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v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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). La impedancia equivalente se relaciona con la impedancia 
original por 
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Suppose we are going to connect a load impedance to a source. If we connect the load

impedance directly to the source, then the source sees the load impedance Z2. In contrast, if we

connect the load impedance to the source, using an ideal transformer, the source sees the impedance

Z1. In this context, we say that the transformer has changed the impedance seen by the source from

Z2 to Z1.

We can formalize this result as the circuit equivalence illustrated in Figure 11.10-5. Figure

11.10-5a shows circuit 1 connected to the left-hand coil of an ideal transformer. An impedance, Z

(v), is connected in parallel with the right-hand coil of the ideal transformer. In Figure 11.10-5b, the

ideal transformer and impedance have been replaced by a single equivalent impedance, Zeq(v). The

equivalent impedance is related to the original impedance by

Zeq vð Þ ¼ N 1

N 2

� �2

Z vð Þ ¼ 1

n2
Z vð Þ

The two circuits in Figure 11.10-5 are equivalent. All the currents and voltages of circuit 1,

including I(v) and V(v), are the same in Figure 11.10-5b as they are in Figure 11.10-5a. We can

determine the values of I(v) and V(v) in Figure 11.10-5a by calculating values of I(v) and V(v) in

Figure 11.10-5b.

Circuit 1

+

–

V( )ω Z( )ω

l( )ω
N1 : N2

(a)

Circuit 1

+

–

V( )ω

l( )ω

(b)

Zeq( ) =ω 2
 Z( )ω

N1
N2

FIGURE 11.10-5 The circuit shown in (b) is equivalent to the circuit shown in (a).

E X A M P L E 1 1 . 1 0 - 1 Maximum Power Transfer

Often, we can use an ideal transformer to represent a transformer that connects the output of a stereo amplifier,V1,

to a stereo speaker, as shown in Figure 11.10-6. Find the value of the turns ratio n that is required to cause

maximum power to be transferred to the load when RL ¼ 8 V and Rs ¼ 48 V.

V1

Rs

RL
+
–

Ideal

1 : n

FIGURE 11.10-6 Output of an amplifier connected

to a stereo speaker with resistance RL.

Solution
The impedance seen at the primary due to RL is

Z1 ¼ RL

n2
¼ 8

n2
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Los dos circuitos en la figura 11.10-5 son equivalentes. Todas las corrientes y los voltajes del circuito 1,  
entre ellos I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) y V(
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR
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v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), son los mismos en la figura 11.10-5b que los de la figura 11.10-5a. Podemos 
determinar los valores de I(
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) en la figura 11.10-5a al calcular los valores de I(
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) en 
la figura 11.10-5b.

E j E m p l o  11. 10 - 1  Transferencia de potencia máxima

En ocasiones, podemos usar un transformador ideal para representar un transformador que conecte la salida de 
un amplificador estereofónico, V1, a un altavoz estereofónico, como se muestra en la figura 11.10-6. Encuentre 
el valor de la proporción de vueltas n que se requiere para ocasionar la potencia máxima que se ha de transferir a 
la carga cuando RL 5 8 V y Rf 5 48 V.

V1

Rs

RL
+
–

Ideal

1 : n

 
FIGURA 11.10-6 Salida de un amplificador conectado 
a un altavoz estereofónico con resistencia RL.

Solución
La impedancia vista en la primaria debido a RL es
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Suppose we are going to connect a load impedance to a source. If we connect the load

impedance directly to the source, then the source sees the load impedance Z2. In contrast, if we

connect the load impedance to the source, using an ideal transformer, the source sees the impedance

Z1. In this context, we say that the transformer has changed the impedance seen by the source from

Z2 to Z1.

We can formalize this result as the circuit equivalence illustrated in Figure 11.10-5. Figure

11.10-5a shows circuit 1 connected to the left-hand coil of an ideal transformer. An impedance, Z

(v), is connected in parallel with the right-hand coil of the ideal transformer. In Figure 11.10-5b, the

ideal transformer and impedance have been replaced by a single equivalent impedance, Zeq(v). The

equivalent impedance is related to the original impedance by

Zeq vð Þ ¼ N 1

N 2

� �2

Z vð Þ ¼ 1

n2
Z vð Þ

The two circuits in Figure 11.10-5 are equivalent. All the currents and voltages of circuit 1,

including I(v) and V(v), are the same in Figure 11.10-5b as they are in Figure 11.10-5a. We can

determine the values of I(v) and V(v) in Figure 11.10-5a by calculating values of I(v) and V(v) in

Figure 11.10-5b.

Circuit 1

+

–

V( )ω Z( )ω

l( )ω
N1 : N2

(a)

Circuit 1

+

–

V( )ω

l( )ω

(b)

Zeq( ) =ω 2
 Z( )ω

N1
N2

FIGURE 11.10-5 The circuit shown in (b) is equivalent to the circuit shown in (a).

E X A M P L E 1 1 . 1 0 - 1 Maximum Power Transfer

Often, we can use an ideal transformer to represent a transformer that connects the output of a stereo amplifier,V1,

to a stereo speaker, as shown in Figure 11.10-6. Find the value of the turns ratio n that is required to cause

maximum power to be transferred to the load when RL ¼ 8 V and Rs ¼ 48 V.

V1

Rs

RL
+
–

Ideal

1 : n

FIGURE 11.10-6 Output of an amplifier connected

to a stereo speaker with resistance RL.

Solution
The impedance seen at the primary due to RL is

Z1 ¼ RL

n2
¼ 8

n2

534 AC Steady-State Power
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Para lograr la transferencia de potencia máxima, requerimos que

Z1 5 Rf

Dado que Rs 5 48 V, requerimos que Z1 5 48 V, por lo tanto
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To achieve maximum power transfer, we require that

Z1 ¼ Rs

Because Rs ¼ 48 V, we require that Z1 ¼ 48 V, so

n2 ¼ 8

48
¼ 1

6

and, therefore,

N 2

N 1

� �2

¼ 1

6

or N 1 ¼
ffiffiffi
6

p
N 2

E X A M P L E 1 1 . 1 0 - 2 Transformer Circuit INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.10-7 is the voltage of the voltage source, vs(t). The output is the voltage

across the 9-H inductor, vo(t). Determine the output voltage, vo(t).

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.10-7 can be represented in

the frequency domain, using phasors and impedances. Figure 11.10-8 shows the frequency-domain representation

of the circuit from Figure 11.10-7.

In Figure 11.10-8, the impedance of the inductor is connected in series with the impedance of the 30-V
resistor. This series impedance is connected in parallel with the right-hand coil of the transformer. Replace the

transformer and the series impedance with the equivalent impedance, as shown in Figure 11.10-9. The equivalent

impedance is given by

Zeq ¼ 3

2

� �2

30þ j36ð Þ ¼ 67:5þ j81 V

i(t) 8 Ω 30 Ω

9 H

3 : 2

+
– vs(t) = 75.5 cos (4t + 26°) V vo(t)

+

–

FIGURE 11.10-7 The circuit considered in Example 11.10-2.

8 Ω

j36 Ω

30 Ω
3 : 2

+
–

+

–

l( )ω

Vs( ) = 75.5ω 26° V Vo( )ω

FIGURE 11.10-8 The circuit from Figure 11.10-7, represented

in the frequency domain, using impedances and phasors.

8 Ω

+
–

l( )ω

Vs( ) = 75.5ω 26° V Zeq( ) =ω 2
 (30 + j36) Ω3

2
FIGURE 11.10-9 The circuit from Figure 11.10-8, after

replacing the transformer and the impedance of the series

resistor and inductor with the equivalent impedance.
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y, por consiguiente,

o bien  
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FIGURE 11.10-9 The circuit from Figure 11.10-8, after

replacing the transformer and the impedance of the series

resistor and inductor with the equivalent impedance.

The Ideal Transformer 535

La entrada al circuito que se muestra en la figura 11.10-7 es el voltaje de la fuente de voltaje, vs (t). La salida es el 
voltaje a través del inductor de 9 H, vo(t). Determine el voltaje de salida, vo(t).

Solución
El voltaje de entrada es una sinusoide. El voltaje de salida también es una sinusoide y tiene la misma frecuencia 
que el voltaje de entrada. Al parecer, el circuito se encuentra en estado estable. En consecuencia, el circuito en la 
figura 11.10-7 se puede representar en el dominio de frecuencia utilizando fasores e impedancia. La figura 11.10-8  
muestra la representación del dominio de frecuencia a partir de la figura 11.10-7.
 En la figura 11.10-8, la impedancia del inductor está conectada en serie con la impedancia del resistor de  
30-V. Esta impedancia en serie está conectada en paralelo con la bobina de la derecha del transformador. Re-
emplace el transformador y la impedancia en serie con la impedancia equivalente, como se muestra en la figura 
11.10-9. La impedancia equivalente está dada por
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To achieve maximum power transfer, we require that

Z1 ¼ Rs

Because Rs ¼ 48 V, we require that Z1 ¼ 48 V, so

n2 ¼ 8

48
¼ 1

6

and, therefore,

N 2

N 1

� �2

¼ 1

6

or N 1 ¼
ffiffiffi
6

p
N 2

E X A M P L E 1 1 . 1 0 - 2 Transformer Circuit INTERACT IVE EXAMPLE

The input to the circuit shown in Figure 11.10-7 is the voltage of the voltage source, vs(t). The output is the voltage

across the 9-H inductor, vo(t). Determine the output voltage, vo(t).

Solution
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input

voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.10-7 can be represented in

the frequency domain, using phasors and impedances. Figure 11.10-8 shows the frequency-domain representation

of the circuit from Figure 11.10-7.

In Figure 11.10-8, the impedance of the inductor is connected in series with the impedance of the 30-V
resistor. This series impedance is connected in parallel with the right-hand coil of the transformer. Replace the

transformer and the series impedance with the equivalent impedance, as shown in Figure 11.10-9. The equivalent

impedance is given by

Zeq ¼ 3

2

� �2

30þ j36ð Þ ¼ 67:5þ j81 V

i(t) 8 Ω 30 Ω

9 H

3 : 2

+
– vs(t) = 75.5 cos (4t + 26°) V vo(t)

+

–

FIGURE 11.10-7 The circuit considered in Example 11.10-2.

8 Ω

j36 Ω

30 Ω
3 : 2

+
–

+

–

l( )ω

Vs( ) = 75.5ω 26° V Vo( )ω

FIGURE 11.10-8 The circuit from Figure 11.10-7, represented

in the frequency domain, using impedances and phasors.

8 Ω

+
–

l( )ω

Vs( ) = 75.5ω 26° V Zeq( ) =ω 2
 (30 + j36) Ω3

2
FIGURE 11.10-9 The circuit from Figure 11.10-8, after

replacing the transformer and the impedance of the series

resistor and inductor with the equivalent impedance.

The Ideal Transformer 535

8 Ω

+
–

l( )ω

Vs( ) = 75.5ω 26° V Zeq( ) =ω 2
 (30 + j36) Ω3

2

 

FIGURA 11.10-9  El circuito de la figura 11.10-8, luego 
de haber reemplazado el transformador y la impedancia  del 
resistor y el inductor en serie con la impedancia equivalente.

i(t) 8 Ω 30 Ω

9 H

3 : 2

+
– vs(t) = 75.5 cos (4t + 26°) V vo(t)

+

–

8 Ω

j36 Ω

30 Ω
3 : 2

+
–

+

–

l( )ω

Vs( ) = 75.5ω 26° V Vo( )ω

E j E m p l o  11. 10 - 2  Circuito de transformador

FIGURA 11.10-7 El circuito considerado en el ejemplo 11.10-2. FIGURA 11.10-8 El circuito de la figura 11.10-7, representado 
en el dominio de frecuencia, utilizando impedancias y fasores. 
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8 Ω

j36 Ω
30 Ω

3 : 2

+
–

+

–

Vs( ) = 75.5ω 26° V

I2( )ωl( ) = 0.682ω –21° A

Vo( )ω

 
FIGURA 11.10-10 El circuito de la figura 11.10-9 
luego de determinar la corriente I(
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.

Im

Vm Vm sin   t

Im sin (  t +  )

t

T

ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.
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).

 En la figura 11.10-9, la impedancia del resistor de 8-V está conectada en serie con la impedancia equiva-
lente, Zeq(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 11.10-1 Determine the impedance Zab for the circuit of Figure E 11.10-1. All the

transformers are ideal.

Z

ZZZ
a

b

1 : 2 3 : 1 1 : 2

Figure E 11.10-1

Answer: Zab ¼ 4.063Z

11.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

In Figure 11.10-9, the impedance of the 8-V resistor is connected in series with the equivalent impedance,

Zeq(v). The current, I(v), is the current in this series impedance, and Vs(v) is the voltage across the series

impedance. Applying Ohm’s law gives

I vð Þ ¼ Vs vð Þ
8þ Zeq vð Þ ¼

75:5ff26�
8þ 67:5þ j81

¼ 75:5ff26�
110:73ff47� ¼ 0:682ff�21� A ð11:10-6Þ

Because the circuits in Figures 11.10-8 and 11.10-9 are equivalent, the current I(v) in Figure 11.10-10 is

also given by Eq. 11.10-6. Figure 11.10-10 shows the circuit from Figure 11.10-8 redrawn with the current I(v)

labeled.

Also, the current in the right-hand coil of the transformer has been labeled as I2(v). Because I(v) and I2(v)

are the currents in the coils of the ideal transformer, they are related by the equations describing the transformer:

I2 vð Þ ¼ � 3

2

� �
I vð Þ ¼ �1:023ff�21� A

Notice that I2(v) and Vo(v), the current and voltage of the j36-V impedance in Figure 11.10-10, do not adhere to

the passive convention. Consequently,

Vo vð Þ ¼ �j36 I2 vð Þ ¼ j36ð Þð1:023ff�21�Þ ¼ ð36ff90�Þð1:023ff�21�Þ ¼ 36:82ff69� V
In the time domain, the output voltage is given by

vo tð Þ ¼ 36:82 cos 4t þ 69�ð Þ V

8 Ω

j36 Ω
30 Ω

3 : 2

+
–

+

–

Vs( ) = 75.5ω 26° V

I2( )ωl( ) = 0.682ω –21° A

Vo( )ω
FIGURE 11.10-10 The circuit from Figure 11.10-9

after determining the current I(v).
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 Como los circuitos en las figuras 11.10-8 y 11.10-9 son equivalentes, la corriente I(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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también está dada por la ecuación 11.10-6. La figura 11.10-10 muestra el circuito de la figura 11.10-8 dibujado 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 11.10-1 Determine the impedance Zab for the circuit of Figure E 11.10-1. All the

transformers are ideal.

Z

ZZZ
a

b

1 : 2 3 : 1 1 : 2

Figure E 11.10-1

Answer: Zab ¼ 4.063Z

11.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

In Figure 11.10-9, the impedance of the 8-V resistor is connected in series with the equivalent impedance,

Zeq(v). The current, I(v), is the current in this series impedance, and Vs(v) is the voltage across the series

impedance. Applying Ohm’s law gives

I vð Þ ¼ Vs vð Þ
8þ Zeq vð Þ ¼

75:5ff26�
8þ 67:5þ j81

¼ 75:5ff26�
110:73ff47� ¼ 0:682ff�21� A ð11:10-6Þ

Because the circuits in Figures 11.10-8 and 11.10-9 are equivalent, the current I(v) in Figure 11.10-10 is

also given by Eq. 11.10-6. Figure 11.10-10 shows the circuit from Figure 11.10-8 redrawn with the current I(v)

labeled.

Also, the current in the right-hand coil of the transformer has been labeled as I2(v). Because I(v) and I2(v)

are the currents in the coils of the ideal transformer, they are related by the equations describing the transformer:

I2 vð Þ ¼ � 3

2

� �
I vð Þ ¼ �1:023ff�21� A

Notice that I2(v) and Vo(v), the current and voltage of the j36-V impedance in Figure 11.10-10, do not adhere to

the passive convention. Consequently,

Vo vð Þ ¼ �j36 I2 vð Þ ¼ j36ð Þð1:023ff�21�Þ ¼ ð36ff90�Þð1:023ff�21�Þ ¼ 36:82ff69� V
In the time domain, the output voltage is given by

vo tð Þ ¼ 36:82 cos 4t þ 69�ð Þ V

8 Ω

j36 Ω
30 Ω

3 : 2

+
–

+

–

Vs( ) = 75.5ω 26° V

I2( )ωl( ) = 0.682ω –21° A

Vo( )ω
FIGURE 11.10-10 The circuit from Figure 11.10-9

after determining the current I(v).
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the
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� �
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CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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), la corriente y el voltaje de la impedancia de j36-V en la figura 11.10-10 no se apegan 
a la convención pasiva. En consecuencia,
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EXERCISE 11.10-1 Determine the impedance Zab for the circuit of Figure E 11.10-1. All the

transformers are ideal.

Z

ZZZ
a

b

1 : 2 3 : 1 1 : 2

Figure E 11.10-1

Answer: Zab ¼ 4.063Z

11.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

In Figure 11.10-9, the impedance of the 8-V resistor is connected in series with the equivalent impedance,

Zeq(v). The current, I(v), is the current in this series impedance, and Vs(v) is the voltage across the series

impedance. Applying Ohm’s law gives

I vð Þ ¼ Vs vð Þ
8þ Zeq vð Þ ¼

75:5ff26�
8þ 67:5þ j81

¼ 75:5ff26�
110:73ff47� ¼ 0:682ff�21� A ð11:10-6Þ

Because the circuits in Figures 11.10-8 and 11.10-9 are equivalent, the current I(v) in Figure 11.10-10 is

also given by Eq. 11.10-6. Figure 11.10-10 shows the circuit from Figure 11.10-8 redrawn with the current I(v)

labeled.

Also, the current in the right-hand coil of the transformer has been labeled as I2(v). Because I(v) and I2(v)

are the currents in the coils of the ideal transformer, they are related by the equations describing the transformer:

I2 vð Þ ¼ � 3

2

� �
I vð Þ ¼ �1:023ff�21� A

Notice that I2(v) and Vo(v), the current and voltage of the j36-V impedance in Figure 11.10-10, do not adhere to

the passive convention. Consequently,

Vo vð Þ ¼ �j36 I2 vð Þ ¼ j36ð Þð1:023ff�21�Þ ¼ ð36ff90�Þð1:023ff�21�Þ ¼ 36:82ff69� V
In the time domain, the output voltage is given by

vo tð Þ ¼ 36:82 cos 4t þ 69�ð Þ V

8 Ω

j36 Ω
30 Ω

3 : 2

+
–

+

–

Vs( ) = 75.5ω 26° V

I2( )ωl( ) = 0.682ω –21° A

Vo( )ω
FIGURE 11.10-10 The circuit from Figure 11.10-9

after determining the current I(v).
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En el dominio de tiempo, el voltaje de salida está dado por
vo1t2 5 36.82 cos 14t 1 69°2 V

EJERCICIO 11.10-1  Determine la impedancia Zab para el circuito de la figura E 11.10-1. 
Todos los transformadores son ideales.

Z

ZZZ
a

b

1 : 2 3 : 1 1 : 2

 Figura E 11.10-1

Respuesta: Zab 5 4.063Z

11.11 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
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 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

E j E m p l o  11. 11- 1   ¿Cómo podemos comprobar la potencia 
en circuitos de CA?

El circuito que se muestra en la figura 11.11-1a ha sido analizado utilizando una computadora, y los resultados 
están tabulados en la figura 11.11-1b. Las etiquetas Xp y Xs se refieren a las bobinas primaria y secundaria 
del transformador. La convención pasiva se utilizó para todos los elementos, incluyendo las fuentes de voltaje, 
lo cual significa que
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Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

E X A M P L E 1 1 . 1 1 - 1 How Can We Check Power

in AC Circuits?

The circuit shown in Figure 11.11-1a has been analyzed using a computer, and the results are tabulated in Figure

11.11-1b. The labels Xp and Xs refer to the primary and secondary coils of the transformer. The passive

convention is used for all elements, including the voltage sources, which means that

30ð Þ 1:76ð Þ
2

cos 133� � 0ð Þ ¼ �18:00

is the average power absorbed by the voltage source. The average power supplied by the voltage source isþ18.00

W.

How can we check that the computer analysis of this circuit is indeed correct?

Solution
Several things can be easily checked.

(1) The element current and voltage of each inductor should be 90� out of phase with each other so that the

average power delivered to each inductor is zero. The element current and voltage of both L1 and L2
satisfy this condition.

(2) An ideal transformer absorbs zero average power. The sum of the average power absorbed by the

transformer primary and the secondary is

5:2ð Þ 1:76ð Þ
2

cos 9� � �47�ð Þð Þð Þ þ 7:8ð Þ 1:17ð Þ
2

cos 133� � 9�ð Þ ¼ 2:56þ �2:55ð Þ � 0W

so this condition is satisfied.

(3) All of the power delivered to the primary of the transformer is in turn delivered to the load. In this

example, the load consists of the inductor L2 and the resistor R2. Because the average power delivered to

+
– vin(t) = 30 cos 2t V R2 = 12 Ω

R1 = 10 Ω L1 = 5 H

0

1
3 4

5

2
2:3

Ideal

(a) (b)

Vin 30 ∠ 0       30 ∠ 0°        1.76 ∠ 133°
R1    17.6 ∠ –47°    1.76 ∠ –47°
L1  17.6 ∠ 43°       1.76 ∠ –47°   
Xp  5.2 ∠ 9°     1.76 ∠ –47° 
Xs  7.8 ∠ 9°     1.17 ∠ 133° 
R2    7.8 ∠ 9°      0.65 ∠ 9°    
L2

1
1
2
3
4
4
4 

0
2
3
0
5
5
5 

10
5
2
3

12
4   7.8 ∠ 9°    0.98 ∠ –81°

Element Voltage Current

L2 = 4 H

Steady-state response: = 2 rad/sω

FIGURE 11.11-1 (a) A circuit and (b) the results from computer analysis for the circuit.
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es la potencia promedio absorbida por la fuente de voltaje. La potencia promedio transferida por la fuente de 
voltaje es 118.00 W.
 ¿Cómo podemos comprobar que el análisis por computadora de este circuito es en verdad correcto?

Solución
Hay que comprobar varias cosas de manera muy sencilla.

(1)  El voltaje y la corriente del elemento de cada inductor deben estar desfasados 90° entre sí de modo que la 
potencia promedio transmitida a cada inductor sea cero. La corriente del elemento y el voltaje de L1 y L2 
satisface esta condición.

(2)  Un transformador ideal absorbe cero potencia promedio. La suma de la potencia promedio absorbida por el 
transformador primario y el secundario es

E1C11_1 11/06/2009 537

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

E X A M P L E 1 1 . 1 1 - 1 How Can We Check Power

in AC Circuits?

The circuit shown in Figure 11.11-1a has been analyzed using a computer, and the results are tabulated in Figure

11.11-1b. The labels Xp and Xs refer to the primary and secondary coils of the transformer. The passive

convention is used for all elements, including the voltage sources, which means that

30ð Þ 1:76ð Þ
2

cos 133� � 0ð Þ ¼ �18:00

is the average power absorbed by the voltage source. The average power supplied by the voltage source isþ18.00

W.

How can we check that the computer analysis of this circuit is indeed correct?

Solution
Several things can be easily checked.

(1) The element current and voltage of each inductor should be 90� out of phase with each other so that the

average power delivered to each inductor is zero. The element current and voltage of both L1 and L2
satisfy this condition.

(2) An ideal transformer absorbs zero average power. The sum of the average power absorbed by the

transformer primary and the secondary is

5:2ð Þ 1:76ð Þ
2

cos 9� � �47�ð Þð Þð Þ þ 7:8ð Þ 1:17ð Þ
2

cos 133� � 9�ð Þ ¼ 2:56þ �2:55ð Þ � 0W

so this condition is satisfied.

(3) All of the power delivered to the primary of the transformer is in turn delivered to the load. In this

example, the load consists of the inductor L2 and the resistor R2. Because the average power delivered to

+
– vin(t) = 30 cos 2t V R2 = 12 Ω

R1 = 10 Ω L1 = 5 H

0

1
3 4

5

2
2:3

Ideal

(a) (b)

Vin 30 ∠ 0       30 ∠ 0°        1.76 ∠ 133°
R1    17.6 ∠ –47°    1.76 ∠ –47°
L1  17.6 ∠ 43°       1.76 ∠ –47°   
Xp  5.2 ∠ 9°     1.76 ∠ –47° 
Xs  7.8 ∠ 9°     1.17 ∠ 133° 
R2    7.8 ∠ 9°      0.65 ∠ 9°    
L2

1
1
2
3
4
4
4 

0
2
3
0
5
5
5 

10
5
2
3

12
4   7.8 ∠ 9°    0.98 ∠ –81°

Element Voltage Current

L2 = 4 H

Steady-state response: = 2 rad/sω

FIGURE 11.11-1 (a) A circuit and (b) the results from computer analysis for the circuit.
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  de modo que esta condición se satisface.

(3)  Toda la potencia transmitida al primario del transformador se transmite a su vez a la carga. En este ejemplo, la 
carga consiste en el inductor L2 y el resistor R2. Dado que la potencia promedio transmitida al inductor es cero, 

+
– vent(t) = 30 cos 2t V R2 = 12 Ω

R1 = 10 Ω L1 = 5 H

0

1
3 4

5

2
2:3

Ideal

(a) (b)

Vin 30 ∠ 0       30 ∠ 0°        1.76 ∠ 133°
R1    17.6 ∠ –47°    1.76 ∠ –47°
L1  17.6 ∠ 43°       1.76 ∠ –47°   
Xp  5.2 ∠ 9°     1.76 ∠ –47° 
Xs  7.8 ∠ 9°     1.17 ∠ 133° 
R2    7.8 ∠ 9°      0.65 ∠ 9°    
L2

1
1
2
3
4
4
4 

0
2
3
0
5
5
5 

10
5
2
3

12
4   7.8 ∠ 9°    0.98 ∠ –81°

Elemento Voltaje Corriente

L2 = 4 H

Respuesta de estado estable: = 2 rad/sω

FIGURA 11.11-1 (a) Circuito y (b) los resultados del análisis por computadora para el circuito.
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  toda la potencia transmitida al primario del transformador se debería transmitir al secundario por el resistor R2. 
La potencia transmitida al primario del transformador es
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1 1 . 1 2 DES IGN EXAMPLE

MAXIMUM POWER TRANSFER

The matching network in Figure 11.12-1 is used to interface the source with the load, which

means that the matching network is used to connect the source to the load in a desirable way.

In this case, the purpose of the matching network is to transfer as much power as possible to

the load. This problem occurs frequently enough that it has been given a name, the maximum

power transfer problem.

An important example of the application of maximum power transfer is the connection

of a cellular phone or wireless radio transmitter to the cell’s antenna. For example, the input

impedance of a practical cellular telephone antenna is Z ¼ (10 þ j6.28) V (Dorf, 1998).

Describe the Situation and the Assumptions
The input voltage is a sinusoidal function of time. The circuit is at steady state. The matching

network is to be designed to deliver as much power as possible to the load.

the inductor is zero, all the power delivered to the transformer primary should be delivered by the

secondary to the resistor R2. The power delivered to the transformer primary is

5:2ð Þ 1:76ð Þ
2

cos 9� � �47�ð Þð Þ ¼ 2:56W

The power delivered to R2 is

7:8ð Þ 0:65ð Þ
2

cos 0ð Þ ¼ 2:53W

There seems to be some roundoff error in the voltages and currents provided by the computer. Nonetheless, it

seems reasonable to conclude that all the power delivered to the transformer primary is delivered by the

secondary to the resistor R2.

(4) The average power supplied by the voltage source should be equal to the average power absorbed by the

resistors. We have already calculated that the average power delivered by the voltage source is 18 W. The

average power absorbed by the resistors is

17:6ð Þ 1:76ð Þ
2

cos 0ð Þ þ 7:8ð Þ 0:65ð Þ
2

cos 0ð Þ ¼ 15:49þ 2:53ð Þ ¼ 18:02W

so this condition is satisfied.

Because these four conditions are satisfied, we are confident that the computer analysis of the circuit is correct.

+
–

ωvs(t) = A cos ( t)
A = 10 V

= 2 × 105πω

Rs = 1 Ω

R = 10 Ωvo(t)

+

–

Ls = 1 Hμ L = 10 Hμ

Matching
network

Source Load

FIGURE 11.12-1 Design the matching network to transfer maximum power to the load where the

load is the model of an antenna of a wireless communication system.
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 La potencia transmitida a R2 es
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1 1 . 1 2 DES IGN EXAMPLE

MAXIMUM POWER TRANSFER
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seems reasonable to conclude that all the power delivered to the transformer primary is delivered by the

secondary to the resistor R2.
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resistors. We have already calculated that the average power delivered by the voltage source is 18 W. The

average power absorbed by the resistors is

17:6ð Þ 1:76ð Þ
2

cos 0ð Þ þ 7:8ð Þ 0:65ð Þ
2

cos 0ð Þ ¼ 15:49þ 2:53ð Þ ¼ 18:02W

so this condition is satisfied.

Because these four conditions are satisfied, we are confident that the computer analysis of the circuit is correct.

+
–

ωvs(t) = A cos ( t)
A = 10 V

= 2 × 105πω

Rs = 1 Ω

R = 10 Ωvo(t)

+

–

Ls = 1 Hμ L = 10 Hμ

Matching
network

Source Load

FIGURE 11.12-1 Design the matching network to transfer maximum power to the load where the

load is the model of an antenna of a wireless communication system.
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  Parece que hay algún error al terminar en los voltajes y corrientes proporcionados por la computadora. Sin 
embargo, parece razonable concluir que toda la potencia transmitida al primario del transformador la trans-
mite el secundario al resistor R2.

(4)  La potencia promedio transmitida por la fuente de voltaje debe ser igual a la potencia promedio absorbida 
por los resistores. Ya hemos calculado que la potencia promedio transmitida por la fuente de voltaje es de  
18 W. La potencia promedio absorbida por los resistores es
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MAXIMUM POWER TRANSFER
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the load. This problem occurs frequently enough that it has been given a name, the maximum

power transfer problem.
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impedance of a practical cellular telephone antenna is Z ¼ (10 þ j6.28) V (Dorf, 1998).

Describe the Situation and the Assumptions
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The power delivered to R2 is
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average power absorbed by the resistors is

17:6ð Þ 1:76ð Þ
2

cos 0ð Þ þ 7:8ð Þ 0:65ð Þ
2

cos 0ð Þ ¼ 15:49þ 2:53ð Þ ¼ 18:02W

so this condition is satisfied.
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FIGURE 11.12-1 Design the matching network to transfer maximum power to the load where the

load is the model of an antenna of a wireless communication system.
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 por lo que se satisface esta condición.

Puesto que se satisfacen estas condiciones, podemos confiar en que el análisis por computadora de este circuito 
es correcto.

La red de correspondencia en la figura 11.12-1 se utiliza para enlazar la fuente con la carga, lo 
cual significa que la red de correspondencia se utiliza para conectar la fuente con la carga de 
una manera conveniente En este caso, el propósito de la red de correspondencia es transferir 
la mayor cantidad posible de potencia a la carga. Este problema se presenta con tal frecuencia 
que se le ha dado nombre, el problema de la transferencia de potencia máxima.
 Un ejemplo importante de la aplicación de la transferencia de potencia máxima es la 
conexión de un teléfono celular o radio transmisor inalámbrico a la antena del celular. Por 
ejemplo, la impedancia de entrada de una antena de teléfono celular práctica es Z 5 (10 1 
j6.28) V (Dorf, 1998).

Describa la situación y los supuestos
El voltaje de entrada es una función de tiempo senoidal. El circuito se encuentra en estado 
estable. Se debe diseñar la red de correspondencia para que transmita la mayor cantidad de 
potencia posible a la carga.

+
–

ωvs(t) = A cos ( t)
A = 10 V

= 2 × 105πω

Rs = 1 Ω

R = 10 Ωvo(t)

+

–

Ls = 1 Hµ L = 10 Hµ

Red de
correspon-

dencia

Fuente Carga

FIGURA 11.12-1 Diseñe la red de correspondencia para transmitir la potencia máxima a la carga donde la 
carga es el modelo de la antena de un sistema de comunicación inalámbrico.

11. 1 2  E J E M P LO  D E  D I S E Ñ O

TRANSFERENCIA DE POTENCIA MÁXIMA
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Establezca el objetivo
Para alcanzar la transferencia de potencia máxima, la red de correspondencia debe ajustar las 
impedancias de la carga y la fuente. La impedancia de fuente es
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State the Goal
To achieve maximum power transfer, the matching network should match the load and source

impedances. The source impedance is

Zs ¼ Rs þ jvLs ¼ 1þ j 2 � p � 105� �
10�6
� � ¼ 1þ j0:628 V

For maximum power transfer, the impedance Zin, shown in Figure 11.12-2, must be the

complex conjugate of Zs. That is,

Zin ¼ Z�
s ¼ 1� j 0:628 V

Generate a Plan
Let us use a transformer for the matching network as shown in Figure 11.12-3. The impedance

Zin will be a function of n, the turns ratio of the transformer. We will set Zin equal to the

complex conjugate of Zs and solve the resulting equation to determine the turns ratio, n.

Act on the Plan

Zin ¼ 1

n2
Rþ jvLð Þ ¼ 1

n2
10þ j6:28ð Þ

We require that

1

n2
10þ j6:28ð Þ ¼ 1� j0:628

This requires both
1

n2
10 ¼ 1 ð11:12-1Þ

and
1

n2
6:28 ¼ �0:628 ð11:12:2Þ

Selecting n ¼ 3:16

(for example, N2 ¼ 158 and N1 ¼ 50) satisfies Eq. 11.12-1 but not Eq. 11.12-2. Indeed, no

positive value of n will satisfy Eq. 11.12-2.
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Para la transferencia de potencia máxima, la impedancia Zent, que se muestra en la figura 
11.12-2, debe ser la conjugada compleja de Zs. Es decir,

Zent
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Genere un plan
Utilicemos un transformador para la red de correspondencia como se muestra en la figura 
11.12-3. La impedancia Zent será una función de n, la proporción de vueltas del transformador. 
Estableceremos Zent igual a la conjugada compleja de Zs y despejamos la ecuación resultante 
para determinar la proporción de vueltas, n.

Actúe sobre el plan

Zent

E1C11_1 11/06/2009 539
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Requerimos que
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Esto requiere que

Seleccionamos  
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(por ejemplo, N2 5 158 y N1 5 50) satisface la ecuación 11.12-1 pero no a la ecuación 11.12-2. 
En realidad, el valor no positivo de n satisfará la ecuación 11.12-2.
 Necesitamos modificar la red de correspondencia para hacer que la parte imaginaria de 
Zent sea negativa. Esto se puede completar agregando un condensador, como se muestra en la 
figura 11.12-4. Entonces

Zent
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FIGURA 11.12-2 Zent es la impedancia vista al 
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FIGURA 11.12-3 Uso de un transformador ideal 
como red de correspondencia.

(11.12-1)
y

(11.12-2)
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FIGURA 11.12-4 La red de correspondencia se modifica al agregar un condensador.

Requerimos que

E1C11_1 11/06/2009 540

We require that
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First, solving Eq. 11.12-3 gives

n ¼ 3:16

Next, solving Eq. 11.12-4 gives

C ¼ 0:1267 mF

and the design is complete.

Verify the Proposed Solution
When n ¼ 3.16 and C ¼ 0.1267 mF, the input impedance of the matching network is
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¼ 1
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� �
10�5
� �þ 1
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as required.
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FIGURE 11.12-4 The matching network is modified by adding a capacitor.

11.13 SUMMARY
With the adoption of ac power as the generally used

conventional power for industry and the home, engineers

became involved in analyzing ac power relationships.

The instantaneous power delivered to this circuit element is

the product of the element voltage and current. Let v(t) and

i(t) be the element voltage and current, chosen to adhere to

the passive convention. Then p(t) ¼ v(t) i(t) is the instanta-

neous power delivered to this circuit element. Instantaneous

power is calculated in the time domain.

The instantaneous power can be a quite complicated func-

tion of t. When the element voltage and current are periodic

functions having the same period, T, it is convenient to

calculate the average power P ¼ 1

T

Zt0þT

t0

i tð Þv tð Þ dt.

The effective value of a current is the constant (dc) current

that delivers the same average power to a 1-V resistor as the

given varying current. The effective value of a voltage is the

540 AC Steady-State Power
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y 
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 (11.12-4)

Primero, al despejar la ecuación 11.12-3 nos da
n 5 3.16

Luego, despejar la ecuación 11.12-4 resulta en
C 5 0.1267 mF

y el diseño está completo.

Verifique la solución propuesta
Cuando n 5 3.16 y C 5 0.1267 mF, la impedancia de entrada de la red de correspondencia es

Zent
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como se requería.

(11.12-3)

11.13 R E S U M E N
  Con la adopción de la potencia de ca como potencia con-

vencional de uso generalizado para la industria y el hogar, 
los ingenieros se han visto involucrados en el análisis de las 
relaciones de la potencia de ca.

  La potencia instantánea transmitida a este elemento del 
circuito es el producto del voltaje y la corriente de los ele-
mentos. Sean v(t) e i(t) el voltaje y la corriente del elemento, 
escogidos para apegarse a la convención pasiva. Entonces 
p(t) 5 v(t) i(t) es la potencia instantánea transmitida a este 
elemento del circuito. La potencia instantánea se calcula en 
el dominio de tiempo.

  La potencia instantánea puede ser una función algo com-
plicada de t. Cuando el voltaje y la corriente del elemento 
son funciones periódicas que tienen el mismo periodo, T, es 
conveniente calcular la potencia promedio 
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  El valor efectivo de una corriente es la corriente constante 
(cd) que transmite la misma potencia promedio a un re-
sistor de 1-V como la corriente variable dada. El valor 
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 Resumen 541

  Dado que es importante mantener la corriente I lo más pe-
queña posible en las líneas de transmisión, los ingenieros 
se esfuerzan por lograr un factor de potencia cercano a 1. 
El factor de potencia es igual a cos 
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Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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 es el ángulo 
de fase que hace la diferencia entre el voltaje y la corriente 
senoidal de la carga en estado estable. Se utiliza una im-
pedancia puramente reactiva en paralelo con la carga para 
corregir el factor de potencia.

  Por último, consideramos las bobinas y transformadores 
acoplados. Los inductores y transformadores acoplados  pre-
sentan una inductancia mutua, la cual relaciona el voltaje en 
una bobina con el cambio en la corriente en otra bobina. Las 
ecuaciones que describen las bobinas y los transformadores 
acoplados se conjuntan en las tablas 11.13-1 y 11.13-2.

efectivo de un voltaje es el voltaje constante (cd) que 
transmite la misma potencia promedio como el voltaje va-
riable dado.

  Considere un circuito lineal con una entrada senoidal que 
ha alcanzado el estado estable. Todos los voltajes y corrien-
tes del elemento serán senoidales, con la misma frecuencia 
que la entrada. Un circuito con estas características se puede 
analizar en el dominio de frecuencia, utilizando fasores e 
impedancias. En realidad, podemos calcular la potencia ge-
nerada o absorbida en un circuito o en cualquier elemento de 
un circuito, en el dominio de frecuencia, utilizando fasores. 
La tabla 11.5-1 resume las ecuaciones utilizadas para calcu-
lar la potencia promedio, la potencia compleja, la potencia 
reactiva en el dominio de frecuencia. 

Tabla 11.13-1 Inductores acoplados

SÍMBOLO DE DISPOSITIVO  
(CON DIRECCIONES DE 

REFERENCIA DE VOLTAJES Y 
CORRIENTES DE ELEMENTOS)

 
ECUACIONES DE  

DISPOSITIVOS EN EL  
DOMINIO DE TIEMPO

 
ECUACIONES DE  

DISPOSITIVOS EN EL  
DOMINIO DE FRECUENCIA

i1(t) i2(t)

v1(t) L1 L2

M
+

–

v2(t)

+

–

v1 = L1 + M
di1
dt

di2
dt

v2 = L2 + M
di2
dt

di1
dt

V1 = j L1I1 + jω MI2ω

V2 = j L2I2 + jω MI1ω

i1(t) i2(t)

v1(t) L1 L2

M
+

–

v2(t)

+

–

  1 = L1v – M
di1
dt

di2
dt

  2 = L2v – M
di2
dt

di1
dt

V1 = j L1I1 – jω MI2ω

V2 = j L2I2 – jω MI1ω

Tabla 11.13-2 Transformadores ideales

SÍMBOLO DE DISPOSITIVO  
CON DIRECCIONES DE 

REFERENCIA DE VOLTAJES Y 
CORRIENTES DE ELEMENTOS

ECUACIONES DE 
DISPOSITIVOS EN 
EL DOMINIO DE 

FRECUENCIA

i1(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v2(t)

+

–

V1 = V2
N1

N2

I1 = – I2
N2

N1

i1(t)
N1 : N2

Ideal

i2(t)

v1(t)

+

–

v2(t)

+

–
I1 = I2

N2

N1

V1 = – V2
N1

N2
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Sección 11.3 Potencia instantánea  
y potencia promedio 

P 11.3-1 En la figura P 11.3-1 se muestra un circuito RLC. 
Encuentre la potencia instantánea transmitida al inductor 
cuando is 5 1 cos 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 6 283 rad/s.

if 20 Ω 10 mH 10   Fµ

Figura P 11.3-1

P 11.3-2 Encuentre la potencia promedio absorbida por el 
resistor de 0.6-kV y la potencia promedio alimentada por la 
fuente de corriente para el circuito de la figura P 11.3-2.

√0.6 kΩ

1.8 kΩ

1 24 Fµ4  5 cos 104t mA

Figura P 11.3-2

P 11.3-3 Emplee el análisis de nodos para encontrar la poten-
cia promedio absorbida por el resistor de 20-V en el circuito 
de la figura P 11.3-3.

Respuesta: P 5 200 W

1 30 F10 Ω

20 Ω
ix 3ix A

+
– 10 Ω100 cos 6t V

Figura P 11.3-3

P 11.3-4 Las estaciones de energía nuclear se han vuelto muy 
complejas de operar, como se ilustra por el simulador de capa-
citación de la sala de operaciones de la Pilgrim Power Station 
en la figura P 11.3-4a. Un circuito de control tiene el modelo 
que se muestra en la figura P 11.3-4b. Encuentre la potencia 
promedio transmitida a cada elemento. 

Respuesta: Pcorriente de fuente 5 212.8 W

 P8V 5 6.4 W

 PL 5 0 W

 Pfuente de voltaje 5 6.4 W

(b)

(a)

1 5 H

8 Ω+
–16 cos 20t V 2 cos (20t + 45°) A2

Figura P 11.3-4 (a) Sala de capacitación de simulación de la 
Pilgrim Power Station. La estación de energía se localiza en 
Plymouth, Massachusetts, y genera 700 MW. Inició operaciones 
en 1972. Cortesía de Boston Edison. (b) Un circuito de control 
del reactor.

P 11.3-5 Encuentre la potencia promedio transmitida a cada 
elemento por el circuito de la figura P 11.3-5.

v1

+

–

–
+20 cos 100t A 3 2v1 V10 Ω

15 Ωµ500 F

Figura P 11.3-5

P 11.3-6 Un estudiante experimentador en el laboratorio se 
encuentra con todo tipo de equipo eléctrico. Algunas piezas de 
equipo de prueba son operadas por baterías o funcionan a bajo 
voltaje de manera que cualquier riesgo es mínimo. Otro tipo de 
equipos están aislados de la tierra eléctrica de manera que no 
hay problema si algún objeto entra en contacto con el circui-
to. Algunos tipos de equipos de pruebas, sin embargo, tienen 
alimentación de voltajes que pueden ser riesgosos o que tienen 
salidas de voltaje peligrosas. La potencia normal suministrada 
que se utiliza en Estados Unidos para energía y alumbrado en 
los laboratorios es de 120, aterrizada, 60-Hz de alimentación 

P R O B L E M AS
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(b)  Encuentre la potencia absorbida por el resistor R1.

Respuestas: (a) 30 W; (b) 20 W

1 Ω 1 H

R1 = 1 Ω

10 cos t V +
–

Figura P 11.3-8

Sección 11.4 Valor efectivo de una forma  
de onda periódica 

P 11.4-1 Encuentre el valor de la rms de la corriente i para 
(a) i 5 2 24 cos 2t A; (b) i 5 3 sen 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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equipment, so an understanding of its operation is essential in

its safe use (Bernstein, 1991).

Consider the case in which the experimenter has one hand

on a piece of electrical equipment and the other hand on a ground

connection, as shown in the circuit diagram of Figure P 11.3-6a.

The hand-to-hand resistance is 200 V. Shocks with an

energy of 30 J are hazardous to humans. Consider the model

shown in Figure P 11.3-6b, which represents the human with

R. Determine the energy delivered to the human in 1 s.

120 V

Load

Metal
caseFault

Electrical
ground

120 Vrms
+
–

j200 
load

R 
Human

(b)

(a)

Figure P 11.3-6 Student experimenter touching an electrical

device.

P 11.3-7 An RLC circuit is shown in Figure P 11.3-7 with a

voltage source vs ¼ 7 cos 10t V.

(a) Determine the instantaneous power delivered to the circuit

by the voltage source.

(b) Find the instantaneous power delivered to the inductor.

Answers:

(a) p ¼ 7:54þ 15:2 cos 20t � 60:3�ð ÞW
(b) p ¼ 28:3 cos 20t � 30:6�ð ÞW

4 Ω+
–

0.3 H

vs(t) 50 mF

Figure P 11.3-7

P 11.3-8

(a) Find the average power delivered by the source to the

circuit shown in Figure P 11.3-8.

(b) Find the power absorbed by resistor R1.

Answers: (a) 30 W (b) 20 W

1 Ω 1 H

R1 = 1 Ω

10 cos t V +
–

Figure P 11.3-8

Section 11.4 Effective Value of a Periodic Waveform

P 11.4-1 Find the rms value of the current i for (a) i ¼ 2 � 4

cos 2t A, (b) i ¼ 3 sin p t þ ffiffiffi
2

p
cos p t A, and (c)i ¼ 2 cos

2t þ 4
ffiffiffi
2

p
cos 2t þ 45�ð Þ þ 12 sin 2t A.

Answers: (a) 2
ffiffiffi
3

p
(b) 2.35 A (c) 5

ffiffiffi
2

p
A

P 11.4-2 Determine the rms value for each of the waveforms

shown in Figure P 11.4-2.

Answers: (a) 4.10 V (b) 4.81 V (c) 4.10

(a)

6
v (V)

t (s)2 5 7 10

2

(b)

6
v (V)

t (s)2 5 7 10

2

6

2

(c)

v (V)

t(s)2 5 7 10

Figure P 11.4-2

P 11.4-3 Determine the rms value for each of the waveforms

shown in Figure P 11.4-3.

Answers: (a) 4.16 V (b) 4.16 V (c) 4.16
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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equipment, so an understanding of its operation is essential in

its safe use (Bernstein, 1991).

Consider the case in which the experimenter has one hand

on a piece of electrical equipment and the other hand on a ground

connection, as shown in the circuit diagram of Figure P 11.3-6a.

The hand-to-hand resistance is 200 V. Shocks with an

energy of 30 J are hazardous to humans. Consider the model

shown in Figure P 11.3-6b, which represents the human with

R. Determine the energy delivered to the human in 1 s.

120 V

Load

Metal
caseFault

Electrical
ground

120 Vrms
+
–

j200 
load

R 
Human

(b)

(a)

Figure P 11.3-6 Student experimenter touching an electrical

device.

P 11.3-7 An RLC circuit is shown in Figure P 11.3-7 with a

voltage source vs ¼ 7 cos 10t V.

(a) Determine the instantaneous power delivered to the circuit

by the voltage source.

(b) Find the instantaneous power delivered to the inductor.

Answers:

(a) p ¼ 7:54þ 15:2 cos 20t � 60:3�ð ÞW
(b) p ¼ 28:3 cos 20t � 30:6�ð ÞW

4 Ω+
–

0.3 H

vs(t) 50 mF

Figure P 11.3-7

P 11.3-8

(a) Find the average power delivered by the source to the

circuit shown in Figure P 11.3-8.

(b) Find the power absorbed by resistor R1.

Answers: (a) 30 W (b) 20 W

1 Ω 1 H

R1 = 1 Ω

10 cos t V +
–

Figure P 11.3-8

Section 11.4 Effective Value of a Periodic Waveform

P 11.4-1 Find the rms value of the current i for (a) i ¼ 2 � 4

cos 2t A, (b) i ¼ 3 sin p t þ ffiffiffi
2

p
cos p t A, and (c)i ¼ 2 cos

2t þ 4
ffiffiffi
2

p
cos 2t þ 45�ð Þ þ 12 sin 2t A.

Answers: (a) 2
ffiffiffi
3

p
(b) 2.35 A (c) 5

ffiffiffi
2

p
A

P 11.4-2 Determine the rms value for each of the waveforms

shown in Figure P 11.4-2.

Answers: (a) 4.10 V (b) 4.81 V (c) 4.10

(a)

6
v (V)

t (s)2 5 7 10

2

(b)

6
v (V)

t (s)2 5 7 10

2

6

2

(c)

v (V)

t(s)2 5 7 10

Figure P 11.4-2

P 11.4-3 Determine the rms value for each of the waveforms

shown in Figure P 11.4-3.

Answers: (a) 4.16 V (b) 4.16 V (c) 4.16

Problems 543

 cos 12t 1 45°2 1 12 sen 2t A.

Respuestas: (a) 2
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connection, as shown in the circuit diagram of Figure P 11.3-6a.

The hand-to-hand resistance is 200 V. Shocks with an

energy of 30 J are hazardous to humans. Consider the model

shown in Figure P 11.3-6b, which represents the human with
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(a) Find the average power delivered by the source to the

circuit shown in Figure P 11.3-8.

(b) Find the power absorbed by resistor R1.

Answers: (a) 30 W (b) 20 W

1 Ω 1 H

R1 = 1 Ω

10 cos t V +
–
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P 11.4-1 Find the rms value of the current i for (a) i ¼ 2 � 4

cos 2t A, (b) i ¼ 3 sin p t þ ffiffiffi
2
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cos p t A, and (c)i ¼ 2 cos

2t þ 4
ffiffiffi
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cos 2t þ 45�ð Þ þ 12 sin 2t A.
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ffiffiffi
3
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(b) 2.35 A (c) 5

ffiffiffi
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A

P 11.4-2 Determine the rms value for each of the waveforms

shown in Figure P 11.4-2.

Answers: (a) 4.10 V (b) 4.81 V (c) 4.10

(a)

6
v (V)

t (s)2 5 7 10

2

(b)

6
v (V)

t (s)2 5 7 10

2

6

2
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P 11.4-3 Determine the rms value for each of the waveforms

shown in Figure P 11.4-3.

Answers: (a) 4.16 V (b) 4.16 V (c) 4.16
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equipment, so an understanding of its operation is essential in

its safe use (Bernstein, 1991).

Consider the case in which the experimenter has one hand

on a piece of electrical equipment and the other hand on a ground

connection, as shown in the circuit diagram of Figure P 11.3-6a.

The hand-to-hand resistance is 200 V. Shocks with an

energy of 30 J are hazardous to humans. Consider the model

shown in Figure P 11.3-6b, which represents the human with

R. Determine the energy delivered to the human in 1 s.

120 V

Load

Metal
caseFault

Electrical
ground

120 Vrms
+
–

j200 
load

R 
Human

(b)

(a)

Figure P 11.3-6 Student experimenter touching an electrical

device.

P 11.3-7 An RLC circuit is shown in Figure P 11.3-7 with a

voltage source vs ¼ 7 cos 10t V.

(a) Determine the instantaneous power delivered to the circuit

by the voltage source.

(b) Find the instantaneous power delivered to the inductor.
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(a) Find the average power delivered by the source to the

circuit shown in Figure P 11.3-8.

(b) Find the power absorbed by resistor R1.
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R1 = 1 Ω
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P 11.4-1 Find the rms value of the current i for (a) i ¼ 2 � 4

cos 2t A, (b) i ¼ 3 sin p t þ ffiffiffi
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p
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P 11.4-2 Determine el valor de la rcm para cada una de las 
formas de onda que se muestran en la figura P 11.4-2.

Respuestas: (a) 4.10 V, (b) 4.81 V y, (c) 4.10

(a)

6
v (V)

t (s)2 5 7 10

2

(b)

6
v (V)

t (s)2 5 7 10

2

6

2

(c)

v (V)

t(s)2 5 7 10

Figura P 11.4-2

P 11.4-3 Determine el valor de la rcm para cada una de las 
formas de onda que se muestran en la figura P 11.4-3.

Respuestas: (a) 4.16 V, (b) 4.16 V y, (c) 4.16

senoidal. Esta alimentación proporciona potencia para gran 
parte del equipo en laboratorio, de modo que es esencial enten-
der su funcionamiento para su uso seguro (Bernstein, 1991). 
 Considere el caso en que el experimentador tiene una 
mano sobre una pieza de equipo eléctrico y la otra en una co-
nexión aterrizada como se muestra en el diagrama de la figura 
P 11.3-6a.
 La resistencia al toque manual es de 200 V. Los cho-
ques con una energía de 30 J son peligrosos para el hombre. 
Considere el modelo que se muestra en la figura P 11.3-6b, 
el cual representa a una persona con R. Determine la energía 
transmitida a la persona en 1 s.

120 V

Carga

Cubierta
metálicaDefecto

Tierra
eléctrica

120 Vrms
+
–

Carga
de j200

Persona
con R 

(b)

(a)

Figura P 11.3-6 Estudiante experimentador tocando un dispositivo 
eléctrico.

P 11.3-7 En la figura P 11.3-7 se presenta un circuito RLC 
con una fuente de voltaje vs 5 7 cos 10t V.

(a)  Determine la potencia instantánea transmitida al circuito 
por la fuente de voltaje.

(b)  Encuentre la potencia instantánea transmitida al inductor.

Respuestas:
(a) p 5 7.54 1 15.2 cos 120t 2 60.3°2 W
(b) p 5 28.3 cos 120t 2 30.6°2 W

4 Ω+
–

0.3 H

vs(t) 50 mF

Figura P 11.3-7

P 11.3-8 

(a)  Encuentre la potencia promedio transmitida por la fuente 
al circuito que se muestra en la figura P 11.3-8.
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(a)

6
v (V)

t (s)1

2

4 7 10

(b)

6
v (V)

t (s)1

2

4 7 10

(c)

6
v (V)

t (s)

2

3 6 9

Figura P 11.4-3

P 11.4-4 Encuentre el valor de la rms para cada una de las 
formas de onda de la figura P 11.4-4.

Respuestas: Vrms 5 1.225 V
 Irms 5 5 mA

(a)

Sinusoide +
constante

tT–T/2 T/20

2
v(t) V

10

–10

5 10 150–5

Senoidal

(b)

i(t) mA

t (   s)µ

Figura P 11.4-4

P 11.4-5 Encuentre el valor de la rms del voltaje v(t) que se 
muestra en la figura P 11.4-5.

Respuesta: Vrms 5 4.24 V

0.1 0.2 0.3 0.4 0.5–0.3 –0.2 –0.1 0

v(t) (V)

t (s)

9

Figura P 11.4-5

P 11.4-6 Encuentre el valor efectivo de la forma de onda de 
la corriente que se muestra en la figura P 11.4-6.

Respuesta: Ieff 5 8.66

10

5

–1 0 1 2 3 4 5

t (s)

Figura P 11.4-6

P 11.4-7 Calcule el valor efectivo del voltaje a través de la 
resistencia R del circuito que se muestra en la figura P 11.4-7 
cuando 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 100 rad/s.

Sugerencia: Utilice la superposición.

Respuesta: Veff 5 4.82 V

5 A10 cos   t Aω 1 2 Ω6 sen    t Aω R

Figura P 11.4-7

Sección 11.5 Potencia compleja

P 11.5-1 La potencia compleja transmitida por la fuente de 
voltaje en la figura P 11.5-1 es S 5 3.6 1 j7.2 V A. Determine 
los valores de la resistencia, R, y la inductancia, L.

Respuestas: R 5 4 V y L 5 2 H

i(t) R

L+
– 12 cos 4t V

Figura P 11.5-1
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P 11.5-5 Para el circuito que se muestra en la figura P 11.5-5, 
determine I y la potencia compleja S transmitida por la fuente 
cuando V 5 50 

E1C11_1 11/06/2009 545

P 11.5-2 The complex power delivered by the voltage source

in Figure P 11.5-2 is S¼ 18þ j9 VA. Determine the values of

the resistance, R, and inductance, L.

Answers: R ¼ 4 V and L ¼ 2 H

i(t)

LR+
– 12 cos 4t V

Figure P 11.5-2

P 11.5-3 Determine the complex power delivered by the

voltage source in the circuit shown in Figure P 11.5-3.

Answer: S ¼ 7.2 þ j3.6 VA

i(t)

+
– 12 cos 4t V

4 Ω

8 Ω 2 H

Figure P 11.5-3

P 11.5-4 Many engineers are working to develop photovoltaic

power plants that provide ac power. An example of an exper-

imental photovoltaic system is shown in Figure P 11.5-4a. A

model of one portion of the energy conversion circuit is shown

in Figure P 11.5-4b. Find the average, reactive, and complex

power delivered by the dependent source.

Answer: S ¼ þ j8=9 VA

v1

+

–

1 800 F 1 8)v1–(
+

–

1 Ω

2 Ω

5 mH

5 cos 400t A

(b)

(a)

Figure P 11.5-4 (a) An experimental photovoltaic power plant.

(b) Model of part of the energy conversion circuit. Courtesy of

EPRI Journal.

P 11.5-5 For the circuit shown in Figure P 11.5-5, determine

I and the complex power S delivered by the source when

V ¼ 50ff120�V rms.

Answer: S ¼ 100 þ j75 VA

I
20 Ω–j10 Ω

12 Ω j20 Ω

V +
–

Figure P 11.5-5

P 11.5-6 For the circuit of Figure P 11.5-6, determine the

complex power of the R, L, and C elements and show that the

complex power delivered by the sources is equal to the

complex power absorbed by the R, L, and C elements.

+
–

10 Ω

2 H

6 cos 10t A 5 cos 10t V

50 mF

Figure P 11.5-6

P 11.5-7 Acircuit is shown in Figure P 11.5-7with an unknown

impedance Z. However, it is known that v(t) ¼ 100 cos (100t þ
20�) V and i(t) ¼ 25 cos (100t�10�) A. (a) Find Z. (b) Find the
power absorbed by the impedance. (c) Determine the type of

element and its magnitude that should be placed across the

impedance Z (connected to terminals a–b) so that the voltage

v(t) and the current entering the parallel elements are in phase.

Answers: (a) 4ff30� V (b) 1082.5 W (c) 1.25 mF

i(t)

v(t)

+

–

Z

a

b

Figure P 11.5-7

P 11.5-8 Find the complex power delivered by the voltage

source and the power factor seen by the voltage source for the

circuit of Figure P 11.5-8.

v1+ –

1 3 F3 4) v1(

4 Ω

1 Ω

+
–10 cos 2t V

Figure P 11.5-8
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 rcm. 

Respuesta: S 5 100 1 j75 VA

I
20 Ω–j10 Ω

12 Ω j20 Ω

V +
–

Figura P 11.5-5

P 11.5-6 Para el circuito de la figura P 11.5-6, determine la 
potencia compleja de los elementos R, L y C y muestre que 
la potencia compleja transmitida por las fuentes es igual a la 
potencia compleja absorbida por los elementos R, L y C. 

+
–

10 Ω

2 H

6 cos 10t A 5 cos 10t V

50 mF

Figura P 11.5-6

P 11.5-7 En la figura P 11.5-7 se muestra un circuito con una 
impedancia desconocida, Z. Sin embargo, se sabe que v(t) 5 
100 cos 1100t 1 20°2 V e i(t) 5 25 cos 1100t 2 10°2 A. 
(a) Encuentre Z. (b) Encuentre la potencia absorbida por la 
impedancia. (c) Determine el tipo de elemento y su magnitud 
que debe colocarse a través de la impedancia Z (conectada a 
las terminales a-b) de modo que el voltaje v(t) y la corriente 
que llegan a los elementos en paralelo estén en fase. 

Respuestas: (a) 4 
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+
–

10 Ω

2 H

6 cos 10t A 5 cos 10t V

50 mF

Figure P 11.5-6

P 11.5-7 Acircuit is shown in Figure P 11.5-7with an unknown

impedance Z. However, it is known that v(t) ¼ 100 cos (100t þ
20�) V and i(t) ¼ 25 cos (100t�10�) A. (a) Find Z. (b) Find the
power absorbed by the impedance. (c) Determine the type of

element and its magnitude that should be placed across the

impedance Z (connected to terminals a–b) so that the voltage

v(t) and the current entering the parallel elements are in phase.

Answers: (a) 4ff30� V (b) 1082.5 W (c) 1.25 mF

i(t)

v(t)

+

–

Z

a

b

Figure P 11.5-7

P 11.5-8 Find the complex power delivered by the voltage

source and the power factor seen by the voltage source for the

circuit of Figure P 11.5-8.

v1+ –

1 3 F3 4) v1(

4 Ω

1 Ω

+
–10 cos 2t V

Figure P 11.5-8

Problems 545

 V; (b) 1082.5 W; (c) 1.25 mF

i(t)

v(t)

+

–

Z

a

b

Figura P 11.5-7

P 11.5-8 Encuentre la potencia compleja transmitida por la 
fuente de voltaje y el factor de potencia vistos por la fuente de 
voltaje para el circuito de la figura P 11.5-8.

v1+ –

1 3 F3 4) v1(

4 Ω

1 Ω

+
–10 cos 2t V

Figura P 11.5-8

P 11.5-2 La potencia compleja transmitida por la fuente de 
voltaje en la figura P 11.5-2 es S 5 18 1 j9 VA. Determine los 
valores de la resistencia, R, y la inductancia, L.

Respuestas: R 5 4 V y L 5 2 H
i(t)

LR+
– 12 cos 4t V

Figura P 11.5-2

P 11.5-3 Determine la potencia compleja transmitida por la 
fuente de voltaje en el circuito que se muestra en la figura  
P 11.5-3.

Respuesta: S 5 7.2 1 j3.6 V A
i(t)

+
– 12 cos 4t V

4 Ω

8 Ω 2 H

Figura P 11.5-3

P 11.5-4 Muchos ingenieros están trabajando en el desarrollo 
de plantas de potencia fotovoltaica que proporcionan poten-
cia de ca. En la figura P 11.5-4a se muestra un ejemplo de un 
sistema fotovoltaico experimental. Un modelo de una parte 
del circuito de conversión de energía se muestra en la figura  
P 11.5-4b. Encuentre la potencia promedio, reactiva y com-
pleja transmitida por la fuente independiente.

Respuesta: S 5 1 j8>9 VA

v1

+

–

1 800 F 1 8)v1–(
+
–

1 Ω

2 Ω

5 mH

5 cos 400t A

(b)

(a)

Figura P 11.5-4 (a) Planta de potencia fotovoltaica experimental. 
(b) Modelo de parte del circuito de conversión de energía. Cortesía 
de EPRI Journal.
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P 11.5-9 El circuito en la figura P 11.5-9 consta de una fuente 
conectada a una carga.

(a)  Suponga R 5 9 V y L 5 5 H. Determine las potencias 
promedio, compleja y reactiva transmitidas por la fuente a 
la carga.

(b)  Suponga R 5 15 V y L 5 3 H. Determine las potencias 
promedio, compleja y reactiva transmitidas por la fuente a 
la carga.

(c)  Suponga que la fuente transmite 8.47 1 j14.12 VA a la 
carga. Determine los valores de la resistencia, R, y de 
la inductancia, L.

(d)  Suponga que la fuente transmite 14.22 1 j14.12 VA a 
la carga. Determine los valores de la resistencia, R, y de 
la inductancia, L.

+
–

CargaFuente

24 cos (3t + 75°) V

R

L

Figura P 11.5-9

P 11.5-10 El circuito en la figura P 11.5-10 consta de una 
fuente conectada a una carga. Suponga que la amplitud del vol-
taje de la fuente se ha duplicado de modo que v1(t) 5 48 cos 
13t 1 75°2 V. ¿Cómo cambiarán cada uno de los siguientes?

(a)  La impedancia de la carga.
(b)  La potencia compleja transmitida a la carga.
(c)  La corriente de la carga.

+
–

CargaFuente

vi(t) = 24 cos (3t + 75°)  V

R

L

Figura P 11.5-10

P 11.5-11 El circuito en la figura P 11.5-11 consta de una fuen-
te conectada a una carga. Suponga que el ángulo de fase de la 
fuente del voltaje se ha duplicado de modo que v1(t) 5 24 cos 
13t 1 150°2 V. ¿Cómo cambiará lo siguiente?

(a)  La impedancia de la carga.
(b)  La potencia compleja transmitida a la carga.
(c)  La corriente de la carga.

+
–

CargaFuente

vi(t) = 24cos(3t + 75°)  V

R

L

Figura P 11.5-11

P 11.5-12 El circuito en la figura P 11.5-12 consta de una 
fuente conectada a una carga. La potencia compleja transmiti-
da por la fuente a la carga es S 5 6.61 1 j1.98 VA. Determine 
los valores de R y C.

+
–

CargaFuente

12 cos 2t  V 4 H

R C

Figura P 11.5-12

P 11.5-13 Diseñe el circuito que se muestra en la figura 
P 11.5-13, es decir, especifique los valores de R y L de modo que 
la potencia compleja transmitida al circuito RL sea 8 1 j6 VA.

Respuesta: R 5 5.76 V y L 5 2.16 H
R

+
– L12 cos 2t

Figura P 11.5-13

P 11.5-14 El voltaje de la fuente en el circuito que se muestra 
en la figura P 11.5-14 es Vs 5 24 
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P 11.5-2 The complex power delivered by the voltage source

in Figure P 11.5-2 is S¼ 18þ j9 VA. Determine the values of

the resistance, R, and inductance, L.

Answers: R ¼ 4 V and L ¼ 2 H

i(t)

LR+
– 12 cos 4t V

Figure P 11.5-2

P 11.5-3 Determine the complex power delivered by the

voltage source in the circuit shown in Figure P 11.5-3.

Answer: S ¼ 7.2 þ j3.6 VA

i(t)

+
– 12 cos 4t V

4 Ω

8 Ω 2 H

Figure P 11.5-3

P 11.5-4 Many engineers are working to develop photovoltaic

power plants that provide ac power. An example of an exper-

imental photovoltaic system is shown in Figure P 11.5-4a. A

model of one portion of the energy conversion circuit is shown

in Figure P 11.5-4b. Find the average, reactive, and complex

power delivered by the dependent source.

Answer: S ¼ þ j8=9 VA

v1

+

–

1 800 F 1 8)v1–(
+

–

1 Ω

2 Ω

5 mH

5 cos 400t A

(b)

(a)

Figure P 11.5-4 (a) An experimental photovoltaic power plant.

(b) Model of part of the energy conversion circuit. Courtesy of

EPRI Journal.

P 11.5-5 For the circuit shown in Figure P 11.5-5, determine

I and the complex power S delivered by the source when

V ¼ 50ff120�V rms.

Answer: S ¼ 100 þ j75 VA

I
20 Ω–j10 Ω

12 Ω j20 Ω

V +
–

Figure P 11.5-5

P 11.5-6 For the circuit of Figure P 11.5-6, determine the

complex power of the R, L, and C elements and show that the

complex power delivered by the sources is equal to the

complex power absorbed by the R, L, and C elements.

+
–

10 Ω

2 H

6 cos 10t A 5 cos 10t V

50 mF

Figure P 11.5-6

P 11.5-7 Acircuit is shown in Figure P 11.5-7with an unknown

impedance Z. However, it is known that v(t) ¼ 100 cos (100t þ
20�) V and i(t) ¼ 25 cos (100t�10�) A. (a) Find Z. (b) Find the
power absorbed by the impedance. (c) Determine the type of

element and its magnitude that should be placed across the

impedance Z (connected to terminals a–b) so that the voltage

v(t) and the current entering the parallel elements are in phase.

Answers: (a) 4ff30� V (b) 1082.5 W (c) 1.25 mF

i(t)

v(t)

+

–

Z

a

b

Figure P 11.5-7

P 11.5-8 Find the complex power delivered by the voltage

source and the power factor seen by the voltage source for the

circuit of Figure P 11.5-8.

v1+ –

1 3 F3 4) v1(

4 Ω

1 Ω

+
–10 cos 2t V

Figure P 11.5-8

Problems 545

 V. En consecuencia,
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P 11.5-9 The circuit in Figure P 11.5-9 consists of a source

connected to a load.

(a) Suppose R ¼ 9 V and L ¼ 5 H. Determine the average,

complex, and reactive powers delivered by the source to

the load.

(b) Suppose R ¼ 15 V and L ¼ 3 H. Determine the average,

complex, and reactive powers delivered by the source to

the load.

(c) Suppose the source delivers 8.47þ j14.12 VA to the load.

Determine the values of the resistance, R, and the induc-

tance, L.

(d) Suppose the source delivers 14.12þ j8.47 VA to the load.

Determine the values of the resistance, R, and the induc-

tance, L.

+
–

LoadSource

24 cos (3t + 75°) V

R

L

Figure P 11.5-9

P 11.5-10 The circuit in Figure P 11.5-10 consists of a source

connected to a load. Suppose the amplitude of the source

voltage is doubled so that vi(t)¼ 48 cos (3tþ 75�) V. Howwill

each of the following change?

(a) The impedance of the load

(b) The complex power delivered to the load

(c) The load current

+
–

LoadSource

vi(t) = 24 cos (3t + 75°)  V

R

L

Figure P 11.5-10

P 11.5-11 The circuit in Figure P 11.5-11 consists of a source

connected to a load. Suppose the phase angle of the source

voltage is doubled so that vi (t) ¼ 24 cos (3t þ 150�) V. How
will the following change?

(a) The impedance of the load

(b) The complex power delivered to the load

(c) The load current

+
–

LoadSource

vi(t) = 24cos(3t + 75°)  V

R

L

Figure P 11.5-11

P 11.5-12 The circuit in Figure P 11.5-12 consists of a source

connected to a load. The complex power delivered by the

source to the load is S ¼ 6.61 þ j1.98 VA. Determine the

values of R and C.

+
–

LoadSource

12 cos 2t  V 4 H

R C

Figure P 11.5-12

P 11.5-13 Design the circuit shown in Figure P 11.5-13, that

is, specify values for R and L so that the complex power

delivered to the RL circuit is 8 þ j6 VA.

Answer: R ¼ 5.76 V and L ¼ 2.16 H

R

+
– L12 cos 2t

Figure P 11.5-13

P 11.5-14 The source voltage in the circuit shown in Figure

P 11.5-14 is Vs ¼ 24ff30� V. Consequently,
I1 ¼ 3:13ff25:4� A; I2 ¼ 1:99ff52:9� A and V4 ¼ 8:88ff�10:6� V

Determine (a) the average power absorbed by Z4, (b) the

average power absorbed by Z1, and (c) the complex power

delivered by the voltage source. (All phasors are given using

peak, not rms, values.)

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– VS

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figure P 11.5-14

Section 11.6 Power Factor

P 11.6-1 An industrial firm has two electrical loads con-

nected in parallel across the power source. Power is supplied to

the firm at 4000 V rms. One load is 30 kW of heating use, and

the other load is a set of motors that together operate as a load

at 0.6 lagging power factor and at 150 kVA. Determine the

total current and the plant power factor.

Answer: I ¼ 42.5 A rms and pf ¼ 1=
ffiffiffi
2

p

P 11.6-2 Two electrical loads are connected in parallel to a

400-V rms, 60-Hz supply. The first load is 12 kVA at 0.7

546 AC Steady-State Power

y

E1C11_1 11/06/2009 546

P 11.5-9 The circuit in Figure P 11.5-9 consists of a source

connected to a load.

(a) Suppose R ¼ 9 V and L ¼ 5 H. Determine the average,

complex, and reactive powers delivered by the source to

the load.

(b) Suppose R ¼ 15 V and L ¼ 3 H. Determine the average,

complex, and reactive powers delivered by the source to

the load.

(c) Suppose the source delivers 8.47þ j14.12 VA to the load.

Determine the values of the resistance, R, and the induc-

tance, L.

(d) Suppose the source delivers 14.12þ j8.47 VA to the load.

Determine the values of the resistance, R, and the induc-

tance, L.

+
–

LoadSource

24 cos (3t + 75°) V

R

L

Figure P 11.5-9

P 11.5-10 The circuit in Figure P 11.5-10 consists of a source

connected to a load. Suppose the amplitude of the source

voltage is doubled so that vi(t)¼ 48 cos (3tþ 75�) V. Howwill

each of the following change?

(a) The impedance of the load

(b) The complex power delivered to the load

(c) The load current

+
–

LoadSource

vi(t) = 24 cos (3t + 75°)  V

R

L

Figure P 11.5-10

P 11.5-11 The circuit in Figure P 11.5-11 consists of a source

connected to a load. Suppose the phase angle of the source

voltage is doubled so that vi (t) ¼ 24 cos (3t þ 150�) V. How
will the following change?

(a) The impedance of the load

(b) The complex power delivered to the load

(c) The load current

+
–

LoadSource

vi(t) = 24cos(3t + 75°)  V

R

L

Figure P 11.5-11

P 11.5-12 The circuit in Figure P 11.5-12 consists of a source

connected to a load. The complex power delivered by the

source to the load is S ¼ 6.61 þ j1.98 VA. Determine the

values of R and C.

+
–

LoadSource

12 cos 2t  V 4 H

R C

Figure P 11.5-12

P 11.5-13 Design the circuit shown in Figure P 11.5-13, that

is, specify values for R and L so that the complex power

delivered to the RL circuit is 8 þ j6 VA.

Answer: R ¼ 5.76 V and L ¼ 2.16 H

R

+
– L12 cos 2t

Figure P 11.5-13

P 11.5-14 The source voltage in the circuit shown in Figure

P 11.5-14 is Vs ¼ 24ff30� V. Consequently,
I1 ¼ 3:13ff25:4� A; I2 ¼ 1:99ff52:9� A and V4 ¼ 8:88ff�10:6� V

Determine (a) the average power absorbed by Z4, (b) the

average power absorbed by Z1, and (c) the complex power

delivered by the voltage source. (All phasors are given using

peak, not rms, values.)

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– VS

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figure P 11.5-14

Section 11.6 Power Factor

P 11.6-1 An industrial firm has two electrical loads con-

nected in parallel across the power source. Power is supplied to

the firm at 4000 V rms. One load is 30 kW of heating use, and

the other load is a set of motors that together operate as a load

at 0.6 lagging power factor and at 150 kVA. Determine the

total current and the plant power factor.

Answer: I ¼ 42.5 A rms and pf ¼ 1=
ffiffiffi
2

p

P 11.6-2 Two electrical loads are connected in parallel to a

400-V rms, 60-Hz supply. The first load is 12 kVA at 0.7

546 AC Steady-State Power

Determine (a) la potencia promedio absorbida por Z4; (b) la 
potencia promedio absorbida por Z1, y (c) la potencia prome-
dio transmitida por la fuente de voltaje (todos los fasores están 
dados utilizando valores pico, no rms).

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– Vs

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figura P 11.5-14

Sección 11.6 Factor de potencia

P 11.6-1 Una empresa industrial tiene dos cargas eléctricas 
conectadas en paralelo a través de la fuente de potencia. La 
potencia se alimenta a la empresa a 4 000 V rms. Una carga es  
de 30 kW de uso de calefacción, y la otra es para un grupo de 
motores que funcionan en conjunto como una carga de fac-
tor de potencia a 0.6 de retardo y a 150 kVA. Determine la  
corriente total y el factor de potencia de la planta.

Respuesta: I 5 42.5 A rcm y pf 5 1>
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equipment, so an understanding of its operation is essential in

its safe use (Bernstein, 1991).

Consider the case in which the experimenter has one hand

on a piece of electrical equipment and the other hand on a ground

connection, as shown in the circuit diagram of Figure P 11.3-6a.

The hand-to-hand resistance is 200 V. Shocks with an

energy of 30 J are hazardous to humans. Consider the model

shown in Figure P 11.3-6b, which represents the human with

R. Determine the energy delivered to the human in 1 s.

120 V

Load

Metal
caseFault

Electrical
ground

120 Vrms
+
–

j200 
load

R 
Human

(b)

(a)

Figure P 11.3-6 Student experimenter touching an electrical

device.

P 11.3-7 An RLC circuit is shown in Figure P 11.3-7 with a

voltage source vs ¼ 7 cos 10t V.

(a) Determine the instantaneous power delivered to the circuit

by the voltage source.

(b) Find the instantaneous power delivered to the inductor.

Answers:

(a) p ¼ 7:54þ 15:2 cos 20t � 60:3�ð ÞW
(b) p ¼ 28:3 cos 20t � 30:6�ð ÞW

4 Ω+
–

0.3 H

vs(t) 50 mF

Figure P 11.3-7

P 11.3-8

(a) Find the average power delivered by the source to the

circuit shown in Figure P 11.3-8.

(b) Find the power absorbed by resistor R1.

Answers: (a) 30 W (b) 20 W

1 Ω 1 H

R1 = 1 Ω

10 cos t V +
–

Figure P 11.3-8

Section 11.4 Effective Value of a Periodic Waveform

P 11.4-1 Find the rms value of the current i for (a) i ¼ 2 � 4

cos 2t A, (b) i ¼ 3 sin p t þ ffiffiffi
2

p
cos p t A, and (c)i ¼ 2 cos

2t þ 4
ffiffiffi
2

p
cos 2t þ 45�ð Þ þ 12 sin 2t A.

Answers: (a) 2
ffiffiffi
3

p
(b) 2.35 A (c) 5

ffiffiffi
2

p
A

P 11.4-2 Determine the rms value for each of the waveforms

shown in Figure P 11.4-2.

Answers: (a) 4.10 V (b) 4.81 V (c) 4.10

(a)

6
v (V)

t (s)2 5 7 10

2

(b)

6
v (V)

t (s)2 5 7 10

2

6

2

(c)

v (V)

t(s)2 5 7 10

Figure P 11.4-2

P 11.4-3 Determine the rms value for each of the waveforms

shown in Figure P 11.4-3.

Answers: (a) 4.16 V (b) 4.16 V (c) 4.16

Problems 543

P 11.6-2 Dos cargas eléctricas están conectadas en paralelo a 
una alimentación de 400 V rms, 60 Hz. La primera carga es de 
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(a)  Calcule las corriente en la línea 1, línea 2 y cable neutral.
(b)  Calcule: (i) Prefrig, Qrefrig; (ii) Plámp, Qlámp, y (iii) Ptotal, 

Qtotal, Stotal, y el factor de potencia en conjunto.
(c)  La resistencia de la conexión neutral aumenta, debido a 

corrosión y pérdidas, a 20 V (esto se debe incluir como 
parte del cableado neutral). Utilice  el análisis de enlaces 
y calcule el voltaje a través de la lámpara.

0° Vrms120

0° Vrms120

(a)

(b)

7.2 kV

120 Vrms

120 Vrms

Refrigerador

Lámpara

Hornilla de
la estufa

Línea 1

Neutral

Línea 2

+
–

+
–

Lámpara

Hornilla

Refrigerador

Figura P 11.6-6 Circuito residencial con cargas seleccionadas.

P 11.6-7 Un motor conectado a una línea de alimentación 
de 220-V desde la compañía de energía, tiene una corriente de 
7.6 A. La corriente y el voltaje son valores rms. La potencia 
promedio transmitida al motor es de 1 317 W.

(a)  Encuentre la potencia aparente, la potencia reactiva y el 
factor de potencia cuando 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 377 rad/s.
(b)  Encuentre la capacitancia de un condensador en paralelo 

que dará por resultado una unidad del factor de potencia 
de la combinación.

(c)  Encuentre la corriente en las líneas de la instalación luego 
de que el condensador esté instalado.

Respuestas: (a) pf 5 0.788; (b) C 5 56.5 mF; (c) I 5 6.0 A rcm

P 11.6-8 Hay dos cargas conectadas en paralelo a través de una 
fuente de 1 000-V rms, de 60 Hz. Una carga absorbe 500 kW  
a 0.6 de retardo del factor de potencia, y la segunda absorbe 
400 kW y 600 kVAR. Determine el valor del condensador que 
se debe agregar en paralelo con las dos cargas para mejorar el 
factor de potencia en conjunto a 0.9 de retardo.

Respuesta: C 5 2.2 mF.

P 11.6-9 Una fuente de voltaje con una impedancia interna 
compleja está conectada a una carga, como se muestra en la 
figura P 11. 6.9. La carga absorbe 1 kW de potencia promedio 

12 kVA a un factor de potencia de 0.7 de retardo. Encuentre la 
potencia promedio, la potencia aparente y el factor de potencia 
de las dos cargas combinadas.

Respuesta: Factor de potencia total 5 0.75 de retardo

P 11.6-3 La fuente de la figura P 11.6-3 transmite 50 VA con 
un factor de potencia de a 0.8 de retardo. Encuentre la impe-
dancia  desconocida Z.

Respuesta: Z 5 6.39 
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lagging power factor; the second load is 10 kVA at 0.8 lagging

power factor. Find the average power, the apparent power, and

the power factor of the two combined loads.

Answer: Total power factor ¼ 0.75 lagging

P 11.6-3 The source of Figure P 11.6-3 delivers 50 VAwith a

power factor of 0.8 lagging. Find the unknown impedance Z.

Answer: Z ¼ 6:39ff26:6� V

0° V20

6 Ω

Z+
–

j8 Ω

Figure P 11.6-3

P 11.6-4 Manned space stations require several continuously

available ac power sources. Also, it is desired to keep the

power factor close to 1. Consider the model of one communi-

cation circuit, shown in Figure P 11.6-4. If an average power of

500 W is dissipated in the 20-V resistor, find (a) Vrms, (b)

Is rms, (c) the power factor seen by the source, and (d) jVsj.

0° V+
–

Is

IL

I

–j20 Ω
j20 Ω 20 Ω

+

–
V = ⎜V ⎜Vs

Figure P 11.6-4

P 11.6-5 Two impedances are supplied by V ¼ 100ff160�Vrms, as shown in Figure P 11.6-5, where I ¼
2ff190� A rms. The first load draws P1 ¼ 23:2W, and Q1

¼ 50 VAR. Calculate I1, I2, the power factor of each imped-

ance, and the total power factor of the circuit.

I

V

I1

+
– Z1

I2

Z2

Figure P 11.6-5

P 11.6-6 A residential electric supply three-wire circuit from

a transformer is shown in Figure P 11.6-6a. The circuit model

is shown in Figure P 11.6-6b. From its nameplate, the refrig-

erator motor is known to have a rated current of 8.5 A rms. It is

reasonable to assume an inductive impedance angle of 45� for
a small motor at rated load. Lamp and range loads are 100 W

and 12 kW, respectively.

(a) Calculate the currents in line 1, line 2, and the neutral wire.

(b) Calculate: (i)Prefrig,Qrefrig, (ii)Plamp,Qlamp, and (iii) Ptotal,

Qtotal, Stotal, and overall power factor.

(c) The neutral connection resistance increases, because of

corrosion and looseness, to 20 V. (This must be included

as part of the neutral wire.) Use mesh analysis and

calculate the voltage across the lamp.

0° Vrms120

0° Vrms120

(a)

(b)

7.2 kV

120 Vrms

120 Vrms

Refrig

Lamp

Kitchen
range

Line 1

Neutral

Line 2

+
–

+
–

Refrig

Lamp

Range

Figure P 11.6-6 Residential circuit with selected loads.

P 11.6-7 A motor connected to a 220-V supply line from

the power company has a current of 7.6 A. Both the current

and the voltage are rms values. The average power delivered

to the motor is 1317 W.

(a) Find the apparent power, the reactive power, and the

power factor when v ¼ 377 rad/s.

(b) Find the capacitance of a parallel capacitor that will result

in a unity power factor of the combination.

(c) Find the current in the utility lines after the capacitor is

installed.

Answers: (a) pf ¼ 0.788 (b) C ¼ 56.5 mF (c) I ¼ 6.0 A rms

P 11.6-8 Two loads are connected in parallel across a 1000-V

rms, 60-Hz source. One load absorbs 500 kW at 0.6 power

factor lagging, and the second load absorbs 400 kW and 600

kVAR. Determine the value of the capacitor that should be

added in parallel with the two loads to improve the overall

power factor to 0.9 lagging.

Answer: C ¼ 2.2 mF

P 11.6-9 A voltage source with a complex internal imped-

ance is connected to a load, as shown in Figure P 11.6-9. The
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 V

0° V20

6 Ω

Z+
–

j8 Ω

Figura P 11.6-3

P 11.6-4 Las estaciones espaciales tripuladas requieren cons-
tantemente varias fuentes de potencias disponibles. Además, 
se desea mantener el factor potencia cercano a 1. Considere el 
modelo de un circuito de comunicación que se muestra en la 
figura P 11.6-4. Si una potencia promedio de 500 W se disipa 
en el resistor de 20 V, encuentre (a) Vrms, (b) Is rms, (c) el factor 
potencia visto por la fuente y (d) 0 Vs 0.

0° V+
–

Is

IL

I

–j20 Ω
j20 Ω 20 Ω

+

–
V = V Vs

Figura P 11.6-4

P 11.6-5 Se alimenta a dos impedancias por V 5 100 
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lagging power factor; the second load is 10 kVA at 0.8 lagging

power factor. Find the average power, the apparent power, and

the power factor of the two combined loads.

Answer: Total power factor ¼ 0.75 lagging

P 11.6-3 The source of Figure P 11.6-3 delivers 50 VAwith a

power factor of 0.8 lagging. Find the unknown impedance Z.

Answer: Z ¼ 6:39ff26:6� V

0° V20

6 Ω

Z+
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j8 Ω

Figure P 11.6-3

P 11.6-4 Manned space stations require several continuously

available ac power sources. Also, it is desired to keep the

power factor close to 1. Consider the model of one communi-

cation circuit, shown in Figure P 11.6-4. If an average power of

500 W is dissipated in the 20-V resistor, find (a) Vrms, (b)

Is rms, (c) the power factor seen by the source, and (d) jVsj.
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V = ⎜V ⎜Vs

Figure P 11.6-4

P 11.6-5 Two impedances are supplied by V ¼ 100ff160�Vrms, as shown in Figure P 11.6-5, where I ¼
2ff190� A rms. The first load draws P1 ¼ 23:2W, and Q1

¼ 50 VAR. Calculate I1, I2, the power factor of each imped-

ance, and the total power factor of the circuit.

I

V

I1
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I2
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Figure P 11.6-5

P 11.6-6 A residential electric supply three-wire circuit from

a transformer is shown in Figure P 11.6-6a. The circuit model

is shown in Figure P 11.6-6b. From its nameplate, the refrig-

erator motor is known to have a rated current of 8.5 A rms. It is

reasonable to assume an inductive impedance angle of 45� for
a small motor at rated load. Lamp and range loads are 100 W

and 12 kW, respectively.

(a) Calculate the currents in line 1, line 2, and the neutral wire.

(b) Calculate: (i)Prefrig,Qrefrig, (ii)Plamp,Qlamp, and (iii) Ptotal,

Qtotal, Stotal, and overall power factor.

(c) The neutral connection resistance increases, because of

corrosion and looseness, to 20 V. (This must be included

as part of the neutral wire.) Use mesh analysis and

calculate the voltage across the lamp.

0° Vrms120

0° Vrms120

(a)

(b)

7.2 kV

120 Vrms

120 Vrms
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Kitchen
range

Line 1
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Figure P 11.6-6 Residential circuit with selected loads.

P 11.6-7 A motor connected to a 220-V supply line from

the power company has a current of 7.6 A. Both the current

and the voltage are rms values. The average power delivered

to the motor is 1317 W.

(a) Find the apparent power, the reactive power, and the

power factor when v ¼ 377 rad/s.

(b) Find the capacitance of a parallel capacitor that will result

in a unity power factor of the combination.

(c) Find the current in the utility lines after the capacitor is

installed.

Answers: (a) pf ¼ 0.788 (b) C ¼ 56.5 mF (c) I ¼ 6.0 A rms

P 11.6-8 Two loads are connected in parallel across a 1000-V

rms, 60-Hz source. One load absorbs 500 kW at 0.6 power

factor lagging, and the second load absorbs 400 kW and 600

kVAR. Determine the value of the capacitor that should be

added in parallel with the two loads to improve the overall

power factor to 0.9 lagging.

Answer: C ¼ 2.2 mF

P 11.6-9 A voltage source with a complex internal imped-

ance is connected to a load, as shown in Figure P 11.6-9. The
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Vrms, como se muestra en la figura P 11.6-5, donde I 5 
2 
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lagging power factor; the second load is 10 kVA at 0.8 lagging

power factor. Find the average power, the apparent power, and

the power factor of the two combined loads.

Answer: Total power factor ¼ 0.75 lagging

P 11.6-3 The source of Figure P 11.6-3 delivers 50 VAwith a

power factor of 0.8 lagging. Find the unknown impedance Z.

Answer: Z ¼ 6:39ff26:6� V
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Figure P 11.6-3

P 11.6-4 Manned space stations require several continuously

available ac power sources. Also, it is desired to keep the

power factor close to 1. Consider the model of one communi-

cation circuit, shown in Figure P 11.6-4. If an average power of

500 W is dissipated in the 20-V resistor, find (a) Vrms, (b)

Is rms, (c) the power factor seen by the source, and (d) jVsj.
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V = ⎜V ⎜Vs

Figure P 11.6-4

P 11.6-5 Two impedances are supplied by V ¼ 100ff160�Vrms, as shown in Figure P 11.6-5, where I ¼
2ff190� A rms. The first load draws P1 ¼ 23:2W, and Q1

¼ 50 VAR. Calculate I1, I2, the power factor of each imped-

ance, and the total power factor of the circuit.
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I1
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– Z1

I2

Z2

Figure P 11.6-5

P 11.6-6 A residential electric supply three-wire circuit from

a transformer is shown in Figure P 11.6-6a. The circuit model

is shown in Figure P 11.6-6b. From its nameplate, the refrig-

erator motor is known to have a rated current of 8.5 A rms. It is

reasonable to assume an inductive impedance angle of 45� for
a small motor at rated load. Lamp and range loads are 100 W

and 12 kW, respectively.

(a) Calculate the currents in line 1, line 2, and the neutral wire.

(b) Calculate: (i)Prefrig,Qrefrig, (ii)Plamp,Qlamp, and (iii) Ptotal,

Qtotal, Stotal, and overall power factor.

(c) The neutral connection resistance increases, because of

corrosion and looseness, to 20 V. (This must be included

as part of the neutral wire.) Use mesh analysis and

calculate the voltage across the lamp.

0° Vrms120

0° Vrms120

(a)

(b)

7.2 kV

120 Vrms

120 Vrms
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Figure P 11.6-6 Residential circuit with selected loads.

P 11.6-7 A motor connected to a 220-V supply line from

the power company has a current of 7.6 A. Both the current

and the voltage are rms values. The average power delivered

to the motor is 1317 W.

(a) Find the apparent power, the reactive power, and the

power factor when v ¼ 377 rad/s.

(b) Find the capacitance of a parallel capacitor that will result

in a unity power factor of the combination.

(c) Find the current in the utility lines after the capacitor is

installed.

Answers: (a) pf ¼ 0.788 (b) C ¼ 56.5 mF (c) I ¼ 6.0 A rms

P 11.6-8 Two loads are connected in parallel across a 1000-V

rms, 60-Hz source. One load absorbs 500 kW at 0.6 power

factor lagging, and the second load absorbs 400 kW and 600

kVAR. Determine the value of the capacitor that should be

added in parallel with the two loads to improve the overall

power factor to 0.9 lagging.

Answer: C ¼ 2.2 mF

P 11.6-9 A voltage source with a complex internal imped-

ance is connected to a load, as shown in Figure P 11.6-9. The

Problems 547

 A rcm. La primera carga traza P1 5 23.2 W y Q1 5 
50 VAR. Calcule I1, I2, el factor de potencia de cada impedan-
cia y el factor de potencia total del circuito. 

I

V

I1

+
– Z1

I2

Z2

Figura P 11.6-5

P 11.6-6 En la figura P 11.6.-6a se muestra un circuito de  
tres cables de una alimentación eléctrica residencial a partir 
de un transformador. El modelo del circuito se muestra en la 
figura P 11.6-6b. A partir de su letrero, se sabe que el motor 
del refrigerador tiene una corriente nominal de 8.5 A rcm. Es 
lógico suponer un ángulo de impedancia inductivo de 45° para 
un motor pequeño a una carga nominal. Las cargas de lámpara 
y hornillo son de 100 W y 12 kW, respectivamente.
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a 100 V rms con un factor de potencia de 0.8 de retardo. La 
frecuencia de la fuente es de 200 rad/s.

(a)  Determine el voltaje de la fuente V1.
(b)  Encuentre el tipo y valor del elemento que se ha de colo-

car en paralelo con la carga, de modo que se transfiera la 
potencia máxima a la carga.

V1

6.4 Ω 24 mH

+
– ZL VL

+

–

Figura P 11.6-9

P 11.6-10 El circuito que se muestra en la figura P 11.6-10a 
se puede representar en el dominio de frecuencia como se 
muestra en la figura P 11.6-10b. En el dominio de frecuencia, 
el valor de cada corriente de enlaces es I = 1.076 
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load absorbs 1 kW of average power at 100 V rms with a power

factor of 0.80 lagging. The source frequency is 200 rad/s.

(a) Determine the source voltage V1.

(b) Find the type and value of the element to be placed in

parallel with the load so that maximum power is trans-

ferred to the load.

V1

6.4 Ω 24 mH

+
–

ZL VL

+

–

Figure P 11.6-9

P 11.6-10 The circuit shown in Figure P 11.6-10a can be

represented in the frequency domain as shown in Figure

P 11.6-10b. In the frequency domain, the value of the mesh

current is I ¼ 1:076ff�8:3 A.

(a) Determine the complex power supplied by the voltage

source.

(b) Given that the complex power received by Z1 is 6.945 þ
j 13.89 VA, determine the values of R1 and L1.

(c) Given that the real power received byZ3 is 4.63Wat a power

factor of 0.56 lagging, determine the values of R3 and L3.

+
–

R1
R2

C2

L1

R3 L3

48 cos (6t) V

(a)

Z1 = R1 + jωL1 

Z2 = R2 − j
 

Z3 = R3 + jωL3 

48  0° V +
– I

1
ωC2

(b)

Figure P 11.6-10

P 11.6-11 The circuit in Figure P 11.6-11 consists of a source

connected to a load. The source delivers 14.12W to the load at

a power factor of 0.857 lagging. What are the values of the

resistance, R, and the inductance, L?

+
–

LoadSource

R

L24 cos (3t +75°) V

Figure P 11.6-11

P 11.6-12 The circuit in Figure P 11.6-12 consists of a source

connected to a load. Determine the impedance of the load and

the complex power delivered by the source to the load under

each of the following conditions:

(a) The source delivers 14.12 + j8.47 VA to load A and 8.47 +

j14.12 VA to load B.

(b) The source delivers 8.47 + j14.12 VA to load A, and the

impedance of load B is 15 + j9 V.

(c) The source delivers 14.12 W to load A at a power factor of

0.857 lagging, and the impedance of load B is 9 + j15 V.

(d) The impedance of load A is 15 + j9 V, and the impedance

of load B is 9 + j15 V.

+
–

LoadSource

24 cos (3t + 75°) V A B

Figure P 11.6-12

P 11.6-13 Figure P 11.6-13 shows two possible representa-

tions of an electrical load. One of these representations is used

when the power factor of the load is lagging, and the other is

used when the power factor is leading. Consider two cases:

(a) At the frequency v¼ 4 rad/s, the load has the power factor

pf ¼ 0.8 lagging.

(b) At the frequency v¼ 4 rad/s, the load has the power factor

pf ¼ 0.8 leading.

In each case, choose one of the two representations of the load.

Let R ¼ 6 V and determine the value of the capacitance, C, or

the inductance, L.

L C

R R

Figure P 11.6-13

P 11.6-14 Figure P 11.6-14 shows two possible representa-

tions of an electrical load. One of these representations is used

when the power factor of the load is lagging, and the other is

used when the power factor is leading. Consider two cases:

(a) At the frequency v¼ 4 rad/s, the load has the power factor

pf ¼ 0.8 lagging.

(b) At the frequency v = 4 rad/s, the load has the power factor

pf ¼ 0.8 leading.

In each case, choose one of the two representations of the load.

Let R ¼ 6 V and determine the value of the capacitance, C, or

the inductance, L.

548 AC Steady-State Power

 A.

(a)  Determine la potencia compleja alimentada por la fuente 
de voltaje.

(b)  Dado que la potencia compleja recibida por Z1 es 6.945 1 
j13.89 VA, determine los valores de R1 y L1.

(c)  Dado que la potencia real recibida por Z3 es de 4.63 W 
a un factor de potencia de 0.56 de retardo, determine los 
valores de R3 y L3.

+
–

R1
R2

C2

L1

R3 L3

48 cos (6t) V

(a)

Z1 = R1 + jωL1 

Z2 = R2 − j
 

Z3 = R3 + jωL3 

48  0° V +
– I

1
ωC2

(b)
Figura P 11.6-10

P 11.6-11 El circuito en la figura P 11.6-11 consta de una 
fuente conectada a una carga. La fuente transmite 14.12 W a 
la carga en un factor de potencia de 0.857 de retardo. ¿Cuáles 
son los valores de la resistencia, R, y de la inductancia, L?

+
–

CargaFuente

R

L24 cos (3t +75°) V

Figura P 11.6-11

P 11.6-12 El circuito en la figura P 11.6-12 consta de una 
fuente conectada a una carga. Determine la impedancia de la 
carga y la potencia compleja transmitida por la fuente a la car-
ga según cada una de las condiciones siguientes:

(a)  La fuente transmite 14.12 1 j8.47 VA a la carga A y 8.47 
1 j14.12 VA a la carga B.

(b)  La fuente transmite 8.47 1 j14.12 VA a la carga A y la 
impedancia de la carga B es 15 1 j9 V.

(c)  La fuente transmite 14.12 W a la carga A a un factor de 
potencia de 0.857 de retardo, y la impedancia de la carga 
B es 9 1 j15 V.

(d)  La impedancia de la carga A es 15 1 j9 V, y la impedancia 
de la carga B es 9 1 j15 V.

+
–

CargaFuente

24 cos (3t + 75°) V A B

Figura P 11.6-12

P 11.6-13 La figura P 11.6-13 muestra dos representaciones 
posibles de una carga eléctrica. Una de estas representacio-
nes se utiliza cuando el factor de potencia de la carga es de  
retardo, y el otro se utiliza cuando el factor de potencia es  
de conducción. Considere dos casos:

(a)  En la frecuencia 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 4 rad/s, la carga tiene el factor de 
potencia pf 5 0.8 de retardo.

(b)  En la frecuencia 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 4 rad/s, la carga tiene el factor de 
potencia pf 5 0.8 de retardo.

En cada caso, elija una de las dos representaciones de la carga. 
Sea R 5 6 V y determine el valor de la capacitancia, C, o de 
la inductancia, L.

L C

R R

Figura P 11.6-13

P 11.6-14 La figura P 11.6-14 muestra dos representaciones 
posibles de una carga eléctrica. Una de estas representacio-
nes se utiliza cuando el factor de potencia de la carga es de  
retardo, y el otro se utiliza cuando el factor de potencia es  
de conducción. Considere dos casos:

(a)  En la frecuencia 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 4 rad/s, la carga tiene el factor de 
potencia pf 5 0.8 de retardo.

(b)  En la frecuencia 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 4 rad/s, la carga tiene el factor de 
potencia pf 5 0.8 de retardo.

En cada caso, elija una de las dos representaciones de la carga. 
Sea R 5 6 Ω y determine el valor de la capacitancia, C, o de 
la inductancia, L.
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Respuesta: P 5 413 W

1 10012 Ω

2 Ω

14 A

+ –

F

110 cos 20t V

0.2 H

Figura P 11.7-1

P 11.7-2 Encuentre la potencia promedio absorbida por el re-
sistor de 8-V en el circuito de la figura P 11.7-2.

Respuesta: P 5 22 W

+ –

1 8

8 Ω
mF 1 mH
40 cos 8 000t V5 cos 2 000t A

Figura P 11.7-2

P 11.7-3 Para el circuito que se muestra en la figura P 11.7-3, 
determine la potencia promedio absorbida por cada resistor, R1 
y R2. La fuente de voltaje es vs 5 10 1 10 cos 15t 1 40°2 V, y 
la fuente de corriente es is 5 4 cos 15t 2 30°2 A.

+
– vsΩ10

2 H

Ω5

1 10

6i2
F

i2

is
R1

R2

Figura P 11.7-3

P 11.7-4 Para el circuito que se muestra en la figura P 11.7-4, 
determine el valor efectivo del voltaje del resistor vR y el vol-
taje del condensador vC.

4 cos 10 t V +
– Ω2

6 sen 5 t V +
– 20 mF

+

–

+

–

vC

vR

Figura P 11.7-4

Sección 11.8 Teorema de la transferencia  
de potencia máxima

P 11.8-1 Determine los valores de R y L para el circuito que 
se muestra en la figura P 11.8-1 que ocasiona la transferencia 
de potencia máxima a la carga.

L CR R

Figura P 11.6-14

P 11.6-15 La figura P 11.6-15 muestra dos cargas eléctricas. 
Exprese el factor de potencia de cada carga en términos de 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

, 
R y L.

L

R

LR

(b)(a)

Figura P 11.6-15

P 11.6-16 La figura P 11.6-16 muestra dos cargas eléctricas. 
Exprese el factor de potencia de cada carga en términos de 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

, 
R y C.

CR

C

R

(b)(a)

Figura P 11.6-16

P 11.6-17 El voltaje de la fuente en el circuito que se muestra 
en la figura P 11.6-17 es Vs 5 24 
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P 11.5-2 The complex power delivered by the voltage source

in Figure P 11.5-2 is S¼ 18þ j9 VA. Determine the values of

the resistance, R, and inductance, L.

Answers: R ¼ 4 V and L ¼ 2 H

i(t)

LR+
– 12 cos 4t V

Figure P 11.5-2

P 11.5-3 Determine the complex power delivered by the

voltage source in the circuit shown in Figure P 11.5-3.

Answer: S ¼ 7.2 þ j3.6 VA

i(t)

+
– 12 cos 4t V

4 Ω

8 Ω 2 H

Figure P 11.5-3

P 11.5-4 Many engineers are working to develop photovoltaic

power plants that provide ac power. An example of an exper-

imental photovoltaic system is shown in Figure P 11.5-4a. A

model of one portion of the energy conversion circuit is shown

in Figure P 11.5-4b. Find the average, reactive, and complex

power delivered by the dependent source.

Answer: S ¼ þ j8=9 VA

v1

+

–

1 800 F 1 8)v1–(
+

–

1 Ω

2 Ω

5 mH

5 cos 400t A

(b)

(a)

Figure P 11.5-4 (a) An experimental photovoltaic power plant.

(b) Model of part of the energy conversion circuit. Courtesy of

EPRI Journal.

P 11.5-5 For the circuit shown in Figure P 11.5-5, determine

I and the complex power S delivered by the source when

V ¼ 50ff120�V rms.

Answer: S ¼ 100 þ j75 VA

I
20 Ω–j10 Ω

12 Ω j20 Ω

V +
–

Figure P 11.5-5

P 11.5-6 For the circuit of Figure P 11.5-6, determine the

complex power of the R, L, and C elements and show that the

complex power delivered by the sources is equal to the

complex power absorbed by the R, L, and C elements.

+
–

10 Ω

2 H

6 cos 10t A 5 cos 10t V

50 mF

Figure P 11.5-6

P 11.5-7 Acircuit is shown in Figure P 11.5-7with an unknown

impedance Z. However, it is known that v(t) ¼ 100 cos (100t þ
20�) V and i(t) ¼ 25 cos (100t�10�) A. (a) Find Z. (b) Find the
power absorbed by the impedance. (c) Determine the type of

element and its magnitude that should be placed across the

impedance Z (connected to terminals a–b) so that the voltage

v(t) and the current entering the parallel elements are in phase.

Answers: (a) 4ff30� V (b) 1082.5 W (c) 1.25 mF

i(t)

v(t)

+

–

Z

a

b

Figure P 11.5-7

P 11.5-8 Find the complex power delivered by the voltage

source and the power factor seen by the voltage source for the

circuit of Figure P 11.5-8.

v1+ –

1 3 F3 4) v1(

4 Ω

1 Ω

+
–10 cos 2t V

Figure P 11.5-8
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L CR R

Figure P 11.6-14

P 11.6-15 Figure P 11.6-15 shows two electrical loads.

Express the power factor of each load in terms of v, R, and L.

L

R

LR

(b)(a)

Figure P 11.6-15

P 11.6-16 Figure P 11.6-16 shows two electrical loads.

Express the power factor of each load in terms of v, R, and C.

CR

C

R

(b)(a)

Figure P 11.6-16

P 11.6-17 The source voltage in the circuit shown in Figure

P 11.6-17 is Vs ¼ 24ff30� V. Consequently,
II ¼ 3:13ff25:4� A; I2 ¼ 1:99ff52:9� A andV4 ¼ 8:88ff�10:6� V

Determine (a) the power factor of Z1, (b) the power factor of

Z3, and (c) the power factor of Z4. Include the indication of

leading or lagging.

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– VS

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figure P 11.6-17

Section 11.7 The Power Superposition Principle

P 11.7-1 Find the average power absorbed by the 2-V resistor

in the circuit of Figure P 11.7-1.

Answer: P ¼ 413 W

1 10012 Ω

2 Ω

14 A

+ –

F

110 cos 20t V

0.2 H

Figure P 11.7-1

P 11.7-2 Find the average power absorbed by the 8-V resistor

in the circuit of Figure P 11.7-2.

Answer: P ¼ 22 W

+ –

1 8

8 Ω
mF 1 mH
40 cos 8000t V5 cos 2000t A

Figure P 11.7-2

P 11.7-3 For the circuit shown in Figure P 11.7-3, determine

the average power absorbed by each resistor, R1 and R2. The

voltage source is vs¼ 10þ 10 cos (5tþ 40�) V, and the current
source is is ¼ 4 cos (5t � 30�) A.

+
– vsΩ10

2 H

Ω5

1 10

6i2
F

i2

is
R1

R2

Figure P 11.7-3

P 11.7-4 For the circuit shown in Figure P 11.7-4, determine

the effective value of the resistor voltage vR and the capacitor

voltage vC.

4 cos 10 t V +
– Ω2

6 sin 5 t V +
– 20 mF

+

–

+

–

vC

vR

Figure P 11.7-4

Section 11.8 The Maximum Power Transfer
Theorem

P 11.8-1 Determine values of R and L for the circuit shown in

Figure P 11.8-1 that causemaximumpower transfer to the load.

Problems 549
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L CR R

Figure P 11.6-14

P 11.6-15 Figure P 11.6-15 shows two electrical loads.

Express the power factor of each load in terms of v, R, and L.

L

R

LR

(b)(a)

Figure P 11.6-15

P 11.6-16 Figure P 11.6-16 shows two electrical loads.

Express the power factor of each load in terms of v, R, and C.

CR

C

R

(b)(a)

Figure P 11.6-16

P 11.6-17 The source voltage in the circuit shown in Figure

P 11.6-17 is Vs ¼ 24ff30� V. Consequently,
II ¼ 3:13ff25:4� A; I2 ¼ 1:99ff52:9� A andV4 ¼ 8:88ff�10:6� V

Determine (a) the power factor of Z1, (b) the power factor of

Z3, and (c) the power factor of Z4. Include the indication of

leading or lagging.

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– VS

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figure P 11.6-17

Section 11.7 The Power Superposition Principle

P 11.7-1 Find the average power absorbed by the 2-V resistor

in the circuit of Figure P 11.7-1.

Answer: P ¼ 413 W

1 10012 Ω

2 Ω

14 A

+ –

F

110 cos 20t V

0.2 H

Figure P 11.7-1

P 11.7-2 Find the average power absorbed by the 8-V resistor

in the circuit of Figure P 11.7-2.

Answer: P ¼ 22 W

+ –

1 8

8 Ω
mF 1 mH
40 cos 8000t V5 cos 2000t A

Figure P 11.7-2

P 11.7-3 For the circuit shown in Figure P 11.7-3, determine

the average power absorbed by each resistor, R1 and R2. The

voltage source is vs¼ 10þ 10 cos (5tþ 40�) V, and the current
source is is ¼ 4 cos (5t � 30�) A.

+
– vsΩ10

2 H

Ω5

1 10

6i2
F

i2

is
R1

R2

Figure P 11.7-3

P 11.7-4 For the circuit shown in Figure P 11.7-4, determine

the effective value of the resistor voltage vR and the capacitor

voltage vC.

4 cos 10 t V +
– Ω2

6 sin 5 t V +
– 20 mF

+

–

+

–

vC

vR

Figure P 11.7-4

Section 11.8 The Maximum Power Transfer
Theorem

P 11.8-1 Determine values of R and L for the circuit shown in

Figure P 11.8-1 that causemaximumpower transfer to the load.

Problems 549

Determine (a) el factor de potencia de Z1; (b) el factor de po-
tencia de Z3 y (c) el factor de potencia de Z4. Incluya la indi-
cación de conducción o retardo.

I2

I1

V4

+

–I3

+ –V2+ –V1

+
– Vs

Z2 = 5 + j5Ω

Z4

Z1 = 4 – j2Ω

Z3 = 3 + j8Ω

Figura P 11.6-17

Sección 11.7 Principio de superposición de potencia

P 11.7-1 Encuentre la potencia promedio absorbida por el re-
sistor de 2-V en el circuito de la figura P 11.7-1.
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Respuesta: R 5 800 V y L 5 1.6 H

+
–

4 000 Ω

Fuente Carga

µ0.5 F

R

L5 cos (1 000t + 60°) V

Figura P 11.8-1

P 11.8-2 ¿Es posible elegir R y L para el circuito que se 
muestra en la figura P 11.8-2 de modo que la potencia prome-
dio transmitida a la carga sea de 12 mW?

Respuesta: Sí

25 kΩ

Fuente Carga

µ0.2 F2.5 cos 100t mA

R

L

Figura P 11.8-2

P 11.8-3 En la figura P 11.8-3 se ha agregado el condensador 
a la carga para maximizar la potencia absorbida por el resistor 
de 4 000 V. ¿Qué valor de capacitancia se debe utilizar para 
cumplir con el objetivo?

Respuesta: 0.1 mF
800 Ω

4 000 Ω

0.32 H

+
– 5 cos (5 000t + 45°) V C

Fuente Carga

Figura P 11.8-3

P 11.8-4 ¿Cuál es el valor de la potencia promedio transmi-
tida al resistor de 2 000-V en el circuito que se muestra en 
la figura P 11.8-4? ¿Se puede aumentar la potencia promedio 
trasmitida al resistor de 2 000-V al ajustar el valor de la ca-
pacitancia? 

Respuesta: 8 mW. No
400 Ω

2 000 Ω

0.8 H

+
–5 cos 1 000t V

Fuente Carga

µ1 F

Figura P 11.8-4

P 11.8-5 ¿Cuál es el valor de la resistencia R en la figura 
P 11.8-5 que maximiza la potencia promedio transmitida a la 
carga? 

R

2 000 Ω

0.8 H

+
–5 cos 1 000t V

Fuente Carga

µ1 F

Figura P 11.8-5

Sección 11.9 Inductores acoplados

P 11.9-1 Dos bobinas acopladas magnéticamente están co-
nectadas como se muestra en la figura P 11.9-1. Muestre que 
una inductancia equivalente en las terminales a-b es Lab 5 L1 1 
L2 2 2M.

L1

M

L2

a

b

Figura P 11.9-1

P 11.9-2 Dos bobinas acopladas magnéticamente están co-
nectadas como se muestra en la figura P 11.9-2. Encuentre la 
inductancia equivalente Lab.

L1 L2

M

a

b

Figura P 11.9-2

P 11.9-3 El voltaje de fuente del circuito que se muestra en la 
figura P 11.9-3 es vs 5 141.4 cos 100t V. Determine i1(t) e i2(t).

Ω2

vs 0.4 H 1.6 H Ω200

M = 0.6 H

i1

i2

+
–

Figura P 11.9-3

P 11.9-4 En la figura P 11.9-4 se muestra un circuito con una 
inductancia mutua. Encuentre el voltaje V2 cuando 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 5 000.

Ω10

Ω400
1 mH

M = 10 mH

V2V1 = 10 0° V +
– 100 mH

+

–

Figura P 11.9-4

P 11.9-5 Determine v(t) para el circuito de la figura P 11.9-5 
cuando vs 5 10 cos 30t V.
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P 11.9-9 Las corrientes i1(t) e i2(t) en la figura P 11.9-9 son 
corrientes de enlaces. Represente el circuito en el dominio de 
frecuencia y escriba las ecuaciones de enlaces.

15 cos (25t + 30°) V

i1(t) i2(t)

8 H

40 Ω

80 Ω

5 H

+ –

0.25 mF 6 H

Figura P 11.9-9

P 11.9-10 Determine las corrientes de enlaces para el circuito 
que se muestra en la figura P 11.9-10.

+
–

i1 i2

v2

+

–

v1

+

–

10 Ω

20 Ω

50 Ω
12 cos 5t  V

4 H 6 H

3 H

Figura P 11.9-10

P 11.9-11 Determine los voltajes de las bobinas, v1, v2, v3 y 
v4, para el circuito que se muestra en la figura P 11.9-11.

v4

+

–

v3

+ –

+ –

v2

+– v1

4 H

6 H

3 H

4 H

5 H

5 H10 Ω

10 Ω

20 Ω

2 cos (5t + 45°) A

1.25 cos (5t − 45°) A 2.75 cos (5t) A

Figura P 11.9-11

P 11.9-12 La figura P 11.9-12 muestra tres circuitos semejan-
tes. En cada uno la entrada al circuito es el voltaje de la fuente 
de voltaje, vs (t). La salida es el voltaje a través de la bobina de 
la derecha, vo(t). Determine el voltaje de salida en estado esta-
ble, vo(t), para cada uno de los tres circuitos.

Respuesta: v(t) 5 23 cos 130t 1 9°2 V

v(t)vs

+

–

28 Ω

+
–

1 150 F

0.1 H

0.2 H0.3 H

Figura P 11.9-5

P 11.9-6 Encuentre la energía total almacenada en el circui-
to que se muestra en la figura P 11.9-6 en t 5 0 si la bobina 
secundaria está (a) en circuito abierto; (b) en cortocircuito;  
(c) conectada a las terminales de un resistor de 7-V.

Respuestas: (a) 15 J; (b) 0 J; (c) 5 J

12 Ω

10 cos 5t A 0.3 H 1.2 H

M = 0.6 H

Figura P 11.9-6

P 11.9-7 Encuentre la impedancia de entrada, Z, del circuito 
de la figura P 11.9-7 cuando 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 1 000 rad/s.

Respuesta: Z 5 8.4 
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Answer: v tð Þ ¼ 23 cos 30t þ 9�ð ÞV

v(t)vs

+

–

28 Ω

+
–

1 150 F

0.1 H

0.2 H0.3 H

Figure P 11.9-5

P 11.9-6 Find the total energy stored in the circuit shown in

Figure P 11.9-6 at t ¼ 0 if the secondary winding is (a) open-

circuited, (b) short-circuited, (c) connected to the terminals of

a 7-V resistor.

Answers: (a) 15 J (b) 0 J (c) 5 J

12 Ω

10 cos 5t A 0.3 H 1.2 H

M = 0.6 H

Figure P 11.9-6

P 11.9-7 Find the input impedance, Z, of the circuit of Figure

P 11.9-7 when v ¼ 1000 rad/s.

Answer: Z ¼ 8:4ff14� V
1 6 mF

3 Ω

Z

8 mH

5 mH 6 mH

Figure P 11.9-7

P 11.9-8 A circuit with three mutual inductances is shown in

Figure P 11.9-8. When vs ¼ 10 cos 2t V,M1 ¼ 2 H, andM2 ¼
M3 ¼ 1 H, determine the capacitor voltage v(t).

+
–vs

Ω5 3 H

Ω6

1 10 F

4 H Ω2

+

–
v

M1

2 H

M2 M3

Figure P 11.9-8

P 11.9-9 The currents i1(t) and i2(t) in Figure P 11.9-9 are

mesh currents. Represent the circuit in the frequency domain

and write the mesh equations.

15 cos (25t + 30°) V

i1(t) i2(t)

8 H

40 Ω

80 Ω

5 H

+ –

0.25 mF 6 H

Figure P 11.9-9

P 11.9-10 Determine the mesh currents for the circuit shown

in Figure P 11.9-10.

+
–

i1 i2

v2

+

–

v1

+

–

10 Ω

20 Ω

50 Ω
12 cos 5t  V

4 H 6 H

3 H

Figure P 11.9-10

P 11.9-11 Determine the coil voltages, v1, v2, v3, and v4, for

the circuit shown in Figure P 11.9-11.

v4

+

–

v3

+ –

+ –

v2

+– v1

4 H

6 H

3 H

4 H

5 H

5 H10 Ω

10 Ω

20 Ω

2 cos (5t + 45°) A

1.25 cos (5t − 45°) A 2.75 cos (5t) A

Figure P 11.9-11

P 11.9-12 Figure P 11.9-12 shows three similar circuits. In

each, the input to the circuit is the voltage of the voltage

source, vs(t). The output is the voltage across the right-hand

coil, vo(t). Determine the steady-state output voltage, vo(t), for

each of the three circuits.

Problems 551

 V

1 6 mF

3 Ω

Z

8 mH

5 mH 6 mH

Figura P 11.9-7

P 11.9-8 En la figura 11.9-8 se muestra un circuito con tres 
inductancias mutuas. Cuando vs 5 10 cos 2t V, M1 5 2 H, y 
M2 5 M3 5 1 H, determine el voltaje del condensador v(t).

+
–vs

Ω5 3 H

Ω6

1 10 F

4 H Ω2

+

–
v

M1

2 H

M2 M3

Figura P 11.9-8
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2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)  5.94 cos (3t + 140°) V
(b)

2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)  5.94 cos (3t + 140°) V

(c)

5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)  5.94 cos (3t + 140°) V

(a)

Figura P 11.9-12

P 11.9-13 La figura P 11.9-13 muestra tres circuitos semejan-
tes. En cada uno la entrada al circuito es el voltaje de la fuente 
de voltaje, 

vs (t) 5 5.7 cos 14t 1 158°2 V 
La salida en cada circuito es el voltaje a través de la bobina 
de la derecha, vo(t). Determine el voltaje de salida en estado 
estable, vo(t), para cada uno de los tres circuitos.

(a)

5 H4 H

4 Ω
vo(t)

+

–

vs(t)
+
–

(b)

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)
+
–

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)

(c)

+
–

Figura P 11.9-13

P 11.9-14 El circuito que se muestra en la figura P 11.9-14 
está representado en el dominio de tiempo. Determine los vol-
tajes v1 y v2 de las bobinas.

Respuestas: v1 5 104.0 cos 16t 1 46.17°2 V, y v2 5 100.6 cos 
16t 1 63.43°2 V

8 H

6 H

5 H

40 Ω

50 Ω

1.5cos (6t + 90°) A

2.5cos (6t) A

80 Ω

v1

+

–

v2

+

–

Figura P 11.9-14

P 11.9-15 El circuito que se muestra en la figura P 11.9-14 
está representado en el dominio de frecuencia. (Por ejemplo, 
2j30 V es la impedancia debido a la inductancia mutua de las 
bobinas acopladas.) Suponga que V(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V
(b)

2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(c)

5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(a)

Figure P 11.9-12

P 11.9-13 Figure P 11.9-13 shows three similar circuits. In

each, the input to the circuit is the voltage of the voltage source,

vs tð Þ ¼ 5:7 cos 4t þ 158�ð ÞV
The output in each circuit is the voltage across the right-hand

coil, vo(t). Determine the steady-state output voltage, vo(t), for

each of the three circuits.

(a)

5 H4 H

4 Ω
vo(t)

+

–

vs(t)
+
–

(b)

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)
+
–

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)

(c)

+
–

Figure P 11.9-13

P 11.9-14 The circuit shown in Figure P 11.9-14 is repre-

sented in the time domain. Determine coil voltages v1
and v2.

Answers: v1 ¼ 104:0 cos 6t þ 46:17�ð ÞV and v2 ¼ 100:6
cos 6t þ 63:43�ð ÞV

8 H

6 H

5 H

40 Ω

50 Ω

1.5cos (6t + 90°) A

2.5cos (6t) A

80 Ω

v1

+

–

v2

+

–

Figure P 11.9-14

P 11.9-15 The circuit shown in Figure P 11.9-15 is repre-

sented in the frequency domain. (For example, �j30V is the

impedance due to the mutual inductance of the coupled coils.)

SupposeV vð Þ ¼ 70ff0� V. Then I1 vð Þ ¼ Bffu A and I2 vð Þ ¼
0:875ff�90� A. Determine the values of B and u.

Answers: B ¼ 1:75 A and u ¼ �90�

+
–

I1(ω) –j25 Ω

–j100 Ωj50 Ω j 40 Ω
j30 Ω

V (ω)

I2(ω)

Figure P 11.9-15

P 11.9-16 Determine the values of the inductances L1 and L2
in the circuit shown in Figure P 11.9-16, given that

i tð Þ ¼ 0:319 cos 4t � 82:23�ð ÞA
and

v tð Þ ¼ 0:9285 cos 4t � 62:20�ð ÞV:

3 H
L1 v(t)L2

i (t)

+

–

4 Ω5cos 4t V +
–

Figure P 11.9-16

552 AC Steady-State Power

 V. Entonces 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V
(b)

2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(c)

5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(a)

Figure P 11.9-12

P 11.9-13 Figure P 11.9-13 shows three similar circuits. In

each, the input to the circuit is the voltage of the voltage source,

vs tð Þ ¼ 5:7 cos 4t þ 158�ð ÞV
The output in each circuit is the voltage across the right-hand

coil, vo(t). Determine the steady-state output voltage, vo(t), for

each of the three circuits.

(a)

5 H4 H

4 Ω
vo(t)

+

–

vs(t)
+
–

(b)

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)
+
–

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)

(c)

+
–

Figure P 11.9-13

P 11.9-14 The circuit shown in Figure P 11.9-14 is repre-

sented in the time domain. Determine coil voltages v1
and v2.

Answers: v1 ¼ 104:0 cos 6t þ 46:17�ð ÞV and v2 ¼ 100:6
cos 6t þ 63:43�ð ÞV

8 H

6 H

5 H

40 Ω

50 Ω

1.5cos (6t + 90°) A

2.5cos (6t) A

80 Ω

v1

+

–

v2

+

–

Figure P 11.9-14

P 11.9-15 The circuit shown in Figure P 11.9-15 is repre-

sented in the frequency domain. (For example, �j30V is the

impedance due to the mutual inductance of the coupled coils.)

SupposeV vð Þ ¼ 70ff0� V. Then I1 vð Þ ¼ Bffu A and I2 vð Þ ¼
0:875ff�90� A. Determine the values of B and u.

Answers: B ¼ 1:75 A and u ¼ �90�

+
–

I1(ω) –j25 Ω

–j100 Ωj50 Ω j 40 Ω
j30 Ω

V (ω)

I2(ω)

Figure P 11.9-15

P 11.9-16 Determine the values of the inductances L1 and L2
in the circuit shown in Figure P 11.9-16, given that

i tð Þ ¼ 0:319 cos 4t � 82:23�ð ÞA
and

v tð Þ ¼ 0:9285 cos 4t � 62:20�ð ÞV:

3 H
L1 v(t)L2

i (t)

+

–

4 Ω5cos 4t V +
–

Figure P 11.9-16
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V
(b)

2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(c)

5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(a)

Figure P 11.9-12

P 11.9-13 Figure P 11.9-13 shows three similar circuits. In

each, the input to the circuit is the voltage of the voltage source,

vs tð Þ ¼ 5:7 cos 4t þ 158�ð ÞV
The output in each circuit is the voltage across the right-hand

coil, vo(t). Determine the steady-state output voltage, vo(t), for

each of the three circuits.

(a)

5 H4 H

4 Ω
vo(t)

+

–

vs(t)
+
–

(b)

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)
+
–

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)

(c)

+
–

Figure P 11.9-13

P 11.9-14 The circuit shown in Figure P 11.9-14 is repre-

sented in the time domain. Determine coil voltages v1
and v2.

Answers: v1 ¼ 104:0 cos 6t þ 46:17�ð ÞV and v2 ¼ 100:6
cos 6t þ 63:43�ð ÞV

8 H

6 H

5 H

40 Ω

50 Ω

1.5cos (6t + 90°) A

2.5cos (6t) A

80 Ω

v1

+

–

v2

+

–

Figure P 11.9-14

P 11.9-15 The circuit shown in Figure P 11.9-15 is repre-

sented in the frequency domain. (For example, �j30V is the

impedance due to the mutual inductance of the coupled coils.)

SupposeV vð Þ ¼ 70ff0� V. Then I1 vð Þ ¼ Bffu A and I2 vð Þ ¼
0:875ff�90� A. Determine the values of B and u.

Answers: B ¼ 1:75 A and u ¼ �90�

+
–

I1(ω) –j25 Ω

–j100 Ωj50 Ω j 40 Ω
j30 Ω

V (ω)

I2(ω)

Figure P 11.9-15

P 11.9-16 Determine the values of the inductances L1 and L2
in the circuit shown in Figure P 11.9-16, given that

i tð Þ ¼ 0:319 cos 4t � 82:23�ð ÞA
and

v tð Þ ¼ 0:9285 cos 4t � 62:20�ð ÞV:

3 H
L1 v(t)L2

i (t)

+

–

4 Ω5cos 4t V +
–

Figure P 11.9-16
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51

 5 290° 

+
–

I1(ω) –j25 Ω

–j100 Ωj50 Ω j 40 Ω
j30 Ω

V (ω)

I2(ω)

Figura P 11.9-15

P 11.9-16 Determine los valores de las inductancias L1 y L2 
en el circuito que se muestra en la figura P 11.9-16, dado que

i(t) 5 0.319 cos 14t 2 82.23°2 A
y

v(t) 5 0.9285 cos 14t 2 62.20°2 V.

3 H
L1 v(t)L2

i (t)

+

–

4 Ω5cos 4t V +
–

Figura P 11.9-16
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v1vs

+

–

v2

+

–

1 : 5

Ideal

+
– 200 Ω

2 Ω

Figura P 11.10-4

P 11.10-5 El circuito de la figura P 11.10-5 está operando 
a 105 rad>s. Determine la inductancia L y la proporción de 
vueltas n para llegar a la transferencia de potencia máxima a 
la carga.

Respuesta: n 5 2

Ω80

+
–vs

62.5 pF

Ideal

Carga

L

Ω320

1 : n

Figura P 11.10-5

P 11.10-6 Encuentre el equivalente de Thévenin en las ter-
minales a-b para el circuito de la figura P 11.10-6 cuando  
v 5 16 cos 3t V.

Respuesta: Voc 5 12 y Zt 5 3.75 V

+
–

2 Ω

v

2 Ω

6 Ω

a

b1:2

Ideal

Figura P 11.10-6

P 11.10-7 Encuentre la impedancia Z de entrada para el cir-
cuito de la figura P 11.10-7.

Respuesta: Z 5 6 V
2 Ω

6 Ω

2:1

Ideal
Z

Figura P 11.10-7

P 11.10-8 En regiones menos desarrolladas de áreas monta-
ñosas se utilizan pequeños generadores hidroeléctricos para 
dar servicio a varias residencias (Mackay, 1990). Suponga que 
cada hogar utiliza una línea eléctrica y un refrigerador, como 
se muestra en la figura P 11.10-8. El generador está represen-
tado como Vs operando a 60 Hz y V2 5 230 
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2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V
(b)

2 H 5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(c)

5 H

4 H

5 Ω vo(t)

+

–

+ –

vs(t)=5.94 cos (3t + 140°) V

(a)

Figure P 11.9-12

P 11.9-13 Figure P 11.9-13 shows three similar circuits. In

each, the input to the circuit is the voltage of the voltage source,

vs tð Þ ¼ 5:7 cos 4t þ 158�ð ÞV
The output in each circuit is the voltage across the right-hand

coil, vo(t). Determine the steady-state output voltage, vo(t), for

each of the three circuits.

(a)

5 H4 H

4 Ω
vo(t)

+

–

vs(t)
+
–

(b)

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)
+
–

2 H

5 H4 H

4 Ω

vo(t)

+

–

vs(t)

(c)

+
–

Figure P 11.9-13

P 11.9-14 The circuit shown in Figure P 11.9-14 is repre-

sented in the time domain. Determine coil voltages v1
and v2.

Answers: v1 ¼ 104:0 cos 6t þ 46:17�ð ÞV and v2 ¼ 100:6
cos 6t þ 63:43�ð ÞV

8 H

6 H

5 H

40 Ω

50 Ω

1.5cos (6t + 90°) A

2.5cos (6t) A

80 Ω

v1

+

–

v2

+

–

Figure P 11.9-14

P 11.9-15 The circuit shown in Figure P 11.9-15 is repre-

sented in the frequency domain. (For example, �j30V is the

impedance due to the mutual inductance of the coupled coils.)

SupposeV vð Þ ¼ 70ff0� V. Then I1 vð Þ ¼ Bffu A and I2 vð Þ ¼
0:875ff�90� A. Determine the values of B and u.

Answers: B ¼ 1:75 A and u ¼ �90�

+
–

I1(ω) –j25 Ω

–j100 Ωj50 Ω j 40 Ω
j30 Ω

V (ω)

I2(ω)

Figure P 11.9-15

P 11.9-16 Determine the values of the inductances L1 and L2
in the circuit shown in Figure P 11.9-16, given that

i tð Þ ¼ 0:319 cos 4t � 82:23�ð ÞA
and

v tð Þ ¼ 0:9285 cos 4t � 62:20�ð ÞV:

3 H
L1 v(t)L2

i (t)

+

–

4 Ω5cos 4t V +
–

Figure P 11.9-16

552 AC Steady-State Power

 V. Calcule 
la potencia consumida por cada hogar conectado al generador 
hidroeléctrico cuando n 5 5.

P 11.9-17 Determine la potencia compleja alimentada por la 
fuente en el circuito que se muestra en la figura P 11.9-17.

180 cos (20t) V

v1+ – v2+ –

50 Ω

20 Ω

4 H
5 H 6 H

+
– 40 Ω

1 mF

Figura P 11.9-17

Sección 11.10 El transformador ideal

P 11.10-1 Encuentre V1, V2, I1 e I2 para el circuito de la figu-
ra P 11.10-1 cuando n 5 5.

0° V12 V1

+

–

V2

+

–

I1 I2
2 + 3j

100 – j75

1 : n

Ideal

+
–

Figura P 11.10-1

P 11.10-2 En la figura P 11.10-1 se muestra un circuito con 
un transformador.

(a)  Determine la relación de vueltas, n.
(b)  Determine el valor de Rab.
(c)  Determine la corriente, i, alimentada por la fuente de voltaje.

Respuestas: (a) n 5 5; (b) Rab 5 400 V

Rab

10 V rms

5 mA rms
1 : n

Ideal

+
– V0

+

–
10 kΩ

a

b

i

Figura P 11.10-2

P 11.10-3 Encuentre el voltaje Vc en el circuito que se mues-
tra en la figura P 11.10-3. Suponga que es un transformador. 
La proporción de vueltas es n 5 1>3.

Respuesta: Vc 5 21.0 
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P 11.9-17 Determine the complex power supplied by the

source in the circuit shown in Figure P 11.9-17.

180 cos (20t) V

v1+ – v2+ –

50 Ω

20 Ω

4 H
5 H 6 H

+
– 40 Ω

1 mF

Figure P 11.9-17

Section 11.10 The Ideal Transformer

P 11.10-1 Find V1, V2, I1, and I2 for the circuit of Figure

P 11.10-1 when n ¼ 5.

0° V12 V1

+

–

V2

+

–

I1 I2
2 + 3j

100 – j75

1 : n

Ideal

+
–

Figure P 11.10-1

P 11.10-2 A circuit with a transformer is shown in Figure

P 11.10-2.

(a) Determine the turns ratio, n.

(b) Determine the value of Rab.

(c) Determine the current, i, supplied by the voltage source.

Answers: (a) n ¼ 5 (b) Rab ¼ 400 V

Rab

10 V rms

5 mA rms
1 : n

Ideal

+
– V0

+

–
10 kΩ

a

b

i

Figure P 11.10-2

P 11.10-3 Find the voltage Vc in the circuit shown in Figure

P 11.10-3 . Assume an ideal transformer. The turns ratio is n¼
1=3.

Answer: Vc ¼ 21:0ff�105:3�

1 : n

Ideal

+
––50° V80 Vc

+

–
–j8 Ω

5 Ω30 Ω j20 Ω

Figure P 11.10-3

P 11.10-4 An ideal transformer is connected in the circuit

shown in Figure P 11.10-4, where vs¼ 50 cos 1000tV and n¼
N2=N1 ¼ 5. Calculate V1 and V2.

v1vs

+

–

v2

+

–

1 : 5

Ideal

+
– 200 Ω

2 Ω

Figure P 11.10-4

P 11.10-5 The circuit of Figure P 11.10-5 is operating at 105

rad/s. Determine the inductance L and the turns ratio n to

achieve maximum power transfer to the load.

Answer: n ¼ 2

Ω80

+
–vs

62.5 pF

Ideal

Load

L

Ω320

1 : n

Figure P 11.10-5

P 11.10-6 Find the Th�evenin equivalent at terminals a–b for

the circuit of Figure P 11.10-6 when v ¼ 16 cos 3t V.

Answer: Voc ¼ 12 and Zt ¼ 3.75 V

+
–

2 Ω

v

2 Ω

6 Ω

a

b1:2

Ideal

Figure P 11.10-6

P 11.10-7 Find the input impedance Z for the circuit of

Figure P 11.10-7.

Answer: Z ¼ 6 V
2 Ω

6 Ω

2:1

Ideal
Z

Figure P 11.10-7

P 11.10-8 In less developed regions in mountainous areas,

small hydroelectric generators are used to serve several resi-

dences (Mackay, 1990). Assume each house uses an electric

range and an electric refrigerator, as shown in Figure P 11.10-8.

The generator is represented as Vs operating at 60 Hz and

V2 ¼ 230ff0�V. Calculate the power consumed by each home

connected to the hydroelectric generator when n ¼ 5.

Problems 553

1 : n

Ideal

+
––50° V80 Vc

+

–
–j8 Ω

5 Ω30 Ω j20 Ω

Figura P 11.10-3

P 11.10-4 Un transformador ideal está conectado en el cir-
cuito que se muestra en la figura P 11.10-4, donde vs 5 50 cos 
1 000t V y n 5 N2 >N1 5 5. Calcule V1 y V2.
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+
–

Ideal

Vs

Fuente y línea

V2

Hornilla

Ω20

Refrigerador

Ω10

20 mH

+

–

2 + j3
1 : n

Figura P 11.10-8

P 11.10-9 En la figura P 11.9-12 se muestran tres circuitos 
semejantes. En cada uno de estos circuitos, vs (t) 5 5 cos 14t 1 
45°2 V. Determine v2(t), para cada uno de los tres circuitos.

Respuestas: (a) v2(t) 5 0 V
 (b) v2(t) 5 1.656 cos14t 1 39°2 V
 (c) v2(t) 5 2.88 cos14t 1 45°2 V

+
– v1(t)

+

–

8 Ω

12 Ω4 H 3 Hvs(t)

i1(t)

v2(t)

+

–

i2(t)

(a)

+
– v1(t)

+

–

8 Ω

12 Ω4 H 3 H

2 H

vs(t)

i1(t)

v2(t)

+

–

i2(t)

(b)

+
– v1(t)

+

–

8 Ω

12 Ω

10:8.66

Ideal

vs(t)

i1(t)

v2(t)

+

–

i2(t)

(c)

Figura P 11.10-9

P 11.10-10 Encuentre V1 e I1 para el circuito de la figura 
P 11.10-10 cuando n 5 5.

+
–

Ideal

1 : n
I1 I2

V1

+

–

10  0° V

1 + j3

100 – j75

Figura P 11.10-10

P 11.10-11 Determine v2 e i2 para el circuito de la figura 
P 11.10-11 cuando n 5 2. Observe que i2 no llega a la terminal 
con punto.

Respuestas: v2 5 6.08 cos110t 1 47.7°2 V
 i2 5 3.34 cos110t 1 42°2 V

+
–

Ideal

1 : n

i1

i2

v1

+

–

v2

+

–

5 cos 10t V

20 mF

20 mH

5 Ω 2 Ω

Figura P 11.10-11

P 11.10-12 El circuito que se muestra en  la figura P 11.10-
12 está representado en el dominio de frecuencia. Dada la 
corriente de la línea Ilínea 5 0.5761 

E1C11_1 11/06/2009 554

+
–

Ideal

Vs

Source and line

V2

Range

Ω20

Refrigerator

Ω10

20 mH

+

–

2 + j3
1 : n

Figure P 11.10-8

P 11.10-9 Three similar circuits are shown in Figure

P 11.10-9. In each of these circuits, vs(t) ¼ 5 cos (4t þ
45�) V. Determine v2 (t) for each of the three circuits.

Answers: (a) v2 tð Þ ¼ 0 V

(b) v2 tð Þ ¼ 1:656 cos 4t þ 39�ð ÞV
(c) v2 tð Þ ¼ 2:88 cos 4t þ 45�ð ÞV

+
–

v1(t)

+

–

8 Ω

12 Ω4 H 3 Hvs(t)

i1(t)

v2(t)

+

–

i2(t)

(a)

+
–

v1(t)

+

–

8 Ω

12 Ω4 H 3 H

2 H

vs(t)

i1(t)

v2(t)

+

–

i2(t)

(b)

+
–

v1(t)

+

–

8 Ω

12 Ω

10:8.66

Ideal

vs(t)

i1(t)

v2(t)

+

–

i2(t)

(c)

Figure P 11.10-9

P 11.10-10 Find V1 and I1 for the circuit of Figure

P 11.10-10 when n ¼ 5.

+
–

Ideal

1 : n
I1 I2

V1

+

–

10  0° V

1 + j3

100 – j75

Figure P 11.10-10

P 11.10-11 Determine v2 and i2 for the circuit shown in

Figure P 11.10-11 when n ¼ 2. Note that i2 does not enter the

dotted terminal.

Answers: v2 ¼ 6:08 cos 10t þ 47:7�ð ÞV
i2 ¼ 3:34 cos 10t þ 42�ð ÞV

+
–

Ideal

1 : n

i1

i2

v1

+

–

v2

+

–

5 cos 10t V

20 mF

20 mH

5 Ω 2 Ω

Figure P 11.10-11

P 11.10-12 The circuit shown in Figure P 11.10-12 is

represented in the frequency domain. Given the line current

ILine ¼ 0:5761ff�75:88� A, determine PSource, the average

power supplied by the source; PLine, the average power

delivered to the line; and PLoad, the average power delivered

to the load.

Hint: Use conservation of (average) power to check your

answers.

Answer: PSource ¼ 42:15W;PLine ¼ 0:6638W; and PLaod ¼
41:49W

4 Ω

Source transformer 1 transformer 2line load

j40 Ω

j10 Ω 10 Ω5 : 11 : 5

+
–0° V120

ISource ILine ILoad

Figure P 11.10-12

554 AC Steady-State Power

 A, determine 
Pfuente, la potencia promedio alimentada por la fuente; Plínea, la 
potencia promedio transmitida a la línea, y Pcarga, la potencia 
promedio transmitida a la carga.

Sugerencia: Utilice la conservación de potencia (promedio) 
para verificar sus respuestas.

Respuesta: Pfuente 5 42.15 W, Plínea 5 0.6638 W y Pcarga 5 
41.49 W

4 Ω

Fuente Transformador 1 Transformador 2Línea Carga

j40 Ω

j10 Ω 10 Ω5 : 11 : 5

+
–0° V120

IFuente ILínea ICarga

Figura P 11.10-12
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2 Ω4 Ω

2 H 4 Hi1(t) i2(t)+
–vs(t)

Figura P 11.11-2

P 11.11-3 El análisis por computadora del circuito que se 
muestra en la figura P 11.11-1 indica que cuando

vs (t) 5 12 cos 14t 1 30°2 V
las corrientes de enlaces están dadas por

i1(t) 5 1.001 cos 14t 2 47.01°2 A
y

i2(t) 5 0.4243 cos 14t 2 15.00°2 A
Compruebe los resultados de este análisis verificando que las 
ecuaciones que describen corrientes y voltajes de bobinas aco-
pladas se satisfagan.

+
– 15 Ω4 H 6 H

3 H
vs(t) i1(t) i2(t)

Figura P 11.11-3

P 11.11-4 El análisis por computadora del circuito que se 
muestra en la figura P 11.11-4 indica que cuando

vs (t) 5 12 cos 14t 1 30°2 V
las corrientes de enlaces están dadas por

i1(t) 5 25.6 cos 14t 1 30°2 mA
y

i2(t) 5 64 cos 14t 1 30°2 mA

Compruebe los resultados de este análisis verificando que las 
ecuaciones que describen corrientes y voltajes de transforma-
dores ideales se satisfagan.

+
– 75vs(t) i1(t) i2(t)

2:5

Figura P 11.11-4

P 11.10-13 El circuito que se muestra en la figura P 11.10-13 
está representado en el dominio de frecuencia. Determine R y 
X, las partes real e imaginaria de la impedancia equivalente Zeq.

Respuesta: R 5 180 V y X 5 110 V

j10 Ω

5 Ω– j 250 Ω
6 : 1

Zeq = R + jX

Figura P 11.10-13

Sección 11.11 ¿Cómo lo podemos comprobar...?

P 11.11-1 El análisis por computadora del circuito que se 
muestra en  la figura P 11.11-1 indica que cuando

vs (t) 5 12 cos 14t 1 30°2 V
las corrientes de enlaces están dadas por

i1(t) 5 2.327 cos 14t 2 25.22°2 A
y

i2(t) 5 1.229 cos 14t 2 11.19°2 A
Compruebe los resultados de este análisis verificando que la 
potencia promedio alimentada por la fuente de voltaje es igual 
a la suma de las potencias promedio recibidas por los demás 
elementos de circuito

2 Ω4 Ω

2 H 2 Hi1(t) i2(t)+
–v1(t)

Figura P 11.11-1

P 11.11-2 El análisis por computadora del circuito que se 
muestra en la figura P 11.11-2 indica que cuando

vs (t) 5 12 cos 14t 1 30°2 V
las corrientes de enlaces están dadas por

i1(t) 5 1.647 cos 14t 2 17.92°2 A
y

i2(t) 5 1.094 cos 14t 2 13.15°2 A
Compruebe los resultados de este análisis verificando que la 
potencia promedio alimentada por la fuente de voltaje es igual 
a la suma de las potencias promedio recibidas por los demás 
elementos de circuito
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Problemas de PSpice

PS 11-1 La entrada al circuito que se muestra en la fi gura PS 
11-1 es el voltaje de la fuente de voltaje

vs (t) � 7.5 sen 15t � 15°2 V 

La salida es el voltaje a través del resistor de 4-�, vo(t). Utilice 
PSpice para trazar los voltajes de entrada y salida.

Sugerencia: Represente la fuente de voltaje, utilizando la par-
te VSIN de PSpice.

+
–

8 

4 5 H 2 H

3 H

vs(t) vo(t)

+

–

Figura PS 11.1

PS 11-2 La entrada al circuito que se muestra en la fi gura PS 
11-1 es el voltaje de la fuente de voltaje

vs (t) � 7.5 sen 15t � 15°2 � 7.5 cos 15t � 75°2 V

La salida es el voltaje a través del resistor de 4-�, vo(t). Utilice 
PSpice para determinar la potencia promedio transmitida a los 
inductores acoplados.

Sugerencia: Represente la fuente de voltaje, utilizando la par-
te VAC de PSpice. Utilice impresores (las partes IPRINT y 
VPRINT de PSpice) para medir la corriente ca y el voltaje de 
cada bobina. 

PS 11-3 La entrada al circuito que se muestra en la fi gura PS 
11-3 es el voltaje de la fuente de voltaje

vs (t) � 48 cos 14t � 114°2 V

La salida es el voltaje a través del resistor de 9-�, vo(t). Utilice 
PSpice para determinar la potencia promedio transmitida al 
transformador.

Sugerencia: Represente la fuente de voltaje, utilizando la par-
te VAC de PSpice. 

i(t) 8 

9 

2:3

+
– vs(t) vo(t)

+

–

Figura PS 11.3

PS 11-4 Determine el valor de impedancia, Zt, de entrada del 
circuito que se muestra en la fi gura PS 11-4 en la frecuencia 
v � 4 rad/s.

Sugerencia: Conecte una fuente de corriente a través de las 
terminales del circuito. Mida el voltaje a través de la fuente 
de corriente. El valor de impedancia será igual a la razón del 
voltaje con la corriente.

8 
5:2

2 

4 H

Zt

Figura PS 11.4

Problemas de diseño
PD 11-1 Un motor de inducción de 100 kW, que se muestra 
en la fi gura PD 11-1, recibe 100 kW a un factor de potencia 
de 0.8 de retardo. Determine la potencia aparente adicional en 
kVA que quedó disponible al mejorar el factor de potencia a (a) 
0.95 de retardo y (b) a 1.0. (c) Encuentre la potencia reactiva 
requerida en kVAR proporcionados por un grupo de conden-
sadores en paralelo para las partes (a) y (b). (d) Determine la 
razón de kVA liberados a los kVA de condensadores requeridos 
para las partes (a) y (b) solas. Conforme una tabla, registrando 
los resultados de este problema para los dos valores del factor 
de potencia alcanzado.

Condensador

Motor de inducción

Línea de
distribución

Figura PD 11-1 Motor de inducción con un condensador en 
paralelo.
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PD 11-2 Hay dos cargas conectadas en paralelo y alimentadas 
desde una fuente de 7.2-kV rms, 60-Hz. La primera carga es de 
50-kVA a un factor de potencia de 0.9 de retardo, y la segunda 
carga es de 45 kW a un factor de potencia de 0.91 de retardo. 
Determine la clase de kVAR y capacitancia requeridos para co-
rregir el factor de potencia en conjunto a 0.97 de retardo.

Respuesta: C 5 1.01 mF

PD 11-3 

(a)  Determine la impedancia de carga Zab que absorberá la po-
tencia máxima si está conectada a las terminales a-b del 
circuito que se muestra en la figura PD 11.3.

(b)  Determine la potencia máxima absorbida por esta carga.
(c)  Determine un modelo de carga e indique los valores del 

elemento.

+
– +

–

5 Ω 100 mHa

10 cos 100 t V vab

b

0.5 vab

+

–

Figura PD 11.3

PD 11-4 Seleccione la proporción de vueltas n necesarias para 
proporcionar la potencia máxima al resistor R del circuito que 
se muestra en la figura PD 11.4. Suponga un transformador 
ideal. Seleccione n cuando R 5 4 y 8 V.

Ω3

+
–Vs

Ideal

j3 Ω

R

j4 Ω
1 : n

Figura PD 11-4

PD 11-5 Un amplificador en un radio de onda corta opera a 
100 kHz. La carga Z2 está conectada a una fuente a través de 
un transformador ideal, como se muestra en la figura PD 11-5. 

La carga es una conexión en serie de una resistencia de 10-V 
y una inductancia de 10-mH. La impedancia Zf consta de una 
resistencia de 1-V y una inductancia de 1-mH.

(a)  Seleccione una integral n para maximizar la energía trans-
mitida a la carga. Calcule I2 y la energía a la carga.

(b)  Agregue una capacitancia C en serie con Z2 para mejorar la 
energía transmitida a la carga.

+
–

Zs

Vs Z2

Ideal

1 : n
I2

Figura PD 11.5

PD 11-6 Se ha desarrollado una nueva lámpara electrónica 
(e-lamp) que utiliza un oscilador senoidal de frecuencia de radio 
y una bobina para transmitir energía a un anillo de nubes de gas 
de mercurio como se muestra en la figura PD 11.6a. El gas de 
mercurio emite una luz ultravioleta que se transmite a la cubier-
ta de fósforo, la cual, a su vez, emite una luz visible. Un mode-
lo del circuito de la e-lamp se muestra en la figura PD 11-6b. 
La capacitancia C y la resistencia R dependen del diseño de 
espacio de la lámpara y el tipo de fósforo. Seleccione R y C 
de modo que se transmita la potencia máxima a R, que se rela-
ciona con la cubierta de fósforo (Adler, 1992). El circuito opera 
a 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0 5 107 rad/s.

+
–

(b)

(a)

V0 sen 0t V

100 Ω 1    H

Bobina

C Rω

µ

Cubierta de
fósforo

Vapor de
mercurio

Bobina

Figura PD 11.6 Lámpara electrónica.
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Circuitos trifásicos

12.1 I N T R O D U C C I Ó N

En este capítulo empezaremos a analizar los circuitos trifásicos. Estos circuitos constan de tres partes: 
una fuente trifásica, una carga trifásica y una línea de transmisión. La fuente trifásica consta de, o bien 
tres fuentes de voltaje senoidal conectadas a Y (estrella),� o de tres fuentes de voltaje senoidal conecta-
das a � (delta)*. Del mismo modo, los elementos del circuito que comprenden la carga están conectados 
para formar una Y (estrella), o bien una � (delta). La línea de transmisión se utiliza para conectar la 
fuente y consta de tres o de cuatro hilos. Estos circuitos se describen por nombres que identifican 
la forma en que se conectan la fuente y la carga. Por ejemplo, el circuito que se muestra en la figura 
12.3-1 tiene un carga conectada a Y, fuente trifásica y conexión a Y. El circuito en la figura 12.3-1 se 
denomina circuito Y a Y. El circuito en la figura 12.5-1 tiene una fuente trifásica conectada a una carga 
conectada a �. El circuito en la figura 12.5-1 se denomina circuito Y a �.
 Observe que el circuito Y a Y en la figura 12.3-1 se ha representado en el dominio de frecuencia, 
utilizando impedancias y fasores. Esto es adecuado porque las tres fuentes de voltaje que comprenden 
una fuente trifásica son fuentes senoidales que tienen la misma frecuencia. El análisis de circuitos trifá-
sicos utilizando fasores e impedancias determinará la respuesta de estado estable del circuito trifásico.
 Antes de empezar nuestro análisis de los circuitos trifásicos es útil recordar por qué es pro-
vechoso el uso de fasores para encontrar la respuesta de estado estable de circuitos lineales para 
entradas senoidales. Los circuitos que contienen condensadores o inductores están representados 
por ecuaciones diferenciales en el dominio de tiempo. Podemos despejar estas ecuaciones dife-
renciales, pero es muy laborioso. Impedancias y fasores representan el circuito en el dominio de 
frecuencia. Los circuitos lineales están representados por ecuaciones algebraicas en el dominio 
de frecuencia. Estas ecuaciones algebraicas implican números compuestos, pero incluso éstos son 
más fáciles de resolver que las ecuaciones diferenciales. Despejar estas ecuaciones algebraicas pro-
porciona el fasor que corresponde al voltaje o a la corriente de salida. Sabemos que el voltaje o la 
corriente de salida en estado estable será senoidal y tendrá la misma frecuencia que la sinusoide de 
entrada. La magnitud y el ángulo fasorial del fasor que corresponde al voltaje o corriente de salida 
proporciona la magnitud y el ángulo fasorial de la sinusoide de salida.
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 Nos interesa en particular la potencia que la fuente trifásica transmite a la carga trifásica. La 
tabla 12.1-1 resume las fórmulas que se pueden utilizar para calcular la potencia transmitida a un 
elemento cuando el voltaje y la corriente del elemento se apegan a la convención pasiva. La tabla 
12.1-1 también ofrece las ecuaciones para la corriente y el voltaje del elemento senoidal. En la tabla, 
Im y Vm son magnitudes de la corriente y el voltaje senoidales, en tanto que Irms y Vrms son los valores 
efectivos correspondientes del voltaje y de la corriente. Observe que las fórmulas para potencias en 
términos de Irms y Vrms son más simples que las fórmulas correspondientes en términos de Im y Vm. 
Por el contrario, las ecuaciones que dan el voltaje y la corriente senoidales son más simples cuando 
se usan Im y Vm. Cuando a los ingenieros les interesa sobre todo la potencia, prefieren utilizar krms y 
Vrms. Por otra parte, si su prioridad son los voltajes y las corrientes senoidales, se inclinan a utilizar Im 
y Vm. En este capítulo, nuestro principal interés es la potencia y emplearemos los valores efectivos.

12.2 VO LTA J E S  T R I FÁ S I C O S

La generación y la transmisión de energía eléctrica son más eficientes en sistemas polifásicos que 
emplean combinaciones de dos, tres o más voltajes senoidales. Además, los circuitos polifásicos y las 
máquinas poseen algunas ventajas únicas. Por ejemplo, la potencia transmitida en un circuito trifásico 
es constante o independiente del tiempo más que de los pulsos, como sucede en un circuito monofási-
co. Incluso, los motores trifásicos arrancan y corren mucho mejor que los monofásicos. La forma más 
común de un sistema polifásico emplea tres voltajes balanceados. De igual magnitud pero con una 
diferencia fasorial de 360°>3 5 120°.
 Un generador de ca elemental consta de un imán rotativo y un embobinado estacionario. Las 
vueltas del embobinado se extienden por la periferia de la máquina. El voltaje generado en cada vuel-
ta del embobinado está ligeramente desfasado respecto del voltaje generado en su vecino porque lo 
corta la densidad del flujo magnético máximo un instante antes o después. El voltaje producido en la 
primera bobina es 
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We will be particularly interested in the power the three-phase source delivers to the three-

phase load. Table 12.1-1 summarizes the formulas that can be used to calculate the power

delivered to an element when the element voltage and current adhere to the passive convention.

Table 12.1-1 also provides the equations for the sinusoidal element current and voltage. In the

table, Im and Vm are the magnitudes of the sinusoidal current and voltage, whereas Irms and Vrms are

the corresponding effective values of the current and voltage. Notice that the formulas for power

in terms of Irms and Vrms are simpler than the corresponding formulas in terms of Im and Vm. In

contrast, the equations giving the sinusoidal voltage and current are simpler when Im and Vm are

used. When engineers are interested primarily in power, they are likely to use Irms and Vrms. On the

other hand, when engineers are interested primarily in the sinusoidal currents and voltages, they

are likely to use Im and Vm. In this chapter, we are interested mainly in power and will use effective

values.

12.2 THREE - PHASE VOLTAGES

The generation and transmission of electrical power are more efficient in polyphase systems

employing combinations of two, three, or more sinusoidal voltages. In addition, polyphase circuits

and machines possess some unique advantages. For example, the power transmitted in a three-phase

circuit is constant or independent of time rather than pulsating, as it is in a single-phase circuit. In

addition, three-phase motors start and run much better than do single-phase motors. The most

common form of polyphase system employs three balanced voltages, equal in magnitude and

differing in phase by 360�=3 ¼ 120�.
An elementary ac generator consists of a rotating magnet and a stationary winding. The turns of

the winding are spread along the periphery of the machine. The voltage generated in each turn of the

winding is slightly out of phase with the voltage generated in its neighbor because it is cut by

maximum magnetic flux density an instant earlier or later. The voltage produced in the first winding

is vaa0.

If the first winding were continued around the machine, the voltage generated in the last turn

would be 180� out of phase with that in the first, and they would cancel, producing no useful effect. For
this reason, one winding is commonly spread over no more than one-third of the periphery; the other

two-thirds of the periphery can hold two more windings used to generate two other similar voltages. A

simplified version of three windings around the periphery of a cylindrical drum is shown in

Table 12.1-1 Frequency Domain Power Relationships

RELATIONSHIP USING RELATIONSHIP USING
QUANTITY PEAK VALUES RMS VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uVð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Im cos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þ j
VmIm

2
sin uv � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þ jV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2
jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rms cos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rms sin uV � uIð Þ VAR

Three-Phase Voltages 559

 Si el primer embobinado continuara alrededor de la máquina, el voltaje generado en la última 
vuelta sería de 180° de desfase con respecto de la primera, y se tendría que cancelar, produciendo un 
efecto inútil. A ello se debe que un embobinado se extienda por lo común a no más de un tercio de la 
periferia, los otros dos tercios de la periferia pueden contener dos embobinados más que se utilizan 
para generar otros dos voltajes semejantes. En la figura 12.2-1a se muestra una versión simplificada 
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Tabla 12.1-1 Relaciones de potencia del dominio de frecuencia

 
CANTIDAD

RELACIÓN UTILIZANDO  
VALORES PICO

RELACIÓN UTILIZANDO  
VALORES RMS

 
UNIDADES

Voltaje del elemento, v(t)
Corriente del elemento, i(t)

Potencia compleja, S

Potencia aparente, |S|

Potencia promedio, P

Potencia reactiva, Q
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We will be particularly interested in the power the three-phase source delivers to the three-

phase load. Table 12.1-1 summarizes the formulas that can be used to calculate the power

delivered to an element when the element voltage and current adhere to the passive convention.

Table 12.1-1 also provides the equations for the sinusoidal element current and voltage. In the

table, Im and Vm are the magnitudes of the sinusoidal current and voltage, whereas Irms and Vrms are

the corresponding effective values of the current and voltage. Notice that the formulas for power

in terms of Irms and Vrms are simpler than the corresponding formulas in terms of Im and Vm. In

contrast, the equations giving the sinusoidal voltage and current are simpler when Im and Vm are

used. When engineers are interested primarily in power, they are likely to use Irms and Vrms. On the

other hand, when engineers are interested primarily in the sinusoidal currents and voltages, they

are likely to use Im and Vm. In this chapter, we are interested mainly in power and will use effective

values.

12.2 THREE - PHASE VOLTAGES

The generation and transmission of electrical power are more efficient in polyphase systems

employing combinations of two, three, or more sinusoidal voltages. In addition, polyphase circuits

and machines possess some unique advantages. For example, the power transmitted in a three-phase

circuit is constant or independent of time rather than pulsating, as it is in a single-phase circuit. In

addition, three-phase motors start and run much better than do single-phase motors. The most

common form of polyphase system employs three balanced voltages, equal in magnitude and

differing in phase by 360�=3 ¼ 120�.
An elementary ac generator consists of a rotating magnet and a stationary winding. The turns of

the winding are spread along the periphery of the machine. The voltage generated in each turn of the

winding is slightly out of phase with the voltage generated in its neighbor because it is cut by

maximum magnetic flux density an instant earlier or later. The voltage produced in the first winding

is vaa0.

If the first winding were continued around the machine, the voltage generated in the last turn

would be 180� out of phase with that in the first, and they would cancel, producing no useful effect. For
this reason, one winding is commonly spread over no more than one-third of the periphery; the other

two-thirds of the periphery can hold two more windings used to generate two other similar voltages. A

simplified version of three windings around the periphery of a cylindrical drum is shown in

Table 12.1-1 Frequency Domain Power Relationships

RELATIONSHIP USING RELATIONSHIP USING
QUANTITY PEAK VALUES RMS VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uVð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Im cos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þ j
VmIm

2
sin uv � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þ jV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2
jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rms cos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rms sin uV � uIð Þ VAR
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We will be particularly interested in the power the three-phase source delivers to the three-

phase load. Table 12.1-1 summarizes the formulas that can be used to calculate the power

delivered to an element when the element voltage and current adhere to the passive convention.

Table 12.1-1 also provides the equations for the sinusoidal element current and voltage. In the

table, Im and Vm are the magnitudes of the sinusoidal current and voltage, whereas Irms and Vrms are

the corresponding effective values of the current and voltage. Notice that the formulas for power

in terms of Irms and Vrms are simpler than the corresponding formulas in terms of Im and Vm. In

contrast, the equations giving the sinusoidal voltage and current are simpler when Im and Vm are

used. When engineers are interested primarily in power, they are likely to use Irms and Vrms. On the

other hand, when engineers are interested primarily in the sinusoidal currents and voltages, they

are likely to use Im and Vm. In this chapter, we are interested mainly in power and will use effective

values.

12.2 THREE - PHASE VOLTAGES

The generation and transmission of electrical power are more efficient in polyphase systems

employing combinations of two, three, or more sinusoidal voltages. In addition, polyphase circuits

and machines possess some unique advantages. For example, the power transmitted in a three-phase

circuit is constant or independent of time rather than pulsating, as it is in a single-phase circuit. In

addition, three-phase motors start and run much better than do single-phase motors. The most

common form of polyphase system employs three balanced voltages, equal in magnitude and

differing in phase by 360�=3 ¼ 120�.
An elementary ac generator consists of a rotating magnet and a stationary winding. The turns of

the winding are spread along the periphery of the machine. The voltage generated in each turn of the

winding is slightly out of phase with the voltage generated in its neighbor because it is cut by

maximum magnetic flux density an instant earlier or later. The voltage produced in the first winding

is vaa0.

If the first winding were continued around the machine, the voltage generated in the last turn

would be 180� out of phase with that in the first, and they would cancel, producing no useful effect. For
this reason, one winding is commonly spread over no more than one-third of the periphery; the other

two-thirds of the periphery can hold two more windings used to generate two other similar voltages. A

simplified version of three windings around the periphery of a cylindrical drum is shown in

Table 12.1-1 Frequency Domain Power Relationships

RELATIONSHIP USING RELATIONSHIP USING
QUANTITY PEAK VALUES RMS VALUES UNITS

Element voltage, v(t) v tð Þ ¼ Vm cos vt þ uVð Þ v tð Þ ¼ V rms

ffiffiffi
2

p
cos vt þ uVð Þ V

Element current, i(t) i tð Þ ¼ Im cos vt þ uIð Þ i tð Þ ¼ I rms

ffiffiffi
2

p
cos vt þ uIð Þ A

Complex power, S S ¼ VmIm

2
cos uV � uIð Þ

þ j
VmIm

2
sin uv � uIð Þ

S ¼ V rmsI rms cos uV � uIð Þ
þ jV rmsI rms sin uV � uIð Þ

VA

Apparent power, jSj jSj ¼ VmIm

2
jSj ¼ V rmsI rms VA

Average power, P P ¼ VmIm

2
cos uV � uIð Þ P ¼ V rmsI rms cos uV � uIð Þ W

Reactive power, Q Q ¼ VmIm

2
sin uV � uIð Þ Q ¼ V rmsI rms sin uV � uIð Þ VAR
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de los tres embobinados en torno a la periferia de un tambor cilíndrico. Las tres sinusoides (las si-
nusoides se obtienen con una distribución de embobinado y forma de magneto adecuadas) generadas 
por los tres embobinados semejantes se muestran en la figura 12.2-1b. Al definir vaa¿ como el potencial 
de la terminal a respecto de la terminal a¿, describimos los voltajes como
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Figure 12.2-1a. The three sinusoids (sinusoids are obtained with a proper winding distribution and

magnet shape) generated by the three similar windings are shown in Figure 12.2-1b. Defining vaa0 as

the potential of terminal a with respect to terminal a0, we describe the voltages as

naa0 ¼ Vm cos vt

nbb0 ¼ Vm cos vt � 120�ð Þ
ncc0 ¼ Vm cos vt � 240�ð Þ

ð12:2-1Þ

where Vm is the peak value.

A three-phase circuit generates, distributes, and uses energy in the form of three

voltages equal in magnitude and symmetric in phase.

The three similar portions of a three-phase system are called phases. Because the

voltage in phase aa0 reaches its maximum first, followed by that in phase bb0 and then by that
in phase cc0, we say the phase rotation is abc. This is an arbitrary convention; for any given

generator, the phase rotation may be reversed by reversing the direction of rotation. The six-

terminal ac generator is shown in Figure 12.2-2.

Using phasor notation, we may write Eq. 12.2-1 as

Vaa0 ¼ Vmff0�
Vbb0 ¼ Vmff�120�

Vcc0 ¼ Vmff�240� ¼ Vmff120�
ð12:2-2Þ

The three voltages are said to be balanced voltages because they have identical amplitude,

Vm, and frequency, v, and are out of phase with each other by exactly 120�. The phasor

diagram of the balanced three-phase voltages is shown in Figure 12.2-3. Examining

Figure 12.2-3, we find

Vaa0 þ Vbb0 þ Vcc0 ¼ 0 ð12:2-3Þ
For notational ease, we henceforth use Vaa0 ¼ Va, Vbb0 ¼ Vb, and Vcc0 ¼ Vc as the three

voltages.

The positive phase sequence is abc, as shown in Figure 12.2-3. The sequence acb is

called the negative phase sequence, as shown in Figure 12.2-4.

vaa' vbb' vcc'

v

0

(b)

a

a'

c

c'

b

b'

(a)

FIGURE 12.2-1 (a) The three windings on a cylindrical drum used to obtain three-phase

voltages (end view). (b) Balanced three-phase voltages.

vcc'

b

c a

a'

c'

vaa'

vbb'

b'

ac generator

+

+

+

–

–

–

FIGURE 12.2-2 Generator with six

terminals.

120°

120°
Vaa'

Vbb'

Vcc'

FIGURE 12.2-3 Phasor

representation

of the positive phase

sequence of the balanced

three-phase voltages.

120°
Va

Vc

Vb

FIGURE 12.2-4 The

negative phase sequence

acb in the Y connection.
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 (12.2-1)

donde Vm es el valor pico.

Un circuito trifásico genera, distribuye, y utiliza energía en forma de tres voltajes 
iguales en magnitud y simétricos en fase.

 Las tres porciones semejantes de un sistema trifásico se denominan fases. Como el 
voltaje en la fase aa¿ alcanza primero su máximo, seguido por el de la fase bb¿ y luego por 
el de la fase cc¿, se dice que la rotación de fasor es abc. Ésta es una convención arbitraria 
para cualquier generador; la rotación de fasor se puede invertir al revertir la dirección de la 
rotación. En la figura 12.2-2 se muestra el generador de seis terminales.
 Con la notación fasorial podemos escribir la ecuación 12.2-1 como
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Figure 12.2-1a. The three sinusoids (sinusoids are obtained with a proper winding distribution and

magnet shape) generated by the three similar windings are shown in Figure 12.2-1b. Defining vaa0 as

the potential of terminal a with respect to terminal a0, we describe the voltages as

naa0 ¼ Vm cos vt

nbb0 ¼ Vm cos vt � 120�ð Þ
ncc0 ¼ Vm cos vt � 240�ð Þ

ð12:2-1Þ

where Vm is the peak value.

A three-phase circuit generates, distributes, and uses energy in the form of three

voltages equal in magnitude and symmetric in phase.

The three similar portions of a three-phase system are called phases. Because the

voltage in phase aa0 reaches its maximum first, followed by that in phase bb0 and then by that
in phase cc0, we say the phase rotation is abc. This is an arbitrary convention; for any given

generator, the phase rotation may be reversed by reversing the direction of rotation. The six-

terminal ac generator is shown in Figure 12.2-2.

Using phasor notation, we may write Eq. 12.2-1 as

Vaa0 ¼ Vmff0�
Vbb0 ¼ Vmff�120�

Vcc0 ¼ Vmff�240� ¼ Vmff120�
ð12:2-2Þ

The three voltages are said to be balanced voltages because they have identical amplitude,

Vm, and frequency, v, and are out of phase with each other by exactly 120�. The phasor

diagram of the balanced three-phase voltages is shown in Figure 12.2-3. Examining

Figure 12.2-3, we find

Vaa0 þ Vbb0 þ Vcc0 ¼ 0 ð12:2-3Þ
For notational ease, we henceforth use Vaa0 ¼ Va, Vbb0 ¼ Vb, and Vcc0 ¼ Vc as the three

voltages.

The positive phase sequence is abc, as shown in Figure 12.2-3. The sequence acb is

called the negative phase sequence, as shown in Figure 12.2-4.
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voltages (end view). (b) Balanced three-phase voltages.
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 (12.2-2)

Se dice que los tres voltajes deben ser voltajes balanceados porque tienen amplitud idéntica, 
Vm, y frecuencia, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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, y están desfasados con los demás exactamente 120°. En la figura 12.2-3 
se muestra el diagrama de fasores de los voltajes trifásicos balanceados. Al examinar la 
figura 12.2-3 encontramos que
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Figure 12.2-1a. The three sinusoids (sinusoids are obtained with a proper winding distribution and

magnet shape) generated by the three similar windings are shown in Figure 12.2-1b. Defining vaa0 as

the potential of terminal a with respect to terminal a0, we describe the voltages as

naa0 ¼ Vm cos vt

nbb0 ¼ Vm cos vt � 120�ð Þ
ncc0 ¼ Vm cos vt � 240�ð Þ

ð12:2-1Þ

where Vm is the peak value.

A three-phase circuit generates, distributes, and uses energy in the form of three

voltages equal in magnitude and symmetric in phase.

The three similar portions of a three-phase system are called phases. Because the

voltage in phase aa0 reaches its maximum first, followed by that in phase bb0 and then by that
in phase cc0, we say the phase rotation is abc. This is an arbitrary convention; for any given

generator, the phase rotation may be reversed by reversing the direction of rotation. The six-

terminal ac generator is shown in Figure 12.2-2.

Using phasor notation, we may write Eq. 12.2-1 as

Vaa0 ¼ Vmff0�
Vbb0 ¼ Vmff�120�

Vcc0 ¼ Vmff�240� ¼ Vmff120�
ð12:2-2Þ

The three voltages are said to be balanced voltages because they have identical amplitude,

Vm, and frequency, v, and are out of phase with each other by exactly 120�. The phasor

diagram of the balanced three-phase voltages is shown in Figure 12.2-3. Examining

Figure 12.2-3, we find

Vaa0 þ Vbb0 þ Vcc0 ¼ 0 ð12:2-3Þ
For notational ease, we henceforth use Vaa0 ¼ Va, Vbb0 ¼ Vb, and Vcc0 ¼ Vc as the three

voltages.

The positive phase sequence is abc, as shown in Figure 12.2-3. The sequence acb is

called the negative phase sequence, as shown in Figure 12.2-4.

vaa' vbb' vcc'

v

0

(b)

a

a'

c

c'

b

b'

(a)

FIGURE 12.2-1 (a) The three windings on a cylindrical drum used to obtain three-phase

voltages (end view). (b) Balanced three-phase voltages.

vcc'

b

c a

a'

c'
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vbb'
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ac generator

+

+

+

–

–

–

FIGURE 12.2-2 Generator with six

terminals.

120°

120°
Vaa'

Vbb'

Vcc'

FIGURE 12.2-3 Phasor

representation

of the positive phase

sequence of the balanced

three-phase voltages.

120°
Va

Vc

Vb

FIGURE 12.2-4 The

negative phase sequence

acb in the Y connection.
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Para el caso de notaciones, en adelante utilizaremos Vaa¿ 5 Va; Vbb¿ 5 Vb, y Vcc¿ 5 Vc como 
los tres voltajes.
 La secuencia de fase positiva es abc, como se muestra en la figura 12.2-3. La se-
cuencia acb se denomina secuencia de fase negativa, como se ve en la figura 12.2-4.

vaa' vbb' vcc'

v

0

(b)

a

a'

c

c'

b

b'

(a)

vcc'

b

c a

a'

c'

vaa'

vbb'

b'

Generador de ca

+

+

+

–

–

–

FIGURA 12.2-1 (a) Los tres embobinados de un tambor cilíndrico se usan para obtener 
voltajes trifásicos (vista final). (b) Voltajes trifásicos balanceados.

FIGURA 12.2-2 Generador con seis 
terminales.

120°

120°
Vaa'

Vbb'

Vcc'

FIGURA 12.2-3 
Representación fasorial 
de la secuencia de 
fasores positiva de los 
tres voltajes trifásicos 
balanceados.

120°
Va

Vc

Vb

FIGURA 12.2-4 La 
secuencia abc de fase 
negativa en la conexión Y.
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 En ocasiones, el voltaje de fasor en la conexión Y se escribe

Va 5 Vm 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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donde Vm es la magnitud del voltaje de fasor.
 Refiriéndose al generador de la figura 12.2-2, hay seis terminales y tres voltajes, va, vb, y vc. 
Utilizamos la notación fasorial y suponemos que cada embobinado de fasor proporciona un voltaje de 
fuente en serie con una impedancia insignificante. Con estos supuestos, hay dos formas de interconec-
tar las tres fases, como se muestra en la figura 12.2-5. La terminal común de la conexión Y se deno-
mina terminal neutral y se etiqueta n. La terminal neutral puede estar o no disponible para conexión. 
Las cargas balanceadas no tienen corriente en un cable neutral, y por lo tanto a veces no se necesitan.
 La conexión que se muestra en la figura 12.2-5a se denomina conexión Y, y en la figura 12.2-5b 
se muestra la conexión D. La conexión Y selecciona las terminales a¿, b¿ y c¿ y las conecta entre sí 
como neutrales. Entonces el voltaje de línea a línea, Vab, de las fuentes conectadas en Y es
 Vab 5 Va 2 Vb (12.12-4)

como es evidente por el examen de la figura 12.2-5a. Dado que Va 5 Vm 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 y Vb 5 Vm 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.

Three-Phase Voltages 561
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tenemos
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 (12.2-5)
 Esta relación también se demuestra por el diagrama de fasores de la figura 12.2-6. Del mismo 
modo,

y 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 (12.2-7)
Por consiguiente, en una conexión Y el voltaje de línea a línea es 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 veces el voltaje de fasor y se 
desplaza 10° en fase. La corriente de línea es igual a la corriente de fasor.

EJERCICIO 12.2-1 La fuente de voltaje trifásico conectada a Y tiene Vc 5 120 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 V rms. 
Encuentre el voltaje de línea a línea Vbc.

Respuesta: 207.8 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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FIGURA 12.2-5 (a) Fuentes conectadas en Y. Los voltajes Va, Vb y Vc 
se denominan voltajes de fasor, y los voltajes Vab, Vbc y Vca se denominan 
voltajes de línea a línea; (b) fuentes conectadas a D. Las corrientes Ia, Ib e Ic 
se denominan corrientes de línea, y las corrientes Iab, Ibc, e Ica se denominan 
corrientes de fasor.

FIGURA 12.2-6 El voltaje línea a línea Vab de la 
fuente conectada a Y.

(12.2-6)
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12.3 C I R C U I T O  Y  A  Y

Considere el circuito Y a Y que se muestra en la figura 12.3-1. Este circuito trifásico consta de tres par-
tes: una fuente trifásica, una carga trifásica y una línea de transmisión. La fuente trifásica consta de tres 
fuentes de voltaje senoidal conectadas a Y. Las impedancias que comprenden la carga están conectadas 
para formar una Y (estrella). La línea de transmisión que se utiliza para conectar la fuente con la carga 
consta de cuatro hilos, incluyendo un hilo que conecta el nodo neutral de la fuente al nodo neutral de 
la carga. La figura 12.3-2 muestra otro circuito Y a Y. En la figura 12.3-2, la fuente trifásica está conecta-
da a la carga mediante tres hilos, sin ningún hilo que conecte el nodo neutral de la fuente al nodo neutral 
de la carga. Para distinguir estos circuitos, el circuito de la figura 12.3-1 se denomina circuito Y a Y de 
cuatro hilos, en tanto que el circuito en la figura 12.3-2 se denomina circuito Y a Y de tres hilos.
 El análisis del circuito de cuatro hilos de la figura 12.3-1 es relativamente sencillo. Cada impe-
dancia de la carga trifásica está conectada directamente a través de una fuente de voltaje de la fuente 
trifásica. Por consiguiente, se conoce el voltaje a través de la impedancia, y las corrientes de la línea 
se calculan fácilmente como

 
IaA ¼ Va

ZA
; IbB ¼ Vb

ZB  
e IcC ¼ Vc

ZC
 (12.3-1)

La corriente en el cable que conecta el nodo neutral de la fuente con el nodo neutral de la carga es

 
INn ¼ IaA þ IbB þ IcC ¼ Va

ZA
þ Vb

ZB
þ Vc

ZC
 (12.3-2)

 La potencia promedio transmitida por la fuente trifásica a la carga trifásica se calcula sumando 
la potencia promedio transmitida a cada impedancia de la carga.

 P ¼ PA þ PB þ PC  (12.3-3)

donde, por ejemplo, PA es la carga promedio absorbida por ZA. Una vez conocida IaA, es fácil calcular PA.
 Por conveniencia, sean los voltajes de fasor de la fuente conectada a Y

Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms y Vc ¼ V pff120� V rms

Observe que estamos utilizando valores efectivos porque las unidades de Vp son V rms.
 Cuando ZA � ZB � ZC � Z � Z ffu, se dice que la carga debe ser una carga balanceada. En 
general, el análisis de circuitos trifásicos balanceados es más fácil que el análisis de circuitos trifásicos 
no balanceados. Las corrientes de línea en el circuito Y a Y de cuatro hilos balanceado están dadas por

IaA ¼ Va

Z
¼ V pff0�

Zffu ; IbB ¼ Vb

Z
¼ V p �ff120�

Zffu ; e IcC ¼ Vc

Z
¼ V pff120�

Zffu

FIGURA 12.3-1 Circuito Y a Y de cuatro hilos. FIGURA 12.3-2 Circuito Y a Y de tres hilos.
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Entonces

 
IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; e IcC ¼ V p

Z
ff�u þ 120�  (12.3-4)

Las corrientes de línea tienen magnitudes iguales pero difieren por 120° en la fase. IbB e IcC se pueden 
calcular desde IaA restando y sumando 120° al ángulo fasorial de IaA.
 La corriente en el cable que conecta el nodo neutral de la fuente con el nodo neutral de la carga es

 

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0  (12.3-5)

No hay corriente en el cable que conecta el nodo neutral de la fuente con el nodo neutral de la carga.
 Como se han utilizado valores efectivos, o rms, de voltajes y corrientes senoidales en vez de 
valores pico, las fórmulas apropiadas para la potencia son las dadas en la columna “valores rms” 
de la tabla 12.1-1. La potencia promedio transmitida a la carga es

 

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ  (12.3-6)

donde, por ejemplo, PA es la potencia promedio absorbida por ZA. Cada impedancia de la carga 
trifásica, ZA, ZB y ZC, absorbe igual cantidad de potencia. No es necesario calcular PA, PB y PC por 
separado. La potencia promedio transmitida a la carga se puede determinar al calcular PA y multipli-
carla por 3.
 A continuación, considere el circuito Y a Y de tres hilos que se muestra en la figura 12.3-2. Los 
voltajes de fasor de la fuente conectada a Y son Va � Vp ff0� V rms, Vb � Vp ff�120� V rms y Vc � 
Vp 

gff120� V rms. El primer paso en el análisis de este circuito es calcular VNn, el voltaje en el nodo 
neutral de la carga trifásica respecto del voltaje en el nodo neutral de la fuente trifásica. (Este paso 
no se necesitó cuando se analizó el circuito Y a Y de cuatro hilos porque el cable de cuatro hilos obligó a 
VNn � 0.) Conviene seleccionar el nodo n, el nodo neutral de la fuente trifásica, para que sea el nodo 
de referencia. Entonces Va, Vb, Vc y VNn son los voltajes del circuito. Escriba una ecuación nodal en 
el nodo N para obtener

 

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

 (12.3-7)

Despejando VNn nos da

 
VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
 (12.3-8)

Una vez que se haya determinado VNn, las líneas de corriente se pueden calcular utilizando

 
IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
;e IcC ¼ Vc � VNn

ZC
 (12.3-9)
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El análisis del circuito Y a Y de tres hilos es mucho más sencillo cuando el circuito está balanceado, es 
decir, cuando ZA 5 ZB 5 ZC 5 Z 5 Z 
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12.3 THE Y - TO - Y C I RCU I T

Consider the Y-to-Y circuit shown in Figure 12.3-1. This three-phase circuit consists of three parts: a three-

phase source, a three-phase load, and a transmission line. The three-phase source consists of three Y-

connected sinusoidalvoltage sources.The impedances that comprise the loadareconnected to formaY.The

transmission lineused toconnect the source to the loadconsists of fourwires, includingawireconnecting the

neutral node of the source to the neutral node of the load. Figure 12.3-2 shows another Y-to-Y circuit. In

Figure 12.3-2, the three-phase source is connected to the load using three wires, without a wire connecting

theneutral nodeof the source to theneutral nodeof the load.Todistinguishbetween these circuits, the circuit

inFigure12.3-1 is calleda four-wireY-to-Ycircuit,whereas thecircuit inFigure12.3-2 is calleda three-wire

Y-to-Y circuit.

Analysis of the four-wire Y-to-Y circuit in Figure 12.3-1 is relatively easy. Each impedance of

the three-phase load is connected directly across a voltage source of the three-phase source. Therefore,

the voltage across the impedance is known, and the line currents are easily calculated as

IaA ¼ Va

ZA
; IbB ¼ Vb

ZB
; and IcC ¼ Vc

ZC
ð12:3-1Þ

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ Va

ZA
þ Vb

ZB
þ Vc

ZC
ð12:3-2Þ

The average power delivered by the three-phase source to the three-phase load is calculated by

adding up the average power delivered to each impedance of the load.

P ¼ PA þ PB þ PC ð12:3-3Þ
where, for example, PA is the average power absorbed by ZA. PA is easily calculated once IaA is

known.

For convenience, let the phase voltages of the Y-connected source be

Va ¼ V pff0� V rms; Vb ¼ V pff�120� V rms; and Vc ¼ V pff120� V rms

Notice that we are using effective values because the units of Vp are V rms.

When ZA ¼ ZB ¼ ZC ¼ Z ¼ Zffu, the load is said to be a balanced load. In general, analysis of
balanced three-phase circuits is easier than analysis of unbalanced three-phase circuits. The line

currents in the balanced, four-wire Y-to-Y circuit are given by

IaA ¼ Va

Z
¼ V pff0�

Zffu ; IbB ¼ Vb

Z
¼ V p �ff120�

Zffu ; and IcC ¼ Vc

Z
¼ V pff120�

Zffu

IcC

INn

IbB
ZB

ZC

ZA
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FIGURE 12.3-1 A four-wire Y-to-Y circuit.
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FIGURE 12.3-2 A three-wire Y-to-Y circuit.
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. Cuando el circuito está balanceado, la ecuación 12.3-8 se vuelve
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Analysis of the three-wire Y-to-Y circuit is much simpler when the circuit is balanced, that is,

when ZA ¼ ZB ¼ ZC ¼ Z ¼ Zffu. When the circuit is balanced, Eq. 12.3-8 becomes

VNn ¼ ðVPff�120�ÞZZþ ðVPff120�ÞZZþ ðVPff0�ÞZZ
ZZþ ZZþ ZZ

¼ ½ðVPff�120�Þ þ ðVPff120�Þ þ ðVPff0�Þ�=3
VNn ¼ 0 ð12:3-10Þ

When a three-wire Y-to-Y circuit is balanced, it is not necessary to write and solve a node equation to find

VNn because VNn is known to be zero. Recall that VNn ¼ 0 in the four-wire Y-to-Y circuit. The balanced

three-wire Y-to-Y circuit acts like the balanced four-wire Y-to-Y circuit. In particular, the line currents are

given by Eq. 12.3-4, and the average power delivered to the load is given by Eq. 12.3-6.

Ideally, the transmission line connecting the load to the source can be modeled using short

circuits. That’s what was done in both Figure 12.3-1 and Figure 12.3-2. Sometimes it is appropriate to

model the lines connecting the load to the source as impedances. For example, this is done when

comparing the power that is delivered to the load to the power that is absorbed by the transmission line.

Figure 12.3-3 shows a three-wire Y-to-Y circuit in which the transmission line is modeled by the line

impedances ZaA,ZbB, andZcC. The line impedances do not significantly complicate the analysis of the

circuit because each line impedance is connected in series with a load impedance. After replacing

series impedances by equivalent impedances, the analysis proceeds as before. If the circuit is not

balanced, a node equation is written and solved to determine VNn. Once VNn has been determined, the

line currents can be calculated. Both the power delivered to the load and the power absorbed by the line

can be calculated from the line currents and the load and line impedances.

Analysis of balanced Y-to-Y circuits is simpler than analysis of unbalanced Y-to-Y circuits in

several ways:

1. VNn ¼ 0. It is not necessary to write and solve a node equation to determine VNn.

2. The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated
from IaA by subtracting and adding 120� to the phase angle of IaA.

3. Equal power is absorbed by each impedance of the three-phase load, ZA, ZB, and ZC. It is not

necessary to calculate PA, PB, and PC separately. The average power delivered to the load can be

determined by calculating PA and multiplying by 3.

The key to analysis of the balancedY-to-Y circuit is calculation of the line current, IaA. The per-phase

equivalent circuit provides the information needed to the line current, IaA. This equivalent circuit consists of

the voltage source and impedances in one phase of the three phases of the three-phase circuit. Figure 12.3-4

shows the per-phase equivalent circuit corresponding to the three-phase circuit shown in Figure 12.3-3. The

IcC

VNn

IbB

ZbB

ZaA

ZcC

ZB

ZC

ZA

IaA

Va Vb

Vc

N

Cc

n

b
a

B
A

+
–+

–

+
–

– +

FIGURE 12.3-3 A three-wire Y-to-Y circuit with line impedances.
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FIGURE 12.3-4 Per-phase equivalent circuit for the

three-wire Y-to-Y circuit with line impedances.
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 (12.3-10)

Cuando un circuito Y a Y de tres hilos está balanceado, no es necesario escribir y despejar una ecuación 
nodal para encontrar VNn porque se sabe que VNn debe ser cero. Recuerde que VNn 5 0 en el circuito Y a 
Y de cuatro hilos. El circuito Y a Y de tres hilos balanceado actúa como el circuito Y a Y de cuatro hilos 
balanceado. En particular, las corrientes de línea las da la ecuación 12.3-4, y la potencia promedio trans-
mitida a la carga la da la ecuación 12.3-6.
 Idealmente, la línea de transmisión que conecta la carga a la fuente se puede modelar utilizando cor-
tocircuitos. Eso es lo que se hizo en las figuras 12.3-1 y 12.3-2. En ocasiones es adecuado modelar como 
impedancias las líneas que conectan la carga a la fuente. Por ejemplo, eso se hace cuando se compara la 
potencia que se transmite a la carga con la potencia que absorbe la línea de transmisión. La figura 12.3-3 
muestra un circuito Y a Y de tres hilos en el cual la línea de transmisión está modelada por las impedancias 
ZaA, ZbB y ZcC de línea. Las impedancias de línea no complican significativamente el análisis del circuito 
porque cada impedancia de línea está conectada en serie con una impedancia de carga. Después de reem-
plazar impedancias en serie por impedancias equivalentes, el análisis procede como antes. Si el circuito no 
está balanceado, se escribe una ecuación nodal y se despeja para determinar VNn; una vez determinada, se 
pueden calcular las corrientes de línea. La potencia transmitida a la carga y la potencia absorbida por la 
línea se pueden calcular a partir de las corrientes de línea y las impedancias de línea y de carga.
 El análisis de los circuitos Y a Y balanceados es más sencillo que el de los circuitos Y a Y no 
balanceados de varias formas:

1. VNn 5 0. No es necesario escribir y despejar una ecuación para determinar VNn.
2.  Las corrientes de línea tienen magnitudes iguales y difieren por 120° en fase. IbB e IcC se pueden 

calcular a partir de IaA restando y sumando 120° al ángulo fasorial de IaA.
3.  Cada impedancia de la carga trifásica, ZA, ZB y ZC absorbe la misma cantidad de potencia. No es 

necesario calcular PA, PB y PC por separado. La potencia promedio transmitida a la carga se puede 
determinar al calcular PA y multiplicarla por 3.

 La clave para el análisis del circuito Y a Y balanceado es el cálculo de la corriente de línea, IaA. 
El circuito equivalente por fase proporciona la información necesaria para la corriente de línea IaA. Este 
circuito equivalente consta de la fuente de voltaje e impedancias en una fase de las tres fases del circuito 
trifásico. La figura 12.3-4 muestra el circuito equivalente por fase que corresponde al circuito trifásico 

FIGURA 12.3-3 Un circuito Y a Y trifásico con impedancias de línea.
FIGURA 12.3-4 Circuito equivalente por fase para 
el circuito Y a Y trifásico con impedancias de línea.
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que se muestra en la figura 12.3-3. Los nodos neutrales n y N están conectados por un cortocircuito en 
el circuito equivalente por fase para indicar que VNn � 0 en un circuito balanceado Y a Y. El circuito 
equivalente por fase se puede utilizar para analizar circuitos Y a Y balanceados de tres o de cuatro hilos, 
pero solamente se pueden utilizar para circuitos balanceados.
 En la tabla 12.3-1 se resume el comportamiento de un circuito Y a Y balanceado.

E J E M P L O  1 2 . 3 - 1  Circuito Y a Y no balanceado de cuatro hilos

Determine la potencia compleja transmitida a la carga trifásica de un circuito Y a Y de cuatro hilos como el que 
se muestra en la figura 12.3-1. Los voltajes de fasor de la fuente conectada a Y son Va � 110 ff0� V rms, Vb � 
110 ff�120� V rms y Vc � 110 

gff120� V rms. Las impedancias de carga son ZA � 50 � j80 �, ZB � j50 � y 
ZC � 100 � j25 �.

Solución
Las corrientes de línea de un circuito Y a Y de cuatro hilos no balanceado se calculan con la ecuación 12.3-1. En 
este ejemplo,

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
; IbB ¼ Vb

ZB
¼ 110ff�120�

j50  
e IcC ¼ Vc

ZC
¼ 110ff120�

100þ j25

por lo que 
IaA ¼ 1:16ff�58� A rms; IbB ¼ 2:2ff150� A rms y IcC ¼ 1:07ff106� A rms

La potencia compleja transmitida a ZA es

SA ¼ IaA
� Va ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

Del mismo modo, calculamos la potencia compleja transmitida a ZB y ZC como

y 
SB ¼ ð2:2ff150�Þ� ð110ff�120�Þ ¼ j242 VA

SC ¼ ð107ff106�Þ� ð110ff120�Þ ¼ 114þ j28 VA

La potencia compleja total transmitida a la carga trifásica es
SA � SB � SC � 182 � j379 V A

Tabla 12.3-1 El circuito Y a Y balanceado

Voltajes de fasor

Voltajes de línea a línea

Corrientes

Va ¼ V pff0�
Vb ¼ V pff�120�
Vc ¼ V pff�240�
Vab ¼

ffiffiffi

3
p

V pff30�
Vbc ¼

ffiffiffi

3
p

V pff�90�
Vca ¼

ffiffiffi

3
p

V pff�210�
VL ¼

ffiffiffi

3
p

V p

IL ¼ Ip line current ¼ phase currentð Þ
IA ¼ Va

ZY

¼ Ipff�u with Zp ¼ Zffu
IB ¼ IAff�120�
IC ¼ IAff�240�

Nota: p � fase; L � línea.

1corriente de línea � corriente de fasor2

conp

1.07

M12_DORF_1571_8ED_SE_558-593.indd   565M12_DORF_1571_8ED_SE_558-593.indd   565 7/4/11   5:36 PM7/4/11   5:36 PM



Alfaomega Circuitos Eléctricos - Dorf

	 566	 Circuitos trifásicos

E j E m p l o  1 2 . 3 - 2  Circuito Y a Y balanceado de cuatro hilos

E j E m p l o  1 2 . 3 - 3  Circuito Y a Y no balanceado de tres hilos

Determine la potencia compleja transmitida a la carga trifásica de un circuito Y a Y de cuatro hilos como el que se 
muestra en la figura 12.3-1. Los voltajes de fasor de la fuente conectada a Y son Va 5 110 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ

The Y-to-Y Circuit 563

 V rms. Las impedancias de carga son ZA 5 ZB 5 ZC 5 50 1 j80 V.

Solución
Este ejemplo es semejante al anterior. La diferencia importante es que este circuito trifásico está balanceado. Ne-
cesitamos calcular solamente una corriente de línea, IaA, y la potencia compleja, SA, transmitida a sólo una de las 
impedancias de carga, ZA. La potencia transmitida a la carga trifásica es 3SA. Empezaremos por calcular IaA como 
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E X A M P L E 1 2 . 3 - 2 Four-wire Balanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one

shown in Figure 12.3-1. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ ZB ¼ ZC ¼ 50þ j80 V.

Solution
This example is similar to the previous example. The important difference is that this three-phase circuit is

balanced. We need to calculate only one line current, IaA, and the complex power, SA, delivered to only one of the

load impedances, ZA. The power delivered to the three-phase load is 3SA. We begin by calculating IaA as

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

The complex power delivered to ZA is

SA ¼ I�aAVa ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

The total power delivered to the three-phase load is

3SA ¼ 204þ j326 VA

(The currents IbB and IcC can also be calculated using Eq. 12.3-1. Verify that IbB ¼ 1:16ff�177� A rms and

IcC ¼ 1:16ff62� A rms. Notice that IbB and IcC can be calculated from IaA by subtracting and adding 120� to the
phase angle of IaA. Also, check that the complex power delivered to ZB and to ZC is equal to the complex power

delivered to ZA. That is, SB ¼ 68þ j109 VA and SC ¼ 68þ j109 VA.)

E X A M P L E 1 2 . 3 - 3 Three-Wire Unbalanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one

shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be

VNn ¼ ð110ff�120�Þ 50þ j80ð Þ 100þ j25ð Þ þ ð110ff120�Þ 50þ j80ð Þ j50ð Þ þ ff1100�ð Þ j50ð Þ 100þ j25ð Þ
50þ j80ð Þ 100þ j25ð Þ þ 50þ j80ð Þ j50ð Þ þ j50ð Þ 100þ j25ð Þ

¼ 56ff�151� V rms

Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms

566 Three-Phase Circuits

La potencia compleja transmitida a ZA es
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E X A M P L E 1 2 . 3 - 2 Four-wire Balanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one

shown in Figure 12.3-1. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ ZB ¼ ZC ¼ 50þ j80 V.

Solution
This example is similar to the previous example. The important difference is that this three-phase circuit is

balanced. We need to calculate only one line current, IaA, and the complex power, SA, delivered to only one of the

load impedances, ZA. The power delivered to the three-phase load is 3SA. We begin by calculating IaA as

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

The complex power delivered to ZA is

SA ¼ I�aAVa ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

The total power delivered to the three-phase load is

3SA ¼ 204þ j326 VA

(The currents IbB and IcC can also be calculated using Eq. 12.3-1. Verify that IbB ¼ 1:16ff�177� A rms and

IcC ¼ 1:16ff62� A rms. Notice that IbB and IcC can be calculated from IaA by subtracting and adding 120� to the
phase angle of IaA. Also, check that the complex power delivered to ZB and to ZC is equal to the complex power

delivered to ZA. That is, SB ¼ 68þ j109 VA and SC ¼ 68þ j109 VA.)

E X A M P L E 1 2 . 3 - 3 Three-Wire Unbalanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one

shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be

VNn ¼ ð110ff�120�Þ 50þ j80ð Þ 100þ j25ð Þ þ ð110ff120�Þ 50þ j80ð Þ j50ð Þ þ ff1100�ð Þ j50ð Þ 100þ j25ð Þ
50þ j80ð Þ 100þ j25ð Þ þ 50þ j80ð Þ j50ð Þ þ j50ð Þ 100þ j25ð Þ

¼ 56ff�151� V rms

Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms

566 Three-Phase Circuits

La potencia total transmitida a la carga trifásica es
3SA 5 204 1 j326 VA

(Las corrientes IbB e IcC también se pueden calcular mediante la ecuación 12.3-1. Compruebe que IbB 5 1.16 
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E X A M P L E 1 2 . 3 - 2 Four-wire Balanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one

shown in Figure 12.3-1. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ ZB ¼ ZC ¼ 50þ j80 V.

Solution
This example is similar to the previous example. The important difference is that this three-phase circuit is

balanced. We need to calculate only one line current, IaA, and the complex power, SA, delivered to only one of the

load impedances, ZA. The power delivered to the three-phase load is 3SA. We begin by calculating IaA as

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

The complex power delivered to ZA is

SA ¼ I�aAVa ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

The total power delivered to the three-phase load is

3SA ¼ 204þ j326 VA

(The currents IbB and IcC can also be calculated using Eq. 12.3-1. Verify that IbB ¼ 1:16ff�177� A rms and

IcC ¼ 1:16ff62� A rms. Notice that IbB and IcC can be calculated from IaA by subtracting and adding 120� to the
phase angle of IaA. Also, check that the complex power delivered to ZB and to ZC is equal to the complex power

delivered to ZA. That is, SB ¼ 68þ j109 VA and SC ¼ 68þ j109 VA.)

E X A M P L E 1 2 . 3 - 3 Three-Wire Unbalanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one

shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be

VNn ¼ ð110ff�120�Þ 50þ j80ð Þ 100þ j25ð Þ þ ð110ff120�Þ 50þ j80ð Þ j50ð Þ þ ff1100�ð Þ j50ð Þ 100þ j25ð Þ
50þ j80ð Þ 100þ j25ð Þ þ 50þ j80ð Þ j50ð Þ þ j50ð Þ 100þ j25ð Þ

¼ 56ff�151� V rms

Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms

566 Three-Phase Circuits

 A rms e IcC 5 1.16 
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E X A M P L E 1 2 . 3 - 2 Four-wire Balanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one

shown in Figure 12.3-1. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ ZB ¼ ZC ¼ 50þ j80 V.

Solution
This example is similar to the previous example. The important difference is that this three-phase circuit is

balanced. We need to calculate only one line current, IaA, and the complex power, SA, delivered to only one of the

load impedances, ZA. The power delivered to the three-phase load is 3SA. We begin by calculating IaA as

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

The complex power delivered to ZA is

SA ¼ I�aAVa ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

The total power delivered to the three-phase load is

3SA ¼ 204þ j326 VA

(The currents IbB and IcC can also be calculated using Eq. 12.3-1. Verify that IbB ¼ 1:16ff�177� A rms and

IcC ¼ 1:16ff62� A rms. Notice that IbB and IcC can be calculated from IaA by subtracting and adding 120� to the
phase angle of IaA. Also, check that the complex power delivered to ZB and to ZC is equal to the complex power

delivered to ZA. That is, SB ¼ 68þ j109 VA and SC ¼ 68þ j109 VA.)

E X A M P L E 1 2 . 3 - 3 Three-Wire Unbalanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one

shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be

VNn ¼ ð110ff�120�Þ 50þ j80ð Þ 100þ j25ð Þ þ ð110ff120�Þ 50þ j80ð Þ j50ð Þ þ ff1100�ð Þ j50ð Þ 100þ j25ð Þ
50þ j80ð Þ 100þ j25ð Þ þ 50þ j80ð Þ j50ð Þ þ j50ð Þ 100þ j25ð Þ

¼ 56ff�151� V rms

Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms

566 Three-Phase Circuits

 A rms. Observe que IbB e IcC se pueden calcular desde IaA restando y sumando 
120° al ángulo fasorial de IaA. Además, compruebe que la potencia compleja transmitida a ZbB y ZcC sea igual a 
la potencia compleja transmitida a ZA. Es decir, SB 5 68 1 j109 VA y SC 5 68 1 j109 VA.)

Determine la potencia compleja transmitida a la carga trifásica de un circuito Y a Y de tres hilos como el que se 
muestra en la figura 12.3-2. Los voltajes de fasor de la fuente conectada a Y son Va = 110 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.

Three-Phase Voltages 561

 V rms y Vc 5 110 

E1C12_1 11/06/2009 563

Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. Las impedancias de carga son ZA 5 50 1 j80 V, ZB 5 j50 V y ZC 5 
100 1 j25 V.

Solución
Este ejemplo es semejante al ejemplo 12.3-1 pero considera el circuito Y a Y de tres hilos en vez del circuito de 
cuatro hilos considerado en el ejemplo 12.3-1. Dado que el circuito no está balanceado, se desconoce VNn. Empe-
zaremos por escribir y despejar una ecuación nodal para determinar VNn. La solución a esa ecuación modal está 
dada en la ecuación 12.3-8 por
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E X A M P L E 1 2 . 3 - 2 Four-wire Balanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one

shown in Figure 12.3-1. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ ZB ¼ ZC ¼ 50þ j80 V.

Solution
This example is similar to the previous example. The important difference is that this three-phase circuit is

balanced. We need to calculate only one line current, IaA, and the complex power, SA, delivered to only one of the

load impedances, ZA. The power delivered to the three-phase load is 3SA. We begin by calculating IaA as

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

The complex power delivered to ZA is

SA ¼ I�aAVa ¼ ð1:16ff�58�Þ� ð110ff0�Þ ¼ ð1:16ff58�Þð110ff0�Þ ¼ 68þ j109 VA

The total power delivered to the three-phase load is

3SA ¼ 204þ j326 VA

(The currents IbB and IcC can also be calculated using Eq. 12.3-1. Verify that IbB ¼ 1:16ff�177� A rms and

IcC ¼ 1:16ff62� A rms. Notice that IbB and IcC can be calculated from IaA by subtracting and adding 120� to the
phase angle of IaA. Also, check that the complex power delivered to ZB and to ZC is equal to the complex power

delivered to ZA. That is, SB ¼ 68þ j109 VA and SC ¼ 68þ j109 VA.)

E X A M P L E 1 2 . 3 - 3 Three-Wire Unbalanced Y-Y Circuit

Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one

shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be

VNn ¼ ð110ff�120�Þ 50þ j80ð Þ 100þ j25ð Þ þ ð110ff120�Þ 50þ j80ð Þ j50ð Þ þ ff1100�ð Þ j50ð Þ 100þ j25ð Þ
50þ j80ð Þ 100þ j25ð Þ þ 50þ j80ð Þ j50ð Þ þ j50ð Þ 100þ j25ð Þ

¼ 56ff�151� V rms

Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms
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Ahora que ya se conoce VNn, las corrientes de línea se calculan como
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shown in Figure 12.3-2. The phase voltages of the Y-connected source are Va ¼ 110ff0� V rms,

Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The load impedances are ZA ¼ 50 þ j80 V,

ZB ¼ j50 V, and ZC ¼ 100 þ j25 V.

Solution
This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire

circuit considered in Example 12.3-1. Because the circuit is unbalanced, VNn is not known. We begin by writing

and solving a node equation to determine VNn. The solution of that node equation is given in Eq. 12.3-8 to be
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Now that VNn is known, the line currents are calculated as

IaA ¼ Va � VNn

ZA
¼ 110ff0� � 56ff�151�

50þ j80
¼ 1:71ff�48� A rms

IbB ¼ Vb � VNn

ZB
¼ 2:45ff3� A rms and IcC ¼ Vc � VNn

ZC
¼ 1:19ff79� A rms
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 Circuito Y a Y 567

La potencia compleja transmitida a ZA es

SA ¼ I�aAVa ¼ I�aA IaAZAð Þ ¼ ð1:71ff�48�Þ� ð1:71ff�48�Þ 50þ j80ð Þ ¼ 146þ j234 VA

Del mismo modo, calculamos la potencia compleja transmitida a ZB y ZC como
SB ¼ I�bB IbBZBð Þ ¼ j94 VA y SC ¼ I�cC IcCZCð Þ ¼ 141þ j35 VA

La potencia compleja total transmitida a la carga trifásica es
SA � SB � SC � 287 � j364 VA

Determine la potencia compleja transmitida a la carga trifásica de un circuito Y a Y de tres hilos como el que se 
muestra en la figura 12.3-2. Los voltajes de fasor de la fuente conectada a Y son Va � 110 ff0� V rms, Vb � 110 ff�120� V rms y Vc � 110 

gff120� V rms. Las impedancias de carga son ZA � ZB � ZC � 50 � j80 �.

Solución
Este ejemplo es semejante al ejemplo 12.3-3. La diferencia importante es que este circuito trifásico está balancea-
do, de modo que VnN. No es necesario escribir y despejar una ecuación lineal para determinar VNn. 
 Los circuitos Y a Y balanceados de tres hilos, y los circuitos Y a Y balanceados de cuatro hilos, se analizan 
de la misma manera. Para calcular solamente necesitamos una corriente de línea IaA, y la potencia compleja, Sa, 
transmitida a sólo una de las impedancias de carga trifásica, ZA. La potencia transmitida a la carga trifásica es 3Sa.
 La corriente de línea se calcula como 

IaA ¼ Va

ZA
¼ 110ff0�

50þ j80
¼ 1:16ff�58� A rms

La potencia total transmitida a la carga trifásica es
3SA ¼ 3I�aAVa ¼ 204þ j326 VA

La figura 12.3-5a muestra un circuito Y a Y balanceado de tres hilos. Determine la potencia promedio transmitida 
por la fuente trifásica, transmitida a la carga trifásica y absorbida por la línea trifásica.

Solución
El circuito Y a Y de tres hilos de la figura 12.3-5a se ve diferente del circuito Y a Y trifásico en la figura 12.3-2. 
La diferencia es sólo de apariencia. Los circuitos están dibujados de manera diferente, con todos los elementos 
de circuito dibujados en forma vertical u horizontal en la figura 12.3-5a. Un diferencia más importante es que el 
circuito en la figura 12.3-2 está representado en el dominio de frecuencia, utilizando fasores e impedancias, en 
tanto que el circuito de la figura 12.3-5a lo está en el dominio de tiempo. Dado que el circuito está representado 
en el dominio de tiempo, está dada la magnitud, más que el valor efectivo, del voltaje de la fuente.
 Como este circuito trifásico está balanceado, se puede analizar utilizando un circuito equivalente por fase. 
La figura 12.3-5b muestra el circuito equivalente por fase adecuado.

E J E M P L O  1 2 . 3 - 4  El circuito Y a Y balanceado de tres hilos

E J E M P L O  1 2 . 3 - 5  Pérdidas en línea
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FIGURA 12.3-5 (a) Un circuito Y a Y balanceado de tres hilos y (b) el circuito equivalente por fase.

 La corriente de línea está calculada como 
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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FIGURE 12.3-5 (a) A balanced three-wire Y-to-Y circuit and (b) the per-phase equivalent circuit.

E X A M P L E 1 2 . 3 - 6 Reducing Line Losses

As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.

568 Three-Phase Circuits

El voltaje de fasor en la carga es
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The line current is calculated as
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so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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The line current is calculated as

IaA vð Þ ¼ 100

50þ j 377ð Þ 0:045ð Þ ¼ 1:894ff�18:7� A

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIaA vð Þ ¼ 81ff2� V
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the

appropriate formulas for power are those given in the ‘‘peak values’’ column of Table 12.1-1. The power

delivered by the source is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and Van vð Þ ¼ 100ff0� V
so Pa ¼ 100ð Þ 1:894ð Þ

2
cos 18:7�ð Þ ¼ 89:7W

The power delivered to the load is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RA ¼ 40 V; so PA ¼ 1:8942

2
40 ¼ 71:7W

The power lost in the line is calculated as

IaA vð Þ ¼ 1:894ff�18:7� A and RaA ¼ 10 V; so PaA ¼ 1:8942

2
10 ¼ 17:9W

The three-phase load receives 3PA ¼ 215:1W, and 3PaA ¼ 53:7W is lost in the line. A total of 80 percent of the

power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase

source delivers 3Pa ¼ 269:1W.
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As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other

20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the

current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line

current without reducing the load current.
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La carga trifásica recibe 3PA 5 215.1 W y 3PaA 5 53.7 W se pierde en la línea. A la carga se transmite un total 
de 80% de la potencia transmitida a la carga. El 20% restante se pierde en la línea. La fuente trifásica transmite 
3Pa 5 269.1 W.

Como se observó en la figura 12.3-5, a la carga se transmite 80% de la potencia alimentada por la fuente, y el 20% 
restante se pierde en la línea. La pérdida en la línea se puede reducir disminuyendo la corriente en la línea. Al 
disminuir la corriente en la línea se reduciría la potencia transmitida a la carga. Los transformadores proporcionan 
una manera de reducir la corriente de línea sin reducir la corriente de carga.

y

E j E m p l o  1 2 . 3 - 6  Reducción de pérdidas en la línea
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FIGURA 12.3-6 (a) Un 
circuito equivalente por 
fase para un circuito 
Y a Y balanceado con 
transformadores de 
elevación y descenso 
y (b) el circuito de 
dominio de frecuencia 
correspondiente que se 
utilizó para calcular la 
corriente de línea.

 En este ejemplo se han agregado dos transformadores trifásicos al circuito trifásico considerado en el ejem-
plo 12.3-5. Un transformador en la fuente eleva el voltaje y baja la corriente. Por el contrario, un transformador 
en la carga baja el voltaje y eleva la corriente. Como las proporciones de vueltas de estos transformadores son 
recíprocas, el voltaje y la corriente en la carga no sufren cambio. La corriente en la línea se disminuirá para re-
ducir la potencia perdida en la línea. El voltaje de línea se aumentará. El voltaje de línea más alto requerirá para 
seguridad un aumento en el aislamiento y la atención. 
 La figura 12.3-6a muestra el circuito equivalente por fase del circuito Y a Y balanceado de tres hilos que 
incluye los dos transformadores. Determine la potencia promedio transmitida por la fuente trifásica, transmitida 
a la carga trifásica y absorbida por la línea trifásica.

Solución
Para analizar el circuito equivalente por fase en la figura 12.3-6a, observe que

1.  El voltaje secundario del transformador de la izquierda es 10 veces el voltaje primario, es decir, 1 000 cos (377t).

2.  La impedancia conectada al secundario del transformador de la derecha se puede refl ejar al primario de este 
transformador al multiplicarla por 100. El resultado es un resistor de 4 000-� en serie con un inductor de 4-H.

Estas observaciones conducen al circuito de un enlace que se muestra en la figura 12.3-6b. La corriente de enlaces 
en este circuito es la corriente de línea del circuito trifásico. Esta corriente de línea se calcula como

IaA vð Þ ¼ 1000

4010þ j 377ð Þ 4:005ð Þ ¼ 0:2334ff�20:6� A
La corriente en el extremo con punto del secundario del transformador de la izquierda en la figura 12.3-6a es 
�IaA(v), de modo que la corriente en el extremo con punto del primario de este transformador es

Ia vð Þ ¼ �10 �IaA vð Þð Þ ¼ 2:334ff�20:6� A
La corriente en el extremo con punto del primario del transformador de la derecha es IaA(v) de modo que la 
corriente en el extremo con punto del secundario es

IA vð Þ ¼ � �10 IaA vð Þð Þ ¼ 2:334ff�20:6� A

1 000
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EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

La potencia transmitida por la fuente se calcula como

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

y

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

entonces

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

La potencia transmitida a la carga se calcula como

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

y

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

entonces

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

La potencia perdida en la línea se calcula como

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

y

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

entonces

E1C12_1 11/06/2009 570

EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

Ahora la fuente alimenta 98% de potencia y la transmite a la carga, perdiéndose solamente 2% en la línea.

EJERCICIO 12.3-1  Determine la potencia compleja transmitida a la carga trifásica de un 
circuito Y a Y de cuatro hilos como el que se muestra en la figura 12.3-1. Los voltajes de fasor de la 
fuente conectada a Y son Va 5 120 

E1C12_1 11/06/2009 561

Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. 
Las impedancias de carga son ZA 5 80 1 j50 V, ZB 5 80 1 j80 V y ZC 5 100 2 j25 V.

Respuesta: SA 5 129 1 j81 VA, SB 5 90 1 j90 VA, SC 5 136 2 j34 y S 5 355 1 j137 VA

EJERCICIO 12.3-2  Determine la potencia compleja transmitida a la carga trifásica de un 
circuito Y a Y de cuatro hilos como el que se muestra en la figura 12.3-1. Los voltajes de fasor de la 
fuente conectada a Y son Va 5 120 

E1C12_1 11/06/2009 561

Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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30°
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Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. 
Las impedancias de carga son ZA 5 ZB 5 ZC 5 40 1 j30 V.

Respuesta: SA 5 SB 5 SC 5 230 1 j173 y S 5 691 1 j518 VA

EJERCICIO 12.3-3  Determine la potencia compleja transmitida a la carga trifásica de un 
circuito Y a Y de tres hilos como el que se muestra en la figura 12.3-2. Los voltajes de fasor de la 
fuente conectada a Y son Va 5 120 

E1C12_1 11/06/2009 561

Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.

Three-Phase Voltages 561

 V rms, Vb 5 120 

E1C12_1 11/06/2009 561

Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. Las 
impedancias de carga son ZA 5 80 1 j50 V, ZB 5 80 1 j80 V y ZC 5 100 2 j25 V.

Respuesta intermedia: VnN 5 28.89 
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EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0�V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120�V rms. The load

impedances are ZA ¼ 80þ j50 V; ZB ¼ 80þ j80 V; and ZC ¼ 100� j25 V.

Answer:SA ¼ 129 þ j81 VA; SB ¼ 90 þ j90 VA; SC ¼ 136 � j34 VA,andS ¼ 355þ j137 VA

EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire

Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 ¼ VA and S ¼ 691þ j518 VA

EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120 ff120� V rms. The load

impedances are ZA ¼ 80þ j50V;ZB ¼ 80þ j80V; and ZC ¼ 100� j25V.

Intermediate Answer: VnN ¼ 28:89ff�150:5 V rms

Answer: S ¼ 392þ j142 VA

EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-

wire Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected

source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. The load

impedances are ZA ¼ ZB ¼ ZC ¼ 40þ j30V.

Answer: SA ¼ SB ¼ SC ¼ 230þ j173 VA and S ¼ 691þ j518 VA

The phase voltage at the load is

VAN vð Þ ¼ 40þ j 377ð Þ 0:04ð Þð ÞIA vð Þ ¼ 99:77ff0� V
The power delivered by the source is calculated as

Ia vð Þ ¼ 2:334ff�20:6� A and

Van vð Þ ¼ 100ff0� V so Pa ¼ 100ð Þ 2:334ð Þ
2

cos 20:6�ð Þ ¼ 109:2W

The power delivered to the load is calculated as

IA vð Þ ¼ 2:334ff�20:6� A and RA ¼ 40 V; so PA ¼ 2:3342

2
40 ¼ 108:95W

The power lost in the line is calculated as

IaA vð Þ ¼ 0:2334ff�20:6� A and RaA ¼ 10 V; so PA ¼ 0:23342

2
10 ¼ 0:27W

Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line.

570 Three-Phase Circuits

 V rms

Respuesta: S 5 392 1 j142 VA

EJERCICIO 12.3-4  Determine la potencia compleja transmitida a la carga trifásica de un 
circuito Y a Y de tres hilos como el que se muestra en la figura 12.3-2. Los voltajes de fasor de la 
fuente conectada a Y son Va 5 120 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms

–
+
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–

+

+

+
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. 
Las impedancias son ZA 5 ZB 5 ZC 5 40 1 j30 V.

Respuesta: SA 5 SB 5 SC 5 230 1 j173 VA y S 5 691 5 j518 VA
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12.4 F U E N T E  Y  C A R G A  C O N E C TA D A S  A  D

En la figura 12.2-5b se muestra la fuente conectada a D. Sin embargo, esta conexión generadora se 
usa poco en la práctica porque cualquier pequeño desbalance en la magnitud o en la fase no dará por 
resultado una suma cero. El resultado será una gran corriente circulando por las bobina del generador, 
que calentará el generador y disminuirá su eficiencia. Por ejemplo, considere la condición

 

E1C12_1 11/06/2009 571

12.4 THE D- CONNECTED SOURCE AND LOAD

The D-connected source is shown in Figure 12.2-5b. This generator connection, however, is seldom

used in practice because any slight imbalance in magnitude or phase of the three-phase voltages will

not result in a zero sum. The result will be a large circulating current in the generator coils that will heat

the generator and depreciate the efficiency of the generator. For example, consider the condition

Vab ¼ 120ff0�
Vbc ¼ 120:1ff�121�

Vca ¼ 120:2ff121�
ð12:4-1Þ

If the total resistance around the loop is 1 V, we can calculate the circulating current as

I ¼ Vab þ Vbc þ Vcað Þ=1
¼ 120þ 120:1 �0:515� j0:857ð Þ þ 120:2 �0:515þ j0:857ð Þ
ffi 120� 1:03 120:15ð Þ
ffi �3:75 A

ð12:4-2Þ

which would be unacceptable.

Therefore, we will consider only a Y-connected source as practical at the source side and

consider both the D-connected load and the Y-connected load at the load side.

The D-to-Y and Y-to-D transformations convert D-connected loads to equivalent Y-connected

loads and vice versa. These transformations are summarized in Table 12.4-1. Given the impedances,

Z1,Z2,Z3 of aD-connected load, Table 12.4-1 provides the formulas that are required to determine the

impedances, ZA, ZB, ZC, of the equivalent Y-connected load. These three-phase loads are said to be

equivalent because replacing the D-connected load by the Y-connected load will not change any of the
voltages or currents of the three-phase source or three-phase line.

The D-to-Y and Y-to-D transformations are significantly simpler when the loads are balanced.

Suppose the D-connected load is balanced, that is, Z1 ¼ Z2 ¼ Z3 ¼ ZD. The equivalent Y-connected

Table 12.4-1 Y-to-D and D-to-Y Conversions

DESCRIPTION CIRCUIT
CONVERSION

FORMULAS (UNBALANCED)
CONVERSION

FORMULAS (BALANCED)

Y-connected load

ZC

A B

C

N

ZBZA

Z1Z3

Z1 + Z2 + Z3
ZA =

Z2Z3

Z1 + Z2 + Z3
ZB =

Z1Z2

Z1 + Z2 + Z3
ZC =

ZΔ
3

Z1 = Z2 = Z3 = ZΔ

When

ZA = ZB = ZC =
then

D-connected load

A B

C

Z2Z1

Z3

ZAZB + ZBZC + ZAZC

ZC
Z3 =

ZAZB + ZBZC + ZAZC

ZA 
Z2 =

ZAZB + ZBZC + ZAZC

ZB 
Z1 =

ZA = ZB = ZC = ZY

When

Z1 = Z2 = Z3 = 3ZY 
then
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 (12.4-1)

Si la resistencia total en torno al circuito cerrado es 1 V, podemos calcular la corriente circulante como
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12.4 THE D- CONNECTED SOURCE AND LOAD

The D-connected source is shown in Figure 12.2-5b. This generator connection, however, is seldom

used in practice because any slight imbalance in magnitude or phase of the three-phase voltages will

not result in a zero sum. The result will be a large circulating current in the generator coils that will heat

the generator and depreciate the efficiency of the generator. For example, consider the condition

Vab ¼ 120ff0�
Vbc ¼ 120:1ff�121�

Vca ¼ 120:2ff121�
ð12:4-1Þ

If the total resistance around the loop is 1 V, we can calculate the circulating current as

I ¼ Vab þ Vbc þ Vcað Þ=1
¼ 120þ 120:1 �0:515� j0:857ð Þ þ 120:2 �0:515þ j0:857ð Þ
ffi 120� 1:03 120:15ð Þ
ffi �3:75 A

ð12:4-2Þ

which would be unacceptable.

Therefore, we will consider only a Y-connected source as practical at the source side and

consider both the D-connected load and the Y-connected load at the load side.

The D-to-Y and Y-to-D transformations convert D-connected loads to equivalent Y-connected

loads and vice versa. These transformations are summarized in Table 12.4-1. Given the impedances,

Z1,Z2,Z3 of aD-connected load, Table 12.4-1 provides the formulas that are required to determine the

impedances, ZA, ZB, ZC, of the equivalent Y-connected load. These three-phase loads are said to be

equivalent because replacing the D-connected load by the Y-connected load will not change any of the
voltages or currents of the three-phase source or three-phase line.

The D-to-Y and Y-to-D transformations are significantly simpler when the loads are balanced.

Suppose the D-connected load is balanced, that is, Z1 ¼ Z2 ¼ Z3 ¼ ZD. The equivalent Y-connected

Table 12.4-1 Y-to-D and D-to-Y Conversions

DESCRIPTION CIRCUIT
CONVERSION

FORMULAS (UNBALANCED)
CONVERSION

FORMULAS (BALANCED)

Y-connected load

ZC

A B

C

N

ZBZA

Z1Z3

Z1 + Z2 + Z3
ZA =

Z2Z3

Z1 + Z2 + Z3
ZB =

Z1Z2

Z1 + Z2 + Z3
ZC =

ZΔ
3

Z1 = Z2 = Z3 = ZΔ

When

ZA = ZB = ZC =
then

D-connected load

A B

C

Z2Z1

Z3

ZAZB + ZBZC + ZAZC

ZC
Z3 =

ZAZB + ZBZC + ZAZC

ZA 
Z2 =

ZAZB + ZBZC + ZAZC

ZB 
Z1 =

ZA = ZB = ZC = ZY

When

Z1 = Z2 = Z3 = 3ZY 
then
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 (12.4-2)

lo cual sería inaceptable.
 Por consiguiente, solamente consideraremos práctica una fuente conectada a Y por el lado de la 
fuente, y la carga conectada a D y a Y por el lado de la carga.
 Las transformaciones D a Y y Y a D convierten las cargas conectadas a D en cargas equivalentes 
conectadas a Y y viceversa. Dichas transformaciones se resumen en la tabla 12.4-1. Dadas las impe-
dancias Z1, Z2, Z3 de una carga conectada a D, la tabla 12.4-1 proporciona las fórmulas requeridas para 
determinar las impedancias ZA, ZB, ZC de la carga equivalente conectada a Y. Se dice que estas cargas 
trifásicas deben ser equivalentes porque al reemplazar la carga conectada a D por la carga conectada a Y 
no habrá cambio alguno en los voltajes ni en las corrientes de la fuente trifásica o de la línea trifásica.
 Las transformaciones D a Y y Y a D son significativamente más sencillas cuando las cargas están 
balanceadas. Suponga que la carga D está balanceada, es decir, Z1 5 Z2 5 Z3 5 ZD. La carga equivalente 

Tabla 12.4-1 Conversiones Y a D y D a Y

 
 
DESCRIPCIÓN

 
 

CIRCUITO

FÓRMULAS DE  
CONVERSIÓN 

(NO BALANCEADAS)

FÓRMULAS DE  
CONVERSIÓN 

(BALANCEADAS)

Carga conectada a Y

ZC

A B

C

N

ZBZA
Z1Z3

Z1 + Z2 + Z3
ZA =

Z2Z3

Z1 + Z2 + Z3
ZB =

Z1Z2

Z1 + Z2 + Z3
ZC =

Z∆
3

Z1 = Z2 = Z3 = Z∆

Cuando

ZA = ZB = ZC =
entonces

Carga conectada a D

A B

C

Z2Z1

Z3

ZAZB + ZBZC + ZAZC

ZC
Z3 =

ZAZB + ZBZC + ZAZC

ZA 
Z2 =

ZAZB + ZBZC + ZAZC

ZB 
Z1 =

ZA = ZB = ZC = ZY

Cuando

Z1 = Z2 = Z3 = 3ZY 
entonces
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La figura 12.4-1a muestra una carga trifásica que consta de una conexión en paralelo de una carga conectada a Y 
y conectada a D. Convierta esta carga en una carga equivalente conectada a Y.

(b)

80 + j60 Ω

82.5 + j100 Ω 108 + j99 Ω

110 + j133 Ω

80 + j80 Ω60 + j80 Ω

(a)

80 + j60 Ω
30 + j40 Ω

30 + j30 Ω

40 + j40 Ω

80 + j80 Ω60 + j80 Ω

A
B

C

A

B

C

(c) (d)

47 + j42.5 Ω
13 + j14.6 Ω

12.6 + j15 Ω

17 + j14 Ω

46 + j44 Ω35 + j44.5 Ω

A
B

C

A
B

C

 

FIGURA 12.4-1 Ejemplo de conversiones 
Y-D. (a) Cargas en paralelo conectadas 
a Y y a D. (b) La carga conectada a Y 
se convierte en carga conectada a D. 
(c) Las cargas en paralelo conectadas a 
D son reemplazadas por una única carga 
equivalente conectada a D. (d) La carga 
conectada a D se convierte en una 
carga conectada a Y.

conectada a Y también estará balanceada, por lo tanto, ZA 5 ZB 5 ZC 5 ZY. Entonces tenemos
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load will also be balanced, so ZA ¼ ZB ¼ ZC ¼ ZY. Then, we have

ZY ¼ ZD

3
ð12:4-3Þ

Therefore, if we have a Y-connected source and a balanced D-connected load with ZD, we convert the

D load to a Y load with ZY ¼ ZD=3. Then the line current is

IA ¼ Va

ZY
¼ 3Va

ZD
ð12:4-4Þ

Thus, we will consider only the Y-to-Y configuration. If the Y-to-D configuration is encoun-

tered, the D-connected load is converted to a Y-connected load equivalent, and the resulting currents

and voltages are calculated.

E X A M P L E 1 2 . 4 - 1 Y and D Connected Loads

Figure 12.4-1a shows a three-phase load that consists of a parallel connection of a Y-connected and D-connected
load. Convert this load to an equivalent Y-connected load.

(b)

80 + j60 Ω

82.5 + j100 Ω 108 + j99 Ω

110 + j133 Ω

80 + j80 Ω60 + j80 Ω

(a)

80 + j60 Ω
30 + j40 Ω

30 + j30 Ω

40 + j40 Ω

80 + j80 Ω60 + j80 Ω
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B

C

A

B

C

(c) (d)

47 + j42.5 Ω
13 + j14.6 Ω

12.6 + j15 Ω

17 + j14 Ω

46 + j44 Ω35 + j44.5 Ω

A
B

C

A
B

C

FIGURE 12.4-1 Example of Y-D

conversions. (a) Parallel Y-connected

and D-connected loads. (b) The

Y-connected load is converted to a

D-connected load. (c) The parallel

D-connected loads are replaced by a

single equivalent D-connected load.

(d) The D-connected load is converted

to a Y-connected load.
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Por consiguiente, si tenemos una fuente conectada a Y y una carga balanceada conectada a D con ZD, 
convertimos la carga D en una carga Y con ZY 5 ZD >3. Entonces la corriente es
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load will also be balanced, so ZA ¼ ZB ¼ ZC ¼ ZY. Then, we have

ZY ¼ ZD

3
ð12:4-3Þ

Therefore, if we have a Y-connected source and a balanced D-connected load with ZD, we convert the

D load to a Y load with ZY ¼ ZD=3. Then the line current is

IA ¼ Va

ZY
¼ 3Va

ZD
ð12:4-4Þ

Thus, we will consider only the Y-to-Y configuration. If the Y-to-D configuration is encoun-

tered, the D-connected load is converted to a Y-connected load equivalent, and the resulting currents

and voltages are calculated.

E X A M P L E 1 2 . 4 - 1 Y and D Connected Loads

Figure 12.4-1a shows a three-phase load that consists of a parallel connection of a Y-connected and D-connected
load. Convert this load to an equivalent Y-connected load.

(b)

80 + j60 Ω

82.5 + j100 Ω 108 + j99 Ω

110 + j133 Ω

80 + j80 Ω60 + j80 Ω

(a)

80 + j60 Ω
30 + j40 Ω

30 + j30 Ω

40 + j40 Ω

80 + j80 Ω60 + j80 Ω

A
B

C

A
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(c) (d)

47 + j42.5 Ω
13 + j14.6 Ω

12.6 + j15 Ω

17 + j14 Ω

46 + j44 Ω35 + j44.5 Ω

A
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FIGURE 12.4-1 Example of Y-D

conversions. (a) Parallel Y-connected

and D-connected loads. (b) The

Y-connected load is converted to a

D-connected load. (c) The parallel

D-connected loads are replaced by a

single equivalent D-connected load.

(d) The D-connected load is converted

to a Y-connected load.
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 De esta forma consideraremos solamente la configuración Y a Y. Si nos encontráramos con la 
configuración Y a D, la carga conectada a D se convierte en carga equivalente conectada a Y, y se 
calculan las corrientes y los voltajes que resulten.

E j E m p l o  1 2 . 4 - 1  Cargas conectadas a Y y D
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Solución
Primero, convierta la carga conectada a Y en una carga conectada a � como se muestra en la figura 12.4-1b. 
Observe, por ejemplo, en la figura 12.4-1b, que ambas cargas conectadas a � tienen una impedancia conectada 
entre las terminales A y B. Estas impedancias están en paralelo y se pueden reemplazar por una impedancia equi-
valente única. Reemplace las cargas en paralelo conectadas a � por una carga equivalente conectada a �, como 
se muestra en la figura 12.4-1c. Por último, convierta la carga conectada a � en una carga conecta a Y, como se 
muestra en la figura 12.4-1d.

12.5 C I R C U I T O  Y  A  �

Ahora consideremos el circuito Y a � que se muestra en la figura 12.5-1. Aplicar la KCL en los nodos 
de la carga conectada a � muestra que la relación entre las corrientes de línea y las corrientes de fasor es

y 

IaA ¼ IAB � ICA

IbB ¼ IBC � IAB

IcC ¼ ICA � IBC  (12.5-1)

El objetivo es calcular las corrientes de línea y de fasor para la carga.
 Las corrientes de fasor en la carga conectada a � se pueden calcular a partir de los voltajes de 
línea a línea. Estos voltajes de línea a línea aparecen directamente a través de las impedancias de la 
carga conectada a �. Por ejemplo, VAB aparece a través de Z3, por lo tanto,

 
IAB ¼ VAB

Z3
 (12.5-2)

Del mismo modo, 
 

ICA ¼ VCA

Z2
e IBC ¼ VBC

Z1
 (12.5-3)

 Cuando la carga está balanceada, las corrientes de fasor en la carga tienen la misma magnitud 
y ángulos fasoriales que difieren por 120°. Por ejemplo, si la fuente trifásica tiene la secuencia abc, e 

+
–

+
–+

–

IbB

IAB

IBC

ICA

IcC

Cc

a

n

b
A

B

IaA

Vb

Z3

Z2Z1

Va

Vc

VAB +–

VBC VCA

+ –

– +

FIGURA 12.5-1 Un circuito trifásico Y a �.
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30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURA 12.5-2 Diagrama de fasores para corrientes de una carga D.

IAB 5 I 
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms

574 Three-Phase Circuits
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E1C12_1 11/06/2009 574

IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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Por consiguiente, 
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms

574 Three-Phase Circuits

 (12.5-5)
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.
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FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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 veces la magnitud de la corriente de fasor. Este resultado 
también se puede obtener del diagrama de fasores que se muestra en la figura 12.5-2. En una conexión 
D, la corriente de línea es 
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.
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FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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 veces la corriente de fasor y está desfasada 230°. El voltaje de línea a 
línea es igual al voltaje de fasor.

Considere el circuito trifásico que se muestra en la figura 12.5-1. Los voltajes de la fuente conectada a Y son
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.
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FIGURE 12.5-2 Phasor diagram for currents of a D load.
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Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
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obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
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times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase
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The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and
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Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3
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The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.
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The line-to-line voltages are calculated from the phase voltages of the source as
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Los voltajes de una carga conectada a � son iguales a los voltajes de línea a línea. Las corrientes de fasor son

IAB ¼ VAB

Z
¼ 220ff0�

10ff�50� ¼ 22ff50� A rms

IBC ¼ VBC

Z
¼ 220ff�120�

10ff�50� ¼ 22ff�70� A rms

ICA ¼ VCA

Z
¼ 220ff�240�

10ff�50� ¼ 22ff�190� A rms

Las corrientes de línea son

IaA ¼ IAB � ICA ¼ 22ff50� � 22ff�190� ¼ 22
ffiffiffi

3
p ff20� A rms

Entonces  IbB ¼ 22
ffiffiffi

3
p ff�100� A rcm y IcC ¼ 22

ffiffiffi

3
p ff�220� A rms

Las relaciones entre corrientes y voltaje para una carga � se resumen en la tabla 12.5-1.

EJERCICIO 12.5-1 Considere el circuito trifásico que se muestra en la figura 12.5-1. Los 
voltajes de la fuente conectada a Y son

Va ¼ 360
ffiffiffi

3
p ff�30� V rms, Vb ¼ 360

ffiffiffi

3
p ff�150� V rms y Vc ¼ 360

ffiffiffi

3
p ff90� V rms

La carga conectada a � está balanceada. La impedancia de cada fase es Z� � 180 ff45� �. Determine 
las corrientes de fasor y línea cuando el voltaje de línea a línea es de 360 V rms.

Respuesta parcial: IAB � 2 ff45� A rms e IaA � 3.46 ff15� A rms

Tabla 12.5-1 La corriente y voltaje para una carga �

Voltajes de fasor
Voltajes de línea a línea

Corrientes de fasor

Corrientes de línea

VAB ¼ VABff0�
VAB ¼ VL linear voltage ¼ phase voltageð Þ

IAB ¼ VAB

ZP

¼ VL

ZD
¼ Ipff�u

with ZP ¼ Z=u

IBC ¼ IABff�120�
ICA ¼ IABff�240�
IA ¼

ffiffiffi

3
p

Ipff�u � 30�

IB ¼
ffiffiffi

3
p

Ipff�u � 150�

IC ¼
ffiffiffi

3
p

Ipff�u þ 90�

IL ¼
ffiffiffi

3
p

Ip

Nota: L � línea; p � fase.

con

1voltaje lineal � voltaje de fasor2
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12.6 C I R C U I T O S  T R I FÁ S I C O S  B A L A N C E A D O S

Sólo tenemos dos posibles configuraciones prácticas para circuitos trifásicos, Y a Y y Y a D, y poste-
riormente podemos convertir ésta a la forma Y a Y. Por lo tanto, un circuito trifásico práctico siempre 
se puede convertir al circuito Y a Y.
 Los circuitos balanceados son más fáciles de analizar que los no balanceados. Ya antes vimos 
que los circuitos trifásicos Y a Y se pueden analizar utilizando el circuito equivalente por fase.
 El circuito que se muestra en la figura 12.6-1a es un circuito Y a D balanceado. La figura 12.6-1b 
muestra el circuito Y a Y equivalente, en el cual

E1C12_1 11/06/2009 576

12.6 BA LANCED THREE - PHASE C I RCU I TS

We have only two possible practical configurations for three-phase circuits, Y-to-Y and Y-to-D, and
we can convert the latter to a Y-to-Y form. Thus, a practical three-phase circuit can always be

converted to the Y-to-Y circuit.

Balanced circuits are easier to analyze than unbalanced circuits. Earlier, we saw that balanced

three-phase Y-to-Y circuits can be analyzed using a per-phase equivalent circuit.

The circuit shown in Figure 12.6-1a is a balanced Y-to-D circuit. Figure 12.6-1b shows the

equivalent Y-to-Y circuit in which

ZY ¼ ZD

3

This Y-to-Y circuit can be analyzed using the per-phase equivalent circuit shown in Figure

12.6-1c.

+
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FIGURE 12.6-1 (a) A Y-to-D circuit, (b) the equivalent Y-to-Y circuit, and (c) the per-phase equivalent circuit.
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Este circuito Y a Y se puede analizar utilizando el circuito equivalente por fase que se muestra en la 
figura 12.6-1c.

+
–

+
–

IbB

IAB

IBC ICA

IcC

Cc

a

n

b B
A

IaA

Vb
Z∆

ZL

Z∆Z∆

Va

Vc

ZL

ZL

(a)

+
–

+
–

+
–

IbB

IcC

VNn

Cc

a

n

N

b B
A

IaA

Vb

ZL

Va

Vc

ZL

ZL

(b)

+
–

+–

ZY ZY

ZY
IaA

(c)

N

A

n

a ZL

ZY
+
–Va

VAN

+

–

FIGURA 12.6-1 (a) Circuito Y a D, (b) el circuito Y a Y equivalente y, (c) el circuito equivalente por fase.

M12_DORF_1571_8ED_SE_558-593.indd   576 4/12/11   8:26 PM



Circuitos Eléctricos - Dorf Alfaomega

 Circuitos trifásicos balanceados 577

E J E M P L O  1 2 . 6 - 1  Circuito equivalente por fase

La figura 12.6-1a muestra un circuito trifásico Y a � balanceado. Los voltajes de fasor de la fuente conectada a 
Y son Va � 110 ff0� V rms, Vb � 110 ff�120� V rms y Vc � 110 

gff120� V rms. Las impedancias de línea son 
ZL � 10 � j5 �. Las impedancias de carga conectada a � son Z� � 75 � j225 �. Determine las corrientes de 
fasor en la carga conectada a �.

Solución
Convierta la carga conectada a � en carga conectada a Y utilizando la transformación � a Y resumida en la tabla 
12.4-1. Las impedancias de la carga conectada a Y equivalente balanceada son

ZY ¼ 75þ j225

3
¼ 25þ j75 V

En la figura 12.6-1c se muestra el circuito equivalente por fase para el circuito Y a Y. La corriente de línea está 
dada por

 
IaA ¼ Va

ZL þ ZY
¼ 110ff0�

10þ j5ð Þ þ 25þ j75ð Þ ¼ 1:26ff�66� A rms (12.6-1)

La corriente de línea, IaA, calculada utilizando el circuito equivalente por fase, también es la corriente de línea, IaA, 
en el circuito Y a Y , así como la corriente de línea, IaA, en el circuito Y a �. Las demás corrientes de línea en el 
circuito Y a Y balanceado tienen la misma magnitud aunque difieren por 120° en el ángulo fasorial. Estas corrientes 
de línea son

 IbB ¼ 1:26ff�186� A rms e IcC ¼ 1:26ff54� A rms 

Para comprobar el valor de IbB, aplique la KVL al circuito cerrado en el circuito Y a Y que empieza en el nodo n, 
pasa a través de los nodos b, B, N, y regresa al nodo n. La ecuación de KVL resultante es

Vb � ZLIbB � ZYIbB � VNn

Como el circuito está balanceado, VNn � 0. Despejar IbB da

 
IbB ¼ Vb

ZL þ ZY
¼ 110ff�120�

10þ j5ð Þ þ 25þ j75ð Þ ¼ 1:26ff�186� A rms (12.6-2)

La comparación de las ecuaciones12.6-1 y 12.6-2 muestra que las corrientes de línea en el circuito Y a Y balan-
ceado tienen la misma magnitud pero difieren por 120° en el ángulo fasorial.
 Las corrientes de línea del circuito Y a � en la figura 12.6-1a son iguales a las corrientes de línea del circuito 
Y a Y en la figura 12.6-1b porque los circuitos Y a � y Y a Y son equivalentes.
 El voltaje VAN en el circuito equivalente por fase es

VAN ¼ IaAZY ¼ ð1:26ff�66�Þ 25þ j75ð Þ ¼ 99:6ff5� V rms

El voltaje VAN calculado utilizando el circuito equivalente por fase es también el voltaje de fasor, VAN, del circui-
to Y a Y. Los demás voltajes de fasor del circuito Y a Y balanceado tienen la misma magnitud pero difieren por 
120° en el ángulo fasorial. Estos voltajes de fasor son

 VBN ¼ 99:6ff�115� V rms y VCN ¼ 99:6ff125� V rms
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Los voltajes de línea a línea del circuito Y a Y se calculan como

E1C12_1 11/06/2009 578

EXERCISE 12.6-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼
110ff120� V rms. The line impedances are each ZL ¼ 10þ j25 V. The impedances of the D-
connected load are each ZD ¼ 150þ j270 V. Determine the phase currents in the D-connected load.

Answer: IAB ¼ 0:49ff�32:5� A rms, IBC ¼ 0:49ff�152:5� A rms, ICA ¼ 0:49ff87:5� A rms

12.7 I NSTANTANEOUS AND AVERAGE POWER IN A

BALANCED THREE - PHASE LOAD ____________________________________________________

One advantage of three-phase power is the smooth flow of energy to the load. Consider a balanced load

with resistance R. Then the instantaneous power is

p tð Þ ¼ v2ab
R

þ v2bc
R

þ v2ca
R

ð12:7-1Þ
where vab ¼ V cos vt, and the other two-phase voltages have a phase of �120�, respectively.

Furthermore,

cos2 at ¼ 1þ cos 2að Þ=2
Therefore,

p tð Þ ¼ V 2

2R
1þ cos 2vt þ 1þ cos 2 vt � 120�ð Þ þ 1þ cos 2 vt � 240�ð Þ½ �

¼ 3V 2

2R
þ V 2

2R
cos 2vt þ cos 2vt � 240�ð Þ þ cos 2vt � 480�ð Þ½ �

ð12:7-2Þ

The bracketed term is equal to zero for all time. Hence,

p tð Þ ¼ 3V 2

2R

The line-to-line voltages of the Y-to-Y circuit are calculated as

VAB ¼ VAN � VBN ¼ 99:5ff5� � 99:5ff�115� ¼ 172ff35� V rms

VBC ¼ VBN � VCN ¼ 99:5ff�115� � 99:5ff125� ¼ 172ff�85� V rms

VCA ¼ VCN � VAN ¼ 99:5ff125� � 99:5ff5� ¼ 172ff155� V rms

The phase voltages of a D-connected load are equal to the line-to-line voltages. The phase currents are

IAB ¼ VAB

ZD
¼ 172ff35�

75þ j225
¼ 0:727ff�36� A rms

IBC ¼ VBC

ZD
¼ 172ff�85�

75þ j225
¼ 0:727ff�156� A rms

ICA ¼ VCA

ZD
¼ 172ff155�

75þ j225
¼ 0:727ff�84� A rms

578 Three-Phase Circuits

Los voltajes de fasor de una carga conectada a D son iguales a los voltajes de línea a línea. Las corrientes de fasor 
son
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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da a D son ZD 5 150 1 j270 V. Determine las corrientes de fasor en la carga conectada a D.
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EXERCISE 12.6-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼
110ff120� V rms. The line impedances are each ZL ¼ 10þ j25 V. The impedances of the D-
connected load are each ZD ¼ 150þ j270 V. Determine the phase currents in the D-connected load.

Answer: IAB ¼ 0:49ff�32:5� A rms, IBC ¼ 0:49ff�152:5� A rms, ICA ¼ 0:49ff87:5� A rms

12.7 I NSTANTANEOUS AND AVERAGE POWER IN A

BALANCED THREE - PHASE LOAD ____________________________________________________

One advantage of three-phase power is the smooth flow of energy to the load. Consider a balanced load

with resistance R. Then the instantaneous power is

p tð Þ ¼ v2ab
R

þ v2bc
R

þ v2ca
R

ð12:7-1Þ
where vab ¼ V cos vt, and the other two-phase voltages have a phase of �120�, respectively.

Furthermore,

cos2 at ¼ 1þ cos 2að Þ=2
Therefore,

p tð Þ ¼ V 2

2R
1þ cos 2vt þ 1þ cos 2 vt � 120�ð Þ þ 1þ cos 2 vt � 240�ð Þ½ �

¼ 3V 2

2R
þ V 2

2R
cos 2vt þ cos 2vt � 240�ð Þ þ cos 2vt � 480�ð Þ½ �

ð12:7-2Þ

The bracketed term is equal to zero for all time. Hence,

p tð Þ ¼ 3V 2

2R

The line-to-line voltages of the Y-to-Y circuit are calculated as

VAB ¼ VAN � VBN ¼ 99:5ff5� � 99:5ff�115� ¼ 172ff35� V rms

VBC ¼ VBN � VCN ¼ 99:5ff�115� � 99:5ff125� ¼ 172ff�85� V rms

VCA ¼ VCN � VAN ¼ 99:5ff125� � 99:5ff5� ¼ 172ff155� V rms

The phase voltages of a D-connected load are equal to the line-to-line voltages. The phase currents are

IAB ¼ VAB

ZD
¼ 172ff35�

75þ j225
¼ 0:727ff�36� A rms

IBC ¼ VBC

ZD
¼ 172ff�85�

75þ j225
¼ 0:727ff�156� A rms

ICA ¼ VCA

ZD
¼ 172ff155�

75þ j225
¼ 0:727ff�84� A rms
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Una ventaja de la potencia trifásica es el flujo suave de la energía hacia la carga. Considere una carga 
balanceada con resistencia R. Entonces la potencia instantánea es
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 (12.7-1)

donde vab 5 V cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t, y los demás voltajes bifásicos tienen una fase de 
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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120°, respectivamente. 
Además,
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EXERCISE 12.6-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼
110ff120� V rms. The line impedances are each ZL ¼ 10þ j25 V. The impedances of the D-
connected load are each ZD ¼ 150þ j270 V. Determine the phase currents in the D-connected load.

Answer: IAB ¼ 0:49ff�32:5� A rms, IBC ¼ 0:49ff�152:5� A rms, ICA ¼ 0:49ff87:5� A rms

12.7 I NSTANTANEOUS AND AVERAGE POWER IN A

BALANCED THREE - PHASE LOAD ____________________________________________________

One advantage of three-phase power is the smooth flow of energy to the load. Consider a balanced load

with resistance R. Then the instantaneous power is

p tð Þ ¼ v2ab
R

þ v2bc
R

þ v2ca
R

ð12:7-1Þ
where vab ¼ V cos vt, and the other two-phase voltages have a phase of �120�, respectively.

Furthermore,

cos2 at ¼ 1þ cos 2að Þ=2
Therefore,

p tð Þ ¼ V 2

2R
1þ cos 2vt þ 1þ cos 2 vt � 120�ð Þ þ 1þ cos 2 vt � 240�ð Þ½ �

¼ 3V 2

2R
þ V 2

2R
cos 2vt þ cos 2vt � 240�ð Þ þ cos 2vt � 480�ð Þ½ �

ð12:7-2Þ

The bracketed term is equal to zero for all time. Hence,

p tð Þ ¼ 3V 2

2R

The line-to-line voltages of the Y-to-Y circuit are calculated as

VAB ¼ VAN � VBN ¼ 99:5ff5� � 99:5ff�115� ¼ 172ff35� V rms

VBC ¼ VBN � VCN ¼ 99:5ff�115� � 99:5ff125� ¼ 172ff�85� V rms

VCA ¼ VCN � VAN ¼ 99:5ff125� � 99:5ff5� ¼ 172ff155� V rms

The phase voltages of a D-connected load are equal to the line-to-line voltages. The phase currents are

IAB ¼ VAB

ZD
¼ 172ff35�

75þ j225
¼ 0:727ff�36� A rms

IBC ¼ VBC

ZD
¼ 172ff�85�

75þ j225
¼ 0:727ff�156� A rms

ICA ¼ VCA

ZD
¼ 172ff155�

75þ j225
¼ 0:727ff�84� A rms
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El término entre corchetes es igual a cero para todo tiempo. Así, pues,
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 Potencias promedio e instantánea en una carga trifásica balanceada 579

La potencia instantánea transmitida a una carga trifásica balanceada es una constante.

 La potencia total transmitida a una carga trifásica balanceada se puede calcular utilizando el 
circuito equivalente por fase. Por ejemplo, multiplicamos por 3 la potencia compleja transmitida a una 
carga en el circuito equivalente para obtener la potencia compleja total transmitida a la carga trifásica 
balanceada correspondiente.
 Considere, una vez más, la figura 12.6-1. En la figura 12.6-1a se muestra un circuito Y a D ba-
lanceado, y en la figura 12.6-1b se muestra el circuito Y a Y equivalente, el cual se obtuvo utilizando 
la transformación D a Y que se resume en la tabla 12.4-1. En la figura 12.6-1c se muestra el circuito 
equivalente por fase correspondiente al circuito Y a Y. El voltaje VAN 5 VP 
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The instantaneous power delivered to a balanced three-phase load is a constant.

The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced

three-phase load.

Consider, again, Figure 12.6-1. Figure 12.6-1a shows a balanced Y-to-D circuit. Figure 12.6-

1b shows the equivalent Y-to-Y circuit, obtained using the D-to-Y transformation summarized in

Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y

circuit. The voltage VAN ¼ VPffuAV and the current IaA ¼ ILffuAI are obtained using per-phase

equivalent circuit. The voltage VAN and the current IaA are the phase voltage and line current of the

Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the

line current equals the phase current and that the phase voltage is VP ¼ VL=
ffiffiffi
3

p
for the Y-load

configuration. Therefore,

P ¼ 3
VLffiffiffi
3

p IL cos u ¼
ffiffiffi
3

p
VLIL cos u ð12:7-4Þ

The total average power delivered to the D-connected load in Figure 12.6-1a is

P ¼ 3PAB ¼ 3VABIAB cos u ¼ 3
ffiffiffi
3

p
V P

� � ILffiffiffi
3

p cos u ¼ 3 VPIL cos u ð12:7-5Þ

In summary, the total average power delivered to the D-connected load in Figure 12.6-1a is equal to
the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. That’s

appropriate because the two circuits are equivalent. Notice that the information required to

calculate the power delivered to a balanced load, Y or D, is obtained from the per-phase equivalent

circuit.

E X A M P L E 1 2 . 7 - 1 Power Delivered to the Load

Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase voltages of the Y-connected source are

Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The line impedances are each

ZL ¼ 10þ j5V. The impedances of the D-connected load are each ZD ¼ 75þ j225 V. Determine the average

power delivered to the load.

Solution
This circuit was analyzed in Example 12.6-1. That analysis showed that

IaA ¼ 1:26ff�66� A rms

Instantaneous and Average Power in a Balanced Three-Phase Load 579

 y la corriente IaA 5 
IL 

E1C12_1 11/06/2009 579

The instantaneous power delivered to a balanced three-phase load is a constant.

The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced

three-phase load.

Consider, again, Figure 12.6-1. Figure 12.6-1a shows a balanced Y-to-D circuit. Figure 12.6-

1b shows the equivalent Y-to-Y circuit, obtained using the D-to-Y transformation summarized in

Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y

circuit. The voltage VAN ¼ VPffuAV and the current IaA ¼ ILffuAI are obtained using per-phase

equivalent circuit. The voltage VAN and the current IaA are the phase voltage and line current of the

Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the
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the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. That’s
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calculate the power delivered to a balanced load, Y or D, is obtained from the per-phase equivalent

circuit.
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ZL ¼ 10þ j5V. The impedances of the D-connected load are each ZD ¼ 75þ j225 V. Determine the average

power delivered to the load.

Solution
This circuit was analyzed in Example 12.6-1. That analysis showed that

IaA ¼ 1:26ff�66� A rms
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 se obtienen utilizando el circuito equivalente por fase. El voltaje VAN y la corriente IaA son 
el voltaje de fasor y la corriente de línea de la carga conectada a Y en la figura 12.6-1b. La potencia 
promedio total transmitida a la carga conectada a Y balanceada está dada por
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The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced
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Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y

circuit. The voltage VAN ¼ VPffuAV and the current IaA ¼ ILffuAI are obtained using per-phase

equivalent circuit. The voltage VAN and the current IaA are the phase voltage and line current of the

Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the

line current equals the phase current and that the phase voltage is VP ¼ VL=
ffiffiffi
3
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for the Y-load

configuration. Therefore,
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3
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 (12.7-3)

donde 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 es el factor de potencia, y 
VP e IP son los valores efectivos del voltaje de fasor y la corriente de línea.
 Es más fácil medir el voltaje de línea a línea y la corriente de línea de un circuito. Recuerde tam-
bién que la corriente de línea es igual a la corriente de fasor y que el voltaje de fasor es VP 5 VL >
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IAB ¼ Ifff, then ICA ¼ Ifffþ 120�. The line current IaA is calculated as

IaA ¼ IAB � ICA

¼ I cos fþ jI sin f� I cos fþ 120�ð Þ � jI sin fþ 120�ð Þ
¼ �2I sin fþ 60�ð Þ sin �60�ð Þ þ j2I cos fþ 60�ð Þ sin �60�ð Þ
¼ ffiffiffi

3
p

I [sin (fþ 60�)� j cos (fþ 60�)]
¼ ffiffiffi

3
p

I [cos (f� 30�)� j sin (f� 30�)]
¼ ffiffiffi

3
p

Ifff� 30� A

ð12:5-4Þ

Therefore,
jIaAj ¼

ffiffiffi
3

p
jIj ð12:5-5Þ

or IL ¼
ffiffiffi
3

p
Ip

and the line current magnitude is
ffiffiffi
3

p
times the phase current magnitude. This result can also be

obtained from the phasor diagram shown in Figure 12.5-2. In a D connection, the line current is
ffiffiffi
3

p
times the phase current and is displaced �30� in phase. The line-to-line voltage is equal to the phase

voltage.

30°

120°

30°
120°

IAB
–ICA

ICA

IA

FIGURE 12.5-2 Phasor diagram for currents of a D load.

E X A M P L E 1 2 . 5 - 1 Balanced Y-D Circuit

Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are

Va ¼ 220ffiffiffi
3

p ff�30� V rms; Vb ¼ 220ffiffiffi
3

p ff�150� V rms; and Vc ¼ 220ffiffiffi
3

p ff90� V rms

The D-connected load is balanced. The impedance of each phase is ZD ¼ 10ff�50� V. Determine the phase and

line currents.

Solution
The line-to-line voltages are calculated from the phase voltages of the source as

VAB ¼ Va � Vb ¼ 220ffiffiffi
3

p ff�30� � 220ffiffiffi
3

p ff�150� ¼ 220ff0� V rms

VBC ¼ Vb � Vc ¼ 220ffiffiffi
3

p ff�150� � 220ffiffiffi
3

p ff90� ¼ 220ff�120� V rms

VCA ¼ Vc � Va ¼ 220ffiffiffi
3

p ff90� � 220ffiffiffi
3

p ff�30� ¼ 220ff�240� V rms

574 Three-Phase Circuits
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E1C12_1 11/06/2009 579

The instantaneous power delivered to a balanced three-phase load is a constant.

The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced

three-phase load.
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Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the

line current equals the phase current and that the phase voltage is VP ¼ VL=
ffiffiffi
3

p
for the Y-load

configuration. Therefore,

P ¼ 3
VLffiffiffi
3

p IL cos u ¼
ffiffiffi
3

p
VLIL cos u ð12:7-4Þ

The total average power delivered to the D-connected load in Figure 12.6-1a is

P ¼ 3PAB ¼ 3VABIAB cos u ¼ 3
ffiffiffi
3

p
V P

� � ILffiffiffi
3

p cos u ¼ 3 VPIL cos u ð12:7-5Þ

In summary, the total average power delivered to the D-connected load in Figure 12.6-1a is equal to
the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. That’s

appropriate because the two circuits are equivalent. Notice that the information required to

calculate the power delivered to a balanced load, Y or D, is obtained from the per-phase equivalent

circuit.

E X A M P L E 1 2 . 7 - 1 Power Delivered to the Load

Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase voltages of the Y-connected source are

Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The line impedances are each

ZL ¼ 10þ j5V. The impedances of the D-connected load are each ZD ¼ 75þ j225 V. Determine the average

power delivered to the load.

Solution
This circuit was analyzed in Example 12.6-1. That analysis showed that

IaA ¼ 1:26ff�66� A rms
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 (12.7-4)

La potencia promedio total transmitida a la carga conectada a D en la figura 12.6-1a, es
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The instantaneous power delivered to a balanced three-phase load is a constant.

The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced

three-phase load.

Consider, again, Figure 12.6-1. Figure 12.6-1a shows a balanced Y-to-D circuit. Figure 12.6-

1b shows the equivalent Y-to-Y circuit, obtained using the D-to-Y transformation summarized in

Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y

circuit. The voltage VAN ¼ VPffuAV and the current IaA ¼ ILffuAI are obtained using per-phase

equivalent circuit. The voltage VAN and the current IaA are the phase voltage and line current of the

Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the

line current equals the phase current and that the phase voltage is VP ¼ VL=
ffiffiffi
3

p
for the Y-load

configuration. Therefore,

P ¼ 3
VLffiffiffi
3

p IL cos u ¼
ffiffiffi
3

p
VLIL cos u ð12:7-4Þ

The total average power delivered to the D-connected load in Figure 12.6-1a is

P ¼ 3PAB ¼ 3VABIAB cos u ¼ 3
ffiffiffi
3

p
V P

� � ILffiffiffi
3

p cos u ¼ 3 VPIL cos u ð12:7-5Þ

In summary, the total average power delivered to the D-connected load in Figure 12.6-1a is equal to
the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. That’s

appropriate because the two circuits are equivalent. Notice that the information required to

calculate the power delivered to a balanced load, Y or D, is obtained from the per-phase equivalent

circuit.

E X A M P L E 1 2 . 7 - 1 Power Delivered to the Load

Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase voltages of the Y-connected source are

Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The line impedances are each

ZL ¼ 10þ j5V. The impedances of the D-connected load are each ZD ¼ 75þ j225 V. Determine the average

power delivered to the load.

Solution
This circuit was analyzed in Example 12.6-1. That analysis showed that

IaA ¼ 1:26ff�66� A rms
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En resumen, la potencia promedio total transmitida a la carga conectada a D en la figura 12.6-1a es 
igual a la potencia promedio total transmitida a la carga balanceada conectada a Y en la figura 12.6-1b. 
Eso es adecuado porque los dos circuitos son equivalentes. Observe que la información requerida 
para calcular la potencia transmitida a una carga balanceada, Y o D, se obtiene a partir del circuito 
equivalente por fase.

E j E m p l o  1 2 . 7- 1  Potencia transmitida a la carga

La figura 12.6-1a muestra un circuito trifásico Y a D balanceado. Los voltajes de fasor de la fuente conectada a Y 
son Va 5 110 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms

–
+

Vab Vab

Ibc

Iab

Ic

Ica

Ia

IbVca

Vca

n

a
a

b

c
c

b

Vb

Va

Vc

Vbc

Vbc

–

–

–

+

+

+

+ –
+ – –+

+–

(b)(a)

+–

FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,
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called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. Las impedancias de línea son ZL 5 
10 1 j5 V. Las impedancias de carga conectada a D son ZD 5 75 1 j225 V. Determine la potencia promedio 
transmitida a la carga.

Solución
Este circuito ya se analizó en el ejemplo 12.6-1. Ese análisis mostró que
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The instantaneous power delivered to a balanced three-phase load is a constant.

The total power delivered to a balanced three-phase load can be calculated using the per-phase

equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase

equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced

three-phase load.

Consider, again, Figure 12.6-1. Figure 12.6-1a shows a balanced Y-to-D circuit. Figure 12.6-

1b shows the equivalent Y-to-Y circuit, obtained using the D-to-Y transformation summarized in

Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y

circuit. The voltage VAN ¼ VPffuAV and the current IaA ¼ ILffuAI are obtained using per-phase

equivalent circuit. The voltage VAN and the current IaA are the phase voltage and line current of the

Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-

connected load is given by

PY ¼ 3 PA ¼ 3 VPIL cos uAV � uAIð Þ ¼ 3 VPIL cos uð Þ ð12:7-3Þ
where u is the angle between the phase voltage and the line current, cos u is the power factor, and VP

and IP are effective values of the phase voltage and line current.

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the

line current equals the phase current and that the phase voltage is VP ¼ VL=
ffiffiffi
3

p
for the Y-load

configuration. Therefore,

P ¼ 3
VLffiffiffi
3

p IL cos u ¼
ffiffiffi
3

p
VLIL cos u ð12:7-4Þ

The total average power delivered to the D-connected load in Figure 12.6-1a is

P ¼ 3PAB ¼ 3VABIAB cos u ¼ 3
ffiffiffi
3

p
V P

� � ILffiffiffi
3

p cos u ¼ 3 VPIL cos u ð12:7-5Þ

In summary, the total average power delivered to the D-connected load in Figure 12.6-1a is equal to
the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. That’s

appropriate because the two circuits are equivalent. Notice that the information required to

calculate the power delivered to a balanced load, Y or D, is obtained from the per-phase equivalent

circuit.

E X A M P L E 1 2 . 7 - 1 Power Delivered to the Load

Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase voltages of the Y-connected source are

Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and Vc ¼ 110ff120� V rms. The line impedances are each

ZL ¼ 10þ j5V. The impedances of the D-connected load are each ZD ¼ 75þ j225 V. Determine the average

power delivered to the load.

Solution
This circuit was analyzed in Example 12.6-1. That analysis showed that

IaA ¼ 1:26ff�66� A rms
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V

580 Three-Phase Circuits

La potencia promedio total transmitida a la carga está dada por la ecuación 12.7-3 como

E1C12_1 11/06/2009 580

and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W
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impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP
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¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V

580 Three-Phase Circuits

Una carga trifásica balanceada recibe 15 kW a un factor de potencia de 0.8 de retardo cuando el voltaje de línea 
es 480 V rcm. Represente esta carga como una carga conectada a Y balanceada.

Solución
Representaremos la carga como tres impedancias conectadas a Y. Cada impedancia recibirá un tercio de la poten-
cia transmitida a la carga trifásica, 5 kW a un retardo de 0.8. La potencia compleja recibida por cada impedancia 
será
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as
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0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.
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The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure
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The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP
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¼ 6250ff36:9�

277fff
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¼ 22:56ff f� 36:9�ð ÞA rms
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as
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impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure
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A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W
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A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.
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FIGURE 10.2-3 Voltage and current of a circuit

element.
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, del voltaje de fasor no se ha especificado. Los voltajes a través de las tres impedancias de la carga 
tienen la misma magnitud pero ángulos diferentes. La corriente en cada una de las impedancias de carga está 
dada por
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P

pf
sin cos�1 pfð Þ� � ¼ 5þ j
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0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P
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sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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and VAN ¼ 99:6ff5� V rms

The total average power delivered to the load is given by Eq. 12.7-3 as

P ¼ 3 99:6ð Þ 1:26ð Þ cos 5� � �66�ð Þð Þ ¼ 122:6W

E X A M P L E 1 2 . 7 - 3 Three-Phase Circuit

A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line

impedances are each ZL ¼ 2þ j0:5V. The balanced three-phase load receives 15 kW at a power factor of

0.8 lagging, and the line voltage at the load is 480 V rms. Determine the required source voltage and the complex

power supplied by the three-phase source.

Solution
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of

Example 12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure

E X A M P L E 1 2 . 7 - 2 Three-Phase Load

A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms.

Represent this load as a balanced Y-connected load.

Solution
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of

the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance

will be

S ¼ Pþ j
P
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sin cos�1 pfð Þ� � ¼ 5þ j

5

0:8
sin cos�1 0:8ð Þ� � ¼ 5þ j3:75 kVA

The voltage across each impedance of the load will be phase voltage

VP ¼ VLj jffiffiffi
3

p fff ¼ 480ffiffiffi
3

p fff ¼ 277fff V rms

The angle, f, of the phase voltage has not been specified. The voltages across each of the three impedances of the

load have the same magnitude but different angles. The current in each of the load impedances is given by

I ¼ S

VP

� ��
¼ 6250ff36:9�

277fff
 !�

¼ 22:56ff f� 36:9�ð ÞA rms

Finally, the load impedance is given by

Z ¼ VP

I
¼ 277fff

22:56ff f� 36:9�ð Þ ¼ 12:28ff36:9� ¼ 9:82þ j7:37V
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Un circuito trifásico balanceado consta de una fuente conectada a Y conectada a una carga balanceada. Las impe-
dancias de línea son ZL 5 2 1 j0.5 V cada una. La carga trifásica balanceada recibe 15 kW a un factor de potencia 
de 0.8 de retardo, y el voltaje de línea de la carga es de 480 V rms. Determine el voltaje de fuente requerido y la 
potencia compleja alimentada por la fuente trifásica.

Solución
La carga trifásica en este ejemplo es la misma que encontramos en el ejemplo 12.7-2. Si tomamos los resulta-
dos de ese ejemplo, podemos representar este circuito trifásico, utilizando el circuito equivalente por fase que 

E j E m p l o  1 2 . 7- 2  La carga trifásica

E j E m p l o  1 2 . 7- 3  Circuito trifásico
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 Medición de potencia con dos vatímetros 581

se muestra en la figura 12.6-1c, con ZL 5 2 1 j0.5 V y ZY 5 9.82 1 j7.37 V. Como en el ejemplo 12.7-2, la 
corriente de línea depende de la potencia recibida por la carga y del voltaje de línea en la carga y está dada por

E1C12_1 11/06/2009 581

EXERCISE 12.7-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and

Vc ¼ 110ff120� V rms. The line impedances are each ZL ¼ 10þ j25V. The impedances of the

D-connected load are each ZD ¼ 150þ j 270V. Determine the average power delivered to the D-
connected load.

Intermediate Answer: IaA ¼ 0:848ff�62:5� A rms and VAN ¼ 87:3ff�1:5� V rms

Answer: P ¼ 107:9W

12.8 TWO -WATTMETER POWER MEASUREMENT

For many load configurations, for example, a three-phase motor, the phase current or voltage is

inaccessible. We may wish to measure power with a wattmeter connected to each phase. However,

because the phases are not available, we measure the line currents and the line-to-line voltages. A

wattmeter provides a reading of VLIL cos u where VL and IL are the rms magnitudes and u is the angle

between the line voltage, V, and the current, I. We choose to measure VL and IL, the line voltage and

current, respectively. We will show that two wattmeters are sufficient to read the power delivered to

the three-phase load, as shown in Figure 12.8-1. We use cc to denote current coil and vc to denote

voltage coil.

Wattmeter 1 reads

P1 ¼ VABIA cos u1 ð12:8-1Þ
and wattmeter 2 reads

P2 ¼ VCBIC cos u2 ð12:8-2Þ
For the abc phase sequence for a balanced load,

u1 ¼ u þ 30�

and

u2 ¼ u � 30� ð12:8-3Þ

12.6-1c with ZL ¼ 2þ j0:5V and ZY ¼ 9:82þ j7:37V. As in Example 12.7-2, the line current depends on the

power received by the load and the line voltage at the load and is given by

IaA ¼ 22:56ff f� 36:9�ð ÞA rms

where f has not been specified. Using KVL, the required source voltage can then be expressed as

Va ¼ ZL þ ZYð ÞIaA ¼ 2þ j0:5þ 9:82þ j7:37ð Þ22:56ff f� 36:9�ð Þ ¼ 320:6ff f� 3:3�ð ÞV rms

The complex power delivered by the three-phase source is

Ssource ¼ 3VaI
�
aA ¼ 3ð320:6ff f� 3:3�ð ÞÞð22:56ff f� 36:9�ð ÞÞ� ¼ 21:7ff33:6�

¼ 18:1þ j12:0 kVA

It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle f.

At this point, it may be convenient to specify that f ¼ 3:3� so that the Y-connected voltage sources will have

phase angles of 0�, 120�, and �120�.

Two-Wattmeter Power Measurement 581

donde no se ha especificado 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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EXERCISE 12.7-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and

Vc ¼ 110ff120� V rms. The line impedances are each ZL ¼ 10þ j25V. The impedances of the

D-connected load are each ZD ¼ 150þ j 270V. Determine the average power delivered to the D-
connected load.

Intermediate Answer: IaA ¼ 0:848ff�62:5� A rms and VAN ¼ 87:3ff�1:5� V rms

Answer: P ¼ 107:9W

12.8 TWO -WATTMETER POWER MEASUREMENT

For many load configurations, for example, a three-phase motor, the phase current or voltage is

inaccessible. We may wish to measure power with a wattmeter connected to each phase. However,

because the phases are not available, we measure the line currents and the line-to-line voltages. A

wattmeter provides a reading of VLIL cos u where VL and IL are the rms magnitudes and u is the angle

between the line voltage, V, and the current, I. We choose to measure VL and IL, the line voltage and

current, respectively. We will show that two wattmeters are sufficient to read the power delivered to

the three-phase load, as shown in Figure 12.8-1. We use cc to denote current coil and vc to denote

voltage coil.

Wattmeter 1 reads

P1 ¼ VABIA cos u1 ð12:8-1Þ
and wattmeter 2 reads

P2 ¼ VCBIC cos u2 ð12:8-2Þ
For the abc phase sequence for a balanced load,

u1 ¼ u þ 30�

and

u2 ¼ u � 30� ð12:8-3Þ

12.6-1c with ZL ¼ 2þ j0:5V and ZY ¼ 9:82þ j7:37V. As in Example 12.7-2, the line current depends on the

power received by the load and the line voltage at the load and is given by

IaA ¼ 22:56ff f� 36:9�ð ÞA rms

where f has not been specified. Using KVL, the required source voltage can then be expressed as

Va ¼ ZL þ ZYð ÞIaA ¼ 2þ j0:5þ 9:82þ j7:37ð Þ22:56ff f� 36:9�ð Þ ¼ 320:6ff f� 3:3�ð ÞV rms

The complex power delivered by the three-phase source is

Ssource ¼ 3VaI
�
aA ¼ 3ð320:6ff f� 3:3�ð ÞÞð22:56ff f� 36:9�ð ÞÞ� ¼ 21:7ff33:6�

¼ 18:1þ j12:0 kVA

It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle f.

At this point, it may be convenient to specify that f ¼ 3:3� so that the Y-connected voltage sources will have

phase angles of 0�, 120�, and �120�.

Two-Wattmeter Power Measurement 581

La potencia compleja transmitida por la fuente trifásica es

Sfuente
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power received by the load and the line voltage at the load and is given by

IaA ¼ 22:56ff f� 36:9�ð ÞA rms

where f has not been specified. Using KVL, the required source voltage can then be expressed as

Va ¼ ZL þ ZYð ÞIaA ¼ 2þ j0:5þ 9:82þ j7:37ð Þ22:56ff f� 36:9�ð Þ ¼ 320:6ff f� 3:3�ð ÞV rms

The complex power delivered by the three-phase source is
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aA ¼ 3ð320:6ff f� 3:3�ð ÞÞð22:56ff f� 36:9�ð ÞÞ� ¼ 21:7ff33:6�

¼ 18:1þ j12:0 kVA

It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle f.

At this point, it may be convenient to specify that f ¼ 3:3� so that the Y-connected voltage sources will have

phase angles of 0�, 120�, and �120�.
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Vale la pena observar que la potencia alimentada por la fuente trifásica no depende de un ángulo 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.

Im

Vm Vm sin   t

Im sin (  t +  )

t

T

ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.

Sinusoidal Sources 417

 no especifica-
do. En este punto, puede ser conveniente especificar que 

E1C10_1 11/26/2009 417

The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.

Im

Vm Vm sin   t

Im sin (  t +  )

t

T

ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.

Sinusoidal Sources 417

 5 3.3°, de modo que las fuentes de voltaje conectadas 
a Y tendrán ángulos fasoriales de 0°, 120° y 2120°.

EJERCICIO 12.7-1  La figura 12.6-1a muestra un circuito trifásico Y a D balanceado. Los 
voltajes de fasor de la fuente conectada a Y son Va 5 110 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.
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Then

IaA ¼ V p

Z
ff�u; IbB ¼ V p

Z
ff�u � 120�; and IcC ¼ V p

Z
ff�u þ 120� ð12:3-4Þ

The line currents have equal magnitudes and differ in phase by 120�. IbB and IcC can be calculated

from IaA by subtracting and adding 120� to the phase angle of IaA.

The current in the wire connecting the neutral node of the source to the neutral node of the load is

INn ¼ IaA þ IbB þ IcC ¼ V p

Zffuðff10� þ 1ff�120� þ 1ff120�Þ
INn ¼ 0 ð12:3-5Þ

There is no current in the wire connecting the neutral node of the source to the neutral node of the load.

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead

of peak values, the appropriate formulas for power are those given in the ‘‘rms values’’ column of

Table 12.1-1. The average power delivered to the load is

P ¼ PA þ PB þ PC ¼ V p
V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ þ V p

V p

Z
cos �uð Þ

P ¼ 3
V 2

p

Z
cos uð Þ ð12:3-6Þ

where, for example, PA is the average power absorbed by ZA. Equal power is absorbed by each

impedance of the three-phase load, ZA, ZB, and ZC. It is not necessary to calculate PA, PB, and PC

separately. The average power delivered to the load can be determined by calculating PA and

multiplying by 3.

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of the

Y-connected source are Va ¼ V pff0� V rms, Vb ¼ V pff�120� V rms, and Vc ¼ V pff120� V rms.

The first step in the analysis of this circuit is to calculate VNn, the voltage at the neutral node of the

three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step

wasn’t needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced

VNn ¼ 0.) It is convenient to select node n, the neutral node of the three-phase source, to be the

reference node. ThenVa,Vb,Vc, andVNn are the node voltages of the circuit. Write a node equation at

node N to get

0 ¼ Va � VNn

ZA
þ Vb � VNn

ZB
þ Vc � VNn

ZC

¼ ðV pff0�Þ � VNn

ZA
þ ðV pff�120�Þ � VNn

ZB
þ ðV pff120�Þ � VNn

ZC

ð12:3-7Þ

Solving for VNn gives

VNn ¼ ðV pff�120�ÞZAZC þ ðV pff120�ÞZAZB þ ðV pff0�ÞZBZC

ZAZC þ ZAZB þ ZBZC
ð12:3-8Þ

Once VNn has been determined, the line currents can be calculated using

IaA ¼ Va � VNn

ZA
; IbB ¼ Vb � VNn

ZB
; and IcC ¼ Vc � VNn

ZC
ð12:3-9Þ
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 V rms. Las impedancias de línea son ZL 5 10 1 j5 V. Las impedancias de carga conectada 
a D son ZD 5 150 1 j270 V. Determine la potencia promedio transmitida a la carga conectada a D.

Respuesta intermedia: IaA 5 0.848 
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EXERCISE 12.7-1 Figure 12.6-1a shows a balanced Y-to-D three-phase circuit. The phase

voltages of the Y-connected source are Va ¼ 110ff0� V rms, Vb ¼ 110ff�120� V rms, and

Vc ¼ 110ff120� V rms. The line impedances are each ZL ¼ 10þ j25V. The impedances of the

D-connected load are each ZD ¼ 150þ j 270V. Determine the average power delivered to the D-
connected load.

Intermediate Answer: IaA ¼ 0:848ff�62:5� A rms and VAN ¼ 87:3ff�1:5� V rms

Answer: P ¼ 107:9W

12.8 TWO -WATTMETER POWER MEASUREMENT

For many load configurations, for example, a three-phase motor, the phase current or voltage is

inaccessible. We may wish to measure power with a wattmeter connected to each phase. However,

because the phases are not available, we measure the line currents and the line-to-line voltages. A

wattmeter provides a reading of VLIL cos u where VL and IL are the rms magnitudes and u is the angle

between the line voltage, V, and the current, I. We choose to measure VL and IL, the line voltage and

current, respectively. We will show that two wattmeters are sufficient to read the power delivered to

the three-phase load, as shown in Figure 12.8-1. We use cc to denote current coil and vc to denote

voltage coil.

Wattmeter 1 reads

P1 ¼ VABIA cos u1 ð12:8-1Þ
and wattmeter 2 reads

P2 ¼ VCBIC cos u2 ð12:8-2Þ
For the abc phase sequence for a balanced load,

u1 ¼ u þ 30�

and

u2 ¼ u � 30� ð12:8-3Þ

12.6-1c with ZL ¼ 2þ j0:5V and ZY ¼ 9:82þ j7:37V. As in Example 12.7-2, the line current depends on the

power received by the load and the line voltage at the load and is given by

IaA ¼ 22:56ff f� 36:9�ð ÞA rms

where f has not been specified. Using KVL, the required source voltage can then be expressed as

Va ¼ ZL þ ZYð ÞIaA ¼ 2þ j0:5þ 9:82þ j7:37ð Þ22:56ff f� 36:9�ð Þ ¼ 320:6ff f� 3:3�ð ÞV rms

The complex power delivered by the three-phase source is

Ssource ¼ 3VaI
�
aA ¼ 3ð320:6ff f� 3:3�ð ÞÞð22:56ff f� 36:9�ð ÞÞ� ¼ 21:7ff33:6�

¼ 18:1þ j12:0 kVA

It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle f.

At this point, it may be convenient to specify that f ¼ 3:3� so that the Y-connected voltage sources will have

phase angles of 0�, 120�, and �120�.

Two-Wattmeter Power Measurement 581

 A rms y VAN 5 87.3 
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and
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12.6-1c with ZL ¼ 2þ j0:5V and ZY ¼ 9:82þ j7:37V. As in Example 12.7-2, the line current depends on the

power received by the load and the line voltage at the load and is given by

IaA ¼ 22:56ff f� 36:9�ð ÞA rms

where f has not been specified. Using KVL, the required source voltage can then be expressed as
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The complex power delivered by the three-phase source is

Ssource ¼ 3VaI
�
aA ¼ 3ð320:6ff f� 3:3�ð ÞÞð22:56ff f� 36:9�ð ÞÞ� ¼ 21:7ff33:6�

¼ 18:1þ j12:0 kVA

It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle f.

At this point, it may be convenient to specify that f ¼ 3:3� so that the Y-connected voltage sources will have

phase angles of 0�, 120�, and �120�.
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 V rms.

Respuesta: P 5 107.9 W

12.8 M E D I C I Ó N  D E  P OT E N C I A  C O N  D O S  VAT Í M E T R O S

Para muchas configuraciones de carga, por ejemplo un motor trifásico, la corriente o voltaje de fasor 
es inaccesible. Querríamos medir la potencia con un vatímetro conectado a cada fase. Sin embargo, 
dado que las fases no están disponibles medimos las corrientes de línea y los voltajes de línea a línea. 
Un vatímetro proporciona una lectura de VLIL cos 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 donde VL e IL son las magnitudes rcm y 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 es el 
ángulo entre el voltaje de línea, V, y la corriente, I. Elegimos medir VL e IL, el voltaje y la corriente 
de línea, respectivamente. Mostraremos que los dos vatímetros son suficientes para leer la potencia 
transmitida a la carga trifásica, como se muestra en la figura 12.8-1. Utilizamos bc para indicar la 
bobina de corriente y bv para indicar la bobina de voltaje.
 El vatímetro 1 lee
 P1 5 VAB IA cos 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

1 (12.8-1)
y el vatímetro 2 lee
 P2 5 VCB IC cos 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2 (12.8-2)
Para la secuencia de fase abc para una carga balanceada,
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 es el ángulo entre la corriente de fasor y el voltaje de fasor para la fase a de la fuente tri-
fásica.
 Por consiguiente, 
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where u is the angle between the phase current and the phase voltage for phase a of the three-phase

source.

Therefore,

P ¼ P1 þ P2 ¼ 2VLIL cos u cos 30� ¼ ffiffiffi
3

p
VLIL cos u ð12:8-4Þ

which is the total average power of the three-phase circuit. The preceding derivation of Eq. 12.8-4 is

for a balanced circuit; the result is good for any three-phase, three-wire load, even unbalanced or

nonsinusoidal voltages.

The power factor angle, u, of a balanced three-phase systemmay be determined from the reading

of the two wattmeters shown in Figure 12.8-2.

The total power is obtained from Eqs. 12.8-1 through 12.8-3 as

P ¼ P1 þ P2 ¼ VLIL cos u þ 30�ð Þ þ cos u � 30�ð Þ½ �
¼ VLIL 2 cos u cos 30�

ð12:8-5Þ

Similarly, P1 � P2 ¼ VLIL �2 sin u sin 30�ð Þ ð12:8-6Þ

Dividing Eq. 12.8-5 by Eq. 12.8-6, we obtain

P1 þ P2

P1 � P2
¼ 2 cos u cos 30�

�2 sin u sin 30�
¼ � ffiffiffi

3
p

tan u

Therefore, tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
ð12:8-7Þ

where u ¼ power factor angle.

VAB

VCB

IA

IB

IC

ZZ

C

Z

cc

vc

+

Wattmeter 1

+

vc

cc+

Wattmeter 2

–

+

B

A

FIGURE 12.8-1 Two-wattmeter connection for a three-phase

Y-connected load.

C

Z

Z Z

B

B

C

IB

IA
A

+

–

A

VAC

W2

W1

FIGURE 12.8-2 The two-wattmeter

connection for Example 12.8-1.

582 Three-Phase Circuits

 (12.8-4)

Lo cual es la potencia promedio total del circuito trifásico. La derivación anterior de la ecuación 12.8-4  
es para un circuito balanceado, el resultado es bueno para cualquier carga de tres hilos, trifásica, in-
cluso voltajes no balanceados o no senoidales.
 El ángulo de factor de potencia, 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

, de un sistema trifásico balanceado se puede determinar a 
partir de la lectura de los dos vatímetros que se muestran en la figura 12.8-2.
 La potencia total se obtiene de las ecuaciones 12.8-1 a la 12.8-3 como
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where u is the angle between the phase current and the phase voltage for phase a of the three-phase

source.

Therefore,

P ¼ P1 þ P2 ¼ 2VLIL cos u cos 30� ¼ ffiffiffi
3

p
VLIL cos u ð12:8-4Þ

which is the total average power of the three-phase circuit. The preceding derivation of Eq. 12.8-4 is

for a balanced circuit; the result is good for any three-phase, three-wire load, even unbalanced or

nonsinusoidal voltages.

The power factor angle, u, of a balanced three-phase systemmay be determined from the reading

of the two wattmeters shown in Figure 12.8-2.

The total power is obtained from Eqs. 12.8-1 through 12.8-3 as

P ¼ P1 þ P2 ¼ VLIL cos u þ 30�ð Þ þ cos u � 30�ð Þ½ �
¼ VLIL 2 cos u cos 30�

ð12:8-5Þ

Similarly, P1 � P2 ¼ VLIL �2 sin u sin 30�ð Þ ð12:8-6Þ

Dividing Eq. 12.8-5 by Eq. 12.8-6, we obtain

P1 þ P2

P1 � P2
¼ 2 cos u cos 30�

�2 sin u sin 30�
¼ � ffiffiffi

3
p

tan u

Therefore, tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
ð12:8-7Þ

where u ¼ power factor angle.
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FIGURE 12.8-1 Two-wattmeter connection for a three-phase

Y-connected load.
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FIGURE 12.8-2 The two-wattmeter

connection for Example 12.8-1.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 sen 30°2 (12.8-6)

Al dividir la ecuación 12.8-5 entre 12.8-6, obtenemos

Por consiguiente,  
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where u is the angle between the phase current and the phase voltage for phase a of the three-phase

source.

Therefore,

P ¼ P1 þ P2 ¼ 2VLIL cos u cos 30� ¼ ffiffiffi
3

p
VLIL cos u ð12:8-4Þ

which is the total average power of the three-phase circuit. The preceding derivation of Eq. 12.8-4 is

for a balanced circuit; the result is good for any three-phase, three-wire load, even unbalanced or

nonsinusoidal voltages.

The power factor angle, u, of a balanced three-phase systemmay be determined from the reading

of the two wattmeters shown in Figure 12.8-2.

The total power is obtained from Eqs. 12.8-1 through 12.8-3 as

P ¼ P1 þ P2 ¼ VLIL cos u þ 30�ð Þ þ cos u � 30�ð Þ½ �
¼ VLIL 2 cos u cos 30�

ð12:8-5Þ

Similarly, P1 � P2 ¼ VLIL �2 sin u sin 30�ð Þ ð12:8-6Þ

Dividing Eq. 12.8-5 by Eq. 12.8-6, we obtain

P1 þ P2

P1 � P2
¼ 2 cos u cos 30�

�2 sin u sin 30�
¼ � ffiffiffi

3
p

tan u

Therefore, tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
ð12:8-7Þ

where u ¼ power factor angle.
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FIGURE 12.8-1 Two-wattmeter connection for a three-phase

Y-connected load.
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connection for Example 12.8-1.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 5 ángulo del factor de potencia.
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 Medición de potencia con dos vatímetros 583

E j E m p l o  1 2 . 8 - 1  Método de dos vatímetros

El método de dos vatímetros se utiliza, como se muestra en la figura 12.8-2, para medir la potencia total transmi-
tida a la carga conectada a Y cuando Z 5 10 

E1C12_1 11/06/2009 583

E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.

Two-Wattmeter Power Measurement 583

 V y el voltaje de línea a línea de alimentación es de 220 V rms. 
Determine la lectura de cada vatímetro y la potencia total.

Solución
El voltaje de fasor es
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.

Two-Wattmeter Power Measurement 583

Luego obtenemos la corriente de línea como
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.

Two-Wattmeter Power Measurement 583

Entonces la segunda corriente de línea es
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.

Two-Wattmeter Power Measurement 583

El voltaje VAB 5 220 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms

–
+

Vab Vab

Ibc
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IbVca

Vca

n

a
a

b

c
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Vc
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Vbc

–

–

–

+

+

+

+ –
+ – –+

+–

(b)(a)

+–

FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 V rms, VCA 5 220 
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.

Two-Wattmeter Power Measurement 583

 V rms y VBC 5 220 
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Often, the phase voltage in the Y connection is written as

Va ¼ Vmff0�
where Vm is the magnitude of the phase voltage.

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, va, vb,

and vc. We use phasor notation and assume that each phase winding provides a source voltage in

series with a negligible impedance. Under these assumptions, there are two ways of interconnecting

the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the

neutral terminal and is labeled n. The neutral terminal may or may not be available for connection.

Balanced loads result in no current in a neutral wire, and thus it is often not needed.

The connection shown in Figure 12.2-5a is called the Y connection, and the D connection is shown

in Figure 12.2-5b. The Y connection selects terminals a0, b0, and c0 and connects them together as neutral.

Then the line-to-line voltage, Vab, of the Y-connected sources is

Vab ¼ Va � Vb ð12:2-4Þ
as is evident by examining Figure 12.2-5a. Because Va ¼ Vmff0� and Vb ¼ Vmff�120�, we have

Vab ¼ Vm � Vm �0:5� j0:866ð Þ
¼ Vm 1:5þ j0:866ð Þ
¼ ffiffiffi

3
p

Vmff30�
ð12:2-5Þ

This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly,

Vbc ¼
ffiffiffi
3

p
Vmff�90� ð12:2-6Þ

and Vca ¼
ffiffiffi
3

p
Vmff�210� ð12:2-7Þ

Therefore, in a Y connection, the line-to-line voltage is
ffiffiffi
3

p
times the phase voltage and is displaced

30� in phase. The line current is equal to the phase current.

EXERCISE 12.2-1 The Y-connected three-phase voltage source has Vc ¼ 120ff�240� V rms.

Find the line-to-line voltage Vbc.

Answer: 207:8ff�90� V rms
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FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vb, and Vc are

called phase voltages, and the voltages Vab, Vbc, and Vca are called line-to-

line voltages, (b) D-connected sources. The currents Ia, Ib, and Ic are called

line currents, and the currents Iab, Ibc, and Ica are called phase currents.

120°

30°

Va

Vb

Vab

FIGURE 12.2-6 The line-to-line voltage Vab

of the Y-connected source.
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 V rms. El primer vatímetro 
lee

E1C12_1 11/06/2009 583

E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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Then we obtain the line current as

IA ¼ VA
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¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

1 queda entre VAC e IA y es igual a 
15°. La lectura del segundo vatímetro es 
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2 es el ángulo entre IB y VBC. En consecuencia, la potencia total es
P 5 P1 1 P2 5 3 421 W

Observamos que todos los cálculos anteriores suponen que el vatímetro prácticamente no absorbe potencia.

Los dos vatímetros en la figura 12.8-2 leen P1 5 60 kW y P2 5 180 W, respectivamente. Encuentre el factor de 
potencia del circuito.

Solución
A partir de la ecuación 12.8-7, tenemos
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E X A M P L E 1 2 . 8 - 2 Two-Wattmeter Method

The two wattmeters in Figure 12.8-2 read P1 ¼ 60 kW and P2 ¼ 180W, respectively. Find the power factor of the

circuit.

Solution
From Eq. 12.8-7, we have

tan u ¼
ffiffiffi
3

p P2 � P1

P2 þ P1
¼

ffiffiffi
3

p 120

240
¼

ffiffiffi
3

p

2
¼ 0:866

Therefore, we have u ¼ 40:9� and the power factor is

pf ¼ cos u ¼ 0:756

The positive angle, u, indicates that the power factor is lagging. If u is negative, then the power factor is leading.

E X A M P L E 1 2 . 8 - 1 Two-wattmeter Method

The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the

Y-connected load when Z ¼ 10ff45� V and the supply line-to-line voltage is 220 V rms. Determine the reading of

each wattmeter and the total power.

Solution
The phase voltage is

VA ¼ 220ffiffiffi
3

p ff�30� V rms

Then we obtain the line current as

IA ¼ VA

Z
¼ 220ff�30�

10
ffiffiffi
3

p ff45� ¼ 12:7ff�75� A rms

Then the second line current is

IB ¼ 12:7ff�195� A rms

The voltage VAB ¼ 220ff0� V rms, VCA ¼ 220ffþ120� V rms, and VBC ¼ 220ff�120� V rms. The first watt-

meter reads

P1 ¼ IAVAC cos u1 ¼ 12:7 220ð Þ cos 15� ¼ 2698W

BecauseVCA ¼ 220ffþ120�,VAC ¼ 220ff�60�. Therefore, the angle u1 lies betweenVAC and IA and is equal to

15�. The reading of the second wattmeter is

P2 ¼ IBVBC cos u2 ¼ 12:7 220ð Þ cos 75� ¼ 723W

where u2 is the angle between IB and VBC. Therefore, the total power is

P ¼ P1 þ P2 ¼ 3421W

We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 5 40.9 ° y el factor de potencia es
pf 5 cos 

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 5 0.756
El ángulo positivo, 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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de conducción. 

E j E m p l o  1 2 . 8 - 2  Método de dos vatímetros

M12_DORF_1571_8ED_SE_558-593.indd   583 4/12/11   8:29 PM



Alfaomega Circuitos Eléctricos - Dorf

	 584	 Circuitos trifásicos

EJERCICIO 12.8-1  La corriente de línea para una carga trifásica balanceada es de 24 A 
rms. El voltaje de línea a línea es de 450 V rms, y el factor de potencia es de 0.47 de retardo. Si hay 
dos vatímetros conectados como se muestra en la figura 12.8-2, determine la lectura de cada medidor 
y la potencia total para la carga.

Respuestas: P1 5 2371 W, P2 5 9 162 W y P 5 8 791 W.

EJERCICIO 12.8-2  Los dos vatímetros están conectados como se muestra en la figura 
12.8-2 con P1 5 60 kW y P2 5 40 kW, respectivamente. Determine (a) la potencia total y (b) el factor 
de potencia.

Respuestas: (a) 100 kW; (b) 0.945 de conducción

12.9 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

E j E m p l o  1 2 . 9 - 1   ¿Cómo podemos comprobar 
el análisis de circuitos trifásicos?

La figura 12.9-1a muestra un circuito trifásico balanceado. El análisis por computadora de este circuito produjo 
los voltajes y corrientes de elementos tabulados en la figura 12.9-1b. ¿Cómo podemos comprobar que este 
análisis por computadora es correcto?

v1 = 10 cos (3t) V R1 = 9 Ω L1 = 4 H

v2 = 10 cos (3t + 120°) V

+–

R2 = 9 Ω L2 = 4 H

v3 = 10 cos (3t – 120°) V R3 = 9 Ω L3 = 4 H

(a) (b)

1

2
70

3

4

5

6

+–

V1  1  0  10 10 0.67
V2  2  0  10 10 0.67
V3  3  0  10 10 0.67
R1  1  4  9 6 0.67
R2  2  5  9 6 0.67
R3  3  6  9 6 0.67
L1  4  7  4 8 0.67
L2  5  7  4 8 0.67
L3  6  7  4 8 0.67

Elemento Voltaje Corriente

+–

0
120
–120

0
120
–120
–53
67
–173
37
157
83

127
113
7
–53
67
–173
–53
67
–173

FIGURA 12.9-1 (a) Un circuito trifásico. (b) Resultados del análisis por computadora.
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E j E m p l o  1 2 . 9 - 2   ¿Cómo podemos comprobar los 
circuitos trifásicos no balanceados?

Solución
Como el circuito trifásico está balanceado, se puede analizar utilizando un circuito equivalente por fase. El circui-
to equivalente por fase adecuado para este ejemplo se muestra en la figura 12.9-2. Este circuito equivalente por 
fase se puede analizar escribiendo una ecuación de enlace único:

10 5 19 1 j122IL1
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 2 . 9 - 2 How Can We Check Unbalanced

Three-Phase Circuits?

Computer analysis of the circuit in Figure 12.9-3 shows that VNn vð Þ ¼ 12:67ff174:6� V. This computer analysis

did not use rms values, so 12.67 is the magnitude of the sinusoidal voltage vNn(t) rather than the effective value.

Verify that this voltage is correct.

+–

+

–

+–

10 Ω

100 cos
(377t)

40 Ω5 mH

a

b
n N

c

A

B

C

40 mH

10 Ω 50 Ω5 mH 30 mH

100 cos
(377t + 240)

100 cos
(377t +120)

10 Ω 30 Ω5 mH 50 mH

Line LoadSource

FIGURE 12.9-3 A three-phase circuit.

Solution
Because the three-phase circuit is balanced, it can be analyzed by using a per-phase equivalent circuit. The

appropriate per-phase equivalent circuit for this example is shown in Figure 12.9-2. This per-phase equivalent

circuit can be analyzed by writing a single-mesh equation:

10 ¼ 9þ j12ð ÞIL vð Þ
or

IL vð Þ ¼ 0:67e�j53�A

where IL(v) is the phasor corresponding to the inductor current. The voltage across the inductor is given by

VL vð Þ ¼ j12 IL vð Þ ¼ 8ej37
�
V

The voltage across the resistor is given by

VR vð Þ ¼ 9 IL vð Þ ¼ 6e�j53�V

These currents and voltages are the same as the values given in the computer analysis for the element currents and

voltages of R1 and L1. We conclude that the computer analysis of the three-phase circuit is correct.

+
–

9 Ω

10 V
j12 Ω

0.67 –53° A

FIGURE 12.9-2 The per-phase equivalent circuit.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) es el fasor que corresponde a la corriente del inductor. El voltaje a través del inductor está dado por
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E X A M P L E 1 2 . 9 - 2 How Can We Check Unbalanced

Three-Phase Circuits?

Computer analysis of the circuit in Figure 12.9-3 shows that VNn vð Þ ¼ 12:67ff174:6� V. This computer analysis

did not use rms values, so 12.67 is the magnitude of the sinusoidal voltage vNn(t) rather than the effective value.

Verify that this voltage is correct.

+–

+

–

+–

10 Ω

100 cos
(377t)

40 Ω5 mH

a

b
n N

c

A

B

C

40 mH

10 Ω 50 Ω5 mH 30 mH

100 cos
(377t + 240)

100 cos
(377t +120)

10 Ω 30 Ω5 mH 50 mH

Line LoadSource

FIGURE 12.9-3 A three-phase circuit.

Solution
Because the three-phase circuit is balanced, it can be analyzed by using a per-phase equivalent circuit. The

appropriate per-phase equivalent circuit for this example is shown in Figure 12.9-2. This per-phase equivalent

circuit can be analyzed by writing a single-mesh equation:

10 ¼ 9þ j12ð ÞIL vð Þ
or

IL vð Þ ¼ 0:67e�j53�A

where IL(v) is the phasor corresponding to the inductor current. The voltage across the inductor is given by

VL vð Þ ¼ j12 IL vð Þ ¼ 8ej37
�
V

The voltage across the resistor is given by

VR vð Þ ¼ 9 IL vð Þ ¼ 6e�j53�V

These currents and voltages are the same as the values given in the computer analysis for the element currents and

voltages of R1 and L1. We conclude that the computer analysis of the three-phase circuit is correct.

+
–

9 Ω

10 V
j12 Ω

0.67 –53° A

FIGURE 12.9-2 The per-phase equivalent circuit.
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E X A M P L E 1 2 . 9 - 2 How Can We Check Unbalanced

Three-Phase Circuits?

Computer analysis of the circuit in Figure 12.9-3 shows that VNn vð Þ ¼ 12:67ff174:6� V. This computer analysis

did not use rms values, so 12.67 is the magnitude of the sinusoidal voltage vNn(t) rather than the effective value.

Verify that this voltage is correct.

+–

+

–

+–

10 Ω

100 cos
(377t)

40 Ω5 mH

a

b
n N

c

A

B

C

40 mH

10 Ω 50 Ω5 mH 30 mH

100 cos
(377t + 240)

100 cos
(377t +120)

10 Ω 30 Ω5 mH 50 mH

Line LoadSource

FIGURE 12.9-3 A three-phase circuit.

Solution
Because the three-phase circuit is balanced, it can be analyzed by using a per-phase equivalent circuit. The

appropriate per-phase equivalent circuit for this example is shown in Figure 12.9-2. This per-phase equivalent

circuit can be analyzed by writing a single-mesh equation:

10 ¼ 9þ j12ð ÞIL vð Þ
or

IL vð Þ ¼ 0:67e�j53�A

where IL(v) is the phasor corresponding to the inductor current. The voltage across the inductor is given by

VL vð Þ ¼ j12 IL vð Þ ¼ 8ej37
�
V

The voltage across the resistor is given by

VR vð Þ ¼ 9 IL vð Þ ¼ 6e�j53�V

These currents and voltages are the same as the values given in the computer analysis for the element currents and

voltages of R1 and L1. We conclude that the computer analysis of the three-phase circuit is correct.

+
–

9 Ω

10 V
j12 Ω

0.67 –53° A

FIGURE 12.9-2 The per-phase equivalent circuit.
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Estas corrientes y voltajes son los mismos que los valores dados en el análisis por computadora para las corrientes 
y voltajes de R1 y L1. Concluimos que el análisis por computadora del circuito trifásico es correcto.

+
–

9 Ω

10 V
j12 Ω

0.67 –53° A

 FIGURA 12.9-2 El circuito equivalente por fase.

El análisis por computadora del circuito en la figura 12.9-3 muestra que VNn(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 2 . 9 - 2 How Can We Check Unbalanced

Three-Phase Circuits?

Computer analysis of the circuit in Figure 12.9-3 shows that VNn vð Þ ¼ 12:67ff174:6� V. This computer analysis

did not use rms values, so 12.67 is the magnitude of the sinusoidal voltage vNn(t) rather than the effective value.

Verify that this voltage is correct.
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100 cos
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a

b
n N
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100 cos
(377t + 240)

100 cos
(377t +120)

10 Ω 30 Ω5 mH 50 mH

Line LoadSource

FIGURE 12.9-3 A three-phase circuit.

Solution
Because the three-phase circuit is balanced, it can be analyzed by using a per-phase equivalent circuit. The

appropriate per-phase equivalent circuit for this example is shown in Figure 12.9-2. This per-phase equivalent

circuit can be analyzed by writing a single-mesh equation:

10 ¼ 9þ j12ð ÞIL vð Þ
or

IL vð Þ ¼ 0:67e�j53�A

where IL(v) is the phasor corresponding to the inductor current. The voltage across the inductor is given by

VL vð Þ ¼ j12 IL vð Þ ¼ 8ej37
�
V

The voltage across the resistor is given by

VR vð Þ ¼ 9 IL vð Þ ¼ 6e�j53�V

These currents and voltages are the same as the values given in the computer analysis for the element currents and

voltages of R1 and L1. We conclude that the computer analysis of the three-phase circuit is correct.

+
–

9 Ω

10 V
j12 Ω

0.67 –53° A

FIGURE 12.9-2 The per-phase equivalent circuit.
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 V. Este análisis 
por computadora no emplea valores rcm, por lo que 12.67 es la magnitud del voltaje senoidal vNn(t ) más que el 
valor efectivo. Compruebe que este voltaje es correcto.

+–

+–
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100 cos
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a

b
n N

c
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C

40 mH
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100 cos
(377t + 240)

100 cos
(377t +120)

10 Ω 30 Ω5 mH 50 mH

Línea CargaFuente

FIGURA 12.9-3 Un circuito trifásico.
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Solución
Este resultado se puede comprobar escribiendo y despejando una ecuación nodal para calcular VNn(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), pero es 
más fácil comprobar este resultado verificando que la KCL se satisfaga en el nodo N.
 Primero, calculamos las tres corrientes de línea como
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Solution
This result could be checked by writing and solving a node equation to calculate VNn(v), but it is easier to check

this result by verifying that KCL is satisfied at node N.

First, calculate the three line currents as

IA vð Þ ¼ 100� VNn vð Þ
60þ j 377ð Þ 0:035ð Þ ¼ 1:833ff�13� A

IB vð Þ ¼ 100ff120� � VNn vð Þ
50þ j 377ð Þ 0:045ð Þ ¼ 1:766ff94:9�A

IC vð Þ ¼ 100ff�120� � VNn vð Þ
40þ j 377ð Þ 0:055ð Þ ¼ 2:118ff�140:5� A

Next, apply KCL at node N to get

1:833ff�13� þ 1:766ff95:9� þ 2:118ff�140:5� ¼ 0A

Because KCL is satisfied at node N, the given node voltage is correct.

We can also check that average power is conserved. Recall that peak values, rather than effective values, are

being used in this example. First, determine the power delivered by the (three-phase) source:

IA vð Þ ¼ 1:833ff�13� A and Van vð Þ ¼ 100ff0� V; so Pa ¼ 100ð Þ 1:833ð Þ
2

cos 0� � �13�ð Þð Þ ¼ 89:3W

IB vð Þ ¼ 1:766ff94:9� A and Vbn vð Þ ¼ 100ff120� V; so Pb ¼ 100ð Þ 1:766ð Þ
2

cos 120� � 94:9�ð Þð Þ ¼ 80W

IC vð Þ ¼ 2:118ff�140:5� A and Vcn vð Þ ¼ 100ff240� V; so Pc ¼ 100ð Þ 2:118ð Þ
2

cos 0� þ 140:5�ð Þ ¼ 99:2W

The power delivered by the source is 89:3þ 80þ 99:2 ¼ 268:5W.

Next, determine the power delivered to the (three-phase) load as

IA vð Þ ¼ 1:833ff�13� A and RA ¼ 50 V; so PA ¼ 1:8332

2
50 ¼ 84:0W

IB vð Þ ¼ 1:766ff94:9� A and RB ¼ 40 V; so PB ¼ 1:7662

2
40 ¼ 62:4W

IC vð Þ ¼ 2:118ff�140:5� A and RC ¼ 30 V; so PC ¼ 2:1182

2
30 ¼ 67:3W

The power delivered to the load is 84þ 62:4þ 67:3 ¼ 213:7W.

Determine the power lost in the (three-phase) line as

IA vð Þ ¼ 1:833ff�13� A and RaA ¼ 10 V; so PaA ¼ 1:8332

2
10 ¼ 16:8W

IB vð Þ ¼ 1:766ff94:9� A and RbB ¼ 10 V; so PbB ¼ 1:7662

2
10 ¼ 15:6W

IC vð Þ ¼ 2:118ff�140:5� A and RcC ¼ 10 V; so PcC ¼ 2:1182

2
10 ¼ 22:4W

The power lost in the line is 16:8þ 15:6þ 22:4 ¼ 54:8W.

The power delivered by the source is equal to the sum of the power lost in the line plus the power delivered

to the load. Again, we conclude that the given node voltage is correct.

586 Three-Phase Circuits
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Because KCL is satisfied at node N, the given node voltage is correct.

We can also check that average power is conserved. Recall that peak values, rather than effective values, are

being used in this example. First, determine the power delivered by the (three-phase) source:

IA vð Þ ¼ 1:833ff�13� A and Van vð Þ ¼ 100ff0� V; so Pa ¼ 100ð Þ 1:833ð Þ
2

cos 0� � �13�ð Þð Þ ¼ 89:3W

IB vð Þ ¼ 1:766ff94:9� A and Vbn vð Þ ¼ 100ff120� V; so Pb ¼ 100ð Þ 1:766ð Þ
2

cos 120� � 94:9�ð Þð Þ ¼ 80W

IC vð Þ ¼ 2:118ff�140:5� A and Vcn vð Þ ¼ 100ff240� V; so Pc ¼ 100ð Þ 2:118ð Þ
2

cos 0� þ 140:5�ð Þ ¼ 99:2W

The power delivered by the source is 89:3þ 80þ 99:2 ¼ 268:5W.

Next, determine the power delivered to the (three-phase) load as

IA vð Þ ¼ 1:833ff�13� A and RA ¼ 50 V; so PA ¼ 1:8332

2
50 ¼ 84:0W

IB vð Þ ¼ 1:766ff94:9� A and RB ¼ 40 V; so PB ¼ 1:7662

2
40 ¼ 62:4W

IC vð Þ ¼ 2:118ff�140:5� A and RC ¼ 30 V; so PC ¼ 2:1182

2
30 ¼ 67:3W

The power delivered to the load is 84þ 62:4þ 67:3 ¼ 213:7W.

Determine the power lost in the (three-phase) line as

IA vð Þ ¼ 1:833ff�13� A and RaA ¼ 10 V; so PaA ¼ 1:8332

2
10 ¼ 16:8W

IB vð Þ ¼ 1:766ff94:9� A and RbB ¼ 10 V; so PbB ¼ 1:7662

2
10 ¼ 15:6W

IC vð Þ ¼ 2:118ff�140:5� A and RcC ¼ 10 V; so PcC ¼ 2:1182

2
10 ¼ 22:4W

The power lost in the line is 16:8þ 15:6þ 22:4 ¼ 54:8W.

The power delivered by the source is equal to the sum of the power lost in the line plus the power delivered

to the load. Again, we conclude that the given node voltage is correct.
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IA vð Þ ¼ 1:833ff�13� A and Van vð Þ ¼ 100ff0� V; so Pa ¼ 100ð Þ 1:833ð Þ
2

cos 0� � �13�ð Þð Þ ¼ 89:3W

IB vð Þ ¼ 1:766ff94:9� A and Vbn vð Þ ¼ 100ff120� V; so Pb ¼ 100ð Þ 1:766ð Þ
2

cos 120� � 94:9�ð Þð Þ ¼ 80W

IC vð Þ ¼ 2:118ff�140:5� A and Vcn vð Þ ¼ 100ff240� V; so Pc ¼ 100ð Þ 2:118ð Þ
2

cos 0� þ 140:5�ð Þ ¼ 99:2W

The power delivered by the source is 89:3þ 80þ 99:2 ¼ 268:5W.

Next, determine the power delivered to the (three-phase) load as

IA vð Þ ¼ 1:833ff�13� A and RA ¼ 50 V; so PA ¼ 1:8332

2
50 ¼ 84:0W

IB vð Þ ¼ 1:766ff94:9� A and RB ¼ 40 V; so PB ¼ 1:7662

2
40 ¼ 62:4W

IC vð Þ ¼ 2:118ff�140:5� A and RC ¼ 30 V; so PC ¼ 2:1182

2
30 ¼ 67:3W

The power delivered to the load is 84þ 62:4þ 67:3 ¼ 213:7W.

Determine the power lost in the (three-phase) line as

IA vð Þ ¼ 1:833ff�13� A and RaA ¼ 10 V; so PaA ¼ 1:8332

2
10 ¼ 16:8W

IB vð Þ ¼ 1:766ff94:9� A and RbB ¼ 10 V; so PbB ¼ 1:7662

2
10 ¼ 15:6W

IC vð Þ ¼ 2:118ff�140:5� A and RcC ¼ 10 V; so PcC ¼ 2:1182

2
10 ¼ 22:4W

The power lost in the line is 16:8þ 15:6þ 22:4 ¼ 54:8W.

The power delivered by the source is equal to the sum of the power lost in the line plus the power delivered

to the load. Again, we conclude that the given node voltage is correct.

586 Three-Phase Circuits

M12_DORF_1571_8ED_SE_558-593.indd   586 4/12/11   8:31 PM



Circuitos Eléctricos - Dorf Alfaomega

 Ejemplo de diseño 587

La figura 12.10-1 muestra un circuito trifásico. Se han agregado los condensadores para me-
jorar el factor de potencia de la carga. Necesitamos determinar el valor de la capacitancia, C, 
requerido para obtener un factor de potencia de 0.9 de retardo.

Describa la situación y los supuestos
1.  El circuito es excitado por fuentes senoidales las cuales tienen la misma frecuencia de 60 

Hz o 377 rad/s. El circuito se encuentra en estado estable y es lineal. Para analizar este 
circuito se pueden utilizar fasores.

2.  Es un circuito trifásico balanceado. Para analizar este circuito se puede utilizar un circuito 
equivalente por fase.

3.  La carga contiene dos partes. La parte que comprende resistores e inductores está conectada 
como una Y (estrella). La parte que comprende condensadores está conectada como una D 
(delta). Para simplificar la carga se puede utilizar una transformación de D a Y.

En la figura 12.10-2 se muestra el circuito equivalente.

Establezca el objetivo
Determine el valor de C que se requiere para corregir el factor de potencia de 0.9 de retardo.

Genere un plan
En el capítulo anterior (11) se consideró la corrección del factor de potencia. Para corregir el 
factor de potencia de una carga se proporcionó una fórmula con la cual se puede calcular la 
reactancia, X1, necesaria para efectuar la corrección.
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1 2 . 1 0 DES IGN EXAMPLE

POWER FACTOR CORRECTION

Figure 12.10-1 shows a three-phase circuit. The capacitors are added to improve the power

factor of the load. We need to determine the value of the capacitance, C, required to obtain a

power factor of 0.9 lagging.

Describe the Situation and the Assumptions

1. The circuit is excited by sinusoidal sources all having the same frequency, 60 Hz or 377

rad/s. The circuit is at steady state. The circuit is a linear circuit. Phasors can be used to

analyze this circuit.

2. The circuit is a balanced three-phase circuit. A per-phase equivalent circuit can be used to

analyze this circuit.

3. The load consists of two parts. The part comprising resistors and inductors is connected as

a Y. The part comprising capacitors is connected as a D. A D-to-Y transformation can be

used to simplify the load.

The per-phase equivalent circuit is shown in Figure 12.10-2.

State the Goal
Determine the value of C required to correct the power factor to 0.9 lagging.

Generate a Plan
Power factor correction was considered in Chapter 11. A formula was provided for calculating

the reactance, X1, needed to correct the power factor of a load

X 1 ¼ R2 þ X 2

R tan cos�1 pfcð Þ � X

va(t) = 100 cos (377t) V RL = 4 Ω R = 20 Ω

C

C
C

L = 0.2 HLL = 4 mH

vb(t) = 100 cos (377t + 120°) V

+–

+–

RL = 4 Ω R = 20 Ω L = 0.2 HLL = 4 mH

C
vc(t) = 100 cos (377t + 240°) V RL = 4 Ω R = 20 Ω L = 0.2 HLL = 4 mH

Source Line Load

+–

FIGURE 12.10-1 A balanced three-phase circuit.

+
– 377 • 3 • C100

Source LoadLine

– Ω

4 Ω 20 Ωj1.508 Ω

j75.4 Ω
j

0°

FIGURE 12.10-2 The per-phase

equivalent circuit.
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va(t) = 100 cos (377t) V RL = 4 Ω R = 20 Ω

C

C
C

L = 0.2 HLL = 4 mH

vb(t) = 100 cos (377t + 120°) V

+–

+–

RL = 4 Ω R = 20 Ω L = 0.2 HLL = 4 mH

C
vc(t) = 100 cos (377t + 240°) V RL = 4 Ω R = 20 Ω L = 0.2 HLL = 4 mH

Fuente Línea Carga

+–

FIGURA 12.10-1 Circuito trifásico balanceado.

+
– 377 • 3 • C100

Fuente CargaLínea

– Ω

4 Ω 20 Ωj1.508 Ω

j75.4 Ω
j

0°

 
FIGURA 12.10-2 Circuito 
equivalente por fase.
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CORRECCIÓN DEL FACTOR DE POTENCIA
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donde R y X son las partes real e imaginaria de la impedancia de carga antes de que se corrija 
el factor de potencia, y de que pfc sea el factor de potencia corregido. Después de utilizar esta 
ecuación para calcular X1, se puede calcular la capacitancia, C, a partir de X1. Observe que X1 
será la reactancia de los condensadores equivalentes conectados a Y. Necesitaremos calcular 
el condensador equivalente conectado a D del condensador conectado a Y.

Actúe sobre el plan
Observemos que Z 5 R 1 jX 5 20 1 j75.4 V. Por consiguiente, la reactancia, X1, necesaria 
para corregir el factor de potencia es
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where R and X are the real and imaginary parts of the load impedance before the power factor

is corrected and pfc is the corrected power factor. After this equation is used to calculate X1,

the capacitance, C, can be calculated from X1. Notice that X1 will be the reactance of the

equivalent Y-connected capacitors. We will need to calculate the D-connected capacitor

equivalent of the Y-connected capacitor.

Act on the Plan
We note that Z ¼ Rþ jX ¼ 20þ j75:4V. Therefore, the reactance, X1, needed to correct the

power factor is

X 1 ¼ 202 þ 75:42

20 tan cos�1 0:9ð Þ � 75:4
¼ �92:6

The Y-connected capacitor equivalent to the D-connected capacitor can be calculated from

ZY ¼ ZD=3. Therefore, the capacitance of the equivalent Y-connected capacitor is 3C.

Finally, because X 1 ¼ 1= 3Cvð Þ, we have

C ¼ 1

v � 3 � X 1
¼ � 1

377 � 3 �92:6ð Þ ¼ 9:548 mF

Verify the Proposed Solution
When C ¼ 9:548mF, the impedance of one phase of the equivalent Y-connected load will be

ZY ¼
1

j377� 3� C
20þ j75:4ð Þ

1

j377� 3� C
þ 20þ j75:4ð Þ

¼ 246:45þ j119:4

The value of the power factor is

pf ¼ cos tan�1 119:4

246:45

� �� �
¼ 0:90

so the specifications have been satisfied.

12.11 SUMMARY

The generation and transmission of electrical power are

more efficient in three-phase systems employing three volt-

ages of the same magnitude and frequency and differing in

phase by 120� from each other.

The three-phase source consists of either three Y-connected

sinusoidal voltage sources or three D-connected sinusoidal

voltage sources. Similarly, the circuit elements that com-

prise the load are connected to form either a Y or a D. The
transmission line connects the source to the load and con-

sists of either three or four wires.

Analysis of three-phase circuits using phasors and imped-

ances will determine the steady-state response of the three-

phase circuit. We are particularly interested in the power the

three-phase source delivers to the three-phase load. Table

12.1-1 summarizes the formulas that are used to calculate

the power delivered to an element when the element voltage

and current adhere to the passive convention.

The current in the neutral wire of a balanced Y-to-Y connection

is zero; thus, the wiremay be removed if desired. The key to the

analysis of the Y-to-Y circuit is the calculation of the line

currents. When the circuit is not balanced, the first step in

the analysis of this circuit is to calculate VNn, the voltage at

the neutral node of the three-phase load with respect to the

voltage at the neutral node of the three-phase source. When the
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El condensador conectado a Y equivalente al condensador conectado a D se puede calcular a 
partir de ZY 5 ZD >3. Por consiguiente, la capacitancia del condensador conectado a Y equi-
valente es 3C.
 Por último, ya que X1 5 1>(3C

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), tenemos
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where R and X are the real and imaginary parts of the load impedance before the power factor

is corrected and pfc is the corrected power factor. After this equation is used to calculate X1,

the capacitance, C, can be calculated from X1. Notice that X1 will be the reactance of the

equivalent Y-connected capacitors. We will need to calculate the D-connected capacitor

equivalent of the Y-connected capacitor.

Act on the Plan
We note that Z ¼ Rþ jX ¼ 20þ j75:4V. Therefore, the reactance, X1, needed to correct the

power factor is

X 1 ¼ 202 þ 75:42

20 tan cos�1 0:9ð Þ � 75:4
¼ �92:6

The Y-connected capacitor equivalent to the D-connected capacitor can be calculated from

ZY ¼ ZD=3. Therefore, the capacitance of the equivalent Y-connected capacitor is 3C.

Finally, because X 1 ¼ 1= 3Cvð Þ, we have

C ¼ 1

v � 3 � X 1
¼ � 1

377 � 3 �92:6ð Þ ¼ 9:548 mF

Verify the Proposed Solution
When C ¼ 9:548mF, the impedance of one phase of the equivalent Y-connected load will be

ZY ¼
1

j377� 3� C
20þ j75:4ð Þ

1

j377� 3� C
þ 20þ j75:4ð Þ

¼ 246:45þ j119:4

The value of the power factor is

pf ¼ cos tan�1 119:4

246:45

� �� �
¼ 0:90

so the specifications have been satisfied.

12.11 SUMMARY

The generation and transmission of electrical power are

more efficient in three-phase systems employing three volt-

ages of the same magnitude and frequency and differing in

phase by 120� from each other.

The three-phase source consists of either three Y-connected

sinusoidal voltage sources or three D-connected sinusoidal

voltage sources. Similarly, the circuit elements that com-

prise the load are connected to form either a Y or a D. The
transmission line connects the source to the load and con-

sists of either three or four wires.

Analysis of three-phase circuits using phasors and imped-

ances will determine the steady-state response of the three-

phase circuit. We are particularly interested in the power the

three-phase source delivers to the three-phase load. Table

12.1-1 summarizes the formulas that are used to calculate

the power delivered to an element when the element voltage

and current adhere to the passive convention.

The current in the neutral wire of a balanced Y-to-Y connection

is zero; thus, the wiremay be removed if desired. The key to the

analysis of the Y-to-Y circuit is the calculation of the line

currents. When the circuit is not balanced, the first step in

the analysis of this circuit is to calculate VNn, the voltage at

the neutral node of the three-phase load with respect to the

voltage at the neutral node of the three-phase source. When the
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Verifique la solución propuesta
Cuando C 5 9.548 mF, la impedancia de una fase de la carga conectada a Y equivalente será
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where R and X are the real and imaginary parts of the load impedance before the power factor

is corrected and pfc is the corrected power factor. After this equation is used to calculate X1,

the capacitance, C, can be calculated from X1. Notice that X1 will be the reactance of the

equivalent Y-connected capacitors. We will need to calculate the D-connected capacitor

equivalent of the Y-connected capacitor.

Act on the Plan
We note that Z ¼ Rþ jX ¼ 20þ j75:4V. Therefore, the reactance, X1, needed to correct the

power factor is

X 1 ¼ 202 þ 75:42

20 tan cos�1 0:9ð Þ � 75:4
¼ �92:6

The Y-connected capacitor equivalent to the D-connected capacitor can be calculated from

ZY ¼ ZD=3. Therefore, the capacitance of the equivalent Y-connected capacitor is 3C.

Finally, because X 1 ¼ 1= 3Cvð Þ, we have

C ¼ 1

v � 3 � X 1
¼ � 1

377 � 3 �92:6ð Þ ¼ 9:548 mF

Verify the Proposed Solution
When C ¼ 9:548mF, the impedance of one phase of the equivalent Y-connected load will be

ZY ¼
1

j377� 3� C
20þ j75:4ð Þ

1

j377� 3� C
þ 20þ j75:4ð Þ

¼ 246:45þ j119:4

The value of the power factor is

pf ¼ cos tan�1 119:4

246:45

� �� �
¼ 0:90

so the specifications have been satisfied.

12.11 SUMMARY

The generation and transmission of electrical power are

more efficient in three-phase systems employing three volt-

ages of the same magnitude and frequency and differing in

phase by 120� from each other.

The three-phase source consists of either three Y-connected

sinusoidal voltage sources or three D-connected sinusoidal

voltage sources. Similarly, the circuit elements that com-

prise the load are connected to form either a Y or a D. The
transmission line connects the source to the load and con-

sists of either three or four wires.

Analysis of three-phase circuits using phasors and imped-

ances will determine the steady-state response of the three-

phase circuit. We are particularly interested in the power the

three-phase source delivers to the three-phase load. Table

12.1-1 summarizes the formulas that are used to calculate

the power delivered to an element when the element voltage

and current adhere to the passive convention.

The current in the neutral wire of a balanced Y-to-Y connection

is zero; thus, the wiremay be removed if desired. The key to the

analysis of the Y-to-Y circuit is the calculation of the line

currents. When the circuit is not balanced, the first step in

the analysis of this circuit is to calculate VNn, the voltage at

the neutral node of the three-phase load with respect to the

voltage at the neutral node of the three-phase source. When the
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El valor del factor de potencia es
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where R and X are the real and imaginary parts of the load impedance before the power factor

is corrected and pfc is the corrected power factor. After this equation is used to calculate X1,

the capacitance, C, can be calculated from X1. Notice that X1 will be the reactance of the

equivalent Y-connected capacitors. We will need to calculate the D-connected capacitor

equivalent of the Y-connected capacitor.

Act on the Plan
We note that Z ¼ Rþ jX ¼ 20þ j75:4V. Therefore, the reactance, X1, needed to correct the

power factor is

X 1 ¼ 202 þ 75:42

20 tan cos�1 0:9ð Þ � 75:4
¼ �92:6

The Y-connected capacitor equivalent to the D-connected capacitor can be calculated from

ZY ¼ ZD=3. Therefore, the capacitance of the equivalent Y-connected capacitor is 3C.

Finally, because X 1 ¼ 1= 3Cvð Þ, we have
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¼ � 1

377 � 3 �92:6ð Þ ¼ 9:548 mF

Verify the Proposed Solution
When C ¼ 9:548mF, the impedance of one phase of the equivalent Y-connected load will be

ZY ¼
1
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20þ j75:4ð Þ

1

j377� 3� C
þ 20þ j75:4ð Þ

¼ 246:45þ j119:4

The value of the power factor is

pf ¼ cos tan�1 119:4
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¼ 0:90

so the specifications have been satisfied.
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sinusoidal voltage sources or three D-connected sinusoidal

voltage sources. Similarly, the circuit elements that com-

prise the load are connected to form either a Y or a D. The
transmission line connects the source to the load and con-

sists of either three or four wires.

Analysis of three-phase circuits using phasors and imped-

ances will determine the steady-state response of the three-

phase circuit. We are particularly interested in the power the

three-phase source delivers to the three-phase load. Table

12.1-1 summarizes the formulas that are used to calculate

the power delivered to an element when the element voltage

and current adhere to the passive convention.

The current in the neutral wire of a balanced Y-to-Y connection

is zero; thus, the wiremay be removed if desired. The key to the

analysis of the Y-to-Y circuit is the calculation of the line

currents. When the circuit is not balanced, the first step in

the analysis of this circuit is to calculate VNn, the voltage at

the neutral node of the three-phase load with respect to the

voltage at the neutral node of the three-phase source. When the
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por lo tanto, se ha cumplido con las especificaciones.

12.11 R E S U M E N
  La generación y transmisión de la potencia eléctrica son más 

eficientes en sistemas trifásicos que emplean tres voltajes de 
la misma magnitud y frecuencia, y que difieren uno de otro 
por 120° en fase.

  La fuente trifásica consta o bien de tres fuentes de voltaje 
sinusoides conectadas a Y, o de tres fuentes de voltaje se-
noidal conectadas a D. Del mismo modo, los elementos de 
circuito que comprenden la carga están conectados a Y o 
a D. La línea de transmisión conecta la fuente a la carga y 
consta de tres o de cuatro hilos.

  El análisis de circuitos trifásicos utilizando fasores e impe-
dancias determinará la respuesta de estado estable del cir-

cuito trifásico. Nuestro principal interés está en la potencia 
que la fuente trifásica transmite a la carga trifásica. La ta-
bla 12.1-1 resume las fórmulas que se utilizan para calcular  
la potencia transmitida a un elemento cuando el voltaje y la  
corriente del elemento se apegan a la convención pasiva.

  La corriente en el cable neutral de una conexión Y a Y ba-
lanceada es cero; sin embargo, el cable se puede eliminar 
si se desea. La clave para el análisis del circuito Y a Y es 
el cálculo de las corrientes de línea. Cuando el circuito no 
está balanceado, el primer paso en el análisis de este circui-
to es calcular VNn, el voltaje en el nodo neutral de la carga 
trifásica respecto del voltaje en el nodo neutral de la fuente 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

2 

E1C12_1 11/06/2009 589

PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

 V rms. Cada cable de 
transmisión, incluyendo el cable neutral, tiene una resistencia 
de 2-V, y la carga Y balanceada tiene una resistencia de 10-V 
en serie con 100 mH. Encuentre el voltaje de línea y la corrien-
te de fasor en la carga.

P 12.3-3 En la figura P 12.3-3 se muestran una fuente co-
nectada a Y y una carga. (a) Determine el valor de rms de la 
corriente ia(t). (b) Determine la potencia promedio transmitida 
a la carga.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Fuente Carga

FIGURA P 12.3-3

Sección 12.2 Voltajes trifásicos

P 12.2-1 Una carga trifásica conectada a Y tiene un voltaje 
de fasor: 

Vc 5 277 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

 V rms

 La secuencia de fasores es abc. Encuentre los voltajes 
de línea a línea VAB, VBC y BCA. Dibuje un diagrama de faso-
res que muestre los voltajes de fasor y de línea.

P 12.2-2 Un sistema trifásico tiene un voltaje de línea a línea

VBA 5 12 470 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

 V rms

con una carga Y. Encuentre los voltajes de fasor cuando la se-
cuencia de fasores es abc.

P 12.2-3 Un sistema trifásico tiene un voltaje de línea a línea

Vab 5 1 500 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

 V rms

con una carga Y. Determine el voltaje de fasor.

Sección 12.3 El circuito Y a Y

P 12.3-1 Considere un circuito Y a Y de tres hilos. Los volta-
jes de la fuente conectada a Y son Va 5 1208>
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H
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12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3

Problems 589

 V rms, 

P R O B L E M AS

taje de línea a línea de una carga D es igual al voltaje de 
fasor.

  La potencia transmitida a una carga balanceada conectada a 
Y es PY D 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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100 Ω
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+

+ –
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+
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50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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2.
  Se describió el método de dos vatímetros de medición de 

potencia trifásica transmitida a una carga. Incluso conside-
ramos la utilidad del método de dos vatímetros para determi-
nar el ángulo del factor de potencia de un sistema trifásico.

trifásica. Este paso no es necesario cuando el circuito está 
balanceado porque VNn 5 0. Una vez conocido VNn, se pue-
den calcular las corrientes de línea. La corriente de línea para 
una conexión Y a Y balanceada es Va > Z para la fase a, y las 
otras dos corrientes se desplazan 
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Figure P 3.8-8

*P 3.8-9 Figure P 3.8-9 shows a circuit and some corre-

sponding data. The tabulated data provide values of the

current, i, and voltage, v, corresponding to several values of

the resistance R2.

(a) Use the data in rows 1 and 2 of the table to find the values

of is and R1.

(b) Use the results of part (a) to verify that the tabulated data

are consistent.

(c) Fill in the missing entries in the table.

Figure P 3.8-9

Design Problems

DP 3-1 The circuit shown in Figure DP 3-1 uses a potentiom-

eter to produce a variable voltage. The voltage vm varies as a

knob connected to the wiper of the potentiometer is turned.

Specify the resistances R1 and R2 so that the following three

requirements are satisfied:

1. The voltage vm varies from 8 V to 12 V as the wiper moves

from one end of the potentiometer to the other end of the

potentiometer.

2. The voltage source supplies less than 0.5 W of power.

3. Each of R1, R2, and RP dissipates less than 0.25 W.

Figure DP 3-1

DP 3-2 The resistance RL in Figure DP 3-2 is the equivalent

resistance of a pressure transducer. This resistance is specified

to be 200 V � 5 percent. That is, 190 V � RL � 210 V. The

voltage source is a 12 V� 1 percent source capable of supplying

5 W. Design this circuit, using 5 percent, 1=8-watt resistors for
R1 and R2, so that the voltage across RL is

vo ¼ 4 V� 10%
(A 5 percent, 1/8-watt 100-V resistor has a resistance between

95 and 105 V and can safely dissipate 1/8-W continuously.)

Figure DP 3-2

DP 3-3 A phonograph pickup, stereo amplifier, and speaker are

shown in Figure DP 3-3a and redrawn as a circuit model as

shown in Figure DP 3-3b. Determine the resistance R so that the

voltage v across the speaker is 16 V. Determine the power

delivered to the speaker.

106 Resistive Circuits

120° de IA.
  Para una carga D convertimos la carga D en una carga co-

nectada a Y utilizando la relación de la transformación de D 
a Y. Entonces procedemos con el análisis de Y a Y.

  La corriente de línea para una carga D balanceada es 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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P 12.3-4 Un circuito Y a Y no balanceado. Encuentre la po-
tencia promedio transmitida a la carga.
Sugerencia: VNn(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W

+–

+

–

+–

10 Ω

100 cos
(377t)

40 Ω5 mH

a

b
n N

c

A

B

C

40 mH

10 Ω 20 Ω5 mH 60 mH

100 cos
(377t + 240°)

100 cos
(377t +120°)

10 Ω 60 Ω5 mH 20 mH

Line LoadSource

Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.

+–

+

–

+–

10 Ω

100 cos
(377t)

20 Ω5 mH

a

b
n N

c

A

B

C

60 mH

10 Ω 20 Ω5 mH 60 mH

100 cos
(377t + 240°)

100 cos
(377t +120°)

10 Ω 20 Ω5 mH 60 mH

Line LoadSource

Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W

+–

+

–

+–

10 cos
(4t – 90°)

2 Ω

a

b
n N

c

A

B

C

2 H

4 Ω 1 H

10 cos
(4t + 30°)

10 cos
(4t + 150°)

4 Ω 2 H

Line LoadSource

Figure P 12.3-6

P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.

+–

+

–

+–

10 cos
(4t – 90°)

4 Ω

a

b
n N

c

A

B

C

2 H

4 Ω 2 H

10 cos
(4t + 30°)

10 cos
(4t + 150°)

4 Ω 2 H

Line LoadSource

Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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Figura P 12.3-4

P 12.3-5 En la figura P 12.3-5 se muestra un circuito Y a Y 
no balanceado. Encuentre la potencia promedio transmitida a 
la carga.
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Figura P 12.3-5

P 12.3-6 En la figura P 12.3-6 se muestra un circuito Y a Y 
no balanceado. Encuentre la potencia promedio transmitida a 
la carga.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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Figure P 12.3-6

P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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P 12.3-7 En la figura P 12.3-7 se muestra un circuito Y a Y 
balanceado. Encuentre la potencia promedio transmitida a la 
carga.
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Sección 12.4 Fuente y carga conectadas a D

P 12.4-1 Una carga trifásica balanceada conectada a D tiene 
una corriente de línea:

IB 5 50 
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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 A rms

Encuentre las corrientes de fasor IBC, IAB e ICA. Dibuje el 
diagrama de fasores que muestre las corrientes de línea y de 
fasor. La fuente utiliza la secuencia de fasores abc.

P 12.4-2 Un circuito trifásico tiene dos cargas D en paralelo ba-
lanceadas, una de resistores de 5-V y otra de resistores de 20-V. 
Encuentre la magnitud de la corriente de línea total cuando el 
voltaje de línea a línea es de 480 V rms.

Sección 12.5 El circuito Y a Y

P 12.5-1 Considere un circuito Y a D de tres hilos. Los voltajes 
de la fuente conectada a Y son Va 5 1208>
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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 V rms, 
Vb 5 1208>
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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Figure P 12.3-6

P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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10 cos (16t – 120°) V
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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100 cos
(377t + 240°)

100 cos
(377t +120°)

10 Ω 60 Ω5 mH 20 mH

Line LoadSource

Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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4 Ω 2 H

Line LoadSource

Figure P 12.3-6

P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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10 Ω 20 Ω5 mH 60 mH

100 cos
(377t + 240°)

100 cos
(377t +120°)
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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Figure P 12.3-6

P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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Figure P 12.3-5

P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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P 12.3-4 An unbalanced Y–Y circuit is shown in Figure

P 12.3-4. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 27:4ff�63:6 V

Answer: 436.4 W
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Figure P 12.3-4

P 12.3-5 A balanced Y–Y circuit is shown in Figure P 12.3-5.

Find the average power delivered to the load.
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P 12.3-6 An unbalanced Y–Y circuit is shown in Figure

P 12.3-6. Find the average power delivered to the load.

Hint: VNn vð Þ ¼ 1:755ff�29:5 V

Answer: 436.4 W
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P 12.3-7 A balanced Y–Y circuit is shown in Figure P 12.3-7.

Find the average power delivered to the load.
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Figure P 12.3-7

Section 12.4 The D-Connected Source and Load

P 12.4-1 A balanced three-phase D-connected load has one

line current:

IB ¼ 50ff�40� A rms

Find the phase currents IBC, IAB, and ICA. Draw the phasor

diagram showing the line and phase currents. The source uses

the abc phase sequence.

P 12.4-2 A three-phase circuit has two parallel balanced D
loads, one of 5-V resistors and one of 20-V resistors. Find the

magnitude of the total line current when the line-to-line

voltage is 480 V rms.

Section 12.5 The Y-to-D Circuit

P 12.5-1 Consider a three-wire Y-to-D circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� �ff�30� V rms,

Vb ¼ 208/
ffiffiffi
3

p� �ff�150� V rms, and Vc ¼ 208/
ffiffiffi
3

p� �ff90� V
rms. The D-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V. Determine the line currents and

calculate the power dissipated in the load.

Answer: P ¼ 9360W

P 12.5-2 A balanced D-connected load is connected by

three wires, each with a 4-V resistance, to a Y source with

Va ¼ 480=
ffiffiffi
3

p� �ff�30� V rms, Vb ¼ 480=
ffiffiffi
3

p� �ff�150� V

rms, and Vc ¼ 480=
ffiffiffi
3

p� �ff90� V rms. Find the line current

IA when ZD ¼ 39ff�40� V.

Answer: IA ¼ 17ff0:9� A
P 12.5-3 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff30� V rms. Determine the phase currents in the

load when Z ¼ 3þ j4V. Sketch a phasor diagram.
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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Sección 12.7 Potencias promedio e instantánea  
en una carga trifásica balanceada

P 12.7-1 Encuentre la potencia absorbida por una carga trifá-
sica balanceada conectada a Y cuando
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Figure P 12.5-3 A D-to-Y circuit.

P 12.5-4 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff0� V rms. Determine the line and phase currents

in the load when Z ¼ 9þ j12V.

Section 12.6 Balanced Three-Phase Circuits

P 12.6-1 The English Channel Tunnel rail link is supplied

at 25 kV rms from the United Kingdom and French grid

systems. When there is a grid supply failure, each end is

capable of supplying the whole tunnel but in a reduced

operational mode.

The tunnel traction system is a conventional catenary

(overhead wire) system similar to the surface mainline

electric railway system of the United Kingdom and France.

What makes the tunnel traction system different and unique

is the high density of traction load and the end-fed supply

arrangement. The tunnel traction load is considerable. For

each half tunnel, the load is 180 MVA (Barnes and Wong,

1991).

Assume that each line-to-line voltage of the Y-

connected source is 25 kV rms and the three-phase system

is connected to the traction motor of an electric locomotive.

The motor is a Y-connected load with Z ¼ 150ff25� V. Find

the line currents and the power delivered to the traction

motor.

P 12.6-2 A three-phase source with a line voltage of 45 kV

rms is connected to two balanced loads. The Y-connected

load has Z ¼ 10þ j20V, and the D load has a branch

impedance of 50 V. The connecting lines have an impedance

of 2 V. Determine the power delivered to the loads and the

power lost in the wires. What percentage of power is lost in

the wires?

P 12.6-3 A balanced three-phase source has a Y-connected

source with va ¼ 5 cos 2t þ 30�ð Þ connected to a three-phase

Y load. Each phase of the Y-connected load consists of a 4-V
resistor and a 4-H inductor. Each connecting line has a

resistance of 2V. Determine the total average power delivered

to the load.

Section 12.7 Instantaneous and Average Power in a
Balanced Three-Phase Load

P 12.7-1 Find the power absorbed by a balanced three-phase

Y-connected load when

VCB ¼ 208ff15� V rms and IB ¼ 3ff110� A rms

The source uses the abc phase sequence.

Answer: P ¼ 620W

P 12.7-2 A three-phase motor delivers 20 hp operating from

a 480-V rms line voltage. The motor operates at 85 percent

efficiency with a power factor equal to 0.8 lagging. Find the

magnitude and angle of the line current for phase A.

Hint: 1 hp ¼ 745:7W

P 12.7-3 A three-phase balanced load is fed by a balanced

Y-connected source with a line-to-line voltage of 220 V rms.

It absorbs 1500 W at 0.8 power factor lagging. Calculate the

phase impedance if it is (a) D-connected and (b) Y-

connected.

P 12.7-4 A 600-V rms three-phase Y-connected source has

two balanced D loads connected to the lines. The load imped-

ances are 40ff30� V and 50ff�60� V, respectively. Deter-

mine the line current and the total average power.

P 12.7-5 A three-phase Y-connected source simultaneously

supplies power to two separate balanced three-phase loads.

The first total load is D connected and requires 39 kVA at 0.7

lagging. The second total load is Y connected and requires 15

kW at 0.21 leading. Each line has an impedance

0:038þ j0:072V/phase. Calculate the line-to-line source volt-

age magnitude required so that the loads are supplied with

208-V rms line-to-line.

P 12.7-6 A building is supplied by a public utility at 4.16 kV

rms. The building contains three balanced loads connected to

the three-phase lines:

(a) D-connected, 500 kVA at 0.85 lagging

(b) Y-connected, 75 kVA at 0.0 leading

(c) Y connected; each phase with a 150-V resistor parallel to a

225-V inductive reactance

The utility feeder is five miles long with an impedance per

phase of 1:69þ j0:78V/mile. At what voltage must the utility

supply its feeder so that the building is operating at 4.16 kV

rms?

Hint: 41.6 kV is the line-to-line voltage of the balanced

Y-connected source.

P 12.7-7 The diagram shown in P 12.7-7 has two three-

phase loads that form part of a manufacturing plant. They are

connected in parallel and require 4.16 kV rms. Load 1 is 1.5

MVA, 0.75 lag pf, D-connected. Load 2 is 2 MW, 0.8 lagging

pf, Y-connected. The feeder from the power utility’s sub-

station transformer has an impedance of 0:4þ j0:8V/phase.

Determine the following:

Problems 591
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Figure P 12.5-3 A D-to-Y circuit.

P 12.5-4 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff0� V rms. Determine the line and phase currents

in the load when Z ¼ 9þ j12V.

Section 12.6 Balanced Three-Phase Circuits

P 12.6-1 The English Channel Tunnel rail link is supplied

at 25 kV rms from the United Kingdom and French grid

systems. When there is a grid supply failure, each end is

capable of supplying the whole tunnel but in a reduced

operational mode.

The tunnel traction system is a conventional catenary

(overhead wire) system similar to the surface mainline

electric railway system of the United Kingdom and France.

What makes the tunnel traction system different and unique

is the high density of traction load and the end-fed supply

arrangement. The tunnel traction load is considerable. For

each half tunnel, the load is 180 MVA (Barnes and Wong,

1991).

Assume that each line-to-line voltage of the Y-

connected source is 25 kV rms and the three-phase system

is connected to the traction motor of an electric locomotive.

The motor is a Y-connected load with Z ¼ 150ff25� V. Find

the line currents and the power delivered to the traction

motor.

P 12.6-2 A three-phase source with a line voltage of 45 kV

rms is connected to two balanced loads. The Y-connected

load has Z ¼ 10þ j20V, and the D load has a branch

impedance of 50 V. The connecting lines have an impedance

of 2 V. Determine the power delivered to the loads and the

power lost in the wires. What percentage of power is lost in

the wires?

P 12.6-3 A balanced three-phase source has a Y-connected

source with va ¼ 5 cos 2t þ 30�ð Þ connected to a three-phase

Y load. Each phase of the Y-connected load consists of a 4-V
resistor and a 4-H inductor. Each connecting line has a

resistance of 2V. Determine the total average power delivered

to the load.

Section 12.7 Instantaneous and Average Power in a
Balanced Three-Phase Load

P 12.7-1 Find the power absorbed by a balanced three-phase

Y-connected load when

VCB ¼ 208ff15� V rms and IB ¼ 3ff110� A rms

The source uses the abc phase sequence.

Answer: P ¼ 620W

P 12.7-2 A three-phase motor delivers 20 hp operating from

a 480-V rms line voltage. The motor operates at 85 percent

efficiency with a power factor equal to 0.8 lagging. Find the

magnitude and angle of the line current for phase A.

Hint: 1 hp ¼ 745:7W

P 12.7-3 A three-phase balanced load is fed by a balanced

Y-connected source with a line-to-line voltage of 220 V rms.

It absorbs 1500 W at 0.8 power factor lagging. Calculate the

phase impedance if it is (a) D-connected and (b) Y-

connected.

P 12.7-4 A 600-V rms three-phase Y-connected source has

two balanced D loads connected to the lines. The load imped-

ances are 40ff30� V and 50ff�60� V, respectively. Deter-

mine the line current and the total average power.

P 12.7-5 A three-phase Y-connected source simultaneously

supplies power to two separate balanced three-phase loads.

The first total load is D connected and requires 39 kVA at 0.7

lagging. The second total load is Y connected and requires 15

kW at 0.21 leading. Each line has an impedance

0:038þ j0:072V/phase. Calculate the line-to-line source volt-

age magnitude required so that the loads are supplied with

208-V rms line-to-line.

P 12.7-6 A building is supplied by a public utility at 4.16 kV

rms. The building contains three balanced loads connected to

the three-phase lines:

(a) D-connected, 500 kVA at 0.85 lagging

(b) Y-connected, 75 kVA at 0.0 leading

(c) Y connected; each phase with a 150-V resistor parallel to a

225-V inductive reactance

The utility feeder is five miles long with an impedance per

phase of 1:69þ j0:78V/mile. At what voltage must the utility

supply its feeder so that the building is operating at 4.16 kV

rms?

Hint: 41.6 kV is the line-to-line voltage of the balanced

Y-connected source.

P 12.7-7 The diagram shown in P 12.7-7 has two three-

phase loads that form part of a manufacturing plant. They are

connected in parallel and require 4.16 kV rms. Load 1 is 1.5

MVA, 0.75 lag pf, D-connected. Load 2 is 2 MW, 0.8 lagging

pf, Y-connected. The feeder from the power utility’s sub-

station transformer has an impedance of 0:4þ j0:8V/phase.

Determine the following:

Problems 591

La fuente utiliza la secuencia de fasores abc.

Respuesta: P 5 620 W

P 12.7-2 Un motor trifásico transmite 20 hp operando a partir 
de un voltaje de línea de 480-V rms. El motor opera a 85% de 
eficiencia con un factor de potencia igual a 0.8 de retardo. En-
cuentre la magnitud y el ángulo de la corriente de línea para la  
fase A.

Sugerencia: 1 hp 5 754.7 W

P 12.7-3 A una carga trifásica balanceada la alimenta una 
fuente balanceada conectada a Y con un voltaje de línea a lí-
nea de 220 V rcm. Se absorben 1 500 W a 0.8 de factor de 
potencia de retardo. Calcule la impedancia de fasores si está 
(a) conectada a D y (b) si está conectada a Y.

P 12.7-4 Una fuente trifásica balanceada de 600-V rms 
conectada a Y tiene dos cargas D balanceadas conectadas 
a las líneas. Las impedancias de cargas son 40 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.

–
+

+
–

+
–

ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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Figure P 12.5-3 A D-to-Y circuit.

P 12.5-4 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff0� V rms. Determine the line and phase currents

in the load when Z ¼ 9þ j12V.

Section 12.6 Balanced Three-Phase Circuits

P 12.6-1 The English Channel Tunnel rail link is supplied

at 25 kV rms from the United Kingdom and French grid

systems. When there is a grid supply failure, each end is

capable of supplying the whole tunnel but in a reduced

operational mode.

The tunnel traction system is a conventional catenary

(overhead wire) system similar to the surface mainline

electric railway system of the United Kingdom and France.

What makes the tunnel traction system different and unique

is the high density of traction load and the end-fed supply

arrangement. The tunnel traction load is considerable. For

each half tunnel, the load is 180 MVA (Barnes and Wong,

1991).

Assume that each line-to-line voltage of the Y-

connected source is 25 kV rms and the three-phase system

is connected to the traction motor of an electric locomotive.

The motor is a Y-connected load with Z ¼ 150ff25� V. Find

the line currents and the power delivered to the traction

motor.

P 12.6-2 A three-phase source with a line voltage of 45 kV

rms is connected to two balanced loads. The Y-connected

load has Z ¼ 10þ j20V, and the D load has a branch

impedance of 50 V. The connecting lines have an impedance

of 2 V. Determine the power delivered to the loads and the

power lost in the wires. What percentage of power is lost in

the wires?

P 12.6-3 A balanced three-phase source has a Y-connected

source with va ¼ 5 cos 2t þ 30�ð Þ connected to a three-phase

Y load. Each phase of the Y-connected load consists of a 4-V
resistor and a 4-H inductor. Each connecting line has a

resistance of 2V. Determine the total average power delivered

to the load.

Section 12.7 Instantaneous and Average Power in a
Balanced Three-Phase Load

P 12.7-1 Find the power absorbed by a balanced three-phase

Y-connected load when

VCB ¼ 208ff15� V rms and IB ¼ 3ff110� A rms

The source uses the abc phase sequence.

Answer: P ¼ 620W

P 12.7-2 A three-phase motor delivers 20 hp operating from

a 480-V rms line voltage. The motor operates at 85 percent

efficiency with a power factor equal to 0.8 lagging. Find the

magnitude and angle of the line current for phase A.

Hint: 1 hp ¼ 745:7W

P 12.7-3 A three-phase balanced load is fed by a balanced

Y-connected source with a line-to-line voltage of 220 V rms.

It absorbs 1500 W at 0.8 power factor lagging. Calculate the

phase impedance if it is (a) D-connected and (b) Y-

connected.

P 12.7-4 A 600-V rms three-phase Y-connected source has

two balanced D loads connected to the lines. The load imped-

ances are 40ff30� V and 50ff�60� V, respectively. Deter-

mine the line current and the total average power.

P 12.7-5 A three-phase Y-connected source simultaneously

supplies power to two separate balanced three-phase loads.

The first total load is D connected and requires 39 kVA at 0.7

lagging. The second total load is Y connected and requires 15

kW at 0.21 leading. Each line has an impedance

0:038þ j0:072V/phase. Calculate the line-to-line source volt-

age magnitude required so that the loads are supplied with

208-V rms line-to-line.

P 12.7-6 A building is supplied by a public utility at 4.16 kV

rms. The building contains three balanced loads connected to

the three-phase lines:

(a) D-connected, 500 kVA at 0.85 lagging

(b) Y-connected, 75 kVA at 0.0 leading

(c) Y connected; each phase with a 150-V resistor parallel to a

225-V inductive reactance

The utility feeder is five miles long with an impedance per

phase of 1:69þ j0:78V/mile. At what voltage must the utility

supply its feeder so that the building is operating at 4.16 kV

rms?

Hint: 41.6 kV is the line-to-line voltage of the balanced

Y-connected source.

P 12.7-7 The diagram shown in P 12.7-7 has two three-

phase loads that form part of a manufacturing plant. They are

connected in parallel and require 4.16 kV rms. Load 1 is 1.5

MVA, 0.75 lag pf, D-connected. Load 2 is 2 MW, 0.8 lagging

pf, Y-connected. The feeder from the power utility’s sub-

station transformer has an impedance of 0:4þ j0:8V/phase.

Determine the following:
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 V, respectivamente. Determine la corriente de lí-
nea y la potencia promedio total.

P 12.7-5 Una fuente trifásica conectada a Y alimenta simul-
táneamente a dos cargas trifásicas balanceadas separadas. La 
primera carga total está conectada a D y requiere 39 kVA a 0.7 
de retardo. La segunda carga total está conectada a Y y requie-
re 15 kW a 0.21 de conducción. Cada línea tiene una impedan-
cia de 0.038 1 j0.072 V/fase. Calcule la magnitud del voltaje 
de fuente de línea a línea requerido para que las cargas reciban 
una alimentación de 208-V rms de línea a línea.

P 12.7-6 Un edificio recibe alimentación de una planta públi-
ca a 4.16 kV rms. El edificio cuenta con tres cargas balancea-
das conectadas a las líneas trifásicas:

(a) Conectada a D, 500kVA a0.85 de retardo.
(b) Conectada a Y, 75 kVA a 0.0 de conducción.
(c)  Conectada a Y; cada fase con un resistor a 150-V en para-

lelo para una reactancia inductiva de 225-V.

El conductor de alimentación de la planta tiene cinco millas  
(8 km) de largo con una impedancia por fase de 1.69 1 j0.78 V/
milla. ¿A qué voltaje debe la planta alimentar su conductor de 
alimentación de modo que el edificio opere a 4.16 kV rms?
Sugerencia: 41.6 kV es el voltaje de línea a línea de la fuente 
conectada a Y balanceada.
P 12.7-7 El diagrama que se muestra en la figura P 12.7-7 tie-
ne dos cargas trifásicas que forman parte de una fábrica. Están 
conectadas en paralelo y requieren 4.16 kV rms. La carga 1 es  
de 1.5 MVA, pf de 0.75 e retardo, conectada a D. La carga 2 es de 
2 MW pf de 0.8 de retardo, conectada a Y. El alimentador del 
transformador de la subestación de la planta de potencia tiene una  
impedancia de fasor de 0.4 1 j0.8 V. Determine lo siguiente:
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Figura P 12.5-3 Circuito D a Y.

P 12.5-4 El circuito balanceado que se muestra en la figura 
P 12.5-3 tiene Vab 5 380 
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PROBLEMS

Section 12.2 Three-Phase Voltages

P 12.2-1 A balanced three-phase Y-connected load has one

phase voltage:

Vc ¼ 277ff45� V rms

The phase sequence is abc. Find the line-to-line volt-

ages VAB, VBC, and VCA. Draw a phasor diagram showing the

phase and line voltages.

P 12.2-2 A three-phase system has a line-to-line voltage

VBA ¼ 12; 470ff�35� V rms

with a Y load. Find the phase voltages when the phase

sequence is abc.

P 12.2-3 A three-phase system has a line-to-line voltage

Vab ¼ 1500ff30� V rms

with a Y load. Determine the phase voltage.

Section 12.3 The Y-to-Y Circuit

P 12.3-1 Consider a three-wire Y-to-Y circuit. The voltages

of the Y-connected source are Va ¼ 208=
ffiffiffi
3

p� � ff0� V rms,

Vb ¼ 208=
ffiffiffi
3

p� �ff�120� V rms, and Vc ¼ 208=
ffiffiffi
3

p� � ff120�
V rms. The Y-connected load is balanced. The impedance of

each phase is Z ¼ 12ff30� V.

(a) Find the phase voltages.

(b) Find the line currents and phase currents.

(c) Show the line currents and phase currents on a phasor

diagram.

(d) Determine the power dissipated in the load.

P 12.3-2 A balanced three-phase Y-connected supply deliv-

ers power through a three-wire plus neutral-wire circuit in

a large office building to a three-phase Y-connected load.

The circuit operates at 60 Hz. The phase voltages of the

Y-connected source are Va ¼ 120ff0� V rms, Vb ¼ 120ff�120� V rms, and Vc ¼ 120ff120� V rms. Each transmis-

sion wire, including the neutral wire, has a 2-V resistance, and

the balanced Y load has a 10-V resistance in series with 100

mH. Find the line voltage and the phase current at the load.

P 12.3-3 AY-connected source and load are shown in Figure

P 12.3-3. (a) Determine the rms value of the current ia(t).

(b) Determine the average power delivered to the load.

circuit is balanced, this step isn’t neededbecauseVNn ¼ 0.Once

VNn is known, the line currents can be calculated. The line

current for a balanced Y-to-Y connection is Va/Z for phase a,

and the other two currents are displaced by �120� from IA.

For a D load, we converted the D load to a Y-connected load

by using the relation D-to-Y transformation. Then we

proceeded with the Y-to-Y analysis.

The line current for a balanced D load is
ffiffiffi
3

p
times the phase

current and is displaced �30� in phase. The line-to-line

voltage of a D load is equal to the phase voltage.

The power delivered to a balanced Y-connected load is

PY ¼ ffiffiffi
3

p
VABIA cos uwhere VAB is the line-to-line voltage,

IA is the line current, and u is the angle between the phase

voltage and the phase current ðZY ¼ ZffuÞ.
The two-wattmeter method of measuring three-phase

power delivered to a load was described. Also, we

considered the usefulness of the two-wattmeter method

for determining the power factor angle of a three-phase

system.
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ia(t)

10 cos (16t – 120°) V

10 cos (16t + 120°) V

10 cos 16t V

1 H

1 H

1 H

12 Ω

12 Ω

12 Ω
Source Load

Figure P 12.3-3
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 V rms. Determine las corrientes 
de línea y de fasor en la carga cuando Z 5 9 1 j12 V.

Sección 12. 6 Circuitos trifásicos balanceados

P 12.6-1 El fusible del ferrocarril del túnel del canal inglés 
está alimentado por un rcm de 25 kV desde los sistemas de 
rejilla del Reino Unido y Francia. Cuando hay una falla de 
alimentación en la rejilla, cada extremo es capaz de alimentar 
a todo el túnel pero de un modo operativo reducido.
 El sistema de tracción del túnel es un sistema catena-
rio convencional (cable superior) semejante al sistema del 
ferrocarril eléctrico principal de superficie del Reino Unido y 
de Francia. Lo que hace diferente y único al sistema de trac-
ción del túnel es la alta densidad de la carga de tracción del 
arreglo de alimentación en un extremo. La carga de tracción 
del túnel es considerable. Para cada mitad del túnel, la carga 
es de 180 MVA (Barnes y Wong, 1991).
 Suponga que cada voltaje de línea a línea de la fuen-
te conectada a Y es de 25 kV rms y el sistema trifásico está 
conectado al motor de tracción de una locomotora eléctrica. 
El motor es una carga conectada a Y con Z 5 150 
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Figure P 12.5-3 A D-to-Y circuit.

P 12.5-4 The balanced circuit shown in Figure P 12.5-3 has

Vab ¼ 380ff0� V rms. Determine the line and phase currents

in the load when Z ¼ 9þ j12V.

Section 12.6 Balanced Three-Phase Circuits

P 12.6-1 The English Channel Tunnel rail link is supplied

at 25 kV rms from the United Kingdom and French grid

systems. When there is a grid supply failure, each end is

capable of supplying the whole tunnel but in a reduced

operational mode.

The tunnel traction system is a conventional catenary

(overhead wire) system similar to the surface mainline

electric railway system of the United Kingdom and France.

What makes the tunnel traction system different and unique

is the high density of traction load and the end-fed supply

arrangement. The tunnel traction load is considerable. For

each half tunnel, the load is 180 MVA (Barnes and Wong,

1991).

Assume that each line-to-line voltage of the Y-

connected source is 25 kV rms and the three-phase system

is connected to the traction motor of an electric locomotive.

The motor is a Y-connected load with Z ¼ 150ff25� V. Find

the line currents and the power delivered to the traction

motor.

P 12.6-2 A three-phase source with a line voltage of 45 kV

rms is connected to two balanced loads. The Y-connected

load has Z ¼ 10þ j20V, and the D load has a branch

impedance of 50 V. The connecting lines have an impedance

of 2 V. Determine the power delivered to the loads and the

power lost in the wires. What percentage of power is lost in

the wires?

P 12.6-3 A balanced three-phase source has a Y-connected

source with va ¼ 5 cos 2t þ 30�ð Þ connected to a three-phase

Y load. Each phase of the Y-connected load consists of a 4-V
resistor and a 4-H inductor. Each connecting line has a

resistance of 2V. Determine the total average power delivered

to the load.

Section 12.7 Instantaneous and Average Power in a
Balanced Three-Phase Load

P 12.7-1 Find the power absorbed by a balanced three-phase

Y-connected load when

VCB ¼ 208ff15� V rms and IB ¼ 3ff110� A rms

The source uses the abc phase sequence.

Answer: P ¼ 620W

P 12.7-2 A three-phase motor delivers 20 hp operating from

a 480-V rms line voltage. The motor operates at 85 percent

efficiency with a power factor equal to 0.8 lagging. Find the

magnitude and angle of the line current for phase A.

Hint: 1 hp ¼ 745:7W

P 12.7-3 A three-phase balanced load is fed by a balanced

Y-connected source with a line-to-line voltage of 220 V rms.

It absorbs 1500 W at 0.8 power factor lagging. Calculate the

phase impedance if it is (a) D-connected and (b) Y-

connected.

P 12.7-4 A 600-V rms three-phase Y-connected source has

two balanced D loads connected to the lines. The load imped-

ances are 40ff30� V and 50ff�60� V, respectively. Deter-

mine the line current and the total average power.

P 12.7-5 A three-phase Y-connected source simultaneously

supplies power to two separate balanced three-phase loads.

The first total load is D connected and requires 39 kVA at 0.7

lagging. The second total load is Y connected and requires 15

kW at 0.21 leading. Each line has an impedance

0:038þ j0:072V/phase. Calculate the line-to-line source volt-

age magnitude required so that the loads are supplied with

208-V rms line-to-line.

P 12.7-6 A building is supplied by a public utility at 4.16 kV

rms. The building contains three balanced loads connected to

the three-phase lines:

(a) D-connected, 500 kVA at 0.85 lagging

(b) Y-connected, 75 kVA at 0.0 leading

(c) Y connected; each phase with a 150-V resistor parallel to a

225-V inductive reactance

The utility feeder is five miles long with an impedance per

phase of 1:69þ j0:78V/mile. At what voltage must the utility

supply its feeder so that the building is operating at 4.16 kV

rms?

Hint: 41.6 kV is the line-to-line voltage of the balanced

Y-connected source.

P 12.7-7 The diagram shown in P 12.7-7 has two three-

phase loads that form part of a manufacturing plant. They are

connected in parallel and require 4.16 kV rms. Load 1 is 1.5

MVA, 0.75 lag pf, D-connected. Load 2 is 2 MW, 0.8 lagging

pf, Y-connected. The feeder from the power utility’s sub-

station transformer has an impedance of 0:4þ j0:8V/phase.

Determine the following:

Problems 591

 Ω. 
Encuentre las corrientes de línea y la potencia transmitida al 
motor de tracción.

P 12.6-2 Una fuente trifásica con un voltaje de línea de 45 kV 
rcm está conectada a dos cargas balanceadas. La carga conec-
tada a Y tiene Z 5 10 1 j20 V, y la carga D tiene una impe-
dancia de derivación de 50 V. Las líneas de conexión tienen 
una impedancia de 2 V. Determine la potencia transmitida a 
las cargas y la potencia perdida en los cables. ¿Qué porcentaje 
de potencia se pierde en los cables?

P 12.6-3 Una fuente trifásica balanceada tiene una fuente co-
nectada a Y con va 5 5 cos 12t 1 30°2 conectada a una carga 
Y trifásica. Cada fase de la carga conectada a Y consta de un 
resistor de 4 V y un inductor de 4 H. Cada línea de conexión 
tiene una resistencia de 2 V. Determine la potencia promedio 
total transmitida a la carga.
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0.4 j0.8 

0.4 j0.8 

Carga 2

j0.8 

Carga 1

0.4 

Alimentación
trifásica desde

la planta

(a)  La magnitud requerida del voltaje de línea en la alimenta-
ción.

(b) La potencia real dibujada a partir de la alimentación.
(c)  El porcentaje de la potencia real dibujada a partir de la 

alimentación que consumen las cargas.

P 12.7-8 La carga trifásica balanceada de un edifi cio comer-
cial grande requiere 480 kW con un factor de potencia de retar-
do de 0.8. La carga es alimentada por una línea de conexión con 
una impedancia de 5 � j25 m� por cada fase. Cada fase de la 
carga tiene un voltaje de línea a línea de 600 V rms. Determine 
la corriente de línea y el voltaje de línea en la fuente. Además, 
determine el factor de potencia en la fuente. Utilice el voltaje de 
línea a neutral como la referencia con un ángulo de 0°.

Sección 12.8 Medición de potencia 
con dos vatímetros

P 12.8-1 El método de dos vatímetros se sigue para determi-
nar la potencia consumida por un motor trifásico de 440 V rms 
que es una carga balanceada conectada a Y. El motor opera a 
20 hp con un porcentaje de 74.6 de efi ciencia. La magnitud de 
la corriente de línea es de 52.5 A rms. Los vatímetros están 
conectados en las líneas A y C. Encuentre la lectura de cada 
vatímetro. El motor tiene un factor de potencia de retardo.

Sugerencia: 1 hp � 745.7 W

P 12.8-2 Un sistema trifásico tiene un voltaje de línea a línea 
de 4 000 V rms y una carga balanceada conectada a � con Z 
� 40 � j30 �. La secuencia de fasores es abc. Utilice los dos 
vatímetros conectados a las líneas a A y C, con la línea B como 
línea común para la medición del voltaje. Determine la medi-
ción de la potencia total registrada por los vatímetros.

Respuesta: P � 768 kW 

P 12.8-3 Un sistema trifásico con una secuencia abc y un vol-
taje de línea a línea de 200 V rms alimenta a una carga conectada 

a Y con Z � 70.7 ff45� �. Encuentre las corrientes de línea. 
Encuentre la potencia total utilizando vatímetros conectados a 
las líneas B y C.

Respuesta: P � 400 W

P 12.8-4 Un sistema trifásico con un voltaje de línea a línea 
de 208 V rms y secuencia de fasores abc está conectada a una 
carga Y balanceada con impedancia de 10 ff�30� � y a una car-
ga � balanceada con impedancia de 15 ff30� �. Encuentre las 
corrientes de línea y la potencia total utilizando dos vatímetros.

P 12.8-5 Se sigue el método de los dos vatímetros. El va-
tímetro en la línea A lee 920 W, y el vatímetro en la línea C 
lee 460 W. Encuentre la impedancia de la carga balanceada 
conectada a �. El circuito es un sistema trifásico de 120 V rms 
con una secuencia abc.

Respuesta: Z� � 27.1 ff�30� �
P 12.8-6 Siguiendo el método de los dos vatímetros, deter-
mine la lectura de la potencia de cada vatímetro y la potencia 
total para el problema 12.5-1 cuando Z � 0.868 � j4.924 �. 
Coloque las bobinas de corriente en las líneas A � a y C � c.

Sección 12.9 ¿Cómo lo podemos comprobar...?

P 12.9-1 Una fuente conectada a Y está conectada a una car-
ga conectada a Y (fi gura 12.3-1) con Z � 10 � j4 �. El vol-
taje de línea es VL � 416 V rms. El reporte de un estudiante 
establece que la corriente de línea IA � 38.63 A rcm y que la 
potencia transmitida a la carga es de 16.1 kW Verifi que estos 
resultados.

P 12.9-2 Una carga � con Z � 40 � j30 � tiene una fuente 
trifásica con VL � 240 V rms (fi gura 12.3-2). Un programa de 
análisis por computadora establece que una corriente de fasor 
es 4.8 

y pff�36:9�  A. Verifi que este resultado.

Figura P 12.7-7 Circuito trifásico con una carga � y una carga Y.
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Problemas de PSpice
PS 12.1 Utilice PSpice para determinar la potencia transmiti-
da a la carga en el circuito que se muestra en la fi gura PS 12.1.

+–

+–

+–

5

110 cos
(377t)

205 mH

a

b
n N

c

A

B

C

60 mH

5 205 mH 60 mH

110 cos
(377t + 240 )

110 cos
(377t +120 )

5 205 mH 60 mH

Línea CargaFuente

Figura PS 12.1

PS 12.2 Utilice PSpice para determinar la potencia transmiti-
da a la carga en el circuito que se muestra en la fi gura PS 12.2.

+–

+–

+–

10

110 cos
(377t)

305 mH

a

b
n N

c

A

B

C

25 mH

10 205 mH 60 mH

110 cos
(377t + 240 )

110 cos
(377t +120 )

10 605 mH 20 mH

Línea CargaFuente

Figura PS 12.2

Problemas de diseño
PD 12.1 Una fuente Y trifásica balanceada tiene un voltaje de 
línea de 208 V rms. La potencia total transmitida a la carga 
balanceada es de 1 200 W con un factor de potencia de 0.94 de 
retardo. Determine la impedancia de carga requerida para cada 
fase de la carga �. Calcule la corriente de línea resultante. La 
fuente es una secuencia ABC de 208-V rms.

PD 12.2 Un circuito trifásico de 240-V rms tiene una impe-
dancia Z de carga Y balanceada. Hay dos vatímetros conectados 
con bobinas de corriente en la líneas A y C. El vatímetro en la 
línea A lee 1 440 W, y el vatímetro en la línea C lee cero. Deter-
mine el valor de la impedancia.

PD 12.3 Un circuito trifásico transmite 100 hp y opera al 80% 
de efi ciencia con un factor de potencia de 0.75 de retardo. De-
termine el conjunto balanceado conectado a � requerido de tres 
condensadores que mejorará el factor de potencia a 0.90 de re-
tardo. El motor funciona a partir de líneas de 480-V rms. 

PD 12.4 Un sistema trifásico tiene condiciones balanceadas 
de modo que la representación dl circuito por fase se puede 
utilizar como se muestra en la fi gura PD 12.4. Seleccione la 
proporción de vueltas de los transformadores de elevación y 
reducción de modo que el sistema funciona con una efi cien-
cia mayor de 99%. El voltaje de carga está especifi cado como 
4 kV rms, y la impedancia de carga es 4>3 �.

+

–

+
–20 kV

+

–

V1 V2

2.5 j40 1 : n1 n2 : 1 

+

–

VL Carga

IL

Figura PD 12.4
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Respuesta de frecuencia

13.1 I N T R O D U C C I Ó N

Considere el experimento ilustrado en la figura 13.1-1, en el cual un generador de funciones pro-
porciona la entrada a un circuito lineal y el osciloscopio despliega la salida, o respuesta, del circuito 
lineal. El circuito lineal consta de resistores, condensadores, inductores y quizá fuentes dependientes 
y/o amplificadores operacionales. El generador de funciones nos permite elegir algunos tipos de fun-
ciones de entrada.
 Suponga que elegimos una entrada senoidal. El generador de funciones nos permite ajustar la 
amplitud, el ángulo de fase y la frecuencia de entrada. Primero debemos tener en cuenta que no im-
porta qué ajustes hagamos, la respuesta (estado estable) siempre será una onda de seno en la misma 
frecuencia que la entrada. La amplitud y el ángulo de fase de la salida difieren de la entrada, pero 
la frecuencia siempre es la misma que la frecuencia de la salida.
 Luego de un poco más de experimentación, encontramos que en toda frecuencia fija lo si-
guiente es cierto:

•  La relación de la amplitud de la sinusoide de salida con la amplitud de la sinusoide de entrada es 
una constante.

•  La diferencia entre el ángulo de fase de la sinusoide de entrada y el ángulo de fase de la sinusoide 
de entrada también es una constante.

 La situación no es tan sencilla cuando variamos la frecuencia de la entrada. Ahora la amplitud 
y el ángulo de fase de la salida cambian de una manera más complicada.
 En este capítulo desarrollaremos herramientas analíticas que nos permitirán pronosticar cómo 
la amplitud y el ángulo de fase de la sinusoide de salida cambiarán conforme modificamos la frecuen-
cia de la sinusoide de entrada.

13.2 GANANCIA, CAMBIO DE FASE Y FUNCIÓN DE RED

La ganancia, el cambio de fase y la función de red son propiedades de circuitos lineales que descri-
ben el efecto que un circuito tiene sobre el voltaje o la corriente de una entrada senoidal. Esperamos 

CAPÍTULO13
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amplifi cadores operacionales
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que el comportamiento de circuitos que contienen elementos reactivos como son los condensadores 
y los inductores, dependan de la frecuencia de la sinusoide de entrada.
 De esta manera, esperamos que la ganancia, el cambio de fase y la función de red sean funciones 
de frecuencia. En efecto, veremos que éste es el caso.
 Empezaremos por considerar el circuito que se muestra en la figura 13.2-1. La entrada a este 
circuito es el voltaje de la fuente de voltaje, y la salida, o respuesta, del circuito es el voltaje a través 
del resistor de 10-kV. Cuando la entrada es un voltaje senoidal, la respuesta de estado estable también 
será senoidal y tendrá la misma frecuencia que la entrada.
 Suponga que los voltajes vent(t) y vsal(t) se miden con un osciloscopio. La figura 13.2-2 muestra 
las formas de onda que se desplegarían en la pantalla del osciloscopio. Observe que se muestran las 
escalas mas no los ejes. Es habitual tomar el ángulo de la señal de entrada como 0°, es decir,

vent1t2 5 A cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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t
Entonces, 

vsal1t2 5 B cos 1
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dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2

La ganancia del circuito describe la relación entre las dimensiones de las sinusoides de 
entrada y de salida. En particular, la ganancia es la relación de la amplitud de la sinusoide de 
la respuesta con la amplitud de la sinusoide de entrada.

FIGURA 13.1-1 Medición de la entrada y la salida de un circuito lineal.

Osciloscopio
Generador de

funciones

Circuito

lineal

+
– vsal(t)

vent(t)

5 kΩ 50 kΩ

2 nF

10 kΩ
+

–

–

+

Voltaje, 2 V/div

Tiempo (125   s/div)µ

FIGURA 13.2-1 Circuito de amplificador 
operacional.

FIGURA 13.2-2 Sinusoides de entrada y salida para el circuito del 
amplificador operacional de la figura 13.2-1.

M13_DORF_1571_8ED_SE_594-659.indd   595 4/12/11   8:35 PM



Alfaomega Circuitos Eléctricos - Dorf

	 596	 Respuesta de frecuencia

Es decir,

ganancia

E1C13_1 11/25/2009 596

That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms

596 Frequency Response

El cambio de fase del circuito describe la relación entre los ángulos de fases de las sinusoi-
des de entrada y de salida. En particular, el cambio de fase es la diferencia entre el ángulo de 
fase de la sinusoide de salida y el ángulo de fase de la sinusoide de entrada.

Es decir,
cambio de fase 5 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Para ser más específicos, necesitamos representaciones analíticas de las sinusoides que se muestran en la 
figura 13.2-2. El voltaje de entrada es el más pequeño de las dos sinusoides y se puede representar como

vent1t2 5 1 cos 6 283t V

La respuesta de estado estable es la mayor de las dos sinusoides y se puede representar como

vsal1t2 5 8.47 cos 16 283t 1 148°2 V
 La ganancia de este circuito en la frecuencia 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 6 283 rad/s es

Ganancia 
amplitud de salida

amplitud de entrada


8.47
1

 8.47

La ganancia es menos unitaria porque ambas amplitudes tienen unidades de voltios. Dado que la 
ganancia es mayor que 1, la sinusoide de salida es más grande que la sinusoide de entrada. Se dice 
que este circuito amplifica su entrada. Cuando la ganancia de un circuito es menor que 1, la sinusoide 
de salida es menor que la sinusoide de entrada. Entonces se dice que este circuito atenúa su entrada.
 El cambio de fase de este circuito en la frecuencia 
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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El cambio de fase determina cuánto tiempo avanza o se retarda la salida respecto de la entrada. Ob-
serve que
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That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 es el ángulo de fase en radianes y t0 5 

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–
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Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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and Acm is called the common mode gain:
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms
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That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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That is,

gain ¼ B

A

The phase shift of the circuit describes the relationship between the phase angles of the input

and output sinusoids. In particular, the phase shift is the difference between the phase angle

of the output sinusoid and the phase angle of the input sinusoid.

That is,

phase shift ¼ u � 0� ¼ u

To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The

input voltage is the smaller of the two sinusoids and can be represented as

vin tð Þ ¼ 1 cos 6283t V

The steady-state response is the larger of the two sinusoids and can be represented as

vout tð Þ ¼ 8:47 cos 6283t þ 148�ð ÞV
The gain of this circuit at the frequency v ¼ 6283 rad/s is

gain ¼ output amplitude

input amplitude
¼ 8:47

1
¼ 8:47

This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the

output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain

of a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to

attenuate its input.

The phase shift of this circuit at the frequency v ¼ 6283 rad/s is

phase shift ¼ output phase angle� input phase angle ¼ 148� � 0� ¼ 148�

The phase shift determines the amount of time the output is advanced or delayed with respect to the

input. Notice that

B cos vt þ uð Þ ¼ B cos v t þ u

v

� �� �
¼ B cos v t þ t0ð Þð Þ

where u is the phase angle in radians and t0 ¼ u=v. The positive peaks of B cos (vt þ u) occur when

vt þ u ¼ n 2pð Þ
and, solving for t, we have

t ¼ n 2pð Þ
v

� t0 ¼ nT � t0

where n is any integer and T is the period of the sinusoid.

The positive peaks of A cos vt occur at t ¼ n 2pð Þ
v

and the positive peaks of B cos(vtþ u) occur

at t ¼ n 2pð Þ
v

� t0. A phase shift of u rad is seen to shift the output sinusoid by t0 seconds. When the

frequency is 6283 rad/s, a phase shift of 148�or 2.58 rad causes a shift in time equal to

t0 ¼ u

v
¼ 2:58 rad

6283 rad/s
¼ 410 ms
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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por t0 segundos. Cuando la frecuencia es de 6 283 rad/s, un cambio de fase de 148° o de 2.58 radianes 
hace que un cambio en el tiempo sea igual a
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Circuitos Eléctricos - Dorf Alfaomega

 Ganancia, cambio de fase y función de red 597

 En la figura 13.2-2, los picos positivos de la sinusoide de entrada ocurren en 0 ms, 1 ms, 2 ms,  
3 ms, . . . . Los picos positivos de la sinusoide de salida ocurren a 0.59 ms, 1.59 ms, 2.59 ms,  
3.59, . . . . Los picos de la sinusoide de salida ocurren 410 ms antes del pico siguiente de la si nusoide 
de entrada. La salida está avanzada en 410 ms respecto de la entrada.
 Observe que

vsal1t2 5 8.47 cos 16 283t 1 148°2 5 8.47 cos 16 283t 2 212°2

porque un cambio de fase de 360° no modifica la sinusoide. Un cambio de fase de 2212° o 23.70 
radianes provoca un cambio en el tiempo de

t0 
3.70 rad
6 283 rad/s

590ms

Los picos de la senoide de salida ocurren 590 ms después de la anterior senoide de salida. La salida va  
retrasada por 590 ms con respecto a la entrada.

Un cambio de fase que acelera la salida se denomina avance de fase. Un cambio de fase que 
retrasa la salida se denomina retardo de fase.

 En la frecuencia 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 6 283 rad/s, este circuito amplifica su entrada por un factor de 8.47 y lo 
acelera en 410 ms o, de manera equivalente, lo retrasa por 590 ms. El circuito de la figura 13.2-1 tiene 
un avance de fase de 148° o, de manera equivalente, un retardo de fase de 212°.
 Ahora consideremos este circuito cuando cambia la frecuencia de entrada. Cuando la entrada es

vent1t2 5 1 cos 3 141.6t V

se puede encontrar que la respuesta de estado estable de este circuito sea

vsal1t2 5 9.54 cos 13 141.6t 1 163°2 V

 La ganancia y el cambio de fase de este circuito en la frecuencia 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 3 141.6 rad/s son

ganancia 
amplitud de salida

amplitud de entrada


9.54
1

 9.54

y cambio de fase 5 ángulo de fase de salida 2 ángulo de fase de entrada 5 163° 2 0° 5 163°

El cambio de frecuencia de la entrada ha modificado la ganancia y el cambio de fase de este circuito. 
Aparentemente, la ganancia y el cambio de fase de este circuito son funciones de la frecuencia de la en-
trada. La tabla 13.2-1 muestra los valores de la ganancia y el cambio de fase que corresponden a varias 

Tabla 13.2-1 Datos de respuesta de frecuencia para un circuito

f (Hz)
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differential equation for the second-order circuit as

d2x

dt2
þ a1

dx

dt
þ a0x ¼ f tð Þ ð9:7-1Þ

The forced response xf must satisfy Eq. 9.7-1. Therefore, substituting xf, we have

d2xf

dt2
þ a1

dxf

dt
þ a0xf ¼ f tð Þ ð9:7-2Þ

We need to determine xf so that xf and its first and second derivatives all satisfy Eq. 9.7-2.

If the forcing function is a constant, we expect the forced response also to be a constant because

the derivatives of a constant are zero. If the forcing function is of the form f ðtÞ ¼ Be�at, then the

derivatives of f ðtÞ are all exponentials of the form Qe�at, and we expect

xf ¼ De�at

If the forcing function is a sinusoidal function, we can expect the forced response to be a

sinusoidal function. If f ðtÞ ¼ A sin v0t, we will try

xf ¼ M sin v0t þ N cos v0t ¼ Q sin v0t þ uð Þ
Table 9.7-1 summarizes selected forcing functions and their associated assumed solutions.

Table 9.7-1 Forced Responses

FORCING FUNCTION ASSUMED RESPONSE

K A

Kt AtþB

Kt 2 At 2þBtþC

K sin vt A sin vtþB cos vt

Ke�at Ae�at

E X A M P L E 9 . 7 - 1 Forced Response to an Exponential Input

Find the forced response for the inductor current if for the parallel RLC

circuit shown in Figure 9.7-1 when is¼ 8e�2tA. Let R¼ 6V, L¼ 7 H, and

C ¼ 1=42 F.

Solution
The source current is applied at t¼ 0 as indicated by the unit step function

u(t). After t ¼ 0, the KCL equation at the upper node is

iþ v

R
þ C

dv

dt
¼ is ð9:7-3Þ

We note that

v ¼ L
di

dt
ð9:7-4Þ

so
dv

dt
¼ L

d2i

dt2
ð9:7-5Þ

i

is u(t)

v

R L C

Ground

FIGURE 9.7-1 Circuit for Examples

9.7-1 and 9.7-2.
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 (rad/s) GANANCIA CAMBIO DE FASE

100 682.3 9.98 176°
500 3 141.6 9.54 163°

1 000 6 283 8.47 148°
5 000 31 416 3.03 108°

10 000 62 830 1.57 99°
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	 598	 Respuesta de frecuencia

elecciones de la frecuencia de entrada. Como se esperaba, la ganancia y el cambio de fase se modificaron 
cuando la frecuencia de la entrada cambió. La función de red describe la manera en que el comporta-
miento del circuito depende de la frecuencia de la entrada. La función de red se define en el dominio de 
frecuencia. Es la razón del fasor que corresponde a la sinusoide de respuesta del fasor que corresponde 
a la entrada. Sea X(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) el fasor que corresponde a la entrada al circuito y Y(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) el fasor que corresponda a 
la respuesta de estado estable de la red. Entonces,
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shows the values of the gain and phase shift corresponding to several choices of the input frequency.

As expected, the gain and phase shift changed when the input frequency changed. The network

function describes the way the behavior of the circuit depends on the frequency of the input. The

network function is defined in the frequency domain. It is the ratio of the phasor corresponding to the

response sinusoid to the phasor corresponding to the input. Let X(v) be the phasor corresponding to

the input to the circuit and Y(v) be the phasor corresponding to the steady-state response of the

network. Then,

H vð Þ ¼ Y vð Þ
X vð Þ ð13:2-1Þ

is the network function. Notice that both X(v) and Y(v) could correspond to either a current or a

voltage. Both the gain and the phase shift can be expressed in terms of the network function. The

gain is

gain ¼ jH vð Þj ¼ jY vð Þj
jX vð Þj ð13:2-2Þ

and the phase shift is

phase shift ¼ ffH vð Þ ¼ ffY vð Þ � ffX vð Þ ð13:2-3Þ

Consider the problem of finding the network function of a given circuit. To solve such a

problem, we do two things. First, we represent the circuit in the frequency domain using

impedances and phasors. (We also represented the circuit in the frequency domain when we

wanted to find the steady-state response to a sinusoidal input. In that case, the frequency was

represented as the value of the frequency of the sinusoidal input, for example, 4 rad/s. When we find

the network function, the frequency is represented by a variable, v). Second, we analyze the circuit

to determine the ratio of the phasor corresponding to the circuit output to the phasor corresponding

to the circuit input. This analysis might involve mesh equations or node equations or equivalent

impedances and voltage or current division. In any case, the analysis is performed in the frequency

domain.

Let’s find the network function for the circuit shown in Figure 13.2-1.

The first step is to represent this circuit in the frequency domain using

impedances and phasors. Figure 13.2-3 shows the frequency-domain circuit

corresponding to the circuit in Figure 13.2-1. In this example, the phasor

corresponding to the input is Vin(v), and the phasor corresponding to the

output is Vout(v). We seek to find the network function H(v) ¼ Vout=Vin.

Write the node equation at the inverting input node of the op amp and

assume an ideal op amp. Then we have

Vin vð Þ
R1

þ Vout vð Þ
R2

þ jvCVout vð Þ ¼ 0

This implies

H vð Þ ¼ Vout vð Þ
Vin vð Þ ¼ �R2

R1 þ jvCR1R2

+
– Vout(  )

Vin(  )
+

–

–

+

R1

R3

R2

ω

ω ω

1
j   C

FIGURE 13.2-3 The frequency-domain

representation of the op amp circuit of Figure

13.2-1.
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es la función de red. Observe que tanto X(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

) como Y(

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) corresponderían ya sea a una corriente o a 
un voltaje. Del mismo modo, la ganancia y el cambio de fase se pueden expresar en términos de la 
función de red. La ganancia es
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shows the values of the gain and phase shift corresponding to several choices of the input frequency.

As expected, the gain and phase shift changed when the input frequency changed. The network

function describes the way the behavior of the circuit depends on the frequency of the input. The

network function is defined in the frequency domain. It is the ratio of the phasor corresponding to the

response sinusoid to the phasor corresponding to the input. Let X(v) be the phasor corresponding to

the input to the circuit and Y(v) be the phasor corresponding to the steady-state response of the

network. Then,

H vð Þ ¼ Y vð Þ
X vð Þ ð13:2-1Þ

is the network function. Notice that both X(v) and Y(v) could correspond to either a current or a

voltage. Both the gain and the phase shift can be expressed in terms of the network function. The

gain is

gain ¼ jH vð Þj ¼ jY vð Þj
jX vð Þj ð13:2-2Þ

and the phase shift is

phase shift ¼ ffH vð Þ ¼ ffY vð Þ � ffX vð Þ ð13:2-3Þ

Consider the problem of finding the network function of a given circuit. To solve such a

problem, we do two things. First, we represent the circuit in the frequency domain using

impedances and phasors. (We also represented the circuit in the frequency domain when we

wanted to find the steady-state response to a sinusoidal input. In that case, the frequency was

represented as the value of the frequency of the sinusoidal input, for example, 4 rad/s. When we find

the network function, the frequency is represented by a variable, v). Second, we analyze the circuit

to determine the ratio of the phasor corresponding to the circuit output to the phasor corresponding

to the circuit input. This analysis might involve mesh equations or node equations or equivalent

impedances and voltage or current division. In any case, the analysis is performed in the frequency

domain.

Let’s find the network function for the circuit shown in Figure 13.2-1.

The first step is to represent this circuit in the frequency domain using

impedances and phasors. Figure 13.2-3 shows the frequency-domain circuit

corresponding to the circuit in Figure 13.2-1. In this example, the phasor

corresponding to the input is Vin(v), and the phasor corresponding to the

output is Vout(v). We seek to find the network function H(v) ¼ Vout=Vin.

Write the node equation at the inverting input node of the op amp and

assume an ideal op amp. Then we have

Vin vð Þ
R1

þ Vout vð Þ
R2

þ jvCVout vð Þ ¼ 0

This implies

H vð Þ ¼ Vout vð Þ
Vin vð Þ ¼ �R2

R1 þ jvCR1R2

+
– Vout(  )

Vin(  )
+

–

–

+

R1

R3

R2

ω

ω ω

1
j   C

FIGURE 13.2-3 The frequency-domain

representation of the op amp circuit of Figure

13.2-1.
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shows the values of the gain and phase shift corresponding to several choices of the input frequency.

As expected, the gain and phase shift changed when the input frequency changed. The network

function describes the way the behavior of the circuit depends on the frequency of the input. The

network function is defined in the frequency domain. It is the ratio of the phasor corresponding to the

response sinusoid to the phasor corresponding to the input. Let X(v) be the phasor corresponding to

the input to the circuit and Y(v) be the phasor corresponding to the steady-state response of the

network. Then,

H vð Þ ¼ Y vð Þ
X vð Þ ð13:2-1Þ

is the network function. Notice that both X(v) and Y(v) could correspond to either a current or a

voltage. Both the gain and the phase shift can be expressed in terms of the network function. The

gain is

gain ¼ jH vð Þj ¼ jY vð Þj
jX vð Þj ð13:2-2Þ

and the phase shift is

phase shift ¼ ffH vð Þ ¼ ffY vð Þ � ffX vð Þ ð13:2-3Þ

Consider the problem of finding the network function of a given circuit. To solve such a

problem, we do two things. First, we represent the circuit in the frequency domain using

impedances and phasors. (We also represented the circuit in the frequency domain when we

wanted to find the steady-state response to a sinusoidal input. In that case, the frequency was

represented as the value of the frequency of the sinusoidal input, for example, 4 rad/s. When we find

the network function, the frequency is represented by a variable, v). Second, we analyze the circuit

to determine the ratio of the phasor corresponding to the circuit output to the phasor corresponding

to the circuit input. This analysis might involve mesh equations or node equations or equivalent

impedances and voltage or current division. In any case, the analysis is performed in the frequency

domain.

Let’s find the network function for the circuit shown in Figure 13.2-1.

The first step is to represent this circuit in the frequency domain using

impedances and phasors. Figure 13.2-3 shows the frequency-domain circuit

corresponding to the circuit in Figure 13.2-1. In this example, the phasor

corresponding to the input is Vin(v), and the phasor corresponding to the

output is Vout(v). We seek to find the network function H(v) ¼ Vout=Vin.

Write the node equation at the inverting input node of the op amp and

assume an ideal op amp. Then we have

Vin vð Þ
R1

þ Vout vð Þ
R2

þ jvCVout vð Þ ¼ 0

This implies

H vð Þ ¼ Vout vð Þ
Vin vð Þ ¼ �R2

R1 þ jvCR1R2

+
– Vout(  )

Vin(  )
+

–

–

+

R1

R3

R2

ω

ω ω

1
j   C

FIGURE 13.2-3 The frequency-domain

representation of the op amp circuit of Figure

13.2-1.
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y el cambio de fase es
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shows the values of the gain and phase shift corresponding to several choices of the input frequency.

As expected, the gain and phase shift changed when the input frequency changed. The network

function describes the way the behavior of the circuit depends on the frequency of the input. The

network function is defined in the frequency domain. It is the ratio of the phasor corresponding to the

response sinusoid to the phasor corresponding to the input. Let X(v) be the phasor corresponding to

the input to the circuit and Y(v) be the phasor corresponding to the steady-state response of the

network. Then,

H vð Þ ¼ Y vð Þ
X vð Þ ð13:2-1Þ

is the network function. Notice that both X(v) and Y(v) could correspond to either a current or a

voltage. Both the gain and the phase shift can be expressed in terms of the network function. The

gain is

gain ¼ jH vð Þj ¼ jY vð Þj
jX vð Þj ð13:2-2Þ

and the phase shift is

phase shift ¼ ffH vð Þ ¼ ffY vð Þ � ffX vð Þ ð13:2-3Þ

Consider the problem of finding the network function of a given circuit. To solve such a

problem, we do two things. First, we represent the circuit in the frequency domain using

impedances and phasors. (We also represented the circuit in the frequency domain when we

wanted to find the steady-state response to a sinusoidal input. In that case, the frequency was

represented as the value of the frequency of the sinusoidal input, for example, 4 rad/s. When we find

the network function, the frequency is represented by a variable, v). Second, we analyze the circuit

to determine the ratio of the phasor corresponding to the circuit output to the phasor corresponding

to the circuit input. This analysis might involve mesh equations or node equations or equivalent

impedances and voltage or current division. In any case, the analysis is performed in the frequency

domain.

Let’s find the network function for the circuit shown in Figure 13.2-1.

The first step is to represent this circuit in the frequency domain using

impedances and phasors. Figure 13.2-3 shows the frequency-domain circuit

corresponding to the circuit in Figure 13.2-1. In this example, the phasor

corresponding to the input is Vin(v), and the phasor corresponding to the

output is Vout(v). We seek to find the network function H(v) ¼ Vout=Vin.

Write the node equation at the inverting input node of the op amp and

assume an ideal op amp. Then we have
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This implies
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FIGURE 13.2-3 The frequency-domain

representation of the op amp circuit of Figure

13.2-1.
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corresponding to the circuit in Figure 13.2-1. In this example, the phasor

corresponding to the input is Vin(v), and the phasor corresponding to the
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Write the node equation at the inverting input node of the op amp and

assume an ideal op amp. Then we have

Vin vð Þ
R1

þ Vout vð Þ
R2

þ jvCVout vð Þ ¼ 0

This implies

H vð Þ ¼ Vout vð Þ
Vin vð Þ ¼ �R2

R1 þ jvCR1R2

+
– Vout(  )

Vin(  )
+

–

–

+

R1

R3

R2

ω

ω ω

1
j   C

FIGURE 13.2-3 The frequency-domain

representation of the op amp circuit of Figure

13.2-1.

598 Frequency Response

 (13.2-3)

 Considere el problema de encontrar la función de red de un circuito dado. Para resolver dicho 
problema realizamos dos cosas. La primera, representamos el circuito en el dominio de frecuencia uti-
lizando impedancias y fasores. (También representamos el circuito en el dominio de frecuencia cuando 
queremos encontrar la respuesta de estado estable a una entrada senoidal. En ese caso la frecuencia se 
representó como el valor de la frecuencia de la entrada senoidal, por ejemplo, 4 rad/s. Cuando encon-
tramos la función de red, la frecuencia se representa por una variable, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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). La segunda, analizamos el 
circuito para determinar la relación del fasor que corresponde a la salida del circuito con el fasor que 
corresponde a la entrada del circuito. Este análisis podría implicar ecuaciones de enlaces o ecuaciones 
nodales, incluso impedancias equivalentes y división de voltaje y de corriente. En cualquier caso, el 
análisis se lleva a cabo en el dominio de frecuencia.

+
– Vsal(  )

Vent(  )
+

–

–

+

R1

R3

R2

ω

ω ω

1
j   C

FIGURA 13.2-3 Representación del dominio 
de frecuencia del circuito del amplificador 
operacional de la figura 13.2-1.

 Encontremos ahora la función de red para el circuito que se muestra 
en la figura 13.2-1. El primer paso es representar este circuito en el dominio 
de frecuencia utilizando impedancias y fasores. La figura 13.2-3 muestra el 
circuito de dominio de frecuencia que corresponde al circuito de la figura 
13.2-1. En este ejemplo, el fasor que corresponde a la entrada es Vent(
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1
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� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the
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A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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). Nuestro propósito es en-
contrar la función de red H(
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A v2 � v1ð Þ
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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2
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) 5 Vsal > Vent. Escriba la ecuación nodal en el 
nodo de entrada inversor del amplificador operacional y suponga un ampli-
ficador operacional ideal. Entonces tenemos
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

1 2

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �
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is called the common mode input voltage;

and Acm is called the common mode gain:
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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The voltage of the dependent source in the finite gain model will be
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 Ganancia, cambio de fase y función de red 599

La ganancia de este circuito es

ganancia
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The gain of this circuit is

gain ¼ jH vð Þj ¼ H ¼ R2=R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2C2R2

2

q

The phase shift of this circuit is

phase shift ¼ ffH vð Þ ¼ 180� � tan�1 vCR2ð Þ
When R1 ¼ 5 kV, R2 ¼ 50 kV, and C ¼ 2 nF,

H vð Þ ¼ �10

1þ jv=10; 000ð Þ

gain ¼ jH vð Þj ¼ 10ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2=108

� �q

phase shift ¼ ffH vð Þ ¼ 180� � tan�1 v=10; 000ð Þ

Notice that the frequency of the input has been represented by a variable, v, rather than by

any particular value. As a result, the network function, gain, and phase shift describe the way in

which the behavior of the circuit depends on the input frequency. Earlier, we considered the case

when v ¼ 6283 rad/s. Substituting this frequency into the equations for the gain and phase shift

gives

gain ¼ 10ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 62832

108

s ¼ 8:47

and phase shift ¼ 180� � tan�1 6283=10; 000ð Þ ¼ 148�

These are the same results as were obtained earlier by examining the oscilloscope traces in Figure

13.2-2. Similarly, each line of Table 13.2-1 can be obtained by substituting the appropriate frequency

into the equations for the gain and phase shift.

Equations that represent the gain and phase shift as functions of frequency are called the

frequency response of the circuit. The same information can be represented by a table or by graphs

instead of equations. These tables or graphs are also called the frequency response of the circuit.

To see that the network function really does represent the behavior of the circuit, suppose that

vin tð Þ ¼ 0:4 cos 5000t þ 45�ð ÞV
The frequency of the input sinusoid is v ¼ 5000 rad/s. Substituting this frequency into the network

function gives

H vð Þ ¼ �10

1þ j5000=10; 000ð Þ ¼ 8:94ff153�
Next; Vout vð Þ ¼ H vð ÞVin vð Þ ¼ ð8:94ff153�Þð0:4ff45�Þ ¼ 3:58ff198�
Back in the time domain, the steady-state response is

vout tð Þ ¼ 3:58 cos 5000t þ 198�ð ÞV
Notice that the network function contained enough information to enable us to calculate the steady-

state response from the input sinusoid. The network function does indeed describe the behavior of the

circuit.
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El cambio de fase de este circuito es
cambio de fase
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 Observe que la frecuencia de la entrada se ha representado por una variable, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 6 283 rad/s. Sustituir esta frecuencia en las ecua-
ciones para la ganancia y el cambio de fase da por resultado

ganancia
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To see that the network function really does represent the behavior of the circuit, suppose that

vin tð Þ ¼ 0:4 cos 5000t þ 45�ð ÞV
The frequency of the input sinusoid is v ¼ 5000 rad/s. Substituting this frequency into the network

function gives

H vð Þ ¼ �10

1þ j5000=10; 000ð Þ ¼ 8:94ff153�
Next; Vout vð Þ ¼ H vð ÞVin vð Þ ¼ ð8:94ff153�Þð0:4ff45�Þ ¼ 3:58ff198�
Back in the time domain, the steady-state response is

vout tð Þ ¼ 3:58 cos 5000t þ 198�ð ÞV
Notice that the network function contained enough information to enable us to calculate the steady-

state response from the input sinusoid. The network function does indeed describe the behavior of the

circuit.

Gain, Phase Shift, and the Network Function 599

y  cambio de fase 5 180° 2 tan21 16 283>10 0002 5 148°

Estos resultados son los mismos que se obtuvieron cuando examinamos los trazos del osciloscopio 
de la figura 13.2-2. Del mismo modo, cada línea de la tabla 13.2-1 se puede obtener sustituyendo la 
frecuencia adecuada en las ecuaciones de la ganancia y el cambio de fase.
 Las ecuaciones que representan la ganancia y el cambio de fase como funciones de frecuencia 
se denominan respuesta de frecuencia del circuito. La misma información se puede representar por 
una tabla o por gráficas en vez de ecuaciones. Estas tablas o gráficas también se denominan respuesta 
de frecuencia del circuito.
 Para ver que la función de red en realidad represente el comportamiento del circuito, suponga que

vent1t2 5 0.4 cos 15 000t 1 45°2 V
La frecuencia de la sinusoide de entrada es 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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red da por resultado

A continuación,  
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The gain of this circuit is

gain ¼ jH vð Þj ¼ H ¼ R2=R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2C2R2

2

q

The phase shift of this circuit is

phase shift ¼ ffH vð Þ ¼ 180� � tan�1 vCR2ð Þ
When R1 ¼ 5 kV, R2 ¼ 50 kV, and C ¼ 2 nF,

H vð Þ ¼ �10

1þ jv=10; 000ð Þ

gain ¼ jH vð Þj ¼ 10ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2=108

� �q

phase shift ¼ ffH vð Þ ¼ 180� � tan�1 v=10; 000ð Þ

Notice that the frequency of the input has been represented by a variable, v, rather than by

any particular value. As a result, the network function, gain, and phase shift describe the way in

which the behavior of the circuit depends on the input frequency. Earlier, we considered the case

when v ¼ 6283 rad/s. Substituting this frequency into the equations for the gain and phase shift

gives

gain ¼ 10ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 62832

108

s ¼ 8:47

and phase shift ¼ 180� � tan�1 6283=10; 000ð Þ ¼ 148�

These are the same results as were obtained earlier by examining the oscilloscope traces in Figure

13.2-2. Similarly, each line of Table 13.2-1 can be obtained by substituting the appropriate frequency

into the equations for the gain and phase shift.

Equations that represent the gain and phase shift as functions of frequency are called the

frequency response of the circuit. The same information can be represented by a table or by graphs

instead of equations. These tables or graphs are also called the frequency response of the circuit.

To see that the network function really does represent the behavior of the circuit, suppose that

vin tð Þ ¼ 0:4 cos 5000t þ 45�ð ÞV
The frequency of the input sinusoid is v ¼ 5000 rad/s. Substituting this frequency into the network

function gives

H vð Þ ¼ �10

1þ j5000=10; 000ð Þ ¼ 8:94ff153�
Next; Vout vð Þ ¼ H vð ÞVin vð Þ ¼ ð8:94ff153�Þð0:4ff45�Þ ¼ 3:58ff198�
Back in the time domain, the steady-state response is

vout tð Þ ¼ 3:58 cos 5000t þ 198�ð ÞV
Notice that the network function contained enough information to enable us to calculate the steady-

state response from the input sinusoid. The network function does indeed describe the behavior of the

circuit.
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Volviendo al dominio de tiempo, la respuesta de estado estable es

vsal1t2 5 3.58 cos 15 000t 1 198°2 V
Observe que la función de red contenía información suficiente para permitirnos calcular la respuesta 
de estado estable a partir de la sinusoide de entrada. En verdad, la función de red describe el compor-
tamiento del circuito. 

ganancia

cambio de fase

sal ent
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	 600	 Respuesta de frecuencia

E J E M P L O  I N T E R A C T I V OE j E m p l o  1 3 . 2 - 1   Función de red 
de un circuito

Considere el circuito que se muestra en la figura 13.2-4a. La entrada al circuito es el voltaje de la fuente de vol-
taje, vi(t). La salida es el voltaje, vo(t), a través de la conexión en serie del condensador y el resistor de 16-kV. La 
función de red que representa este circuito tiene la forma

 

E1C13_1 11/25/2009 600

E X A M P L E 1 3 . 2 - 1 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-4a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage, vo(t), across the series connection of the capacitor and the 16-kV resistor. The network

function that represents this circuit has the form

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1þ j
v

z

1þ j
v

p

ð13:2-4Þ

The network function depends on two parameters, z and p. The parameter z is called the zero of the circuit

and the parameter p is called the pole of the circuit. Determine the values of z and of p for the circuit in

Figure 13.2-4a.

+
–

vo(t)

+

–

8 kΩ

16 kΩ

0.23 μF

ω)Vi( ω)Vo(vi(t)

(a)

+
–

+

–

8 kΩ

16 kΩ

(b)

ω (0.23)j MΩ
1

FIGURE 13.2-4 The circuit considered in Example 13.2-1 represented (a) in the time domain and (b) in the frequency domain.

Solution
We will analyze the circuit to determine its network function and then put the network function into the form

given in Eq. 13.2-4. A network function is the ratio of the output phasor to the input phasor. Phasors exist in the

frequency domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 13.2-4b shows the frequency-domain representation of the circuit from Figure 13.2-4a.

The impedances of the capacitor and the 16-kV resistor are connected in series in Figure 13.2-4b. The

equivalent impedance is

Ze vð Þ ¼ 16; 000þ 106

j 0:23ð Þv
The equivalent impedance is connected in series with the 8-kV resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼
16; 000þ 106

j 0:23ð Þv
8000þ 16; 000þ 106

j 0:23ð Þv
Vi vð Þ ¼ 106 þ j 0:23ð Þv 16; 000ð Þ

106 þ j 0:23ð Þv 24; 000ð ÞVi vð Þ

¼
106 þ j 3680ð Þv

106

106 þ j 5520ð Þv
106

Vi vð Þ ¼ 1þ j 0:00368ð Þv
1þ j 0:00552ð ÞvVi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1þ j 0:00368ð Þv
1þ j 0:00552ð Þv ð13:2-5Þ

600 Frequency Response

 (13.2-4)

La función de red depende de dos parámetros, z y p. El parámetro z se denomina el cero del circuito, y el pará-
metro p se denomina el polo del circuito. Determine los valores de z y de p para el circuito de la figura 13.2-4a. 

+
– vo(t)

+

–

8 kΩ

16 kΩ

0.23 µF

ω)Vi( ω)Vo(vi(t)

(a)

+
–

+

–

8 kΩ

16 kΩ

(b)

ω (0.23)j MΩ
1

FIGURA 13.2-4 El circuito considerado en el ejemplo 13.2-1, representado (a) en el dominio de tiempo y (b) en el dominio de frecuencia.

Solución
Analizaremos el circuito para determinar su función de red y la salida de la función de red en la forma dada en 
la figura 13.2-4. Una función de red es la relación del fasor de salida con el fasor de entrada. Los fasores están 
presentes en el dominio de frecuencia. En consecuencia, nuestro primer paso es representar el circuito en la fre-
cuencia de dominio por lo que emplearemos fasores e impedancias. La figura 13.2-4b muestra la representación 
del dominio de frecuencia desde la figura 13.2-4a.
 Las impedancias del condensador y el resistor 16-kV está conectado en series en la figura 13.24b. El equi-
valente de la impedancia es
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INTERACT IVE EXAMPLE
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FIGURE 13.2-4 The circuit considered in Example 13.2-1 represented (a) in the time domain and (b) in the frequency domain.

Solution
We will analyze the circuit to determine its network function and then put the network function into the form

given in Eq. 13.2-4. A network function is the ratio of the output phasor to the input phasor. Phasors exist in the

frequency domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 13.2-4b shows the frequency-domain representation of the circuit from Figure 13.2-4a.

The impedances of the capacitor and the 16-kV resistor are connected in series in Figure 13.2-4b. The

equivalent impedance is

Ze vð Þ ¼ 16; 000þ 106

j 0:23ð Þv
The equivalent impedance is connected in series with the 8-kV resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼
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Divide both sides of this equation by Vi(v) to obtain the network function of the circuit
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1þ j 0:00552ð Þv ð13:2-5Þ

600 Frequency Response

La impedancia equivalente está conectada en serie con el resistor de 8-kV. Vi(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) es el voltaje a través de las im-
pedancias en serie, y Vo(
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CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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). Aplique el principio de la 
división de voltajes para obtener
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E X A M P L E 1 3 . 2 - 1 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-4a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage, vo(t), across the series connection of the capacitor and the 16-kV resistor. The network

function that represents this circuit has the form

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼
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v
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The network function depends on two parameters, z and p. The parameter z is called the zero of the circuit

and the parameter p is called the pole of the circuit. Determine the values of z and of p for the circuit in

Figure 13.2-4a.
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FIGURE 13.2-4 The circuit considered in Example 13.2-1 represented (a) in the time domain and (b) in the frequency domain.

Solution
We will analyze the circuit to determine its network function and then put the network function into the form

given in Eq. 13.2-4. A network function is the ratio of the output phasor to the input phasor. Phasors exist in the

frequency domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 13.2-4b shows the frequency-domain representation of the circuit from Figure 13.2-4a.

The impedances of the capacitor and the 16-kV resistor are connected in series in Figure 13.2-4b. The

equivalent impedance is

Ze vð Þ ¼ 16; 000þ 106

j 0:23ð Þv
The equivalent impedance is connected in series with the 8-kV resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼
16; 000þ 106

j 0:23ð Þv
8000þ 16; 000þ 106

j 0:23ð Þv
Vi vð Þ ¼ 106 þ j 0:23ð Þv 16; 000ð Þ

106 þ j 0:23ð Þv 24; 000ð ÞVi vð Þ

¼
106 þ j 3680ð Þv

106

106 þ j 5520ð Þv
106

Vi vð Þ ¼ 1þ j 0:00368ð Þv
1þ j 0:00552ð ÞvVi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1þ j 0:00368ð Þv
1þ j 0:00552ð Þv ð13:2-5Þ
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The network function depends on two parameters, z and p. The parameter z is called the zero of the circuit

and the parameter p is called the pole of the circuit. Determine the values of z and of p for the circuit in

Figure 13.2-4a.
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FIGURE 13.2-4 The circuit considered in Example 13.2-1 represented (a) in the time domain and (b) in the frequency domain.

Solution
We will analyze the circuit to determine its network function and then put the network function into the form

given in Eq. 13.2-4. A network function is the ratio of the output phasor to the input phasor. Phasors exist in the

frequency domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 13.2-4b shows the frequency-domain representation of the circuit from Figure 13.2-4a.

The impedances of the capacitor and the 16-kV resistor are connected in series in Figure 13.2-4b. The

equivalent impedance is

Ze vð Þ ¼ 16; 000þ 106

j 0:23ð Þv
The equivalent impedance is connected in series with the 8-kV resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼
16; 000þ 106

j 0:23ð Þv
8000þ 16; 000þ 106

j 0:23ð Þv
Vi vð Þ ¼ 106 þ j 0:23ð Þv 16; 000ð Þ
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106 þ j 3680ð Þv
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Vi vð Þ ¼ 1þ j 0:00368ð Þv
1þ j 0:00552ð ÞvVi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1þ j 0:00368ð Þv
1þ j 0:00552ð Þv ð13:2-5Þ
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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Acm
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 2 - 2 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-5a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage, vo(t), across the series connection of the inductor and the 2-V resistor. The network function

that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ 0:2

1þ j
v

5

1þ j
v

25

ð13:2-6Þ

Determine the value of the inductance, L.
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FIGURE 13.2-5 The circuit considered in Example 13.2-2 represented (a) in the time domain and (b) in the frequency domain.

Solution
The circuit has been represented twice, by a circuit diagram and by a network function. The unknown inductance,

L, appears in the circuit diagram but not in the given network function. We can analyze the circuit to determine its

network function. This second network function will depend on the unknown inductance. We will determine the

value of the inductance by equating the two network functions.

A network function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency

domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors

and impedances. Figure 13.2-5b shows the frequency-domain representation of the circuit from Figure

13.2-5a.

Equating the network functions given by Eq. 13.2-4 and 13.2-5 gives

1þ j 0:00368ð Þv
1þ j 0:00552ð Þv ¼

1þ j
v

z

1þ j
v

p

Comparing these network functions gives

z ¼ 1

0:00368
¼ 271:74 rad/s and p ¼ 1

0:00552
¼ 181:16 rad/s

Gain, Phase Shift, and the Network Function 601

Y comparar estas funciones de red nos da
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L, appears in the circuit diagram but not in the given network function. We can analyze the circuit to determine its
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Considere el circuito que se muestra en la figura 13.2-5a. La entrada al circuito es el voltaje de la fuente de vol-
taje, vi(t). La salida es el voltaje, vo(t), a través de la conexión en serie del inductor y el resistor de 2-V. La función 
de red que representa este circuito es
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Determine el valor de la inductancia, L.

+
– vo(t)

+
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ω)Vo(vi(t)

(a)
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L

FIGURA 13.2-5 El circuito considerado en el ejemplo 13.2-2, representado (a) en el dominio de tiempo, y (b) en el dominio de frecuencia.

Solución
El circuito se ha representado dos veces, por un diagrama de circuito y por una función de red. La inductancia 
desconocida, L, aparece en el diagrama de circuito, no así en la función de red dada. Podemos analizar el circuito 
para determinar su función de red. Esta segunda función de red dependerá de la inductancia desconocida. Deter-
minaremos el valor de la inductancia mediante la igualación de dos funciones de red.
 Una función de red es la relación del fasor de salida con el fasor de entrada. Los fasores están presentes 
en el dominio de frecuencia. En consecuencia, nuestro primer paso es representar el circuito en la frecuencia de 
dominio, por lo que emplearemos fasores e impedancias. La figura 13.2-5b muestra la representación del dominio 
de frecuencia desde la figura 13.2-5a. 

M13_DORF_1571_8ED_SE_594-659.indd   601 4/12/11   8:36 PM



Alfaomega Circuitos Eléctricos - Dorf

E J E M P L O  I N T E R A C T I V O

	 602	 Respuesta de frecuencia

E j E m p l o  1 3 . 2 - 3   Función de red 
de un circuito

 Las impedancias del inductor y del resistor de 2 V están conectadas en serie en la figura 13.2-5b. La impe-
dancia equivalente es
 Ze1

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

Divida ambos lados de esta ecuación entre Ve(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

A continuación, ponemos la función de red en la forma especificada por la ecuación 13.2-6. Al factorizar 2 de 
ambos términos en el numerador, y factorizando 10 de ambos términos en el denominador, tenemos
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

 (13.2-7)

Igualar las funciones de red dadas por las ecuaciones 13.2-6 y 13.2-7 nos da
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

Si comparamos estas funciones de red obtenemos
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

Los valores de L obtenidos a partir de estas ecuaciones deben concordar, y lo hacen. (Si no fuera así, hemos co-
metido algún error.) Despejar cada una de estas ecuaciones da por resultado L 5 0.4 H.

Considere el circuito que se muestra en la figura 13.2-6. La entrada al circuito es el voltaje de la fuente de voltaje, 
vi(t). La salida es el voltaje a través del condensador, vo(t). La función de red que representa este circuito es
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E X A M P L E 1 3 . 2 - 3 Network Function

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the voltage across the capacitor, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

3

1þ j
v

2

� �
1þ j

v

5

� � ð13:2-8Þ

Determine the value of the inductance, L, and of the gain, A, of the voltage-controlled voltage source (VCVS).

The impedances of the inductor and the 2-V resistor are connected in series in Figure 13.2-5b. The

equivalent impedance is

Ze vð Þ ¼ 2þ jvL

The equivalent impedance is connected in series with the 8-V resistor. Vi(v) is the voltage across the series

impedances, and Vo(v) is the voltage across the equivalent impedance, Ze(v). Apply the voltage division

principle to get

Vo vð Þ ¼ 2þ jvL

8þ 2þ jvL
Vi vð Þ ¼ 2þ jvL

10þ jvL
Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2þ jvL

10þ jvL

Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the

numerator and factoring 10 out of both terms in the denominator, we get

H vð Þ ¼
2 1þ jv

L

2

� �

10 1þ jv
L

10

� � ¼ 0:2
1þ jv

L

2

1þ jv
L

10

ð13:2-7Þ

Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives

0:2
1þ jv

L

2

1þ jv
L

10

¼ 0:2
1þ j

v

5

1þ j
v

25

Comparing these network functions gives

L

2
¼ 1

5
and

L

10
¼ 1

25

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.)

Solving each of these equations gives L ¼ 0:4 H.

602 Frequency Response

 (13.2-8)

Determine el valor de la inductancia, L, y de la ganancia, A, de la fuente de voltaje de voltaje controlado (VCVS).
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FIGURA 13.2-6 El circuito considerado en el 
ejemplo 13.2-3.
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FIGURA 13.2-7 El circuito de la fi gura 13.2-6, 
representado en el dominio de frecuencia, 
utilizando impedancias y fasores.

Solución
El circuito se ha representado dos veces, por un diagrama de circuito y por la función de red dada. Los parámetros 
desconocidos, L y A, aparecen en el diagrama de circuito, no así en la función de red dada. Podemos analizar el 
circuito para determinar su función de red. Esta versión de la función de red dependerá de los parámetros descono-
cidos. Determinaremos el valor de estos parámetros mediante la igualación de dos versiones de la función de red.
 Una función de red es la relación del fasor de salida con el fasor de entrada. Los fasores están presentes 
en el dominio de frecuencia. En consecuencia, nuestro primer paso es representar el circuito en la frecuencia de 
dominio, por lo que emplearemos fasores e impedancias. La figura 13.2-7 muestra la representación del dominio 
de frecuencia del circuito de la figura 13.2-6.
 La figura 13.2-7 consta de dos enlaces. La corriente de enlaces del enlace de la izquierda está etiquetada 
como I1(v), y la corriente de enlaces de la derecha está etiquetada como I2(v). Aplique la ley de los voltajes de 
Kirchhoff (KVL) al enlace de la izquierda para obtener 

 jvLI1 vð Þ þ 4I1 vð Þ � Vi vð Þ ¼ 0

Despejamos I1(v) para obtener

 

I1 vð Þ ¼ Vi vð Þ
jvLþ 4

¼ 0:25

1þ jv
L

4

Vi vð Þ

A continuación aplicamos la ley de Ohm para representar Va(v) como 

 

Va vð Þ ¼ 4I1 vð Þ ¼ 1

1þ jv
L

4

Vi vð Þ (13.2-9)

Aplique la KVL al enlace de la derecha para obtener

4I2 vð Þ þ 20

jv
I2 vð Þ � AVa vð Þ ¼ 0

Despejamos I2(v) para obtener

 

I2 vð Þ ¼ A

4þ 20

jv

Va vð Þ ¼ jvA

jv 4þ 20
Va vð Þ ¼

jv

20
A

1þ j
v

5

Va vð Þ

El voltaje de salida se obtiene de multiplicar la corriente de enlaces I2(v) por la impedancia del condensador:

 

Vo vð Þ ¼ 20

jv
I2 vð Þ ¼ 20

jv
�

jv

20
A

1þ j
v

5

Va vð Þ ¼ A

1þ j
v

5

Va vð Þ (13.2-10)
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) de la ecuación 13.2-9 en la ecuación 13.2-10 nos da
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.

604 Frequency Response

Divida ambos lados de esta ecuación entre Ve(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) para obtener la función de red del circuito:
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.

604 Frequency Response

 (13.2-11)

Al comparar las funciones de red dadas por las ecuaciones 13.2-8 y 13.2-11 dan por resultado A 5 3 V/V y L 5 2 H.

 El circuito que se muestra en la figura 13.2-1 es un ejemplo de un circuito denominado filtro de 
paso bajo de primer orden. Los filtros de paso bajo de primer orden tienen funciones de red de la forma
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.

604 Frequency Response

 (13.2-12)

La ganancia y el cambio de fase del filtro de paso bajo de primer orden son

 

ganancia
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.

604 Frequency Response

 (13.2-13)

y cambio de fase
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.
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La función de red del filtro de paso bajo de primer orden tiene dos parámetros, H0 y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.
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En la figura 13.2-1, el voltaje de salida es el voltaje a través de un resistor de 10-kV. La potencia 
promedio transmitida a este resistor es
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter.

First-order low-pass filters have network functions of the form

H vð Þ ¼ H0

1þ j
v

v0

ð13:2-12Þ

The gain and phase shift of the first-order low-pass filter are

gain ¼ jH0jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s ð13:2-13Þ

and phase shift ¼ ffH0 � tan�1 v=v0ð Þ ð13:2-14Þ
The network function of the first-order low-pass filter has two parameters, H0 and v0. At low

frequencies, that is, v � v0, the gain is jH0j, so jH0j is called the dc gain. (When v ¼ 0, A cos vt¼ A,

a constant or dc voltage.)

The other parameter of the network function, v0, is called the half-power frequency. To explain

this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is

vin tð Þ ¼ A cos vtð Þ
Suppose, for convenience, that H0 ¼ 1. Then the output of the first-order filter in Figure 13.2-1 is

vo tð Þ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

v2
0

s cos v0t � tan�1 v

v0

� �� �

In Figure 13.2-1, the output voltage is the voltage across a 10-kV resistor. The average power

delivered to this resistor is

Pave ¼ A2

2 10� 103
� �

1þ v2

v2
0

� �

At low frequencies, that is, frequencies that satisfy v � v0, the average power is approximately

P1 ¼ A2

2 10� 103
� �

1þ 0ð Þ ¼
A2

2 10� 103
� �

At the frequency v ¼ v0, the average power is

P2 ¼ A2

2 10� 103
� �

1þ 1ð Þ ¼
P1

2

Substituting the expression for Va(v) from Eq. 13.2-9 into Eq. 13.2-10 gives

Vo vð Þ ¼ 1

1þ jv
L

4

� A

1þ j
v

5

Vi vð Þ ¼ A

1þ jv
L

4

� �
1þ j

v

5

� �Vi vð Þ

Divide both sides of this equation by Vi(v) to obtain the network function of the circuit:

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

A

1þ jv
L

4

� �
1þ j

v

5

� � ð13:2-11Þ

Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A ¼ 3 V/V and L ¼ 2 H.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0) 
estará entre 0° y 90°. Además, 
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For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the

following specifications:

dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s

Before designing a circuit to meet these specifications, we need to pay more attention to the phase

shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ

Table 13.2-2 First-Order Low-Pass Filter Circuits

PHASE SHIFT FIRST ORDER LOW PASS FILTER CIRCUIT DESIGN EQUATIONS

90� � phase shift � 180�
–

+

R1

R2

C
R2
R1

H0 = –

1
R2C  0 =ω

�90� � phase shift � 0�

+

–R1

R2

R3

R4

C

R2

R1 + R2

R1 + R2

R1R2C

H0 =
R3

R4
1 +

  0 =ω
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 será 0° cuando H0 sea positiva y 180° cuando H0 sea negativa. 
Como resultado, solamente se pueden alcanzar cambios de fase entre 290° y 0°, o entre 90° y 180° 
utilizando un filtro de paso bajo de primer orden. (Los cambios de fase que no se pueden obtener 
mediante un filtro de paso bajo de primer orden se pueden lograr utilizando otros tipos de circuito. 
Pero eso es un tema para otro día.) La tabla 13.2-2 muestra dos filtros de paso bajo de primer orden, 
uno para la obtención de cambios de fase entre 90° y 180° y el otro para obtener cambios de fase entre 
290° y 0°. Con base en el cambio de fase, seleccionamos el circuito en la primera fila de la tabla 
13.2-2. La especificación en la ganancia de cd nos da 
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For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the
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dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s
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shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ
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La especificación en el cambio de fase resulta

120° 5 180° 2 tan2111 000R2C2

Tabla 13.2-2 Circuitos de filtro de paso bajo de primer orden

 
CAMBIO DE FASE

CIRCUITO DE FILTRO DE PASO BAJO 
DE PRIMER ORDEN

 
ECUACIONES DE DISEÑO

90° 

E1C13_1 11/25/2009 605

For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the

following specifications:

dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s

Before designing a circuit to meet these specifications, we need to pay more attention to the phase

shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ

Table 13.2-2 First-Order Low-Pass Filter Circuits

PHASE SHIFT FIRST ORDER LOW PASS FILTER CIRCUIT DESIGN EQUATIONS

90� � phase shift � 180�
–

+

R1

R2

C
R2
R1

H0 = –

1
R2C  0 =ω

�90� � phase shift � 0�

+

–R1

R2

R3

R4

C

R2

R1 + R2

R1 + R2

R1R2C

H0 =
R3

R4
1 +

  0 =ω
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 cambio de fase 

E1C13_1 11/25/2009 605

For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the

following specifications:

dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s

Before designing a circuit to meet these specifications, we need to pay more attention to the phase

shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ
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 180° –

+

R1

R2

C
R2
R1

H0 = –

1
R2C  0 =ω

290° 
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For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the

following specifications:

dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s

Before designing a circuit to meet these specifications, we need to pay more attention to the phase

shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ
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 cambio de fase 
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For this reason, v0 is called the half-power frequency.

In words, suppose we hold the input amplitude constant while we vary the frequency, v, of the

input. We find that the value of the output power when v ¼ v0 is one-half of the value of the output

power when v � v0.

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the

following specifications:

dc gain ¼ 2

phase shift ¼ 120� when v ¼ 1000 rad/s

Before designing a circuit to meet these specifications, we need to pay more attention to the phase

shift. Consider Eq. 13.2-14. Both v and v0 will be positive, so tan�1(v=v0) will be between 0� and
90�. Also,ffH0 will be 0

� when H0 is positive and 180� when H0 is negative. As a result, only phase

shifts between �90�and 0�or between 90�and 180�can be achieved using a first-order low-pass filter.

(Phase shifts that cannot be obtained using a first-order low-pass filter can be obtained using other

types of circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one

for obtaining phase shifts between 90� and 180� and the other for obtaining phase shifts between

�90�and 0�. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The

specification on the dc gain gives

2 ¼ jH0j ¼ R2

R1

The specification on phase shift gives

120� ¼ 180� � tan�1 1000R2Cð Þ
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 0°

+
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1 +

  0 =ω

M13_DORF_1571_8ED_SE_594-659.indd   605 4/12/11   8:36 PM



Alfaomega Circuitos Eléctricos - Dorf

	 606	 Respuesta de frecuencia

Éste es un conjunto de dos ecuaciones en las tres incógnitas R1, R2 y C. La solución no es única. Aún te-
nemos que tomar un valor para una de las incógnitas y luego resolver los valores de las otras dos incóg-
nitas. Tomemos un valor conveniente para el condensador, C 5 0.1 mF, y calculemos las resistencias.

y 
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This is a set of two equations in the three unknowns R1, R2, and C. The solution is not unique. We will

have to pick a value for one of the unknowns and then solve for values of the other two unknowns.

Let’s pick a convenient value for the capacitor, C ¼ 0:1mF, and calculate the resistances.

R2 ¼ tan 60�ð Þ
1000� 0:1� 10�6 ¼ 17:32 kV

and

R1 ¼ R2

2
¼ 8:66 kV

We conclude that the circuit shown in the first row of Table 13.2-2 will have a dc gain¼ 2 and a phase

shift ¼ 120� at v ¼ 1000 rad/s when R1 ¼ 8:66 kV, R2 ¼ 17:32 kV, and C ¼ 0:1mF.

EXERCISE 13.2-1 The input to the circuit shown in Figure E 13.2-1 is the source

voltage, vs, and the response is the capacitor voltage, vo. Suppose R ¼ 10 kV andC ¼ 1mF.

What are the values of the gain and phase shift when the input frequency is v ¼ 100 rad/s?

Answer: 0.707 and �45�

EXERCISE 13.2-2 The input to the circuit shown in Figure E 13.2-2 is the source

voltage, vs, and the response is the resistor voltage, vo. R ¼ 30V and L ¼ 2 H. Suppose the

input frequency is adjusted until the gain is equal to 0.6.What is the value of the frequency?

Answer: 20 rad/s

EXERCISE 13.2-3 The input to the circuit shown in Figure E 13.2-2 is the source

voltage, vs, and the response is the mesh current, i. R ¼ 30V and L ¼ 2 H. What are the

values of the gain and phase shift when the input frequency is v ¼ 20 rad/s?

Answer: 0.02 A/V and �53.1�

EXERCISE 13.2-4 The input to the circuit shown in Figure E 13.2-1 is the source voltage, vs,

and the response is the capacitor voltage, vo. Suppose C ¼ 1mF. What value of R is required to cause a

phase shift equal to �45� when the input frequency is v ¼ 20 rad/s?

Answer: R ¼ 50 kV

EXERCISE 13.2-5 The input to the circuit shown in Figure E 13.2-1 is the source voltage, vs,

and the response is the capacitor voltage, vo. Suppose C ¼ 1mF. What value of R is required to cause a

gain equal to 1.5 when the input frequency is v ¼ 20 rad/s?

Answer: No such value of R exists. The gain of this circuit will never be greater than 1.

13.3 BODE P LOTS

It is common to use logarithmic plots of the frequency response instead of linear plots. The logarithmic

plots are called Bode plots in honor of H. W. Bode, who used them extensively in his work with

amplifiers at Bell Telephone Laboratories in the 1930s and 1940s. A Bode plot is a plot of log-gain and

phase angle values versus frequency, using a log-frequency horizontal axis. The use of logarithms

expands the range of frequencies portrayed on the horizontal axis.

+
–vs

R

C vo

+

–

FIGURE E 13.2-1

An RC circuit.

+
–

vs

L

R vo

+

–i

FIGURE E 13.2-2 The

RL circuit.

606 Frequency Response

Concluimos que el circuito que se muestra en la primera fila de la tabla 13.2-2 tendrá una ganancia de  
cd 5 2 y un cambio de fase 5 120° en 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 1 000 rad/s cuando R1 5 8.66 kV, R2 5 17.32 kV y C 5 0.1 mF. 

EJERCICIO 13.2-1  La entrada al circuito que se muestra en la figura E 13.2-1 
es el voltaje de la fuente, vs, y la respuesta es el voltaje del condensador, vo. Suponga que 
R 5 10 kV y C 5 1 mF. ¿Cuáles son los valores de la ganancia y el cambio de fase cuando 
la frecuencia de entrada es 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 100 rad/s?
Respuesta: 0.707 y 245°

EJERCICIO 13.2-2  La entrada al circuito que se muestra en la figura E 13.2-2 
es el voltaje de la fuente, vs, y la respuesta es el voltaje del resistor, vo. R 5 30 V y L 5 2 H. 
Suponga que la frecuencia de entrada se ajusta hasta que la ganancia sea igual a 0.6. ¿Cuál 
es el valor de la frecuencia?
Respuesta: 20 rad/s

EJERCICIO 13.2-3  La entrada al circuito que se muestra en la figura E 13.2-2 
es el voltaje de la fuente, vs, y la respuesta es la corriente de enlaces, i. R 5 30 V y L 5 2 H. 
¿Cuáles son los valores de la ganancia y del cambio de fase cuando la frecuencia de en-
trada es 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 20 rad/s?

Respuesta: 0.02 A/V y 253.1°

EJERCICIO 13.2-4  La entrada al circuito que se muestra en la figura E 13.2-1 
es el voltaje de la fuente, vs, y la respuesta es el voltaje del condensador, vo. Suponga que C 5 1 mF. 
¿Qué valor de R se requiere para que se dé un cambio de fase igual a 245° cuando la frecuencia de 
entrada sea 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 20 rad/s?

Respuesta: R 5 50 kV

EJERCICIO 13.2-5 La entrada al circuito que se muestra en la figura E 13.2-1 es el voltaje de 
la fuente, vs, y la respuesta es el voltaje del condensador, vo. Suponga que C 5 1 mF. ¿Qué valor de R 
se requiere para que se dé una ganancia igual a 1.5 cuando la frecuencia de entrada sea 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 20 rad/s?

Respuesta: No existe tal valor para R. La ganancia de este circuito nunca será mayor que 1.

13.3 D I A G R A M A S  D E  B O D E

Es común el uso de trazos logarítmicos de la respuesta de frecuencia más que de trazos lineales. A 
los trazos logarítmicos se les llama diagramas de Bode en honor de William Bode, que los utilizara 
de manera extensa en su trabajo con amplificadores en los laboratorios Bell Telephone en las décadas 
de 1930 y 1940. Un diagrama de Bode es un trazo de ganancia de logaritmo y valores de ángulos de 
fase versus frecuencia, utilizando un eje horizontal de frecuencia logarítmica. El uso de logaritmos 
expande el rango de frecuencias reflejadas en el eje horizontal.

FIGURA E 13.2-1 Circuito 
RC.
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–vs
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C vo
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 La función de red H se puede escribir como
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The network function H can be written as

H ¼ Hfff ¼ He jf ð13:3-1Þ
The logarithm of the magnitude is normally expressed in terms of the logarithm to the base 10, so we

use

logarithmic gain ¼ 20 log10 H ð13:3-2Þ
and the unit is decibel (dB). The logarithmic gain is also called the gain in dB. A decibel conversion

table is given in Table 13.3-1.

The unit decibel is derived from the unit bel. Suppose P1 and P2 are two values of power. Both

P1=P2 and log (P1=P2) are measures of the relative sizes of P1 and P2. The ratio P1=P2 is unitless,

whereas log(P1=P2) has the bel as its unit. The name bel honors Alexander Graham Bell, the inventor

of the telephone.

The Bode plot, is a chart of gain in decibels and phase in degrees versus the logarithm of

frequency.

Let us obtain the Bode plots corresponding to the network function

H ¼ 1

1þ j
v

v0

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þp ff tan�1 v=v0ð Þ ¼ Hfff ð13:3-3Þ

The logarithmic gain is

20 log10 H ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v=v0ð Þ2
q

¼ 20 log10 1� 20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q
¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q

Table 13.3-1 A Decibel Conversion Table

MAGNITUDE, H 20 log H (dB)

0.1 �20.00

0.2 �13.98

0.4 �7.96

0.6 �4.44

1.0 0.0

1.2 1.58

1.4 2.92

1.6 4.08

2.0 6.02

3.0 9.54

4.0 12.04

5.0 13.98

6.0 15.56

7.0 16.90

10.0 20.00

100.0 40.00
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 (13.3-1)

Por lo común, el logaritmo de magnitud se expresa en términos del logaritmo para la base 10, de modo 
que utilizamos
 ganancia de logaritmo 5 20 log10 H   (13.3-2)

y la unidad es el decibel (dB). La ganancia logarítmica también se denomina ganancia en dB. En la 
tabla 13.3-1 se da una tabla de conversión en decibeles. 
 La unidad decibel se deriva de la unidad belio. Suponga que P1 y P2 son dos valores de potencia. 
Tanto P1/P2 como log (P1 > P2) son medidas de dimensiones relativas de P1 y P2. La relación P1 > P2 
no es unitaria, en tanto que log(P1 > P2) tiene al belio como su unidad. El nombre belio es en honor de 
Alexander Bell, inventor del teléfono.

El diagrama de Bode es una gráfica en decibeles y fases en grados, versus el logaritmo de 
frecuencia.

Obtengamos los diagramas de Bode que corresponden a la función de red.
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The network function H can be written as

H ¼ Hfff ¼ He jf ð13:3-1Þ
The logarithm of the magnitude is normally expressed in terms of the logarithm to the base 10, so we

use

logarithmic gain ¼ 20 log10 H ð13:3-2Þ
and the unit is decibel (dB). The logarithmic gain is also called the gain in dB. A decibel conversion

table is given in Table 13.3-1.

The unit decibel is derived from the unit bel. Suppose P1 and P2 are two values of power. Both

P1=P2 and log (P1=P2) are measures of the relative sizes of P1 and P2. The ratio P1=P2 is unitless,

whereas log(P1=P2) has the bel as its unit. The name bel honors Alexander Graham Bell, the inventor

of the telephone.

The Bode plot, is a chart of gain in decibels and phase in degrees versus the logarithm of

frequency.

Let us obtain the Bode plots corresponding to the network function

H ¼ 1

1þ j
v

v0

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þp ff tan�1 v=v0ð Þ ¼ Hfff ð13:3-3Þ

The logarithmic gain is

20 log10 H ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v=v0ð Þ2
q

¼ 20 log10 1� 20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q
¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q

Table 13.3-1 A Decibel Conversion Table

MAGNITUDE, H 20 log H (dB)

0.1 �20.00

0.2 �13.98

0.4 �7.96

0.6 �4.44

1.0 0.0

1.2 1.58

1.4 2.92

1.6 4.08

2.0 6.02

3.0 9.54

4.0 12.04

5.0 13.98

6.0 15.56

7.0 16.90

10.0 20.00

100.0 40.00

Bode Plots 607

 (13.3-3)

La ganancia logarítmica es
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The network function H can be written as

H ¼ Hfff ¼ He jf ð13:3-1Þ
The logarithm of the magnitude is normally expressed in terms of the logarithm to the base 10, so we

use

logarithmic gain ¼ 20 log10 H ð13:3-2Þ
and the unit is decibel (dB). The logarithmic gain is also called the gain in dB. A decibel conversion

table is given in Table 13.3-1.

The unit decibel is derived from the unit bel. Suppose P1 and P2 are two values of power. Both

P1=P2 and log (P1=P2) are measures of the relative sizes of P1 and P2. The ratio P1=P2 is unitless,

whereas log(P1=P2) has the bel as its unit. The name bel honors Alexander Graham Bell, the inventor

of the telephone.

The Bode plot, is a chart of gain in decibels and phase in degrees versus the logarithm of

frequency.

Let us obtain the Bode plots corresponding to the network function

H ¼ 1

1þ j
v

v0

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þp ff tan�1 v=v0ð Þ ¼ Hfff ð13:3-3Þ

The logarithmic gain is

20 log10 H ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v=v0ð Þ2
q

¼ 20 log10 1� 20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q
¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q

Table 13.3-1 A Decibel Conversion Table

MAGNITUDE, H 20 log H (dB)

0.1 �20.00

0.2 �13.98

0.4 �7.96

0.6 �4.44

1.0 0.0

1.2 1.58

1.4 2.92

1.6 4.08

2.0 6.02

3.0 9.54

4.0 12.04

5.0 13.98

6.0 15.56

7.0 16.90

10.0 20.00

100.0 40.00

Bode Plots 607

Tabla 13.3-1 Tabla de conversión de decibeles

MAGNITUD, H 20 log H (dB)

 0.1

 0.2

 0.4

 0.6

 1.0

 1.2

 1.4

 1.6

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 10.0

100.0

220.00
213.98

27.96

24.44

0.0

 1.58

 2.92

 4.08

 6.02

 9.54

12.04

13.98

15.56

16.09

20.00

40.00
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	 608	 Respuesta de frecuencia

Para frecuencias menores, es decir, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.

232 The Operational Amplifier
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.

For large frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b

(a)

(b)

(c)
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FIGURE 13.3-1 (a) Plot of y versus

x for the straight line y ¼ mx þ b.

(b) Plot of 20 logjH(v)j versus log
v for the straight line 20 logjH
(v)j ¼ 20 log v0�20 log v. (c) Plot

of 20 logjH(v)j versus v for the

straight line 20 logjH(v)j ¼ 20 log

v0�20 log v.

608 Frequency Response

por lo que la ganancia logarítmica es aproximadamente
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This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.
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1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately
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¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b
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Ésta es la ecuación de una recta horizontal. Como esta recta se aproxima a la ganancia logarítmica 
para frecuencias bajas, se le denomina la asíntota de frecuencia baja del diagrama de Bode.
 Para frecuencias grandes, es decir, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.
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1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b

(a)

(b)

(c)

x1

y1

y2

y

b

x2

x

1

Slope =

ω 2ω

Slope =

m =

20 log10|H(  2)| – 20 log10|H(  1)|ω ω
log10  2 – log10  1ωω

20 log10|H(  2)| – 20 log10|H(  1)|ω ω
log10  2 – log10  1ωω

20 log10|H(  2)|ω2
0

 lo
g 1

0
|H

( 
 )

|, 
dB

ω

log10   1ω

log10 ω

log10   2ω

20 log10|H(  1)|ω

20 log10|H(  2)|ω2
0

 lo
g 1

0
|H

( 
 )

|, 
dB

ω

20 log10|H(  1)|ω

(logarithmic scale)ω

y2 – y1
x2 – x1

FIGURE 13.3-1 (a) Plot of y versus

x for the straight line y ¼ mx þ b.

(b) Plot of 20 logjH(v)j versus log
v for the straight line 20 logjH
(v)j ¼ 20 log v0�20 log v. (c) Plot

of 20 logjH(v)j versus v for the

straight line 20 logjH(v)j ¼ 20 log

v0�20 log v.

608 Frequency Response

por lo tanto, la ganancia logarítmica es aproximadamente

E1C13_1 11/25/2009 608

For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1
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This is the equation of a horizontal straight line. Because this straight line approximates the
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For large frequencies, that is, v � v0
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This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a
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Esta ecuación muestra una de las ventajas del uso de logaritmos. El trazo de 20 log10H versus log10 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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element.
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The angular frequency v is in radians per second.
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where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.

Im

Vm Vm sin   t

Im sin (  t +  )

t

T

ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.

Sinusoidal Sources 417

0 2 20 log 

E1C10_1 11/26/2009 417

The angular frequency v is in radians per second.
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where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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de la ecuación de una línea recta, y 5 mx 1 b. La pendiente de la asíntota de frecuencia alta se puede 
calcular a partir de dos puntos en la línea recta. Esta pendiente se da al utilizar unidades de dB/dé-
cada. En la figura 13.3-1b la ganancia en dB se traza versus log 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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calcular la pendiente desde dos puntos en la línea es la misma de la figura 13.3-1c que la que está en 
la figura 13.3-1b. 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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compare the equation of the high-frequency asymptote to the more familiar standard form of the

equation of a straight line, y¼mxþ b. The slope of the high-frequency asymptote can be calculated

from two points on the straight line. This slope is given using units of dB/decade. In Figure 13.3-1b

the gain in dB is plotted versus log v, whereas in Figure 13.3-1c, the gain in dB is plotted versus v

using a log scale. It is more convenient to label the frequency axis when a log scale is used for v.

The equation used to calculate the slope from two points on the line is the same in Figure 13.3-1c as

it is in Figure 13.3-1b.

Consider two frequencies, v1 and v2, with v2 = 10xv1. We say that v2 is larger than v1 by x

decades. Alternately, v2 is larger than v1 by x ¼ log10(v2=v1) decades. For example, 1000 rad/s is 2

decades larger than 10 rad/s, and 316 rad/s is 1.5 decades larger than 10 rad/s.

The slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10v2 � log10v1

¼ 20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ

The units of this slope are dB/decade. The high-frequency asymptote is characterized by

jH vð Þj ffi 1

v

v0

¼ v0

v
when v � v0

The value of the slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ ¼ 20 log10 v0=v2ð Þ � 20 log10 v0=v1ð Þ

log10 v2=v1ð Þ
¼ �20 log10 v2=v1ð Þ

log10 v2=v1ð Þ ¼ �20 dB/decade

The intersection of the low-frequency asymptote with the high-frequency asymptote occurs

when

0 ¼ 20 log10 v� 20 log10 v0

that is, when
v ¼ v0

The low- and high-frequency asymptotes form a corner where they intersect. Because the asymptotes

intersect at the frequency v ¼ v0, v0 is sometimes called the corner frequency.

Figure 13.3-2 shows the magnitude and phase Bode plots for this network function. The

asymptotic curve shown in Figure 13.3-2 is an approximation to the Bode plot. The asymptotic Bode

plot consists of the low-frequency asymptote for v < v0 and the high-frequency asymptote for

v > v0. The approximation used to obtain the asymptotic Bode plot is summarized by the following

equations:

jH vð Þj ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q ffi 1 v < v0

v0=v v > v0

�

or

20 log10jH vð Þj ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v=v0ð Þ2
q ffi 0 v < v0

20 log10 v0 � 20 log10 v v > v0

�

The asymptotic Bode plot is a good approximation to the Bode plot when v � v0 or v � v0. Near

v ¼ v0, the asymptotic Bode plot deviates from the exact Bode plot. At v ¼ v0, the value of the

Bode Plots 609

Las unidades de esta pendiente son dB/décadas. La asíntota de frecuencia alta se caracteriza por 
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compare the equation of the high-frequency asymptote to the more familiar standard form of the

equation of a straight line, y¼mxþ b. The slope of the high-frequency asymptote can be calculated

from two points on the straight line. This slope is given using units of dB/decade. In Figure 13.3-1b

the gain in dB is plotted versus log v, whereas in Figure 13.3-1c, the gain in dB is plotted versus v

using a log scale. It is more convenient to label the frequency axis when a log scale is used for v.

The equation used to calculate the slope from two points on the line is the same in Figure 13.3-1c as

it is in Figure 13.3-1b.

Consider two frequencies, v1 and v2, with v2 = 10xv1. We say that v2 is larger than v1 by x

decades. Alternately, v2 is larger than v1 by x ¼ log10(v2=v1) decades. For example, 1000 rad/s is 2

decades larger than 10 rad/s, and 316 rad/s is 1.5 decades larger than 10 rad/s.

The slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10v2 � log10v1

¼ 20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ

The units of this slope are dB/decade. The high-frequency asymptote is characterized by

jH vð Þj ffi 1

v

v0

¼ v0

v
when v � v0

The value of the slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ ¼ 20 log10 v0=v2ð Þ � 20 log10 v0=v1ð Þ

log10 v2=v1ð Þ
¼ �20 log10 v2=v1ð Þ

log10 v2=v1ð Þ ¼ �20 dB/decade

The intersection of the low-frequency asymptote with the high-frequency asymptote occurs

when

0 ¼ 20 log10 v� 20 log10 v0

that is, when
v ¼ v0

The low- and high-frequency asymptotes form a corner where they intersect. Because the asymptotes

intersect at the frequency v ¼ v0, v0 is sometimes called the corner frequency.

Figure 13.3-2 shows the magnitude and phase Bode plots for this network function. The

asymptotic curve shown in Figure 13.3-2 is an approximation to the Bode plot. The asymptotic Bode
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1
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v2 � 1� 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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v1 þ v2
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¼ A 1þ 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

0

Las asíntotas de frecuencia baja y alta forman un ángulo donde se cortan transversalmente. Dado que 
las asíntotas se cruzan en la frecuencia 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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2 CMRR
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v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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compare the equation of the high-frequency asymptote to the more familiar standard form of the

equation of a straight line, y¼mxþ b. The slope of the high-frequency asymptote can be calculated

from two points on the straight line. This slope is given using units of dB/decade. In Figure 13.3-1b

the gain in dB is plotted versus log v, whereas in Figure 13.3-1c, the gain in dB is plotted versus v

using a log scale. It is more convenient to label the frequency axis when a log scale is used for v.

The equation used to calculate the slope from two points on the line is the same in Figure 13.3-1c as

it is in Figure 13.3-1b.

Consider two frequencies, v1 and v2, with v2 = 10xv1. We say that v2 is larger than v1 by x

decades. Alternately, v2 is larger than v1 by x ¼ log10(v2=v1) decades. For example, 1000 rad/s is 2

decades larger than 10 rad/s, and 316 rad/s is 1.5 decades larger than 10 rad/s.

The slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10v2 � log10v1

¼ 20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ

The units of this slope are dB/decade. The high-frequency asymptote is characterized by

jH vð Þj ffi 1

v

v0

¼ v0

v
when v � v0

The value of the slope of the high-frequency asymptote is

20 log10jH v2ð Þj � 20 log10jH v1ð Þj
log10 v2=v1ð Þ ¼ 20 log10 v0=v2ð Þ � 20 log10 v0=v1ð Þ

log10 v2=v1ð Þ
¼ �20 log10 v2=v1ð Þ

log10 v2=v1ð Þ ¼ �20 dB/decade

The intersection of the low-frequency asymptote with the high-frequency asymptote occurs

when

0 ¼ 20 log10 v� 20 log10 v0

that is, when
v ¼ v0

The low- and high-frequency asymptotes form a corner where they intersect. Because the asymptotes

intersect at the frequency v ¼ v0, v0 is sometimes called the corner frequency.

Figure 13.3-2 shows the magnitude and phase Bode plots for this network function. The

asymptotic curve shown in Figure 13.3-2 is an approximation to the Bode plot. The asymptotic Bode

plot consists of the low-frequency asymptote for v < v0 and the high-frequency asymptote for

v > v0. The approximation used to obtain the asymptotic Bode plot is summarized by the following

equations:

jH vð Þj ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v0ð Þ2

q ffi 1 v < v0

v0=v v > v0

�

or

20 log10jH vð Þj ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v=v0ð Þ2
q ffi 0 v < v0

20 log10 v0 � 20 log10 v v > v0

�

The asymptotic Bode plot is a good approximation to the Bode plot when v � v0 or v � v0. Near

v ¼ v0, the asymptotic Bode plot deviates from the exact Bode plot. At v ¼ v0, the value of the

Bode Plots 609
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.

For large frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b

(a)

(b)

(c)
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FIGURE 13.3-1 (a) Plot of y versus

x for the straight line y ¼ mx þ b.

(b) Plot of 20 logjH(v)j versus log
v for the straight line 20 logjH
(v)j ¼ 20 log v0�20 log v. (c) Plot

of 20 logjH(v)j versus v for the

straight line 20 logjH(v)j ¼ 20 log

v0�20 log v.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
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v1 þ v2

2
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model
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asymptotic Bode plot is 0 dB, whereas the value of the exact Bode plot is

20 log10jH v0ð Þj ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v0=v0ð Þ2
q ¼ 20 log10

1ffiffiffi
2

p ¼ �3:01 dB

Themagnitude characteristic does not exhibit a sharp break. Nevertheless, we designate the

frequency at which the magnitude is 1=
ffiffiffi
2

p
times the magnitude at v ¼ 0 as a special frequency.

On the Bode diagram, the magnitude drop of 1=
ffiffiffi
2

p
results in a logarithmic drop of approximately

�3 dB atv ¼ v0. The frequencyv ¼ v0 is often called the break frequency or corner frequency.

Of course,Hmay take on forms other than that of Eq. 13.3-3. For example, consider the

circuit shown in Figure 13.3-3. The network function of this circuit is

H ¼ Vo

Vs
¼ Rþ jvL

Rs þ Rþ jvL

Let’s put this network function into the form

H ¼ k

1þ j
v

v1

1þ j
v

v2

¼ Hfff
This network function has three parameters: k, v1, and v2. All three parameters have names. The

frequencies v1 and v2 are corner frequencies. Corner frequencies that appear in the numerator of a

network function are called zeros, so v1 is a zero of the network function. Corner frequencies that

appear in the denominator of a network function are called poles, so v2 is a pole of the network

function. Because

k ¼ lim
v!0

H

the parameter k is called the low-frequency gain or the dc gain. The network function of this circuit can

be expressed as

H ¼ R

Rþ Rs

� � 1þ j
vL

R

1þ j
vL

Rþ Rs

–20

–10

10

0

0

–45

–90
0.1  0

2
0

 lo
g 1

0
H

, 
dB

( 
 )

, 
de

gr
ee

s
φ

ω

ω   0ω
ω

10   0ω

Exact
curve

Asymptotic
curve

(b)

(a)

FIGURE 13.3-2 Bode diagram for H ¼ (1 þ jv=v0)
�1. The dashed curve is the exact curve for the magnitude. The

solid curve for the magnitude is an asymptotic approximation.

+
–vs

Rs

L

R

vo

+

–

FIGURE 13.3-3 Source

voltage delivering

power to a load

impedance consisting

of L and R.

610 Frequency Response

 La característica de magnitud no presenta un corte de forma. No obstante, designamos 
la frecuencia en que la magnitud es 1>

E1C13_1 11/25/2009 610

asymptotic Bode plot is 0 dB, whereas the value of the exact Bode plot is

20 log10jH v0ð Þj ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v0=v0ð Þ2
q ¼ 20 log10

1ffiffiffi
2

p ¼ �3:01 dB

Themagnitude characteristic does not exhibit a sharp break. Nevertheless, we designate the

frequency at which the magnitude is 1=
ffiffiffi
2

p
times the magnitude at v ¼ 0 as a special frequency.

On the Bode diagram, the magnitude drop of 1=
ffiffiffi
2

p
results in a logarithmic drop of approximately

�3 dB atv ¼ v0. The frequencyv ¼ v0 is often called the break frequency or corner frequency.

Of course,Hmay take on forms other than that of Eq. 13.3-3. For example, consider the

circuit shown in Figure 13.3-3. The network function of this circuit is

H ¼ Vo

Vs
¼ Rþ jvL

Rs þ Rþ jvL

Let’s put this network function into the form

H ¼ k

1þ j
v

v1

1þ j
v

v2

¼ Hfff
This network function has three parameters: k, v1, and v2. All three parameters have names. The

frequencies v1 and v2 are corner frequencies. Corner frequencies that appear in the numerator of a

network function are called zeros, so v1 is a zero of the network function. Corner frequencies that

appear in the denominator of a network function are called poles, so v2 is a pole of the network

function. Because

k ¼ lim
v!0

H

the parameter k is called the low-frequency gain or the dc gain. The network function of this circuit can

be expressed as

H ¼ R

Rþ Rs

� � 1þ j
vL

R

1þ j
vL

Rþ Rs

–20

–10

10

0

0

–45

–90
0.1  0

2
0

 lo
g 1

0
H

, 
dB

( 
 )

, 
de

gr
ee

s
φ

ω

ω   0ω
ω

10   0ω

Exact
curve

Asymptotic
curve

(b)

(a)

FIGURE 13.3-2 Bode diagram for H ¼ (1 þ jv=v0)
�1. The dashed curve is the exact curve for the magnitude. The

solid curve for the magnitude is an asymptotic approximation.

+
–vs

Rs

L

R

vo

+

–

FIGURE 13.3-3 Source

voltage delivering

power to a load

impedance consisting

of L and R.

610 Frequency Response

 veces la magnitud en 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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asymptotic Bode plot is 0 dB, whereas the value of the exact Bode plot is

20 log10jH v0ð Þj ¼ 20 log10
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v0=v0ð Þ2
q ¼ 20 log10

1ffiffiffi
2

p ¼ �3:01 dB

Themagnitude characteristic does not exhibit a sharp break. Nevertheless, we designate the

frequency at which the magnitude is 1=
ffiffiffi
2

p
times the magnitude at v ¼ 0 as a special frequency.

On the Bode diagram, the magnitude drop of 1=
ffiffiffi
2

p
results in a logarithmic drop of approximately

�3 dB atv ¼ v0. The frequencyv ¼ v0 is often called the break frequency or corner frequency.

Of course,Hmay take on forms other than that of Eq. 13.3-3. For example, consider the

circuit shown in Figure 13.3-3. The network function of this circuit is

H ¼ Vo

Vs
¼ Rþ jvL

Rs þ Rþ jvL

Let’s put this network function into the form

H ¼ k

1þ j
v

v1

1þ j
v

v2

¼ Hfff
This network function has three parameters: k, v1, and v2. All three parameters have names. The

frequencies v1 and v2 are corner frequencies. Corner frequencies that appear in the numerator of a

network function are called zeros, so v1 is a zero of the network function. Corner frequencies that

appear in the denominator of a network function are called poles, so v2 is a pole of the network

function. Because

k ¼ lim
v!0

H

the parameter k is called the low-frequency gain or the dc gain. The network function of this circuit can

be expressed as

H ¼ R

Rþ Rs

� � 1þ j
vL

R

1þ j
vL

Rþ Rs
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FIGURE 13.3-2 Bode diagram for H ¼ (1 þ jv=v0)
�1. The dashed curve is the exact curve for the magnitude. The

solid curve for the magnitude is an asymptotic approximation.
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 Pongamos esta función de red en la forma
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential
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Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose
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asymptotic Bode plot is 0 dB, whereas the value of the exact Bode plot is
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1þ v0=v0ð Þ2
q ¼ 20 log10
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p ¼ �3:01 dB

Themagnitude characteristic does not exhibit a sharp break. Nevertheless, we designate the

frequency at which the magnitude is 1=
ffiffiffi
2

p
times the magnitude at v ¼ 0 as a special frequency.

On the Bode diagram, the magnitude drop of 1=
ffiffiffi
2

p
results in a logarithmic drop of approximately

�3 dB atv ¼ v0. The frequencyv ¼ v0 is often called the break frequency or corner frequency.

Of course,Hmay take on forms other than that of Eq. 13.3-3. For example, consider the

circuit shown in Figure 13.3-3. The network function of this circuit is

H ¼ Vo

Vs
¼ Rþ jvL

Rs þ Rþ jvL

Let’s put this network function into the form

H ¼ k

1þ j
v

v1

1þ j
v

v2

¼ Hfff
This network function has three parameters: k, v1, and v2. All three parameters have names. The

frequencies v1 and v2 are corner frequencies. Corner frequencies that appear in the numerator of a

network function are called zeros, so v1 is a zero of the network function. Corner frequencies that

appear in the denominator of a network function are called poles, so v2 is a pole of the network

function. Because

k ¼ lim
v!0

H

the parameter k is called the low-frequency gain or the dc gain. The network function of this circuit can

be expressed as

H ¼ R

Rþ Rs

� � 1þ j
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so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �

Bode Plots 611

y las frecuencias cero y polo se relacionan por 

E1C13_1 11/25/2009 611

so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �

Bode Plots 611

 La ganancia correspondiente a una función de red de esta forma es

E1C13_1 11/25/2009 611

so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �

Bode Plots 611

Para obtener el diagrama de Bode asintótico, aproximamos 

E1C13_1 11/25/2009 611

so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �

Bode Plots 611

 por 1 cuando 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

1. Del mismo modo, aproximamos 

E1C13_1 11/25/2009 611

so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

 > 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �
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A continuación, la ganancia logarítmica se aproxima por
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so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �
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Éstas son las ecuaciones de las asíntotas del diagrama de Bode. Cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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so the dc gain is

k ¼ R

Rþ Rs

and the zero and pole frequencies are related by

v1 ¼ R

L
<

Rþ Rs

L
¼ v2

The gain corresponding to a network function of this form is

H ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v1

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v

v2

� �2
s

To obtain the asymptotic Bode plot, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v1ð Þ2

q
by 1 when v < v1 and by v=v1

when v > v1. Similarly, we approximate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=v2ð Þ2

q
by 1 when v < v2 and by v=v2 when

v > v2. Thus,

H ffi

k v < v1

kv

v1
v1 < v < v2

kv2

v1
v2 < v

8>>>><
>>>>:

Next, the logarithmic gain is approximated by

20 log10 H ffi
20 log10 k v < v1

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v v1 < v < v2

20 log10 k � 20 log10 v1ð Þ þ 20 log10 v2 v2 < v

8><
>:

These are the equations of the asymptotes of the Bode plot. When v < v1 and when v > v2, the

asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term

involving log10v, which means that the slope must be zero. When v1 < v < v2, the equation of the

asymptote does include a term involving log10v. The coefficient of log10v is 20, indicating a slope of

20 dB/decade.

The effect of the dc gain k is limited to the term 20 log10 k, which appears in the equation of each

of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down

(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize

the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized

network function are given by

20 log10
H

k

� �
ffi

0 v < v1

20 log10 v� 20 log10 v1 v1 < v < v2

20 log10 v2 � 20 log10 v1 v2 < v

8><
>:

The phase angle of H is

f ¼ ffk þ 1þ j
v

v1

� �
� 1þ j

v

v2

� �
¼ 0þ tan�1 v

v1

� �
� tan�1 v

v2

� �
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El ángulo de fase de H es
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FIGURA 13.3-4 Diagrama 
de Bode para el circuito de 
la figura 13.3-3.

 En la figura 13.3-4 se muestran el diagrama de Bode de fase y el diagrama de Bode de magnitud 
asintótica. Observe que la pendiente del diagrama de Bode de magnitud asintótica cambia conforme 
la frecuencia se aumenta pasado 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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2, hacen 
que la pendiente disminuya 20 dB/década. La pendiente de cada asíntota será un múltiplo entero de 
20 dB/década. 
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The phase Bode plot and the asymptotic magnitude Bode plot are shown in Figure 13.3-4.

Notice that the slope of the asymptotic magnitude Bode plot changes as the frequency increases

past v1 and changes again as the frequency increases past v2. Zeros, like v1, cause the slope to

increase by 20 dB/decade. Poles, like v2, cause the slope to decrease by 20 dB/decade. The slope

of every asymptote will be an integer multiple of 20 dB/decade.
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FIGURE 13.3-4 Bode

diagram for the circuit of

Figure 13.3-3.

E X A M P L E 1 3 . 3 - 1 Bode Plot

Find the asymptotic magnitude Bode plot of

H vð Þ ¼ K
jv

1þ j
v

p

Solution
Approximate 1þ j

v

p

� �
by 1 when v < p and by j

v

p
when v > p to get

H vð Þ ffi K jvð Þ v < p

Kp v > p

�

The logarithmic gain is

20 log10jH vð Þj ffi 20 log10 K þ 20 log10v v < p

20 log10 Kpð Þ v > p

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-5. The jv factor in the numerator ofH(v) causes the

low-frequency asymptote to have a slope of 20 dB/decade. The slope of the asymptotic magnitude Bode plot

decreases by 20 dB/decade (from 20 dB/decade to zero) as the frequency increases past v ¼ p.

2020 log10(Kp)
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g 1
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FIGURE 13.3-5 Asymptotic magnitude Bode plot for Example 13.3-1.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The phase Bode plot and the asymptotic magnitude Bode plot are shown in Figure 13.3-4.

Notice that the slope of the asymptotic magnitude Bode plot changes as the frequency increases

past v1 and changes again as the frequency increases past v2. Zeros, like v1, cause the slope to

increase by 20 dB/decade. Poles, like v2, cause the slope to decrease by 20 dB/decade. The slope

of every asymptote will be an integer multiple of 20 dB/decade.
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diagram for the circuit of

Figure 13.3-3.

E X A M P L E 1 3 . 3 - 1 Bode Plot

Find the asymptotic magnitude Bode plot of

H vð Þ ¼ K
jv

1þ j
v

p

Solution
Approximate 1þ j

v

p

� �
by 1 when v < p and by j

v

p
when v > p to get

H vð Þ ffi K jvð Þ v < p

Kp v > p

�

The logarithmic gain is

20 log10jH vð Þj ffi 20 log10 K þ 20 log10v v < p

20 log10 Kpð Þ v > p

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-5. The jv factor in the numerator ofH(v) causes the

low-frequency asymptote to have a slope of 20 dB/decade. The slope of the asymptotic magnitude Bode plot

decreases by 20 dB/decade (from 20 dB/decade to zero) as the frequency increases past v ¼ p.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The phase Bode plot and the asymptotic magnitude Bode plot are shown in Figure 13.3-4.

Notice that the slope of the asymptotic magnitude Bode plot changes as the frequency increases

past v1 and changes again as the frequency increases past v2. Zeros, like v1, cause the slope to

increase by 20 dB/decade. Poles, like v2, cause the slope to decrease by 20 dB/decade. The slope

of every asymptote will be an integer multiple of 20 dB/decade.
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by 1 when v < p and by j
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when v > p to get
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Kp v > p

�

The logarithmic gain is

20 log10jH vð Þj ffi 20 log10 K þ 20 log10v v < p

20 log10 Kpð Þ v > p

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-5. The jv factor in the numerator ofH(v) causes the

low-frequency asymptote to have a slope of 20 dB/decade. The slope of the asymptotic magnitude Bode plot

decreases by 20 dB/decade (from 20 dB/decade to zero) as the frequency increases past v ¼ p.
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The phase Bode plot and the asymptotic magnitude Bode plot are shown in Figure 13.3-4.

Notice that the slope of the asymptotic magnitude Bode plot changes as the frequency increases

past v1 and changes again as the frequency increases past v2. Zeros, like v1, cause the slope to

increase by 20 dB/decade. Poles, like v2, cause the slope to decrease by 20 dB/decade. The slope

of every asymptote will be an integer multiple of 20 dB/decade.
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The logarithmic gain is
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20 log10 Kpð Þ v > p

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-5. The jv factor in the numerator ofH(v) causes the
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E J E M P L O  I N T E R A C T I V OE j E m p l o  1 3 . 3 - 2   Diagrama de Bode 
de un circuito

Considere el circuito que se muestra en la figura 13.3-6a. La entrada al circuito es el voltaje de la fuente de vol-
taje, vi(t). La salida es el voltaje de nodos en la terminal de salida, vs(t), del amplificador operacional. La función 
de red que representa el circuito es
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E X A M P L E 1 3 . 3 - 2 Bode Plot

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.3-6a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the node voltage at the output terminal of the op amp, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ð13:3-4Þ

The corresponding magnitude Bode plot is shown in Figure 13.3-6b. Determine the values of the capacitances,

C1 and C2.

Solution
The network function provides a connection between the circuit and the Bode plot. We can determine the network

function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of

the capacitances are determined by equating the coefficients of these two network functions.

Step 1: Let’s make some observations regarding the Bode plot shown in Figure 13.3-6b:

1. There are two corner frequencies, at 80 and 500 rad/s. The corner frequency at 80 rad/s is a pole because the

slope of the Bode plot decreases at 80 rad/s. The corner frequency at 500 rad/s is a zero because the slope

increases at 500 rad/s.

2. The corner frequencies are separated by log10
500

80

� �
¼ 0:796 decades. The slope of the Bode plot is

�15:9� 15:9

0:796
¼ �40 dB/decade between the corner frequencies.

3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is�1� 20

dB/decade, so the network function includes a factor jvð Þ�1

Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ�1
1þ j

v

500

1þ j
v

80

0
B@

1
CA ¼ k

1þ j
v

500

jv 1þ j
v

80

� � ð13:3-5Þ

where k is a constant that is yet to be determined.
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FIGURE 13.3-6 The circuit and Bode plot considered in Example 13.3-2.
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En la figura 13.3-3b se muestra el diagrama de Bode de magnitud correspondiente. Determine los valores de las 
capacitancias C1 y C2.
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FIGURA 13.3-6 El circuito y el diagrama de Bode considerados en el ejemplo 13.3-2. 

Solución
La función de red proporciona una conexión entre el circuito y el diagrama de Bode. Podemos determinar la 
función de red a partir del diagrama de Bode, e incluso analizar el circuito para determinar su función de red. Los 
valores de las capacitancias se determinan al igualar los coeficientes de estas dos funciones de red.
 Paso 1: Hagamos algunas observaciones respecto al diagrama de Bode que se muestra en la figura 13.3-6b: 

1.  Hay dos frecuencias de ángulo, a 80 y 500 rad/s. La frecuencia de ángulo a 80 rad/s es un polo porque en 80 
rad/s la pendiente del diagrama de Bode disminuye. La frecuencia de ángulo a 500 rad/s es cero porque en 
500 rad/s la pendiente se incrementa.

2.  Las frecuencias de ángulo están separadas por 
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INTERACT IVE EXAMPLE
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the capacitances are determined by equating the coefficients of these two network functions.

Step 1: Let’s make some observations regarding the Bode plot shown in Figure 13.3-6b:

1. There are two corner frequencies, at 80 and 500 rad/s. The corner frequency at 80 rad/s is a pole because the

slope of the Bode plot decreases at 80 rad/s. The corner frequency at 500 rad/s is a zero because the slope

increases at 500 rad/s.

2. The corner frequencies are separated by log10
500

80

� �
¼ 0:796 decades. The slope of the Bode plot is

�15:9� 15:9

0:796
¼ �40 dB/decade between the corner frequencies.

3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is�1� 20

dB/decade, so the network function includes a factor jvð Þ�1

Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ�1
1þ j

v

500

1þ j
v

80

0
B@

1
CA ¼ k

1þ j
v

500

jv 1þ j
v

80

� � ð13:3-5Þ

where k is a constant that is yet to be determined.
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−15.9
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(a) (b)
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10 kΩ
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C1

–

+

–

+
–

FIGURE 13.3-6 The circuit and Bode plot considered in Example 13.3-2.
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5 240 dB/década entre las frecuencias de ángulo.

3.  En frecuencias bajas, es decir, en frecuencias menores que la frecuencia de ángulo más baja, la pendiente es 
21 3 20 dB/década, de modo que la función de red incluye un factor 1 j
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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En consecuencia, la función de red correspondiente al diagrama de Bode es
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E X A M P L E 1 3 . 3 - 2 Bode Plot

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.3-6a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the node voltage at the output terminal of the op amp, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ð13:3-4Þ

The corresponding magnitude Bode plot is shown in Figure 13.3-6b. Determine the values of the capacitances,

C1 and C2.

Solution
The network function provides a connection between the circuit and the Bode plot. We can determine the network

function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of

the capacitances are determined by equating the coefficients of these two network functions.

Step 1: Let’s make some observations regarding the Bode plot shown in Figure 13.3-6b:

1. There are two corner frequencies, at 80 and 500 rad/s. The corner frequency at 80 rad/s is a pole because the

slope of the Bode plot decreases at 80 rad/s. The corner frequency at 500 rad/s is a zero because the slope

increases at 500 rad/s.

2. The corner frequencies are separated by log10
500

80

� �
¼ 0:796 decades. The slope of the Bode plot is

�15:9� 15:9

0:796
¼ �40 dB/decade between the corner frequencies.

3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is�1� 20

dB/decade, so the network function includes a factor jvð Þ�1

Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ�1
1þ j

v

500

1þ j
v

80

0
B@

1
CA ¼ k

1þ j
v

500

jv 1þ j
v

80

� � ð13:3-5Þ

where k is a constant that is yet to be determined.

50080
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(log scale)
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+
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FIGURE 13.3-6 The circuit and Bode plot considered in Example 13.3-2.
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 (13.3-5)

donde k es una constante que aún se debe determinar.
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	 614	 Respuesta de frecuencia

 Paso 2: A continuación, analizamos el circuito que se muestra en la figura 13.3-6a para determinar su 
función de red. Una función de red es la relación del fasor de salida con el fasor de entrada. Los fasores están 
presentes en el dominio de frecuencia. En consecuencia, nuestro segundo paso es representar el circuito en el 
dominio de frecuencia, utilizando fasores e impedancias. La figura 13.3-7 muestra la representación del dominio 
de frecuencia del circuito de la figura 13.3-6a.

–

+
125 kΩ

10 kΩ

vi (ω)
+

–

+

–

va(ω) vo(ω)jωC1

1

jωC2

1

+
–

a

b

 

FIGURA 13.3-7 El circuito de la figura 13.3-6a, 
representado en el dominio de frecuencia  
utilizando impedancias y fasores.

 Para analizar el circuito en la figura 13.3-7 primero escribimos una ecuación nodal en el nodo etiquetado 
como nodo a. (La corriente que llega a la entrada no inversora del amplificador operacional es cero, por lo tanto 
hay dos corrientes en esta ecuación nodal, las corrientes en las impedancias que corresponden al resistor de 
125-kV y al condensador C1.).
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7

shows the frequency-domain representation of the circuit from Figure 13.3-6a.

–

+
125 kΩ

10 kΩ

vi (ω)
+

–

+

–

va(ω) vo(ω)jωC1

1

jωC2

1

+
–

a

b

FIGURE 13.3-7 The circuit from Figure 13.3-6a,

represented in the frequency domain, using

impedances and phasors.

To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The

current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the

currents in the impedances corresponding to 125-kV resistor and capacitor C1.)

Vi vð Þ � Va vð Þ
125� 103

¼ Va vð Þ
1

jvC1

where Va(v) is the node voltage at node a. Doing a little algebra gives

Vi vð Þ
125� 103

¼ 1

125� 103
þ jvC1

� �
Va vð Þ

then Vi vð Þ ¼ 1þ jvC1 125� 103
� �� �

Va vð Þ ) Va vð Þ ¼ Vi vð Þ
1þ jvC1 125� 103

� �

Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op

amp is zero, so there are two currents in this node equation, the currents in the impedances corresponding to

10-kV resistor and capacitor C2.)

Va vð Þ
10� 103

þ Va vð Þ � Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

Va vð Þ þ jvC2 10� 103
� �

Va vð Þ � Vo vð Þð Þ ¼ 0

1þ jvC2 10� 103
� �� �

Va vð Þ ¼ jvC2 10� 103
� �

Vo vð Þ

1þ jvC2 10� 103
� �� � Vi vð Þ

1þ jvC1 125� 103
� � ¼ jvC2 10� 103

� �
Vo vð Þ

Finally; H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� � ð13:3-6Þ

Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is,

k
1þ j

v

500

jv 1þ j
v

80

� � ¼ H vð Þ ¼ 1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� �

614 Frequency Response

donde Va(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) es el voltaje de nodos en el nodo a. Con algo de álgebra nos da

entonces  
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7

shows the frequency-domain representation of the circuit from Figure 13.3-6a.

–

+
125 kΩ

10 kΩ

vi (ω)
+

–

+

–

va(ω) vo(ω)jωC1

1

jωC2

1

+
–

a

b

FIGURE 13.3-7 The circuit from Figure 13.3-6a,

represented in the frequency domain, using

impedances and phasors.

To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The

current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the

currents in the impedances corresponding to 125-kV resistor and capacitor C1.)

Vi vð Þ � Va vð Þ
125� 103

¼ Va vð Þ
1

jvC1

where Va(v) is the node voltage at node a. Doing a little algebra gives

Vi vð Þ
125� 103

¼ 1

125� 103
þ jvC1

� �
Va vð Þ

then Vi vð Þ ¼ 1þ jvC1 125� 103
� �� �

Va vð Þ ) Va vð Þ ¼ Vi vð Þ
1þ jvC1 125� 103

� �

Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op

amp is zero, so there are two currents in this node equation, the currents in the impedances corresponding to

10-kV resistor and capacitor C2.)

Va vð Þ
10� 103

þ Va vð Þ � Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

Va vð Þ þ jvC2 10� 103
� �

Va vð Þ � Vo vð Þð Þ ¼ 0

1þ jvC2 10� 103
� �� �

Va vð Þ ¼ jvC2 10� 103
� �

Vo vð Þ

1þ jvC2 10� 103
� �� � Vi vð Þ

1þ jvC1 125� 103
� � ¼ jvC2 10� 103

� �
Vo vð Þ

Finally; H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� � ð13:3-6Þ

Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is,

k
1þ j

v

500

jv 1þ j
v

80

� � ¼ H vð Þ ¼ 1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� �
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A continuación escribimos una ecuación nodal en el nodo etiquetado como nodo b. (La corriente que llega a la 
entrada inversora del amplificador operacional es cero, por lo que hay dos corrientes en esta ecuación nodal, las 
corrientes en las impedancias que corresponden al resistor de 10 kV y al condensador C2.)
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7

shows the frequency-domain representation of the circuit from Figure 13.3-6a.
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+
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10 kΩ
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+

–

+
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va(ω) vo(ω)jωC1

1

jωC2

1

+
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FIGURE 13.3-7 The circuit from Figure 13.3-6a,

represented in the frequency domain, using

impedances and phasors.

To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The

current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the

currents in the impedances corresponding to 125-kV resistor and capacitor C1.)

Vi vð Þ � Va vð Þ
125� 103

¼ Va vð Þ
1

jvC1

where Va(v) is the node voltage at node a. Doing a little algebra gives

Vi vð Þ
125� 103

¼ 1

125� 103
þ jvC1

� �
Va vð Þ

then Vi vð Þ ¼ 1þ jvC1 125� 103
� �� �

Va vð Þ ) Va vð Þ ¼ Vi vð Þ
1þ jvC1 125� 103

� �

Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op

amp is zero, so there are two currents in this node equation, the currents in the impedances corresponding to

10-kV resistor and capacitor C2.)

Va vð Þ
10� 103

þ Va vð Þ � Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

Va vð Þ þ jvC2 10� 103
� �

Va vð Þ � Vo vð Þð Þ ¼ 0

1þ jvC2 10� 103
� �� �

Va vð Þ ¼ jvC2 10� 103
� �

Vo vð Þ

1þ jvC2 10� 103
� �� � Vi vð Þ

1þ jvC1 125� 103
� � ¼ jvC2 10� 103

� �
Vo vð Þ

Finally; H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� � ð13:3-6Þ

Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is,

k
1þ j

v

500

jv 1þ j
v

80

� � ¼ H vð Þ ¼ 1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� �
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Con algo de álgebra nos da

Por último, 
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7

shows the frequency-domain representation of the circuit from Figure 13.3-6a.
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FIGURE 13.3-7 The circuit from Figure 13.3-6a,

represented in the frequency domain, using

impedances and phasors.

To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The

current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the

currents in the impedances corresponding to 125-kV resistor and capacitor C1.)

Vi vð Þ � Va vð Þ
125� 103

¼ Va vð Þ
1

jvC1

where Va(v) is the node voltage at node a. Doing a little algebra gives

Vi vð Þ
125� 103

¼ 1

125� 103
þ jvC1

� �
Va vð Þ

then Vi vð Þ ¼ 1þ jvC1 125� 103
� �� �

Va vð Þ ) Va vð Þ ¼ Vi vð Þ
1þ jvC1 125� 103

� �

Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op

amp is zero, so there are two currents in this node equation, the currents in the impedances corresponding to

10-kV resistor and capacitor C2.)

Va vð Þ
10� 103

þ Va vð Þ � Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

Va vð Þ þ jvC2 10� 103
� �

Va vð Þ � Vo vð Þð Þ ¼ 0

1þ jvC2 10� 103
� �� �

Va vð Þ ¼ jvC2 10� 103
� �

Vo vð Þ

1þ jvC2 10� 103
� �� � Vi vð Þ

1þ jvC1 125� 103
� � ¼ jvC2 10� 103

� �
Vo vð Þ

Finally; H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� � ð13:3-6Þ

Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is,

k
1þ j

v

500

jv 1þ j
v

80

� � ¼ H vð Þ ¼ 1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� �
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 (13.3-6)

 Paso 3: Las funciones de red dadas en las ecuaciones 13.3-5 y 13.3-6 deben ser iguales, es decir,
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7

shows the frequency-domain representation of the circuit from Figure 13.3-6a.
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FIGURE 13.3-7 The circuit from Figure 13.3-6a,

represented in the frequency domain, using

impedances and phasors.

To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The

current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the

currents in the impedances corresponding to 125-kV resistor and capacitor C1.)

Vi vð Þ � Va vð Þ
125� 103

¼ Va vð Þ
1

jvC1

where Va(v) is the node voltage at node a. Doing a little algebra gives

Vi vð Þ
125� 103

¼ 1

125� 103
þ jvC1

� �
Va vð Þ

then Vi vð Þ ¼ 1þ jvC1 125� 103
� �� �

Va vð Þ ) Va vð Þ ¼ Vi vð Þ
1þ jvC1 125� 103

� �

Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op

amp is zero, so there are two currents in this node equation, the currents in the impedances corresponding to

10-kV resistor and capacitor C2.)

Va vð Þ
10� 103

þ Va vð Þ � Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

Va vð Þ þ jvC2 10� 103
� �

Va vð Þ � Vo vð Þð Þ ¼ 0

1þ jvC2 10� 103
� �� �

Va vð Þ ¼ jvC2 10� 103
� �

Vo vð Þ

1þ jvC2 10� 103
� �� � Vi vð Þ

1þ jvC1 125� 103
� � ¼ jvC2 10� 103

� �
Vo vð Þ

Finally; H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� � ð13:3-6Þ

Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is,

k
1þ j

v

500

jv 1þ j
v

80

� � ¼ H vð Þ ¼ 1

C2 10� 103
� �

 !
1þ jvC2 10� 103

� �

jvð Þ 1þ jvC1 125� 103
� �� �
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de un circuito

Igualando coeficientes obtenemos
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E X A M P L E 1 3 . 3 - 3 Bode Plot

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.3-8a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the node voltage at the output terminal of the op amp, vo(t). The network function that represents this

circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ð13:3-7Þ

The corresponding magnitude Bode plot is also shown in Figure 13.3-8b. Determine the values of the

capacitances, C1 and C2.

400 kΩ
20 kΩ

+

vo(t)vi(t)

C2

+
–

–

+

C1

–
40

ω, rad/sec
(log scale)

|H(ω)| (dB)

26

160

(b)(a)

FIGURE 13.3-8 The circuit and Bode plot considered in Example 13.3-3.

Solution
The network function provides a connection between the circuit and the Bode plot. We can determine the network

function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of

the capacitances are determined by equating the coefficients of these two network functions.

Step 1: First, we make some observations regarding the Bode plot shown in Figure 13.3-8b.

1. There are two corner frequencies, at 40 and 160 rad/s. Both corner frequencies are poles because the slope of

the Bode plot decreases at both the corner frequencies.

2. Between the corner frequencies, the gain is jH vð Þj ¼ 26 dB ¼ 1026/20 ¼ 20 V/V.

3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is 1 � 20

dB/decade, so the network function includes a factor ( jv)1.

Equating coefficients gives

1

80
¼ C1 125� 103

� �
;

1

500
¼ C2 10� 103

� �
; and k ¼ 1

C2 10� 103
� � ¼ 500

so C1 ¼ 1

80 125� 103
� � ¼ 0:1mF and C2 ¼ 1

500 10� 103
� � ¼ 0:2mF

Bode Plots 615
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Considere el circuito que se muestra en la figura 13.3-8a. La entrada al circuito es el voltaje de la fuente de vol-
taje, vi(t). La salida es el voltaje de nodos, vo(t), en la terminal de salida del amplificador operacional. La función 
de red que representa este circuito es
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E X A M P L E 1 3 . 3 - 2 Bode Plot

of a Circuit

INTERACT IVE EXAMPLE

Consider the circuit shown in Figure 13.3-6a. The input to the circuit is the voltage of the voltage source, vi(t). The

output is the node voltage at the output terminal of the op amp, vo(t). The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ð13:3-4Þ

The corresponding magnitude Bode plot is shown in Figure 13.3-6b. Determine the values of the capacitances,

C1 and C2.

Solution
The network function provides a connection between the circuit and the Bode plot. We can determine the network

function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of

the capacitances are determined by equating the coefficients of these two network functions.

Step 1: Let’s make some observations regarding the Bode plot shown in Figure 13.3-6b:

1. There are two corner frequencies, at 80 and 500 rad/s. The corner frequency at 80 rad/s is a pole because the

slope of the Bode plot decreases at 80 rad/s. The corner frequency at 500 rad/s is a zero because the slope

increases at 500 rad/s.

2. The corner frequencies are separated by log10
500

80

� �
¼ 0:796 decades. The slope of the Bode plot is

�15:9� 15:9

0:796
¼ �40 dB/decade between the corner frequencies.

3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is�1� 20

dB/decade, so the network function includes a factor jvð Þ�1

Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ�1
1þ j

v

500

1þ j
v

80

0
B@

1
CA ¼ k

1þ j
v

500

jv 1þ j
v

80

� � ð13:3-5Þ

where k is a constant that is yet to be determined.

50080
ω, rad/sec
(log scale)

|H(ω)| (dB)

−15.9

15.9

(a) (b)

125 kΩ

10 kΩ

+

vo(t)vi(t)

C2

C1

–

+

–

+
–

FIGURE 13.3-6 The circuit and Bode plot considered in Example 13.3-2.
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 (13.3-7)

El diagrama de Bode de magnitud correspondiente también se muestra en la figura 13.3-8b. Determine los valores 
de las capacitancias, C1 y C2.

400 kΩ
20 kΩ

+
vo(t)vi(t)

C2

+
–

–

+

C1

–
40

ω, rad/sec
(escala
logarítmica)

|H(ω)| (dB)

26

160

(b)(a)

FIGURA 13.3-8 El circuito y el diagrama de Bode considerados en el ejemplo 13.3-3. 

Solución
La función de red proporciona una conexión entre el circuito y el diagrama de Bode. Podemos determinar la 
función de red desde el diagrama de Bode, e incluso analizar el circuito para determinar su función de red. Los 
valores de las capacitancias se determinan al igualar los coeficientes de estas dos funciones de red.
 Paso 1: Primero hacemos algunas observaciones respecto del diagrama de Bode que se muestra en la figura 
13.3-8b.

1.  Hay dos frecuencias de ángulo, a 40 y 160 rad/s. Ambas frecuencias de ángulo son polos porque la pendiente 
del diagrama de Bode disminuye en ambas frecuencias de ángulo.

2. Entre las frecuencias de ángulo, la ganancia es @ H1
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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2 @ 5 26 dB 5 1026/20 5 20 V/V.

3.  En frecuencias bajas, es decir, en frecuencias menores que la más pequeña frecuencia de ángulo, la pendiente 
es 1 3 20 dB/década, por lo que la función de red incluye un factor ( j
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	 616	 Respuesta de frecuencia
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20 kΩ
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vi(ω)
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vo(ω)

jωC2

1

jωC1

1

+
–

a

 
FIGURA 13.3-9 El circuito de la figura 13.3-8a, representado 
en el dominio de frecuencia, utilizando impedancias y fasores.

En consecuencia, la función de red correspondiente al diagrama de Bode es
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
1þ j

v

40

� �
1þ j

v

160

� � ð13:3-8Þ

Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)

Vi vð Þ
20� 103 þ 1

jvC1

þ Vo vð Þ
400� 103

þ Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

jvC1ð ÞVi vð Þ
1þ jvC1 20� 103

� �þ 1

400� 103
þ jvC2

� �
Vo vð Þ ¼ 0

jvC1ð Þ 400� 103
� �

Vi vð Þ
1þ jvC1 20� 103

� � ¼ � 1þ jvC2 400� 103
� �� �

Vo vð Þ

Finally,

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�jvC1 400� 103
� �

1þ jvC1 20� 103
� �� �

1þ jvC2 400� 103
� �� � ð13:3-9Þ

Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,

k jvð Þ
1þ j

v

40

� �
1þ j

v

160

� � ¼ H vð Þ ¼ �jvC1 400� 103
� �

1þ jvC1 20� 103
� �� �

1þ jvC2 400� 103
� �� �

Equating coefficients gives

1

40
¼ C1 20� 103

� �
;

1

160
¼ C2 400� 103

� �
; and k ¼ �C1 400� 103

� �

so C1 ¼ 1

40 20� 103
� � ¼ 1:25mF and C2 ¼ 1

160 400� 103
� � ¼ 15:625 nF

and k ¼ �C1 400� 103
� � ¼ � 1:25� 10�6

� �
400� 103
� � ¼ �0:5

–

+

20 kΩ
400 kΩ

vi (ω)
+

–
vo(ω)

jωC2

1

jωC1

1

+
–

a

FIGURE 13.3-9 The circuit from Figure 13.3-8a, represented in

the frequency domain, using impedances and phasors.

616 Frequency Response

 (13.3-8)

 Paso 2: A continuación, analizamos el circuito que se muestra en la figura 13.3-8a para determinar su 
función de red. Una función de red es la relación del fasor de salida con el fasor de entrada. Los fasores están 
presentes en el dominio de frecuencia. En consecuencia, nuestro segundo paso es representar el circuito en el 
dominio de frecuencia, utilizando fasores e impedancias. La figura 13.3-9 muestra la representación del dominio 
de frecuencia del circuito de la figura 13.3-8a.
 Para analizar el circuito en la figura 13.3-9, escribimos una ecuación nodal en el nodo etiquetado como  
nodo a. Al hacerlo así, trataremos las impedancias en serie 20 kV y 
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FIGURE 13.3-9 The circuit from Figure 13.3-8a, represented in

the frequency domain, using impedances and phasors.

616 Frequency Response

, como una impedancia equivalente única 

igual a 20 3 103 1 
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
1þ j

v
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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þ Vo vð Þ
1
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Finally,
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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20� 103 þ 1

jvC1

þ Vo vð Þ
400� 103
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Finally,
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
1þ j

v

40

� �
1þ j

v

160

� � ð13:3-8Þ

Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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20� 103 þ 1
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400� 103
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Finally,
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)

Vi vð Þ
20� 103 þ 1
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þ Vo vð Þ
400� 103

þ Vo vð Þ
1
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¼ 0

Doing some algebra gives
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Finally,
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1þ jvC1 20� 103
� �� �
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)

Vi vð Þ
20� 103 þ 1

jvC1

þ Vo vð Þ
400� 103

þ Vo vð Þ
1
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¼ 0

Doing some algebra gives
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Finally,

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�jvC1 400� 103
� �

1þ jvC1 20� 103
� �� �

1þ jvC2 400� 103
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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v
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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20� 103 þ 1

jvC1
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400� 103

þ Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

jvC1ð ÞVi vð Þ
1þ jvC1 20� 103

� �þ 1
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Finally,
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� �� �
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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v
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)

Vi vð Þ
20� 103 þ 1

jvC1
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400� 103

þ Vo vð Þ
1
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Doing some algebra gives
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Finally,
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� �� �
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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Doing some algebra gives
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Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
1þ j

v

40

� �
1þ j

v

160

� � ð13:3-8Þ

Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)

Vi vð Þ
20� 103 þ 1

jvC1

þ Vo vð Þ
400� 103

þ Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

jvC1ð ÞVi vð Þ
1þ jvC1 20� 103

� �þ 1

400� 103
þ jvC2

� �
Vo vð Þ ¼ 0

jvC1ð Þ 400� 103
� �

Vi vð Þ
1þ jvC1 20� 103

� � ¼ � 1þ jvC2 400� 103
� �� �

Vo vð Þ

Finally,

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�jvC1 400� 103
� �

1þ jvC1 20� 103
� �� �

1þ jvC2 400� 103
� �� � ð13:3-9Þ

Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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1þ jvC2 400� 103
� �� �

Equating coefficients gives
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� �
;

1

160
¼ C2 400� 103

� �
; and k ¼ �C1 400� 103

� �

so C1 ¼ 1

40 20� 103
� � ¼ 1:25mF and C2 ¼ 1

160 400� 103
� � ¼ 15:625 nF

and k ¼ �C1 400� 103
� � ¼ � 1:25� 10�6
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� � ¼ �0:5

–

+

20 kΩ
400 kΩ

vi (ω)
+

–
vo(ω)

jωC2

1

jωC1

1

+
–

a

FIGURE 13.3-9 The circuit from Figure 13.3-8a, represented in

the frequency domain, using impedances and phasors.
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Consequently, the network function corresponding to the Bode plot is

H vð Þ ¼ k jvð Þ
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160
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Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network

function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently,

our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9

shows the frequency-domain representation of the circuit from Figure 13.3-8a.

To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so,

we will treat the series impedances, 20 kV and
1

jvC1

, as a single equivalent impedance equal to 20� 103 +
1

jvC1

.

(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The

current entering the inverting input of the op amp is zero, so there are three currents in this node equation.)
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20� 103 þ 1

jvC1

þ Vo vð Þ
400� 103

þ Vo vð Þ
1

jvC2

¼ 0

Doing some algebra gives

jvC1ð ÞVi vð Þ
1þ jvC1 20� 103
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þ jvC2
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jvC1ð Þ 400� 103
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Vo vð Þ

Finally,
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Vi vð Þ ¼

�jvC1 400� 103
� �

1þ jvC1 20� 103
� �� �

1þ jvC2 400� 103
� �� � ð13:3-9Þ

Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is,
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 Diagramas de Bode 617

E j E m p l o  1 3 . 3 - 4  Función de red con polos complejos

La función de red de un filtro de paso bajo de segundo orden tiene la forma

E1C13_1 11/25/2009 617

E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.

0

0ω

ω (rad/s, logarithmic scale)

ω
)| ,

 d
B

2
0

 lo
g 1

0
|H

(

40
dB

decade

FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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Esta función de red depende de tres elementos: la ganancia de cd, k; la frecuencia de ángulo, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0, y la razón de 
amortiguamiento, 
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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. Por conveniencia, consideramos el caso donde k 5 1. Luego, utilizando j2 5 21, podemos 
escribir la función de red como
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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Determine el diagrama de Bode de magnitud asintótica del filtro de paso bajo de segundo orden cuando la ga-
nancia de cd es 1.

Solución
El denominador de H(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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2. El diagrama de Bode asintótico se basa en 
la aproximación
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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Con esta aproximación podemos expresar H(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.

0

0ω

ω (rad/s, logarithmic scale)

ω
)| ,

 d
B

2
0

 lo
g 1

0
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(
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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En la figura 13.3-10 se muestra el diagrama de Bode de magnitud asintótica, y la magnitud real, así como el 
diagrama de Bode de fase real, se muestran en la figura 13.3-11. El diagrama de Bode asintótico es una buena 
aproximación al diagrama de Bode real cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solution
To be specific, suppose R1 ¼ 1 kV; RL ¼ 10 kV; and the parameters of the practical operational amplifier are

Ri ¼ 100 kV, Ro ¼ 100V, and A ¼ 105V/V.

Suppose that vo ¼ 10 V. We can find the current, iL in the output resistor as

iL ¼ vo

RL
¼ 10 V

104 V
¼ 10�3 A

Apply KCL at the top node of RL to get

i1 þ io þ iL ¼ 0

It will turn out that i1 will be much smaller than both io and iL. It is useful to make the approximation that i1 ¼ 0.

(We will check this assumption later in this example.) Then,

io ¼ �iL

Next, apply KVL to the mesh consisting of the VCVS, Ro, and RL to get

�A v2 � v1ð Þ � ioRo þ iLRL ¼ 0

Combining the last two equations and solving for (v2 � v1) gives

v2 � v1 ¼ iL Ro þ RLð Þ
A

¼ 10�3 100þ 10,000ð Þ
105

¼ 1:01� 10�4 V

Now i1 can be calculated using Ohm’s law:

i1 ¼ v1 � v2

Ri
¼ �1:01� 10�4 V

100 kV
¼ �1:01� 10�9 A

This justifies our earlier assumption that i1 is negligible compared with io and iL.

Applying KVL to the outside loop gives

�vs � i1R1 � i1Ri þ vo ¼ 0

Now, let us do some algebra to determine vs:

vs ¼ vo � i1 R1 þ Rið Þ ¼ vo þ i2 R1 þ Rið Þ
¼ vo þ v2 � v1

Ri
� R1 þ Rið Þ

¼ vo þ iL Ro þ RLð Þ
A

� R1 þ Rið Þ
Ri

¼ vo þ vo

RL
� Ro þ RLð Þ

A
� R1 þ Rið Þ

Ri

The gain of this circuit is
vo

vs
¼ 1

1þ 1

A
� Ro þ RL

RL
� Ri þ R1

Ri

This equation shows that the gain will be approximately 1 when A is very large, Ro � RL, and R1 � Ri. In this

example, for the specified A, Ro, and Ri, we have

vo

vs
¼ 1

1� 1

105
� 100þ 10,000

10,000
� 105 þ 1000

105

¼ 1

1:00001
¼ 0:99999

Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a

small, essentially negligible, combined effect on the performance of the buffer amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.

For large frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b

(a)

(b)

(c)
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FIGURE 13.3-1 (a) Plot of y versus

x for the straight line y ¼ mx þ b.

(b) Plot of 20 logjH(v)j versus log
v for the straight line 20 logjH
(v)j ¼ 20 log v0�20 log v. (c) Plot

of 20 logjH(v)j versus v for the

straight line 20 logjH(v)j ¼ 20 log

v0�20 log v.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR
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v2 � 1� 1

2 CMRR
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v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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v2 � 1� 1

2 CMRR

� �
v1
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¼ 100; 000:5v2 � 99; 999:5v1
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In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 3 - 4 Network Function with Complex Poles

The network function of a second-order low-pass filter has the form

H vð Þ ¼ k v2
0

jvð Þ2 þ j2zv0vþ v2
0

This network function depends on three parameters: the dc gain, k; the corner frequency, v0; and the damping ratio, z.
For convenience, we consider the case where k ¼ 1. Then, using j 2 ¼ �1, we can write the network function as

H vð Þ ¼ v2
0

v2
0 � v2 þ j2zv0v

Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1.

Solution
The denominator of H(v) contains a new factor, one that involves v2. The asymptotic Bode plot is based on the

approximation

v2
0 � v2

� �þ j2zv0v ffi v2
0 v < v0

�v2 v > v0

�

Using this approximation, we can express H(v) as

H vð Þ ffi
1 v < v0

�v2
0

v2
v > v0

8<
:

The logarithmic gain is

20 log10jH vð Þj ffi 0 v < v0

40 log10 v0 � 40 log10 v v > v0

�

The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual

phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual

Bode plot when v � v0 or v � v0. Near v ¼ v0, the asymptotic Bode plot deviates from the actual Bode plot.

At v ¼ v0, the value of the asymptotic Bode plot is 0 dB whereas the value of the actual Bode plot is

H v0ð Þ ¼ 1

2z

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near

v ¼ v0 depends on z. The frequency v0 is called the corner frequency. The slope of the asymptotic Bode plot

decreases by 40 dB/decade as the frequency increases past v ¼ v0. In terms of the asymptotic Bode plot, the

denominator of this network function acts like two poles at p¼v0. If this factor were to appear in the numerator of

a network function, it would act like two zeros at z¼ v0. The slope of the asymptotic Bode plot would increase by

40 dB/decade as the frequency increased past v ¼ v0.
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FIGURE 13.3-10 The asymptotic magnitude Bode plot

of the second-order low-pass filter when the dc gain is 1.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1
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� �
v2 � 1� 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2
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¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2
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¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1
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� �
v1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.
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FIGURE 10.2-3 Voltage and current of a circuit

element.
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E X A M P L E 1 3 . 3 - 5 Magnitude Bode Plot for a

Complicated Network Function

Find the asymptotic magnitude Bode plot of

H vð Þ ¼ 5 1þ 0:1jvð Þ
jv 1þ 0:5jvð Þ 1þ 0:6

jv

50

� �
� v

50

� �2
� �

Solution
The corner frequencies of H(v) are z ¼ 10, p ¼ 2, and v0 ¼ 50 rad/s. The smallest corner frequency is p ¼ 2.

When v < 2, H(v) can be approximated as

H vð Þ ¼ 5

jv
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6
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where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.
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E X A M P L E 1 3 . 3 - 5 Magnitude Bode Plot for a

Complicated Network Function

Find the asymptotic magnitude Bode plot of

H vð Þ ¼ 5 1þ 0:1jvð Þ
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Solution
The corner frequencies of H(v) are z ¼ 10, p ¼ 2, and v0 ¼ 50 rad/s. The smallest corner frequency is p ¼ 2.

When v < 2, H(v) can be approximated as

H vð Þ ¼ 5

jv
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 3 - 5 Magnitude Bode Plot for a

Complicated Network Function

Find the asymptotic magnitude Bode plot of

H vð Þ ¼ 5 1þ 0:1jvð Þ
jv 1þ 0:5jvð Þ 1þ 0:6

jv

50

� �
� v

50

� �2
� �

Solution
The corner frequencies of H(v) are z ¼ 10, p ¼ 2, and v0 ¼ 50 rad/s. The smallest corner frequency is p ¼ 2.

When v < 2, H(v) can be approximated as

H vð Þ ¼ 5

jv
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 Diagramas de Bode 619

E j E m p l o  1 3 . 3 - 6   Diseño de un circuito para tener un 
diagrama de Bode especificado

entonces la ecuación de la asíntota de frecuencia baja es 
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E X A M P L E 1 3 . 3 - 6 Designing a Circuit to Have

a Specified Bode Plot

Let’s design the circuit shown in Figure 13.3-3 to satisfy the following specifications.

1. The low-frequency gain is 0.1.

2. The high-frequency gain is 1.

3. The corner frequencies lie in the range of 100 hertz to 2000 hertz.

Solution
We’re confronted with two problems. First, can these specifications be satisfied using this circuit? Second, if they

can, what values of R, Rs, and L are required?

Our earlier analysis of this circuit showed that the low-frequency gain is less than 1 and that the

high-frequency gain is equal to 1. This circuit can be used only to satisfy specifications that are consistent

with these facts. Fortunately, the given specifications are consistent with these facts. The first specification

so the equation of the low-frequency asymptote is

20 log10jHj ¼ 20 log10 5� 20 log10 v

The slope of the low-frequency asymptote is �20 dB/decade. Let’s find a point on the low-frequency asymptote.

When v ¼ 1,

20 log10jHj ¼ 20 log10 5� 20 log10 1 ¼ 14 dB

The low-frequency asymptote is a straight line with a slope of �20 dB/decade passing through the point

v ¼ 1 rad/s, jHj ¼ 14 dB.

The slope of the asymptotic Bode plot will change as v increases past each corner frequency. The slope

decreases by 20 dB/decade at v ¼ p ¼ 2 rad/s, then increases by 20 dB/decade at v ¼ 10 rad/s, and finally

decreases by 40 dB/decade at v ¼ 50 rad/s. The asymptotic magnitude Bode plot is shown in Figure 13.3-12.
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FIGURE 13.3-12 Asymptotic plot for Example 13.3-5.

Bode Plots 619

La pendiente de la asíntota de frecuencia baja es 220dB/década. Encontremos un punto en la asíntota de frecuen-
cia baja. Cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 3 . 3 - 6 Designing a Circuit to Have

a Specified Bode Plot

Let’s design the circuit shown in Figure 13.3-3 to satisfy the following specifications.

1. The low-frequency gain is 0.1.

2. The high-frequency gain is 1.

3. The corner frequencies lie in the range of 100 hertz to 2000 hertz.

Solution
We’re confronted with two problems. First, can these specifications be satisfied using this circuit? Second, if they

can, what values of R, Rs, and L are required?

Our earlier analysis of this circuit showed that the low-frequency gain is less than 1 and that the

high-frequency gain is equal to 1. This circuit can be used only to satisfy specifications that are consistent

with these facts. Fortunately, the given specifications are consistent with these facts. The first specification

so the equation of the low-frequency asymptote is

20 log10jHj ¼ 20 log10 5� 20 log10 v

The slope of the low-frequency asymptote is �20 dB/decade. Let’s find a point on the low-frequency asymptote.

When v ¼ 1,

20 log10jHj ¼ 20 log10 5� 20 log10 1 ¼ 14 dB

The low-frequency asymptote is a straight line with a slope of �20 dB/decade passing through the point

v ¼ 1 rad/s, jHj ¼ 14 dB.

The slope of the asymptotic Bode plot will change as v increases past each corner frequency. The slope

decreases by 20 dB/decade at v ¼ p ¼ 2 rad/s, then increases by 20 dB/decade at v ¼ 10 rad/s, and finally

decreases by 40 dB/decade at v ¼ 50 rad/s. The asymptotic magnitude Bode plot is shown in Figure 13.3-12.
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FIGURE 13.3-12 Asymptotic plot for Example 13.3-5.

Bode Plots 619

La pendiente de la asíntota de frecuencia baja es una línea recta con una pendiente de 220 dB/década que pasa a 
través del punto 
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E X A M P L E 1 3 . 3 - 6 Designing a Circuit to Have

a Specified Bode Plot

Let’s design the circuit shown in Figure 13.3-3 to satisfy the following specifications.

1. The low-frequency gain is 0.1.

2. The high-frequency gain is 1.

3. The corner frequencies lie in the range of 100 hertz to 2000 hertz.

Solution
We’re confronted with two problems. First, can these specifications be satisfied using this circuit? Second, if they

can, what values of R, Rs, and L are required?

Our earlier analysis of this circuit showed that the low-frequency gain is less than 1 and that the

high-frequency gain is equal to 1. This circuit can be used only to satisfy specifications that are consistent

with these facts. Fortunately, the given specifications are consistent with these facts. The first specification

so the equation of the low-frequency asymptote is

20 log10jHj ¼ 20 log10 5� 20 log10 v

The slope of the low-frequency asymptote is �20 dB/decade. Let’s find a point on the low-frequency asymptote.

When v ¼ 1,

20 log10jHj ¼ 20 log10 5� 20 log10 1 ¼ 14 dB

The low-frequency asymptote is a straight line with a slope of �20 dB/decade passing through the point

v ¼ 1 rad/s, jHj ¼ 14 dB.

The slope of the asymptotic Bode plot will change as v increases past each corner frequency. The slope

decreases by 20 dB/decade at v ¼ p ¼ 2 rad/s, then increases by 20 dB/decade at v ¼ 10 rad/s, and finally

decreases by 40 dB/decade at v ¼ 50 rad/s. The asymptotic magnitude Bode plot is shown in Figure 13.3-12.
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FIGURE 13.3-12 Asymptotic plot for Example 13.3-5.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

 5 50 rad/s. El diagrama de Bode de magnitud asintótica se muestra 
en la figura 13.3-12.
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FIGURA 13.3-12 Trazo asintótico para el ejemplo 13.3-5.

Vamos a diseñar el circuito que se muestra en la figura 13.3-3 para satisfacer las especificaciones siguientes.

1. La ganancia de frecuencia baja es 0.1.

2. La ganancia de frecuencia alta es 1.

3. Las frecuencias de ángulo se basan en el rango de 100 a 2 000 hertz.

Solución
Nos encontramos ante dos problemas. El primero, ¿se pueden satisfacer estas especificaciones utilizando este 
circuito? El segundo, si es posible, ¿qué valores de R, Rs y L se requieren?
 Nuestro análisis anterior de este circuito mostraba que la ganancia de frecuencia baja es menor que 1 y que 
la ganancia de frecuencia alta es igual a 1. Este circuito se puede utilizar sólo para satisfacer especificaciones 
que sean consistentes con estos datos. Por fortuna, las especificaciones dadas lo son. La primera especificación 
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requires

0:1 ¼ low-frequency gain ¼ k ¼ R

Rþ Rs

Because this circuit has a high-frequency gain equal to 1, the second specification is satisfied.

Now let’s turn our attention to the specifications on the corner frequencies. The specified frequency range is

given using units of hertz, whereas the corner frequencies have units of radians/second. Because v1 > v2, the

third specification requires that

2pð Þ100 <
R

L
¼ v1

and

2pð Þ2000 >
Rþ Rs

L
¼ v2

Our job is to find values of R, Rs, and L that satisfy these three requirements. We have no guarantee that

appropriate values exist. If an appropriate set of values does exist, it may well not be unique. Let’s try

R ¼ 100V

The specification on the low-frequency gain requires that

Rs ¼ 9R ¼ 900V

The specification on the zero will be satisfied if

L ¼ R

2pð Þ100 ¼ 0:159 H

It remains to verify that these values of R, Rs, and L satisfy the specification on the pole frequency. Because

Rþ Rs

L
¼ 6289 < 12; 566 ¼ 2pð Þ2000

the specification is satisfied.

In summary, when

R ¼ 100V; Rs ¼ 900V; and L ¼ 0:159 H

the circuit shown in Figure 13.3-3 satisfies the specifications given above.

This solution is not unique. Indeed, when R ¼ 100 and Rs ¼ 900, any inductance in the range

0.0796 < L < 0.159 H can be used to satisfy these specifications.

E X A M P L E 1 3 . 3 - 7 Designing a Circuit to Have

a Specified Bode Plot

Design a circuit that has the asymptotic magnitude Bode plot shown in Figure 13.3-13a.

Solution
The slope of this Bode plot is 20 dB/decade for low frequencies, that is, v< 500 rad/s, so H(v) must have a

jv factor in its numerator. The slope decreases by 20 dB/decade (from 20 dB/decade to zero) as v increases

past v ¼ 500 rad/s, so H(v) must have a pole at v ¼ 500 rad/s. Based on these observations

H vð Þ ¼ �k
jv

1þ j
v

500

620 Frequency Response

Como este circuito tiene una ganancia de frecuencia alta igual a 1, se satisface la especificación.
 Ahora atendamos las especificaciones en las frecuencias de ángulo. El rango de la frecuencia especificada 
se da utilizando unidades de hertz, en tanto que las frecuencias de ángulo tienen unidades de radianes/segundo. 
Dado que 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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requires

0:1 ¼ low-frequency gain ¼ k ¼ R

Rþ Rs

Because this circuit has a high-frequency gain equal to 1, the second specification is satisfied.

Now let’s turn our attention to the specifications on the corner frequencies. The specified frequency range is

given using units of hertz, whereas the corner frequencies have units of radians/second. Because v1 > v2, the

third specification requires that

2pð Þ100 <
R

L
¼ v1

and

2pð Þ2000 >
Rþ Rs

L
¼ v2

Our job is to find values of R, Rs, and L that satisfy these three requirements. We have no guarantee that

appropriate values exist. If an appropriate set of values does exist, it may well not be unique. Let’s try

R ¼ 100V

The specification on the low-frequency gain requires that

Rs ¼ 9R ¼ 900V

The specification on the zero will be satisfied if

L ¼ R

2pð Þ100 ¼ 0:159 H

It remains to verify that these values of R, Rs, and L satisfy the specification on the pole frequency. Because

Rþ Rs

L
¼ 6289 < 12; 566 ¼ 2pð Þ2000

the specification is satisfied.

In summary, when

R ¼ 100V; Rs ¼ 900V; and L ¼ 0:159 H

the circuit shown in Figure 13.3-3 satisfies the specifications given above.

This solution is not unique. Indeed, when R ¼ 100 and Rs ¼ 900, any inductance in the range

0.0796 < L < 0.159 H can be used to satisfy these specifications.

E X A M P L E 1 3 . 3 - 7 Designing a Circuit to Have

a Specified Bode Plot

Design a circuit that has the asymptotic magnitude Bode plot shown in Figure 13.3-13a.

Solution
The slope of this Bode plot is 20 dB/decade for low frequencies, that is, v< 500 rad/s, so H(v) must have a

jv factor in its numerator. The slope decreases by 20 dB/decade (from 20 dB/decade to zero) as v increases

past v ¼ 500 rad/s, so H(v) must have a pole at v ¼ 500 rad/s. Based on these observations

H vð Þ ¼ �k
jv

1þ j
v

500

620 Frequency Response
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past v ¼ 500 rad/s, so H(v) must have a pole at v ¼ 500 rad/s. Based on these observations

H vð Þ ¼ �k
jv

1þ j
v

500

620 Frequency Response

Nuestra labor es encontrar valores de R, Rs y L que satisfagan estos tres requerimientos. No tenemos garantía de 
que existan valores adecuados. Si existe un conjunto de valores adecuados es posible que no sean únicos. Tratemos

R 5 100 V
La especificación sobre la ganancia de la frecuencia baja requiere que

Rs 5 9R 5 900 V
La especificación sobre el cero se satisfará si
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0:1 ¼ low-frequency gain ¼ k ¼ R

Rþ Rs
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jv factor in its numerator. The slope decreases by 20 dB/decade (from 20 dB/decade to zero) as v increases

past v ¼ 500 rad/s, so H(v) must have a pole at v ¼ 500 rad/s. Based on these observations

H vð Þ ¼ �k
jv

1þ j
v

500

620 Frequency Response

Sólo resta comprobar que estos valores de R, Rs y L satisfagan la especificación en la frecuencia de polo. Porque
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620 Frequency Response

2 000

la especificación se satisface.
 En resumen, cuando

R 5 100 V, Rs 5 900 V y L 5 0.159 H
el circuito que se muestra en la figura 13.3-3 satisface las especificaciones dadas anteriormente.
 Esta solución no es única. En realidad, cuando R 5 100 y Rs 5 900, cualquier inductancia en el rango de 
0.796 , L , 0.159 H se puede utilizar para satisfacer estas especificaciones.

Diseñe un circuito que contenga el diagrama de Bode de magnitud asintótica que se muestra en la figura 13.3-13a.

Solución
La pendiente de este diagrama de Bode es 20 dB/década para frecuencias bajas, es decir, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR
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v1
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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requires

0:1 ¼ low-frequency gain ¼ k ¼ R

Rþ Rs

Because this circuit has a high-frequency gain equal to 1, the second specification is satisfied.

Now let’s turn our attention to the specifications on the corner frequencies. The specified frequency range is

given using units of hertz, whereas the corner frequencies have units of radians/second. Because v1 > v2, the

third specification requires that

2pð Þ100 <
R

L
¼ v1

and

2pð Þ2000 >
Rþ Rs

L
¼ v2

Our job is to find values of R, Rs, and L that satisfy these three requirements. We have no guarantee that

appropriate values exist. If an appropriate set of values does exist, it may well not be unique. Let’s try

R ¼ 100V

The specification on the low-frequency gain requires that

Rs ¼ 9R ¼ 900V

The specification on the zero will be satisfied if

L ¼ R

2pð Þ100 ¼ 0:159 H

It remains to verify that these values of R, Rs, and L satisfy the specification on the pole frequency. Because

Rþ Rs

L
¼ 6289 < 12; 566 ¼ 2pð Þ2000

the specification is satisfied.

In summary, when

R ¼ 100V; Rs ¼ 900V; and L ¼ 0:159 H

the circuit shown in Figure 13.3-3 satisfies the specifications given above.

This solution is not unique. Indeed, when R ¼ 100 and Rs ¼ 900, any inductance in the range

0.0796 < L < 0.159 H can be used to satisfy these specifications.

E X A M P L E 1 3 . 3 - 7 Designing a Circuit to Have

a Specified Bode Plot

Design a circuit that has the asymptotic magnitude Bode plot shown in Figure 13.3-13a.

Solution
The slope of this Bode plot is 20 dB/decade for low frequencies, that is, v< 500 rad/s, so H(v) must have a

jv factor in its numerator. The slope decreases by 20 dB/decade (from 20 dB/decade to zero) as v increases

past v ¼ 500 rad/s, so H(v) must have a pole at v ¼ 500 rad/s. Based on these observations

H vð Þ ¼ �k
jv

1þ j
v

500

620 Frequency Response

M13_DORF_1571_8ED_SE_594-659.indd   620 4/12/11   8:41 PM
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FIGURA 13.3-13 (a) Un diagrama de Bode de magnitud asintótica y (b) circuito que implementa ese diagrama de Bode.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 13.3-1 (a) Convert the gainjVo=Vsj ¼ 2 to decibels. (b) Suppose jVo=Vsj ¼
�6.02 dB. What is the value of this gain ‘‘not in dB’’?

Answers: (a) 6.02 dB (b) 0.5

EXERCISE 13.3-2 In a certain frequency range, the magnitude of the network function can be

approximated as H ¼ 1=v2. What is the slope of the Bode plot in this range, expressed in decibels

per decade?

Answer: �40 dB/decade

The gain of the asymptotic Bode plot is 34 dB ¼ 50 when v > 500 rad/s, so

50 ¼ �k
jv

j
v

500

¼ �k � 500

Thus, k ¼ �0.1 and

H vð Þ ¼ �0:1 � jv

1þ j
v

500

We need a circuit that has a network function of this form. Table 13.3-2 contains a collection of circuits and

corresponding network functions. Row 4 of Table 13.3-2 contains the circuit that we can use. The design

equations provided in row 4 of the table indicate that

0:1 ¼ R2C

500 ¼ 1

CR1

Because there are more unknowns than equations, the solution of these design equations is not unique. Pick

C ¼ 1mF. Then

R2 ¼ 0:1

10�6 ¼ 100 kV

R1 ¼ 1

500 � 10�6 ¼ 2 kV

The finished circuit is shown in Figure 13.3-13b.
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FIGURE 13.3-13 (a) An asymptotic magnitude Bode plot and (b) a circuit that implements that Bode plot.
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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EXERCISE 13.3-1 (a) Convert the gainjVo=Vsj ¼ 2 to decibels. (b) Suppose jVo=Vsj ¼
�6.02 dB. What is the value of this gain ‘‘not in dB’’?

Answers: (a) 6.02 dB (b) 0.5

EXERCISE 13.3-2 In a certain frequency range, the magnitude of the network function can be

approximated as H ¼ 1=v2. What is the slope of the Bode plot in this range, expressed in decibels

per decade?

Answer: �40 dB/decade

The gain of the asymptotic Bode plot is 34 dB ¼ 50 when v > 500 rad/s, so

50 ¼ �k
jv

j
v

500

¼ �k � 500

Thus, k ¼ �0.1 and

H vð Þ ¼ �0:1 � jv

1þ j
v

500

We need a circuit that has a network function of this form. Table 13.3-2 contains a collection of circuits and

corresponding network functions. Row 4 of Table 13.3-2 contains the circuit that we can use. The design

equations provided in row 4 of the table indicate that

0:1 ¼ R2C

500 ¼ 1

CR1

Because there are more unknowns than equations, the solution of these design equations is not unique. Pick

C ¼ 1mF. Then

R2 ¼ 0:1

10�6 ¼ 100 kV

R1 ¼ 1

500 � 10�6 ¼ 2 kV

The finished circuit is shown in Figure 13.3-13b.

2034

2
0

 lo
g 1

0
|H

( 
 )

|, 
dB

ω

(logarithmic scale)ω

dB
decade

500

(a) (b)

–

+ +

–

vo

2 kΩ 100 kΩ

+
– vi

μ

RL

1   F

FIGURE 13.3-13 (a) An asymptotic magnitude Bode plot and (b) a circuit that implements that Bode plot.
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Necesitamos un circuito que tenga una función de red de esta forma. La tabla 13.3-2 contiene un conjunto de 
circuitos y funciones de red correspondientes. La fila 4 de la tabla 13.3-2 contiene el circuito que podemos uti-
lizar. Las ecuaciones de diseño proporcionadas en la fila 4 de la tabla indican que
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EXERCISE 13.3-1 (a) Convert the gainjVo=Vsj ¼ 2 to decibels. (b) Suppose jVo=Vsj ¼
�6.02 dB. What is the value of this gain ‘‘not in dB’’?

Answers: (a) 6.02 dB (b) 0.5

EXERCISE 13.3-2 In a certain frequency range, the magnitude of the network function can be

approximated as H ¼ 1=v2. What is the slope of the Bode plot in this range, expressed in decibels

per decade?

Answer: �40 dB/decade

The gain of the asymptotic Bode plot is 34 dB ¼ 50 when v > 500 rad/s, so

50 ¼ �k
jv

j
v

500

¼ �k � 500

Thus, k ¼ �0.1 and

H vð Þ ¼ �0:1 � jv

1þ j
v

500

We need a circuit that has a network function of this form. Table 13.3-2 contains a collection of circuits and

corresponding network functions. Row 4 of Table 13.3-2 contains the circuit that we can use. The design

equations provided in row 4 of the table indicate that

0:1 ¼ R2C

500 ¼ 1

CR1

Because there are more unknowns than equations, the solution of these design equations is not unique. Pick

C ¼ 1mF. Then

R2 ¼ 0:1

10�6 ¼ 100 kV

R1 ¼ 1

500 � 10�6 ¼ 2 kV

The finished circuit is shown in Figure 13.3-13b.
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FIGURE 13.3-13 (a) An asymptotic magnitude Bode plot and (b) a circuit that implements that Bode plot.
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Dado que hay más incógnitas que ecuaciones, la solución de estas ecuaciones de diseño no es única. Tome  
C 5 1 mF. Entonces
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EXERCISE 13.3-1 (a) Convert the gainjVo=Vsj ¼ 2 to decibels. (b) Suppose jVo=Vsj ¼
�6.02 dB. What is the value of this gain ‘‘not in dB’’?

Answers: (a) 6.02 dB (b) 0.5

EXERCISE 13.3-2 In a certain frequency range, the magnitude of the network function can be

approximated as H ¼ 1=v2. What is the slope of the Bode plot in this range, expressed in decibels

per decade?

Answer: �40 dB/decade

The gain of the asymptotic Bode plot is 34 dB ¼ 50 when v > 500 rad/s, so

50 ¼ �k
jv

j
v

500

¼ �k � 500

Thus, k ¼ �0.1 and

H vð Þ ¼ �0:1 � jv

1þ j
v

500

We need a circuit that has a network function of this form. Table 13.3-2 contains a collection of circuits and

corresponding network functions. Row 4 of Table 13.3-2 contains the circuit that we can use. The design

equations provided in row 4 of the table indicate that

0:1 ¼ R2C

500 ¼ 1

CR1

Because there are more unknowns than equations, the solution of these design equations is not unique. Pick

C ¼ 1mF. Then

R2 ¼ 0:1

10�6 ¼ 100 kV

R1 ¼ 1

500 � 10�6 ¼ 2 kV

The finished circuit is shown in Figure 13.3-13b.
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FIGURE 13.3-13 (a) An asymptotic magnitude Bode plot and (b) a circuit that implements that Bode plot.
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En la figura 13.3-13b se muestra el circuito terminado.

EJERCICIO 13.3-1  (a) Convierta la ganancia @ Vo > Vs @ 5 2 decibeles. (b) Suponga @ Vo > Vs @ 5 
26.02 dB. ¿Cuál es el valor de esta ganancia “no en dB”?

Respuestas: (a) 6.02 dB; (b) 0.5

EJERCICIO 13.3-2 En un determinado rango de frecuencia, la magnitud de la función de 
red se puede aproximar como H 5 1 > 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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2. ¿Cuál es la pendiente del diagrama de Bode en este rango, 
expresado en decibeles por década?

Respuesta: 240 dB/década
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Tabla 13.3-2 Conjunto de circuitos y funciones de red correspondientes
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EJERCICIO 13.3-3  Considere la función de red
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EXERCISE 13.3-3 Consider the network function

H vð Þ ¼ jvA

Bþ jvC

Find (a) the corner frequency, (b) the slope of the asymptotic magnitude Bode plot for v above the corner

frequency in decibels per decade, (c) the slope of the magnitude Bode plot below the corner frequency, and (d) the

gain in decibels for v above the corner frequency.

Answers: (a) v0 ¼ B/C (b) zero (c) 20 dB/decade (d) 20 log10 ¼
A

C

13.4 R ESONANT C I RCU I TS

In this section, we will study the behavior of some circuits called resonant circuits. We begin with an

example.

Consider the situation shown in Figure 13.4-1a. The input to this circuit is the current of the

current source, and the response is the voltage across the current source. Because the input to the

circuit is sinusoidal, we can use phasors to analyze this circuit. We know that the network function of

the circuit is the ratio of the response phasor to the input phasor. In this case, that network function will

be an impedance

Z ¼ V

I
¼ Affu

Bff0�
Figure 13.4-1b shows some data that were obtained by applying an input with an amplitude of 2 mA

and a frequency that was varied. Row 1 of this table describes the performance of this circuit when

v ¼ 200 rad/s. At this frequency, the impedance of the circuit is

Z ¼ 6:6ff48�
0:002

¼ 3300ff48� V
Let’s convert this impedance from polar to rectangular form:

Z ¼ 2208þ j2452V

This looks like the equivalent impedance of a series resistor and inductor. The resistance would be

2208 V. Because the frequency is v ¼ 200 rad/s, the inductance would be 12.26 H. Recall that in

rectangular form impedances are represented as

Z ¼ Rþ jX

where R is called the resistance and X is called the reactance. When v ¼ 200 rad/s, we say that the

reactance of this circuit is inductive because the reactance is positive and therefore could have been

caused by a single inductor.

RLC
circuit

v(t) = B cos (   t +  )ω

ω

i(t) = A cos (   t)ω

+

–

θ

θA, A

0.002
0.002
0.002
0.002
0.002

 , rad/s

200
220
250
270
300

B, V

 6.6
 8.4
10.0
 9.3
 7.4

 48°
 33°
   0°
–21°
– 43°

(b)(a)

FIGURE 13.4-1 (a) An RLC circuit with a sinusoidal input and (b) some frequency response data.
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Encuentre (a) la frecuencia de ángulo; (b) la pendiente del diagrama de Bode de magnitud asintótica 
para 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 por encima de la frecuencia de ángulo en decibeles por década; (c) la pendiente del diagrama 
de Bode de magnitud por debajo de la frecuencia de ángulo, y (d) la ganancia en decibeles para 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 por 
encima de la frecuencia de ángulo.

Respuestas: (a) 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 5 B/C; (b) cero; (c) 20 dB/década y (d) 
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EXERCISE 13.3-3 Consider the network function

H vð Þ ¼ jvA

Bþ jvC

Find (a) the corner frequency, (b) the slope of the asymptotic magnitude Bode plot for v above the corner

frequency in decibels per decade, (c) the slope of the magnitude Bode plot below the corner frequency, and (d) the

gain in decibels for v above the corner frequency.

Answers: (a) v0 ¼ B/C (b) zero (c) 20 dB/decade (d) 20 log10 ¼
A

C

13.4 R ESONANT C I RCU I TS

In this section, we will study the behavior of some circuits called resonant circuits. We begin with an

example.

Consider the situation shown in Figure 13.4-1a. The input to this circuit is the current of the

current source, and the response is the voltage across the current source. Because the input to the

circuit is sinusoidal, we can use phasors to analyze this circuit. We know that the network function of

the circuit is the ratio of the response phasor to the input phasor. In this case, that network function will

be an impedance

Z ¼ V

I
¼ Affu

Bff0�
Figure 13.4-1b shows some data that were obtained by applying an input with an amplitude of 2 mA

and a frequency that was varied. Row 1 of this table describes the performance of this circuit when

v ¼ 200 rad/s. At this frequency, the impedance of the circuit is

Z ¼ 6:6ff48�
0:002

¼ 3300ff48� V
Let’s convert this impedance from polar to rectangular form:

Z ¼ 2208þ j2452V

This looks like the equivalent impedance of a series resistor and inductor. The resistance would be

2208 V. Because the frequency is v ¼ 200 rad/s, the inductance would be 12.26 H. Recall that in

rectangular form impedances are represented as

Z ¼ Rþ jX

where R is called the resistance and X is called the reactance. When v ¼ 200 rad/s, we say that the

reactance of this circuit is inductive because the reactance is positive and therefore could have been

caused by a single inductor.

RLC
circuit

v(t) = B cos (   t +  )ω

ω

i(t) = A cos (   t)ω

+

–

θ

θA, A

0.002
0.002
0.002
0.002
0.002

 , rad/s

200
220
250
270
300

B, V

 6.6
 8.4
10.0
 9.3
 7.4

 48°
 33°
   0°
–21°
– 43°

(b)(a)

FIGURE 13.4-1 (a) An RLC circuit with a sinusoidal input and (b) some frequency response data.
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13.4 C I R C U I T O S  R E S O N A N T E S

En esta sección estudiaremos el comportamiento de algunos circuitos denominados circuitos resonan-
tes. Empezaremos con un ejemplo.
 Considere la situación que se muestra en la figura 13.4-1a. La entrada a este circuito es la 
corriente de la fuente de corriente, y la respuesta es el voltaje a través de la fuente de corriente. 
Dado que la entrada al circuito es senoidal, podemos utilizar fasores para analizar este circuito. Sa-
bemos que la función de red del circuito es la relación del fasor de respuesta con el fasor de entrada. 
En este caso, esa función de red será una impedancia
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EXERCISE 13.3-3 Consider the network function

H vð Þ ¼ jvA

Bþ jvC

Find (a) the corner frequency, (b) the slope of the asymptotic magnitude Bode plot for v above the corner

frequency in decibels per decade, (c) the slope of the magnitude Bode plot below the corner frequency, and (d) the

gain in decibels for v above the corner frequency.

Answers: (a) v0 ¼ B/C (b) zero (c) 20 dB/decade (d) 20 log10 ¼
A

C

13.4 R ESONANT C I RCU I TS

In this section, we will study the behavior of some circuits called resonant circuits. We begin with an

example.

Consider the situation shown in Figure 13.4-1a. The input to this circuit is the current of the

current source, and the response is the voltage across the current source. Because the input to the

circuit is sinusoidal, we can use phasors to analyze this circuit. We know that the network function of

the circuit is the ratio of the response phasor to the input phasor. In this case, that network function will

be an impedance

Z ¼ V

I
¼ Affu

Bff0�
Figure 13.4-1b shows some data that were obtained by applying an input with an amplitude of 2 mA

and a frequency that was varied. Row 1 of this table describes the performance of this circuit when

v ¼ 200 rad/s. At this frequency, the impedance of the circuit is

Z ¼ 6:6ff48�
0:002

¼ 3300ff48� V
Let’s convert this impedance from polar to rectangular form:

Z ¼ 2208þ j2452V

This looks like the equivalent impedance of a series resistor and inductor. The resistance would be

2208 V. Because the frequency is v ¼ 200 rad/s, the inductance would be 12.26 H. Recall that in

rectangular form impedances are represented as

Z ¼ Rþ jX

where R is called the resistance and X is called the reactance. When v ¼ 200 rad/s, we say that the

reactance of this circuit is inductive because the reactance is positive and therefore could have been

caused by a single inductor.

RLC
circuit

v(t) = B cos (   t +  )ω

ω

i(t) = A cos (   t)ω

+

–

θ

θA, A

0.002
0.002
0.002
0.002
0.002

 , rad/s

200
220
250
270
300

B, V

 6.6
 8.4
10.0
 9.3
 7.4

 48°
 33°
   0°
–21°
– 43°

(b)(a)

FIGURE 13.4-1 (a) An RLC circuit with a sinusoidal input and (b) some frequency response data.
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La figura 13.4-1b muestra algunos datos que se obtuvieron mediante la aplicación de una entrada con 
una amplitud de 2 mA y una frecuencia que se modificó. La fila 1 de esta tabla describe el desempeño 
de este circuito cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 200 rad/s. A esta frecuencia, la impedancia del circuito es
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EXERCISE 13.3-3 Consider the network function

H vð Þ ¼ jvA

Bþ jvC

Find (a) the corner frequency, (b) the slope of the asymptotic magnitude Bode plot for v above the corner

frequency in decibels per decade, (c) the slope of the magnitude Bode plot below the corner frequency, and (d) the

gain in decibels for v above the corner frequency.

Answers: (a) v0 ¼ B/C (b) zero (c) 20 dB/decade (d) 20 log10 ¼
A

C

13.4 R ESONANT C I RCU I TS

In this section, we will study the behavior of some circuits called resonant circuits. We begin with an

example.

Consider the situation shown in Figure 13.4-1a. The input to this circuit is the current of the

current source, and the response is the voltage across the current source. Because the input to the

circuit is sinusoidal, we can use phasors to analyze this circuit. We know that the network function of

the circuit is the ratio of the response phasor to the input phasor. In this case, that network function will

be an impedance

Z ¼ V

I
¼ Affu

Bff0�
Figure 13.4-1b shows some data that were obtained by applying an input with an amplitude of 2 mA

and a frequency that was varied. Row 1 of this table describes the performance of this circuit when

v ¼ 200 rad/s. At this frequency, the impedance of the circuit is

Z ¼ 6:6ff48�
0:002

¼ 3300ff48� V
Let’s convert this impedance from polar to rectangular form:

Z ¼ 2208þ j2452V

This looks like the equivalent impedance of a series resistor and inductor. The resistance would be

2208 V. Because the frequency is v ¼ 200 rad/s, the inductance would be 12.26 H. Recall that in

rectangular form impedances are represented as

Z ¼ Rþ jX

where R is called the resistance and X is called the reactance. When v ¼ 200 rad/s, we say that the

reactance of this circuit is inductive because the reactance is positive and therefore could have been

caused by a single inductor.

RLC
circuit

v(t) = B cos (   t +  )ω

ω

i(t) = A cos (   t)ω

+

–

θ

θA, A

0.002
0.002
0.002
0.002
0.002

 , rad/s

200
220
250
270
300

B, V

 6.6
 8.4
10.0
 9.3
 7.4

 48°
 33°
   0°
–21°
– 43°

(b)(a)

FIGURE 13.4-1 (a) An RLC circuit with a sinusoidal input and (b) some frequency response data.
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Convirtamos esta impedancia de la forma polar a la forma rectangular:
Z 5 2208 1 j2 452 V

Esto semeja la impedancia equivalente de un resistor y un inductor en serie. La resistencia sería de  
2 208 V. Dado que la frecuencia es 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 200 rad/s, la inductancia sería de 12.26 H. Recuerde que en 
la forma rectangular las impedancias se representan como

Z 5 R 1 jX
donde R se denomina la resistencia y X la reactancia. Cuando 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet
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dependent source is
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In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2
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¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 200 rad/s, decimos que la reac-
tancia de este circuito es inductiva porque la reactancia es positiva y por lo tanto podría haber sido 
causada por un inductor único.

Circuito
RLC

v(t) = B cos (   t +  )ω

ω

i(t) = A cos (   t)ω

+

–

θ

θA, A

0.002
0.002
0.002
0.002
0.002

 , rad/s

200
220
250
270
300

B, V

 6.6
 8.4
10.0
 9.3
 7.4

 48°
 33°
   0°
–21°
– 43°

(b)(a)

FIGURA 13.4-1 (a) Un circuito RLC con una entrada senoidal, y (b) algunos datos de respuesta de frecuencia.
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 La última fila de la tabla describe el desempeño de este circuito cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The last row of the table describes the performance of this circuit when v ¼ 300 rad/s. Now

Z ¼ 7:4ff�43�

0:002
¼ 3700ff�43� ¼ 2706� j 2523V

Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R

� �2

þ vC � 1

vL

� �2
s � tan�1 R vC � 1

vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

C L R

+

–

v(t)

v(t) = B cos (   t +  )ω
i(t) = A cos (   t)

i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.

624 Frequency Response

 j 2 523 V

Como la reactancia es negativa, no podría haber sido causada por un inductor único. Esta impedancia se 
parece a la impedancia equivalente de un resistor único conectado en serie con un condensador único:

E1C13_1 11/25/2009 624

The last row of the table describes the performance of this circuit when v ¼ 300 rad/s. Now

Z ¼ 7:4ff�43�

0:002
¼ 3700ff�43� ¼ 2706� j 2523V
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capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance
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the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
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The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is
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1
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1
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This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives
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Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R
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vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p
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+
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v(t)

v(t) = B cos (   t +  )ω
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i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.
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 j 2 523 V

Igualar las partes reales muestra que la resistencia es 2 706 V. Igualar partes imaginarias muestra que 
la capacitancia es 1.32 mF.
 La reactancia de este circuito es inductiva en algunas frecuencias y capacitiva en otras fre-
cuencias. Podemos decir cuándo la reactancia será inductiva y cuándo será capacitiva observando la 
última columna de la tabla. Cuando 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 es positivo, la reactancia es inductiva y cuando 
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 es negativa, 
la reactancia será capacitiva. La frecuencia 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1
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� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The last row of the table describes the performance of this circuit when v ¼ 300 rad/s. Now

Z ¼ 7:4ff�43�

0:002
¼ 3700ff�43� ¼ 2706� j 2523V

Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R

� �2

þ vC � 1

vL

� �2
s � tan�1 R vC � 1

vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

C L R

+

–

v(t)

v(t) = B cos (   t +  )ω
i(t) = A cos (   t)

i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.
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La reactancia es cero. En la frecuencia de resonancia, la impedancia es puramente resistiva. En reali-
dad, este hecho se puede utilizar para identificar la frecuencia resonante.
 A partir de la figura 13.4-1 se puede hacer otra observación. La magnitud de la impedancia es 
máxima cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows
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that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 A continuación, considere el circuito que se muestra en la figura 13.4-2. A este circuito se le 
llama circuito de resonancia en paralelo. La impedancia equivalente del resistor, el inductor y el 
condensador en paralelo es

 

E1C13_1 11/25/2009 624

The last row of the table describes the performance of this circuit when v ¼ 300 rad/s. Now

Z ¼ 7:4ff�43�

0:002
¼ 3700ff�43� ¼ 2706� j 2523V

Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R

� �2

þ vC � 1

vL

� �2
s � tan�1 R vC � 1

vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

C L R

+

–

v(t)

v(t) = B cos (   t +  )ω
i(t) = A cos (   t)

i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.
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Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R

� �2

þ vC � 1

vL

� �2
s � tan�1 R vC � 1

vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

C L R

+

–

v(t)

v(t) = B cos (   t +  )ω
i(t) = A cos (   t)

i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.
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La frecuencia que satisface esta ecuación es la frecuencia resonante, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The last row of the table describes the performance of this circuit when v ¼ 300 rad/s. Now

Z ¼ 7:4ff�43�

0:002
¼ 3700ff�43� ¼ 2706� j 2523V

Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance

looks like the equivalent impedance of a single resistor connected in series with a single capacitor:

R� j
1

vC
¼ 2706� j 2523V

Equating the real parts shows that the resistance is 2706 V. Equating imaginary parts shows that the

capacitance is 1.32 mF.

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies.

We can tell when the reactance will be inductive and when it will be capacitive by looking at the last

column of the table.When u is positive, the reactance is inductive and when u is negative, the reactance

is capacitive. The frequency v ¼ 250 rad/s is special. When the input frequency is less than 250 rad/s,

the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is

capacitive. This special frequency is called the resonant frequency and is denoted as v0. From the

third row of the table, we see that when v ¼ v0 ¼ 250 rad/s

Z ¼ 10ff0�
0:002

¼ 5000ff0� ¼ 5000 � j 0V

The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact

can be used to identify the resonant frequency.

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is

maximum when v ¼ v0 ¼ 250 rad/s. When the frequency is reduced from v0 or increased from v0,

the magnitude of the impedance is decreased.

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant

circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is

Z ¼ 1
1

R
þ jvC þ 1

jvL

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

R

� �2

þ vC � 1

vL

� �2
s � tan�1 R vC � 1

vL

� �
ð13:4-1Þ

This circuit exhibits some familiar behavior. The reactance will be zero when

vC � 1

vL
¼ 0

The frequency that satisfies this equation is the resonant frequency, v0. Solving this equation gives

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

C L R

+

–

v(t)

v(t) = B cos (   t +  )ω
i(t) = A cos (   t)

i(t)

ω
θ FIGURE 13.4-2 The parallel resonant circuit.
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ω
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1
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� �
v2 � 1� 1
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� �
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� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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and Acm is called the common mode gain:
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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v2 � 1� 1
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� �
v1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth
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A v2 � v1ð Þ
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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At v ¼ v0, Z ¼ R. The magnitude of Z decreases as v is either increased or decreased from v0. The

angle of Z is positive when v < v0 and negative when v > v0, so the reactance is inductive when

v < v0 and capacitive when v > v0.

The impedance can be put in the form

Z ¼ k

1þ jQ
v

v0
� v0

v

� � ð13:4-2Þ

where k ¼ R; Q ¼ R

ffiffiffiffi
C

L

r
; and v0 ¼ 1ffiffiffiffiffiffiffi

LC
p ð13:4-3Þ

The parameters k, Q, and v0 characterize the resonant circuit. The resonant frequency, v0, is the

frequency at which the reactance is zero and where the magnitude of the impedance is maximum. The

parameter k is the value of the impedance when v ¼ v0, so k is the maximum value of the impedance.

Q is called the quality factor of the resonant circuit. The magnitude of the impedance will decrease as

v is reduced from v0 or increased from v0. The quality factor controls how rapidly jZj decreases.
Figure 13.4-3 illustrates the importance ofQ. Both k andv0 have been set equal to 1 in Figure 13.4-3 to

emphasize the relationship between Q and jZj.
Figure 13.4-3 shows that the larger the value of Q, the more sharply peaked is the frequency

response plot. We can quantify this observation by introducing the bandwidth of the resonant circuit.

To that end, let v1 and v2 denote the frequencies where

jZ vð Þj ¼ 1ffiffiffi
2

p jZ v0ð Þj ¼ kffiffiffi
2

p

There will be two such frequencies, one smaller than v0 and the other larger than v0. Let v1 < v0 and

v2 > v0. The bandwidth, BW, of the resonant circuit is defined as

BW ¼ v2 � v1

The frequencies v1 and v2 are solutions of the equation

kffiffiffi
2

p ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q 2 v=v0 � v0=vð Þ2
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FIGURE 13.4-3 The effect of Q on the frequency response of a resonant circuit.
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frequency at which the reactance is zero and where the magnitude of the impedance is maximum. The

parameter k is the value of the impedance when v ¼ v0, so k is the maximum value of the impedance.

Q is called the quality factor of the resonant circuit. The magnitude of the impedance will decrease as

v is reduced from v0 or increased from v0. The quality factor controls how rapidly jZj decreases.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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2
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1
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� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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At v ¼ v0, Z ¼ R. The magnitude of Z decreases as v is either increased or decreased from v0. The

angle of Z is positive when v < v0 and negative when v > v0, so the reactance is inductive when

v < v0 and capacitive when v > v0.

The impedance can be put in the form

Z ¼ k

1þ jQ
v

v0
� v0

v

� � ð13:4-2Þ

where k ¼ R; Q ¼ R

ffiffiffiffi
C

L

r
; and v0 ¼ 1ffiffiffiffiffiffiffi

LC
p ð13:4-3Þ

The parameters k, Q, and v0 characterize the resonant circuit. The resonant frequency, v0, is the

frequency at which the reactance is zero and where the magnitude of the impedance is maximum. The

parameter k is the value of the impedance when v ¼ v0, so k is the maximum value of the impedance.

Q is called the quality factor of the resonant circuit. The magnitude of the impedance will decrease as

v is reduced from v0 or increased from v0. The quality factor controls how rapidly jZj decreases.
Figure 13.4-3 illustrates the importance ofQ. Both k andv0 have been set equal to 1 in Figure 13.4-3 to

emphasize the relationship between Q and jZj.
Figure 13.4-3 shows that the larger the value of Q, the more sharply peaked is the frequency

response plot. We can quantify this observation by introducing the bandwidth of the resonant circuit.

To that end, let v1 and v2 denote the frequencies where

jZ vð Þj ¼ 1ffiffiffi
2

p jZ v0ð Þj ¼ kffiffiffi
2

p

There will be two such frequencies, one smaller than v0 and the other larger than v0. Let v1 < v0 and

v2 > v0. The bandwidth, BW, of the resonant circuit is defined as

BW ¼ v2 � v1

The frequencies v1 and v2 are solutions of the equation

kffiffiffi
2

p ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q 2 v=v0 � v0=vð Þ2

q
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FIGURE 13.4-3 The effect of Q on the frequency response of a resonant circuit.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2
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¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1
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� �
v2 � 1� 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1

2 CMRR
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v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

2 son soluciones de la ecuación

E1C13_1 11/25/2009 625

At v ¼ v0, Z ¼ R. The magnitude of Z decreases as v is either increased or decreased from v0. The

angle of Z is positive when v < v0 and negative when v > v0, so the reactance is inductive when

v < v0 and capacitive when v > v0.

The impedance can be put in the form

Z ¼ k

1þ jQ
v

v0
� v0

v

� � ð13:4-2Þ

where k ¼ R; Q ¼ R

ffiffiffiffi
C

L

r
; and v0 ¼ 1ffiffiffiffiffiffiffi

LC
p ð13:4-3Þ

The parameters k, Q, and v0 characterize the resonant circuit. The resonant frequency, v0, is the

frequency at which the reactance is zero and where the magnitude of the impedance is maximum. The

parameter k is the value of the impedance when v ¼ v0, so k is the maximum value of the impedance.

Q is called the quality factor of the resonant circuit. The magnitude of the impedance will decrease as

v is reduced from v0 or increased from v0. The quality factor controls how rapidly jZj decreases.
Figure 13.4-3 illustrates the importance ofQ. Both k andv0 have been set equal to 1 in Figure 13.4-3 to

emphasize the relationship between Q and jZj.
Figure 13.4-3 shows that the larger the value of Q, the more sharply peaked is the frequency

response plot. We can quantify this observation by introducing the bandwidth of the resonant circuit.

To that end, let v1 and v2 denote the frequencies where

jZ vð Þj ¼ 1ffiffiffi
2

p jZ v0ð Þj ¼ kffiffiffi
2

p

There will be two such frequencies, one smaller than v0 and the other larger than v0. Let v1 < v0 and

v2 > v0. The bandwidth, BW, of the resonant circuit is defined as

BW ¼ v2 � v1

The frequencies v1 and v2 are solutions of the equation

kffiffiffi
2

p ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q 2 v=v0 � v0=vð Þ2

q
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FIGURE 13.4-3 The effect of Q on the frequency response of a resonant circuit.
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or
ffiffiffi
2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q 2 v=v0 � v0=vð Þ2

q

Squaring both sides, we get

1 ¼ Q 2 v

v0
� v0

v

� �2

Now, taking the square root of both sides,

�1 ¼ Q
v

v0
� v0

v

� �

(The � sign is required because a2 ¼ b2 is satisfied if either a ¼ b or –a ¼ b.) This equation can be

rearranged to get the following quadratic equation:

v2 � v0v

Q
� v2

0 ¼ 0

This equation has four solutions, but only two are positive. The positive solutions are

v1 ¼ � v0

2Q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0

2Q

� �2

þ v2
0

s
and v2 ¼ v0

2Q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0

2Q

� �2

þ v2
0

s

Finally, we are ready to calculate the bandwidth

BW ¼ v2 � v1 ¼ v0

Q
ð13:4-4Þ

This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply

peaked; when the value of Q is larger.

E X A M P L E 1 3 . 4 - 1 Series Resonant Circuit

Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k,Q, and v0 and the

element values R, L, and C for the series resonant circuit.

C

R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

FIGURE 13.4-4 The series resonant circuit.

Solution
The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance

of the series resistor, capacitor, and inductor:

Y ¼ I

V
¼ 1

Rþ jvLþ 1

jvC

ð13:4-5Þ
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v
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(The � sign is required because a2 ¼ b2 is satisfied if either a ¼ b or –a ¼ b.) This equation can be

rearranged to get the following quadratic equation:

v2 � v0v

Q
� v2

0 ¼ 0

This equation has four solutions, but only two are positive. The positive solutions are

v1 ¼ � v0
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Finally, we are ready to calculate the bandwidth

BW ¼ v2 � v1 ¼ v0

Q
ð13:4-4Þ

This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply

peaked; when the value of Q is larger.

E X A M P L E 1 3 . 4 - 1 Series Resonant Circuit

Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k,Q, and v0 and the

element values R, L, and C for the series resonant circuit.

C

R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

FIGURE 13.4-4 The series resonant circuit.

Solution
The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance

of the series resistor, capacitor, and inductor:

Y ¼ I

V
¼ 1

Rþ jvLþ 1

jvC

ð13:4-5Þ

626 Frequency Response

Ahora, tomando la raíz cuadrada de ambos lados,

E1C13_1 11/25/2009 626

or
ffiffiffi
2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q 2 v=v0 � v0=vð Þ2

q

Squaring both sides, we get

1 ¼ Q 2 v
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�1 ¼ Q
v

v0
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v
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(The � sign is required because a2 ¼ b2 is satisfied if either a ¼ b or –a ¼ b.) This equation can be
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0 ¼ 0
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Finally, we are ready to calculate the bandwidth

BW ¼ v2 � v1 ¼ v0

Q
ð13:4-4Þ

This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply

peaked; when the value of Q is larger.

E X A M P L E 1 3 . 4 - 1 Series Resonant Circuit

Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k,Q, and v0 and the

element values R, L, and C for the series resonant circuit.
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R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

FIGURE 13.4-4 The series resonant circuit.

Solution
The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance

of the series resistor, capacitor, and inductor:

Y ¼ I

V
¼ 1

Rþ jvLþ 1

jvC

ð13:4-5Þ
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amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y
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; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 4ð Þv1 � 1

5

� �
v2.

Answer: R1 ¼ 10 kV and R2¼ 2.5 kV

EXERCISE 6.6-2 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
to be related to v1 and v2 by the equation v3 ¼ 6ð Þv1 � 4

5

� �
v2.

Answer: R1 ¼ 20 kV and R2 ¼ 40 kV
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 porque se satisface a2 5 b2 si a 5 b, o 2a 5 b.) Esta ecuación se puede re-
acomodar para obtener la siguiente ecuación cuadrática:
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1þ Q 2 v=v0 � v0=vð Þ2

q

Squaring both sides, we get

1 ¼ Q 2 v

v0
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� �2

Now, taking the square root of both sides,

�1 ¼ Q
v

v0
� v0

v

� �

(The � sign is required because a2 ¼ b2 is satisfied if either a ¼ b or –a ¼ b.) This equation can be

rearranged to get the following quadratic equation:

v2 � v0v

Q
� v2

0 ¼ 0

This equation has four solutions, but only two are positive. The positive solutions are
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v0

2Q

� �2
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0
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and v2 ¼ v0
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v0

2Q

� �2

þ v2
0

s

Finally, we are ready to calculate the bandwidth

BW ¼ v2 � v1 ¼ v0

Q
ð13:4-4Þ

This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply

peaked; when the value of Q is larger.

E X A M P L E 1 3 . 4 - 1 Series Resonant Circuit

Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k,Q, and v0 and the

element values R, L, and C for the series resonant circuit.

C

R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

FIGURE 13.4-4 The series resonant circuit.

Solution
The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance

of the series resistor, capacitor, and inductor:

Y ¼ I

V
¼ 1

Rþ jvLþ 1

jvC

ð13:4-5Þ
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Esta ecuación tiene cuatro soluciones, pero sólo dos son positivas. Las soluciones positivas son
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The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance
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The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is
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626 Frequency Response

Al fin, estamos preparados para calcular el ancho de banda 
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The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance
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Y ¼ I
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 (13.4-4)

Esta ecuación indica que el ancho de banda es más pequeño, es decir, el trazo de respuesta de frecuen-
cia es más agudo cuando el valor de Q es más grande.

E j E m p l o  1 3 . 4 - 1  Circuito resonante en serie

La figura 13.4-4 muestra un circuito resonante en serie. Determine la relación entre los parámetros k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 y los 
valores de los elementos R, L y C para el circuito resonante en serie.

C

R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

 FIGURA 13.4-4 El circuito resonante en serie.

Solución
La entrada a este circuito es la fuente de voltaje, y la respuesta es la corriente en el enlace. La función de red es la 
relación del fasor de respuesta con el fasor de entrada. En este caso, la función de red es la admitancia equivalente 
del resistor, del condensador y el inductor en serie:
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0 ¼ 0

This equation has four solutions, but only two are positive. The positive solutions are
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v0
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Finally, we are ready to calculate the bandwidth

BW ¼ v2 � v1 ¼ v0

Q
ð13:4-4Þ

This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply

peaked; when the value of Q is larger.

E X A M P L E 1 3 . 4 - 1 Series Resonant Circuit

Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k,Q, and v0 and the

element values R, L, and C for the series resonant circuit.

C

R L

v(t) = A cos (   t)ω+
–

i(t) = B cos (   t +  )ω θ

FIGURE 13.4-4 The series resonant circuit.

Solution
The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is

the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance

of the series resistor, capacitor, and inductor:

Y ¼ I

V
¼ 1

Rþ jvLþ 1

jvC

ð13:4-5Þ
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Para identificar k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1
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This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that
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¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

0, hay que reordenar esta función de red de modo que tenga la forma
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To identify k, Q, and v0, this network function must be rearranged so that it is in the form

Y ¼ k

1þ jQ
v

v0
� v0

v

� � ð13:4-6Þ

Rearranging Eq. 13.4-5,

Y ¼ 1

Rþ j vL� 1

vC

� � ¼ 1

Rþ j

ffiffiffiffi
L

C

r
v

1ffiffiffiffiffiffiffi
LC

p
�

1ffiffiffiffiffiffiffi
LC

p
v

0
BB@

1
CCA

¼
1

R

1þ j
1

R

ffiffiffiffi
L

C

r
v

1ffiffiffiffiffiffiffi
LC

p
�

1ffiffiffiffiffiffiffi
LC

p
v

0
BB@

1
CCA

Comparing this equation to Eq. 13.4-6 gives

k ¼ 1

R
; Q ¼ 1

R

ffiffiffiffi
L

C

r
; and v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

E X A M P L E 1 3 . 4 - 2 Frequency Response of

a Resonant Circuit

Figure 13.4-5 shows the magnitude frequency response plot of a resonant circuit. What are the values of the

parameters k, Q, and v0?

0

1.0 K

2.0 K

3.0 K

4.0 K

5.0 K

2.0 Kh 3.0 Kh
Frequency

(2.2491 K, 3.9989 K)

(2.3322 K, 2.8220 K)

(2.1720 K, 2.8178 K)

|Z(  )|, ohmsω

FIGURE 13.4-5 The magnitude frequency

response of a resonant circuit.

Solution
The first step is to find the peak of the frequency response and determine the values of the frequency and the

impedance corresponding to that point. This frequency is the resonant frequency, v0, and the impedance at this

frequency is k. This point on the frequency response is labeled in Figure 13.4-5. The frequency is

v0 ¼ 2pð Þ2249 ¼ 14; 130 rad/s

Resonant Circuits 627

 (13.4-6)

Al reordenar la ecuación 13.4-5,
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frequency is k. This point on the frequency response is labeled in Figure 13.4-5. The frequency is
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Comparando esta ecuación con la 13.4-6 nos da
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Y ¼ k

1þ jQ
v

v0
� v0

v

� � ð13:4-6Þ

Rearranging Eq. 13.4-5,

Y ¼ 1

Rþ j vL� 1

vC

� � ¼ 1

Rþ j
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C

r
v

1ffiffiffiffiffiffiffi
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p
�
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LC

p
v

0
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1
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¼
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1ffiffiffiffiffiffiffi
LC

p
�
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LC

p
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Comparing this equation to Eq. 13.4-6 gives

k ¼ 1

R
; Q ¼ 1

R

ffiffiffiffi
L

C

r
; and v0 ¼ 1ffiffiffiffiffiffiffi

LC
p

E X A M P L E 1 3 . 4 - 2 Frequency Response of

a Resonant Circuit

Figure 13.4-5 shows the magnitude frequency response plot of a resonant circuit. What are the values of the

parameters k, Q, and v0?

0

1.0 K

2.0 K

3.0 K

4.0 K

5.0 K

2.0 Kh 3.0 Kh
Frequency

(2.2491 K, 3.9989 K)

(2.3322 K, 2.8220 K)

(2.1720 K, 2.8178 K)

|Z(  )|, ohmsω

FIGURE 13.4-5 The magnitude frequency

response of a resonant circuit.

Solution
The first step is to find the peak of the frequency response and determine the values of the frequency and the

impedance corresponding to that point. This frequency is the resonant frequency, v0, and the impedance at this

frequency is k. This point on the frequency response is labeled in Figure 13.4-5. The frequency is

v0 ¼ 2pð Þ2249 ¼ 14; 130 rad/s

Resonant Circuits 627

La figura 13.4-5 muestra el trazo de respuesta de frecuencia de magnitud de un circuito resonante. ¿Cuáles son 
los valores de los parámetros k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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FIGURA 13.4-5 La respuesta de frecuencia 
de magnitud de un circuito resonante.

Solución
El primer paso es hallar el pico de la respuesta de frecuencia y determinar los valores de la frecuencia y la im-
pedancia que corresponda a ese punto. Esta frecuencia es la frecuencia resonante, 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;
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2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

 828 V. Estos puntos se han etiquetado en la figura 13.4-5. (El trazo que 
se muestra en la figura 13.4-5 se realizó utilizando PSpice y Probe. La función de cursor en Probe se utilizó para 
etiquetar puntos en la respuesta de frecuencia. Cada etiqueta indica primero la frecuencia y luego la impedancia. 
No fue posible mover el cursor a los puntos en que la impedancia era exactamente de 2 828 V, de modo que se 
etiquetaron los puntos en que la impedancia estaba lo más cerca posible a los 2 828 V.).
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2
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E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼
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C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response
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Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

El factor de calidad, Q, se calcula como
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

Ahora que ya se conocen los valores de los parámetros k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0, la función red se puede expresar como
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

Diseñe un circuito resonante en paralelo que tenga k 5 4 000 V, Q 5 14 y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Solución
La tabla 13.4-1 resume la relación entre los parámetros k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 y los valores de los elementos R, L y C para el 
circuito resonante en paralelo. Estas relaciones se pueden usar para calcular R, L y C desde 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0. Primero

Luego,  
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

y 
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

Al reacomodar estas dos últimas ecuaciones nos da
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

Por lo tanto,  
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

y
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The impedance is

k ¼ 4000V

Next, the frequencies v1 and v2 are identified by finding the points on the frequency response where the value of

the impedance is k=
ffiffiffi
2

p ¼ 2828V. These points have been labeled in Figure 13.4-5. (The plot shown in Figure

13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the

frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the

cursor to the points where the impedance was exactly 2828V, so the points where the impedance was as close to

2828 V as possible were labeled.)

v1 ¼ 2pð Þ2172 ¼ 13; 647 rad/s and v2 ¼ 2pð Þ2332 ¼ 14; 653 rad/s

The quality factor, Q, is calculated as

Q ¼ v0

BW
¼ v0

v2 � v1
¼ 14; 130

14,653� 13,647
¼ 14

Now that the values of the parameters k, Q, and v0 are known, the network function can be expressed as

Z vð Þ ¼ 4000

1þ j14
v

14,130
� 14,130

v

� �

E X A M P L E 1 3 . 4 - 3 Parallel Resonant Circuit

Design a parallel resonant circuit that has k ¼ 4000 V, Q ¼ 14, and v0 ¼ 14; 130 rad/s.

Solution
Table 13.4-1 summarizes the relationship between parameters k,Q, and v0 and the element values R, L, and C for

the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and v0. First,

R ¼ k ¼ 4000V

Next;
1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 14; 130

and R

ffiffiffiffi
C

L

r
¼ Q ¼ 14

Rearranging these last two equations gives

14
ffiffiffi
L

p

4000
¼

ffiffiffiffi
C

p
¼ 1

14; 130
ffiffiffi
L

p

So; L ¼ 4000

14,130 14ð Þ ¼ 20 mH and C ¼ 1

14,1302 0:002ð Þ ¼ 0:25mF

628 Frequency Response

E j E m p l o  1 3 . 4 - 3  Circuito resonante en paralelo

4 000

4 000

4 000

4 000 V
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EJERCICIO 13.4-1 Para el circuito RLC resonante en paralelo cuando R 5 8 kV, L 5 40 mH, 
y C 5 0.25 mF, encuentre (a) Q y (b) ancho de banda.

Respuestas: (a) Q 5 20; (b) AB 5 500 rad/s

EJERCICIO 13.4-2  Se requiere un circuito RLC resonante en paralelo de frecuencia alta, 
para operar a 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 5 10 Mrad/s con un ancho de banda de 200 rad/s. Determine el Q y L requeridos 
cuando C 5 10 pF.

Respuestas: Q 5 50 y L 5 1 mH

Tabla 13.4.1 Circuitos resonantes en serie y en paralelo

CIRCUITO RESONANTE EN SERIE CIRCUITO RESONANTE EN PARALELO

Circuito
C

R L

v +
–

i

R Li C

+

–

v

Función de red
Y =

k

1 + jQ –ω
0ω ω

0ω
k

1 + jQ –ω
0ω ω

0ωZ =

Frecuencia resonante 0 =ω
 LC

 1

 LC

 1
0 =ω

Magnitud máxima k =
 R
 1

k = R

Factor de calidad
 C
 L

Q =
 R
 1

 L
 CQ = R

Ancho de banda BW =
 L
 R

BW =
RC
 1

E j E m p l o  1 3 . 4 - 4  Diseño de circuitos resonantes

La figura 13.4-5 muestra el trazo de respuesta de frecuencia de magnitud de un circuito resonante. Diseñe un 
circuito que tenga esta respuesta de frecuencia.

Solución
Ya hemos resuelto antes este problema. Hay que hacer tres cosas para diseñar el circuito requerido. Primera, 
determinar los parámetros k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 a partir de la respuesta de frecuencia. Eso lo hicimos en el ejemplo 13.4-2. 
Segunda, observamos que la respuesta de frecuencia resonante dada es una impedancia, más que una admitancia, 
y elegimos el circuito resonante en paralelo de la tabla 13.4-1. Tercera, los valores de los elementos R, L y C se 
deben calcular desde los valores de k, Q y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0; esto lo hicimos en el ejemplo 13.4-3. 
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	 630	 Respuesta de frecuencia

EJERCICIO 13.4-3  Un circuito resonante en serie tiene L 5 1 mH, y C 5 10 mF. Encuentre 
los Q y R requeridos cuando se desea que el ancho de banda sea de 15.9 Hz.

Respuestas: Q 5 100 y R 5 0.1 V 

EJERCICIO 13.4.4  Un circuito resonante en serie tiene un inductor L 5 10 mH. (a) Selec-
cione C y R de modo que 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 5 106 rad/s y que el ancho de banda sea AB 5 103 rad/s. (b) Encuentre 
la admitancia Y de este circuito para una señal en 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 = 1.05 3 106 rad/s.

Respuestas: (a) C 5 100 pF, R 5 10 V

 (b) 
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EXERCISE 13.4-3 A series resonant circuit has L ¼ 1 mH and C ¼ 10mF. Find the requiredQ

and R when it is desired that the bandwidth be 15.9 Hz.

Answers: Q ¼ 100 and R ¼ 0:1V

EXERCISE 13.4-4 A series resonant circuit has an inductor L ¼ 10 mH. (a) Select C and R so

that v0 ¼ 106 rad/s and the bandwidth is BW¼ 103 rad/s. (b) Find the admittanceY of this circuit for a

signal at v ¼ 1:05� 106 rad/s.

Answers: (a) C ¼ 100 pF, R ¼ 10V

(b) Y ¼ 10

1þ j97:6

13.5 F R EQUENCY RESPONSE OF OP AMP C I RCU I TS

The gain of an op amp is not infinite; rather, it is finite and decreases with frequency. The gain A(v) of

the operational amplifier is a function of v given by

A vð Þ ¼ Ao

1þ jv=v1

where Ao is the dc gain, andv1 is the corner frequency. The dc gain is normally greater than 104 andv1

is less than 100 rad/s. A circuit model of a frequency-dependent nonideal op amp is shown in Figure

13.5-1. This model is more accurate, but also more complicated, than the ideal op amp model.

Let us consider an example of an op amp circuit incorporating a frequency-dependent

op amp.

–

+ +

–

+

–

+

(a) (b)

V1(  )ω Vo(  )ωV2(  )ω

+

–

+

–
+

––

V1(  )ω

Vi(  )ω

V2(  )ω

Vo(  ) = –A(  ) Vi(  )ω ω ω+

–

FIGURE 13.5-1 (a) An operational

amplifier and (b) a frequency-dependent

model of an operational amplifier.

E X A M P L E 1 3 . 5 - 1 Frequency Response of

a Noninverting Amplifier

Consider the noninverting amplifier in Figure 13.5-2a. Replacing the op amp with a frequency-dependent op amp

gives the circuit shown in Figure 13.5-2b. Suppose that R2 ¼ 90 kV and R1 ¼ 10 kV and that the parameters of

the op amp are Ao¼ 105 and v1 ¼ 10 rad/s. Determine the magnitude Bode plot for both the gain of the op amp,A

(v), and the network function of the noninverting amplifier, Vo=Vs.

630 Frequency Response

13.5  R E S P U E S TA  D E  F R E C U E N C I A  D E  C I R C U I T O S 
D E  A M P L I F I C A D O R E S  O P E R A C I O N A L E S

La ganancia de un amplificador operacional no es infinita; antes bien, es finita y disminuye con la 
frecuencia. La ganancia A(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) del amplificador operacional es una función de 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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EXERCISE 13.4-3 A series resonant circuit has L ¼ 1 mH and C ¼ 10mF. Find the requiredQ

and R when it is desired that the bandwidth be 15.9 Hz.

Answers: Q ¼ 100 and R ¼ 0:1V

EXERCISE 13.4-4 A series resonant circuit has an inductor L ¼ 10 mH. (a) Select C and R so

that v0 ¼ 106 rad/s and the bandwidth is BW¼ 103 rad/s. (b) Find the admittanceY of this circuit for a

signal at v ¼ 1:05� 106 rad/s.

Answers: (a) C ¼ 100 pF, R ¼ 10V

(b) Y ¼ 10

1þ j97:6

13.5 F R EQUENCY RESPONSE OF OP AMP C I RCU I TS

The gain of an op amp is not infinite; rather, it is finite and decreases with frequency. The gain A(v) of

the operational amplifier is a function of v given by

A vð Þ ¼ Ao

1þ jv=v1

where Ao is the dc gain, andv1 is the corner frequency. The dc gain is normally greater than 104 andv1

is less than 100 rad/s. A circuit model of a frequency-dependent nonideal op amp is shown in Figure

13.5-1. This model is more accurate, but also more complicated, than the ideal op amp model.

Let us consider an example of an op amp circuit incorporating a frequency-dependent

op amp.

–

+ +

–

+

–

+

(a) (b)

V1(  )ω Vo(  )ωV2(  )ω

+

–

+

–
+

––

V1(  )ω

Vi(  )ω

V2(  )ω

Vo(  ) = –A(  ) Vi(  )ω ω ω+

–

FIGURE 13.5-1 (a) An operational

amplifier and (b) a frequency-dependent

model of an operational amplifier.

E X A M P L E 1 3 . 5 - 1 Frequency Response of

a Noninverting Amplifier

Consider the noninverting amplifier in Figure 13.5-2a. Replacing the op amp with a frequency-dependent op amp

gives the circuit shown in Figure 13.5-2b. Suppose that R2 ¼ 90 kV and R1 ¼ 10 kV and that the parameters of

the op amp are Ao¼ 105 and v1 ¼ 10 rad/s. Determine the magnitude Bode plot for both the gain of the op amp,A

(v), and the network function of the noninverting amplifier, Vo=Vs.

630 Frequency Response

donde Ao es la ganancia de cd, y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

1 es la frecuencia de ángulo. Normalmente, la ganancia de cd es 
más grande que 104 y 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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1 es menor que 100 rad/s. En la figura 13.5-1 se muestra un modelo de circuito 
de un amplificador operacional no ideal dependiente de la frecuencia. Este modelo es más preciso, 
incluso algo más complicado, que el modelo de amplificador operacional ideal.
 Consideremos un ejemplo de circuito de amplificador operacional que incorpore un amplifica-
dor operacional dependiente de frecuencia.

–

+ +

–

+

–

+

(a) (b)

V1(  )ω Vo(  )ωV2(  )ω

+

–

+

–
+

––

V1(  )ω

Vi(  )ω

V2(  )ω

Vo(  ) = –A(  ) Vi(  )ω ω ω+
–

 

FIGURA 13.5-1 (a) Amplificador 
operacional, y (b) un modelo de un 
amplificador operacional dependiente 
de frecuencia.

E j E m p l o  1 3 . 5 - 1   Respuesta de frecuencia de 
un amplificador no inversor

Considere el amplificador no inversor de la figura 13.5-2a. Reemplazar el amplificador operacional con un 
amplificador operacional dependiente de frecuencia resulta en el circuito que se muestra en la figura 13.5-2b. 
Suponga que R2 5 90 kV y R1 5 10 kV, y que los parámetros del amplificador operacional son Ao 5 105 y 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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10 rad/s. Determine el diagrama de Bode de magnitud para la ganancia del amplificador operacional, A(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), y para 
la función de red del amplificador no inversor, Vo > Vs.
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FIGURA 13.5-2 (a) Un amplificador no inversor, y (b) un circuito equivalente que incorpora el modelo dependiente de frecuencia 
del amplificador operacional.

Solución
El diagrama de Bode de 20 log @ A(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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) @ se muestra en la figura 13.5-3. Observe que la magnitud es igual a 1 (0 dB) 
en 

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 = 106 rad/s.
 Escribir una ecuación nodal en la figura 13.5-2b nos da
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FIGURE 13.5-2 (a) A noninverting amplifier and (b) an equivalent circuit incorporating the frequency-dependent model of the

operational amplifier.

Solution
The Bode plot of 20 logjA(v)j is shown in Figure 13.5-3. Note that the magnitude is equal to 1 (0 dB) at

v ¼ 106 rad/s.

Writing a node equation in Figure 13.5-2b gives

Vi þ Vs

R1
þ Vi þ Vs þ A vð ÞVi

R2
¼ 0

The frequency-dependent model of the op amp is described by

Vo ¼ �A vð ÞVi

Combining these equations gives

Vo

Vs
¼ A vð Þ

1þ A vð Þ
k

where k ¼ (R1+R2)=R1 is the gain of the noninverting amplifier when the op amp is modeled as an ideal op amp.

Substituting for A(v), we get

Vo

Vs
¼ Ao= 1þ jv=v1ð Þ

1þ Ao=kð Þ/ 1þ jv=v1ð Þ ¼
Ao

1þ jv=v1 þ Ao=k
¼ Ac

1þ jv= A2v1ð Þ
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20 log⎥ A(  )⎥
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ω

ω

Noninverting amplifier with k = 10

FIGURE 13.5-3 Bode magnitude diagram of the op amp

and the noninverting op amp circuit (in color).

Frequency Response of Op Amp Circuits 631

El modelo dependiente de frecuencia del amplificador operacional lo describe

Vs 5 2A(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Combinar estas ecuaciones resulta
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FIGURE 13.5-2 (a) A noninverting amplifier and (b) an equivalent circuit incorporating the frequency-dependent model of the

operational amplifier.

Solution
The Bode plot of 20 logjA(v)j is shown in Figure 13.5-3. Note that the magnitude is equal to 1 (0 dB) at

v ¼ 106 rad/s.

Writing a node equation in Figure 13.5-2b gives

Vi þ Vs

R1
þ Vi þ Vs þ A vð ÞVi

R2
¼ 0

The frequency-dependent model of the op amp is described by

Vo ¼ �A vð ÞVi

Combining these equations gives

Vo

Vs
¼ A vð Þ

1þ A vð Þ
k

where k ¼ (R1+R2)=R1 is the gain of the noninverting amplifier when the op amp is modeled as an ideal op amp.

Substituting for A(v), we get

Vo

Vs
¼ Ao= 1þ jv=v1ð Þ

1þ Ao=kð Þ/ 1þ jv=v1ð Þ ¼
Ao

1þ jv=v1 þ Ao=k
¼ Ac

1þ jv= A2v1ð Þ
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FIGURE 13.5-3 Bode magnitude diagram of the op amp

and the noninverting op amp circuit (in color).

Frequency Response of Op Amp Circuits 631

donde k 5 (R1 1 R2) > R1 es la ganancia del amplificador no inversor cuando el amplificador operacional se mo-
dela como un amplificador operacional ideal. Si sustituimos A(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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), obtenemos 
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–
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R1 R2

+
–vs(t)

+
–
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+

FIGURE 13.5-2 (a) A noninverting amplifier and (b) an equivalent circuit incorporating the frequency-dependent model of the

operational amplifier.

Solution
The Bode plot of 20 logjA(v)j is shown in Figure 13.5-3. Note that the magnitude is equal to 1 (0 dB) at

v ¼ 106 rad/s.

Writing a node equation in Figure 13.5-2b gives

Vi þ Vs

R1
þ Vi þ Vs þ A vð ÞVi

R2
¼ 0

The frequency-dependent model of the op amp is described by

Vo ¼ �A vð ÞVi

Combining these equations gives

Vo

Vs
¼ A vð Þ

1þ A vð Þ
k

where k ¼ (R1+R2)=R1 is the gain of the noninverting amplifier when the op amp is modeled as an ideal op amp.

Substituting for A(v), we get

Vo

Vs
¼ Ao= 1þ jv=v1ð Þ

1þ Ao=kð Þ/ 1þ jv=v1ð Þ ¼
Ao

1þ jv=v1 þ Ao=k
¼ Ac

1þ jv= A2v1ð Þ
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ω
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Noninverting amplifier with k = 10

FIGURE 13.5-3 Bode magnitude diagram of the op amp

and the noninverting op amp circuit (in color).
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FIGURA 13.5-3 Diagrama de magnitud de Bode del 
amplificador operacional y del amplificador operacional 
no inversor (en gris).
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donde Ac es la ganancia de cd del amplificador no inversor definido como Ac ¼ Ao

1þ Ao

k

yA2 ¼ 1þ Ao

k
. Usual-

mente 1� Ao

k
, de modo que Ac ffi k y A2 ffi Ao

k
. Entonces

Vo

Vs
ffi k

1þ jv=v0ð Þ
donde vo � Aov1 > k es la frecuencia de ángulo del amplificador no inversor. Observe que el producto de la ga-
nancia de cd y la frecuencia de ángulo es

v0k ¼ Aov1

k
k ¼ Aov1

Al producto se le denomina producto de ganancia de ancho de banda. Observe que depende sólo del amplificador 
operacional, no de R1 y R2.
 Para este ejemplo, k � 10 y Ao � 100 dB � 105, y, por lo tanto, tenemos Ac � 10, A2 � 104 y v1A2 � 105.
Por consiguiente,

Vo

Vs
¼ 10

1þ j10�5v

Este circuito tiene un diagrama de Bode de magnitud como se muestra en gris en la figura 13.5-3. Observe que 
el amplificador operacional no inversor tiene una ganancia de frecuencia de 20 dB y una frecuencia de corte de 
105 rad/s. El producto de ganancia de ancho de banda se conserva en 106 rad/s.

13.6 TRAZO DE DIAGRAMAS DE BODE UTILIZANDO MATLAB

Se puede utilizar MATLAB para desplegar el diagrama de Bode o el trazo de respuesta de frecuencia 
que corresponda a una función de red. A guisa de ejemplo, considere la función de red

H vð Þ ¼
K 1þ j

v

z

� �

1þ j
v

p1

� �
1þ j

v

p2

� �

La figura 13.6-1 muestra un archivo de entrada de MATLAB que se puede utilizar para obtener el diagra-
ma de Bode que corresponda a la función de red. Este archivo de MATLAB consta de cuatro partes.
 En la primera parte, el comando log space de MATLAB se utiliza para especificar el rango de 
frecuencia para el diagrama de Bode. El comando log space también proporciona una lista de fre-
cuencias que se espacian en forma pareja (en una escala logarítmica) sobre este rango de frecuencia.
 La red dada tiene cuatro parámetros, la ganancia, K, el cero, z, y los dos polos, p1 y p2. La se-
gunda parte del archivo de entrada de MATLAB especifica valores para estos cuatro parámetros.
 La tercera parte del archivo de entrada de MATLAB es un “bucle” que evalúa H(v), @ H(v) @ y ffH vð Þ en cada frecuencia en la lista de frecuencias producida por el comando log space. 
 La cuarta parte del archivo de entrada de MATLAB conforma la diagramación. El comando 

semilogx w/ 2�pið Þ; 20�log10 magð Þð Þ
efectúa varias cosas. El comando semilogx indica que se debe hacer el diagrama utilizando una escala 
logarítmica para la primera variable y una escala lineal para la segunda variable. La primera variable, 
frecuencia, se divide entre 2p para convertirse en Hz. La segunda variable, @ H(v) @, se convierte a dB.
 Los diagramas de Bode producidos utilizando este archivo de entrada de MATLAB se muestran 
en la figura 13.6-2.
 La segunda y tercera partes del archivo de entrada de MATLAB se pueden modificar para trazar 
los diagramas de Bode para una función de red diferente.
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% nf.m – plot the Bode plot of a network function

%----------------------------------------------------------------------------
%     Create a list of logarithmically spaced frequencies.
%----------------------------------------------------------------------------
wmin=10;                     % starting frequency, rad/s
wmax=100000;                 % ending frequency, rad/s
w = logspace(log10(wmin),log10(wmax));

%----------------------------------------------------------------------------
%              Enter values of the parameters that describe the
%                             network function.
%----------------------------------------------------------------------------
K= 10;               % constant
z= 1000;             % zero
p1=100;   p2=10000;   % poles

%----------------------------------------------------------------------------
% Calculate the value of the network function at each frequency.
%    Calculate the magnitude and angle of the network function.
%----------------------------------------------------------------------------
for k=1:length(w)
    H(k) = K*(1+j*w(k)/z) / ( (1+j*w(k)/p1) * (1+j*w(k)/p2) );
    mag(k) = abs(H(k));
    phase(k) = angle(H(k));
end

%----------------------------------------------------------------------------
%                             Plot the Bode plot.
%----------------------------------------------------------------------------
subplot(2,1,1), semilogx(w/(2*pi), 20*log10(mag))
xlabel( Frequency, Hz’), ylabel( Gain, dB’)
title( Bode plot’)
subplot(2,1,2), semilogx(w/(2*pi), phase)
xlabel( Frequency, Hz’), ylabel( Phase, deg’)

’

’ ’

’’

FIGURA 13.6-1 Archivo de entrada de MATLAB para trazar los diagramas de Bode que corresponden a una función de red.
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FIGURA 13.6-2 Los diagramas de Bode, producidos utilizando el archivo de entrada de MATLAB en la fi gura 13.6-1. 
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13.7  U S O  D E  P S P I C E  PA R A  T R A Z A R  U N  D I A G R A M A  D E 
R E S P U E S TA  D E  F R E C U E N C I A

Para utilizar PSpice en el trazo de la respuesta de frecuencia de un circuito, hacemos lo siguiente:

1. Dibujamos el circuito en el taller de OrCAD Capture.

2. Especifi camos una simulación AC Sweep\Noise.

3. Ejecutamos la simulación.

4. Trazamos los resultados de la simulación.

 El eje de frecuencia de un trazo de respuesta de frecuencia puede ser un eje lineal o un eje lo-
garítmico. Cuando se utiliza un eje logarítmico para la variable de frecuencia, los trazos se refieren 
como diagramas de Bode o trazos de Bode. Cuando trabajamos con escalas logarítmicas nos encon-
tramos términos como octava y década. La frecuencia se duplica en una octava y se incrementa por 
un factor en una década. (El logaritmo de la frecuencia se incrementa en 1 al incrementarse la frecuen-
cia una década.).
 Sea Affu el fasor del voltaje de nodos en el nodo 2 de un circuito. PSpice utiliza la notación

V 2ð ÞffVp(2) ¼ Affu
Es decir, V(2) indica la magnitud del fasor y Vp(2) indica el ángulo del fasor. PSpice proporciona el 
ángulo en grados. Del mismo modo, V(R2) representa la magnitud del voltaje a través del resistor R2, 
en tanto que Vp(R2) indica el ángulo. PSpice indica que las unidades son decibeles al insertar “dB” 
dentro del nombre de unas señal justo antes del paréntesis. Por ejemplo, VdB(2) indica la magnitud 
del voltaje del fasor del voltaje de nodos en dB.

La entrada al circuito que se muestra en la figura 13.7-1 es el voltaje de la fuente de voltaje vs (t). La respuesta es 
el voltaje, vo(t) a través del resistor de 20-k�. Utilice PSpice para trazar le respuesta de frecuencia de este circuito.

Solución
Empezamos por dibujar el circuito en el taller de OrCAD como se muestra en la figura 13.7-2 (vea el apéndice A). 
Se le ha dado nombre a dos nodos de este circuito utilizando una parte de PSpice denominada conector de página 
libre. El conector de página libre particular utilizado en la figura 13.7-1 se denomina OFFPAGELEFT-R, y se 

–

+

R2 = 40 k

R1 = 10 k

C = 0.2 F
+
– vs(t)

R3 = 20 k

+

–

vo(t)

 FIGURA 13.7.1 El circuito considerado en el ejemplo 13.7-1.

E J E M P L O  1 3 . 7- 1   Uso de PSpice para trazar 
una respuesta de frecuencia
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FIGURA 13.7-2 El circuito de la fi gura 13.7-1 
como se dibujó en el taller de OrCAD.

encuentra en la biblioteca denominada CPASYM. Para etiquetar un nodo, seleccione Place/Off-Page Connec-
tor… en el menú de OrCAD Capture para que se despliegue el cuadro de diálogo Place Off-Connector. Selec-
cione la biblioteca CAPSYM desde esta lista de bibliotecas y luego elija OFFPAGELEFT-R. El nuevo conector 
estará etiquetado como OFFPAGELEFT-R. Utilice el editor propietario para cambiar este nombre a algo más 
descriptivo, como Vo. Arrolle el conector a un nodo adecuado del circuito para nombrar Vo a ese nodo.
 Realizaremos una simulación AC Sweep\Noise. (En la barra de menús de OrCAD, seleccione PSpice\New 
Simulation; luego haga clic en la opción AC Sweep\Noise de la lista desplegable Análisis Type. Establezca Start 
Frequency a 1 y End Frequency a 1000. Seleccione Logarithmic Sweep y establezca Points/Decade a 100.) En la 
barra de menús de OrCAD Capture seleccione PSpice\Run Simulation Profile para ejecutar la simulación.
 Luego de una exitosa simulación ACSweep\Noise, OrCAD Capture abre de manera automática una venta-
na Schematics. De los menús de Schematics seleccione Plot/Add para agregar un segundo trazo. Aparecerán dos 
trazos en limpio, uno sobre el otro. Haga clic en el trazo superior para seleccionarlo.
 En los menús de Schematics, seleccione Trace/Add para desplegar el cuadro de diálogo Add Traces. Pri-
mero seleccione V(Vo) y luego V(Vs) de la lista de Simulation Output Variables. Trace Expression, cerca del 
botón del cuadro de diálogo, será será V(Vo)V(Vs). Edite la expresión de ruta para que sea Vdb(Vo) � Vdb(Vs). 
Vdb(Vo) � Vdb(Vs) es la ganancia en decibeles. Cierre el cuadro de diálogo Add Traces.
 Seleccione el trazo inferior. Seleccione Trace/Add para desplegar el cuadro de diálogo Add Traces. Selec-
cione primero V(Vo) y luego V(Vs). Edite la expresión de ruta para que sea Vp(Vo) � Vp(Vs). Vp(Vo) � Vp(Vs) 
es el cambio de fase en grados. Cierre el cuadro de diálogo Add Traces.
 La figura 13.7-3 muestra los trazos resultantes luego de etiquetar algunos puntos.

 
FIGURA 13.7-3 Diagramas de Bode 
de ganancia y fase.
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	 636	 Respuesta de frecuencia

13.8 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

Ej E m p l o 13.8-1 ¿Cómo podemos comprobar los diagramas de Bode?

La figura 13.8-1a muestra la estructura de un laboratorio para medir la respuesta de frecuencia de un circuito. 
Una entrada senoidal está conectada a la entrada de un circuito que tiene la función de red H(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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). Se utiliza 
un osciloscopio para medir las sinusoides de entrada y de salida. El voltaje de entrada se utiliza para activar 
el osciloscopio de modo que el ángulo de fase de la entrada sea cero. Los datos de la respuesta de frecuencia 
se reúnen al variar la frecuencia de entrada y medir la amplitud del voltaje de la entrada y la amplitud y la 
fase del voltaje de salida.
 En este ejemplo, la respuesta de frecuencia deseada está especificada por el diagrama de Bode que se mues-
tra en la figura 13.8-1b. La figura 13.8-1c muestra los datos de la respuesta de frecuencia de las mediciones del 
laboratorio. En este ejemplo se midió la amplitud, no así el ángulo de fase, del voltaje de salida. ¿Cómo podemos 
comprobar que en verdad el circuito ha realizado el diagrama de Bode especificado?

Vi( )
Vo( )

H( ) =

ω

ω

ω
ω

ω

+

–

14

200
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2
0

 lo
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vo(t) = B cos (  t +   )ω θvi(t) = A cos    tω +
–

FIGURA 13.8-1 (a) Un circuito; (b) diagrama de Bode y (c) datos de la respuesta de frecuencia.
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E j E m p l o  1 3 . 8 - 2   ¿Cómo podemos comprobar la 
ganancia y el cambio de fase?

Solución
El diagrama de Bode tiene tres características que podemos buscar en los datos de la respuesta de frecuencia.

1. La ganancia de cd es de 14 dB.

2. La pendiente del diagrama de Bode es 220 dB cuando 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.

For large frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b
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 200 rad/s.

3. La frecuencia de ángulo es de 200 rad/s.

 La frecuencia más baja a la que se tomaron los datos de la respuesta de frecuencia es 20 rad/s. A esta fre-
cuencia, la ganancia se midió que fuera

E1C13_1 11/25/2009 637

E X A M P L E 1 3 . 8 - 2 How Can We Check Gain

and Phase Shift?

Your lab notes indicate that the circuit shown in Figure 13.8.2 was built using R1 ¼ 10 kV, R2 ¼ 50 kV, and

C ¼ 10 nF. The gain and phase shift of this circuit were measured to be 2.7 and 125�at 500 hertz. How can we

check whether this information is consistent?

–

+

C

R2

vi

RL

R1

+
–

vo

+

–

FIGURE 13.8-2 An op amp circuit.

Solution
The Bode plot has three features that we can look for in the frequency response data.

1. The dc gain is 14 dB.

2. The slope of the Bode plot is �20 dB/decade when v � 200 rad/s.

3. The corner frequency is 200 rad/s.

The lowest frequency at which frequency response data was taken is 20 rad/sec. At this frequency, the gain

was measured to be

jH 20ð Þj ¼ B

A
¼ 5

1
¼ 14 dB

which is equal to the dc gain specified by the Bode plot.

To identify the corner frequency from the frequency response data, we look for the frequency at which the

gain is

dc gainffiffiffi
2

p ¼ 5ffiffiffi
2

p ¼ 3:536

The frequency response data indicate that the gain is 3.5 at a frequency of 200 rad/s. That agrees with the corner

frequency of 200 rad/s of the specified Bode plot.

The slope of the frequency response at high frequencies is given by

20 log10 0:05ð Þ � 20 log10 0:5ð Þ
log10 10; 000ð Þ � log10 1000ð Þ ¼ �20 dB/decade

which is the same as the slope of the Bode plot.

The frequency response data confirm that the circuit does indeed have the specified Bode plot.

How Can We Check . . . ? 637

la cual es igual a la ganancia especificada de cd por el diagrama de Bode.
 Para identificar la frecuencia de ángulo a partir de los datos de la respuesta de frecuencia, buscamos la 
frecuencia a la cual la ganancia es

ganancia de cd


5
 3.536
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How Can We Check . . . ? 637

Los datos de la respuesta de frecuencia indican que la ganancia es 3.5 en una frecuencia de 200 rad/s. Esto con-
cuerda con la frecuencia de ángulo de 200 rad/s del diagrama de Bode especificado.
 La pendiente de la respuesta de frecuencia a frecuencia alta está dada por
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220 dB/década

la cual es la misma que la pendiente del diagrama de Bode.
 Los datos de la respuesta de frecuencia confirman que el circuito en realidad tiene el diagrama de Bode 
especificado. 

Sus notas de laboratorio indican que el circuito que se muestra en la figura 13.8-2 se construyó utilizando  
R1 5 10 kV, R2 5 50 kV y C 5 10 nF. La ganancia y el cambio de fase de este circuito se midieron para ser 2.7 
y 125° a 500 hertz. ¿Cómo podemos comprobar si esta información es consistente?
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 FIGURA 13.8-2 Circuito de amplificador operacional.
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	 638	 Respuesta de frecuencia

Solución
La función de red de este circuito es

E1C13_1 11/25/2009 638

Solution
The network function of this circuit is

H vð Þ ¼ �
1

jvC
k R2

R1
¼

�R2

R1

1þ jvR2C

¼
� 50 � 103
10 � 103

1þ j 2p � 500ð Þ 50 � 103� �
10 � 10�9
� � ¼ 2:685ff122:5�

The calculated gain and phase shift agree with the measured gain and phase shift. The lab notes are consistent.

E X A M P L E 1 3 . 8 - 3 How Can We Check

Frequency Response?

An old lab report from a couple of years ago includes the following data about a particular circuit:

1. The magnitude and phase frequency responses are as shown in Figure 13.8-3.

2. When the input to the circuit was

vin ¼ 4 cos 2p1200tð ÞV
the steady-state response was

vout ¼ 6:25 cos 2p1200t þ 110�ð ÞV
How can we check whether these data are consistent?

Solution
Three things need to be checked: the frequencies, the amplitudes, and the phase angles. The frequencies of both

sinusoids are the same, which is good because the circuit must be linear if it is to be represented by a frequency

response, and the steady-state response of a linear circuit to a sinusoidal input is a sinusoid at the same frequency

as the input. The frequency of the input and output sinusoids is

v ¼ 2 � p � 1200 rad/s

or f ¼ 1200 Hz

Fortunately, the gain and phase shift at 1200 Hz have been labeled on the frequency response plots shown in

Figure 13.8-3. The gain at 1200 Hz is labeled as 3.9 dB, which means that

jVoutj
jVinj ¼ 3:9 dB ¼ 1:57

where Vin and Vout are the phasors corresponding to vin(t) and vout(t). Let us check this against the data about the

input and output sinusoids. Because the magnitudes of the phasors are equal to the amplitudes of the

corresponding sinusoids,

jVoutj
jVinj ¼

6:25

4
¼ 1:56

638 Frequency Response

La ganancia y el cambio de fase calculados están acordes con la ganancia y el cambio de fase medidos. Las notas 
de laboratorio están correctas.

Un informe obsoleto de laboratorio de hace un par de años incluye los datos siguientes sobre un circuito en 
particular:

1. La magnitud y la fase de las respuestas de frecuencia se muestran en la figura 13.8-3.

2. Cuando la entrada al circuito era
vent 5 4 cos 12
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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1200t2 V
 la respuesta de estado estable era

vsal 5 6.25 cos 12
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1200t 1 110°2 V
 ¿Cómo podemos comprobar si estos datos son consistentes?

Solución
Se necesita comprobar tres cosas: las frecuencias, las amplitudes y los ángulos de fase. Las frecuencias de las si-
nusoides son las mismas, lo cual es bueno pues el circuito debe ser lineal si se ha de representar por una respuesta 
de frecuencia, y la respuesta de estado estable de un circuito lineal a una entrada senoidal es una sinusoide en la 
misma frecuencia que la entrada. La frecuencia de la sinusoide de entrada y salida es

o bien  
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 2 1 200 rad/s
f  1 200 Hz

 Por fortuna, la ganancia y el cambio de fase a 1 200 Hz se han etiquetado en los trazos de respuesta de fre-
cuencia que se muestran en la figura 13.8-3. La ganancia a 1 200 Hz se etiqueta como 3.9 dB, lo cual significa que

0 Vsal 0
0 Vent 0  3.9 dB  1.57

donde Vsal y Vent son los fasores que corresponden a vent(t) y vsal(t). Comprobemos esto contra los datos sobre 
las sinusoides de entrada y de salida. Dado que las magnitudes de los fasores son iguales a las amplitudes de las 
sinusoides correspondientes,

0 Vsal 0
0 Vent 0 

6.25
4

 1.56

E j E m p l o  1 3 . 8 - 3   ¿Cómo podemos comprobar 
la respuesta de frecuencia?
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b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by
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FIGURE 6.8-1 An inverting amplifier.
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Solution
The network function of this circuit is

H vð Þ ¼ �
1

jvC
k R2

R1
¼

�R2

R1

1þ jvR2C

¼
� 50 � 103
10 � 103

1þ j 2p � 500ð Þ 50 � 103� �
10 � 10�9
� � ¼ 2:685ff122:5�

The calculated gain and phase shift agree with the measured gain and phase shift. The lab notes are consistent.

E X A M P L E 1 3 . 8 - 3 How Can We Check

Frequency Response?

An old lab report from a couple of years ago includes the following data about a particular circuit:

1. The magnitude and phase frequency responses are as shown in Figure 13.8-3.

2. When the input to the circuit was

vin ¼ 4 cos 2p1200tð ÞV
the steady-state response was

vout ¼ 6:25 cos 2p1200t þ 110�ð ÞV
How can we check whether these data are consistent?

Solution
Three things need to be checked: the frequencies, the amplitudes, and the phase angles. The frequencies of both

sinusoids are the same, which is good because the circuit must be linear if it is to be represented by a frequency

response, and the steady-state response of a linear circuit to a sinusoidal input is a sinusoid at the same frequency

as the input. The frequency of the input and output sinusoids is

v ¼ 2 � p � 1200 rad/s

or f ¼ 1200 Hz

Fortunately, the gain and phase shift at 1200 Hz have been labeled on the frequency response plots shown in

Figure 13.8-3. The gain at 1200 Hz is labeled as 3.9 dB, which means that

jVoutj
jVinj ¼ 3:9 dB ¼ 1:57

where Vin and Vout are the phasors corresponding to vin(t) and vout(t). Let us check this against the data about the

input and output sinusoids. Because the magnitudes of the phasors are equal to the amplitudes of the

corresponding sinusoids,

jVoutj
jVinj ¼

6:25

4
¼ 1:56
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FIGURA 13.8-3 (a) Magnitud y (b) fase de 
respuesta de frecuencia del circuito.

Éste es un muy buen acuerdo para un trabajo experimental.
 A continuación consideramos el cambio de fase. La respuesta de frecuencia indica que el cambio de fase en 
1 200 Hz es 2 110°, lo cual implica que
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This is very good agreement for experimental work.

Next, consider the phase shift. The frequency response indicates that the phase shift at 1200 Hz is �110�,
which means

ffVout �ffVin ¼ �110�

Let us check this against the data about the input and output sinusoids. Because the angles of the phasors are equal

to the phase angles of the corresponding sinusoids,

ffVout �ffVin ¼ 110� � 0� ¼ 110�

The signs of the phase angles do not match. At a frequency of 1200 Hz, a phase angle of 110� indicates that the
peaks of the output sinusoid will follow the peaks of the input sinusoid by

t0 ¼ 110�

360�
� 1

1200
¼ 0:255 ms

whereas a phase angle of�110� indicates that the peaks of the output sinusoid will precede the peaks of the input
sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.

We have found an error in the old lab report and proposed an explanation for the error.
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FIGURE 13.8-3 The (a) magnitude and (b) phase

frequency response of the circuit.
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This is very good agreement for experimental work.
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This is very good agreement for experimental work.
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sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.
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Comprobemos esto contra los datos sobre las sinusoides de entrada y salida. Como los ángulos de los fasores son 
iguales a los ángulos de fase de las sinusoides correspondientes,
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sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.
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which means
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peaks of the output sinusoid will follow the peaks of the input sinusoid by
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whereas a phase angle of�110� indicates that the peaks of the output sinusoid will precede the peaks of the input
sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.
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–150

–100

–50  (   )
(deg)

0

50

100 Hz 300 Hz 1.0 kHz 2.0 kHz

Frequency (Hz)

(501.187, –33.795)

(299.227, –18.193)

(1.2023k, –110.330)

(1.4997k, –129.790)

ωφ

(b)

–8.0

–4.0

0dB

4.0

8.0

100 Hz 300 Hz 1.0 kHz 2.0 kHz

Frequency (Hz)

(300.608, 6.3931)

(501.187, 6.9255)

(1.1991k, 3.9004)

(1.5043k, 0.1568)

(a)

FIGURE 13.8-3 The (a) magnitude and (b) phase

frequency response of the circuit.

How Can We Check . . . ? 639

ent

E1C13_1 11/25/2009 639

This is very good agreement for experimental work.

Next, consider the phase shift. The frequency response indicates that the phase shift at 1200 Hz is �110�,
which means

ffVout �ffVin ¼ �110�

Let us check this against the data about the input and output sinusoids. Because the angles of the phasors are equal

to the phase angles of the corresponding sinusoids,

ffVout �ffVin ¼ 110� � 0� ¼ 110�

The signs of the phase angles do not match. At a frequency of 1200 Hz, a phase angle of 110� indicates that the
peaks of the output sinusoid will follow the peaks of the input sinusoid by

t0 ¼ 110�

360�
� 1

1200
¼ 0:255 ms

whereas a phase angle of�110� indicates that the peaks of the output sinusoid will precede the peaks of the input
sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.

We have found an error in the old lab report and proposed an explanation for the error.
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Los signos de los ángulos de fase no concuerdan. En una frecuencia de 1 200 Hz, un ángulo de fase de 110° indica 
que los picos de la sinusoide de salida seguirán a los picos de la sinusoide de entrada por
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This is very good agreement for experimental work.
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which means
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whereas a phase angle of�110� indicates that the peaks of the output sinusoid will precede the peaks of the input
sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data.

We have found an error in the old lab report and proposed an explanation for the error.

–150

–100

–50  (   )
(deg)

0

50

100 Hz 300 Hz 1.0 kHz 2.0 kHz

Frequency (Hz)

(501.187, –33.795)

(299.227, –18.193)

(1.2023k, –110.330)

(1.4997k, –129.790)

ωφ

(b)

–8.0

–4.0

0dB

4.0

8.0

100 Hz 300 Hz 1.0 kHz 2.0 kHz

Frequency (Hz)

(300.608, 6.3931)

(501.187, 6.9255)

(1.1991k, 3.9004)

(1.5043k, 0.1568)

(a)

FIGURE 13.8-3 The (a) magnitude and (b) phase

frequency response of the circuit.

How Can We Check . . . ? 639

en tanto que un ángulo de fase de 2 110° indica que los picos de la sinusoide de salida precederán a los picos de la 
sinusoide de entrada por 0.255 ms. Es como si el ángulo de la sinusoide de salida se hubiera ingresado de manera 
incorrecta en los datos de laboratorio.
 Hemos encontrado un error en el reporte obsoleto y propuesto una explicación para dicho error.

sal

sal

1 200

M13_DORF_1571_8ED_SE_594-659.indd   639 4/12/11   8:50 PM



Alfaomega Circuitos Eléctricos - Dorf

	 640	 Respuesta de frecuencia

Tres estaciones de radio difunden en tres diferentes frecuencias, 700 kHz, 1 000 kHz y 1 400 kHz.  
La figura 13.9-1 muestra un diagrama simplificado de un receptor de radio. La antena recibe 
señales de las tres estaciones, de modo que la entrada del sintonizador será la suma de las  
tres señales. Suponga que este voltaje lo describe

 vi1t2 5 sen 12
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–
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vo

+
–
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Ra
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FIGURE E 6.7-4
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FIGURE 6.8-1 An inverting amplifier.
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that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–
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Ra

Rf
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FIGURE 6.8-1 An inverting amplifier.

234 The Operational Amplifier

 3 1.4 3 106t 1 300°2  (13.9-1)

vi(t) vo(t) Amplificador
de potenciaSintonizadorAmplificador

Altavoz

Antena

FIGURA 13.9-1 Diagrama simplificado de un receptor de radio.

Considere el problema de sintonizar la estación que difunde a  
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by
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FIGURE 6.8-1 An inverting amplifier.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2
Describa la situación y los supuestos
Sea H(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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1 3 . 9 DES IGN EXAMPLE

RADIO TUNER

Three radio stations broadcast at three different frequencies, 700 kHz, 1000 kHz, and 1400

kHz. Figure 13.9-1 shows a simplified diagram of a radio receiver. The antenna receives

signals from all three stations, so the input to the tuner will be a sum of these signals. Suppose

this voltage is described by

vi tð Þ ¼ sin 2p � 7 � 105t þ 135�
� �þ sin 2p � 106t� �þ sin 2p � 1:4 � 106t þ 300�

� � ð13:9-1Þ

vi(t) vo(t) Power
amplifierTunerAmplifier

Speaker

Antenna

FIGURE 13.9-1 A simplified diagram of a radio receiver.

Consider the problem of tuning to the station that broadcasts at 1000

kHz. The tuner must eliminate the first and third terms of vi(t) to

produce the output signal

vo tð Þ ¼ sin 2p � 106t þ u
� �

Describe the Situation and the Assumptions
Let H(v) be the network function of the tuner. The tuner must have a

gain approximately equal to 1 at 1000 kHz jH 2p � 106� �j ffi 1
� �

and

approximately equal to zero at 700 kHz and at 1400 kHz jH 2p�ðð
7 � 105Þj ffi 0 and jH 2p � 1:4 � 106� �j ffi 0Þ. The tuner output will be

vo tð Þ ¼ jH 2p � 7 � 105� �j sin ð2p � 7 � 105t þ 135�

þffH 2p � 7 � 105� �þ jH 2p 106
� �j sin ð2p 106t þffH 2p106

� �

þ jH 2p � 1:4 � 106� �j sin ð2p � 1:4 � 106t þ 300�

þffH 2p � 1:4 � 106� �Þ
ð13:9-2Þ

or vo tð Þ ffi sin 2p � 106t þ u
� �

where u ¼ ffH 2p � 106� �

State the Goal
The goal is to design a circuit consisting of resistors, capacitors, and op

amps that has a gain equal to 1 at 1000 kHz and equal to zero at 700 and

1400 kHz.

Generate a Plan
The tuner will be based on a resonant circuit having v0 ¼ 2p106 ¼
6:283 � 106 rad/s and Q ¼ 15. Figure 13.9-2 shows an op amp circuit

(b)

(a)

+

–
+

–

R1

R3

C2

R4

R5

C2R1R3R5

R4
L =

FIGURE 13.9-2 (a) An

op amp circuit called a

simulated inductor and

(b) the equivalent

inductor.

640 Frequency Response
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4
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+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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1 3 . 9 DES IGN EXAMPLE

RADIO TUNER

Three radio stations broadcast at three different frequencies, 700 kHz, 1000 kHz, and 1400

kHz. Figure 13.9-1 shows a simplified diagram of a radio receiver. The antenna receives

signals from all three stations, so the input to the tuner will be a sum of these signals. Suppose

this voltage is described by

vi tð Þ ¼ sin 2p � 7 � 105t þ 135�
� �þ sin 2p � 106t� �þ sin 2p � 1:4 � 106t þ 300�

� � ð13:9-1Þ

vi(t) vo(t) Power
amplifierTunerAmplifier

Speaker

Antenna

FIGURE 13.9-1 A simplified diagram of a radio receiver.

Consider the problem of tuning to the station that broadcasts at 1000

kHz. The tuner must eliminate the first and third terms of vi(t) to

produce the output signal

vo tð Þ ¼ sin 2p � 106t þ u
� �

Describe the Situation and the Assumptions
Let H(v) be the network function of the tuner. The tuner must have a

gain approximately equal to 1 at 1000 kHz jH 2p � 106� �j ffi 1
� �

and

approximately equal to zero at 700 kHz and at 1400 kHz jH 2p�ðð
7 � 105Þj ffi 0 and jH 2p � 1:4 � 106� �j ffi 0Þ. The tuner output will be

vo tð Þ ¼ jH 2p � 7 � 105� �j sin ð2p � 7 � 105t þ 135�

þffH 2p � 7 � 105� �þ jH 2p 106
� �j sin ð2p 106t þffH 2p106

� �

þ jH 2p � 1:4 � 106� �j sin ð2p � 1:4 � 106t þ 300�

þffH 2p � 1:4 � 106� �Þ
ð13:9-2Þ

or vo tð Þ ffi sin 2p � 106t þ u
� �

where u ¼ ffH 2p � 106� �

State the Goal
The goal is to design a circuit consisting of resistors, capacitors, and op

amps that has a gain equal to 1 at 1000 kHz and equal to zero at 700 and

1400 kHz.

Generate a Plan
The tuner will be based on a resonant circuit having v0 ¼ 2p106 ¼
6:283 � 106 rad/s and Q ¼ 15. Figure 13.9-2 shows an op amp circuit

(b)

(a)

+

–

+

–

R1

R3

C2

R4

R5

C2R1R3R5

R4
L =

FIGURE 13.9-2 (a) An

op amp circuit called a

simulated inductor and

(b) the equivalent

inductor.
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–
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vo

+
–

vs

Ra
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FIGURE E 6.7-4
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+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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1 3 . 9 DES IGN EXAMPLE

RADIO TUNER

Three radio stations broadcast at three different frequencies, 700 kHz, 1000 kHz, and 1400

kHz. Figure 13.9-1 shows a simplified diagram of a radio receiver. The antenna receives

signals from all three stations, so the input to the tuner will be a sum of these signals. Suppose

this voltage is described by

vi tð Þ ¼ sin 2p � 7 � 105t þ 135�
� �þ sin 2p � 106t� �þ sin 2p � 1:4 � 106t þ 300�

� � ð13:9-1Þ

vi(t) vo(t) Power
amplifierTunerAmplifier

Speaker

Antenna

FIGURE 13.9-1 A simplified diagram of a radio receiver.

Consider the problem of tuning to the station that broadcasts at 1000

kHz. The tuner must eliminate the first and third terms of vi(t) to

produce the output signal

vo tð Þ ¼ sin 2p � 106t þ u
� �

Describe the Situation and the Assumptions
Let H(v) be the network function of the tuner. The tuner must have a

gain approximately equal to 1 at 1000 kHz jH 2p � 106� �j ffi 1
� �

and

approximately equal to zero at 700 kHz and at 1400 kHz jH 2p�ðð
7 � 105Þj ffi 0 and jH 2p � 1:4 � 106� �j ffi 0Þ. The tuner output will be

vo tð Þ ¼ jH 2p � 7 � 105� �j sin ð2p � 7 � 105t þ 135�

þffH 2p � 7 � 105� �þ jH 2p 106
� �j sin ð2p 106t þffH 2p106

� �

þ jH 2p � 1:4 � 106� �j sin ð2p � 1:4 � 106t þ 300�

þffH 2p � 1:4 � 106� �Þ
ð13:9-2Þ

or vo tð Þ ffi sin 2p � 106t þ u
� �

where u ¼ ffH 2p � 106� �

State the Goal
The goal is to design a circuit consisting of resistors, capacitors, and op

amps that has a gain equal to 1 at 1000 kHz and equal to zero at 700 and

1400 kHz.

Generate a Plan
The tuner will be based on a resonant circuit having v0 ¼ 2p106 ¼
6:283 � 106 rad/s and Q ¼ 15. Figure 13.9-2 shows an op amp circuit

(b)

(a)

+

–

+

–

R1

R3

C2

R4

R5

C2R1R3R5

R4
L =

FIGURE 13.9-2 (a) An

op amp circuit called a

simulated inductor and

(b) the equivalent

inductor.
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp
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(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)
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Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two
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Rp and a.
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Solving for the angle gives

u ¼ 360
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Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.
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(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.
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1 3 . 9 DES IGN EXAMPLE

RADIO TUNER

Three radio stations broadcast at three different frequencies, 700 kHz, 1000 kHz, and 1400

kHz. Figure 13.9-1 shows a simplified diagram of a radio receiver. The antenna receives

signals from all three stations, so the input to the tuner will be a sum of these signals. Suppose

this voltage is described by

vi tð Þ ¼ sin 2p � 7 � 105t þ 135�
� �þ sin 2p � 106t� �þ sin 2p � 1:4 � 106t þ 300�

� � ð13:9-1Þ

vi(t) vo(t) Power
amplifierTunerAmplifier

Speaker

Antenna

FIGURE 13.9-1 A simplified diagram of a radio receiver.

Consider the problem of tuning to the station that broadcasts at 1000

kHz. The tuner must eliminate the first and third terms of vi(t) to

produce the output signal

vo tð Þ ¼ sin 2p � 106t þ u
� �

Describe the Situation and the Assumptions
Let H(v) be the network function of the tuner. The tuner must have a

gain approximately equal to 1 at 1000 kHz jH 2p � 106� �j ffi 1
� �

and

approximately equal to zero at 700 kHz and at 1400 kHz jH 2p�ðð
7 � 105Þj ffi 0 and jH 2p � 1:4 � 106� �j ffi 0Þ. The tuner output will be

vo tð Þ ¼ jH 2p � 7 � 105� �j sin ð2p � 7 � 105t þ 135�

þffH 2p � 7 � 105� �þ jH 2p 106
� �j sin ð2p 106t þffH 2p106

� �

þ jH 2p � 1:4 � 106� �j sin ð2p � 1:4 � 106t þ 300�

þffH 2p � 1:4 � 106� �Þ
ð13:9-2Þ

or vo tð Þ ffi sin 2p � 106t þ u
� �

where u ¼ ffH 2p � 106� �

State the Goal
The goal is to design a circuit consisting of resistors, capacitors, and op

amps that has a gain equal to 1 at 1000 kHz and equal to zero at 700 and

1400 kHz.

Generate a Plan
The tuner will be based on a resonant circuit having v0 ¼ 2p106 ¼
6:283 � 106 rad/s and Q ¼ 15. Figure 13.9-2 shows an op amp circuit

(b)

(a)

+

–

+

–

R1

R3

C2

R4

R5

C2R1R3R5

R4
L =

FIGURE 13.9-2 (a) An

op amp circuit called a

simulated inductor and

(b) the equivalent

inductor.

640 Frequency Response

Establezca el objetivo
El objetivo es diseñar un circuito que contenga resistores, conden-
sadores, y amplificadores operacionales que tengan una ganancia 
igual a 1 en 1 000 kHz e igual a cero en 700 y 1 400 kHz.

Genere un plan
El sintonizador se basará en un circuito resonante que tenga 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by
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106 5 6.283 3 106rad/s y Q 5 15. La figura 13.9-2 muestra el 
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(c)

(b)
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+
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+

–

R

vs = Ris LC

+
– vo
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–

R

vs C
(a)

vo

+

–
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C2

R3

R4
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FIGURA 13.9-3 (a) Un circuito resonante. (b) Filtro pasa banda. (c) Filtro pasa banda de un amplificador 
operacional RC.

circuito de un amplificador operacional denominado inductor simulado. Este circuito actúa 
como un inductor aterrizado cuya inductancia es igual a
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called a simulated inductor. This circuit acts like a grounded inductor having an inductance

equal to

L ¼ C2R1R3R5

R4
ð13:9-3Þ

Figure 13.9-3 shows how a parallel resonant circuit can be used to design the tuner. A parallel

resonant circuit is shown in Figure 13.9-3a. The parallel resonant circuit must be modified if it

is to be used for the tuner. The input to the tuner is a voltage, but the input to the parallel

resonant circuit is a current. A source transformation is used to obtain a circuit that has a

voltage input, shown in Figure 13.9-3b. Next, the inductor is replaced by the simulated

inductor to produce the circuit show in Figure 13.9-3c. This is the circuit that will be used as

the tuner.

The design will be completed in two steps. First, values of L, R, and Cwill be calculated

so that the parallel resonant circuit has v0 ¼ 6:283 � 106 rad/s andQ¼ 15. Next, the capacitor

and resistors of the simulated inductor will be selected to satisfy Eq. 13.9-3.

Act on the Plan
First, design the resonant circuit to have v0 ¼ 6:283 � 106 rad/s andQ¼ 15. Pick a convenient

value for the capacitance, C ¼ 0:001mF. Then,

L ¼ 1

v2
0C

¼ 1

6:283 � 106� �2 � 10�9
¼ 25:33mH

and

R ¼ Q

ffiffiffiffi
L

C

r
¼ 15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25:33 � 10�6

10�9

s
¼ 2387V

(c)

(b)
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+
– vo
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vs C
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+

–

R is

R1

C2

R3

R4

R5
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FIGURE 13.9-3 (a) A resonant circuit. (b) A band-pass filter. (c) An RC op amp band-pass filter.

Design Example 641

 (13.9-3)

La figura 13.9-3 muestra cómo se puede utilizar un circuito resonante en paralelo para diseñar 
un sintonizador; en la figura 13.9-3a se puede ver un circuito de estas características. Si se va a 
utilizar el circuito resonante en paralelo para el sintonizador, se debe modificar. La entrada para 
el sintonizador es un voltaje, pero la entrada al circuito resonante en paralelo es una corriente. 
Para obtener un circuito que tenga una entrada de voltaje se utiliza una transformación de fuen-
te, que se muestra en la figura 13.9-3b. A continuación, el inductor se reemplaza con un inductor 
simulado para producir el circuito que se muestra en la figura 13.9-3c. Éste es el circuito que se 
utilizará como sintonizador.
 El diseño se completará en dos pasos. Primero, los valores de L, R y C se calcularán de 
modo que el circuito resonante en paralelo tenga 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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0 5 6.283 3 106 rad/s y Q 5 15. Luego el con-
densador y los resistores se seleccionarán del inductor simulado para satisfacer la ecuación 13.9-3.

Actúe sobre el plan
Primero, diseñe el circuito resonante que tenga 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as
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2
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows
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A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1
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A v2 � v1ð Þ ¼ A �M sin vt
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Figure 13.9-3 shows how a parallel resonant circuit can be used to design the tuner. A parallel

resonant circuit is shown in Figure 13.9-3a. The parallel resonant circuit must be modified if it

is to be used for the tuner. The input to the tuner is a voltage, but the input to the parallel

resonant circuit is a current. A source transformation is used to obtain a circuit that has a

voltage input, shown in Figure 13.9-3b. Next, the inductor is replaced by the simulated

inductor to produce the circuit show in Figure 13.9-3c. This is the circuit that will be used as

the tuner.

The design will be completed in two steps. First, values of L, R, and Cwill be calculated

so that the parallel resonant circuit has v0 ¼ 6:283 � 106 rad/s andQ¼ 15. Next, the capacitor

and resistors of the simulated inductor will be selected to satisfy Eq. 13.9-3.

Act on the Plan
First, design the resonant circuit to have v0 ¼ 6:283 � 106 rad/s andQ¼ 15. Pick a convenient

value for the capacitance, C ¼ 0:001mF. Then,

L ¼ 1

v2
0C

¼ 1

6:283 � 106� �2 � 10�9
¼ 25:33mH

and

R ¼ Q

ffiffiffiffi
L

C

r
¼ 15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25:33 � 10�6

10�9

s
¼ 2387V

(c)

(b)

+

–

+

–

+
– vo

+

–

R

vs = Ris LC

+
– vo

+

–

R

vs C
(a)

vo

+

–

R is

R1

C2

R3

R4

R5

LC

FIGURE 13.9-3 (a) A resonant circuit. (b) A band-pass filter. (c) An RC op amp band-pass filter.
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	 642	 Respuesta de frecuencia

Tiempo

9 µs 10 µs 11 µs 12 µs 13 µs 14 µs 

–2.0 V

–1.0 V

0.0 V

1.0 V

2.0 V

3.0 V

FIGURA 13.9-4 Simulación con PSpice del sintonizador de radio.

A continuación, diseñe el inductor simulado para tener una inductancia de L 5 25.33 mH. Hay 
varias formas de hacerlo. Tomemos C2 5 0.001mF, R1 5 1.5 kV, R3 5 1.5 kV y R4 5 80 kV. 
Entonces,
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Next, design the simulated inductor to have an inductance of L ¼ 25.33 mH. There are

many ways to do this. Let’s pick C2¼ 0.001mF, R1 ¼ 1:5 kV, R3 ¼ 1:5 kV, and R4 ¼ 80 kV.

Then

R5 ¼ R4L

C2R1R3
¼ 80 � 103 � 25:33 � 10�6

10�9 � 1:5 � 103 � 1:5 � 103 ¼ 900V

Verify the Proposed Solution
Figure 13.9-4 shows the results of a PSpice simulation of the tuner. The input to the circuit is

vi(t) described by Eq. 13.9-1. This signal is not sinusoidal. The output of the filter is a sinusoid

with an amplitude of approximately 1 and a frequency of 1000 kHz, as required by Eq. 13.9-2.

Thus, the design specifications are satisfied.

Time

9 μs 10 μs 11 μs 12 μs 13 μs 14 μs 

–2.0 V

–1.0 V

0.0 V

1.0 V

2.0 V

3.0 V

FIGURE 13.9-4 PSpice simulation of the radio tuner.

13.10 SUMMARY

Gain, phase shift, and the network function are properties of

linear circuits that describe the effect that a circuit has on a

sinusoidal input voltage or current.

The gain of the circuit describes the relationship between the

sizes of the input and output sinusoids. The gain is the ratio

of the amplitude of the output sinusoid to the amplitude of

the input sinusoid.

The phase shift of the circuit describes the relationship

between the phase angles of the input and output sinusoids.

The phase shift is the difference between the phase angle of

the output sinusoid and the phase angle of the input sinusoid.

The network function describes the way the behavior of the

circuit depends on the frequency of the input. The network

function is defined in the frequency domain. It is the ratio of

the phasor corresponding to the response sinusoid to the

phasor corresponding to the input.

Table 13.3-2 tabulates the network functions of several

common op amp circuits.

The frequency response describes the way the gain and

phase shift of a circuit depend on frequency. Equations,

tables, or plots are each used to express the frequency

response.

642 Frequency Response

Verifique la solución propuesta
La figura 13.9-4 muestra los resultados de una simulación de PSpice del sintonizador. La 
entrada al circuito es vi(t) descrita por la ecuación 13.9-1. Esta señal no es senoidal. La sa-
lida del filtro es una sinusoide con una amplitud de aproximadamente 1 y una frecuencia de  
1 000 kHz, como lo requería la ecuación 13.9-2. Por consiguiente, se satisfacen las especifi-
caciones de diseño.

13.10 R E S U M E N
  Ganancia, cambio de fase y la función de red son propieda-

des de los circuitos lineales que describen el efecto de un cir-
cuito sobre el voltaje o la corriente de una entrada senoidal.

  La ganancia del circuito describe la relación entre las dimen-
siones de las sinusoides de entrada y de salida. La ganancia 
es la relación de la amplitud de la sinusoide de salida con la 
amplitud de la sinusoide de entrada.

  El cambio de fase del circuito describe la relación entre los 
ángulos de fase de las sinusoides de entrada y de salida. El 
cambio de fase es la diferencia entre el ángulo de fase de la si-
nusoide de salida y el ángulo de fase de la sinusoide de entrada.

  La función de red describe la forma en que el comporta-
miento del circuito depende de la frecuencia de la entrada. 
La función de red se define en el dominio de frecuencia. Es 
la razón del fasor que corresponde a la sinusoide de respues-
ta con el fasor que corresponde a la entrada. 

  La tabla 13.3-2 muestra las funciones de red de varios cir-
cuitos de amplificadores operacionales comunes.

  La respuesta de frecuencia describe cómo la ganancia y el 
cambio de fase de un circuito dependen de la frecuencia. 
Para expresar la respuesta de frecuencia son útiles las ecua-
ciones, las tablas, incluso los diagramas.
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factor de calidad y el ancho de banda. La tabla 13.4-1 resume las 
propiedades de los circuitos resonantes en serie y en paralelo.

  La ganancia de los amplificadores operacionales depende de 
la frecuencia de la entrada. El uso de un modelo de amplifi-
cador operacional que incluya una ganancia dependiente de 
frecuencia hace que nuestro análisis sea más preciso pero 
también más complicado. Utilizamos el modelo más com-
plicado cuando requerimos precisión adicional, y el modelo 
más sencillo cuando no la necesitamos.

  Se puede utilizar PSpice para analizar un circuito y mostrar 
su respuesta de frecuencia.

  También se puede utilizar MATLAB para mostrar la res-
puesta de frecuencia de una función de red.

  Los diagramas de Bode representan la respuesta de frecuencia 
como trazos de la ganancia en decibeles y la fase, utilizando 
una escala logarítmica para la frecuencia. Los diagramas de 
Bode de magnitud asintótica son diagramas de Bode aproxi-
mados fáciles de dibujar. Los términos frecuencia de ángulo y 
frecuencia de corte se usan de manera rutinaria para describir 
circuitos lineales. Estos términos describen características del 
diagrama de Bode asintótico.

  Algunos circuitos lineales presentan un fenómeno llamado re-
sonancia. Estos circuitos contienen elementos reactivos pero 
actúan como si fueran puramente resistivos en una frecuencia 
en particular, denominada frecuencia resonante. Los circuitos 
resonantes se describen utilizando la frecuencia resonante, el 

P 13.2-3 La entrada al circuito que se muestra en la figura 
P 13.2-3 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje vo(t) a través del resistor de 6 V. Determine la fun-
ción de red, H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.
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Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.
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P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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), de este circuito.

+
–vi(t) vo(t)

+

–

4 Ω

6 Ω
8 H

Figura P 13.2-3

P 13.2-4 La entrada al circuito que se muestra en la figura 
P 13.2-4 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje vo(t) a través de la conexión en paralelo del conden-
sador y del resistor de 60-V. La función de red que representa 
este circuito es
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PROBLEMS

Section 13-2 Gain, Phase Shift, and the Network
Function

P 13.2-1 The input to the circuit shown in Figure P 13.2-1 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the parallel connection of the capacitor

and 10-V resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:2

1þ j4v

+
–vi(t) vo(t)

+

–

40 Ω

0.5 F 10 Ω

Figure P 13.2-1

P 13.2-2 The input to the circuit shown in Figure P 13.2-2 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the capacitor and

160-kV resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 1þ j 0:004ð Þv
1þ j 0:005ð Þv

+
–

vo(t)

+

–

40 kΩ

160 kΩ

0.025 μF

vi(t)

Figure P 13.2-2

P 13.2-3 The input to the circuit shown in Figure P 13.2-3 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the 6-V resistor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

+
–vi(t) vo(t)

+

–

4 Ω

6 Ω
8 H

Figure P 13.2-3

P 13.2-4 The input to the circuit shown in Figure P 13.2-4 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the inductor

and 60-V resistor. The network function that represents this

circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ 0:6ð Þ

1þ j
v

12

1þ j
v

20

Determine the values of the inductance, L, and of the resist-

ance, R.

Answers: L ¼ 5 H and R ¼ 40V

+
–

vo(t)

+

–

R

60 Ω

vi(t)

L

Figure P 13.2-4

Bode plots represent the frequency response as plots of the

gain in decibels and the phase using a logarithmic scale for

frequency. Asymptotic magnitude Bode plots are approxi-

mate Bode plots that are easy to draw. The terms corner

frequency and break frequency are routinely used to describe

linear circuits. These terms describe features of the asymp-

totic Bode plot.

Some linear circuits exhibit a phenomenon called resonance.

These circuits contain reactive elements but act as if they

were purely resistive at a particular frequency, called the

resonant frequency. Resonant circuits are described using

the resonant frequency, quality factor, and bandwidth. Table

13.4-1 summarizes the properties of series and parallel

resonant circuits.

The gain of operational amplifiers depends on the frequency

of the input. Using an op amp model that includes a

frequency-dependent gain makes our analysis more accurate

but also more complicated. We use the more complicated

model when we need the additional accuracy, and we use the

simpler model when we don’t.

PSpice can be used to analyze a circuit and display its

frequency response.

MATLAB can be used to display the frequency response of

a network function.
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Determine los valores de la inductancia, L, y de la resistencia, R.

Respuestas: L 5 5 H, y R 5 40 V

+
– vo(t)

+

–

R

60 Ω

vi(t)

L

Figura P 13.2-4

Sección 13.2 Ganancia, cambio de fase 
y función de red

P 13.2-1 La entrada al circuito que se muestra en la figura 
P 13.2-1 es el voltaje de la fuente de voltaje, vi(t). La salida 
es el voltaje vo(t) a través de la conexión en paralelo del con-
densador y del resistor de 10-V. Determine la función de red, 
H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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PROBLEMS

Section 13-2 Gain, Phase Shift, and the Network
Function

P 13.2-1 The input to the circuit shown in Figure P 13.2-1 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the parallel connection of the capacitor

and 10-V resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:2

1þ j4v

+
–vi(t) vo(t)

+

–

40 Ω

0.5 F 10 Ω

Figure P 13.2-1

P 13.2-2 The input to the circuit shown in Figure P 13.2-2 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the capacitor and

160-kV resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 1þ j 0:004ð Þv
1þ j 0:005ð Þv

+
–

vo(t)

+

–

40 kΩ

160 kΩ

0.025 μF

vi(t)

Figure P 13.2-2

P 13.2-3 The input to the circuit shown in Figure P 13.2-3 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the 6-V resistor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

+
–vi(t) vo(t)

+

–

4 Ω

6 Ω
8 H

Figure P 13.2-3

P 13.2-4 The input to the circuit shown in Figure P 13.2-4 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the inductor

and 60-V resistor. The network function that represents this

circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ 0:6ð Þ

1þ j
v

12

1þ j
v

20

Determine the values of the inductance, L, and of the resist-

ance, R.

Answers: L ¼ 5 H and R ¼ 40V

+
–

vo(t)

+

–

R

60 Ω

vi(t)

L

Figure P 13.2-4

Bode plots represent the frequency response as plots of the

gain in decibels and the phase using a logarithmic scale for

frequency. Asymptotic magnitude Bode plots are approxi-

mate Bode plots that are easy to draw. The terms corner

frequency and break frequency are routinely used to describe

linear circuits. These terms describe features of the asymp-

totic Bode plot.

Some linear circuits exhibit a phenomenon called resonance.

These circuits contain reactive elements but act as if they

were purely resistive at a particular frequency, called the

resonant frequency. Resonant circuits are described using

the resonant frequency, quality factor, and bandwidth. Table

13.4-1 summarizes the properties of series and parallel

resonant circuits.

The gain of operational amplifiers depends on the frequency

of the input. Using an op amp model that includes a

frequency-dependent gain makes our analysis more accurate

but also more complicated. We use the more complicated

model when we need the additional accuracy, and we use the

simpler model when we don’t.

PSpice can be used to analyze a circuit and display its

frequency response.

MATLAB can be used to display the frequency response of

a network function.
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+
–vi(t) vo(t)

+

–

40 Ω

0.5 F 10 Ω

Figura P 13.2-1

P 13.2-2 La entrada al circuito que se muestra en la figura 
P 13.2-2 es el voltaje de la fuente de voltaje, vi(t). La salida 
es el voltaje vo(t) a través de la conexión en paralelo del con-
densador y del resistor de 160-V. Determine la función de red, 
H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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PROBLEMS

Section 13-2 Gain, Phase Shift, and the Network
Function

P 13.2-1 The input to the circuit shown in Figure P 13.2-1 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the parallel connection of the capacitor

and 10-V resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:2

1þ j4v

+
–vi(t) vo(t)

+

–

40 Ω

0.5 F 10 Ω

Figure P 13.2-1

P 13.2-2 The input to the circuit shown in Figure P 13.2-2 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the capacitor and

160-kV resistor. Determine the network function, H(v) ¼
Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 1þ j 0:004ð Þv
1þ j 0:005ð Þv

+
–

vo(t)

+

–

40 kΩ

160 kΩ

0.025 μF

vi(t)

Figure P 13.2-2

P 13.2-3 The input to the circuit shown in Figure P 13.2-3 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the 6-V resistor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

+
–vi(t) vo(t)

+

–

4 Ω

6 Ω
8 H

Figure P 13.2-3

P 13.2-4 The input to the circuit shown in Figure P 13.2-4 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the series connection of the inductor

and 60-V resistor. The network function that represents this

circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ 0:6ð Þ

1þ j
v

12

1þ j
v

20

Determine the values of the inductance, L, and of the resist-

ance, R.

Answers: L ¼ 5 H and R ¼ 40V

+
–

vo(t)

+

–

R

60 Ω

vi(t)

L

Figure P 13.2-4

Bode plots represent the frequency response as plots of the

gain in decibels and the phase using a logarithmic scale for

frequency. Asymptotic magnitude Bode plots are approxi-

mate Bode plots that are easy to draw. The terms corner

frequency and break frequency are routinely used to describe

linear circuits. These terms describe features of the asymp-

totic Bode plot.

Some linear circuits exhibit a phenomenon called resonance.

These circuits contain reactive elements but act as if they

were purely resistive at a particular frequency, called the

resonant frequency. Resonant circuits are described using

the resonant frequency, quality factor, and bandwidth. Table

13.4-1 summarizes the properties of series and parallel

resonant circuits.

The gain of operational amplifiers depends on the frequency

of the input. Using an op amp model that includes a

frequency-dependent gain makes our analysis more accurate

but also more complicated. We use the more complicated

model when we need the additional accuracy, and we use the

simpler model when we don’t.

PSpice can be used to analyze a circuit and display its

frequency response.

MATLAB can be used to display the frequency response of

a network function.
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+
– vo(t)

+

–

40 kΩ

160 kΩ

0.025 µF

vi(t)

Figura P 13.2-2
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	 644	 Respuesta de frecuencia

P 13.2-5 La entrada al circuito que se muestra en la figura 
P 13.2-5 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje vo(t) a través de la conexión en paralelo del conden-
sador y del resistor de 2-V. La función de red que representa 
este circuito es
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P 13.2-5 The input to the circuit shown in Figure P 13.2-5 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the paralled connection of the capacitor and 2-V resistor.

The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

0:2

1þ j4v

Determine the values of the capacitance, C, and of the

resistance, R.

Answers: C ¼ 2.5 F and R ¼ 8V

+
–vi(t) vo(t)

+

–

R

C 2 Ω

Figure P 13.2-5

P 13.2-6 The input to the circuit shown in Figure P 13.2-6 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the capacitor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:6

jvð Þ 1þ j 0:2ð Þvð Þ

+
–vi(t) 3ia(t) vo(t)

+

–

0.25 F

20 Ω

4 H
ia(t)

Figure P 13.2-6

P 13.2-7 The input to the circuit shown in Figure P 13.2-7 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the 30-kV resistor. The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

4

1þ j
v

100
Determine the value of the capacitance, C, and the value of the

gain, A, of the VCVS.

Answers: C ¼ 5mF and A ¼ 6 V/V

+
–

+

–
vi(t) A vC(t)vC(t) C vo(t)

+

–

+

–

2 kΩ

30 kΩ

15 kΩ

Figure P 13.2-7

P 13.2-8 The input to the circuit shown in Figure P 13.2-8 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Find the network function.

Answer: H(v) ¼ �5=(1 þ jv=10)

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  F

50 kΩ10 kΩ

Figure P 13.2-8

P 13.2-9 The input to the circuit shown in Figure P 13.2-9 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Express the gain and phase shift as functions of the

radian frequency, v.

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  Fμ4  F

10 kΩ 50 kΩ

Figure P 13.2-9

P 13.2-10 The input to the circuit shown in Figure P 13.2-10

is the source voltage, vi(t), and the response is the voltage

across RL, vo(t). The resistance, R1, is 10 kV. Design this

circuit to satisfy the following two specifications:

(a) The gain at low frequencies is 5.

(b) The gain at high frequencies is 2.

Answers: R2 ¼ 20 kV and R3 ¼ 30 kV

+
–

μ

RL vo(t)

R3R1 R2

vi(t) +

–

–

+

C = 0.1  F

Figure P 13.2-10
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Determine los valores de la capacitancia, C, y de la resis-
tencia, R.

Respuestas: C 5 2.5 F y R 5 8 V

+
–vi(t) vo(t)

+

–

R

C 2 Ω

Figura P 13.2-5

P 13.2-6 La entrada al circuito que se muestra en la figura 
P 13.2-6 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje vo(t) a través del condensador. Determine la función 
de red, H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 13.2-5 The input to the circuit shown in Figure P 13.2-5 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the paralled connection of the capacitor and 2-V resistor.

The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

0:2

1þ j4v

Determine the values of the capacitance, C, and of the

resistance, R.

Answers: C ¼ 2.5 F and R ¼ 8V

+
–vi(t) vo(t)

+

–

R

C 2 Ω

Figure P 13.2-5

P 13.2-6 The input to the circuit shown in Figure P 13.2-6 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the capacitor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:6

jvð Þ 1þ j 0:2ð Þvð Þ

+
–vi(t) 3ia(t) vo(t)

+

–

0.25 F

20 Ω

4 H
ia(t)

Figure P 13.2-6

P 13.2-7 The input to the circuit shown in Figure P 13.2-7 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the 30-kV resistor. The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

4

1þ j
v

100
Determine the value of the capacitance, C, and the value of the

gain, A, of the VCVS.

Answers: C ¼ 5mF and A ¼ 6 V/V

+
–

+

–
vi(t) A vC(t)vC(t) C vo(t)

+

–

+

–

2 kΩ

30 kΩ

15 kΩ

Figure P 13.2-7

P 13.2-8 The input to the circuit shown in Figure P 13.2-8 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Find the network function.

Answer: H(v) ¼ �5=(1 þ jv=10)

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  F

50 kΩ10 kΩ

Figure P 13.2-8

P 13.2-9 The input to the circuit shown in Figure P 13.2-9 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Express the gain and phase shift as functions of the

radian frequency, v.

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  Fμ4  F

10 kΩ 50 kΩ

Figure P 13.2-9

P 13.2-10 The input to the circuit shown in Figure P 13.2-10

is the source voltage, vi(t), and the response is the voltage

across RL, vo(t). The resistance, R1, is 10 kV. Design this

circuit to satisfy the following two specifications:

(a) The gain at low frequencies is 5.

(b) The gain at high frequencies is 2.

Answers: R2 ¼ 20 kV and R3 ¼ 30 kV

+
–

μ

RL vo(t)

R3R1 R2

vi(t) +

–

–

+

C = 0.1  F

Figure P 13.2-10
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+
–vi(t) 3ia(t) vo(t)

+

–

0.25 F

20 Ω

4 H
ia(t)

Figura P 13.2-6

P 13.2-7 La entrada al circuito que se muestra en la figura 
P 13.2-7 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje vo(t) a través del resistor de 30 V. La función de red 
de este circuito es
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P 13.2-5 The input to the circuit shown in Figure P 13.2-5 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the paralled connection of the capacitor and 2-V resistor.

The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

0:2

1þ j4v

Determine the values of the capacitance, C, and of the

resistance, R.

Answers: C ¼ 2.5 F and R ¼ 8V

+
–vi(t) vo(t)

+

–

R

C 2 Ω

Figure P 13.2-5

P 13.2-6 The input to the circuit shown in Figure P 13.2-6 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across the capacitor. Determine the network

function, H(v) ¼ Vo(v)=Vi(v), of this circuit.

Answer: H vð Þ ¼ 0:6

jvð Þ 1þ j 0:2ð Þvð Þ

+
–vi(t) 3ia(t) vo(t)

+

–

0.25 F

20 Ω

4 H
ia(t)

Figure P 13.2-6

P 13.2-7 The input to the circuit shown in Figure P 13.2-7 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the 30-kV resistor. The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

4

1þ j
v

100
Determine the value of the capacitance, C, and the value of the

gain, A, of the VCVS.

Answers: C ¼ 5mF and A ¼ 6 V/V

+
–

+

–
vi(t) A vC(t)vC(t) C vo(t)

+

–

+

–

2 kΩ

30 kΩ

15 kΩ

Figure P 13.2-7

P 13.2-8 The input to the circuit shown in Figure P 13.2-8 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Find the network function.

Answer: H(v) ¼ �5=(1 þ jv=10)

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  F

50 kΩ10 kΩ

Figure P 13.2-8

P 13.2-9 The input to the circuit shown in Figure P 13.2-9 is

the source voltage, vi(t), and the response is the voltage across

RL, vo(t). Express the gain and phase shift as functions of the

radian frequency, v.

+
–

μ

RL vo(t)

vi(t) +

–

–

+

2  Fμ4  F

10 kΩ 50 kΩ

Figure P 13.2-9

P 13.2-10 The input to the circuit shown in Figure P 13.2-10

is the source voltage, vi(t), and the response is the voltage

across RL, vo(t). The resistance, R1, is 10 kV. Design this

circuit to satisfy the following two specifications:

(a) The gain at low frequencies is 5.

(b) The gain at high frequencies is 2.

Answers: R2 ¼ 20 kV and R3 ¼ 30 kV

+
–

μ

RL vo(t)

R3R1 R2

vi(t) +

–

–

+

C = 0.1  F

Figure P 13.2-10
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Determine el valor de la capacitancia, C, y el valor de la ga-
nancia, A, de la VCVS.

Respuestas: C 5 5 mF y A 5 6 V/V

+
–

+
–vi(t) A vC(t)vC(t) C vo(t)

+

–

+

–

2 kΩ

30 kΩ

15 kΩ

Figura P 13.2-7

P 13.2-8 La entrada al circuito que se muestra en la figura 
P 13.2-8 es el voltaje de la fuente, vi(t), y la respuesta es el 
voltaje vo(t) a través de RL. Encuentre la función de red.

Respuesta: H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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+
–

µ

RL vo(t)

vi(t) +

–

–

+

2  F

50 kΩ10 kΩ

Figura P 13.2-8

P 13.2-9 La entrada al circuito que se muestra en la figura 
P 13.2-9 es el voltaje de la fuente, vi(t), y la respuesta es el 
voltaje vo(t) a través de RL. Exprese la ganancia y el cambio de 
fase como funciones de la frecuencia en radianes, 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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.

+
–

µ

RL vo(t)

vi(t) +

–

–

+

2  Fµ4  F

10 kΩ 50 kΩ

Figura P 13.2-9

P 13.2-10 La entrada al circuito que se muestra en la figura 
P 13.2-10 es el voltaje de la fuente, vi(t), y la respuesta es el 
voltaje vo(t) a través de RL. La resistencia, R1, es de 10 kV. 
Diseñe este circuito para satisfacer las dos especificaciones 
siguientes:

(a) La ganancia a frecuencias bajas es 5.
(b) La ganancia a frecuencias altas es 2.

Respuestas: R2 5 20 kV y R3 5 30 kV

+
–

µ

RL vo(t)

R3R1 R2

vi(t) +

–

–

+

C = 0.1  F

Figura P 13.2-10
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 Problemas 645

P 13.2-13 La entrada al circuito de la figura P 13.2-13 es 
vs 5 50 1 30 cos 1500t 1 115°2 1 20 cos 12500t 1 30°2 mV. 
Encuentre el voltaje de salida de estado estable, vo, para (a) 
C 5 0.1mF y (b) C 5 0.01mF. Suponga un amplificador ope-
racional ideal.

+
–

vo

vs

C

+

–

10 kΩ

100 kΩ

5 kΩ

–

+

µ1   F

Figura P 13.2-13

P 13.2-14 El voltaje de la fuente, vs, se muestra en el circui-
to de la figura P 13.2-14a como una sinusoide que tiene una 
frecuencia de 500 Hz y una amplitud de 8 V. El circuito se 
encuentra en estado estable. Los trazos del osciloscopio mues-
tran las formas de onda de la entrada y de la salida como se ve 
en la figura P 13.2-14b.

(a)  Determine la ganancia y el cambio de fase del circuito a 
500 Hz.

(b)  Determine el valor del condensador.
(c)  Si se cambia la frecuencia de la entrada, entonces la ga-

nancia y el cambio de fase del circuito también cambiarán. 
¿Cuáles son los valores de la ganancia y el cambio de fase 
en la frecuencia de 200 Hz? ¿A 2 000 Hz? ¿A qué frecuen-
cia el cambio de fase será de 245°? ¿A qué frecuencia el 
cambio de fase será de 2135°?

(d)  ¿Qué valor de capacitancia se requeriría para hacer que el 
cambio de fase en 500 Hz fuera de 260°? ¿Qué valor de 
capacitancia se requeriría para hacer que el cambio de fase 
en 500 Hz fuera de 2300°?

(e)  Suponga que el cambio de fase hubiera sido de 120° a 
500 Hz. ¿Cuál habría sido el valor del condensador?

Tiempo (0.25 ms/div)

Voltaje
(2 V/div)

(b)(a)

Osciloscopio

+
–vs(t) vo(t)C

+

–

1000 Ω

P 13.2-11 La entrada al circuito que se muestra en la figura 
P 13.2-11 es el voltaje de la fuente, vi(t), y la respuesta es el 
voltaje vo(t) a través de RL. Diseñe este circuito para satisfacer 
las dos especificaciones siguientes:

(a) El cambio de fase en 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 1 000 rad/s es 135°.
(b) La ganancia a frecuencias altas es 10.

Respuestas: R1 5 1 kV y R2 5 10 kV

+
–

µ

RL vo(t)

R1 R2

vi(t) +

–

–

+

C = 0.1   F

Figura P 13.2-11

P 13.2-12 La entrada al circuito que se muestra en la figura 
P 13.2-12 es el voltaje de la fuente, vi(t), y la respuesta es el 
voltaje vo(t) a través de RL. Diseñe este circuito para satisfacer.
las dos especificaciones siguientes:

(a) El cambio de fase en 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 5 1 000 rad/s es 225°.
(b) La ganancia a frecuencias altas es 10.

Respuestas: R1 5 10 kV y R2 5 100 kV

+
–

µ

RL vo(t)

R1 R2

vi(t) +

–

–

+

C = 0.1  F

Figura P 13.2-12

 Figura P 13.2-14
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	 646	 Respuesta de frecuencia

Respuestas: (b) C 5 0.26mF. (e) Este circuito no se puede 
diseñar para producir un cambio de fase 5 2120°. 

P 13.2-15 La entrada al circuito en la figura P 13.2-15 es 
el voltaje de la fuente de voltaje, vi(t). La salida es el voltaje 
vo(t). La función de red de este circuito es

E1C13_1 11/25/2009 646

Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.
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Determine los valores de la capacitancia, C, y del polo, p.

20 kΩ
8 kΩ

5 µF

+

vo(t)vi(t)

C

–

+
–

–

+

Figura P 13.2-15

P 13.2-16 La entrada al circuito en la figura P 13.2-16 es 
el voltaje de la fuente de voltaje, vs(t). La salida es el voltaje 
vo(t). La función de red de este circuito es
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine expresiones que relacionen los parámetros de la 
función de red, k, z y p con los parámetros del circuito, R1, 
R2, L, N1 y N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figura P 13.2-16

P 13.2-17 La entrada al circuito en la figura P 13.2-17 es 
el voltaje de la fuente de voltaje, vs(t). La salida es el voltaje 
vo(t). La función de red de este circuito es
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine expresiones que relacionen los parámetros de la 
función de red, k, z y p con los parámetros del circuito, R1, 
R2, M, L1 y L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figura P 13.2-17

P 13.2-18 La entrada al circuito en la figura P 13.2-18 es 
el voltaje de la fuente de voltaje, vi(t). La salida es el voltaje 
vo(t). La función de red de este circuito es
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v
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� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine las expresiones que relacionan los parámetros de la 
función de red, k, p1 y p2 con los parámetros del circuito, R1, 
R2, R3, R4, A, C y L.

+
–

+
– Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C+
–

+
– Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figura P 13.2-18

P 13.2-19 La entrada al circuito en la figura P 13.2-19 es el 
voltaje de la fuente de voltaje, vf. La salida del circuito es 
el voltaje vo del condensador. Determine los valores de las re-
sistencias, R1, R2, R3 y R4, requeridas para hacer que la función 
de red del circuito sea
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v
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� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

+
–

–

+

vf

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 µF 1 µF

Figura P 13.2-19

P 13.2-20 La entrada al circuito que se muestra en la figura 
P 13.2-20 es el voltaje de la fuente de voltaje, vf. La salida del 
circuito es el voltaje vs. Determine la función de red 
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response
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io
0.2va

va

+

–

1 mFis R1 R2

Figura P 13.2-23

P 13.2-24 La entrada al circuito que se muestra en la figura 
P 13.2-24 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo, del resistor. Especifique valores para 
L1, L2, R y K que hagan que la función de red del circuito sea
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to
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+
–

+
–

ia

Kia

L1 L2

vo

+

–

vs R

Figura P 13.2-24

P 13.2-25 La entrada al circuito que se muestra en la figura 
P 13.2-25 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo, del resistor. Especifique valores para 
R y C que hagan que la función de red del circuito sea
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to
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C
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P 13.2-26 La función de red de un circuito es H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to

Problems 647

 Cuando la entrada a este circuito es vs (t) 5 
5 cos 15t 1 15°2 V, la salida es vo(t) 5 A cos 15t 1 65.194°2 V. 
Por otro lado, cuando la entrada a este circuito es vs (t) 5 5 cos 
18t 1 15°2 V, la salida es vo(t) 5 8 cos 18t 1 
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51

.
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51

 5 51.87°

P 13.2-27 La función de red de un circuito es H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to

Problems 647

 donde k . 0 y p . 0. Cuando la entrada a este
 

+
–

–

+

vo

+

–

vs

1 µF

200 kΩ

50 kΩ

Figura P 13.2-20

P 13.2-21 La entrada al circuito que se muestra en la figura 
P 13.2-21 es el voltaje de la fuente de voltaje, vs. La salida 
del circuito es el voltaje, vo, del condensador. Determine la 
función de red 
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.
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del circuito.

+
– vo

+

–

vs

1 µF

1 µF

100 kΩ
100 kΩ

Figura P 13.2-21

P 13.2-22 La entrada al circuito que se muestra en la figura 
P 13.2-22 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo, del condensador. La función de red 
del circuito es
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to

Problems 647

Determine los valores de Hs y p.

+
–

ia

+
–

4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figura P 13.2-22

P 13.2-23 La entrada al circuito que se muestra en la figura 
P 13.2-23 es la corriente de la fuente de corriente, is. La sa-
lida del circuito es la corriente del resistor, io. La función de 
red del circuito es
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+
–

–

+

vo

+

–

vs

1 μF

200 kΩ

50 kΩ

Figure P 13.2-20

P 13.2-21 The input to the circuit shown in Figure P 13.2-21

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

+
– vo

+

–

vs

1 μF

1 μF

100 kΩ
100 kΩ

Figure P 13.2-21

P 13.2-22 The input to the circuit shown in Figure

P 13.2-22 is the voltage of the voltage source, vs. The output

of the circuit is the capacitor voltage, vo. The network

function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

Ho

1þ j
v

p

Determine the values of Ho and p.

+
–

ia

+

–
4ia

8 Ω 8 Ω

25 mF vo

+

–

vs

Figure P 13.2-22

P 13.2-23 The input to the circuit shown in Figure P 13.2-23

is the current of the current source, is. The output of the circuit

is the resistor current, io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ ¼

0:8

1þ j
v

40

Determine the values of the resistances R1 and R2.

io
0.2va

va

+

–

1 mFis R1 R2

Figure P 13.2-23

P 13.2-24 The input to the circuit shown in Figure P 13.2-24

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for L1, L2, R, and K

that cause the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

1

1þ j
v

20

� �
1þ j

v

50

� �

+
–

+

–
ia

Kia

L1 L2

vo

+

–

vs R

Figure P 13.2-24

P 13.2-25 The input to the circuit shown in Figure P 13.2-25

is the voltage of the voltage source, vs. The output of the circuit

is the resistor voltage, vo. Specify values for R and C that cause

the network function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

�8

1þ j
v

250

20 kΩ

20 kΩ20 kΩ
–

++
–

vo

+

–

vs

R

C

Figure P 13.2-25

P 13.2-26 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼

j40v
120þj20v

. When the input to this circuit is vs tð Þ ¼
5 cos 5t þ 15�ð ÞV, the output is vo tð Þ ¼ A cos 5tþð
65:194�ÞV. On the other hand, when the input to this circuit

is vs tð Þ ¼ 5 cos 8t þ 15�ð ÞV, the output is vo tð Þ ¼ 8 cos

8t þ uð ÞV. Determine the values of A and u.

Answers: A ¼ 6:4018 V and u ¼ 51:87 �

P 13.2-27 The network function of a circuit is H vð Þ ¼
Vo vð Þ
Vs vð Þ ¼ k

1þj
v
P

where k > 0 and p > 0. When the input to

Problems 647

Determine los valores de las resistencias R1 y R2.
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	 648	 Respuesta de frecuencia

circuito es

vs (t) 5 12 cos 1120t 1 30°2 V
la salida es

vo(t) 5 42.36 cos 1120t 2 48.69°2 V 

Determine los valores de k y p.

Respuestas: k 5 18 y p 5 24 rad/s

P 13.2-28 La función de red de un circuito es H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

) 5 

E1C13_1 11/25/2009 648

this circuit is

vs tð Þ ¼ 12 cos 120t þ 30�ð ÞV
the output is

vo tð Þ ¼ 42:36 cos 120t � 48:69�ð ÞV
Determine the values of k and p

Answers: k ¼ 18 and p ¼ 24 rad/s

P 13.2-28 The network function of a circuit is H vð Þ ¼ 20
8þjv

.

When the input to this circuit is sinusoidal, the output is also

sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2

be the frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine the

values of v1 and v2.

P 13.2-29 The input to the circuit in Figure P 13.2-29 is the

voltage source voltage, vs(t). The output is the voltage vo(t).

When the input is vs tð Þ ¼ 8 cos 40tð ÞV, the output is

vo tð Þ ¼ 2:5 cos 40t þ 14�ð ÞV. Determine the values of the

resistances R1 and R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figure P 13.2-29

P 13.2-30 The input to the circuit shown in Figure P 13.2-30

is the voltage source voltage, vs(t). The output is the voltage

vo(t). The input vs tð Þ ¼ 2:5 cos 1000tð ÞV causes the output to

be vo tð Þ ¼ 8 cos 1000t þ 104�ð ÞV. Determine the values of

the resistances R1 and R2.

Answers: R1 ¼ 1515V and R2 ¼ 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figure P 13.2-30

Section 13.3 Bode Plots

P 13.3-1 Sketch the magnitude Bode plot of H vð Þ ¼
4 5þ jvð Þ
1þ j

v

50

.

P 13.3-2 Compare the magnitude Bode plots of H1 vð Þ ¼
10 5þjvð Þ
50þjv

and H2 vð Þ ¼ 100 5þjvð Þ
50þjv

.

P 13.3-3 The input to the circuit shown in Figure P 13.3-3

is the source voltage, vin (t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 5 kV,

R2 ¼ 10 kV, C1 ¼ 0.1 mF, and C2 ¼ 0.1 mF. Sketch the

asymptotic magnitude Bode plot for the network function.

C2

C1R1
R2

R3
vin(t) vout(t)

+

–

–

+

+
–

Figure P 13.3-3

P 13.3-4 The input to the circuit shown in Figure P 13.3-4

is the source voltage, vs(t), and the response is the voltage

across R3, vo(t). Determine H(v) and sketch the Bode

diagram.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figure P 13.3-4

P 13.3-5 The input to the circuit shown in Figure P 13.3-5a

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Design this

circuit to have the Bode plot shown in Figure P 13.3-5b.

Hint: First, show that the network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ

¼
jv

ALR4

R1 R3 þ R4ð Þ
� �

1þ jv
L R1 þ R2ð Þ

R1R2

� �
1þ jv

CR3R4

R3 þ R4

� �
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Cuando la entrada a este circuito es senoidal, la salida también 
es senoidal. Sea 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

1 la frecuencia a la que la sinusoide de la 
salida sea dos veces más grande que la sinusoide de entrada 
y sea 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

2 la frecuencia a la que la sinusoide de salida se vea 
retardada en un periodo de décima con respecto a la sinusoide 
de entrada. Determine los valores de 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 13.2-29 La entrada al circuito en la figura P 13.2-29 es 
el voltaje de la fuente de voltaje, vs (t). La salida es el voltaje 
vo(t). Cuando la entrada es vs (t) 5 8 cos (40t) V, la salida es 
vo(t) 5 2.5 cos 140t 1 14°2 V. Determine los valores de las 
resistencias R1 y R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figura P 13.2-29

P 13.2-30 La entrada al circuito en la figura P 13.2-30 es 
el voltaje de la fuente de voltaje, vs (t). La salida es el voltaje 
vo(t). La entrada vs (t) 5 2.5 cos (1 000t) V, hace que la salida 
sea vo(t) 5 8 cos 11 000t 1 104°2 V. Determine los valores de 
las resistencias R1 y R2.

Respuestas: R1 5 1 515V y R2 5 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figura P 13.2-30

Sección 13.3 Diagramas de Bode

P 13.3-1 Bosqueje el diagrama de Bode de magnitud de 

H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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this circuit is

vs tð Þ ¼ 12 cos 120t þ 30�ð ÞV
the output is

vo tð Þ ¼ 42:36 cos 120t � 48:69�ð ÞV
Determine the values of k and p

Answers: k ¼ 18 and p ¼ 24 rad/s

P 13.2-28 The network function of a circuit is H vð Þ ¼ 20
8þjv

.

When the input to this circuit is sinusoidal, the output is also

sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2

be the frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine the

values of v1 and v2.

P 13.2-29 The input to the circuit in Figure P 13.2-29 is the

voltage source voltage, vs(t). The output is the voltage vo(t).

When the input is vs tð Þ ¼ 8 cos 40tð ÞV, the output is

vo tð Þ ¼ 2:5 cos 40t þ 14�ð ÞV. Determine the values of the

resistances R1 and R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figure P 13.2-29

P 13.2-30 The input to the circuit shown in Figure P 13.2-30

is the voltage source voltage, vs(t). The output is the voltage

vo(t). The input vs tð Þ ¼ 2:5 cos 1000tð ÞV causes the output to

be vo tð Þ ¼ 8 cos 1000t þ 104�ð ÞV. Determine the values of

the resistances R1 and R2.

Answers: R1 ¼ 1515V and R2 ¼ 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figure P 13.2-30

Section 13.3 Bode Plots

P 13.3-1 Sketch the magnitude Bode plot of H vð Þ ¼
4 5þ jvð Þ
1þ j

v

50

.

P 13.3-2 Compare the magnitude Bode plots of H1 vð Þ ¼
10 5þjvð Þ
50þjv

and H2 vð Þ ¼ 100 5þjvð Þ
50þjv

.

P 13.3-3 The input to the circuit shown in Figure P 13.3-3

is the source voltage, vin (t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 5 kV,

R2 ¼ 10 kV, C1 ¼ 0.1 mF, and C2 ¼ 0.1 mF. Sketch the

asymptotic magnitude Bode plot for the network function.

C2

C1R1
R2

R3
vin(t) vout(t)

+

–

–

+

+
–

Figure P 13.3-3

P 13.3-4 The input to the circuit shown in Figure P 13.3-4

is the source voltage, vs(t), and the response is the voltage

across R3, vo(t). Determine H(v) and sketch the Bode

diagram.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figure P 13.3-4

P 13.3-5 The input to the circuit shown in Figure P 13.3-5a

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Design this

circuit to have the Bode plot shown in Figure P 13.3-5b.

Hint: First, show that the network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ

¼
jv

ALR4

R1 R3 þ R4ð Þ
� �

1þ jv
L R1 þ R2ð Þ

R1R2

� �
1þ jv

CR3R4

R3 þ R4

� �
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P 13.3-2 Compare los diagramas de Bode de magnitud de 
H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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this circuit is

vs tð Þ ¼ 12 cos 120t þ 30�ð ÞV
the output is

vo tð Þ ¼ 42:36 cos 120t � 48:69�ð ÞV
Determine the values of k and p

Answers: k ¼ 18 and p ¼ 24 rad/s

P 13.2-28 The network function of a circuit is H vð Þ ¼ 20
8þjv

.

When the input to this circuit is sinusoidal, the output is also

sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2

be the frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine the

values of v1 and v2.

P 13.2-29 The input to the circuit in Figure P 13.2-29 is the

voltage source voltage, vs(t). The output is the voltage vo(t).

When the input is vs tð Þ ¼ 8 cos 40tð ÞV, the output is

vo tð Þ ¼ 2:5 cos 40t þ 14�ð ÞV. Determine the values of the

resistances R1 and R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figure P 13.2-29

P 13.2-30 The input to the circuit shown in Figure P 13.2-30

is the voltage source voltage, vs(t). The output is the voltage

vo(t). The input vs tð Þ ¼ 2:5 cos 1000tð ÞV causes the output to

be vo tð Þ ¼ 8 cos 1000t þ 104�ð ÞV. Determine the values of

the resistances R1 and R2.

Answers: R1 ¼ 1515V and R2 ¼ 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figure P 13.2-30

Section 13.3 Bode Plots

P 13.3-1 Sketch the magnitude Bode plot of H vð Þ ¼
4 5þ jvð Þ
1þ j

v

50

.

P 13.3-2 Compare the magnitude Bode plots of H1 vð Þ ¼
10 5þjvð Þ
50þjv

and H2 vð Þ ¼ 100 5þjvð Þ
50þjv

.

P 13.3-3 The input to the circuit shown in Figure P 13.3-3

is the source voltage, vin (t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 5 kV,

R2 ¼ 10 kV, C1 ¼ 0.1 mF, and C2 ¼ 0.1 mF. Sketch the

asymptotic magnitude Bode plot for the network function.

C2

C1R1
R2

R3
vin(t) vout(t)

+

–

–

+

+
–

Figure P 13.3-3

P 13.3-4 The input to the circuit shown in Figure P 13.3-4

is the source voltage, vs(t), and the response is the voltage

across R3, vo(t). Determine H(v) and sketch the Bode

diagram.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figure P 13.3-4

P 13.3-5 The input to the circuit shown in Figure P 13.3-5a

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Design this

circuit to have the Bode plot shown in Figure P 13.3-5b.

Hint: First, show that the network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ

¼
jv

ALR4

R1 R3 þ R4ð Þ
� �

1þ jv
L R1 þ R2ð Þ

R1R2

� �
1þ jv

CR3R4

R3 þ R4

� �
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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this circuit is

vs tð Þ ¼ 12 cos 120t þ 30�ð ÞV
the output is

vo tð Þ ¼ 42:36 cos 120t � 48:69�ð ÞV
Determine the values of k and p

Answers: k ¼ 18 and p ¼ 24 rad/s

P 13.2-28 The network function of a circuit is H vð Þ ¼ 20
8þjv

.

When the input to this circuit is sinusoidal, the output is also

sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2

be the frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine the

values of v1 and v2.

P 13.2-29 The input to the circuit in Figure P 13.2-29 is the

voltage source voltage, vs(t). The output is the voltage vo(t).

When the input is vs tð Þ ¼ 8 cos 40tð ÞV, the output is

vo tð Þ ¼ 2:5 cos 40t þ 14�ð ÞV. Determine the values of the

resistances R1 and R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figure P 13.2-29

P 13.2-30 The input to the circuit shown in Figure P 13.2-30

is the voltage source voltage, vs(t). The output is the voltage

vo(t). The input vs tð Þ ¼ 2:5 cos 1000tð ÞV causes the output to

be vo tð Þ ¼ 8 cos 1000t þ 104�ð ÞV. Determine the values of

the resistances R1 and R2.

Answers: R1 ¼ 1515V and R2 ¼ 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figure P 13.2-30

Section 13.3 Bode Plots

P 13.3-1 Sketch the magnitude Bode plot of H vð Þ ¼
4 5þ jvð Þ
1þ j

v

50

.

P 13.3-2 Compare the magnitude Bode plots of H1 vð Þ ¼
10 5þjvð Þ
50þjv

and H2 vð Þ ¼ 100 5þjvð Þ
50þjv

.

P 13.3-3 The input to the circuit shown in Figure P 13.3-3

is the source voltage, vin (t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 5 kV,

R2 ¼ 10 kV, C1 ¼ 0.1 mF, and C2 ¼ 0.1 mF. Sketch the

asymptotic magnitude Bode plot for the network function.

C2

C1R1
R2

R3
vin(t) vout(t)

+

–

–

+

+
–

Figure P 13.3-3

P 13.3-4 The input to the circuit shown in Figure P 13.3-4

is the source voltage, vs(t), and the response is the voltage

across R3, vo(t). Determine H(v) and sketch the Bode

diagram.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figure P 13.3-4

P 13.3-5 The input to the circuit shown in Figure P 13.3-5a

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Design this

circuit to have the Bode plot shown in Figure P 13.3-5b.

Hint: First, show that the network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ

¼
jv

ALR4

R1 R3 þ R4ð Þ
� �

1þ jv
L R1 þ R2ð Þ

R1R2

� �
1þ jv

CR3R4

R3 þ R4

� �
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P 13.3-3 La entrada al circuito que se muestra en la figura 
P 13.3-3 es el voltaje de fuente, vent(t), y la respuesta es el 
voltaje a través de R3, vsal(t). Los valores de los componentes 
son R1 5 5 kV, R2 5 10 kV, C1 5 0.1 mF y C2 5 0.1 mF. 
Bosqueje el diagrama de Bode de magnitud asintótica para la 
función de red.

C2

C1R1
R2

R3
vent(t) vsal(t)

+

–

–

+

+
–

Figura P 13.3-3

P 13.3-4 La entrada al circuito que se muestra en la figura 
P 13.3-4 es el voltaje de fuente, vs (t), y la respuesta es el volta-
je a través de R3, vo(t). Determine H(

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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) y bosqueje el diagrama 
de Bode.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figura P 13.3-4

P 13.3-5 La entrada al circuito que se muestra en la figura 
P 13.3-5a es el voltaje, vi(t), de la fuente de voltaje indepen-
diente. La salida es el voltaje, vo(t), a través del condensador. 
Diseñe este circuito para tener el diagrama de Bode que se 
muestra en la figura 13.3-5b.

Sugerencia: Primero, muestre que la función de red del cir-
cuito es
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this circuit is

vs tð Þ ¼ 12 cos 120t þ 30�ð ÞV
the output is

vo tð Þ ¼ 42:36 cos 120t � 48:69�ð ÞV
Determine the values of k and p

Answers: k ¼ 18 and p ¼ 24 rad/s

P 13.2-28 The network function of a circuit is H vð Þ ¼ 20
8þjv

.

When the input to this circuit is sinusoidal, the output is also

sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2

be the frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine the

values of v1 and v2.

P 13.2-29 The input to the circuit in Figure P 13.2-29 is the

voltage source voltage, vs(t). The output is the voltage vo(t).

When the input is vs tð Þ ¼ 8 cos 40tð ÞV, the output is

vo tð Þ ¼ 2:5 cos 40t þ 14�ð ÞV. Determine the values of the

resistances R1 and R2.

+

–

vo(t)+
– R2L = 1 H

R1

vs(t)

Figure P 13.2-29

P 13.2-30 The input to the circuit shown in Figure P 13.2-30

is the voltage source voltage, vs(t). The output is the voltage

vo(t). The input vs tð Þ ¼ 2:5 cos 1000tð ÞV causes the output to

be vo tð Þ ¼ 8 cos 1000t þ 104�ð ÞV. Determine the values of

the resistances R1 and R2.

Answers: R1 ¼ 1515V and R2 ¼ 20 kV

+
–

R2

C = 0.2 µF

–

+

R1

vs(t)

R3

+

–

vo(t)

Figure P 13.2-30

Section 13.3 Bode Plots

P 13.3-1 Sketch the magnitude Bode plot of H vð Þ ¼
4 5þ jvð Þ
1þ j

v

50

.

P 13.3-2 Compare the magnitude Bode plots of H1 vð Þ ¼
10 5þjvð Þ
50þjv

and H2 vð Þ ¼ 100 5þjvð Þ
50þjv

.

P 13.3-3 The input to the circuit shown in Figure P 13.3-3

is the source voltage, vin (t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 5 kV,

R2 ¼ 10 kV, C1 ¼ 0.1 mF, and C2 ¼ 0.1 mF. Sketch the

asymptotic magnitude Bode plot for the network function.

C2

C1R1
R2

R3
vin(t) vout(t)

+

–

–

+

+
–

Figure P 13.3-3

P 13.3-4 The input to the circuit shown in Figure P 13.3-4

is the source voltage, vs(t), and the response is the voltage

across R3, vo(t). Determine H(v) and sketch the Bode

diagram.

+
–

vo

vs
+

–

–

+

R1 R2

R3

C1 C2

Figure P 13.3-4

P 13.3-5 The input to the circuit shown in Figure P 13.3-5a

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Design this

circuit to have the Bode plot shown in Figure P 13.3-5b.

Hint: First, show that the network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ

¼
jv

ALR4

R1 R3 þ R4ð Þ
� �

1þ jv
L R1 þ R2ð Þ

R1R2

� �
1þ jv

CR3R4

R3 þ R4

� �
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P 13.3-7 La entrada al circuito que se muestra en la figura 
P 13.3-7b es el voltaje de la fuente de voltaje, vi(t). La salida 
es el voltaje vo(t). La función de red de este circuito es H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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). En la figura P 13.3-7a se muestra el diagrama 
de Bode de magnitud. Determine los valores de las frecuen-
cias de ángulo, z y p. Determine el valor de la ganancia de 
frecuencia baja, k.

(a)

20 log10(k)

z p

0

ω (rad/s, escala logarítmica)

ω
)| ,

 d
B

2
0

 lo
g 1

0
|H

(

+
– vo(t)

+

–

8 Ω

2 Ω

vi(t)

(b)

0.4 H

Figura P 13.3-7

P 13.3-8 Determine H(  j
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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) a partir del diagrama de Bode 
asintótico en la figura P 13.3-8.
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Figura P 13.3-5

P 13.3-6 La entrada al circuito que se muestra en la figura 
P 13.3-6b es el voltaje de la fuente de voltaje, vi(t). La salida 
es el voltaje vo(t). La función de red de este circuito es H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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). Determine los valores de R2, C1 y C2 que se re-
quieren para hacer que este circuito tenga el diagrama de Bode 
de magnitud que se muestra en la figura P 13.3-6a.

Respuestas: R2 5 400 kV, C1 5 25 nF y C2 5 6.25 nF

(a)

12

40 400 4 k 40 k

32

ω (rad/s, escala logarítmica)

2
0

 lo
g 1

0
|H

(ω
)| ,

 d
B

(b)

vo(t)
+

–

–

+
+
–

R1 = 10 kΩ R2

C1 C2

vi(t)

10 kΩ

Figura P 13.3-6
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P 13.3-9 Un circuito tiene una función de red
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P 13.3-9 A circuit has a network function

H vð Þ ¼ k 1þ jv=zð Þ
jv

(a) Find the high- and low-frequency asymptotes of the

magnitude Bode plot.

(b) The high- and low-frequency asymptotes comprise the

magnitude Bode plot. Over what ranges of frequencies is

the asymptotic magnitude Bode plot of H(v) within 1

percent of the actual value of H(v)?

P 13.3-10 Physicians use tissue electrodes to form the

interface that conducts current to the target tissue of

the human body. The electrode in tissue can be modeled

by the RC circuit shown in Figure P 13.3-10. The value of

each element depends on the electrode material and

physical construction as well as the character of the tissue

being probed. Find the Bode diagram for Vo=Vs ¼ H( jv)

when R1 ¼ 1 kV, C ¼ 1mF, and the tissue resistance is

Rt ¼ 5 kV.

+
–vs vo

+

–

R1

Rt
C

Figure P 13.3-10

P 13.3-11 Figure P 13.3-11 shows a circuit and corresponding

asymptotic magnitude Bode plot. The input to this circuit shown

is the source voltage vin(t), and the response is the voltage vo(t).

The component values are R1¼ 80V, R2¼ 20V, L1¼ 0.03 H,

L2 ¼ 0.07 H, andM ¼ 0:01 H. Determine the values of K1, K2,

p, and z.

Answers: K1 ¼ 0:75, K2 ¼ 0:2, z ¼ 333 rad/s, and p ¼
1250 rad/s

| H
 (

  
 )

| , 
dB

ω

ω

20 log10 (K1)

20 log10 (K2)

z p
, rad/sec

+
–

L2

R2

L1R1

M

vo(t)vin(t)

+

–

Figure P 13.3-11

P 13.3-12 The input to the circuit shown in Figure P 13.3-12

is the source voltage vin(t), and the response is the voltage

across R3, vout(t). The component values are R1 ¼ 10 kV,C1¼
0.025mF, andC2¼ 0.05mF. Sketch the asymptotic magnitude

Bode plot for the network function.

C2C1

R3

vin(t)
vout(t)

+

–

–

+
+
–

R1

Figure P 13.3-12
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Figure P 13.3-8

650 Frequency Response

(a)  Encuentre las asíntotas de alta y de baja frecuencia del 
diagrama de Bode de magnitud.

(b)  Las asíntotas de alta y baja frecuencia comprenden el 
diagrama de Bode de magnitud. ¿Sobre qué rangos de fre-
cuencias está el diagrama de Bode de magnitud asintótica 
de H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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)?

P 13.3-10 Los médicos utilizan electrodos de tejidos para 
formar la interfase que conduce corriente al tejido objetivo del 
cuerpo humano. El electrodo de tejido se puede modelar por 
el circuito RC que se muestra en la figura P 13.3-10. El valor 
de cada elemento depende del material del electrodo y la cons-
trucción física, así como de las propiedades del tejido que se 
va a investigar. Encuentre el diagrama de Bode para Vo/Vs 5 
H(  j
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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) cuando R1 5 1 kV, C 5 1mF y la resistencia del tejido 
es Rt 5 5 kV.

+
–vs vo

+

–

R1

Rt
C

Figura P 13.3-10

P 13.3-11 La figura P 13.3-11 muestra un circuito y el corres-
pondiente diagrama de Bode de magnitud asintótica. La entra-
da a este circuito es el voltaje de fuente, vent(t), y la respuesta 
es el voltaje vo(t). Los valores de los componentes son R1 5 
80 V, R2 5 20 V, L1 5 0.03 H, L2 5 0.07 H y M 5 0.01 H. 
Determine los valores de K1, K2, p y z.

Respuestas: K1 5 0.75, K2 5 0.2, z 5 333rad/s y p 5 
1250 rad/s.

| H
 (

  
 )

| , 
dB

ω

ω

20 log10 (K1)

20 log10 (K2)

z p
, rad/sec

+
–

L2

R2

L1R1

M

vo(t)vent(t)

+

–

Figura P 13.3-11

P 13.3-12 La entrada al circuito que se muestra en la figura 
P 13.3-12 es el voltaje de la fuente, vent(t) y la respuesta es el 
voltaje vsal(t) a través de R3. Los valores de los componentes 
son R1 5 10 kV, C1 5 0.025 mF y C2 5 0.05 mF. Bosqueje 
el diagrama de Bode de magnitud asintótica para la función 
de red.

C2C1

R3

vent(t)
vsal(t)

+

–

–

+
+
–

R1

Figura P 13.3-12
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Figura P 13.3-16

P 13.3-17 El implante de caracol (cóclea) se propone para 
pacientes con deficiencia auditiva debida al mal funciona-
miento de las células sensoriales de la cóclea en el oído in-
terno (Loeb, 1985). Estos dispositivos utilizan un micrófono 
para captar sonido y un procesador para convertirlo en señales 
eléctricas, y transmiten estas señales al sistema nervioso. Un 
implante de cóclea se basa en el hecho de que muchas de las 
fibras nerviosas auditivas permanecen intactas en el paciente 
que tiene esta forma de pérdida auditiva. La transmisión desde 
el micrófono hasta las células nerviosas está representado por 
la función de ganancia
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P 13.3-13 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-13.
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Figure P 13.3-13

P 13.3-14 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-14.
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Figure P 13.3-14

P 13.3-15 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-15.
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P 13.3-16 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-16.
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P 13.3-17 The cochlear implant is intended for patients

with deafness due to malfunction of the sensory cells of the

cochlea in the inner ear (Loeb, 1985). These devices use a

microphone for picking up sound and a processor for con-

verting it to electrical signals, and they transmit these signals

to the nervous system. A cochlear implant relies on the fact

that many of the auditory nerve fibers remain intact in

patients with this form of hearing loss. The overall trans-

mission from microphone to nerve cells is represented by the

gain function

H jvð Þ ¼ 10 jv=50þ 1ð Þ
jv=2þ 1ð Þ jv=20þ 1ð Þ jv=80þ 1ð Þ

Plot the magnitude Bode diagram for H(jv) for 1 � v � 100.

P 13.3-18 An operational amplifier circuit is shown in Figure

P 13.3-18, where R2 ¼ 5 kV and C ¼ 0:02mF.

(a) Find the expression for the network function H ¼ Vo=Vs

and sketch the asymptotic Bode diagram.

(b) What is the gain of the circuit, jVo =Vsj, for v ¼ 0?

(c) At what frequency does jVo=Vsj fall to 1=
ffiffiffi
2

p
of its low-

frequency value?

Answers: (b) 20 dB and (c) 10,000 rad/s

–

+

R2

C

+

–

+
– vo

vs

500 Ω

Figure P 13.3-18

P 13.3-19 Determine the network function H(v) for the op

amp circuit shown in Figure P 13.3-19 and plot the Bode

diagram. Assume ideal op amps.

Problems 651

Trace el diagrama de Bode de magnitud para H( j
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 100.

P 13.3-18 En la figura 13.3-18 se muestra un circuito de am-
plificador operacional, en el que R2 5 5 kV y C 5 0.02 mF.

(a)  Encuentre la expresión para al función de red H 5 Vo > Vs 
y bosqueje el diagrama de Bode asintótico.

(b)  ¿Cuál es la ganancia del circuito, 0 Vo > Vs 0, para 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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(c)  ¿En qué frecuencia 0 Vo > Vs 0, cae a 1 > 
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P 13.3-13 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-13.

ω
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(rad/s logarithmic scale)
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20
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Figure P 13.3-13

P 13.3-14 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-14.
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Figure P 13.3-14

P 13.3-15 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-15.
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Figure P 13.3-15

P 13.3-16 Design a circuit that has the asymptotic magnitude

Bode plot shown in Figure P 13.3-16.

ω

34

200 500

(rad/s logarithmic scale)
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0
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 d
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ω

20
dB

decade

40
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Figure P 13.3-16

P 13.3-17 The cochlear implant is intended for patients

with deafness due to malfunction of the sensory cells of the

cochlea in the inner ear (Loeb, 1985). These devices use a

microphone for picking up sound and a processor for con-

verting it to electrical signals, and they transmit these signals

to the nervous system. A cochlear implant relies on the fact

that many of the auditory nerve fibers remain intact in

patients with this form of hearing loss. The overall trans-

mission from microphone to nerve cells is represented by the

gain function

H jvð Þ ¼ 10 jv=50þ 1ð Þ
jv=2þ 1ð Þ jv=20þ 1ð Þ jv=80þ 1ð Þ

Plot the magnitude Bode diagram for H(jv) for 1 � v � 100.

P 13.3-18 An operational amplifier circuit is shown in Figure

P 13.3-18, where R2 ¼ 5 kV and C ¼ 0:02mF.

(a) Find the expression for the network function H ¼ Vo=Vs

and sketch the asymptotic Bode diagram.

(b) What is the gain of the circuit, jVo =Vsj, for v ¼ 0?

(c) At what frequency does jVo=Vsj fall to 1=
ffiffiffi
2

p
of its low-

frequency value?

Answers: (b) 20 dB and (c) 10,000 rad/s

–

+

R2

C

+

–

+
– vo

vs

500 Ω

Figure P 13.3-18

P 13.3-19 Determine the network function H(v) for the op

amp circuit shown in Figure P 13.3-19 and plot the Bode

diagram. Assume ideal op amps.

Problems 651

 de este valor de 
frecuencia baja?

Respuestas: (b) 20 dB y (c) 10 000 rad/s

–

+

R2

C

+

–

+
– vo

vs

500 Ω

Figura P 13.3-18

P 13.3-19 Determine la función de red H(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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) para el circui-
to del amplificador operacional que se muestra en la figura  
P 13.3-19, y trace el diagrama de Bode. Suponga amplificado-
res operacionales ideales.

P 13.3-13 Diseñe un circuito que tenga el diagrama de Bode 
de magnitud asintótica que se muestra en la figura P 13.3-13.
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Figura P 13.3-13

P 13.3-14 Diseñe un circuito que tenga el diagrama de Bode 
de magnitud asintótica que se muestra en la figura P 13.3-14.
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Figura P 13.3-14

P 13.3-15 Diseñe un circuito que tenga el diagrama de Bode 
de magnitud asintótica que se muestra en la figura P 13.3-15.
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Figura P 13.3-15

P 13.3-16 Diseñe un circuito que tenga el diagrama de Bode 
de magnitud asintótica que se muestra en la figura P 13.3-16.
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	 652	 Respuesta de frecuencia
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Figura P 13.3-19

P 13.3-20 La función de red de un circuito es
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+

vo
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–

vs
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μ1   F

μ1   F

0.8 MΩ
1.25 MΩ

Figure P 13.3-19

P 13.3-20 The network function of a circuit is

H vð Þ ¼ �3 5þ jvð Þ
jv 2þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-21 The network function of a circuit is

H vð Þ ¼ jvð Þ3
4þ j2vð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-22 The network function of a circuit is

H vð Þ ¼ 2 j2vþ 5ð Þ
4þ j3vð Þ jvþ 2ð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-23 The network function of a circuit is

H vð Þ ¼ 4 20þ jvð Þ 20; 000þ jvð Þ
200þ jvð Þ 2000þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-24 The input to the circuit shown in Figure P 13.3-24a is

the voltage of the voltage source, vs. The output of the circuit is the

capacitor voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistancesR1,R2,R3, andR4 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-24b.
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P 13.3-25 The input to the circuit shown in Figure P 13.3-25a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistances R1, R2, and R3 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-25b.
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P 13.3-26 The input to the circuit shown in Figure P 13.3-26a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

(a) Determine the values of the resistances,R1 andR2, required to

cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-26b.
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Bosqueje el diagrama de Bode de magnitud asintótica que co-
rresponde a H.

P 13.3-21 La función de red de un circuito es

E1C13_1 11/25/2009 652

+

vo

+

–

vs
+
–

–

+

–

μ1   F

μ1   F

0.8 MΩ
1.25 MΩ

Figure P 13.3-19

P 13.3-20 The network function of a circuit is

H vð Þ ¼ �3 5þ jvð Þ
jv 2þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.
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H vð Þ ¼ jvð Þ3
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Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-22 The network function of a circuit is

H vð Þ ¼ 2 j2vþ 5ð Þ
4þ j3vð Þ jvþ 2ð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-23 The network function of a circuit is

H vð Þ ¼ 4 20þ jvð Þ 20; 000þ jvð Þ
200þ jvð Þ 2000þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-24 The input to the circuit shown in Figure P 13.3-24a is

the voltage of the voltage source, vs. The output of the circuit is the

capacitor voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistancesR1,R2,R3, andR4 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-24b.
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P 13.3-25 The input to the circuit shown in Figure P 13.3-25a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistances R1, R2, and R3 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-25b.
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P 13.3-26 The input to the circuit shown in Figure P 13.3-26a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

(a) Determine the values of the resistances,R1 andR2, required to

cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-26b.
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P 13.3-20 The network function of a circuit is

H vð Þ ¼ �3 5þ jvð Þ
jv 2þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-21 The network function of a circuit is

H vð Þ ¼ jvð Þ3
4þ j2vð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-22 The network function of a circuit is

H vð Þ ¼ 2 j2vþ 5ð Þ
4þ j3vð Þ jvþ 2ð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-23 The network function of a circuit is

H vð Þ ¼ 4 20þ jvð Þ 20; 000þ jvð Þ
200þ jvð Þ 2000þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-24 The input to the circuit shown in Figure P 13.3-24a is

the voltage of the voltage source, vs. The output of the circuit is the

capacitor voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistancesR1,R2,R3, andR4 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-24b.
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P 13.3-25 The input to the circuit shown in Figure P 13.3-25a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistances R1, R2, and R3 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-25b.
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P 13.3-26 The input to the circuit shown in Figure P 13.3-26a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

(a) Determine the values of the resistances,R1 andR2, required to

cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-26b.
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P 13.3-20 The network function of a circuit is

H vð Þ ¼ �3 5þ jvð Þ
jv 2þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-21 The network function of a circuit is

H vð Þ ¼ jvð Þ3
4þ j2vð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-22 The network function of a circuit is

H vð Þ ¼ 2 j2vþ 5ð Þ
4þ j3vð Þ jvþ 2ð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-23 The network function of a circuit is

H vð Þ ¼ 4 20þ jvð Þ 20; 000þ jvð Þ
200þ jvð Þ 2000þ jvð Þ

Sketch the asymptotic magnitude Bode plot corresponding toH.

P 13.3-24 The input to the circuit shown in Figure P 13.3-24a is

the voltage of the voltage source, vs. The output of the circuit is the

capacitor voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistancesR1,R2,R3, andR4 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-24b.
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P 13.3-25 The input to the circuit shown in Figure P 13.3-25a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of the resistances R1, R2, and R3 required

to cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-25b.
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P 13.3-26 The input to the circuit shown in Figure P 13.3-26a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

(a) Determine the values of the resistances,R1 andR2, required to

cause the network function of the circuit to correspond to the

asymptotic Bode plot shown in Figure P 13.3-26b.

652 Frequency Response

Bosqueje el diagrama de Bode de magnitud asintótica que co-
rresponde a H.

P 13.3-24 La entrada al circuito que se muestra en la figura 
P 13.3-24a es el voltaje de la fuente de voltaje, vf. La salida 
del circuito es el voltaje, vo, del condensador. La función de 
red del circuito es
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v
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Determine the values of the capacitance, C, and the pole, p.
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P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.
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P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.
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P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv
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Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.
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P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼
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P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine los valores de las resistencias R1, R2, R3 y R4 reque-
ridas para hacer que la función de red del circuito corresponda 
con el diagrama de Bode asintótico en la figura P 13.3-24b.
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P 13.3-25 La entrada al circuito que se muestra en la figura 
P 13.3-25a es el voltaje de la fuente de voltaje, vs. La salida 
del circuito es el voltaje, vo. La función de red del circuito es
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Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is
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P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k
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v
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Determine expressions that relate the network function
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and N2.
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P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv
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p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.
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P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv
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v

p1
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Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.
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P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be
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P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine los valores de las resistencias R1, R2 y R3 requeri-
das para hacer que la función de red del circuito corresponda 
con el diagrama de Bode asintótico en la figura P 13.3-25b.
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P 13.3-26 La entrada al circuito que se muestra en la figura 
P 13.3-26a es el voltaje de la fuente de voltaje, vs. La salida 
del circuito es el voltaje, vo. La función de red del circuito es
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to produce a phase shift ¼ �120�.
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P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is
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and N2.
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P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k
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Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.
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P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv
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v
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Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.
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P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼
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P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

(a)  Determine los valores de las resistencias R1, R2, R3 y R4 
requeridos para hacer que la función de red del circuito 
corresponda con el diagrama de Bode asintótico en la fi-
gura P 13.3-26b.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 Problemas 653

P 13.3-28 La entrada al circuito que se muestra en la figura 
P 13.3-28a es la corriente de la fuente de corriente, is. La salida 
del circuito es la corriente, io, del condensador. La función de 
red del circuito es

E1C13_1 11/25/2009 653

(b) Determine the values of the gains K1 and K2 in Figure

P 13.3-26b.

ω
20

(rad/s logarithmic scale)

2
0

 lo
g 1

0
|H

( 
  

)| 
(d

B
)

ω −20
dB

decade

500

(b)

K1

K2

+
–

–

+

vo

+

–

vs

1 μF
R2

R1

(a)

Figure P 13.3-26

P 13.3-27 The input to the circuit shown in Figure P 13.3-27a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of R, C, R1, and R2 required to cause the

network function of the circuit to correspond to the asymptotic

Bode plot shown in Figure P 13.3-27b.

ω
250

(rad/s logarithmic scale)

2
0

 lo
g 1

0
|H

( 
  
)| 

(d
B

)
ω

−20
dB

decade
−12

(b)

(a)

+
–

ia

+

–
Ria vo

+

–

vs

R2R1

C

Figure P 13.3-27

P 13.3-28 The input to the circuit shown in Figure P 13.3-28a

is the current of the current source, is. The output of the circuit

is the current io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ

Determine the values of G, C, R1, and R2 required to cause the

network function of the circuit to correspond to the asymptotic

Bode plot shown in Figure P 13.3-28b.

ω
200

(rad/s logarithmic scale)

2
0

 lo
g 1

0
|H

( 
  

)| 
(d

B
)

ω

−20
dB

decade−6

(b)

(a)

io
Gva

va

+

–

is R1 R2C

Figure P 13.3-28

P 13.3-29 A first-order circuit is shown in Figure P 13.3-29.

Determine the ratio Vo=Vs and sketch the Bode diagram when

RC ¼ 0.1 and R1=R2 ¼ 3.

Answer: H ¼ 1þ R1

R2

� �
1

1þ jv RC

R
+

vo

R1

vs
+
–

–

+

R2

C
–

Figure P 13.3-29

P 13.3-30 (a) Draw the Bode diagram of the network func-

tion Vo =Vs for the circuit of Figure P 13.3-30. (b) Determine

vo(t) when vs ¼ 10 cos 20t V.

Answer: (b) vo ¼ 4.18 cos (20t � 24.3�) V

+
–

4 Ω

30 mF

+

vo

–

vs
2 Ω

Figure P 13.3-30

Problems 653

Determine los valores de G, C, R1 y R2, requeridos para hacer 
que la función de red del circuito corresponda con el diagrama 
de Bode asintótico que se muestra en la figura P 13.3-28b.

ω
200

(rad/s escala logarítmica)

2
0

 lo
g 1

0
|H

( 
  

)| 
(d

B
)

ω

−20
dB

década−6

(b)

(a)

is
Gva

va

+

–

is R1 R2C

Figura P 13.3-28

P 13.3-29 En la figura P 13.3-29 se muestra un circuito de 
primer orden. Determine la razón Vo > Vs y bosqueje el diagra-
ma de Bode cuando RC 5 0.1 y R1 > R2 5 3.

Respuesta: 
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(b) Determine the values of the gains K1 and K2 in Figure

P 13.3-26b.
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(rad/s logarithmic scale)
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R1

(a)

Figure P 13.3-26

P 13.3-27 The input to the circuit shown in Figure P 13.3-27a

is the voltage of the voltage source, vs. The output of the circuit

is the voltage, vo. The network function of the circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ

Determine the values of R, C, R1, and R2 required to cause the

network function of the circuit to correspond to the asymptotic

Bode plot shown in Figure P 13.3-27b.

ω
250

(rad/s logarithmic scale)

2
0

 lo
g 1

0
|H

( 
  
)| 

(d
B

)
ω

−20
dB

decade
−12

(b)

(a)

+
–

ia

+

–
Ria vo

+

–

vs

R2R1

C

Figure P 13.3-27

P 13.3-28 The input to the circuit shown in Figure P 13.3-28a

is the current of the current source, is. The output of the circuit

is the current io. The network function of the circuit is

H vð Þ ¼ Io vð Þ
Is vð Þ

Determine the values of G, C, R1, and R2 required to cause the

network function of the circuit to correspond to the asymptotic

Bode plot shown in Figure P 13.3-28b.

ω
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(rad/s logarithmic scale)
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ω
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is R1 R2C

Figure P 13.3-28

P 13.3-29 A first-order circuit is shown in Figure P 13.3-29.

Determine the ratio Vo=Vs and sketch the Bode diagram when

RC ¼ 0.1 and R1=R2 ¼ 3.

Answer: H ¼ 1þ R1

R2

� �
1

1þ jv RC

R
+

vo

R1

vs
+
–

–

+

R2

C
–

Figure P 13.3-29

P 13.3-30 (a) Draw the Bode diagram of the network func-

tion Vo =Vs for the circuit of Figure P 13.3-30. (b) Determine

vo(t) when vs ¼ 10 cos 20t V.

Answer: (b) vo ¼ 4.18 cos (20t � 24.3�) V

+
–

4 Ω

30 mF

+

vo

–

vs
2 Ω

Figure P 13.3-30

Problems 653

R
+

vo

R1

vs
+
–

–

+

R2

C –

Figura P 13.3-29

P 13.3-30 (a) Dibuje el diagrama de Bode de la función de 
red Vo > Vs para el circuito de la figura P 13.3-30. (b) Determi-
ne vo(t) cuando vs 5 10 cos 20t V. 

Respuesta: (b) vo(t) 5 4.18 cos 120t 2 24.3°2 V

+
–

4 Ω

30 mF

+

vo

–

vs
2 Ω

Figura P 13.3-30

(b)  Determine los valores de las ganancias K1 y K2 en la figura 
P 13.3-26b.

ω
20

(rad/s escala logarítmica)

2
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0
|H
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)| 
(d

B
)

ω −20
dB
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(b)

K1

K2

+
–
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+

vo

+

–

vs

1 µF
R2

R1

(a)

Figura P 13.3-26

P 13.3-27 La entrada al circuito que se muestra en la figura 
P 13.3-27a es el voltaje de la fuente de voltaje, vs. La salida 
del circuito es el voltaje, vo. La función de red del circuito es

E1C13_1 11/25/2009 646

Answers: (b) C ¼ 0:26mF (e) This circuit can’t be designed

to produce a phase shift ¼ �120�.

P 13.2-15 The input to the circuit in Figure P 13.2-15 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

�0:1ð Þjv
1þ j

v

p

� �
1þ j

v

125

� �

Determine the values of the capacitance, C, and the pole, p.

20 kΩ
8 kΩ

5 μF

+

vo(t)vi(t)

C

–

+
–

–

+

Figure P 13.2-15

P 13.2-16 The input to the circuit in Figure P 13.2-16 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Determine expressions that relate the network function

parameters k, z, and p to the circuit parameters R1, R2, L, N1,

and N2.

N1:N2

Ideal

+
–

L

R2

R1

+

–

i1(t) i2(t) vo(t)vs(t)

Figure P 13.2-16

P 13.2-17 The input to the circuit in Figure P 13.2-17 is the

voltage of the voltage source, vs(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼ k

jv

1þ j
v

p

Determine expressions that relate the network function pa-

rameters k and p to the circuit parameters R1,R2,M, L1, and L2.

+
– R2

R1

+

–

i1(t) i2(t) vo(t)vs(t) L1 L2

M

Figure P 13.2-17

P 13.2-18 The input to the circuit in Figure P 13.2-18 is the

voltage of the voltage source, vi(t). The output is the voltage

vo(t). The network function of this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

jv

1þ j
v

p1

� �
1þ j

v

p2

� �

Determine expressions that relate the network function pa-

rameters k, p1, and p2 to the circuit parameters R1, R2, R3, R4,

A, C, and L.

+
–

+

–
Av2(t) vo(t)

+

–

+

–

R3

R4 Lvi(t) v2(t)

R1

R2C

Figure P 13.2-18

P 13.2-19 The input to the circuit shown in Figure P 13.2-19

is the voltage of the voltage source, vs. The output of the circuit

is the capacitor voltage, vo. Determine the values of the

resistances R1, R2, R3, and R4 required to cause the network

function of the circuit to be

H vð Þ ¼ Vo vð Þ
Vs vð Þ ¼

21

1þ j
v

5

� �
1þ j

v

200

� �

+
–

–

+

vo

+

–

vs

R2 R3

R1
R4

va

+

–

vb

+

–

1 μF 1 μF

Figure P 13.2-19

P 13.2-20 The input to the circuit shown in Figure P 13.2-20

is the voltage of the voltage source, vs. The output of the circuit

is the voltage vo. Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit.

646 Frequency Response

Determine los valores de R, C, R1 y R2 requeridos para hacer 
que la función de red del circuito corresponda al diagrama de 
Bode asintótico en la figura P 13.3-24b.

ω
250

(rad/s escala logarítmica)

2
0
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0
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)| 

(d
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)
ω

−20
dB
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(b)

(a)

+
–

ia

+
–

Ria vo

+

–

vs

R2R1

C

Figura P 13.3-27

M13_DORF_1571_8ED_SE_594-659.indd   653 4/12/11   9:09 PM



Alfaomega Circuitos Eléctricos - Dorf

	 654	 Respuesta de frecuencia

P 13.3-31 Dibuje el diagrama de Bode de magnitud asintó-
tica para

E1C13_1 11/25/2009 654

P 13.3-31 Draw the asymptotic magnitude Bode diagram for

H vð Þ ¼ 10 1þ jvð Þ
jv 1þ j0:5vð Þð1þ j0:6 v=50ð Þ þ ðjv=50Þ2Þ

Hint: At v ¼ 0:1 rad/s, the value of the gain is 40 dB and the

slope of the asymptotic Bode plot is�20 dB/decade. There is a

zero at 1 rad/s, a pole at 2 rad/s, and a second-order pole at 50

rad/s. The slope of the asymptotic magnitude Bode diagram

increases by 20 dB/decade as the frequency increases past the

zero, decreases by 20 dB/decade as the frequency increases past

thepole,and,finally,decreasesby40dB/decadeasthefrequency

increases past the second-order pole.

Section 13.4 Resonant Circuits

P 13.4-1 For a parallelRLC circuit withR ¼ 10 kV, L¼ 1=120
H, and C¼ 1/30 mF, find v0, Q, v1, v2, and the bandwidth BW.

Answers: v0 ¼ 60 krad/s, Q ¼ 20, v1 ¼ 58:519 krad/s, v2 ¼
61:519 krad/s, and BW ¼ 3 krad/s

P 13.4-2 A parallel resonant RLC circuit is driven by a current

source is¼ 20 cos vtmA and shows a maximum response of 8 V

at v ¼ 1000 rad/s and 4 V at 897.6 rad/s. Find R, L, and C.

Answers: R ¼ 400V, L ¼ 50 mH, and C ¼ 20mF

P 13.4-3 A series resonant RLC circuit has L ¼ 10 mH,

C ¼ 0:01mF, and R ¼ 100V. Determine v0, Q, and BW.

Answers: v0 ¼ 105, Q ¼ 10, and BW ¼ 104

P 13.4-4 A quartz crystal exhibits the property that when

mechanical stress is applied across its faces, a potential difference

develops across opposite faces. When an alternating voltage is

applied, mechanical vibrations occur and electromechanical res-

onance is exhibited. A crystal can be represented by a series RLC

circuit. A specific crystal has a model with L ¼ 1 mH, C ¼
10mF, and R ¼ 1V. Find v0, Q, and the bandwidth.

Answers: v0 ¼ 104 rad/s, Q ¼ 10, and BW ¼ 103 rad/s

P 13.4-5 Design a parallel resonant circuit to have v0 ¼
2500 rad/s, Z(v0) ¼ 100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 8 mH, and C ¼ 20 mF

P 13.4-6 Design a series resonant circuit to have v0 ¼
2500 rad/s, Y(v0) ¼ 1=100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 0:2 H, and C ¼ 0:8mF

P 13.4-7 The circuit shown in Figure P 13.4-7 represents a

capacitor, coil, and resistor in parallel. Calculate the resonant

frequency, bandwidth, and Q for the circuit.

Coil
resistance

μ10   H

600 pF 22 kΩ
1.8 Ω

a

b

Figure P 13.4-7

P 13.4-8 Consider the simple model of an electric power

system as shown in Figure P 13.4-8. The inductance,

L ¼ 0:25 H, represents the power line and transformer. The

customer’s load is RL ¼ 100 V, and the customer adds C ¼
25mF to increase the magnitude ofVo. The source is vs¼ 1000

cos 400t V, and it is desired that jVoj also be 1000 V.

(a) Find jV0j for RL ¼ 100 V.

(b) When the customer leaves for the night, he turns off much

of his load, making RL ¼ 1 kV, at which point, sparks and

smoke begin to appear in the equipment still connected to

the power line. The customer calls you in as a consultant.

Why did the sparks appear when RL ¼ 1 kV?

+
– vovs C

L

RL

+

 –

Customer
load

Power line

Power
plant

Figure P 13.4-8 Model of an electric power system.

P 13.4-9 Consider the circuit in Figure P 13.4-9. R1 ¼ R2 ¼
1 V. Select C and L to obtain a resonant frequency of

v0 ¼ 100 rad/s.

C

a

b R1

L

R2

Figure P 13.4-9

P 13.4-10 For the circuit shown in Figure P 13.4-10, (a)

derive an expression for themagnitude response jZinj versusv,
(b) sketch jZinj versus v, and (c) find jZinj at v ¼ 1=

ffiffiffiffiffiffiffi
LC

p
.

L

R

C

Zin

Figure P 13.4-10

P 13.4-11 The circuit shown in Figure P 13.4-11 shows an

experimental setup that could be used to measure the parame-

ters k, Q, and v0 of this series resonant circuit. These parame-

ters can be determined from a magnitude frequency response

plot for Y ¼ I=V. It is more convenient to measure node

voltages than currents, so the node voltages V and V2 have

been measured. Express jYj as a function of V and V2.

Hint: Let V ¼ A and V2 ¼ Bffu.
Then I ¼ A� B cos uð Þ � jB sin u

R

654 Frequency Response
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 0.1 rad/s, el valor de la ganancia es de 
40 dB y la pendiente del diagrama de Bode asintótico es 220 
dB/década. Hay un cero en 1 rad/s, un polo en 2 rad/s, y un 
polo de segundo orden en 50 rad/s. La pendiente del diagra-
ma de Bode de magnitud asintótica se incrementa 20 dB/
década conforme se incrementa la frecuencia pasado el cero 
y, finalmente, disminuye 40 dB/década al incrementarse la 
frecuencia pasado el polo de segundo orden.

Sección 13.4 Circuitos resonantes
P 13.4-1 Para un circuito RLC en paralelo con R 5 10 kV, 
L 5 1/120 H y C 5 1/30 mF, encuentre 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 1 000 rad/s y 4 V a 897.6 rad/s. 
Encuentre R, L y C.
Respuestas: R 5 400 V, 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

1, L 5 50 mH y C 5 20 mF
P 13.4-3 Un circuito RC resonante en serie tiene L 5 10 mH, 
C 5 0.01 mF y R 5 100 V. Determine 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0, Q y BW.
Respuestas: 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0 5 105, Q 5 10 y BW 5 104.
P 13.4-4 Un cristal de cuarzo tiene la propiedad de que cuan-
do se aplica presión a su caras, desarrolla una diferencia po-
tencial a través de las facetas opuestas. Cuando se aplica un 
voltaje alternante ocurren vibraciones mecánicas y se presenta 
una resonancia electromecánica. Un cristal se puede represen-
tar por un circuito RLC en serie. Un cristal específico tiene un 
modelo con L 5 1 mH, C 5 10 mF y R = 1 V. Encuentre 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0, 
Q y el ancho de banda.
Respuestas: 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0, 5 104 rad/s, Q, 5 10 y BW 5 103 rad/s
P 13.4-5 Diseñe un circuito resonante en paralelo para tener 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0 5 2 500 rad/s, Z(
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0) 5 100 V y AB 5 500 rad/s.
Respuestas: R 5 100 V, L 5 8 mH y C 5 20 mF
P 13.4-6 Diseñe un circuito resonante en serie que tenga 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

) 5 1/100 V y BW 5 500 rads.
Respuestas: R 5 100 V, L 5 0.2 H y C 5 0.8 mF.
P 13.4-7 El circuito que se muestra en la figura 13.4-7 repre-
senta un condensador, bobina y un resistor en paralelo. Calcule 
la frecuencia resonante. El ancho de banda y Q para el circuito.

Resistencia
de bobina

µ10   H

600 pF 22 kΩ
1.8 Ω

a

b

Figura P 13.4-7

P 13.4-8 Considere el modelo sencillo de un sistema de 
energía eléctrica como se muestra en la figura P 13.4-8. La 
inductancia, L 5 0.25 H, representa la línea de potencia y el 
transformador. La carga del cliente es RL 5 100 V, y el clien-
te suma C 5 25 mF para incrementar la magnitud de Vo. La 
fuente es vs 5 1 000 cos 400t V, y se desea que | Vf 0 también 
sea de 1 000 V.

(a) Encuentre | Vo 0 para RL 5 100 V.
(b)  Cuando el cliente sale por la noche, desconecta mucha de su 

carga, haciendo que RL 5 1 kV, en cuyo punto, empiezan a 
aparecer chispas y humo en el equipo que aún queda conec-
tado a la línea de potencia. El cliente le llama para consultar-
le. ¿Por qué aparecieron las chispas cuando RL 5 1 kV?

+
– vovs C

L

RL

+

 –

Carga
del cliente

Línea de potencia

Planta de
potencia

FIGURA P 13.4-8 Modelo de un sistema de energía eléctrica.

P 13.4-9 Considere el circuito en la figura P 13.4-9. R1 5 R2 5 
1 V. Seleccione C y L para obtener una frecuencia resonante 
de 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

0 5 100 rad/s.

C

a

b R1

L

R2

Figura P 13.4-9

P 13.4-10 Para el circuito que se muestra en la figura P 13.4-10, 
(a) derive una expresión para la respuesta de magnitud | Zent 0 
versus 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

; (b) bosqueje | Zent 0 versus 

E1C07_1 10/30/2009 294

In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 1>

E1C13_1 11/25/2009 654

P 13.3-31 Draw the asymptotic magnitude Bode diagram for

H vð Þ ¼ 10 1þ jvð Þ
jv 1þ j0:5vð Þð1þ j0:6 v=50ð Þ þ ðjv=50Þ2Þ

Hint: At v ¼ 0:1 rad/s, the value of the gain is 40 dB and the

slope of the asymptotic Bode plot is�20 dB/decade. There is a

zero at 1 rad/s, a pole at 2 rad/s, and a second-order pole at 50

rad/s. The slope of the asymptotic magnitude Bode diagram

increases by 20 dB/decade as the frequency increases past the

zero, decreases by 20 dB/decade as the frequency increases past

thepole,and,finally,decreasesby40dB/decadeasthefrequency

increases past the second-order pole.

Section 13.4 Resonant Circuits

P 13.4-1 For a parallelRLC circuit withR ¼ 10 kV, L¼ 1=120
H, and C¼ 1/30 mF, find v0, Q, v1, v2, and the bandwidth BW.

Answers: v0 ¼ 60 krad/s, Q ¼ 20, v1 ¼ 58:519 krad/s, v2 ¼
61:519 krad/s, and BW ¼ 3 krad/s

P 13.4-2 A parallel resonant RLC circuit is driven by a current

source is¼ 20 cos vtmA and shows a maximum response of 8 V

at v ¼ 1000 rad/s and 4 V at 897.6 rad/s. Find R, L, and C.

Answers: R ¼ 400V, L ¼ 50 mH, and C ¼ 20mF

P 13.4-3 A series resonant RLC circuit has L ¼ 10 mH,

C ¼ 0:01mF, and R ¼ 100V. Determine v0, Q, and BW.

Answers: v0 ¼ 105, Q ¼ 10, and BW ¼ 104

P 13.4-4 A quartz crystal exhibits the property that when

mechanical stress is applied across its faces, a potential difference

develops across opposite faces. When an alternating voltage is

applied, mechanical vibrations occur and electromechanical res-

onance is exhibited. A crystal can be represented by a series RLC

circuit. A specific crystal has a model with L ¼ 1 mH, C ¼
10mF, and R ¼ 1V. Find v0, Q, and the bandwidth.

Answers: v0 ¼ 104 rad/s, Q ¼ 10, and BW ¼ 103 rad/s

P 13.4-5 Design a parallel resonant circuit to have v0 ¼
2500 rad/s, Z(v0) ¼ 100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 8 mH, and C ¼ 20 mF

P 13.4-6 Design a series resonant circuit to have v0 ¼
2500 rad/s, Y(v0) ¼ 1=100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 0:2 H, and C ¼ 0:8mF

P 13.4-7 The circuit shown in Figure P 13.4-7 represents a

capacitor, coil, and resistor in parallel. Calculate the resonant

frequency, bandwidth, and Q for the circuit.

Coil
resistance

μ10   H

600 pF 22 kΩ
1.8 Ω

a

b

Figure P 13.4-7

P 13.4-8 Consider the simple model of an electric power

system as shown in Figure P 13.4-8. The inductance,

L ¼ 0:25 H, represents the power line and transformer. The

customer’s load is RL ¼ 100 V, and the customer adds C ¼
25mF to increase the magnitude ofVo. The source is vs¼ 1000

cos 400t V, and it is desired that jVoj also be 1000 V.

(a) Find jV0j for RL ¼ 100 V.

(b) When the customer leaves for the night, he turns off much

of his load, making RL ¼ 1 kV, at which point, sparks and

smoke begin to appear in the equipment still connected to

the power line. The customer calls you in as a consultant.

Why did the sparks appear when RL ¼ 1 kV?

+
– vovs C

L

RL

+

 –

Customer
load

Power line

Power
plant

Figure P 13.4-8 Model of an electric power system.

P 13.4-9 Consider the circuit in Figure P 13.4-9. R1 ¼ R2 ¼
1 V. Select C and L to obtain a resonant frequency of

v0 ¼ 100 rad/s.

C

a

b R1

L

R2

Figure P 13.4-9

P 13.4-10 For the circuit shown in Figure P 13.4-10, (a)

derive an expression for themagnitude response jZinj versusv,
(b) sketch jZinj versus v, and (c) find jZinj at v ¼ 1=

ffiffiffiffiffiffiffi
LC

p
.

L

R

C

Zin

Figure P 13.4-10

P 13.4-11 The circuit shown in Figure P 13.4-11 shows an

experimental setup that could be used to measure the parame-

ters k, Q, and v0 of this series resonant circuit. These parame-

ters can be determined from a magnitude frequency response

plot for Y ¼ I=V. It is more convenient to measure node

voltages than currents, so the node voltages V and V2 have

been measured. Express jYj as a function of V and V2.

Hint: Let V ¼ A and V2 ¼ Bffu.
Then I ¼ A� B cos uð Þ � jB sin u

R
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Figura P 13.4-10

P 13.4-11 El circuito que se muestra en la figura P 13.4-11 
muestra un arreglo experimental que se podría utilizar para 
medir los parámetros k, Q y 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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0 de este circuito resonante en se-
rie. Estos parámetros se pueden determinar desde un diagrama 
de respuesta de frecuencia de magnitud para Y 5 I > V. Es más 
conveniente medir los voltajes de nodo que las corrientes, por 
lo que se han medido los voltajes de nodo V y V2. Exprese | Y 0 
como una función de V y V2.
Sugerencia: Sea V 5 A y V2 5 B 
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P 13.3-31 Draw the asymptotic magnitude Bode diagram for

H vð Þ ¼ 10 1þ jvð Þ
jv 1þ j0:5vð Þð1þ j0:6 v=50ð Þ þ ðjv=50Þ2Þ

Hint: At v ¼ 0:1 rad/s, the value of the gain is 40 dB and the

slope of the asymptotic Bode plot is�20 dB/decade. There is a

zero at 1 rad/s, a pole at 2 rad/s, and a second-order pole at 50

rad/s. The slope of the asymptotic magnitude Bode diagram

increases by 20 dB/decade as the frequency increases past the

zero, decreases by 20 dB/decade as the frequency increases past

thepole,and,finally,decreasesby40dB/decadeasthefrequency

increases past the second-order pole.

Section 13.4 Resonant Circuits

P 13.4-1 For a parallelRLC circuit withR ¼ 10 kV, L¼ 1=120
H, and C¼ 1/30 mF, find v0, Q, v1, v2, and the bandwidth BW.

Answers: v0 ¼ 60 krad/s, Q ¼ 20, v1 ¼ 58:519 krad/s, v2 ¼
61:519 krad/s, and BW ¼ 3 krad/s

P 13.4-2 A parallel resonant RLC circuit is driven by a current

source is¼ 20 cos vtmA and shows a maximum response of 8 V

at v ¼ 1000 rad/s and 4 V at 897.6 rad/s. Find R, L, and C.

Answers: R ¼ 400V, L ¼ 50 mH, and C ¼ 20mF

P 13.4-3 A series resonant RLC circuit has L ¼ 10 mH,

C ¼ 0:01mF, and R ¼ 100V. Determine v0, Q, and BW.

Answers: v0 ¼ 105, Q ¼ 10, and BW ¼ 104

P 13.4-4 A quartz crystal exhibits the property that when

mechanical stress is applied across its faces, a potential difference

develops across opposite faces. When an alternating voltage is

applied, mechanical vibrations occur and electromechanical res-

onance is exhibited. A crystal can be represented by a series RLC

circuit. A specific crystal has a model with L ¼ 1 mH, C ¼
10mF, and R ¼ 1V. Find v0, Q, and the bandwidth.

Answers: v0 ¼ 104 rad/s, Q ¼ 10, and BW ¼ 103 rad/s

P 13.4-5 Design a parallel resonant circuit to have v0 ¼
2500 rad/s, Z(v0) ¼ 100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 8 mH, and C ¼ 20 mF

P 13.4-6 Design a series resonant circuit to have v0 ¼
2500 rad/s, Y(v0) ¼ 1=100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 0:2 H, and C ¼ 0:8mF

P 13.4-7 The circuit shown in Figure P 13.4-7 represents a

capacitor, coil, and resistor in parallel. Calculate the resonant

frequency, bandwidth, and Q for the circuit.

Coil
resistance

μ10   H

600 pF 22 kΩ
1.8 Ω

a

b

Figure P 13.4-7

P 13.4-8 Consider the simple model of an electric power

system as shown in Figure P 13.4-8. The inductance,

L ¼ 0:25 H, represents the power line and transformer. The

customer’s load is RL ¼ 100 V, and the customer adds C ¼
25mF to increase the magnitude ofVo. The source is vs¼ 1000

cos 400t V, and it is desired that jVoj also be 1000 V.

(a) Find jV0j for RL ¼ 100 V.

(b) When the customer leaves for the night, he turns off much

of his load, making RL ¼ 1 kV, at which point, sparks and

smoke begin to appear in the equipment still connected to

the power line. The customer calls you in as a consultant.

Why did the sparks appear when RL ¼ 1 kV?

+
– vovs C

L

RL

+

 –

Customer
load

Power line

Power
plant

Figure P 13.4-8 Model of an electric power system.

P 13.4-9 Consider the circuit in Figure P 13.4-9. R1 ¼ R2 ¼
1 V. Select C and L to obtain a resonant frequency of

v0 ¼ 100 rad/s.

C

a

b R1

L

R2

Figure P 13.4-9

P 13.4-10 For the circuit shown in Figure P 13.4-10, (a)

derive an expression for themagnitude response jZinj versusv,
(b) sketch jZinj versus v, and (c) find jZinj at v ¼ 1=

ffiffiffiffiffiffiffi
LC

p
.

L

R

C

Zin

Figure P 13.4-10

P 13.4-11 The circuit shown in Figure P 13.4-11 shows an

experimental setup that could be used to measure the parame-

ters k, Q, and v0 of this series resonant circuit. These parame-

ters can be determined from a magnitude frequency response

plot for Y ¼ I=V. It is more convenient to measure node

voltages than currents, so the node voltages V and V2 have

been measured. Express jYj as a function of V and V2.

Hint: Let V ¼ A and V2 ¼ Bffu.
Then I ¼ A� B cos uð Þ � jB sin u

R
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P 13.3-31 Draw the asymptotic magnitude Bode diagram for

H vð Þ ¼ 10 1þ jvð Þ
jv 1þ j0:5vð Þð1þ j0:6 v=50ð Þ þ ðjv=50Þ2Þ

Hint: At v ¼ 0:1 rad/s, the value of the gain is 40 dB and the

slope of the asymptotic Bode plot is�20 dB/decade. There is a

zero at 1 rad/s, a pole at 2 rad/s, and a second-order pole at 50

rad/s. The slope of the asymptotic magnitude Bode diagram

increases by 20 dB/decade as the frequency increases past the

zero, decreases by 20 dB/decade as the frequency increases past

thepole,and,finally,decreasesby40dB/decadeasthefrequency

increases past the second-order pole.

Section 13.4 Resonant Circuits

P 13.4-1 For a parallelRLC circuit withR ¼ 10 kV, L¼ 1=120
H, and C¼ 1/30 mF, find v0, Q, v1, v2, and the bandwidth BW.

Answers: v0 ¼ 60 krad/s, Q ¼ 20, v1 ¼ 58:519 krad/s, v2 ¼
61:519 krad/s, and BW ¼ 3 krad/s

P 13.4-2 A parallel resonant RLC circuit is driven by a current

source is¼ 20 cos vtmA and shows a maximum response of 8 V

at v ¼ 1000 rad/s and 4 V at 897.6 rad/s. Find R, L, and C.

Answers: R ¼ 400V, L ¼ 50 mH, and C ¼ 20mF

P 13.4-3 A series resonant RLC circuit has L ¼ 10 mH,

C ¼ 0:01mF, and R ¼ 100V. Determine v0, Q, and BW.

Answers: v0 ¼ 105, Q ¼ 10, and BW ¼ 104

P 13.4-4 A quartz crystal exhibits the property that when

mechanical stress is applied across its faces, a potential difference

develops across opposite faces. When an alternating voltage is

applied, mechanical vibrations occur and electromechanical res-

onance is exhibited. A crystal can be represented by a series RLC

circuit. A specific crystal has a model with L ¼ 1 mH, C ¼
10mF, and R ¼ 1V. Find v0, Q, and the bandwidth.

Answers: v0 ¼ 104 rad/s, Q ¼ 10, and BW ¼ 103 rad/s

P 13.4-5 Design a parallel resonant circuit to have v0 ¼
2500 rad/s, Z(v0) ¼ 100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 8 mH, and C ¼ 20 mF

P 13.4-6 Design a series resonant circuit to have v0 ¼
2500 rad/s, Y(v0) ¼ 1=100 V, and BW ¼ 500 rad/s.

Answers: R ¼ 100V, L ¼ 0:2 H, and C ¼ 0:8mF

P 13.4-7 The circuit shown in Figure P 13.4-7 represents a

capacitor, coil, and resistor in parallel. Calculate the resonant

frequency, bandwidth, and Q for the circuit.

Coil
resistance

μ10   H

600 pF 22 kΩ
1.8 Ω

a

b

Figure P 13.4-7

P 13.4-8 Consider the simple model of an electric power

system as shown in Figure P 13.4-8. The inductance,

L ¼ 0:25 H, represents the power line and transformer. The

customer’s load is RL ¼ 100 V, and the customer adds C ¼
25mF to increase the magnitude ofVo. The source is vs¼ 1000

cos 400t V, and it is desired that jVoj also be 1000 V.

(a) Find jV0j for RL ¼ 100 V.

(b) When the customer leaves for the night, he turns off much

of his load, making RL ¼ 1 kV, at which point, sparks and

smoke begin to appear in the equipment still connected to

the power line. The customer calls you in as a consultant.

Why did the sparks appear when RL ¼ 1 kV?

+
– vovs C

L

RL

+

 –

Customer
load

Power line

Power
plant

Figure P 13.4-8 Model of an electric power system.

P 13.4-9 Consider the circuit in Figure P 13.4-9. R1 ¼ R2 ¼
1 V. Select C and L to obtain a resonant frequency of

v0 ¼ 100 rad/s.

C

a

b R1

L

R2

Figure P 13.4-9

P 13.4-10 For the circuit shown in Figure P 13.4-10, (a)

derive an expression for themagnitude response jZinj versusv,
(b) sketch jZinj versus v, and (c) find jZinj at v ¼ 1=

ffiffiffiffiffiffiffi
LC

p
.

L

R

C

Zin

Figure P 13.4-10

P 13.4-11 The circuit shown in Figure P 13.4-11 shows an

experimental setup that could be used to measure the parame-

ters k, Q, and v0 of this series resonant circuit. These parame-

ters can be determined from a magnitude frequency response

plot for Y ¼ I=V. It is more convenient to measure node

voltages than currents, so the node voltages V and V2 have

been measured. Express jYj as a function of V and V2.

Hint: Let V ¼ A and V2 ¼ Bffu.
Then I ¼ A� B cos uð Þ � jB sin u

R

654 Frequency Response

sen

M13_DORF_1571_8ED_SE_594-659.indd   654 4/12/11   9:13 PM



Circuitos Eléctricos - Dorf Alfaomega

 Problemas 655

+
– vo

+

–

vs

20 Ω

25 Ω

40 Ω

25 mF

0.2 H

Figura P 13.6-3

Sección 13.9 ¿Cómo lo podemos comprobar...?

P 13.9-1 El análisis de circuitos contenido en un reporte de 
laboratorio indica que la función de red de un circuito es
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Answer: jYj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A� B cos uð Þ2 þ B sin uð Þ2

q

AR

Oscilloscope

+
–

i
v C

LR
v2

+

–

Figure P 13.4-11

Section 13.6 Plotting Bode Plots Using MATLAB

P 13.6-1 The input to the circuit shown in Figure P 13.6-1 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω

vo+ –+
– vs

0.5 H
1 mF

Figure P 13.6-1

P 13.6-2 The input to the circuit shown in Figure P 13.6-2 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω

+
–

vs

0.5 H
1 mF vo

+

–

Figure P 13.6-2

P 13.6-3 The input to the circuit shown in Figure P 13.6-3 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

+
–

vo

+

–

vs

20 Ω

25 Ω

40 Ω

25 mF

0.2 H

Figure P 13.6-3

Section 13.9 How CanWe Check . . . ?

P 13.9-1 Circuit analysis contained in a lab report indicates

that the network function of a circuit is

H vð Þ ¼
1þ j

v

630

10 1þ j
v

6300

� �

This lab report contains the following frequency response

data from measurements made on the circuit. Do these data

seem reasonable?

v, rad/s 200 400 795 1585 3162

jH(v)j 0.105 0.12 0.16 0.26 0.460

v, rad/s 6310 12,600 25,100 50,000 100,000

jH(v)j 0.71 1.0 1.0 1.0 1.0

P 13.9-2 A parallel resonant circuit (see Figure 13.4-2) has

Q ¼ 70 and a resonant frequency v0 ¼ 10; 000 rad/s. A report

states that the bandwidth of this circuit is 71.43 rad/s. Verify

this result.

P 13.9-3 A series resonant circuit (see Figure P 13.4-4) has

L ¼ 1 mH, C ¼ 10mF, and R ¼ 0:5V. A software program

report states that the resonant frequency is f0 ¼ 1.59 kHz and

the bandwidth is BW ¼ 79.6 Hz. Are these results correct?

P 13.9-4 An old lab report contains the approximate Bode

plot shown in Figure P 13.8-4 and concludes that the network

function is

H vð Þ ¼
40 1þ j

v

200

� �

1þ j
v

800

� �

Do you agree?

| H
 (

  
 )

| , 
dB

ω

ω

32

20

200 800
, rad/sec

log scale  

Figure P 13.8-4
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Este reporte de laboratorio contiene la siguiente respuesta de 
frecuencia de mediciones hechas sobre el circuito. ¿Estos da-
tos se ven razonables?
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Answer: jYj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A� B cos uð Þ2 þ B sin uð Þ2

q

AR

Oscilloscope

+
–

i
v C

LR
v2

+

–

Figure P 13.4-11

Section 13.6 Plotting Bode Plots Using MATLAB

P 13.6-1 The input to the circuit shown in Figure P 13.6-1 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω

vo+ –+
– vs

0.5 H
1 mF

Figure P 13.6-1

P 13.6-2 The input to the circuit shown in Figure P 13.6-2 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω

+
–

vs

0.5 H
1 mF vo

+

–

Figure P 13.6-2

P 13.6-3 The input to the circuit shown in Figure P 13.6-3 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

+
–

vo

+

–

vs

20 Ω

25 Ω

40 Ω

25 mF

0.2 H

Figure P 13.6-3

Section 13.9 How CanWe Check . . . ?

P 13.9-1 Circuit analysis contained in a lab report indicates

that the network function of a circuit is

H vð Þ ¼
1þ j

v

630

10 1þ j
v

6300

� �

This lab report contains the following frequency response

data from measurements made on the circuit. Do these data

seem reasonable?

v, rad/s 200 400 795 1585 3162

jH(v)j 0.105 0.12 0.16 0.26 0.460

v, rad/s 6310 12,600 25,100 50,000 100,000

jH(v)j 0.71 1.0 1.0 1.0 1.0

P 13.9-2 A parallel resonant circuit (see Figure 13.4-2) has

Q ¼ 70 and a resonant frequency v0 ¼ 10; 000 rad/s. A report

states that the bandwidth of this circuit is 71.43 rad/s. Verify

this result.

P 13.9-3 A series resonant circuit (see Figure P 13.4-4) has

L ¼ 1 mH, C ¼ 10mF, and R ¼ 0:5V. A software program

report states that the resonant frequency is f0 ¼ 1.59 kHz and

the bandwidth is BW ¼ 79.6 Hz. Are these results correct?

P 13.9-4 An old lab report contains the approximate Bode

plot shown in Figure P 13.8-4 and concludes that the network

function is

H vð Þ ¼
40 1þ j

v

200

� �

1þ j
v

800

� �

Do you agree?

| H
 (

  
 )
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200 800
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Figure P 13.8-4

Problems 655

P 13.9-2 Un circuito resonante en paralelo (vea figura 13.4-2) 
tiene Q 5 70 y una frecuencia resonante 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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0 5 10 000 rad/s. 
Un reporte establece que el ancho de banda de este circuito es 
71.43 rad/s. Verifique este resultado.

P 13.9-3 Un circuito resonante en serie (vea figura 13.4-4) 
tiene L 5 1 mH, C 5 10 mF y R 5 0.5V. Un programa de soft-
ware establece que la frecuencia resonante es ƒ0 5 1.59 kHz 
y el ancho de banda es AB 5 79.6 Hz. ¿Son correctos estos 
resultados?

P 13.9-4 Un reporte obsoleto de laboratorio contiene el 
diagrama de Bode aproximado que se muestra en la figura  
P 13.8-4 y concluye que la función de red es
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Answer: jYj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A� B cos uð Þ2 þ B sin uð Þ2

q

AR

Oscilloscope

+
–

i
v C

LR
v2

+

–

Figure P 13.4-11

Section 13.6 Plotting Bode Plots Using MATLAB

P 13.6-1 The input to the circuit shown in Figure P 13.6-1 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω

vo+ –+
– vs

0.5 H
1 mF

Figure P 13.6-1

P 13.6-2 The input to the circuit shown in Figure P 13.6-2 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

10 Ω
20 Ω
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–

vs
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1 mF vo
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–

Figure P 13.6-2

P 13.6-3 The input to the circuit shown in Figure P 13.6-3 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.

+
–

vo

+

–

vs

20 Ω

25 Ω

40 Ω

25 mF

0.2 H

Figure P 13.6-3

Section 13.9 How CanWe Check . . . ?

P 13.9-1 Circuit analysis contained in a lab report indicates

that the network function of a circuit is

H vð Þ ¼
1þ j

v

630

10 1þ j
v

6300

� �

This lab report contains the following frequency response

data from measurements made on the circuit. Do these data

seem reasonable?

v, rad/s 200 400 795 1585 3162

jH(v)j 0.105 0.12 0.16 0.26 0.460

v, rad/s 6310 12,600 25,100 50,000 100,000

jH(v)j 0.71 1.0 1.0 1.0 1.0

P 13.9-2 A parallel resonant circuit (see Figure 13.4-2) has

Q ¼ 70 and a resonant frequency v0 ¼ 10; 000 rad/s. A report

states that the bandwidth of this circuit is 71.43 rad/s. Verify

this result.

P 13.9-3 A series resonant circuit (see Figure P 13.4-4) has

L ¼ 1 mH, C ¼ 10mF, and R ¼ 0:5V. A software program

report states that the resonant frequency is f0 ¼ 1.59 kHz and

the bandwidth is BW ¼ 79.6 Hz. Are these results correct?

P 13.9-4 An old lab report contains the approximate Bode

plot shown in Figure P 13.8-4 and concludes that the network

function is

H vð Þ ¼
40 1þ j

v

200

� �

1þ j
v

800

� �

Do you agree?
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Figure P 13.8-4
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Answer: jYj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A� B cos uð Þ2 þ B sin uð Þ2

q

AR

Oscilloscope

+
–

i
v C

LR
v2

+

–

Figure P 13.4-11

Section 13.6 Plotting Bode Plots Using MATLAB

P 13.6-1 The input to the circuit shown in Figure P 13.6-1 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.
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0.5 H
1 mF

Figure P 13.6-1

P 13.6-2 The input to the circuit shown in Figure P 13.6-2 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.
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Figure P 13.6-2

P 13.6-3 The input to the circuit shown in Figure P 13.6-3 is

the voltage of the voltage source, vs. The output of the circuit is

the voltage, vo. Use MATLAB to plot the gain and phase shift

of this circuit as a function of frequency for frequencies in the

range of 1 < v < 1000 rad/s.
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Figure P 13.6-3
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P 13.9-1 Circuit analysis contained in a lab report indicates

that the network function of a circuit is

H vð Þ ¼
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This lab report contains the following frequency response

data from measurements made on the circuit. Do these data

seem reasonable?

v, rad/s 200 400 795 1585 3162

jH(v)j 0.105 0.12 0.16 0.26 0.460

v, rad/s 6310 12,600 25,100 50,000 100,000

jH(v)j 0.71 1.0 1.0 1.0 1.0

P 13.9-2 A parallel resonant circuit (see Figure 13.4-2) has

Q ¼ 70 and a resonant frequency v0 ¼ 10; 000 rad/s. A report

states that the bandwidth of this circuit is 71.43 rad/s. Verify

this result.

P 13.9-3 A series resonant circuit (see Figure P 13.4-4) has

L ¼ 1 mH, C ¼ 10mF, and R ¼ 0:5V. A software program

report states that the resonant frequency is f0 ¼ 1.59 kHz and

the bandwidth is BW ¼ 79.6 Hz. Are these results correct?

P 13.9-4 An old lab report contains the approximate Bode

plot shown in Figure P 13.8-4 and concludes that the network

function is
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Sección 13-6 Trazo de gráficas de Bode utilizando 
MATLAB

P 13.6-1 La entrada al circuito que se muestra en la figura 
P 13.6-1 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo. Utilice MATLAB para trazar la ganan-
cia y el cambio de fase de este circuito como una función de 
frecuencia para frecuencias en el rango de 1 , 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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Figura P 13.6-1

P 13.6-2 La entrada al circuito que se muestra en la figura 
P 13.6-2 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo. Utilice MATLAB para trazar la ganan-
cia y el cambio de fase de este circuito como una función de 
frecuencia para frecuencias en el rango de 1 , 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2
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i(t)
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i(t) C2C1

Leq
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i(t)

Ceq

Ceq
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i(t)

Leq

v(t)+ –

i(t)
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i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 13.6-3 La entrada al circuito que se muestra en la figura 
P 13.6-3 es el voltaje de la fuente de voltaje, vs. La salida del 
circuito es el voltaje, vo. Utilice MATLAB para trazar la ganan-
cia y el cambio de fase de este circuito como una función de 
frecuencia para frecuencias en el rango de 1, 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors
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PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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 656 Respuesta de frecuencia

Problemas de PSpice
PS 13-1 La entrada al circuito que se muestra en la fi gura 
PS 13-1 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje, vo(t), a través de la conexión en paralelo del conden-
sador y el resistor de 1 k�. La función de red que representa 
este circuito es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Utilice PSpice para trazar la respuesta de frecuencia de este 
circuito. Determine los valores del polo, p, y de la ganancia 
de cd, k.

Respuestas: p � 250 rad/s y k � 0.2 V/V

+
– vo(t)

+

–

vi(t) 5 1 k

4 k

F

Figura PS 13-1 

PS 13-2 La entrada al circuito que se muestra en la fi gura 
PS 13-2 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje, vo(t), a través de la conexión en serie del inductor 
y el resistor de 60-k�. La función de red que representa este 
circuito es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Utilice PSpice para trazar la respuesta de frecuencia de este 
circuito. Determine los valores del polo, p, del cero, z, y de la 
ganancia de cd, k.

Respuestas: p � 20 rad/s, z � 12 rad/s y k � 0.6 V/V

+
– vo(t)

+

–

vi(t)

5 H

60 

40 

Figura PS 13-2 

PS 13-3 La entrada al circuito que se muestra en la fi gura PS 
13-3 es el voltaje de la fuente de voltaje, vi(t). La salida es el 
voltaje, vo(t), a través del resistor de 30-k�. La función de red 
que representa este circuito es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Utilice PSpice para trazar la respuesta de frecuencia de este 
circuito. Determine los valores del polo, p, y de la ganancia 
de cd, k.

Respuestas: p � 100 rad/s y k � 4 V/V

+
–

+
– vo(t)vi(t) 6 vC(t)5 F

+

–

vC(t)
+

–

2 k 15 k

30 k

Figura PS 13-3 

PS 13-4 La entrada al circuito que se muestra en la fi gura 
PS 13-4 es el voltaje de la fuente de voltaje, vi(t). La salida es 
el voltaje, vo(t), a través del resistor de 20-k�. La función de 
red que representa este circuito es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Utilice PSpice para trazar la respuesta de frecuencia de este 
circuito. Determine los valores del polo, p, y de la ganancia 
de cd, k.

Respuestas: p � 10 rad/s y k � 5 V/V

+
–

–

+ +

–

20 k

50 k

10 k

vi(t)

vo(t)

2 F

Figura PS 13-4 

PS 13-5 La fi gura PS 13-5 muestra un circuito y una res-
puesta de frecuencia. Los trazos de la respuesta de frecuencia 
se realizaron utilizando PSpice y Probe. V(R3:2) y Vp(R3:2) 
indican la magnitud y el ángulo del fasor que corresponden a 
vo(t). V(V1:�) y Vp(V1:�) indican la magnitud y el ángulo del 
fasor que corresponden a vi(t). Por ende, V(R3:2) > V(V1:�) 
es la ganancia del circuito y Vp(R3:2) � Vp(V1:�) es el cam-
bio de fase del circuito.
 Determine valores para R y C requeridos para hacer 
que el circuito corresponda a la respuesta de frecuencia.

Sugerencia: PSpice y Probe emplean m para mil o 10�3. Por 
lo tanto, la etiqueta (159.513, 892.827 m) indica que la ga-
nancia del circuito es 892.827�10�3 � 0.892827 en una fre-
cuencia de 159.513 Hz � 100 rad/s.

Respuestas: R � 5 k� y C � 0.2 mF
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 Problemas de PSpice 657

(b)

1.0

0

2.0

V(R3:2)/V(V1:+)

Vp(R3:2)– Vp(V1:+)

(31.878, 1.8565)

(31.878, 158.169)

(159.513, 892.827 m)

(159.513, 116.515)

(318.784, 484.412 m)

(318.784, 104.017)

175 d

150 d

125 d

100 d

30 Hz10 Hz 100 Hz

Frecuencia

300 Hz 1.0 KHz

+
–

–

+ +

–

20 k

10 k

R

C

vi(t)

vo(t)

(a)

Figura PS 13.5 (a) Un circuito y (b) la respuesta de frecuencia correspondiente.

PS 13-6 La fi gura PS 13-6 muestra un circuito y una res-
puesta de frecuencia. Los trazos de la respuesta de frecuencia 
se realizaron utilizando PSpice y Probe. V(R3:2) y Vp(R3:2) 
indican la magnitud y el ángulo del fasor que corresponden a 

vo(t). V(V1:�) y Vp(V1:�) indican la magnitud y el ángulo del 
fasor que corresponden a vi(t). Por ende, V(R3:2) > V(V1:�) 
es la ganancia del circuito, y Vp(R3:2) � Vp(V1:�) es el cam-
bio de fase del circuito.

200 m

0

400 m

V(R2:2)/V(V1:+)

Vp(R2:2)– Vp(V1:+)

(79.239, 256.524 m)

(159.268, 171.406 m)

(316.228, 96.361 m)

(79.239, –39.685)

(159.268, –59.055)

(316.228, –73.197)

0 d

–50 d

–100 d
100 Hz10 Hz

Frecuencia

1.0 KHz 10 KHz

(b)(a)

+
–

+

–

10 k

R

Cvi(t) vo(t)

Figura PS 13.6 (a) Un circuito y (b) la respuesta de frecuencia correspondiente.

M13_DORF_1571_8ED_SE_594-659.indd   657M13_DORF_1571_8ED_SE_594-659.indd   657 6/24/11   5:06 PM6/24/11   5:06 PM



Alfaomega Circuitos Eléctricos - Dorf

 658 Respuesta de frecuencia

 Determine valores para R y C requeridos para hacer 
que el circuito corresponda a la respuesta de frecuencia.

Sugerencia: PSpice y Probe emplean m para mil o 10�3. Por lo 
tanto, la etiqueta (159.268, 171.408 m) indica que la ganancia 

del circuito es 171.408�10�3 � 0.171408 en una frecuencia de 
159.268 Hz � 1000 rad/s.

Respuestas: R � 20 k� y C � 0.25 mF

Problemas de diseño
PD 13-1 Diseñe un circuito que tenga una ganancia de fre-
cuencia baja de 5, y haga la transición de H � 2 a H � 5 entre 
las frecuencias de 1 kHz y 10 kHz.

PD 13-2 Determine L y C para el circuito de la fi gura PD 13.2 
para obtener un fi ltro de paso bajo con una ganancia de �3 dB 
a 100 kHz.

+

–

1 k
+
–vs

L

voC

Figura PD 13.2

PD 13-3 La British Rail ha construido un ferrocarril instru-
mentado que puede ser jalado sobre sus rieles a velocidades de 
hasta 180 km/ph y mediremos la geometría del grado de trac-
ción. Con el uso de tal ferrocarril, la British Rail puede moni-
torear y dar seguimiento al desgaste gradual del grado de los 
rieles, en especial la bancada de las curvas, y así permitir un 
mantenimiento preventivo que se programa según se vaya nece-
sitando en antelación a fallas del grado de tracción.
 El ferrocarril instrumentado tiene muchos sensores, como 
sensores de la tasa de ángulo (dispositivos que producen una 
señal proporcional a la velocidad de rotación) y acelerómetros 
(dispositivos que producen una señal proporcional a la acelera-
ción), cuyas señales se fi ltran y combinan en cierto modo para 
crear un sensor compuesto denominado acelerómetro compen-
sado (Lewis, 1988). Un componente de esta señal de sensor 
compuesto se obtiene por la integración y fi ltrado de paso bajo 
de una señal del acelerómetro. Un fi ltro de paso bajo de primer 
orden se aproximará a un integrador en frecuencias muy por en-
cima de las frecuencias de corte. Esto se puede ver al calcular el 
cambio de fase de la función de transferencia de fi ltrado en va-
rias frecuencias. A frecuencias bastante altas, el cambio de fase 
se aproximará a 90°, la fase característica de un integrador.
 Se ha propuesto un circuito para fi ltrar la señal del acele-
rómetro, como se muestra en la fi gura PD 13-3. El circuito está 
compuesto de tres secciones, etiquetadas A, B y C. Para cada 
sección, encuentre una expresión y déle nombre a la función 
desempeñada por esa sección. Luego encuentre una expresión 
para la función de ganancia de todo el circuito, Vo > Vs. Para 
los valores de componentes, evalúe la magnitud y la fase de la 
respuesta del circuito en 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1.0, 2.0, 
5.0 y 10.0 Hz. Dibuje un diagrama de Bode. ¿En qué frecuencia 
está la respuesta de fase aproximadamente igual a 0°? ¿Cuál es 
el signifi cado de esta frecuencia?

vo

vs +

–
866 k 499 k

1 M

2.37 M
8.06 k

10 k

Circuito C

Circuito A

Circuito
B

0.1   F

0.47   F

–

+
+
–

–

+

–

+

Figura PD 13-3

PD 13-4 Diseñe un circuito que tenga la función de red

H vð Þ ¼ 10
jv

1þ j
v

200

� �
1þ j

v

500

� �

Sugerencia: Utilice dos circuitos de la tabla 13.4-1. Conecte 
los circuitos en cascada. Esto signifi ca que la salida de un cir-
cuito se utiliza como la entrada del circuito siguiente. H(v) será 
el producto de la función de red de los dos circuitos a partir de 
la tabla 13.3-2.

PD 13-5 Los instrumentos que perciben la tensión se pueden 
utilizar para medir la orientación y la magnitud de tensiones 
que circulan en más de una dirección. La investigación de una 
forma de prevenir los terremotos se enfoca en la identifi cación 
de precursores, o cambios, que alertan confi ablemente de un su-
ceso inminente. Dado que muy pocos terremotos han ocurrido 
precisamente en locaciones instrumentadas, se ha vuelto una 
búsqueda lenta y frustrante. Los estudios de laboratorio mues-
tran que antes de que la roca se rompa realmente (lo que pre-
cipita un terremoto) su velocidad de tensión interna aumenta. 
El material empieza a fallar antes de que se fracture realmente. 
Este preludio a la fractura directa se denomina “corrimiento ter-
ciario” (Brown, 1989).
 La frecuencia de señales de tensión varía de 0.1 a 100 
rad/s. Se utiliza un circuito denominado fi ltro de paso de banda 
para pasar estas frecuencias. La función de red del fi ltro de paso 
de banda es

H vð Þ ¼ Kjv

1þ j
v

v1

� �
1þ j

v

v2

� �

Especifi que v1, v2 y K de modo que lo siguiente sea el caso:
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1.  La ganancia es de al menos 17 dB sobre el rango de 0.1 a 
100 rad/s.

2.  La ganancia es de menos de 17 dB fuera del rango de 0.1 
a 100 rad/s.

3. La ganancia máxima es de 20 dB.

PD 13-6 ¿Es posible diseñar el circuito que se muestra en la 
figura PD 13-6 para tener un cambio de fase de 245° y una 
ganancia de 2 V/V, ambos en una frecuencia de 100 radianes/
segundo, utilizando un condensador de 0.1 microfaradios y un 
resistor de un rango de 1 k ohmios a 200 k ohmios?

R3

C

R2

R1

+
–

vo(t)

+

–

–

+

θA cos (   t +   )ω 100 kΩ

Figura PD 13-6

PD 13-7 Diseñe el circuito que se muestra en la figura PD 13-7a 
para tener el diagrama de Bode asintótico que se muestra en la 
figura PD 13-7b.

+
–

R1 R2

C

vsal (t)vent(t)
–

+

+

–

100 kΩ

0.5   Fµ

(a)

| H
( 

  )
| , 

dB
ω

ω

32

20

200 800
, rad/sec

escala logarítmica

(b)

Figura PD 13-7

PD 13-8 Para el circuito de la figura 13-8, seleccione R1 y R2 
de modo que la ganancia en frecuencias altas sea de 10 V/V y 
el cambio de fase sea de 195° en 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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Figura PD 13-8
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Transformada 
de Laplace

14.1 I N T R O D U C C I Ó N

Los circuitos que no contienen condensadores o inductores se pueden representar por ecuaciones 
algebraicas.

•  Los capítulos del 1 a 6 describieron circuitos sin condensadores o inductores. Aprendimos muchas 
cosas acerca de los circuitos, entre ellas cómo representarlos mediante ecuaciones de corrientes de 
enlaces o por ecuaciones de voltaje de nodos.

•  En el capítulo 7 se describen los inductores y los condensadores.

Los circuitos que tienen condensadores y/o inductores se representan por ecuaciones diferenciales. En 
general, el orden de la ecuación diferencial es igual a la cantidad de condensadores, más el número de 
inductores en el circuito. La escritura y despeje de estas ecuaciones diferenciales puede ser un reto.

•  En el capítulo 8 analizamos circuitos de primer orden.

•  En el capítulo 9 analizamos circuitos de segundo orden.

La respuesta de un circuito que contiene condensadores y/o inductores se puede separar en dos partes: 
la respuesta de estado estable y la parte transitoria de la respuesta.

•  En los capítulos 10 a 13 estudiamos la respuesta de estado estable de circuitos con entradas se-
noidales. Encontramos que podríamos analizar tales circuitos representándolos en el dominio de 
frecuencia. No restringimos nuestra atención a circuitos de primero o segundo orden.

CAPÍTULO

EN ESTE CAPÍTULO

14.1 Introducción 
14.2 Transformada de Laplace
14.3 Entradas de pulso 
14.4 Transformada inversa de Laplace 
14.5 Teoremas del valor inicial y final
14.6  Solución de ecuaciones diferenciales que 

describen un circuito
14.7  Análisis de circuitos utilizando impedancias 

y condiciones iniciales
14.8 Función de transferencia e impedancia
14.9 Convolución

14.10 Estabilidad
14.11  Expansión de fracción parcial utilizando 

MATLAB
14.12  ¿Cómo podemos comprobar . . . la función de 

transferencia?
14.13  EJEMPLO DE DISEÑO — Compuerta de 

carga del transbordador espacial
14.14 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño
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•  En este capítulo encontramos la respuesta total, la parte transitoria, más la parte de estado estable, 
de circuitos con condensadores y/o inductores. No restringiremos la atención a circuitos de primero 
o segundo orden, o a circuitos con entradas senoidales.

 En este capítulo presentamos una herramienta muy poderosa para el análisis de circuitos. La 
transformada de Laplace capacita al analista de circuitos para transformar el conjunto de ecuaciones di-
ferenciales que describen un circuito al dominio de frecuencia complejo, donde se convierten en un con-
junto de ecuaciones algebraicas lineales. Luego, manejando álgebra directamente, resolvemos variables 
de interés. Finalmente, empleamos la transformada inversa de Laplace para volver al dominio de tiempo 
y expresar la respuesta deseada en términos de tiempo. ¡Realmente es una herramienta poderosa!
 A continuación, aprendemos cómo representar el circuito en sí en el dominio de frecuencia com-
plejo. Luego de hacerlo, podemos analizar el circuito escribiendo y despejando un conjunto de ecua-
ciones algebraicas, por ejemplo, ecuaciones de corrientes de enlaces o ecuaciones de voltaje de nodos. 
En otras palabras, al utilizar el dominio de frecuencia complejo se elimina la necesidad de escribir la 
ecuación diferencial que representa al circuito.
 Para terminar, aprendemos cómo representar un circuito lineal por su función de transferencia, 
respuesta escalón, o respuesta de impulso.

14.2 T R A N S F O R M A D A  D E  L A P L A C E

Como hemos visto en capítulos anteriores, es útil transformar las ecuaciones describiendo un circuito 
desde el dominio de tiempo hasta el dominio de frecuencia, luego efectuar un análisis y, finalmente, 
transformar la solución del problema de vuelta al dominio de tiempo. Recuerde que en el capítulo 10 
definimos el fasor como una transformación matemática para simplificar el hallazgo de la respuesta 
de estado estable de un circuito a una entrada senoidal. Utilizando la transformación de fasores, solu-
cionamos ecuaciones algebraicas que tienen coeficientes compuestos en vez de despejar ecuaciones 
diferenciales, si bien con coeficientes reales. El método de transformar se resume en la figura 14.2-1.
 En este capítulo utilizaremos la transformada de Laplace en vez de la transformación de fasores, 
para transformar ecuaciones diferenciales en ecuaciones algebraicas. Esto nos permitirá determinar la 
respuesta total para diversas funciones de entrada en vez de respuestas de estado estable para entradas 
senoidales. (La respuesta total consta de la respuesta de estado estable a una con la parte transitoria de 

Solución expresada en el
dominio de tiempo Solución expresada en el

dominio de frecuencia.

Solución de
ecuaciones
algebraicas

Solución de
ecuaciones

diferenciales

Transformación en el
dominio de frecuencia

Dominio de frecuenciaDominio de tiempo

Transformación al
dominio de tiempo

Circuito descrito en el
dominio de tiempo por

ecuaciones diferenciales

Circuito descrito en el
dominio de frecuencia por

ecuaciones algebraicas

FIGURA 14.2-1 Método de transformar.

M14_DORF_1571_8ED_SE_660-729.indd   661 4/13/11   8:58 AM



Alfaomega Circuitos Eléctricos - Dorf

	 662	 Transformada de Laplace

la respuesta. Más adelante hablaremos de esto extensamente.) A Pierre Simon Laplace (figura 
14.2-2) se le acredita la transformada que lleva su nombre.
 La transformada de Laplace (de un lado o unilateral) se define como
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

662 The Laplace Transform

 (14.2-1)

donde s es una variable compuesta dada por
 s 5 

E1C09_1 11/26/2009 394

where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
σ

ωj

–20 –5
××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

Underdamped
   <   0

Overdamped
   >   0

Critically
damped
   =   0

(two identical
roots)

σ

j  

j   0

j   d

–j   d

–j   0

α ω
ω

ω

ω

ω

ω

α ω

α ω

Undamped
   = 0α

×

×

××××

×

×

FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 (14.2-2)
La exponente st de e en la ecuación 14.2-1 debe ser medible. En consecuencia, s tiene uni-
dades de frecuencia. Es usual referirse a s como frecuencia compleja. El límite inferior de la 
integral en la ecuación 14.2-1 es 02, un tiempo justo antes de t 5 0. Por el contrario, la trans-
formada de Laplace no contempla el efecto de esa parte de ƒ(t) que ocurre al tiempo t , 0.
 La notación 
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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[ƒ(t)] indica la toma de transformada de Laplace de ƒ(t). Al resultado, 
F(s) se le llama transformada de Laplace de ƒ(t). Se dice que la función ƒ(t) existe en el domi-
nio de tiempo, en tanto de que la función F(s) se dice que existe en el dominio de frecuencia 

compleja, o dominio s. (En ocasiones, de manera informal, la referencia a dominio de frecuencia com-
pleja es como dominio de frecuencia cuando el contexto hace más claro que dominio de frecuencia sea 
más breve que dominio de frecuencia compleja.).
 La transformada inversa de Laplace se define por la integral de inversión compleja
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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 (14.2-3)

La integral en la ecuación 14.2-3 es una integración de contorno en el plano compuesto. La eva-
luación de esta integral requiere un análisis complejo y está más allá del propósito de este libro. En 
vez de evaluar la integral en la ecuación 14.2-3, nos apoyamos en el hecho de que la transformada 
de Laplace es en realidad la transformada inversa de Laplace. Es decir, si F(s) 5 
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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[ƒ(t)], entonces 
también ƒ(t) 5 
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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21[F(t)]. Decimos que ƒ(t) y F(s) comprenden un par de transformadas de Laplace 
e indican este hecho como
 ƒ(t) 
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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 F(s)  (14.2-4)
Recordamos que la parte de ƒ(t) que ocurre al tiempo t , 0 no tiene efecto sobre F(s), vemos que 
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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21[F(s)] provee ƒ(t) sólo para t . 0. (A veces la incertidumbre acerca de ƒ(t) para t . 0 se resuelve 
requiriendo que ƒ(t) para t , 5 0 para t , 0 para todas las funciones de dominio de tiempo.) 

FIGURA 14.2-2  
A Pierre Simon 
Laplace (1749-1827) 
se le acredita la 
transformada que lleva 
su nombre. Cortesía de 
Burndy Library. 

E j E m p l o  1 4 . 2 - 1  Pares de transformada de Laplace

(a) Encuentre la transformada de Laplace de ƒ(t) 5 e2at, donde a . 0.
(b) Encuentre la transformada de Laplace de g(t) 5 e2atu(t), donde a . 0 y u(t) son la función de escalón unitario.

Solución
(a) Si utilizamos la ecuación 14.2-1, tenemos
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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(b) Usamos de nuevo la ecuación 14.2-1, y tenemos

E1C14_1 11/25/2009 662

part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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En este ejemplo, ƒ(t) 
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+

–

vc = vavb

+

–

va

ia = 0 ib ic–

+

(b)(a) (c)

+
–

120 kΩ

60 kΩvin

+

–

va

ia = 0

+
–

120 kΩ

60 kΩvin

+

–

+
–

120 kΩ

60 kΩ 30 kΩ 30 kΩvin

FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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 g(t) cuando t , 0, pero ƒ(t) 5 g(t) cuando t . 0. En consecuencia, F(s) 5 G(s). La 
transformada inversa de Laplace de F(s) 5 G(s) sólo proporciona ƒ(t) o g(t) para t . 0. Podemos resumir los 
resultados de este ejemplo con el par de transformada de Laplace:
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We should stop and ask under what conditions the integral of Eq. 14.2-1 converges to a finite

value. It can be shown that the integral converges whenZ 1

0�
f tð Þj je�s1tdt < 1

for some real positive s1 If the magnitude of f tð Þ is f tð Þj j < Meat for all positive t, the integral will

converge for s1 > a. The region of convergence is therefore given by1 > s1 > a, and s1 is known as

the abscissa of absolute convergence. Functions of time, f tð Þ, that are physically possible always have
a Laplace transform.

Linearity is an important property of the Laplace transform. Consider

f tð Þ ¼ a1 f 1 tð Þ þ a2 f 2 tð Þ
for arbitrary constants a1 and a2. Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L a1 f 1 tð Þ þ a2 f 2 tð Þ½ � ¼
Z 1

0�
a1 f 1 tð Þ þ a2 f 2 tð Þð Þe�stdt

¼ a1

Z 1

0�
f 1 tð Þe�stdt þ a2

Z 1

0�
f 2 tð Þe�stdt

¼ a1F1 sð Þ þ a2F2 sð Þ
where F1 sð Þ and F2 sð Þ are the Laplace transforms of the time functions f 1 tð Þ and f 2 tð Þ, respectively.
We can summarize linearity as

a1 f 1 tð Þ þ a2 f 2 tð Þ $ a1F1 sð Þ þ a2F2 sð Þ ð14:2-5Þ

E X A M P L E 1 4 . 2 - 2 Linearity

Find the Laplace transform of sin vt.

Solution
Use Euler’s identity to write

sin vt ¼ 1

2j
e jvt � e�jvt
� �

From Example 14.2-1, we have

e�at for t > 0 $ 1

sþ a

so e�jvt for t > 0 $ 1

sþ jv

and e jvt for t > 0 $ 1

s� jv

In this example, f tð Þ 6¼ g tð Þ when t < 0, but f tð Þ ¼ g tð Þ when t > 0. Consequently, F sð Þ ¼ G sð Þ. The inverse

Laplace transform of F sð Þ ¼ G sð Þ only provides f tð Þ or g tð Þ for t > 0. We can summarize the results of this

example by the Laplace transform pair:

e�at for t > 0 $ 1

sþ a

Laplace Transform 663
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value. It can be shown that the integral converges whenZ 1
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f tð Þj je�s1tdt < 1

for some real positive s1 If the magnitude of f tð Þ is f tð Þj j < Meat for all positive t, the integral will

converge for s1 > a. The region of convergence is therefore given by1 > s1 > a, and s1 is known as

the abscissa of absolute convergence. Functions of time, f tð Þ, that are physically possible always have
a Laplace transform.

Linearity is an important property of the Laplace transform. Consider

f tð Þ ¼ a1 f 1 tð Þ þ a2 f 2 tð Þ
for arbitrary constants a1 and a2. Using Eq. 14.2-1, we have
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f 2 tð Þe�stdt

¼ a1F1 sð Þ þ a2F2 sð Þ
where F1 sð Þ and F2 sð Þ are the Laplace transforms of the time functions f 1 tð Þ and f 2 tð Þ, respectively.
We can summarize linearity as

a1 f 1 tð Þ þ a2 f 2 tð Þ $ a1F1 sð Þ þ a2F2 sð Þ ð14:2-5Þ

E X A M P L E 1 4 . 2 - 2 Linearity

Find the Laplace transform of sin vt.

Solution
Use Euler’s identity to write

sin vt ¼ 1

2j
e jvt � e�jvt
� �

From Example 14.2-1, we have

e�at for t > 0 $ 1

sþ a

so e�jvt for t > 0 $ 1

sþ jv

and e jvt for t > 0 $ 1

s� jv

In this example, f tð Þ 6¼ g tð Þ when t < 0, but f tð Þ ¼ g tð Þ when t > 0. Consequently, F sð Þ ¼ G sð Þ. The inverse

Laplace transform of F sð Þ ¼ G sð Þ only provides f tð Þ or g tð Þ for t > 0. We can summarize the results of this

example by the Laplace transform pair:

e�at for t > 0 $ 1

sþ a
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 Podríamos hacer un alto y preguntarnos en qué condiciones la integral de la ecuación 14.2-1 
converge con un valor finito. Se puede mostrar que la integral converge cuando
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for some real positive s1 If the magnitude of f tð Þ is f tð Þj j < Meat for all positive t, the integral will

converge for s1 > a. The region of convergence is therefore given by1 > s1 > a, and s1 is known as

the abscissa of absolute convergence. Functions of time, f tð Þ, that are physically possible always have
a Laplace transform.

Linearity is an important property of the Laplace transform. Consider

f tð Þ ¼ a1 f 1 tð Þ þ a2 f 2 tð Þ
for arbitrary constants a1 and a2. Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L a1 f 1 tð Þ þ a2 f 2 tð Þ½ � ¼
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where F1 sð Þ and F2 sð Þ are the Laplace transforms of the time functions f 1 tð Þ and f 2 tð Þ, respectively.
We can summarize linearity as

a1 f 1 tð Þ þ a2 f 2 tð Þ $ a1F1 sð Þ þ a2F2 sð Þ ð14:2-5Þ
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where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
σ

ωj

–20 –5
××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.

Underdamped
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j   d
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FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.
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1 positiva real. Si la magnitud de ƒ(t) es |ƒ(t)| , Meat para toda t positiva, la integral 
convergerá con 
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0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ
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imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)
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data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.
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1 . a. Por consiguiente, la región de convergencia está dada por 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.

Voltmeters and Ammeters 31

 > 

E1C09_1 11/26/2009 394

where a ¼ 1= 2 RCð Þ and v2
0 ¼ 1= LCð Þ. When v0 > a, the roots are

complex and

s ¼ �a� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
0 � a2

q
¼ �a� jvd ð9:10-1Þ

In general, roots are located in the complex plane, the location

being defined by coordinates measured along the real or s-axis and the

imaginary or jv-axis. This is referred to as the s-plane or, because s has

the units of frequency, as the complex frequency plane. When the roots

are real, negative, and distinct, the response is the sum of two decaying

exponentials and is said to be overdamped. When the roots are complex

conjugates, the natural response is an exponentially decaying sinusoid

and is said to be underdamped or oscillatory.

Now, let us show the location of the roots of the characteristic

equation for the four conditions: (a) undamped, a ¼ 0; (b) underdamped,

a < v0; (c) critically damped, a ¼ v0; and (d) overdamped, a>v0. These

four conditions lead to root locations on the s-plane as shown in Figure 9.10-

1.When a¼ 0, the two complex roots are�jv0.When a<v0, the roots are

s¼�a � jvd. When a ¼ v0, there are two roots at s ¼ �a. Finally, when

a>v0, there are two real roots, s ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � v2

0

p
.

A summary of the root locations, the type of response, and the form

of the response is presented in Table 9.10-1.

EXERCISE 9.10-1 A parallel RLC circuit has L ¼ 0.1 H and C ¼ 100 mF. Determine

the roots of the characteristic equation and plot them on the s-plane when (a) R ¼ 0.4 V and

(b) R ¼ 1.0 V.

Answer: (a) s ¼ �5, �20 (Figure E 9.10-1)

0
σ

ωj

–20 –5
××

FIGURE E 9.10-1

9.11 HOW CAN WE CHECK . . . ?

Engineers are frequently called upon to check that a solution to a problem is indeed correct. For

example, proposed solutions to design problems must be checked to confirm that all of the

specifications have been satisfied. In addition, computer output must be reviewed to guard against

data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,

occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify

those solutions that need more work.

The following example illustrates techniques useful for checking the solutions of the sort of

problem discussed in this chapter.
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FIGURE 9.10-1 The complete s-plane showing

the location of the two roots, s1 and s2, of the

characteristic equation in the left-hand portion of

the s-plane. The roots are designated by the �
symbol.
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1 se 
conoce como la abscisa de la convergencia absoluta. Las funciones de tiempo ƒ(t) que son físicamente 
posibles tienen siempre una transformada de Laplace.
 La linealidad es una propiedad importante de la transformada de Laplace. Considere 
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We should stop and ask under what conditions the integral of Eq. 14.2-1 converges to a finite

value. It can be shown that the integral converges whenZ 1

0�
f tð Þj je�s1tdt < 1

for some real positive s1 If the magnitude of f tð Þ is f tð Þj j < Meat for all positive t, the integral will

converge for s1 > a. The region of convergence is therefore given by1 > s1 > a, and s1 is known as

the abscissa of absolute convergence. Functions of time, f tð Þ, that are physically possible always have
a Laplace transform.

Linearity is an important property of the Laplace transform. Consider

f tð Þ ¼ a1 f 1 tð Þ þ a2 f 2 tð Þ
for arbitrary constants a1 and a2. Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L a1 f 1 tð Þ þ a2 f 2 tð Þ½ � ¼
Z 1

0�
a1 f 1 tð Þ þ a2 f 2 tð Þð Þe�stdt

¼ a1

Z 1

0�
f 1 tð Þe�stdt þ a2

Z 1

0�
f 2 tð Þe�stdt

¼ a1F1 sð Þ þ a2F2 sð Þ
where F1 sð Þ and F2 sð Þ are the Laplace transforms of the time functions f 1 tð Þ and f 2 tð Þ, respectively.
We can summarize linearity as

a1 f 1 tð Þ þ a2 f 2 tð Þ $ a1F1 sð Þ þ a2F2 sð Þ ð14:2-5Þ

E X A M P L E 1 4 . 2 - 2 Linearity

Find the Laplace transform of sin vt.

Solution
Use Euler’s identity to write

sin vt ¼ 1

2j
e jvt � e�jvt
� �

From Example 14.2-1, we have

e�at for t > 0 $ 1

sþ a

so e�jvt for t > 0 $ 1

sþ jv

and e jvt for t > 0 $ 1

s� jv

In this example, f tð Þ 6¼ g tð Þ when t < 0, but f tð Þ ¼ g tð Þ when t > 0. Consequently, F sð Þ ¼ G sð Þ. The inverse

Laplace transform of F sð Þ ¼ G sð Þ only provides f tð Þ or g tð Þ for t > 0. We can summarize the results of this

example by the Laplace transform pair:

e�at for t > 0 $ 1

sþ a

Laplace Transform 663

para constantes arbitrarias a1 y a2. Si utilizamos la ecuación 14.2-1 tenemos
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Laplace Transform 663

donde F1(s) y F2(s) son transformadas de Laplace de las funciones de tiempo ƒ1(t) y ƒ2(t), respectiva-
mente. Podemos resumir la linealidad como 
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Encuentre la transformada de Laplace de sen 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233

t.

Solución
Utilice la identidad de Euler para escribir

sen
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We should stop and ask under what conditions the integral of Eq. 14.2-1 converges to a finite

value. It can be shown that the integral converges whenZ 1

0�
f tð Þj je�s1tdt < 1

for some real positive s1 If the magnitude of f tð Þ is f tð Þj j < Meat for all positive t, the integral will

converge for s1 > a. The region of convergence is therefore given by1 > s1 > a, and s1 is known as

the abscissa of absolute convergence. Functions of time, f tð Þ, that are physically possible always have
a Laplace transform.

Linearity is an important property of the Laplace transform. Consider

f tð Þ ¼ a1 f 1 tð Þ þ a2 f 2 tð Þ
for arbitrary constants a1 and a2. Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L a1 f 1 tð Þ þ a2 f 2 tð Þ½ � ¼
Z 1

0�
a1 f 1 tð Þ þ a2 f 2 tð Þð Þe�stdt

¼ a1

Z 1

0�
f 1 tð Þe�stdt þ a2

Z 1

0�
f 2 tð Þe�stdt

¼ a1F1 sð Þ þ a2F2 sð Þ
where F1 sð Þ and F2 sð Þ are the Laplace transforms of the time functions f 1 tð Þ and f 2 tð Þ, respectively.
We can summarize linearity as

a1 f 1 tð Þ þ a2 f 2 tð Þ $ a1F1 sð Þ þ a2F2 sð Þ ð14:2-5Þ

E X A M P L E 1 4 . 2 - 2 Linearity

Find the Laplace transform of sin vt.

Solution
Use Euler’s identity to write

sin vt ¼ 1

2j
e jvt � e�jvt
� �

From Example 14.2-1, we have

e�at for t > 0 $ 1

sþ a

so e�jvt for t > 0 $ 1

sþ jv

and e jvt for t > 0 $ 1

s� jv

In this example, f tð Þ 6¼ g tð Þ when t < 0, but f tð Þ ¼ g tð Þ when t > 0. Consequently, F sð Þ ¼ G sð Þ. The inverse

Laplace transform of F sð Þ ¼ G sð Þ only provides f tð Þ or g tð Þ for t > 0. We can summarize the results of this

example by the Laplace transform pair:

e�at for t > 0 $ 1

sþ a

Laplace Transform 663

Del ejemplo 14.2-1 tenemos
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Laplace Transform 663
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Laplace Transform 663

por lo tanto 
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E X A M P L E 1 4 . 2 - 2 Linearity

Find the Laplace transform of sin vt.

Solution
Use Euler’s identity to write

sin vt ¼ 1

2j
e jvt � e�jvt
� �

From Example 14.2-1, we have

e�at for t > 0 $ 1

sþ a

so e�jvt for t > 0 $ 1

sþ jv

and e jvt for t > 0 $ 1

s� jv

In this example, f tð Þ 6¼ g tð Þ when t < 0, but f tð Þ ¼ g tð Þ when t > 0. Consequently, F sð Þ ¼ G sð Þ. The inverse

Laplace transform of F sð Þ ¼ G sð Þ only provides f tð Þ or g tð Þ for t > 0. We can summarize the results of this

example by the Laplace transform pair:

e�at for t > 0 $ 1

sþ a
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Si utilizamos la superposición, entonces tenemos
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part of the response. We will have more to say about this later.) Pierre-Simon Laplace, who

is shown in Figure 14.2-2, is credited with the transform that bears his name.

The (one-sided or unilateral) Laplace transform is defined as

F sð Þ ¼ L f tð Þ½ � ¼
Z 1

0
f tð Þe�stdt ð14:2-1Þ

where s is a complex variable given by

s ¼ s þ jv ð14:2-2Þ
The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of

frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in

Eq. 14.2-1 is 0�, a time just before t ¼ 0. As a result, the Laplace transform includes the

effects of any discontinuity in f tð Þ occurring at time t ¼ 0. In contrast, the Laplace transform

does not include the effect of that part of f tð Þ occurring for time t < 0.

The notationL f tð Þ½ � indicates taking the Laplace transform of f tð Þ. The result, F sð Þ is
called the Laplace transform of f tð Þ. The function f tð Þ is said to exist in the time domain

whereas the function F sð Þ is said to exist in the complex-frequency domain or the s-domain.

(Occasionally, the complex-frequency domain is referred to casually as the frequency domain

when the context makes it clear that frequency domain is short for complex-frequency domain.)

The inverse Laplace transform is defined by the complex inversion integral

f tð Þ ¼ L�1 F sð Þ½ � ¼ 1

2pj

Z aþj1

a�j1
F sð Þe stds ð14:2-3Þ

The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral

requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in

Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace

transform. That is, if F sð Þ ¼ L f tð Þ½ �, then also f tð Þ ¼ L�1 F sð Þ½ �. We say that f tð Þ and F sð Þ comprise

a Laplace transform pair and denote this fact as

f tð Þ $ F sð Þ ð14:2-4Þ
Recalling that the part of f tð Þ occurring for time t < 0 had no effect on F sð Þ, we see that L�1 F sð Þ½ �
provides f tð Þ only for t > 0. (Sometimes the uncertainty about f tð Þ for t < 0 is resolved by requiring

that f tð Þ ¼ 0 for t < 0 for all time domain functions.)

FIGURE 14.2-2 Pierre-

Simon Laplace (1749–

1827) is credited with

the transform that bears

his name. Courtesy of

Burndy Library.

E X A M P L E 1 4 . 2 - 1 Laplace Transform Pairs

(a) Find the Laplace transform of f tð Þ ¼ e�at, where a > 0.

(b) Find the Laplace transform of g tð Þ ¼ e�atu tð Þ, where a > 0 and u tð Þ is the unit step function.

Solution
(a) Using Eq. 14.2-1, we have

F sð Þ ¼ L f tð Þ½ � ¼ L e�at½ � ¼
Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a

(b) Again using Eq. 14.2-1, we have

G sð Þ ¼ L g tð Þ½ � ¼ L e�atu tð Þ½ � ¼
Z 1

0�
e�atu tð Þe�stdt ¼

Z 1

0�
e�ate�stdt ¼ �e� sþað Þt

sþ a

����
1

0�
¼ 1

sþ a
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt

Characteristics of Practical Operational Amplifiers 233
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

Podemos resumir los resultados de este ejemplo con el par de transformadas de Laplace

sen
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We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

Podemos resumir la diferenciación en el dominio de tiempo como
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

 (14.2-6)

Por lo tanto, la transformada de Laplace de la derivada de una función es s veces la transformada de 
Laplace de la función, menos la condición inicial.

Encuentre la transformada de Laplace de cos 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

sen 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

sen
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

Nos valemos de la ecuación 14.2-6, 
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

sen
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2
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Let us obtain the transform of the first derivative of f tð Þ. We have

L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

In anticipation of integrating by parts, take u ¼ e�st and dv ¼ df

dt

� �
dt ¼ df . Then du ¼ �se�st and

v ¼ f . Now integrating by parts gives

L
df

dt

� �
¼ s

Z 1

0
f e�stdt þ f e�st

����
1

0

¼ sF sð Þ � f 0�ð Þ

We can summarize differentiation in the time domain as

df

dt
$ sF sð Þ � f 0�ð Þ ð14:2-6Þ

Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the

function minus the initial condition.

Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both Laplace

transform pairs and properties of the Laplace transform. Table 14.2-1 provides a collection of

important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace transform.

E X A M P L E 1 4 . 2 - 3 Differentiation in the Time Domain

Find the Laplace transform of cos vt.

Solution
The cosine is proportional to the derivative of the sine

cos vt ¼ 1

v

d

dt
sin vt

Using linearity L cos vt½ � ¼ 1

v
L

d

dt
sin vt

� �

Using Eq 14:2-6; L
d

dt
sin vt

� �
¼ sL sin vt½ � � sin 0 ¼ sL sin vt½ � � 0

From Example14:2-2; L sin vt½ � ¼ v

s2 þ v2

Combining these results gives

L cos vt½ � ¼ 1

v
sð Þ v

s2 þ v2
¼ s

s2 þ v2

Using superposition, we then have

L sin vt½ � ¼ 1

2j
L e jvt � e�jvt
� � ¼ 1

2j

1

s� vt
� 1

sþ vt

� �
¼ sþ jvð Þ � s� jvð Þ

2j s� vð Þ sþ jvð Þ ¼ v

s2 þ v2

We can summarize the results of this example by the Laplace transform pair

sin vt for t > 0 $ v

s2 þ v2

664 The Laplace Transform

E j E m p l o  1 4 . 2 - 3  Diferenciación en el dominio de tiempo

 De este modo, empleamos la definición de la transformada de Laplace dada en la ecuación 
14.2-1 para obtener los pares de la transformada de Laplace y las propiedades de la transformada de 
Laplace. La tabla 14.2-1 provee un conjunto de pares importantes de la transformada de Laplace. La 
tabla 14.2-2 da una lista de propiedades importantes de la transformada de Laplace.
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Tabla 14.2-2 Propiedades de la transformada de Laplace
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Escala de tiempo

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

donde
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Integración de tiempo
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Diferenciación de tiempo

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Cambio de tiempo

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Cambio de frecuencia

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Convolución de tiempo

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Integración de frecuencia
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Diferenciación de frecuencia
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Valor inicial
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Valor final
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

Tabla 14.2-1 Pares de la transformada de Laplace
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

para
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2

Laplace Transform 665

sen

E1C14_1 11/25/2009 665

Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
1

a
F

s

a

� �

Time integration

Z t

0

f tð Þdt 1

s
F sð Þ

Time differentiation
df tð Þ
dt

sF sð Þ � f 0�ð Þ
d2f tð Þ
dt2

s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1

s

F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1

u tð Þ 1

s

e�at
1

sþ a

t
1

s2

t n
n!

snþ1

e�att n
n!

sþ að Þnþ1

sin vtð Þ
v

s2 þ v 2

cos vtð Þ s

s2 þ v 2

e�at sin vtð Þ v

sþ að Þ2 þ v 2

e�at cos vtð Þ sþ a

sþ að Þ2 þ v 2
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Table 14.2-2 Laplace Transform Properties
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s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ
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Initial value f 0þð Þ lim
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ
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s2F sð Þ � sf 0�ð Þ þ df 0�ð Þ
dt

� �

dnf tð Þ
dtn

snF sð Þ �Pn
k¼1

sn�k
dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t

0

f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ
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Frequency differentiation tf tð Þ � dF sð Þ
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Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
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a
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Time differentiation
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dnf tð Þ
dtn

snF sð Þ �Pn
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dk�1f 0�ð Þ

dtk�1

Time shift f t � að Þu t � að Þ e�asF sð Þ
Frequency shift e�atf tð Þ F sþ að Þ

Time convolution f 1 tð Þ�f 2 tð Þ ¼
Z t
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f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
f tð Þ
t

Z 1
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F lð Þdl

Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
d tð Þ 1
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sþ a

t
1

s2

t n
n!

snþ1

e�att n
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ

Time scaling f atð Þ; where a > 0
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a
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Time differentiation
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dt2
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Time shift f t � að Þu t � að Þ e�asF sð Þ
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f 1 tð Þf 2 t � tð Þdt F1 sð ÞF2 sð Þ

Frequency integration
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Frequency differentiation tf tð Þ � dF sð Þ
ds

Initial value f 0þð Þ lim
s ! 1 sF sð Þ

Final value f 1ð Þ lim
s ! 0

sF sð Þ

Table 14.2-1 Laplace Transform Pairs

f tð Þ for t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
Linearity a1 f 1 tð Þ þ a2 f 2 tð Þ a1F1 sð Þ þ a2F2 sð Þ
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Table 14.2-2 Laplace Transform Properties

PROPERTY f tð Þ; t > 0 F sð Þ ¼ L f tð Þu tð Þ½ �
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0
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Initial value f 0þð Þ lim
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Final value f 1ð Þ lim
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	 666	 Transformada de Laplace

E j E m p l o  1 4 . 2 - 4  Pares y propiedades de la transformada de Laplace

E j E m p l o  1 4 . 2 - 5  Pares y propiedades de la transformada de Laplace

Encuentre la transformada de Laplace de 5 2 5e22t 11 1 2t2.

Solución
A partir de la linealidad  
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E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 10 e�4t cos 20t þ 36:9�ð Þ.

Solution
Table 14.2-1 has entries for cos vtð Þ and sin vtð Þ but not for cos vt þ uð Þ. We can use the trigonometric

identity A cos vt þ uð Þ ¼ A cos uð Þ cos vtð Þ � A sin uð Þ sin vtð Þ

to write 10 cos 20t þ 36:9�ð Þ ¼ 8 cos 20tð Þ � 6 sin 20tð Þ
Now use linearity to write

L 10e�4tcos 20t þ 36:9�ð Þ½ � ¼ L e�4t 8 cos 20tð Þ � 6 sin 20tð Þð Þ½ �
¼ 8L e�4t cos 20tð Þ½ � � 6L e�4t sin 20tð Þ½ �

Using frequency shifts from Table 14.2-2 with f tð Þ ¼ cos 20tð Þ gives
L e�4t cos 20tð Þ� � ¼L e�4tf tð Þ� � ¼ F sþ 4ð Þ

E X A M P L E 1 4 . 2 - 4 Laplace Transform Pairs and Properties

Find the Laplace transform of 5� 5e�2t 1þ 2tð Þ.

Solution
From linearity; L 5� 5e�2t 1þ 2tð Þ� � ¼ 5L 1½ � � 5L e�2t 1þ 2tð Þ� �

Using frequency shift from Table 14.2-2 with f tð Þ ¼ 1þ 2t gives

L e�2t 1þ 2tð Þ� � ¼L e�2tf tð Þ� � ¼ F sþ 2ð Þ

where F sð Þ ¼L f tð Þ½ � ¼L 1þ 2 t½ � ¼L 1½ � þ 2L t½ � ¼ 1

s
þ 2

1

s2

� �

Next; F sþ 2ð Þ ¼ F sð Þjs sþ2
That is, we must replace each s in F sð Þ by s + 2 to obtain F sþ 2ð Þ:

F sþ 2ð Þ ¼ 1

s
þ 2

1

s2

� �� �����
s sþ2

¼ 1

sþ 2
þ 2

1

sþ 2ð Þ2
 !

¼ sþ 2þ 2 1ð Þ
sþ 2ð Þ2 þ sþ 4

s2 þ 4sþ 4

Putting it all together gives

L 5� 5e�2t 1þ 2tð Þ� � ¼ 5
1

s

� �
� 5

sþ 4

s2 þ 4sþ 4

� �
¼ 5 s2 þ 4sþ 4ð Þ � 5s sþ 4ð Þ

s s2 þ 4sþ 4ð Þ ¼ 20

s s2 þ 4sþ 4ð Þ

666 The Laplace Transform

Utilizamos el cambio de frecuencia de la tabla 14.2-2 con ƒ(t) 5 1 1 2t y nos da

donde 
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E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 10 e�4t cos 20t þ 36:9�ð Þ.

Solution
Table 14.2-1 has entries for cos vtð Þ and sin vtð Þ but not for cos vt þ uð Þ. We can use the trigonometric

identity A cos vt þ uð Þ ¼ A cos uð Þ cos vtð Þ � A sin uð Þ sin vtð Þ

to write 10 cos 20t þ 36:9�ð Þ ¼ 8 cos 20tð Þ � 6 sin 20tð Þ
Now use linearity to write

L 10e�4tcos 20t þ 36:9�ð Þ½ � ¼ L e�4t 8 cos 20tð Þ � 6 sin 20tð Þð Þ½ �
¼ 8L e�4t cos 20tð Þ½ � � 6L e�4t sin 20tð Þ½ �

Using frequency shifts from Table 14.2-2 with f tð Þ ¼ cos 20tð Þ gives
L e�4t cos 20tð Þ� � ¼L e�4tf tð Þ� � ¼ F sþ 4ð Þ

E X A M P L E 1 4 . 2 - 4 Laplace Transform Pairs and Properties

Find the Laplace transform of 5� 5e�2t 1þ 2tð Þ.

Solution
From linearity; L 5� 5e�2t 1þ 2tð Þ� � ¼ 5L 1½ � � 5L e�2t 1þ 2tð Þ� �

Using frequency shift from Table 14.2-2 with f tð Þ ¼ 1þ 2t gives

L e�2t 1þ 2tð Þ� � ¼L e�2tf tð Þ� � ¼ F sþ 2ð Þ

where F sð Þ ¼L f tð Þ½ � ¼L 1þ 2 t½ � ¼L 1½ � þ 2L t½ � ¼ 1

s
þ 2

1

s2

� �

Next; F sþ 2ð Þ ¼ F sð Þjs sþ2
That is, we must replace each s in F sð Þ by s + 2 to obtain F sþ 2ð Þ:

F sþ 2ð Þ ¼ 1

s
þ 2

1

s2

� �� �����
s sþ2

¼ 1

sþ 2
þ 2

1

sþ 2ð Þ2
 !

¼ sþ 2þ 2 1ð Þ
sþ 2ð Þ2 þ sþ 4

s2 þ 4sþ 4

Putting it all together gives

L 5� 5e�2t 1þ 2tð Þ� � ¼ 5
1

s

� �
� 5

sþ 4

s2 þ 4sþ 4

� �
¼ 5 s2 þ 4sþ 4ð Þ � 5s sþ 4ð Þ

s s2 þ 4sþ 4ð Þ ¼ 20

s s2 þ 4sþ 4ð Þ
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A continuación,  
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E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 10 e�4t cos 20t þ 36:9�ð Þ.

Solution
Table 14.2-1 has entries for cos vtð Þ and sin vtð Þ but not for cos vt þ uð Þ. We can use the trigonometric

identity A cos vt þ uð Þ ¼ A cos uð Þ cos vtð Þ � A sin uð Þ sin vtð Þ

to write 10 cos 20t þ 36:9�ð Þ ¼ 8 cos 20tð Þ � 6 sin 20tð Þ
Now use linearity to write

L 10e�4tcos 20t þ 36:9�ð Þ½ � ¼ L e�4t 8 cos 20tð Þ � 6 sin 20tð Þð Þ½ �
¼ 8L e�4t cos 20tð Þ½ � � 6L e�4t sin 20tð Þ½ �

Using frequency shifts from Table 14.2-2 with f tð Þ ¼ cos 20tð Þ gives
L e�4t cos 20tð Þ� � ¼L e�4tf tð Þ� � ¼ F sþ 4ð Þ

E X A M P L E 1 4 . 2 - 4 Laplace Transform Pairs and Properties

Find the Laplace transform of 5� 5e�2t 1þ 2tð Þ.

Solution
From linearity; L 5� 5e�2t 1þ 2tð Þ� � ¼ 5L 1½ � � 5L e�2t 1þ 2tð Þ� �
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L e�2t 1þ 2tð Þ� � ¼L e�2tf tð Þ� � ¼ F sþ 2ð Þ

where F sð Þ ¼L f tð Þ½ � ¼L 1þ 2 t½ � ¼L 1½ � þ 2L t½ � ¼ 1

s
þ 2

1

s2

� �

Next; F sþ 2ð Þ ¼ F sð Þjs sþ2
That is, we must replace each s in F sð Þ by s + 2 to obtain F sþ 2ð Þ:

F sþ 2ð Þ ¼ 1

s
þ 2

1

s2

� �� �����
s sþ2

¼ 1

sþ 2
þ 2

1

sþ 2ð Þ2
 !

¼ sþ 2þ 2 1ð Þ
sþ 2ð Þ2 þ sþ 4

s2 þ 4sþ 4

Putting it all together gives

L 5� 5e�2t 1þ 2tð Þ� � ¼ 5
1

s

� �
� 5

sþ 4

s2 þ 4sþ 4

� �
¼ 5 s2 þ 4sþ 4ð Þ � 5s sþ 4ð Þ

s s2 þ 4sþ 4ð Þ ¼ 20

s s2 þ 4sþ 4ð Þ
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Es decir, debemos reemplazar cada s en F(s) por s 1 2 para obtener F(s 1 2):
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Conjuntando todo resulta
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Encuentre la transformada de Laplace de 10 e24t cos120t 1 36.9°2.

Solución 
La tabla 14.2-1 tiene entradas para cos(
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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Acm

The dependent source voltage can be expressed using A and CMRR as
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CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is
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v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
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where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A
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v1 þ v2

2

¼ A 1þ 1

2 CMRR
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v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,
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360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the
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(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I
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FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2 5 1A cos 

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

2 cos 1

E1C06_1 10/30/2009 233

Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
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� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm
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Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 10 e�4t cos 20t þ 36:9�ð Þ.

Solution
Table 14.2-1 has entries for cos vtð Þ and sin vtð Þ but not for cos vt þ uð Þ. We can use the trigonometric

identity A cos vt þ uð Þ ¼ A cos uð Þ cos vtð Þ � A sin uð Þ sin vtð Þ

to write 10 cos 20t þ 36:9�ð Þ ¼ 8 cos 20tð Þ � 6 sin 20tð Þ
Now use linearity to write

L 10e�4tcos 20t þ 36:9�ð Þ½ � ¼ L e�4t 8 cos 20tð Þ � 6 sin 20tð Þð Þ½ �
¼ 8L e�4t cos 20tð Þ½ � � 6L e�4t sin 20tð Þ½ �

Using frequency shifts from Table 14.2-2 with f tð Þ ¼ cos 20tð Þ gives
L e�4t cos 20tð Þ� � ¼L e�4tf tð Þ� � ¼ F sþ 4ð Þ

E X A M P L E 1 4 . 2 - 4 Laplace Transform Pairs and Properties

Find the Laplace transform of 5� 5e�2t 1þ 2tð Þ.

Solution
From linearity; L 5� 5e�2t 1þ 2tð Þ� � ¼ 5L 1½ � � 5L e�2t 1þ 2tð Þ� �

Using frequency shift from Table 14.2-2 with f tð Þ ¼ 1þ 2t gives

L e�2t 1þ 2tð Þ� � ¼L e�2tf tð Þ� � ¼ F sþ 2ð Þ

where F sð Þ ¼L f tð Þ½ � ¼L 1þ 2 t½ � ¼L 1½ � þ 2L t½ � ¼ 1

s
þ 2

1

s2

� �

Next; F sþ 2ð Þ ¼ F sð Þjs sþ2
That is, we must replace each s in F sð Þ by s + 2 to obtain F sþ 2ð Þ:

F sþ 2ð Þ ¼ 1

s
þ 2

1

s2

� �� �����
s sþ2

¼ 1

sþ 2
þ 2

1

sþ 2ð Þ2
 !

¼ sþ 2þ 2 1ð Þ
sþ 2ð Þ2 þ sþ 4

s2 þ 4sþ 4

Putting it all together gives

L 5� 5e�2t 1þ 2tð Þ� � ¼ 5
1

s

� �
� 5

sþ 4

s2 þ 4sþ 4

� �
¼ 5 s2 þ 4sþ 4ð Þ � 5s sþ 4ð Þ

s s2 þ 4sþ 4ð Þ ¼ 20

s s2 þ 4sþ 4ð Þ

666 The Laplace Transform

Al utilizar los cambios de frecuencia de la tabla 14.2-2 con ƒ(t) 5 cos(20t) resulta
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E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 10 e�4t cos 20t þ 36:9�ð Þ.

Solution
Table 14.2-1 has entries for cos vtð Þ and sin vtð Þ but not for cos vt þ uð Þ. We can use the trigonometric

identity A cos vt þ uð Þ ¼ A cos uð Þ cos vtð Þ � A sin uð Þ sin vtð Þ

to write 10 cos 20t þ 36:9�ð Þ ¼ 8 cos 20tð Þ � 6 sin 20tð Þ
Now use linearity to write

L 10e�4tcos 20t þ 36:9�ð Þ½ � ¼ L e�4t 8 cos 20tð Þ � 6 sin 20tð Þð Þ½ �
¼ 8L e�4t cos 20tð Þ½ � � 6L e�4t sin 20tð Þ½ �

Using frequency shifts from Table 14.2-2 with f tð Þ ¼ cos 20tð Þ gives
L e�4t cos 20tð Þ� � ¼L e�4tf tð Þ� � ¼ F sþ 4ð Þ

E X A M P L E 1 4 . 2 - 4 Laplace Transform Pairs and Properties

Find the Laplace transform of 5� 5e�2t 1þ 2tð Þ.

Solution
From linearity; L 5� 5e�2t 1þ 2tð Þ� � ¼ 5L 1½ � � 5L e�2t 1þ 2tð Þ� �

Using frequency shift from Table 14.2-2 with f tð Þ ¼ 1þ 2t gives

L e�2t 1þ 2tð Þ� � ¼L e�2tf tð Þ� � ¼ F sþ 2ð Þ

where F sð Þ ¼L f tð Þ½ � ¼L 1þ 2 t½ � ¼L 1½ � þ 2L t½ � ¼ 1

s
þ 2

1

s2

� �

Next; F sþ 2ð Þ ¼ F sð Þjs sþ2
That is, we must replace each s in F sð Þ by s + 2 to obtain F sþ 2ð Þ:

F sþ 2ð Þ ¼ 1

s
þ 2

1

s2

� �� �����
s sþ2

¼ 1

sþ 2
þ 2

1

sþ 2ð Þ2
 !

¼ sþ 2þ 2 1ð Þ
sþ 2ð Þ2 þ sþ 4

s2 þ 4sþ 4

Putting it all together gives

L 5� 5e�2t 1þ 2tð Þ� � ¼ 5
1

s

� �
� 5

sþ 4

s2 þ 4sþ 4

� �
¼ 5 s2 þ 4sþ 4ð Þ � 5s sþ 4ð Þ

s s2 þ 4sþ 4ð Þ ¼ 20

s s2 þ 4sþ 4ð Þ

666 The Laplace Transform

sen
sen

M14_DORF_1571_8ED_SE_660-729.indd   666 4/13/11   8:59 AM



Circuitos Eléctricos - Dorf Alfaomega

 Entradas de pulso 667

donde 

E1C14_1 11/25/2009 667

14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416

Pulse Inputs 667

A continuación,  
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416

Pulse Inputs 667

Es decir, debemos reemplazar s en F(s) por s 1 4 para obtener F(s 1 4):
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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Del mismo modo  

E1C14_1 11/25/2009 667

14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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Conjuntado todo nos da
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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14.3 E N T R A D A S  D E  P U L S O

La función escalón, que se muestra en la figura 14.3-1a y se representa como 
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416

Pulse Inputs 667

 (14.3-1)

hace una transición abrupta de 0 a 1 en tiempo t 5 0. Defina que la función de impulso, 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

1t2 1 3 1 4u1t2.

Solución

A partir de la linealidad,  
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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 Utilizando la tabla 14.2-1 resulta
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14.3 PULSE INPUTS

The step function, shown in Figure 14.3-1a and represented as

u tð Þ ¼ 0 t < 0

1 t > 0

�
ð14:3-1Þ

makes an abrupt transition from 0 to 1 at time t ¼ 0. Define the impulse function, d tð Þ, to be

d tð Þ ¼ d

dt
u tð Þ ¼

0 t < 0

undefined t ¼ 0

0 t > 0

8><
>:

ð14:3-2Þ

E X A M P L E 1 4 . 2 - 5 Laplace Transform Pairs and Properties

Find the Laplace transform of 2d tð Þ þ 3þ 4u tð Þ.

Solution

From linearity; L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ �

Because 1 ¼ u tð Þ for t � 0; L 1½ � ¼L u tð Þ½ �. Using Table 14.2-1 gives

L 2d tð Þ þ 3þ 4u tð Þ½ � ¼ 2L d tð Þ½ � þ 3L 1½ � þ 4L u tð Þ½ � ¼ 2 1ð Þ þ 3
1

s

� �
þ 4

1

s

� �
¼ 2þ 7

s

where F sð Þ ¼L f tð Þ½ � ¼L cos 20tð Þ½ � ¼ s

s2 þ 202
¼ s

s2 þ 400

Next; F sþ 4ð Þ ¼ F sð Þjs sþ4
That is, we must replace each s in F sð Þ by sþ 4 to obtain F sþ 4ð Þ:

L e�4t cos 20tð Þ� � ¼ F sþ 4ð Þ ¼ s

s2 þ 400

����
s sþ4

¼ sþ 4

sþ 4ð Þ2 þ 400
¼ sþ 4

s2 þ 8sþ 416

Similarly L e�4t sin 20tð Þ� � ¼ 20

s2 þ 400

����
s sþ4

¼ 20

sþ 4ð Þ2 þ 400
¼ 20

s2 þ 8sþ 416

Putting it all together gives

L 10e�4t cos 20t þ 36:9�ð Þ� � ¼ 8
sþ 4

s2 þ 8sþ 416

� �
� 6

20

s2 þ 8sþ 416

� �
¼ 8s� 88

s2 þ 8sþ 416
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FIGURA 14.3-1 (a) La función escalón; (b) una aproximación a la función escalón; (c) una función de pulso, y (d ) la 
función de impulso.

Dado que 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

(t) es indefinida en tiempo 0, consideramos la función 
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Because d tð Þ is undefined at time 0, we consider the function ue tð Þ shown in Figure 14.3-

1b. This function makes the transition from 0 to 1 over the time interval from 0 to e. Notice
that

lim
e!0

ue tð Þ ¼ u tð Þ

Let de tð Þ ¼ d

dt
ue tð Þ ¼

0 t < 0
1

e
0 < t < e

0 t > e

8><
>:

We see that de tð Þ is the pulse function shown in Figure 14.3-1c. Notice that for any value of e, the area
under the pulse is given by

Z þ1

�1
de tð Þdt ¼

Z e

0

1

e
dt ¼ 1

Now; let d tð Þ ¼ lim
e!0

de tð Þ

This definition of d tð Þ is consistent with the definition given in Eq. 14.3-2. We see that d tð Þ is a
pulse having infinite magnitude, infinitesimal duration, and area equal to 1. We can’t readily

draw such a pulse, so we represent d tð Þ by an arrow as shown in Figure 14.3-1d, The height of the

arrow is equal to the area of the impulse function. (The area of the impulse function is sometimes

called the strength of the impulse. Also, the impulse function is sometimes called the delta

function.)

An important property of the impulse function is

Z þ1

�1
f tð Þd tð Þdt ¼ f 0ð Þ ð14:3-3Þ

Letting f tð Þ ¼ 1 gives

Z þ1

�1
d tð Þdt ¼ 1

showing once again that the area under the impulse function is 1. More interesting, Eq. 14.3-3 can be

used to determine the Laplace transform of the impulse function

L d tð Þ½ � ¼
Z 1

0�
e�std tð Þdt ¼ e0 ¼ 1

FIGURE 14.3-1 (a) A step function, (b) an approximation to the step function, (c) a pulse function and, (d) the impulse

function.

668 The Laplace Transform

(t) que se muestra en la figura 
14.3-1b. Esta función realiza la transición de 0 a 1 durante el intervalo de 0 a 
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Because d tð Þ is undefined at time 0, we consider the function ue tð Þ shown in Figure 14.3-

1b. This function makes the transition from 0 to 1 over the time interval from 0 to e. Notice
that

lim
e!0

ue tð Þ ¼ u tð Þ

Let de tð Þ ¼ d

dt
ue tð Þ ¼

0 t < 0
1

e
0 < t < e

0 t > e

8><
>:

We see that de tð Þ is the pulse function shown in Figure 14.3-1c. Notice that for any value of e, the area
under the pulse is given by

Z þ1

�1
de tð Þdt ¼

Z e

0

1

e
dt ¼ 1

Now; let d tð Þ ¼ lim
e!0

de tð Þ

This definition of d tð Þ is consistent with the definition given in Eq. 14.3-2. We see that d tð Þ is a
pulse having infinite magnitude, infinitesimal duration, and area equal to 1. We can’t readily

draw such a pulse, so we represent d tð Þ by an arrow as shown in Figure 14.3-1d, The height of the

arrow is equal to the area of the impulse function. (The area of the impulse function is sometimes

called the strength of the impulse. Also, the impulse function is sometimes called the delta

function.)

An important property of the impulse function is

Z þ1

�1
f tð Þd tð Þdt ¼ f 0ð Þ ð14:3-3Þ

Letting f tð Þ ¼ 1 gives

Z þ1

�1
d tð Þdt ¼ 1

showing once again that the area under the impulse function is 1. More interesting, Eq. 14.3-3 can be

used to determine the Laplace transform of the impulse function

L d tð Þ½ � ¼
Z 1

0�
e�std tð Þdt ¼ e0 ¼ 1

FIGURE 14.3-1 (a) A step function, (b) an approximation to the step function, (c) a pulse function and, (d) the impulse

function.

668 The Laplace Transform
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Because d tð Þ is undefined at time 0, we consider the function ue tð Þ shown in Figure 14.3-

1b. This function makes the transition from 0 to 1 over the time interval from 0 to e. Notice
that

lim
e!0

ue tð Þ ¼ u tð Þ

Let de tð Þ ¼ d

dt
ue tð Þ ¼

0 t < 0
1

e
0 < t < e

0 t > e

8><
>:

We see that de tð Þ is the pulse function shown in Figure 14.3-1c. Notice that for any value of e, the area
under the pulse is given by

Z þ1

�1
de tð Þdt ¼

Z e

0

1

e
dt ¼ 1

Now; let d tð Þ ¼ lim
e!0

de tð Þ

This definition of d tð Þ is consistent with the definition given in Eq. 14.3-2. We see that d tð Þ is a
pulse having infinite magnitude, infinitesimal duration, and area equal to 1. We can’t readily

draw such a pulse, so we represent d tð Þ by an arrow as shown in Figure 14.3-1d, The height of the

arrow is equal to the area of the impulse function. (The area of the impulse function is sometimes

called the strength of the impulse. Also, the impulse function is sometimes called the delta

function.)

An important property of the impulse function is

Z þ1

�1
f tð Þd tð Þdt ¼ f 0ð Þ ð14:3-3Þ

Letting f tð Þ ¼ 1 gives

Z þ1

�1
d tð Þdt ¼ 1

showing once again that the area under the impulse function is 1. More interesting, Eq. 14.3-3 can be

used to determine the Laplace transform of the impulse function

L d tð Þ½ � ¼
Z 1

0�
e�std tð Þdt ¼ e0 ¼ 1

FIGURE 14.3-1 (a) A step function, (b) an approximation to the step function, (c) a pulse function and, (d) the impulse

function.
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Vemos que 
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Because d tð Þ is undefined at time 0, we consider the function ue tð Þ shown in Figure 14.3-
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(t) es la función de pulso que se muestra en la figura 14.3-1c. Observe que para cualquier 
valor de 
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, el área bajo el pulso está dada por

Ahora, sea 
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Esta definición de 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

(t) es consistente con la definición dada en la ecuación 14.3-2. Vemos que 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

(t) es 
un pulso que tiene magnitud infinita, duración infinitesimal, y un área igual a 1. No podemos dibujar 
muy fácilmente un pulso así, por lo que representamos 
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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(t) con una flecha como se muestra en la 
figura 14.3-1d. La altura de la flecha es igual al área de la función de impulso. (A veces, al área de 
la función de impulso se le llama la fuerza del impulso. Además, a la función de impulso también se 
le suele llamar función delta.)
 Una propiedad importante de la función de impulso es

Si dejamos que ƒ(t) 5 1, resulta 
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Because d tð Þ is undefined at time 0, we consider the function ue tð Þ shown in Figure 14.3-

1b. This function makes the transition from 0 to 1 over the time interval from 0 to e. Notice
that

lim
e!0

ue tð Þ ¼ u tð Þ

Let de tð Þ ¼ d

dt
ue tð Þ ¼

0 t < 0
1

e
0 < t < e

0 t > e

8><
>:

We see that de tð Þ is the pulse function shown in Figure 14.3-1c. Notice that for any value of e, the area
under the pulse is given by

Z þ1

�1
de tð Þdt ¼

Z e

0

1

e
dt ¼ 1

Now; let d tð Þ ¼ lim
e!0

de tð Þ

This definition of d tð Þ is consistent with the definition given in Eq. 14.3-2. We see that d tð Þ is a
pulse having infinite magnitude, infinitesimal duration, and area equal to 1. We can’t readily

draw such a pulse, so we represent d tð Þ by an arrow as shown in Figure 14.3-1d, The height of the

arrow is equal to the area of the impulse function. (The area of the impulse function is sometimes

called the strength of the impulse. Also, the impulse function is sometimes called the delta

function.)

An important property of the impulse function is

Z þ1

�1
f tð Þd tð Þdt ¼ f 0ð Þ ð14:3-3Þ

Letting f tð Þ ¼ 1 gives

Z þ1

�1
d tð Þdt ¼ 1

showing once again that the area under the impulse function is 1. More interesting, Eq. 14.3-3 can be

used to determine the Laplace transform of the impulse function

L d tð Þ½ � ¼
Z 1

0�
e�std tð Þdt ¼ e0 ¼ 1

FIGURE 14.3-1 (a) A step function, (b) an approximation to the step function, (c) a pulse function and, (d) the impulse

function.

668 The Laplace Transform

lo que muestra una vez más que el área bajo la función de impulso es 1. Más interesante aún, la ecua-
ción 14.3-3 se puede utilizar para determinar la transformada de Laplace de la función de impulso
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f (t − τ) = m (t − τ) + b

t

b

m + b

f (t) = mt + b

t1

b

m + b

τ τ + 1

f (t) u(t)

t1

b

m + b

f (t − τ) u(t − τ)

t

b
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(a) (b)

(c) (d)  

FIGURA 14.3-2 (a) Una función; (b) copia 
retardada de la función; (c) una función nueva 
formada por la multiplicación de ƒ(t) por una 
función escalón, y (d ) copia retardada de 
la función nueva.

 A continuación, consideramos algunas técnicas útiles para encontrar transformadas de Laplace 
de otras funciones de pulso. Podemos retardar una función ƒ(t) por tiempo 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain
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This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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que se muestra en la figura 14.3-2b. A continuación, considere la función

g1t2 5 f 1t2u1t2 5 1mt 1 b2u1t2
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.

Capacitors 259

2 1 b2u1t 2 

E1C07_1 10/30/2009 259

Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which
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of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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the change in voltage occurs over an increment

of time, Dt.
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).
 La figura 14.3-3 muestra cómo se pueden usar estas técnicas para representar funciones de 
pulso. Empezando con ƒ(t) 5 1.5t, una recta que pasa a través del origen en la figura 14.3-3a, mul-
tiplicamos por una función escalón de modo que el producto sea 0 para el tiempo t , 0. En la figura 
14.3-b se muestra la función ƒ(t)u(t) junto con una copia retardada, ƒ(t 2 10)u(t 2 10). Al restar 
la copia retardada nos da

 g1t2 5 f 1t2 u1t2 2 f 1t 2 102 u1t 2 102 5 1.5 t u1t2 2 1.51t 2 102 u1t 2 102 (14.3-4)
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(a) (b)

(c)

f (t) = 1.5t 

t10
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1.5 t u(t) 

t2010
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1.5(t − 10) u(t − 10) 

15

g(t) = 1.5t u(t) − 1.5(t − 10) u(t − 10) 

t2010
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h(t) = g(t) − 15u(t − 10)  

t10

15

(e)

15

k(t) = g(t) − 3(t − 15) u(t − 15) 

t1510 20

+ 3(t − 20) u(t − 20)

FIGURA 14.3-3 (a) Una función; (b) una función de rampa y una copia retardada de la función de rampa; 
(c) una función nueva formada de la resta de la rampa retardada a partir de la rampa; (d ) un pulso triangular, 
y (e) un pulso trapezoide.

que se muestra en la figura 14.3-3c. Restar una función escalón adecuadamente escalada y retardada 
da como resultado el pulso que se muestra en la figura 14.3-3d:

 h1t2 5 g1t2 2 15u1t 2 102 5 1.5 t u1t2 2 1.51t 2 102u1t 2 102 2 15u1t 2 102 (14.3-5)

Por otra parte, empezar con g(t) y luego restar y sumar copias retardadas de tu(t) adecuadamente es-
caladas y retardadas, da como resultado el pulso que se muestra en la figura 14.3-3e:

 k1t2 5 g1t2 2 3.01t 2 152 u1t 2 152 1 3.01t 2 202 u1t 2 202 (14.3-6)

(Restar 3.0(t 2 15)u(t 2 15) hace que k(t) empiece a disminuir en t 5 15 s. Sumar 3.0(t 2 20)u(t 2 20) 
hace que k(t) se nivele en t 5 20 s. Sin este último término, k(t) seguiría disminuyendo.)
 Para obtener la transformada de la función de tiempo cambiado, utilizamos la definición de la 
transformación para obtener

E1C14_1 11/25/2009 670

shown in Figure 14.3-3c. Subtracting an appropriately scaled and delayed step function yields the

pulse shown in Figure 14.3-3d:

h tð Þ ¼ g tð Þ � 15 u t � 10ð Þ ¼ 1:5 t u tð Þ � 1:5 t � 10ð Þu t � 10ð Þ � 15u t � 10ð Þ ð14:3-5Þ
Alternately, starting with g tð Þ and then subtracting and adding appropriately scaled and delayed copies
of tu(t) yields the pulse shown in Figure 14.3-3e:

k tð Þ ¼ g tð Þ � 3:0 t � 15ð Þ u t � 15ð Þ þ 3:0 t � 20ð Þ u t � 20ð Þ ð14:3-6Þ
(Subtracting 3:0 t � 15ð Þu t � 15ð Þ causes k tð Þ to begin to decrease at t ¼ 15 s. Adding

3:0 t � 20ð Þ u t � 20ð Þ causes k tð Þ to level off at t ¼ 20 s. Without this last term, k tð Þ would continue

to decrease.)

To obtain the transform of the time-shifted function, we use the definition of the transform to

obtain

L f t � tð Þu t � tð Þ½ � ¼
Z 1

0
f t � tð Þu t � tð Þe�stdt ¼

Z 1

t

f t � tð Þe�stdt

(a) (b)

(c)

f (t) = 1.5t 

t10

15

1.5 t u(t) 

t2010

15

1.5(t − 10) u(t − 10) 

15

g(t) = 1.5t u(t) − 1.5(t − 10) u(t − 10) 

t2010

(d)

h(t) = g(t) − 15u(t − 10)  

t10

15

(e)

15

k(t) = g(t) − 3(t − 15) u(t − 15) 

t1510 20

+ 3(t − 20) u(t − 20)

FIGURE 14.3-3 (a) A function, (b) a ramp function and a delayed copy of the ramp function,

(c) a new function formed by subtracting the delayed ramp from the ramp, (d) a triangular pulse, and

(e) a trapezoidal pulse.

670 The Laplace Transform
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from
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This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.

Capacitors 259

 5 x para obtener

E1C14_1 11/25/2009 671

Now let t � t ¼ x to obtain

L f t � tð Þu t � tð Þ½ � ¼
Z 1

0
f xð Þe�s tþxð Þdx ¼ e�st

Z 1

t

f xð Þe�sxdx ¼ e�stF sð Þ

This result is summarized as

f t � tð Þu t � tð Þ $ e�stF sð Þ ð14:3-7Þ

14.4 I NVERSE LAP LACE TRANSFORM

We will frequently want to find the inverse Laplace transform of a function represented as a ratio of

polynomials in s. Consider:

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
ð14:4-1Þ

where the coefficients of the polynomials are real numbers. The function F sð Þ is said to be a rational

function of s because it is the ratio of two polynomials in s. Usually, we have n > m, in which case,

F sð Þ is called a proper rational function.

The roots of the denominator polynomial D sð Þ are the roots of the equation D sð Þ ¼ 0 and are

called the poles of F sð Þ. Factoring D sð Þ, we obtain

D sð Þ ¼ sn þ an�1s
n�1 þ � � � þ a1sþ a0 ¼ s� p1ð Þ s� p2ð Þ � � � s� pnð Þ

E X A M P L E 1 4 . 3 - 1 Laplace Transforms of Pulse Functions

Find the Laplace transforms of g tð Þ, h tð Þ and k tð Þ shown in Figure 14.3-3.

Solution
After obtaining Eqs. 14.3-4, 14.3-5, and 14.3-6, the required Laplace transforms are easily determined using

Eq. 14.3-7:

G sð Þ ¼ L g tð Þ½ � ¼ L 1:5t u tð Þ½ � �L 1:5 t � 10ð Þ u t � 10ð Þ½ �

¼ 1:5
1

s2

� �
� e�10s 1:5

1

s2

� �� �
¼ 1:5 1� e�10sð Þ

s2

H sð Þ ¼ L h tð Þ½ � ¼ L g tð Þ½ � �L 15 u t � 10ð Þ½ � ¼ 1:5 1� e�10sð Þ
s2

� e�10s 15

s

� �

K sð Þ ¼ L k tð Þ½ � ¼ L g tð Þ½ � �L 3:0 t � 15ð Þ u t � 15ð Þ½ � þL 3:0 t � 20ð Þ u t � 20ð Þ½ �

¼ 1:5 1� e�10sð Þ
s2

� e�15s 3:0

s2

� �
þ e�20s 3:0

s2

� �
¼ 1:5 1� e�10s � 2e�15s þ 2e�20sð Þ

s2
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Este resultado se resume como
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 (14.3-7)

14.4 T R A N S F O R M A D A  I N V E R S A  D E  L A P L A C E

Con frecuencia queremos encontrar la transformada inversa de Laplace de una función representada 
como una razón de polinomios en s. Considere:
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 (14.4-1)

donde los coeficientes de los polinomios son números reales. Se dice que la función F(s) debe ser una 
función racional de s porque es la razón de dos polinomios en s. Por lo común, tenemos n . m, en 
cuyo caso F(s) se denomina una función racional propia.
 Las raíces del polinomio denominador D(s) son las raíces de la ecuación D(s) = 0 y se les llama 
polos de F(s). Descomponemos en factores D(s) y obtenemos
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E j E m p l o  1 4 . 3 - 1  Transformadas de Laplace de funciones de pulso

Encuentre las transformadas de Laplace de g(t), h(t) y k(t) que se muestran en la figura 14.3-3.

Solución
Luego de obtener las ecuaciones 14.3-4, 14.3-5 y 14.3-6, las transformadas de Laplace requeridas se determinan 
fácilmente utilizando la ecuación 14.3-7:
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	 672	 Transformada de Laplace

 Los polos, pi, pueden ser reales o compuestos. Los polos compuestos aparecen en pares conju-
gados compuestos, es decir, si p1 5 a 1 jb es un polo de F(s), entonces F(s) también tendrá un polo, 
pi 5 
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The poles, pi, may be either real or complex. Complex poles appear in complex conjugate pairs,

that is, if p1 ¼ aþ jb is a pole of F sð Þ, then F sð Þ will also have a pole, pi ¼ p�1 ¼ a� jb. A pole pi of

F sð Þ is said to be a simple pole of F sð Þ if none of the other poles of F sð Þ are equal to pi. In contrast, pi is
a repeated pole of F sð Þ if at least one of the other poles of F sð Þ is equal to pi. The multiplicity of a

repeated pole pi is the number of equal poles, including pi itself. The roots of the numerator

polynomial N sð Þ are called the zeros of F sð Þ.
We will find the inverse Laplace transform of a proper rational function F sð Þ in three steps. First,

we perform a partial fraction expansion to express F sð Þ as a sum of simpler functions, Fi sð Þ.

F sð Þ ¼ F1 sð Þ þ F2 sð Þ þ � � � þ Fi sð Þ þ � � � þ Fn sð Þ

Next, we use the transform pairs in Table 14.2-1 and properties in Table 14.2-2 to find the inverse

Laplace transform of each Fi sð Þ. Finally, using linearity, we sum the inverse transforms of the Fi sð Þ to
obtain the inverse Laplace transform of F sð Þ.

When all of the poles of a proper rational function, F sð Þ, are simple poles, the partial fraction

expansion of F sð Þ is

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0

¼ R1

s� p1
þ R2

s� p2
þ � � � þ Ri

s� pi
þ � � � þ Rn

s� pn

ð14:4-2Þ

The partial fraction expansion has one term corresponding to each simple pole of F sð Þ. The

coefficients, Ri are called residues. Each residue, Ri, corresponds to the pole, pi, in the same term

of Eq. 14.4-2. The residue corresponding to a real pole is a real number. The residues corresponding to

complex conjugate poles are themselves complex conjugates. The values of the residues of simple

poles are calulated as

Ri ¼ s� pið ÞF sð Þjs¼pi
ð14:4-3Þ

E X A M P L E 1 4 . 4 - 1 Inverse Laplace Transform: Simple, Real Poles

Find the inverse Laplace transform of F sð Þ ¼ sþ 3

s2 þ 7sþ 10
.

Solution
The given F sð Þ is indeed a proper rational function. Factor the denominator and perform a partial fraction

expansion.

F sð Þ ¼ sþ 3

s2 þ 7sþ 10
¼ sþ 3

sþ 2ð Þ sþ 5ð Þ ¼
R1

sþ 2
þ R2

sþ 5

where R1 ¼ sþ 2ð Þ sþ 3

sþ 2ð Þ sþ 5ð Þ
� �����

s¼�2

¼ sþ 3

sþ 5

����
s¼�2

¼ �2þ 3

�2þ 5
¼ 1

3

and R2 ¼ sþ 5ð Þ sþ 3

sþ 2ð Þ sþ 5ð Þ
� �����

s¼�5

¼ sþ 3

sþ 2

����
s¼�5

¼ �5þ 3

�5þ 2
¼ 2

3

672 The Laplace Transform

 5 a 2 jb. Se dice que un polo pi de F(s) debe ser un polo simple de F(s) si ninguno de los 
demás polos de F(s) son iguales a pi. Por el contrario, pi es un polo repetido de F(s) si al menos uno 
de los demás polos de F(s) es igual a pi. La multiplicidad de un polo repetido pi es el número de polos 
iguales, entre ellos el mismo pi. Las raíces del polinomio numerador N(s) se llaman los ceros de F(s).
 Encontraremos la transformada inversa de Laplace de una función racional propia F(s) en tres 
pasos. Primero, ejecutamos una expansión de fracción parcial para expresar F(s) como una suma de 
funciones simples, Fi (s).
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672 The Laplace Transform

Luego utilizamos los pares de transformación de la tabla 14.2-1 y las propiedades de la tabla 14.2-2 
para encontrar la transformada inversa de Laplace de cada Fi (s). Finalmente, utilizando linealidad, 
sumamos las transformaciones inversas de Fi (s) para obtener la transformada inversa de Laplace de 
F(s).
 Cuando todos los polos de una función racional propia, F(s), son polos simples, la expansión de 
fracción parcial de F(s) es 
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The poles, pi, may be either real or complex. Complex poles appear in complex conjugate pairs,

that is, if p1 ¼ aþ jb is a pole of F sð Þ, then F sð Þ will also have a pole, pi ¼ p�1 ¼ a� jb. A pole pi of

F sð Þ is said to be a simple pole of F sð Þ if none of the other poles of F sð Þ are equal to pi. In contrast, pi is
a repeated pole of F sð Þ if at least one of the other poles of F sð Þ is equal to pi. The multiplicity of a

repeated pole pi is the number of equal poles, including pi itself. The roots of the numerator

polynomial N sð Þ are called the zeros of F sð Þ.
We will find the inverse Laplace transform of a proper rational function F sð Þ in three steps. First,

we perform a partial fraction expansion to express F sð Þ as a sum of simpler functions, Fi sð Þ.

F sð Þ ¼ F1 sð Þ þ F2 sð Þ þ � � � þ Fi sð Þ þ � � � þ Fn sð Þ

Next, we use the transform pairs in Table 14.2-1 and properties in Table 14.2-2 to find the inverse

Laplace transform of each Fi sð Þ. Finally, using linearity, we sum the inverse transforms of the Fi sð Þ to
obtain the inverse Laplace transform of F sð Þ.

When all of the poles of a proper rational function, F sð Þ, are simple poles, the partial fraction

expansion of F sð Þ is

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0

¼ R1

s� p1
þ R2

s� p2
þ � � � þ Ri

s� pi
þ � � � þ Rn

s� pn

ð14:4-2Þ

The partial fraction expansion has one term corresponding to each simple pole of F sð Þ. The

coefficients, Ri are called residues. Each residue, Ri, corresponds to the pole, pi, in the same term

of Eq. 14.4-2. The residue corresponding to a real pole is a real number. The residues corresponding to

complex conjugate poles are themselves complex conjugates. The values of the residues of simple

poles are calulated as

Ri ¼ s� pið ÞF sð Þjs¼pi
ð14:4-3Þ

E X A M P L E 1 4 . 4 - 1 Inverse Laplace Transform: Simple, Real Poles

Find the inverse Laplace transform of F sð Þ ¼ sþ 3

s2 þ 7sþ 10
.

Solution
The given F sð Þ is indeed a proper rational function. Factor the denominator and perform a partial fraction

expansion.

F sð Þ ¼ sþ 3

s2 þ 7sþ 10
¼ sþ 3

sþ 2ð Þ sþ 5ð Þ ¼
R1

sþ 2
þ R2

sþ 5

where R1 ¼ sþ 2ð Þ sþ 3

sþ 2ð Þ sþ 5ð Þ
� �����

s¼�2

¼ sþ 3

sþ 5

����
s¼�2

¼ �2þ 3

�2þ 5
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3

and R2 ¼ sþ 5ð Þ sþ 3

sþ 2ð Þ sþ 5ð Þ
� �����

s¼�5

¼ sþ 3

sþ 2

����
s¼�5

¼ �5þ 3

�5þ 2
¼ 2

3
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 (14.4-2)

La expansión de fracción parcial tiene un término que corresponde a cada polo simple de F(s). Los 
coeficientes, Ri, se llaman residuos. Cada residuo Ri corresponde al polo, pi, en los mismos términos 
de la ecuación 14.4-2. El residuo correspondiente a un polo real es un número real. Los residuos que 
corresponden a polos de conjugada compleja son de suyo conjugadas complejas. Los valores de los 
residuos de polos simples se calculan como 
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 (14.4-3)

E j E m p l o  1 4 . 4 - 1  Transformada inversa de Laplace: polos reales, simples

Encuentre la transformada inversa de Laplace de 
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Solución
La F(s) dada es en verdad una función racional propia. Descomponga el denominador y desarrolle una expansión 
de fracción parcial

y 
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of Eq. 14.4-2. The residue corresponding to a real pole is a real number. The residues corresponding to

complex conjugate poles are themselves complex conjugates. The values of the residues of simple

poles are calulated as
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Suppose F sð Þ has a pair of simple complex conjugate poles p1 ¼ �aþ jb and p2 ¼ �a� jb.

The corresponding residues in the partial fraction expansion will also be complex conjugates, say

R1 ¼ cþ jd and R2 ¼ c� jd. The partial fraction expansion of F sð Þ is

F sð Þ ¼ R1

s� p1
þ R2

s� p2
þ F3 sð Þ ¼ cþ jd

s� �aþ jbð Þ þ
c� jd

s� �a� jbð Þ þ F3 sð Þ ð14:4-4Þ

where F3 sð Þ is the sum of the terms of the partial fraction expansion due to other poles of F sð Þ. Next,
combine the first two terms, using a common denominator, to get

F sð Þ ¼ cþ jd

sþ a� jb
þ c� jd

sþ aþ jb
þ F3 sð Þ

¼ cþ jdð Þ sþ a� jbð Þ þ c� jdð Þ sþ a� jbð Þ
sþ a� jbð Þ sþ aþ jbð Þ þ F3 sð Þ

¼ 2c sþ 2 a c� b dð Þ
s2 þ 2 a sþ a2 þ b2

þ F3 sð Þ

¼ 2 c sþ að Þ � 2 b d

sþ að Þ2 þ b2
þ F3 sð Þ

¼ 2c
sþ a

sþ að Þ2 þ b2
� 2d

b

sþ að Þ2 þ b2
þ F3 sð Þ

Notice that the partial fraction expansion of F sð Þ can be expressed as

F sð Þ ¼ K1sþ K2

s2 þ 2 a sþ a2 þ b2
þ F3 sð Þ ð14:4-5Þ

where K1 ¼ 2 c and K2 ¼ 2 a c� b dð Þ.
Taking the inverse Laplace transform of the first two terms of the partial fraction expansion

gives

L�1 2 c
sþ a

sþ að Þ2 þ b2

" #
¼ 2 cL�1 sþ a

sþ að Þ2 þ b2

" #
¼ 2 c e�at L�1 s

s2 þ b2

� �
¼ 2 c e�at cos btð Þ

and

L�1 2 d
b

sþ að Þ2 þ b2

" #
¼ 2 dL�1 b

sþ að Þ2 þ b2

" #
¼ 2 d e�at L�1 b

s2 þ b2

� �
¼ 2 d e�at sin btð Þ

Using linearity, we have

L�1 F sð Þ½ � ¼ 2 c e�atcos btð Þ � 2 d e�atsin btð Þ þL�1 F3 sð Þ½ � ð14:4-6Þ

Then F sð Þ ¼
1

3
sþ 2

þ
2

3
sþ 5

Using linearity and taking the inverse Laplace transform of each term gives

F tð Þ ¼ L�1 F sð Þ½ � ¼ L�1

1

3
sþ 2

þ
2

3
sþ 5

2
64

3
75 ¼ 1

3
L�1 1

sþ 2

� �
þ 2

3
L�1 1

sþ 5

� �
¼ 1

3
e�2t þ 2

3
e�5t for t � 0
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Utilizando linealidad y tomando la transformada inversa de Laplace de cada término resulta
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 Suponga que F(s) tiene un par de polos de conjugada compleja simples p1 5 2a 1 jb y p2 5 
2a 2 jb. Los residuos correspondientes en la expansión de fracción parcial también serán conjugadas 
complejas, digamos R1 5 c 1 jd y R2 5 c 2 jd. La expansión de fracción parcial de F(s) es
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Suppose F sð Þ has a pair of simple complex conjugate poles p1 ¼ �aþ jb and p2 ¼ �a� jb.

The corresponding residues in the partial fraction expansion will also be complex conjugates, say
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 (14.4-4)

donde F3(s) es la suma de los términos de la expansión de fracción parcial debida a los demás polos 
de F(s). A continuación, combine los primeros dos términos, utilizando un común denominador, para 
obtener
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Observe que la expansión de fracción parcial de F(s) se puede expresar como
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 (14.4-5)

donde K1 5 2 c y K2 5 21a c 2 b d2.
 Al tomar la transformada inversa de Laplace de los primeros dos términos resulta
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Utilizamos linealidad y tenemos
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Taking the inverse Laplace transform of the first two terms of the partial fraction expansion

gives

L�1 2 c
sþ a

sþ að Þ2 þ b2

" #
¼ 2 cL�1 sþ a

sþ að Þ2 þ b2

" #
¼ 2 c e�at L�1 s

s2 þ b2

� �
¼ 2 c e�at cos btð Þ

and

L�1 2 d
b

sþ að Þ2 þ b2

" #
¼ 2 dL�1 b

sþ að Þ2 þ b2

" #
¼ 2 d e�at L�1 b

s2 þ b2

� �
¼ 2 d e�at sin btð Þ

Using linearity, we have

L�1 F sð Þ½ � ¼ 2 c e�atcos btð Þ � 2 d e�atsin btð Þ þL�1 F3 sð Þ½ � ð14:4-6Þ

Then F sð Þ ¼
1

3
sþ 2

þ
2

3
sþ 5

Using linearity and taking the inverse Laplace transform of each term gives

F tð Þ ¼ L�1 F sð Þ½ � ¼ L�1

1

3
sþ 2

þ
2

3
sþ 5

2
64

3
75 ¼ 1

3
L�1 1

sþ 2

� �
þ 2

3
L�1 1

sþ 5

� �
¼ 1

3
e�2t þ 2

3
e�5t for t � 0
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	 674	 Transformada de Laplace

E j E m p l o  1 4 . 4 - 2   Transformada inversa de Laplace: 
polos compuestos simples

Encuentre la transformada inversa de Laplace de 

E1C14_1 11/25/2009 674

E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

674 The Laplace Transform

Solución
Las raíces de la cuadrática 1s2 1 6s 1 102 son compuestas, y podemos escribir F(s) como
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Utilizando una expansión de fracción parcial, tenemos
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Si utilizamos la ecuación 14.4-3,
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

674 The Laplace Transform

Al comparar la ecuación 14.4-4, vemos que a 5 3, b 5 1, c 5 22.5 y d 5 2.5. Luego,

y 
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Finalmente, utilizando la ecuación 14.4-6,
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Solución alterna
Si utilizamos la ecuación 14.4-5 podemos expresar F(s) como
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E X A M P L E 1 4 . 4 - 2 Inverse Laplace Transform:

Simple Complex Poles

Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
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F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
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s� �3þ jð Þ þ
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s� 3� jð Þ þ
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����
s¼�3þj
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�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5
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Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
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2
� j

5
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and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Find the inverse Laplace transform of F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ.

Solution
The roots of the quadratic s2 þ 6sþ 10ð Þ are complex, and we may write F sð Þ as

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
Using a partial fraction expansion, we have

F sð Þ ¼ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ ¼
R1

s� �3þ jð Þ þ
R2

s� 3� jð Þ þ
R3

sþ 2

Using Eq. 14.4-3,

R1 ¼ sþ 3� jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3þj

¼ 10

sþ 3þ jð Þ sþ 2ð Þ
����
s¼�3þj

¼ 10

�3þ jþ 3þ jð Þ �3þ jþ 2ð Þ ¼ � 5

2
þ j

5

2

Comparing to Eq. 14.4-4, we see that a ¼ 3; b ¼ 1; c ¼ �2:5; and d ¼ 2:5. Next,

R2 ¼ sþ 3þ jð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�3�j

¼ 10

sþ 3� jð Þ sþ 2ð Þ
����
s¼�3�j

¼ 10

�3� jþ 3� jð Þ �3� jþ 2ð Þ ¼ � 5

2
� j

5

2

and R3 ¼ sþ 2ð Þ 10

sþ 3� jð Þ sþ 3þ jð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5

Finally, using Eq. 14.4-6,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ 2 c e�at cos btð Þ � 2 d e�at sin btð Þ þL�1 5

sþ 2

� �

¼ 2 �2:5ð Þe�3t cos 1tð Þ � 2 2:5ð Þe�3t sin 1tð Þ þ 5e�2t

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5 e�2t for t � 0

Alternate Solution

Using Eq. 14.4-5, we can express F sð Þ as

F sð Þ ¼ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1 sþ K2

s2 þ 6sþ 10
þ F3 sð Þ ¼ K1sþ K2

s2 þ 6sþ 10
þ R3

sþ 2

Using Eq. 14.4-3, we calulate

R3 ¼ sþ 2ð Þ 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �����

s¼�2

¼ 10

s2 þ 6sþ 10

����
s¼�2

¼ 5
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Entonces  
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.

Inverse Laplace Transform 675

 (14.4-7)

Multiplicar ambos lados de esta ecuación por el denominador de F(s), resulta
10 5 1K1 1 52s2 1 12K1 1 K2 1 302s 1 2K2 1 50

Los coeficientes de s2, s1 y s0 de la derecha de esta ecuación deben ser iguales cada uno a los coeficientes co-
rrespondientes de la izquierda. (Los coeficientes de s2 y s1 de la izquierda son cero.) Igualar los coeficientes 
correspondientes da

0 5 K1 1 5, 0 5 K1 1 K2 1 30 y 10 5 2K2 1 50
Despejar estas ecuaciones da K1 5 25 y K2 5 220. Sustituimos en la ecuación 14.4-7 y tenemos
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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A continuación,

E1C14_1 11/25/2009 675

Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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Aprovechamos la superposición,
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼
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m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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como antes.

 A continuación, suponga que F(s) tiene polos repetidos, es decir,
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.

Inverse Laplace Transform 675

donde el entero q se denomina multiplicidad del polo repetido, p1. En este caso, la expansión de frac-
ción parcial de F(s) que incluye todas las potencias del término (s 2 p1) hasta la multiplicidad.
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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 (14.4-8)

Los residuos que corresponden a los polos repetidos están dados por
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
D sð Þ ¼

bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0

sn þ an�1sn�1 þ � � � þ a1sþ a0
¼ bms

m þ bm�1s
m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by
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k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1
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s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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Next, suppose F sð Þ has repeated poles, that is,

F sð Þ ¼ N sð Þ
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sn þ an�1sn�1 þ � � � þ a1sþ a0
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m�1 þ � � � þ b1sþ b0

s� p1ð Þq s� pqþ1

� �
� � � s� pnð Þ

where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1
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Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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 (14.4-9)

Es decir,
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F sð Þ ¼ N sð Þ
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where the integer q is called the multiplicity of the repeated pole, p1. In this case, the partial fraction

expansion of F sð Þ that includes all powers of the term s� p1ð Þ up to the multiplicity.

F sð Þ ¼ R1

s� p1
þ R2

s� p1ð Þ2 þ � � � þ Rq

s� p1ð Þq þ
Rqþ1

s� pqþ1
þ � � � þ Rn

s� pn
ð14:4-8Þ

The residues corresponding to the repeated poles are given by

Rq�k ¼ 1

k!

dk

dsk
s� p1ð ÞqF sð Þ

� �����
s¼p1

for k ¼ q� 1; q� 2; . . . ; 2; 1; 0 ð14:4-9Þ

That is,

R1 ¼ 1

q� 1ð Þ!
dq�1

dsq�1
s� p1ð ÞqF sð Þ

� �����
s¼p1

;

R2 ¼ 1

q� 2ð Þ!
dq�2

dsq�2
s� p1ð ÞqF sð Þ

� �����
s¼p1

; . . .

Rq ¼ s� p1ð ÞqF sð Þ½ �js¼p1

Then
10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
K1sþ K2

s2 þ 6sþ 10
þ 5

sþ 2
ð14:4-7Þ

Multiplying both sides of this equation by the denominator of F sð Þ gives
10 ¼ K1 þ 5ð Þs2 þ 2K1 þ K2 þ 30ð Þsþ 2K2 þ 50

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero.) Equating corresponding

coefficients gives

0 ¼ K1 þ 5; 0 ¼ 2K1 þ K2 þ 30 and 10 ¼ 2K2 þ 50

Solving these equations gives K1 ¼ �5 and K2 ¼ �20. Substituting into Eq 14.4-7 gives

10

s2 þ 6sþ 10ð Þ sþ 2ð Þ ¼
�5s� 20

s2 þ 6sþ 10
þ 5

sþ 2

Next,

�5s� 20

s2 þ 6sþ 10
¼ �5s� 20

s2 þ 6sþ 9ð Þ þ 1
¼ �5s� 20

sþ 3ð Þ2 þ 1
¼ �5 sþ 3ð Þ � 5

sþ 3ð Þ2 þ 1
¼ �5

sþ 3

sþ 3ð Þ2 þ 1

 !
� 5

1

sþ 3ð Þ2 þ 1

 !

Then
L�1 �5s� 20

s2 þ 6sþ 10

� �
¼ �5L�1 sþ 3

sþ 3ð Þ2 þ 1

" #
� 5L�1 1

sþ 3ð Þ2 þ 1

" #

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ
Using superposition,

f tð Þ ¼ L�1 10

s2 þ 6sþ 10ð Þ sþ 2ð Þ
� �

¼ �5e�3t cos tð Þ � 5e�3t sin tð Þ þ 5e�2t for t � 0

as before.
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	 676	 Transformada de Laplace

E j E m p l o  1 4 . 4 - 3   Transformada inversa de Laplace: 
polos repetidos

Encuentre la transformada inversa de Laplace de 

E1C14_1 11/25/2009 676

E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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Solución
Utilizando la ecuación 14.4-8, podemos expresar F(s) como

E1C14_1 11/25/2009 676

E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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Utilizando al ecuación 14.4-3,
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E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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Utilizando la ecuación 14.4-9,

Entonces,  
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E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4

676 The Laplace Transform

Luego, utilizando la propiedad del cambio de frecuencia de la tabla 14.2.2, obtenemos
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E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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Por último, utilizando linealidad, 
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E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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para 
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E X A M P L E 1 4 . 4 - 3 Inverse Laplace Transform:

Repeated Poles

Find the inverse Laplace transform of F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ.

Solution
Using Eq. 14.4-8, we can express F sð Þ as

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

Using Eq. 14.4-3,

R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

Using Eq. 14.4-9,

R1 ¼ d

ds
sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

 !�����
s¼�1

¼ d

ds

4

sþ 2

����
s¼�1

¼ �4

sþ 2ð Þ2
�����
s¼�1

¼ �4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

þ 4

�1þ 2
¼ 4

Then; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Next, using the frequency shift property from Table 14.2-2, we get

L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ R2

sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�2

¼ 4

sþ 1ð Þ2
�����
s¼�2

¼ 4

�2þ 1ð Þ2 ¼ 4

and R2 ¼ sþ 1ð Þ2 4

sþ 1ð Þ2 sþ 2ð Þ

�����
s¼�1

¼ 4

sþ 2

����
s¼�1

¼ 4

�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
4 ¼ R1 sþ 1ð Þ sþ 2ð Þ þ 4 sþ 2ð Þ þ 4 sþ 1ð Þ2 ¼ R1 þ 4ð Þs2 þ 3R1 þ 4þ 8ð Þsþ 2R1 þ 8þ 4
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Solución alterna
Si utilizamos la ecuación 14.4-8 
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Repeated Poles
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 !�����
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����
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�����
s¼�1

¼ �4
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�����
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����
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�4

sþ 1
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sþ 1ð Þ2 þ
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sþ 2
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L�1 4

sþ 1ð Þ2
" #

¼ e�t L�1 4

s2

� �
¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0
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R1

sþ 1
þ R2
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����
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�1þ 2
¼ 4

so
4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1
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4

sþ 2

Multiplying both sides by sþ 1ð Þ2 sþ 2ð Þ gives
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por lo tanto, 
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sþ 1ð Þ2 þ
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¼ e�t L�1 4
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¼ 4 t e�t

Finally; using linearity; f tð Þ ¼ �4 e�t þ 4 t e�t þ 4e�2t for t � 0

Alternate Solution

Using Eq:14:4-8; F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
R1

sþ 1
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sþ 1ð Þ2 þ
R3

sþ 2

As before; R3 ¼ sþ 2ð Þ 4
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¼ 4
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Multiplicar ambos lados por 1s 1 122 1s 1 22 resulta

4 5 R11s 1 121s 1 22 1 41s 1 22 1 41s 1 122 5 1R1 1 42s2 1 13R1 1 4 1 82s 1 2R1 1 8 1 4

y

Como antes, 

y
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 Teoremas del valor inicial y final 677

14.5 T E O R E M AS  D E L  VA LO R  I N I C I A L  Y  F I N A L

El valor inicial de una función ƒ(t) es el valor t 5 0, siempre que ƒ(t) sea continuo en t 5 0. Si ƒ(t) es 
discontinuo en t 5 0, el valor inicial es el límite como t 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 01, donde t se acerca a t 5 0 desde tiempo 
positivo. 
 El valor inicial de una función se puede encontrar utilizando
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14.5 I N I T I A L AND F INAL VALUE THEOREMS

The initial value of a function f tð Þ is the value t ¼ 0, provided that f tð Þ is continuous at t ¼ 0. If f tð Þ is
discontinuous at t ¼ 0, the initial value is the limit as t ! 0þ, where t approaches t ¼ 0 from positive

time.

A function’s initial value may be found using

f 0þð Þ ¼ lim
t!0þ

f tð Þ ¼ lim
s!1 sF sð Þ ð14:5-1Þ

This equation is called the initial value theorem. To prove the initial value theorem, we start with the

time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

E X A M P L E 1 4 . 4 - 4 Inverse Laplace Transform:

Improper Rational Function

Find the inverse Laplace transform of F sð Þ ¼ 4 s3 þ 15 s2 þ sþ 30

s2 þ 5 sþ 6
.

Solution
Compare this F sð Þwith F sð Þ in Eq. 14.4-1 to see thatm¼ 3 and n¼ 2. Becausem is not less than nwe perform the

long division s2 þ 5sþ 6 Þ4s3 þ 15s2 þ sþ 30 to obtain

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6

The last term on the right side is a proper rational function, so we perform partial fraction expansion to get

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6
¼ 4s� 5þ 2s

sþ 3ð Þ sþ 2ð Þ ¼ 4s� 5þ 6

sþ 3
� 4

sþ 2

Using the time differentiation property from Table 14.4-4 gives L�1 s½ � ¼ d

dt
d tð Þ. Using linearity, we get

L�1 4s3 þ 15s2 þ sþ 30

s2 þ 5sþ 6

� �
¼ 4

d

dt
d tð Þ � 5d tð Þ þ 6e�3t � 4e�2t for t � 0

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero) Equating corresponding

coefficients gives

0 ¼ R1 þ 4; 0 ¼ 3 R1 þ 4þ 8 and 4 ¼ 2 R1 þ 8þ 4

Solving these equations gives R1 ¼ �4. Substituting gives

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

As before f tð Þ ¼ �4e�t þ 4t e�t þ 4 e�2t for t � 0

Initial and Final Value Theorems 677

 (14.5-1)

A esta ecuación se le llama teorema del valor inicial. Para comprobar el teorema del valor inicial, 
empezamos con la propiedad de diferenciación de tiempo de la tabla 14.2-2:
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The initial value of a function f tð Þ is the value t ¼ 0, provided that f tð Þ is continuous at t ¼ 0. If f tð Þ is
discontinuous at t ¼ 0, the initial value is the limit as t ! 0þ, where t approaches t ¼ 0 from positive

time.

A function’s initial value may be found using

f 0þð Þ ¼ lim
t!0þ

f tð Þ ¼ lim
s!1 sF sð Þ ð14:5-1Þ

This equation is called the initial value theorem. To prove the initial value theorem, we start with the

time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

E X A M P L E 1 4 . 4 - 4 Inverse Laplace Transform:

Improper Rational Function

Find the inverse Laplace transform of F sð Þ ¼ 4 s3 þ 15 s2 þ sþ 30

s2 þ 5 sþ 6
.

Solution
Compare this F sð Þwith F sð Þ in Eq. 14.4-1 to see thatm¼ 3 and n¼ 2. Becausem is not less than nwe perform the

long division s2 þ 5sþ 6 Þ4s3 þ 15s2 þ sþ 30 to obtain

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6

The last term on the right side is a proper rational function, so we perform partial fraction expansion to get

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6
¼ 4s� 5þ 2s

sþ 3ð Þ sþ 2ð Þ ¼ 4s� 5þ 6

sþ 3
� 4

sþ 2

Using the time differentiation property from Table 14.4-4 gives L�1 s½ � ¼ d

dt
d tð Þ. Using linearity, we get

L�1 4s3 þ 15s2 þ sþ 30

s2 þ 5sþ 6

� �
¼ 4

d

dt
d tð Þ � 5d tð Þ þ 6e�3t � 4e�2t for t � 0

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero) Equating corresponding

coefficients gives

0 ¼ R1 þ 4; 0 ¼ 3 R1 þ 4þ 8 and 4 ¼ 2 R1 þ 8þ 4

Solving these equations gives R1 ¼ �4. Substituting gives

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

As before f tð Þ ¼ �4e�t þ 4t e�t þ 4 e�2t for t � 0
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E j E m p l o  1 4 . 4 - 4   Transformada de Laplace: 
función racional impropia

Los coeficientes de s2, s1 y s0 de la derecha de esta ecuación deben ser muy iguales a los coeficientes correspondien-
tes de la izquierda. (Los coeficientes de s2 y s1 de la izquierda son cero.) Igualar los coeficientes correspondientes 
resulta

0 5 R1 1 4, 0 5 3 R1 1 4 1 8 y 4 5 2 R1 1 8 1 4

Despejar estas ecuaciones da R1 5 24. Sustituir resulta
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The initial value of a function f tð Þ is the value t ¼ 0, provided that f tð Þ is continuous at t ¼ 0. If f tð Þ is
discontinuous at t ¼ 0, the initial value is the limit as t ! 0þ, where t approaches t ¼ 0 from positive

time.

A function’s initial value may be found using

f 0þð Þ ¼ lim
t!0þ

f tð Þ ¼ lim
s!1 sF sð Þ ð14:5-1Þ

This equation is called the initial value theorem. To prove the initial value theorem, we start with the

time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

E X A M P L E 1 4 . 4 - 4 Inverse Laplace Transform:

Improper Rational Function

Find the inverse Laplace transform of F sð Þ ¼ 4 s3 þ 15 s2 þ sþ 30

s2 þ 5 sþ 6
.

Solution
Compare this F sð Þwith F sð Þ in Eq. 14.4-1 to see thatm¼ 3 and n¼ 2. Becausem is not less than nwe perform the

long division s2 þ 5sþ 6 Þ4s3 þ 15s2 þ sþ 30 to obtain

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6

The last term on the right side is a proper rational function, so we perform partial fraction expansion to get

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6
¼ 4s� 5þ 2s

sþ 3ð Þ sþ 2ð Þ ¼ 4s� 5þ 6

sþ 3
� 4

sþ 2

Using the time differentiation property from Table 14.4-4 gives L�1 s½ � ¼ d

dt
d tð Þ. Using linearity, we get

L�1 4s3 þ 15s2 þ sþ 30

s2 þ 5sþ 6

� �
¼ 4

d

dt
d tð Þ � 5d tð Þ þ 6e�3t � 4e�2t for t � 0

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero) Equating corresponding

coefficients gives

0 ¼ R1 þ 4; 0 ¼ 3 R1 þ 4þ 8 and 4 ¼ 2 R1 þ 8þ 4

Solving these equations gives R1 ¼ �4. Substituting gives

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

As before f tð Þ ¼ �4e�t þ 4t e�t þ 4 e�2t for t � 0
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Como antes 
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time.
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f 0þð Þ ¼ lim
t!0þ

f tð Þ ¼ lim
s!1 sF sð Þ ð14:5-1Þ

This equation is called the initial value theorem. To prove the initial value theorem, we start with the

time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt
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¼
Z 1
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dt
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.

Solution
Compare this F sð Þwith F sð Þ in Eq. 14.4-1 to see thatm¼ 3 and n¼ 2. Becausem is not less than nwe perform the

long division s2 þ 5sþ 6 Þ4s3 þ 15s2 þ sþ 30 to obtain

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6

The last term on the right side is a proper rational function, so we perform partial fraction expansion to get

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6
¼ 4s� 5þ 2s

sþ 3ð Þ sþ 2ð Þ ¼ 4s� 5þ 6

sþ 3
� 4

sþ 2

Using the time differentiation property from Table 14.4-4 gives L�1 s½ � ¼ d

dt
d tð Þ. Using linearity, we get

L�1 4s3 þ 15s2 þ sþ 30

s2 þ 5sþ 6
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¼ 4

d

dt
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para
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Encuentre la transformada inversa de Laplace de 
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time.

A function’s initial value may be found using

f 0þð Þ ¼ lim
t!0þ

f tð Þ ¼ lim
s!1 sF sð Þ ð14:5-1Þ

This equation is called the initial value theorem. To prove the initial value theorem, we start with the

time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0�

df

dt
e�stdt

E X A M P L E 1 4 . 4 - 4 Inverse Laplace Transform:

Improper Rational Function

Find the inverse Laplace transform of F sð Þ ¼ 4 s3 þ 15 s2 þ sþ 30

s2 þ 5 sþ 6
.

Solution
Compare this F sð Þwith F sð Þ in Eq. 14.4-1 to see thatm¼ 3 and n¼ 2. Becausem is not less than nwe perform the

long division s2 þ 5sþ 6 Þ4s3 þ 15s2 þ sþ 30 to obtain

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6

The last term on the right side is a proper rational function, so we perform partial fraction expansion to get

F sð Þ ¼ 4s� 5þ 2s

s2 þ 5sþ 6
¼ 4s� 5þ 2s

sþ 3ð Þ sþ 2ð Þ ¼ 4s� 5þ 6

sþ 3
� 4

sþ 2

Using the time differentiation property from Table 14.4-4 gives L�1 s½ � ¼ d

dt
d tð Þ. Using linearity, we get

L�1 4s3 þ 15s2 þ sþ 30

s2 þ 5sþ 6

� �
¼ 4

d

dt
d tð Þ � 5d tð Þ þ 6e�3t � 4e�2t for t � 0

The coefficients of s2, s1, and s0 on the right side of this equation must each be equal to the corresponding

coefficients on the left side. (The coefficients of s2 and s1 on the left side are zero) Equating corresponding

coefficients gives

0 ¼ R1 þ 4; 0 ¼ 3 R1 þ 4þ 8 and 4 ¼ 2 R1 þ 8þ 4

Solving these equations gives R1 ¼ �4. Substituting gives

F sð Þ ¼ 4

sþ 1ð Þ2 sþ 2ð Þ ¼
�4

sþ 1
þ 4

sþ 1ð Þ2 þ
4

sþ 2

As before f tð Þ ¼ �4e�t þ 4t e�t þ 4 e�2t for t � 0

Initial and Final Value Theorems 677

Solución
Compare esta F(s) con la F(s) en la ecuación 14.4-1 para ver que m 5 3 y n 5 2. Como m no es menor que n,
efectuamos la división larga 
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�4

sþ 1
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sþ 1ð Þ2 þ
4

sþ 2
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El último término de la derecha es una función racional propia, por lo que efectuamos la expansión de fracción 
parcial para obtener
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Al utilizar la propiedad de diferenciación de tiempo de la tabla 14.4-4 da 
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 Utilizamos linealidad 
para obtener
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Tomando el límite como s 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
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s!1 sF sð Þ ð14:5-2Þ
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with the time differentiation property from Table 14.2-2:
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df
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� �
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Z 1
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df
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� �
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E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems
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s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?
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let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
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v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.

E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Agregar ƒ(02) a cada lado confirma el teorema del valor inicial dado en la ecuación 14.5-1.
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
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with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
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0

df

dt

� �
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Z 1
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df
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lim
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E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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Taking the limit as s ! 1, we get
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s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt
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df
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e�stdt
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e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
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f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
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sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.
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Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.
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Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Agregar ƒ(02) a cada lado confirma el teorema del valor final dado en la ecuación 14.5-2.

E j E m p l o  1 4 . 5 - 1  Teoremas del valor inicial y final

Considere la situación en la que construimos un circuito en el laboratorio y analizamos el mismo circuito utili-
zando las transformadas de Laplace. La figura 14.5-1 muestra un trazo de la salida del circuito, v(t), obtenido por 
medición de laboratorio. Suponga que nuestro análisis de circuitos da 
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.
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Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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 (14.5-3)

¿El análisis de circuito concuerda con la medición de laboratorio?

Solución
Determinar la transformada inversa de Laplace de V(s) requiere una expansión de fracción parcial. Antes de que 
hagamos ese trabajo, apliquemos los teoremas del valor inicial y del valor final para ver si es posible que V(s), 
dado en la ecuación 14.5-3, pueda ser la transformada de Laplace v(t) que se muestra en la figura 14.5-1.
 A partir de la figura 14.5-1 vemos que los valores inicial y final son
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.

E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.

E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.

E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Taking the limit as s ! 1, we get

lim
s!1 sF sð Þ � f 0�ð Þ½ � ¼ lim

s!1

Z 0þ

0�

df

dt
e�stdt þ lim

s!1

Z 1

0þ

df

dt
e�stdt

The first integral on the right is equal to f 0þð Þ � f 0�ð Þ because e�st ¼ 1 for t between 0� and 0+. The

second integral on the right vanishes because e�st ! 0 for s ! 1. On the left side, lim
s!1 f 0�ð Þ ¼

f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!1 sF sð Þ � f 0�ð Þ ¼ f 0þð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the initial value theorem given in Eq. 14.5-1.

The final value of a function f tð Þ is lim
t!1 f tð Þ where

f 1ð Þ ¼ lim
t!1 f tð Þ ¼ lim

s!1 sF sð Þ ð14:5-2Þ

This equation is called the final value theorem. To prove the final value theorem, we again start

with the time differentiation property from Table 14.2-2:

sF sð Þ � f 0�ð Þ ¼ L
df

dt

� �
¼
Z 1

0

df

dt

� �
e�stdt

and we take the limit as s ! 0 for both sides to obtain

lim
s!0

sF sð Þ � f 0�ð Þ½ � ¼ lim
s!0

Z 1

0

df

dt

� �
e�stdt ¼

Z 1

0

df

dt

� �
e�0tdt ¼ f 1ð Þ � f 0�ð Þ

On the left side, lim
s!0

f 0�ð Þ ¼ f 0�ð Þ because f 0�ð Þ is independent of s. Thus,
lim
s!0

sF sð Þ � f 0�ð Þ ¼ f 1ð Þ � f 0�ð Þ

Adding f 0�ð Þ to each side confirms the final value theorem given in Eq. 14.5-2.

E X A M P L E 1 4 . 5 - 1 Init ial and Final Value Theorems

Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace

transfoms. Figure 14.5-1 shows a plot of the circuit output, v tð Þ, obtained by laboratory measurement. Suppose

our circuit analysis gives

V sð Þ ¼ L v tð Þ½ � ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ð14:5-3Þ

Does the circuit analysis agree with the laboratory measurement?

Solution
Determining the inverse Laplace transform of V sð Þ requires a partial fraction expansion. Before we do that work,
let’s use the initial- and final value theorems to see whether it is possible that V sð Þ, given in Eq. 14.5-3, can be the
Laplace transform v tð Þ shown in Figure 14.5-1.

From Figure 14.5-1, we see that the initial and final values are

v 0þð Þ ¼ lim
t!0þ

v tð Þ ¼ 2 V and v 1ð Þ ¼ lim
t!1 v tð Þ ¼ 4 V ð14:5-4Þ
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Luego calculamos
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Next, we calculate

v 0ð Þ ¼ lim
s!1 s

2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �

¼ lim
s!1

2s2 þ 30sþ 136

s2 þ 9sþ 34
¼ lim

s!1

2s2

s2
þ 30s

s2
þ 136

s2

s2

s2
þ 9s

s2
þ 34

s2

¼ 2

1
¼ 2 V

and

v 1ð Þ ¼ lim
s!0

s
2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �

¼ lim
s!0

2s2 þ 30sþ 136

s2 þ 9sþ 34
¼ 136

24
¼ 4 V

Because these initial and final values agree, it is possible that V sð Þ, given in Eq. 14.5-3, can be the Laplace

transform of v tð Þ shown in Figure 14.5-1. It is now appropriate to determine the inverse Laplace transform of

V sð Þ.
We can express V sð Þ as

V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ K1sþ K2

s2 þ 9sþ 34
þ R3

s

where R3 ¼ s
2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �����

s¼0

¼ 2s2 þ 30sþ 136

s2 þ 9sþ 34

����
s¼0

¼ 4

Then V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ K1sþ K2

s2 þ 9sþ 34
þ 4

s

Multiplying both sides s s2 þ 9sþ 34ð Þ gives
2s2 þ 30sþ 136 ¼ s K1sþ K2ð Þ þ 4 s2 þ 9sþ 34

� � ¼ K1 þ 4ð Þs2 þ K2 þ 36ð Þsþ 136

Equating the coefficients of s2 and s1 gives K1 ¼ �2 and K2 ¼ �6. Then,

V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ 4

s
� 2sþ 6

s2 þ 9sþ 34
¼ 4

s
� 2 sþ 3ð Þ

sþ 3ð Þ2 þ 25
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Because these initial and final values agree, it is possible that V sð Þ, given in Eq. 14.5-3, can be the Laplace
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Multiplying both sides s s2 þ 9sþ 34ð Þ gives
2s2 þ 30sþ 136 ¼ s K1sþ K2ð Þ þ 4 s2 þ 9sþ 34
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Equating the coefficients of s2 and s1 gives K1 ¼ �2 and K2 ¼ �6. Then,
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Ya que estos valores inicial y final concuerdan, es posible que V(s), dada en la ecuación 14.5-3, pueda ser la trans-
formada de Laplace de v(t) que se muestra en la figura 14.5-1. Ahora es apropiado determinar la transformada 
inversa de Laplace de V(s).
 Podemos expresar V(s) como

Entonces  
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Next, we calculate

v 0ð Þ ¼ lim
s!1 s

2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �

¼ lim
s!1

2s2 þ 30sþ 136

s2 þ 9sþ 34
¼ lim

s!1

2s2

s2
þ 30s

s2
þ 136

s2

s2

s2
þ 9s

s2
þ 34

s2

¼ 2

1
¼ 2 V

and

v 1ð Þ ¼ lim
s!0

s
2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �

¼ lim
s!0

2s2 þ 30sþ 136

s2 þ 9sþ 34
¼ 136

24
¼ 4 V

Because these initial and final values agree, it is possible that V sð Þ, given in Eq. 14.5-3, can be the Laplace

transform of v tð Þ shown in Figure 14.5-1. It is now appropriate to determine the inverse Laplace transform of

V sð Þ.
We can express V sð Þ as

V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ K1sþ K2

s2 þ 9sþ 34
þ R3

s

where R3 ¼ s
2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ
� �����

s¼0

¼ 2s2 þ 30sþ 136

s2 þ 9sþ 34

����
s¼0

¼ 4

Then V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ K1sþ K2

s2 þ 9sþ 34
þ 4

s

Multiplying both sides s s2 þ 9sþ 34ð Þ gives
2s2 þ 30sþ 136 ¼ s K1sþ K2ð Þ þ 4 s2 þ 9sþ 34

� � ¼ K1 þ 4ð Þs2 þ K2 þ 36ð Þsþ 136

Equating the coefficients of s2 and s1 gives K1 ¼ �2 and K2 ¼ �6. Then,

V sð Þ ¼ 2s2 þ 30sþ 136

s s2 þ 9sþ 34ð Þ ¼ 4

s
� 2sþ 6

s2 þ 9sþ 34
¼ 4

s
� 2 sþ 3ð Þ

sþ 3ð Þ2 þ 25

1
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2
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4

t, s

v(t), V

FIGURE 14.5-1
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Multiplicar ambos lados de s1s2 1 9s 1 342 resulta
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Igualar los coeficientes de s2 y s2 resulta en K1 5 22 y K2 5 26. Entonces
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Tomamos la transformada inversa de Laplace y nos da

E1C14_1 11/25/2009 680

14.6 SOLUT ION OF D I F F ERENT I A L EQUAT IONS

DESCR I B I NG A C I RCU I T ________________________________________________________________________

We can solve a set of differential equations describing an electric circuit, using the Laplace transform

of a variable and its derivatives. Here’s the procedure:

1. UseKirchhoff’s laws and the element equations to represent the circuit by a differential equation or

set of differential equations.

2. Transform each differential equation into an algebraic equation by taking the Laplace transform of

both sides of the equation.

3. Solve the algebraic equations to obtain the Laplace transform of the output of the circuit.

4. Take the inverse Laplace transform to obtain the circuit output itself.

The following example illustrates this procedure.

E X A M P L E 1 4 . 6 - 1 Laplace Transforms of

Differential Equations

Find vC tð Þ for the circuit shown in Figure 14.6-1 when iL 0�ð Þ ¼ 0:5 A and vC 0�ð Þ ¼ 2:5 V.

+
–

R1= 15 Ω L = 2.5 H 

vC(t)

+

–

iL(t)

R2= 5 Ω C = 10 mF vi (t) = 10 + 10 u(t)

FIGURE 14.6-1 The circuit considered in Example 14.6-1.

Solution
Apply KCL at the top node of R2 to get

iL tð Þ ¼ vC tð Þ
R2

þ C
d vC tð Þ
dt

ð14:6-1Þ

Apply KVL to the left mesh to get

v1 tð Þ ¼ R1iL tð Þ þ L
diL tð Þ
dt

þ vC tð Þ ð14:6-2Þ

Taking the inverse Laplace transform gives

v tð Þ ¼ L�1 4

s
� 2 sþ 3ð Þ

sþ 3ð Þ2 þ 25

" #
¼ 4� 2 e�3tcos 5tð Þ for � 0

which is indeed the equation representing the function shown in Figure 14.5-1.

680 The Laplace Transform

para
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la cual es en realidad la ecuación que representa la función que se muestra en la figura 14.5-1.

14.6  S O L U C I Ó N  D E  E C U A C I O N E S  D I F E R E N C I A L E S 
Q U E  D E S C R I B E N  U N  C I R C U I T O

Podemos resolver un conjunto de ecuaciones diferenciales que describen un circuito eléctrico median-
te la transformada de Laplace de una variable y sus derivadas. He aquí el procedimiento:

1.  Aplique las leyes de Kirchhoff y las ecuaciones de elementos para representar el circuito por una 
ecuación diferencial o un conjunto de ecuaciones diferenciales.

2.  Transforme cada ecuación diferencial en una ecuación algebraica tomando la transformada de 
Laplace de ambos lados de la ecuación.

3.  Despeje las ecuaciones algebraicas para obtener la transformada de Laplace de la salida del 
circuito.

4. Tome la transformada de Laplace para obtener el circuito de salida en sí. 

 El ejemplo siguiente ilustra este procedimiento.

E j E m p l o  1 4 . 6 - 1   Transformadas de Laplace 
de ecuaciones diferenciales

Encuentre vC(t) para el circuito que se muestra en la figura 14.6-1 cuando iL(02) 5 0.5 A y vC(02) 5 2.5 V.

+
–

R1= 15 Ω L = 2.5 H 

vC(t)

+

–

iL(t)

R2= 5 Ω C = 10 mF vi (t) = 10 + 10 u(t)

 FIGURA 14.6-1. El circuito considerado en el ejemplo 14.6-1.

Solución
Aplique la KCL al nodo superior de R2 para obtener
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Taking the inverse Laplace transform gives
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sþ 3ð Þ2 þ 25

" #
¼ 4� 2 e�3tcos 5tð Þ for � 0

which is indeed the equation representing the function shown in Figure 14.5-1.
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 (14.6-1)

Aplique la KVL al enlace izquierdo para obtener
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of a variable and its derivatives. Here’s the procedure:

1. UseKirchhoff’s laws and the element equations to represent the circuit by a differential equation or
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Solution
Apply KCL at the top node of R2 to get
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þ C
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dt

ð14:6-1Þ
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which is indeed the equation representing the function shown in Figure 14.5-1.
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 (14.6-2)
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Recuerde esta propiedad de la transformada de Laplace de la tabla 14.2-2:
df

dt
$ sF sð Þ � f 0�ð Þ

Tome la transformada de Laplace de ambos lados de la ecuación 14.6-1 para obtener

 
IL sð Þ ¼ VC sð Þ

R2
þ C VC sð Þ � vC 0�ð Þð Þ (14.6-3)

Tome la transformada de Laplace de ambos lados de la ecuación 14.6-2 para obtener

 V i sð Þ ¼ R1IL sð Þ þ L IL sð Þ � iL 0�ð Þð Þ þ VC sð Þ (14.6-4)

Sustituya la expresión IL(s) de la ecuación 14.6-3 en la ecuación 14-6-4 y simplifique para obtener

 
V i sð Þ ¼ LCs2 þ L

R2
þ R1C

� �
sþ 1þ R1

R2

� �
VC sð Þ � LCsþ R1Cð ÞvC 0�ð Þ � LiL 0�ð Þ (14.6-5)

Observamos que vi � 20 V para t � 20, determinamos V i sð Þ ¼L 20½ � ¼ 20

s
.

t i

 Entonces, utilizando los valores 

dados de las condiciones iniciales y de los parámetros del circuito, obtenemos
20

s
¼ s2 þ 26sþ 160
� �

VC sð Þ � sþ 6ð Þ 2:5ð Þ � 2:5 0:5ð Þ
Despejamos VC(s) y resulta

VC sð Þ ¼ 2:5s2 þ 65sþ 800

s s2 þ 26sþ 160ð Þ ¼
2:5s2 þ 65sþ 800

s sþ 10ð Þ sþ 16ð Þ
Ejecutar una expansión de fracción parcial resulta

VC sð Þ ¼ 2:5s2 þ 65sþ 800

s sþ 10ð Þ sþ 16ð Þ ¼
5

s
þ 4:17

sþ 16
� 6:67

sþ 10

Tomar la transformada inversa de Laplace da
vC1t2 � 5 � 4.17e�16t � 6.67e�10t V para t � 0

14.7  A N Á L I S I S  D E  C I R C U I T O S  U T I L I Z A N D O  I M P E D A N C I A 
Y  C O N D I C I O N E S  I N I C I A L E S

Ya hemos visto que podemos representar un circuito en el dominio de tiempo por ecuaciones 
diferenciales y luego emplear la transformada de Laplace para transformar las ecuaciones di-
ferenciales en ecuaciones algebraicas. En esta sección veremos que podemos representar un 
circuito en el dominio de frecuencia utilizando la transformada de Laplace, y luego analizarlo 
mediante ecuaciones algebraicas. Este método eliminará la necesidad de escribir ecuaciones 
diferenciales para representar el circuito.
 La relación v-i para el resistor es la ley de Ohm:
 v(t) � i(t)R  (14.7-1)
Por consiguiente, la relación de la transformada de Laplace con un resistor R es

 V sð Þ ¼ I sð ÞR  (14.7-2)

La figura 14.7-1 muestra la representación del resistor en (a) el dominio de tiempo y (b) en 
el dominio de frecuencia, utilizando la transformada de Laplace. Como sugieren las ecua-
ciones anteriores, las representaciones en los dominios de tiempo y de frecuencia del resistor 
son muy parecidas.

FIGURA 14.7-1 Un 
resistor representado (a) 
en el dominio de tiempo 
y (b) en el dominio de 
frecuencia utilizando la 
transformada de Laplace.

v(t)

i(t)

–

+

(a)

V(s)

I(s)

–

+

(b)

R R
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	 682	 Transformada de Laplace

 Se define que la impedancia de un elemento debe ser
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The impedance of an element is defined to be

Z sð Þ ¼ V sð Þ
I sð Þ ð14:7-3Þ

provided all initial conditions are zero. Notice that the impedance is defined in the frequency domain,

not in the time domain.

In the case of the resistor, there is no initial condition to set to zero. Comparing Eqs. 14.7-1 and

14.7-2 shows that the impedance of the resistor is equal to the resistance.

A capacitor is represented by its time-domain equation

v tð Þ ¼ 1

C

Z t

0
i tð Þdt þ v 0ð Þ ð14:7-4Þ

The Laplace transform of Eq. 14.7-4 is

V sð Þ ¼ 1

Cs
I sð Þ þ v 0ð Þ

s
ð14:7-5Þ

To determine the impedance of the capacitor, set the initial condition, v(0), to zero. Then, using

Eq. 14.7-3, we obtain

ZC sð Þ ¼ 1

Cs

as the impedance of the capacitor.

Equation 14.7-5 is used to represent the capacitor in the frequency domain, as shown in Figure

14.7-2b. The series connection of elements in Figure 14.7-2b corresponds to the sum of voltages in Eq.

14.7-5. The current through the impedance in Figure 14.7-2b produces the first voltage on the right

side of Eq. 14.7-5, whereas the voltage source in Figure 14.7-2b supplies the second voltage on the

right side of Eq. 14.7-5.

Solving Eq. 14.7-5 for I(s) gives

I sð Þ ¼ CsV sð Þ � Cv 0ð Þ ð14:7-6Þ

Equation 14.7-6 represents the capacitor in the frequency domain, as shown in Figure 14.7-2c.

The parallel connection of elements in Figure 14.7-2c corresponds to the sum of currents in Eq.

14.7-6. The voltage across the impedance in Figure 14.7-2b produces the first current on the right

+
–

1
V(s)Cs

–

+

I(s)

V(s)

I(s)

–

+

(b) (c)

Cv(0)
v(0)

1
Cs

s

v(t)

i(t)

–

+

(a)

C

FIGURE 14.7-2 A capacitor represented (a) in the time domain and (b) in the frequency domain, using the Laplace

transform. (c) An alternate frequency-domain representation.

682 The Laplace Transform

 (14.7-3)

siempre que las condiciones iniciales sean cero. Observe que la impedancia se define en el dominio 
de frecuencia, no en el dominio de tiempo.
 En el caso del resistor, no hay condición inicial para establecer a cero. La comparación de las 
ecuaciones 14.7-1 y 14.7-2 muestra que la impedancia del resistor es igual a la resistencia.
 Un condensador se representa por su ecuación de dominio de tiempo
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14.7-6. The voltage across the impedance in Figure 14.7-2b produces the first current on the right
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La transformada de Laplace de la ecuación 14.7-4 es
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as the impedance of the capacitor.
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 Para determinar la impedancia del condensador, establezca la condición inicial, v(0), a cero. 
Luego, con la ecuación 14.7-3, obtenemos
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como la impedancia del condensador.
 La ecuación 14.7-5 se utiliza para representar el condensador en el dominio de frecuencia, como 
se muestra en la figura 14.7-2b. La conexión en serie de elementos en la figura 14.7-2b corresponde a 
la suma de voltajes en la ecuación 14.7-5. La corriente a través de la impedancia en la figura 14.7-2b 
produce el voltaje primero en el lado derecho de la ecuación 14.7-5, en tanto que la fuente de voltaje 
en la figura 14.7-2b alimenta el segundo voltaje en el lado derecho de la ecuación 14.7-5.
 Despejar la ecuación 14.7-5 para I(s) resulta
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 (14.7-6)

La ecuación 14.7-6 representa el condensador en el dominio de frecuencia, como se muestra en la figura 
14.7-2c. La conexión en paralelo de elementos en la figura 14.7-2c corresponde a la suma de las corrien-
tes en la ecuación 14.7-6. El voltaje a través de la impedancia en la figura 14.7-2b produce la primera 
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+

(b) (c)
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v(0)
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C

FIGURA 14.7-2 Un condensador, representado (a) en el dominio de tiempo y (b) en el dominio de frecuencia, utilizando 
la transformada de Laplace. (c) Representación alterna en el dominio de frecuencia.
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+
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(a)

L
i(0)

s

FIGURA 14.7-3 Un inductor representado (a) en el dominio de tiempo, y (b) en el dominio de frecuencia, utilizando 
la transformada de Laplace. (c) Representación alterna del dominio de frecuencia.

corriente en el lado derecho de la ecuación 14.7-6, en tanto que la fuente de corriente en la figura 
14.7-2b alimenta la corriente en el lado derecho de la ecuación 14.7-6. Observe que la dirección de 
referencia de la fuente de corriente en la figura 14.7-2b se eligió para que correspondiera con el signo 
menos en la ecuación 14.7-6.
 Un inductor se representa por su ecuación de dominio de tiempo,

 
v tð Þ ¼ L

d

dt
i tð Þ (14.7-7)

La transformada de Laplace de la ecuación 14.7-7 es

 
V sð Þ ¼ LsI sð Þ � Li 0ð Þ  (14.7-8)

 Para determinar la impedancia del inductor, establezca la condición inicial, i(0), a cero. Luego, 
con la ecuación 14.7-3 obtenemos

ZL(s) � Ls

como la impedancia del inductor.
 La ecuación 14.7-8 representa el inductor en la frecuencia de dominio, como muestra la figura 
14.7-3b. La conexión en serie de elementos en la figura 14.7-3b corresponde a la suma de voltajes en 
la ecuación 14.7-8.
 Despejar la ecuación 14.7-8 para I(s) resulta

 
I sð Þ ¼ 1

Ls
V sð Þ þ i 0ð Þ

s
 (14.7-9)

La ecuación 14.7-9 representa el inductor en el dominio de frecuencia, como muestra la figura 14.7-
3c. La conexión en paralelo de elementos en la figura 14.7-3c corresponde a la suma de corrientes en 
la ecuación 14.7-9.
 La tabla 14.7-1 sintetiza la representación en los dominios de tiempo y de frecuencia de ele-
mentos de circuitos. Además de los resistores, condensadores e inductores, esta tabla muestra las 
representaciones de dominio de frecuencia de fuentes independientes y dependientes de amplificado-
res operacionales. Las fuentes independientes se especifican por funciones de tiempo, i(t) y v(t), en 
el dominio de tiempo y por las transformadas de Laplace correspondientes I(s) y V(s), en el dominio 
de frecuencia. Las fuentes dependientes y los amplificadores operacionales funcionan de la misma 
manera en el dominio de frecuencia que en el dominio de tiempo.
 Para representar un circuito en el dominio de frecuencia, reemplazamos la representación del 
dominio de tiempo de cada elemento de circuito por su representación de dominio de frecuencia.
 Para encontrar la respuesta total de un circuito lineal, primero representamos el circuito en el 
dominio de frecuencia utilizando la transformada de Laplace. Luego analizamos el circuito, quizás es-
cribiendo ecuaciones de enlaces o nodales. Por último, utilizamos la transformada inversa de Laplace 
para representar la respuesta en el dominio de tiempo.
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Tabla 14.7-1 Representaciones de elementos de circuitos en el dominio de tiempo y en el dominio 
de frecuencia

NOMBRE DOMINIO DE TIEMPO DOMINIO DE FRECUENCIA

Fuente de corriente v(t) i(t)

–

+

V(s) I(s)

–

+

Fuente de voltaje +
–v(t)

i(t)

+
–V(s)

I(s)

Resistor V(s)

I(s)

–

+

R

Condensador v(t)

i(t)

–

+

C
+
–

1
V(s)Cs

–

+

I(s)

V(s)

I(s)

–

+

Cv(0)
v(0)

1
Cs

s

o

Inductor v(t)

i(t)

–

+

L

+
–

V(s)

–

+

I(s)

V(s)

I(s)

–

+

i(0)

Li(0)

Ls

Ls so

Fuente dependiente

i(t)

v(t) = Kic(t)ic(t)
+
–

I(s)

V(s) = KIc(s)Ic(s)
+
–

Amplificador  
operacional

–

+

i(t)

v(t)

–

+

0 A

0 A

0 V
+

–

–

+

I(s)

V(s)

–

+

0 A

0 A

0 V
+

–
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E J E M P L O  1 4 . 7- 1   Análisis de circuitos 
utilizando la transformada
de Laplace

Considere el circuito que se muestra en la figura 14.7-4. La entrada al circuito es el voltaje de la fuente de voltaje, 
24 V. La salida de este circuito, el voltaje a través del condensador, está dada por

 vo(t) � 16 � 12e�0.6t V cuando t � 0 (14.7-10)

Determine el valor de la capacitancia, C.

 

+
– vo(t)

+

–2 

18 

4 C

t = 0

24 V
 

vo(t), V

t (s)2 4 6 8

4

8

12

16

FIGURA 14.7-4 El circuito considerado en el ejemplo 14.7-1.  
FIGURA 14.7-5 Voltaje del condensador, vs(t), a partir del 
circuito que se muestra en la fi gura 14.7-4.

Solución
Antes de que se cierre el interruptor, el circuito se encontrará en estado estable. Como la única entrada a este 
circuito es el voltaje constante de la fuente de voltaje, todas las corrientes y voltajes de los elementos, entre ellos 
el voltaje del condensador, tendrán valores constantes. Cerrar el interruptor altera el circuito dejando fuera el 
resistor de 18-�. Al final, la perturbación desaparece y el circuito queda de nuevo en estado estable. Todas las 
corrientes y voltajes de elementos tendrán nuevamente valores constantes pero, es probable, valores constantes 
diferentes a los que tenían antes de que el interruptor se cerrara.
 Durante la perturbación, los voltajes y corrientes de elementos no son constantes. Por ejemplo, la ecuación 
14.7-10 describe el voltaje del condensador después de que se cierra el interruptor. Observe que hay dos partes 
para el voltaje del condensador. Una parte, 12e�0.6t, termina al incrementarse el valor de t. A esa parte se le llama 
parte transitoria de la respuesta, o solamente respuesta transitoria. La otra parte, 16, no desaparece y es la respues-
ta de estado estable. La suma de la respuesta transitoria y la respuesta de estado estable se denomina respuesta 
total. El voltaje de salida descrito por la ecuación 14.7-10 es una respuesta total de este circuito.
 La figura 14.7-5 muestra un trazo del voltaje del condensador dado por la ecuación 14.7-10. Observe que el 
voltaje del condensador es continuo. Esto es lo que se esperaba porque, al no haber corrientes libres, el voltaje de un 
condensador debe ser continuo. En particular, el valor del voltaje del condensador inmediatamente después de que se 
cierre el interruptor es igual al valor inmediatamente antes de que se cierre el interruptor. De la figura 14.7-5, vemos 
que en tiempo t � 0, cuando el interruptor se cierra, el valor del voltaje del condensador es vo(0) � 4 V.
 ¿Cómo afecta el valor de la capacitancia C al voltaje del condensador? Para responder esta cuestión debe-
mos analizar el circuito. Puesto que queremos determinar la respuesta total, analizaremos el circuito utilizando 
las transformadas de Laplace. La figura 14.7-6 muestra la representación del circuito en el dominio de frecuen-
cia. El circuito cerrado está representado por un cortocircuito. Ese cortocircuito está conectado en paralelo con 
el resistor de 18-�. Un cortocircuito en paralelo con un resistor es equivalente a un cortocircuito, por lo que el 
circuito cerrado y el resistor de 18-� han sido reemplazados por un cortocircuito único. El modelo de dominio 
de frecuencia del condensador consta de dos partes, una impedancia y una fuente de voltaje. El voltaje de la 
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fuente de voltaje depende de la condición inicial del condensa-
dor, es decir, de vo(0) 5 4 V.
 Podemos analizar el circuito de la figura 14.7-6 escribiendo 
y resolviendo dos ecuaciones de enlaces.
 Aplique la KVL al enlace izquierdo para obtener

E1C14_1 11/25/2009 686

voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1

Cs

� �
9

sþ 3

4C

þ 4

s
¼

9

C

s sþ 3

4C

� �þ 4

s
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–

+
–
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s
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s

Vo(s)
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2 Ω

V I1(s) I2(s)

FIGURE 14.7-6 The circuit represented in

the frequency domain, using the Laplace

transform.
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Despejar I1(s) resulta
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 (14.7-11)

Aplique la KVL al enlace derecho para obtener
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s
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1
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the frequency domain, using the Laplace

transform.
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1

Cs
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9

sþ 3

4C

þ 4

s
¼

9

C

s sþ 3

4C

� �þ 4

s

+
–

+
–

24
s

1
Cs

4
s

Vo(s)

+

–

4 Ω

2 Ω

V I1(s) I2(s)

FIGURE 14.7-6 The circuit represented in

the frequency domain, using the Laplace

transform.
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1

Cs

� �
9
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4C
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transform.
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 (14.7-12)

Al referirnos a la figura 14.7-6 vemos que el voltaje del condensador está relacionado con la corriente de enlaces 
del enlace derecho por
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voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives

V o sð Þ ¼ 1
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FIGURE 14.7-6 The circuit represented in

the frequency domain, using the Laplace

transform.
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Sustituimos la expresión I2(s) de la ecuación 14.7-12, y nos da

E1C14_1 11/25/2009 686

voltage source. The voltage of the voltage source depends on the

initial condition of the capacitor, that is, vo 0ð Þ ¼ 4 V.

We can analyze the circuit in Figure 14.7-6 by writing and

solving two mesh equations.

Apply KVL to the left mesh to get

4 I1 sð Þ � I2 sð Þð Þ þ 2I1 sð Þ � 24

s
¼ 0

Solving for I1(s) gives

I1 sð Þ ¼ 2

3
I2 sð Þ þ 4

s
ð14:7-11Þ

Apply KVL to the right mesh to get

1

Cs
I2 sð Þ þ 4

s
� 4 I1 sð Þ � I2 sð Þð Þ ¼ 0

Collecting the terms involving I2(s) gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4I1 sð Þ

Substituting the expression for I1(s) from Eq. 14.7-11 gives

1

Cs
þ 4

� �
I2 sð Þ ¼ � 4

s
þ 4

2

3
I2 sð Þ þ 4

s

� �
¼ 12

s
þ 8

3
I2 sð Þ

Collecting the terms involving I2(s) gives

1

Cs
þ 4

3

� �
I2 sð Þ ¼ 12

s

Multiply both sides of this equation by
3

4
s to get

sþ 3

4C

� �
I2 sð Þ ¼ 9

Solving for I2(s) gives

I2 sð Þ ¼ 9

sþ 3

4C

ð14:7-12Þ

Referring to Figure 14.7-6, we see that the capacitor voltage is related to the mesh current of the right mesh by

V o sð Þ ¼ 1

Cs
I2 sð Þ þ 4

s

Substituting the expression for I2(s) from Eq. 14.7-12 gives
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transform.
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FIGURA 14.7-6 El circuito, representado en el 
dominio de frecuencia, utilizando la transformada 
de Laplace.
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E J E M P L O  1 4 . 7- 2   Análisis de circuitos 
utilizando la transformada
de Laplace

Efectuar una expansión de fracción parcial da por resultado

 

V o sð Þ ¼ 12

s
� 12

sþ 3

4C

þ 4

s
¼ 16

s
� 12

sþ 3

4C

 (14.7-13)

Recuerde que vo(t) está dada en la ecuación 14.7-10. Si tomamos la transformada de Laplace de vo(t) nos da

 
V o sð Þ ¼L vo tð Þ½ � ¼L 16� 12e�0:6t

� �
u tð Þ� � ¼ 16

s
� 12

sþ 0:6
 (14.7-14)

Comparar las ecuaciones 14.7-13 y 14.7-14 muestra que

0:6 ¼ 3

4C
) C ¼ 1:25 F

Considere el circuito que se muestra en la figura 14.7-7. La entrada al 
circuito es el voltaje de la fuente de voltaje, 24 V. La salida de este cir-
cuito, el voltaje a través del resistor de 6-�, está dada por

 vo(t) � 12 � 6e�0.35t V cuando t � 0 (14.7-15)

Determine el valor de la inductancia, L, y de las resistencias R1 y R2.

Solución
Antes de que se cierre el interruptor, el circuito se encontrará en estado estable. Como la única entrada a este cir-
cuito es el voltaje constante de la fuente de voltaje, todas las corrientes y voltajes de los elementos, entre ellos el 
voltaje del inductor, tendrán valores constantes. Cerrar el interruptor altera el circuito dejando fuera el resistor R1. 
Al final, la perturbación desaparece y el circuito queda de nuevo en estado estable. Todas las corrientes y voltajes 
de elementos tendrán nuevamente valores constantes pero, es probable, valores constantes diferentes a los que 
tenían antes de que el interruptor se cerrara.
 La ecuación 14.7-15 describe el voltaje de salida después de que se cierra el interruptor. Observe que hay 
dos partes para este voltaje. Una parte, �6e�0.35t, termina al incrementarse el valor de t. A esa parte se le llama 
parte transitoria de la respuesta, o solamente respuesta transitoria. La otra parte, 12, no desaparece y es la respues-
ta de estado estable. La suma de la respuesta transitoria y la respuesta de estado estable se denomina respuesta 
total. El voltaje de salida descrito por la ecuación 14.7-15 es la respuesta total de este circuito.
 ¿Cómo afectan los valores de los parámetros L, R1 y R2 al voltaje de salida? Para responder esta cuestión 
debemos analizar el circuito. Puesto que queremos determinar la respuesta total, la analizaremos utilizando las 
transformadas de Laplace. El modelo de dominio de frecuencia del inductor consta de dos partes, una impe-
dancia y un voltaje fuente de corriente. El valor del voltaje de la fuente de voltaje o de la corriente de la fuente 
de corriente dependen de la condición inicial del inductor, es decir, la corriente del inductor en tiempo t � 0. 
Necesitamos encontrar la corriente inicial del inductor antes de que podamos representar el circuito, utilizando 
transformadas de Laplace.

+
– vo(t)

i(t)

+

–

R1

L

R2

6 

t = 0

24 V

FIGURA 14.7-7 El circuito considerado en 
el ejemplo 14.7-2.
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 Al referirnos a la figura 14.7-7, vemos que la corriente del inductor es igual a la corriente en el resistor de 
6-V. En consecuencia,
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Referring to Figure 14.7-7, we see that the inductor current is equal to the current in the 6-V resistor.

Consequently,

i tð Þ ¼ v tð Þ
6

¼ 12� 6e�0:35t

6
¼ 2� e�0:35t A when t > 0 ð14:7-16Þ

In the absence of unbounded voltages, the current in any inductor is continuous. Consequently, the value of the

inductor current immediately before t ¼ 0 is equal to the value immediately after t ¼ 0. To find the initial inductor

current, we set t ¼ 0 in Eq. 14.7-16 to get i 0ð Þ ¼ 1 A.

Figure 14.7-8 shows the frequency-domain representation of the

circuit. We selected the model of the inductor that uses a voltage source to

account for the initial condition in anticipation of writing a mesh equation.

The voltage of this voltage source is

Li 0ð Þ ¼ Lð Þ 1ð Þ ¼ L

In Figure 14.7-8, the closed switch is represented by a short circuit. That

short circuit is connected in parallel with resistor R1. A short circuit in

parallel with a resistor is equivalent to a short circuit, so the closed switch
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Al no haber voltajes libres, la corriente en cualquier inductor es continua. En consecuencia, el valor de la corrien-
te del inductor inmediatamente antes de t 5 0 es igual al valor inmediatamente después de t 5 0. Para encontrar la 
corriente inicial del inductor, establecemos t 5 0 en la ecuación 14.7-16 
para obtener i(0) 5 1 A.
 La figura 14.7-8 muestra la representación en el dominio de fre-
cuencia del circuito. Seleccionamos el modelo del inductor que utiliza 
una fuente de voltaje para responsabilizarse de la condición inicial en 
anticipación a la escritura de una ecuación de enlaces. El voltaje de esta 
fuente de voltaje es

Li(0) 5 (L)(1) 5 L

En la figura 14.7-8, el interruptor cerrado está representado por un cor-
tocircuito. Ese cortocircuito está conectado en paralelo con el resistor  
R1. Un cortocircuito en paralelo con un resistor es equivalente a un cor-
tocircuito, por lo tanto, el circuito cerrado y R1 han sido reemplazados 
por un cortocircuito único.
 Para analizar el circuito en la figura 14.7-8 escribimos y despeja-
mos una ecuación de enlace única. Aplique la KVL al enlace para obtener
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Referring to Figure 14.7-7, we see that the inductor current is equal to the current in the 6-V resistor.
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current, we set t ¼ 0 in Eq. 14.7-16 to get i 0ð Þ ¼ 1 A.

Figure 14.7-8 shows the frequency-domain representation of the

circuit. We selected the model of the inductor that uses a voltage source to
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Recuerde que vo(t) se da en la ecuación 14.7-15. Tomando la transformada de Laplace de vo(t) nos da
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FIGURA 14.7-8 El circuito representado 
en el dominio de frecuencia, utilizando la 
transformada de Laplace.
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Comparar las ecuaciones 14.7-17 y 14.7-18 muestra que

y 

6ð Þ 24ð Þ
R2 þ 6

¼ 12 ) R2 ¼ 6V

0:35 ¼ R2 þ 6

L
¼ 12

L
) L ¼ 12

0:35
¼ 34:29 H

 ¿Cómo podemos encontrar R1? El resistor R1 se eliminó del circui-
to al cerrarse el interruptor, pero R1 era parte del circuito antes de que se 
cerrara el interruptor. La corriente inicial del inductor depende del valor 
de la resistencia R1. La única entrada al circuito en la figura 14.7-9 es una 
constante, 24 V. En consecuencia, cuando el circuito se encuentra en es-
tado estable, el inductor actuará como un cortocircuito. La figura 14.7-9 
muestra el circuito en estado estable cuando el circuito está abierto. El 
circuito abierto está modelado como cortocircuito. Escribir y despejar 
una ecuación de enlace resulta

i tð Þ ¼ 24

R1 þ 6þ 6

Sea t � 0 para que

24

R1 þ 6þ 6
¼ i 0ð Þ ¼ 1 ) R1 ¼ 12V

Considere el circuito que se muestra en la figura 14.7-10a. La entrada al circuito es el voltaje de la fuente de 
voltaje, 12 V. La salida de este circuito es la corriente en el inductor, iL(t). Determine la corriente en el inductor, 
iL(t), para t � 0.

Solución
Escribamos y despejemos ecuaciones de enlaces. Los circuitos en serie que representan al condensador y al 
inductor en el dominio de frecuencia contienen fuentes de voltaje más que fuentes de corriente. Es más fácil en-
cargarse de fuentes de voltaje que de fuentes de corriente cuando se escriben ecuaciones de enlaces, de modo que 
elegimos la representación en serie para el condensador y para el inductor. De la figura 14.7-10b, las condiciones 
iniciales son vc(0) � 8 V, e iL(0) � 4 A. La figura 14.7-11b muestra la representación en el dominio de frecuencia 
del circuito.
 Las ecuaciones de corrientes de enlaces son

y 

1þ 1

s

� �
I1 sð Þ � 1

s
I2 sð Þ ¼ 12

s
� 8

s

� 1

s
I1 sð Þ þ 1þ sþ 1

s

� �
I2 sð Þ ¼ 4þ 8

s

+
– vo(t)

i(t)

+

–

R1

6 
6 

24 V

FIGURA 14.7-9 El circuito en estado 
estable antes de que se cierre el interruptor.
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FIGURA 14.7-10 (a) El circuito considerado en el ejemplo 14.7-3. (b) El circuito en estado estable antes de que se cierre el interruptor.

Despejamos I2(s) y obtenemos
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Solving for I2(s), we obtain

I2 sð Þ ¼ 4 s2 þ 3sþ 3ð Þ
s s2 þ 2sþ 2ð Þ

The convenient partial fraction expansion is

I2 sð Þ
4

¼ s2 þ 3sþ 3

s s2 þ 2sþ 2ð Þ ¼
A

s
þ Bsþ D

s2 þ 2sþ 2

Then, we determine that A ¼ 1:5; B ¼ �0:5; andD ¼ 0. Then, we can state

I2 sð Þ
4

¼ 1:5

s
þ �0:5s

sþ 1ð Þ2 þ 1

Using the Laplace transform Table 14.2-1, we obtain

iL tð Þ ¼ i2 tð Þ ¼ f6þ 2
ffiffiffi
2

p
e�t sin t � 45�ð ÞgA for t > 0

Checking the initial value of i2, we get i2 0ð Þ ¼ iL 0ð Þ ¼ 4 A, which verifies the correct initial value. The final value

is i2 1ð Þ ¼ 6 A.
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FIGURE 14.7-11 (a) Circuit with mesh currents. (b) Laplace transform model of circuit.
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FIGURE 14.7-10 (a) The circuit considered in Example 14.7-3. (b) The steady-state circuit before the switch closes.
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Entonces, determinamos que A 5 1.5, B 5 20.5 y D 5 0. Entonces, podemos establecer
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Solving for I2(s), we obtain

I2 sð Þ ¼ 4 s2 þ 3sþ 3ð Þ
s s2 þ 2sþ 2ð Þ

The convenient partial fraction expansion is

I2 sð Þ
4

¼ s2 þ 3sþ 3

s s2 þ 2sþ 2ð Þ ¼
A

s
þ Bsþ D

s2 þ 2sþ 2

Then, we determine that A ¼ 1:5; B ¼ �0:5; andD ¼ 0. Then, we can state

I2 sð Þ
4

¼ 1:5

s
þ �0:5s

sþ 1ð Þ2 þ 1

Using the Laplace transform Table 14.2-1, we obtain

iL tð Þ ¼ i2 tð Þ ¼ f6þ 2
ffiffiffi
2

p
e�t sin t � 45�ð ÞgA for t > 0

Checking the initial value of i2, we get i2 0ð Þ ¼ iL 0ð Þ ¼ 4 A, which verifies the correct initial value. The final value

is i2 1ð Þ ¼ 6 A.
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Utilizando la tabla 14.2-1 de las transformadas de Laplace, obtenemos
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Al comprobar el valor inicial de i2 obtenemos i2(0) 5 iL(0) 5 4a, lo cual comprueba el valor inicial correcto. El 
valor final es i2 1
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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2 5 6 A.
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FIGURA 14.7-11 (a) Circuito con corrientes de enlaces. (b) Modelo de circuito de transformada de Laplace.
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E J E M P L O  14 .7-4  Análisis de circuitos utilizando la transformada de Laplace

El interruptor en el circuito de la figura 14.7-12a se cierra en tiempo t � 0. Determine el voltaje v(t) después de 
que se cierre el interruptor. 

V(s)

–

+
+
–V

2 

2s 2
s

8
s

12
s A

(b)

v(t)

–

+
+
– 2 H 0.125 F12 V

2 4 

t = 0

(a)

i(t)

FIGURA 14.7-12 El circuito del ejemplo 14.7-4, representado en (a) dominio de tiempo, y (b) en dominio de frecuencia, utilizando 
las transformadas de Laplace.

Solución
Escribamos y despejemos ecuaciones nodales. En el dominio de frecuencia utilizaremos el modelo en paralelo 
para el condensador y el inductor porque los modelos en paralelo contienen fuentes de corriente en vez de fuentes 
de voltaje. Las condiciones iniciales son i(0) � 2 A y v(0) � 0 V. Puesto que v(0) � 0, la corriente y la fuente de 
corriente en la representación de dominio de frecuencia del condensador son cero. Una fuente de corriente cero 
es equivalente a un circuito abierto. La figura 14.7-12b muestra la representación de dominio de frecuencia del 
circuito después de que el interruptor se ha cerrado.
 Aplique la KCL en el nodo superior del inductor para obtener la ecuación nodal

V sð Þ � 12

s
2

þ V sð Þ
2s

þ 2

s
þ V sð Þ

8

s

¼ 0

Despejar V(s) resulta

V sð Þ ¼ 32

s2 þ 4sþ 4
¼ 32

sþ 2ð Þ2

Por último, tome la transformada inversa de Laplace para obtener v(t)

v tð Þ ¼L�1 32

sþ 2ð Þ2
" #

¼ 32te�2tu tð ÞV

EJERCICIO 14.7-1  Determine el voltaje vC(t) y la corriente iC(t) 
para t � 0 para el circuito de la figura E 14.7-1.
Sugerencia: vC(0) � 4 V

Respuesta: vC tð Þ ¼ 6� 2e�0:67tð Þu tð ÞV y iC tð Þ ¼ 2

3
e�0:67tu tð ÞA FIGURA E 14.7-1

vC(t)

iC(t)

–

+

3 

6 

2 A 0.5 F

t = 0
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14.8 F U N C I Ó N  D E  T R A N S F E R E N C I A  E  I M P E DA N C I A

La definición de función de transferencia de un circuito es la relación de la transformada 
de Laplace de la respuesta del circuito con la entrada del circuito cuando las condiciones 
iniciales son cero.

Para el circuito de la figura 14.8-1a, la entrada es el voltaje de la fuente de voltaje, v1(t), y la respuesta 
es el voltaje del resistor, vo(t). La función de transferencia de este circuito, indicada por H(s), se ex-
presa como
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14.8 TRANSFER FUNCT ION AND IMPEDANCE

The transfer function of a circuit is defined as the ratio of the Laplace transform of the

response of the circuit to the Laplace transform of the input to the circuit when the initial

conditions are zero.

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the

resistor voltage, vo(t). The transfer function of this circuit, denoted by H(s), is then expressed as

H sð Þ ¼ V o sð Þ
V 1 sð Þ ð14:8-1Þ

provided all initial conditions are equal to zero. In this case, the only initial condition is the inductor

current, so we require i 0ð Þ ¼ 0.

Ls

R
+
–

+

–
I(s)

V1(s) Vo(s)

a

b

(b)

+
–v1(t) vo(t)

i(t)

L

R

a

b

+

–

(a)

FIGURE 14.8-1 A circuit

represented (a) in the time domain

and (b) in the frequency domain,

using the Laplace transform.

We can write Eq. 14.8-1 as

V o sð Þ ¼ H sð ÞV 1 sð Þ ð14:8-2Þ
which says that the Laplace transform of the response is equal to the transfer function times the

Laplace transform of the input, provided all initial conditions are equal to zero. We are going to get

tired of saying ‘‘provided all initial conditions are equal to zero.’’ A response subject to the

requirement that all initial conditions be zero is called a zero-state response. With this terminology,

we can read Eq. 14.8-1 as ‘‘the transfer function is the ratio of the Laplace transform of the zero-state

response to the Laplace transform of the input.’’ Similarly, we can read Eq. 14.8-2 as ‘‘the Laplace

transform of the zero-state response is the product of the transfer function and the Laplace transform of

the input.’’

Two special cases are very significant. When the input is a unit step function, then

V 1 sð Þ ¼ L u tð Þ½ � ¼ 1

s

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
s

In this case, the zero-state response is called the step response, that is,

step response ¼ L�1 H sð Þ
s

� �
ð14:8-3Þ

When the input is an impulse function, then

V 1 sð Þ ¼ L d tð Þ½ � ¼ 1

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
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 (14.8-1)

siempre que las condiciones iniciales sean iguales a cero. En este caso, la única condición inicial es la 
corriente del inductor, porque se requiere i(0) 5 0.

Ls

R
+
–

+

–
I(s)

Vi(s) Vo(s)

a

b

(b)

+
–vi(t) vo(t)

i(t)

L

R

a

b

+

–

(a)  

FIGURA 14.8-1 Un circuito, 
representado (a) en el dominio 
de tiempo, y (b) en el dominio de 
frecuencia, utilizando la  
transformada de Laplace.

 Podemos escribir la ecuación 14.8-1 como
 Vo(s) 5 H(s)V1(s) (14.8-2)
la cual dice que la transformada de Laplace de la respuesta es igual a la función de transferencia por la  
transformada de Laplace de la entrada, “siempre que las condiciones iniciales sean iguales a cero”. 
Una respuesta sujeta al requerimiento de que todas las condiciones iniciales sean igual a cero se deno-
mina respuesta de estado cero. Con esta terminología podemos leer la ecuación 14.8-1 como “la fun-
ción de transferencia es la relación de la transformada de Laplace de la respuesta de estado cero con 
la transformada de Laplace de la entrada”. Del mismo modo, podemos leer la ecuación 14.8-2 como 
“la transformada de Laplace de respuesta de estado cero es el producto de la función de transferencia 
y la transformada de Laplace de la entrada”.
 Hay dos casos especiales muy significativos. Cuando la entrada es una función escalón unitario, 
entonces
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y la ecuación 14.8-2 se vuelve
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En este caso, a la respuesta de estado cero se le llama respuesta escalón, es decir
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respuesta escalón
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we can read Eq. 14.8-1 as ‘‘the transfer function is the ratio of the Laplace transform of the zero-state

response to the Laplace transform of the input.’’ Similarly, we can read Eq. 14.8-2 as ‘‘the Laplace

transform of the zero-state response is the product of the transfer function and the Laplace transform of

the input.’’

Two special cases are very significant. When the input is a unit step function, then

V 1 sð Þ ¼ L u tð Þ½ � ¼ 1

s

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
s

In this case, the zero-state response is called the step response, that is,

step response ¼ L�1 H sð Þ
s

� �
ð14:8-3Þ

When the input is an impulse function, then

V 1 sð Þ ¼ L d tð Þ½ � ¼ 1

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
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 (14.8-3)

Cuando la entrada es una función de impulso, entonces
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14.8 TRANSFER FUNCT ION AND IMPEDANCE

The transfer function of a circuit is defined as the ratio of the Laplace transform of the

response of the circuit to the Laplace transform of the input to the circuit when the initial

conditions are zero.

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the

resistor voltage, vo(t). The transfer function of this circuit, denoted by H(s), is then expressed as

H sð Þ ¼ V o sð Þ
V 1 sð Þ ð14:8-1Þ

provided all initial conditions are equal to zero. In this case, the only initial condition is the inductor

current, so we require i 0ð Þ ¼ 0.
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FIGURE 14.8-1 A circuit

represented (a) in the time domain

and (b) in the frequency domain,

using the Laplace transform.

We can write Eq. 14.8-1 as

V o sð Þ ¼ H sð ÞV 1 sð Þ ð14:8-2Þ
which says that the Laplace transform of the response is equal to the transfer function times the

Laplace transform of the input, provided all initial conditions are equal to zero. We are going to get

tired of saying ‘‘provided all initial conditions are equal to zero.’’ A response subject to the

requirement that all initial conditions be zero is called a zero-state response. With this terminology,

we can read Eq. 14.8-1 as ‘‘the transfer function is the ratio of the Laplace transform of the zero-state

response to the Laplace transform of the input.’’ Similarly, we can read Eq. 14.8-2 as ‘‘the Laplace

transform of the zero-state response is the product of the transfer function and the Laplace transform of

the input.’’

Two special cases are very significant. When the input is a unit step function, then

V 1 sð Þ ¼ L u tð Þ½ � ¼ 1

s

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
s

In this case, the zero-state response is called the step response, that is,

step response ¼ L�1 H sð Þ
s

� �
ð14:8-3Þ

When the input is an impulse function, then

V 1 sð Þ ¼ L d tð Þ½ � ¼ 1

and Eq. 14.8-2 becomes

V o sð Þ ¼ H sð Þ
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y la ecuación 14.8-2 se vuelve  
Vo1s2 5 H1s2
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En este caso, a la respuesta de estado cero se le llama respuesta de impulso, es decir,
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In this case, the zero-state response is called the impulse response, that is,

impulse response ¼ L�1 H sð Þ½ � ð14:8-4Þ
It is important to notice that both the step response and the impulse response are zero-state responses;

that is, all initial conditions are set to zero.

Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R

Lsþ R
V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R

Lsþ R

Transfer Function and Impedance 693

respuesta de impulso
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In this case, the zero-state response is called the impulse response, that is,

impulse response ¼ L�1 H sð Þ½ � ð14:8-4Þ
It is important to notice that both the step response and the impulse response are zero-state responses;

that is, all initial conditions are set to zero.

Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R

Lsþ R
V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R

Lsþ R
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 (14.8-4)

Es importante observar que la respuesta escalón y la respuesta de impulso son respuestas de estado 
cero; es decir, todas las condiciones iniciales están establecidas a cero.
 La entrada a un circuito y la respuesta del circuito pueden ser una corriente o un voltaje. Cuando 
la entrada es una corriente y la respuesta es un voltaje, la función de transferencia se denomina impe-
dancia. Del mismo modo, cuando la entrada es un voltaje y la respuesta es una corriente, la función de 
transferencia se denomina admitancia. Esta terminología es consistente con nuestro uso anterior del 
término impedancia. Por ejemplo, considere la fila de la tabla 14.7-1 que corresponde al condensador. 
Considere la representación en el dominio de frecuencia del condensador que contiene una fuente de 
voltaje. La restricción de que la condición inicial sea cero, v(0) 5 0, hace que la fuente de voltaje sea 
una fuente de voltaje cero, es decir, un cortocircuito. La representación en el dominio de frecuencia 
del condensador se reduce, de nuevo, a un elemento único. Una vez más, la impedancia del conden-
sador está dada por la ecuación 14.8-5.
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In this case, the zero-state response is called the impulse response, that is,

impulse response ¼ L�1 H sð Þ½ � ð14:8-4Þ
It is important to notice that both the step response and the impulse response are zero-state responses;

that is, all initial conditions are set to zero.

Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R

Lsþ R
V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R

Lsþ R
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 (14.8-5)

A continuación, considere la representación de dominio de frecuencia del capacitor que contiene una 
fuente de corriente. La condición de que la condición inicial sea cero, v(0) 5 0, hace que la fuente de 
corriente sea una fuente de corriente cero, es decir, un circuito abierto. La representación de dominio 
de frecuencia del capacitor se reduce de nuevo a un elemento único. Una vez más, la impedancia del 
capacitor la da la ecuación 14.8-5.
 Un argumento parecido muestra que establecer las condiciones iniciales a cero simplifica la 
representación en el dominio de frecuencia del inductor a la impedancia única,
 ZL(s) 5 Ls (14.8-6)

E j E m p l o  1 4 . 8 - 1  Función de transferencia

Para el circuito en la figura 14.8-1a, la entrada es el voltaje de la fuente de voltaje, v1(t), y la respuesta es el voltaje 
del resistor, vo(t). Encuentre la función de transferencia del circuito.

Solución
La figura 14.8-1b muestra la representación en el dominio de frecuencia del circuito cuando todas las condicio-
nes iniciales son cero. En este caso, la única condición inicial es la corriente del inductor, por lo que requerimos 
i(0) 5 0. El requerimiento de que i(0) 5 0 reduce la representación en el dominio de frecuencia del inductor a la 
impedancia del inductor.
 Aplicar la KVL al enlace del circuito en la figura 14.8-1b resulta

V11s2 5 LsI 1s2 1 RI 1s2
Despejar I(s) nos da
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In this case, the zero-state response is called the impulse response, that is,

impulse response ¼ L�1 H sð Þ½ � ð14:8-4Þ
It is important to notice that both the step response and the impulse response are zero-state responses;

that is, all initial conditions are set to zero.

Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R

Lsþ R
V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R

Lsþ R
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La transformada de Laplace de la respuesta es
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In this case, the zero-state response is called the impulse response, that is,

impulse response ¼ L�1 H sð Þ½ � ð14:8-4Þ
It is important to notice that both the step response and the impulse response are zero-state responses;

that is, all initial conditions are set to zero.

Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R

Lsþ R
V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R

Lsþ R

Transfer Function and Impedance 693

Este resultado se podría haber obtenido aplicando la división de voltajes. Por último, la función de transferencia es
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In this case, the zero-state response is called the impulse response, that is,
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Both the input to a circuit and the response of the circuit can be either a current or a voltage.

When the input is a current and the response is a voltage, the transfer function is called an impedance.

Similarly, when the input is a voltage and the response is a current, the transfer function is called an

admittance. This terminology is consistent with our previous use of the term impedance. For example,

consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain

representation of the capacitor that contains a voltage source. The restriction that the initial condition

be zero, v 0ð Þ ¼ 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The

frequency-domain representation of the capacitor is reduced to a single element. When capacitor

current is the input and the capacitor voltage is the response, then the impedance of the capacitor is

ZC sð Þ ¼ V sð Þ
I sð Þ ¼ 1

Cs
ð14:8-5Þ

Next, consider the frequency-domain representation of the capacitor that contains a current source. The

restriction that the initial conditionbezero,v 0ð Þ ¼ 0,causes thecurrent source tobeazerocurrent source, that

is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element.

Once again, the impedance of the capacitor is given by Eq. 14.8-5.

A similar argument shows that setting the initial conditions to zero simplifies the frequency-

domain representation of the inductor to the single impedance,

ZL sð Þ ¼ Ls ð14:8-6Þ

E X A M P L E 1 4 . 8 - 1 Transfer Function

For the circuit in Figure 14.8-1a, the input is the voltage source voltage, v1(t), and the response is the resistor

voltage, vo(t). Find the transfer function of the circuit.

Solution
Figure 14.8-1b shows the frequency-domain representation of the circuit when all of the initial conditions are

zero. In this case, the only initial condition is the inductor current, so we require i 0ð Þ ¼ 0. The requirement that

i 0ð Þ ¼ 0 reduces the frequency-domain representation of the inductor to the impedance of the inductor.

Applying KVL to the mesh of the circuit in Figure 14.8-1b gives

V 1 sð Þ ¼ LsI sð Þ þ RI sð Þ
Solving for I(s) gives

I sð Þ ¼ V 1 sð Þ
Lsþ R

The Laplace transform of the response is

V o sð Þ ¼ RI sð Þ ¼ R
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V 1 sð Þ

This result could have been obtained using voltage division. Finally, the transfer function is

H sð Þ ¼ V o sð Þ
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	 694	 Transformada de Laplace

E j E m p l o  1 4 . 8 - 2  Respuesta escalón

Determine la respuesta escalón del circuito que se muestra en la figura 14.8-2a.

Ls

R
+
–

+

–
I(s)

Vi(s) Vo(s)

a

b

(b)

+
–vi(t) vo(t)

i(t)

L

R

a

b

+

–

(a)

FIGURA 14.8-2 El circuito del ejemplo 14.8-2 representado (a) en el dominio del tiempo, y (b) en el dominio de frecuencia, utilizando 
las transformadas de Laplace. 

Solución
La figura 14.8-2b muestra la representación en el dominio de frecuencia del circuito cuando todas las condiciones 
iniciales son cero. 
 Indique los voltajes de nodos en los nodos a y b como Va y Vb. Las ecuaciones nodales son

y 
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E X A M P L E 1 4 . 8 - 3 Impulse Response

Design the circuit of Figure 14.8-3a to have an impulse response equal to

h tð Þ ¼ 2 e�t � e�2t
� �

t � 0

Solution
From the given impulse response, we have

H sð Þ ¼ L�1 2 e�t � e�2t
� �� � ¼ 2

1

sþ 1
� 1

sþ 2

� �
¼ 2

sþ 2ð Þ � sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼ 2

s2 þ 3sþ 2
ð14:8-7Þ

E X A M P L E 1 4 . 8 - 2 Step Response

Determine the step response of the circuit shown in Figure 14.8-2a.

1
2s

(b)

Vo(s)Vi(s)

Vx

–

–

+

+

2 Ω
Ω

0.5s Ω

+
– 1.5 Vx

a b

(a)

vo(t)vi(t)

vx

–

–

+

+

2 Ω
+
– 2 F1.5 vx

0.5 H a b

FIGURE 14.8-2 The circuit of Example 14.8-2 represented (a) in the time domain, and (b) in the frequency domain, using Laplace

transforms.

Solution
Figure 14.8-2b shows the frequency-domain representation of the circuit when all of the initial conditions are zero.

Denote the node voltages at nodes a and b as Va and Vb. The node equations are

V a � V i

0:5 s
� V b � V a

2
¼ 0 ) 4þ sð ÞV a � sV b ¼ 4V i

and
V b � V a

2
þ 1:5 V b � V að Þ þ 2sV b ¼ 0 ) 1þ sð ÞV b ¼ V a

Solving for Vb gives

V b ¼ 4

sþ 2ð Þ2 V i

The response is V o ¼ V b, so the transfer function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

V b sð Þ
V i sð Þ ¼

4

sþ 2ð Þ2
The step response is

vo tð Þ ¼ L�1 H sð Þ
s

� �
¼ L�1 4

s sþ 2ð Þ2
" #

¼ 1� 1þ 2tð Þe�2t
� �

u tð Þ

694 The Laplace Transform

Despejamos Vb y nos da
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E X A M P L E 1 4 . 8 - 3 Impulse Response

Design the circuit of Figure 14.8-3a to have an impulse response equal to

h tð Þ ¼ 2 e�t � e�2t
� �

t � 0

Solution
From the given impulse response, we have

H sð Þ ¼ L�1 2 e�t � e�2t
� �� � ¼ 2

1

sþ 1
� 1

sþ 2

� �
¼ 2

sþ 2ð Þ � sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼ 2

s2 þ 3sþ 2
ð14:8-7Þ

E X A M P L E 1 4 . 8 - 2 Step Response

Determine the step response of the circuit shown in Figure 14.8-2a.

1
2s

(b)

Vo(s)Vi(s)

Vx

–

–

+

+

2 Ω
Ω

0.5s Ω

+
– 1.5 Vx

a b

(a)

vo(t)vi(t)

vx

–

–

+

+

2 Ω
+
– 2 F1.5 vx

0.5 H a b

FIGURE 14.8-2 The circuit of Example 14.8-2 represented (a) in the time domain, and (b) in the frequency domain, using Laplace

transforms.

Solution
Figure 14.8-2b shows the frequency-domain representation of the circuit when all of the initial conditions are zero.

Denote the node voltages at nodes a and b as Va and Vb. The node equations are

V a � V i

0:5 s
� V b � V a

2
¼ 0 ) 4þ sð ÞV a � sV b ¼ 4V i

and
V b � V a

2
þ 1:5 V b � V að Þ þ 2sV b ¼ 0 ) 1þ sð ÞV b ¼ V a

Solving for Vb gives

V b ¼ 4

sþ 2ð Þ2 V i

The response is V o ¼ V b, so the transfer function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

V b sð Þ
V i sð Þ ¼

4

sþ 2ð Þ2
The step response is

vo tð Þ ¼ L�1 H sð Þ
s

� �
¼ L�1 4

s sþ 2ð Þ2
" #

¼ 1� 1þ 2tð Þe�2t
� �

u tð Þ
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Design the circuit of Figure 14.8-3a to have an impulse response equal to

h tð Þ ¼ 2 e�t � e�2t
� �

t � 0

Solution
From the given impulse response, we have

H sð Þ ¼ L�1 2 e�t � e�2t
� �� � ¼ 2

1

sþ 1
� 1

sþ 2

� �
¼ 2

sþ 2ð Þ � sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼ 2

s2 þ 3sþ 2
ð14:8-7Þ

E X A M P L E 1 4 . 8 - 2 Step Response

Determine the step response of the circuit shown in Figure 14.8-2a.
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FIGURE 14.8-2 The circuit of Example 14.8-2 represented (a) in the time domain, and (b) in the frequency domain, using Laplace

transforms.

Solution
Figure 14.8-2b shows the frequency-domain representation of the circuit when all of the initial conditions are zero.

Denote the node voltages at nodes a and b as Va and Vb. The node equations are

V a � V i

0:5 s
� V b � V a

2
¼ 0 ) 4þ sð ÞV a � sV b ¼ 4V i

and
V b � V a

2
þ 1:5 V b � V að Þ þ 2sV b ¼ 0 ) 1þ sð ÞV b ¼ V a

Solving for Vb gives

V b ¼ 4

sþ 2ð Þ2 V i

The response is V o ¼ V b, so the transfer function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

V b sð Þ
V i sð Þ ¼

4

sþ 2ð Þ2
The step response is

vo tð Þ ¼ L�1 H sð Þ
s

� �
¼ L�1 4

s sþ 2ð Þ2
" #

¼ 1� 1þ 2tð Þe�2t
� �

u tð Þ
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E X A M P L E 1 4 . 8 - 3 Impulse Response

Design the circuit of Figure 14.8-3a to have an impulse response equal to

h tð Þ ¼ 2 e�t � e�2t
� �

t � 0

Solution
From the given impulse response, we have

H sð Þ ¼ L�1 2 e�t � e�2t
� �� � ¼ 2

1

sþ 1
� 1

sþ 2

� �
¼ 2

sþ 2ð Þ � sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼ 2

s2 þ 3sþ 2
ð14:8-7Þ

E X A M P L E 1 4 . 8 - 2 Step Response

Determine the step response of the circuit shown in Figure 14.8-2a.
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FIGURE 14.8-2 The circuit of Example 14.8-2 represented (a) in the time domain, and (b) in the frequency domain, using Laplace

transforms.

Solution
Figure 14.8-2b shows the frequency-domain representation of the circuit when all of the initial conditions are zero.

Denote the node voltages at nodes a and b as Va and Vb. The node equations are

V a � V i

0:5 s
� V b � V a

2
¼ 0 ) 4þ sð ÞV a � sV b ¼ 4V i

and
V b � V a

2
þ 1:5 V b � V að Þ þ 2sV b ¼ 0 ) 1þ sð ÞV b ¼ V a

Solving for Vb gives

V b ¼ 4

sþ 2ð Þ2 V i

The response is V o ¼ V b, so the transfer function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

V b sð Þ
V i sð Þ ¼

4

sþ 2ð Þ2
The step response is

vo tð Þ ¼ L�1 H sð Þ
s

� �
¼ L�1 4

s sþ 2ð Þ2
" #

¼ 1� 1þ 2tð Þe�2t
� �
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Diseñe el circuito de la figura 14.8-3a para tener un respuesta de impulso igual a

h1t2 5 2 Ae2t 2 e22t B t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0

Solución
A partir de la respuesta de impulso dada, tenemos
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E X A M P L E 1 4 . 8 - 3 Impulse Response

Design the circuit of Figure 14.8-3a to have an impulse response equal to

h tð Þ ¼ 2 e�t � e�2t
� �

t � 0

Solution
From the given impulse response, we have

H sð Þ ¼ L�1 2 e�t � e�2t
� �� � ¼ 2

1

sþ 1
� 1

sþ 2

� �
¼ 2

sþ 2ð Þ � sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼ 2

s2 þ 3sþ 2
ð14:8-7Þ

E X A M P L E 1 4 . 8 - 2 Step Response

Determine the step response of the circuit shown in Figure 14.8-2a.

1
2s

(b)

Vo(s)Vi(s)

Vx

–

–

+

+

2 Ω
Ω

0.5s Ω

+
– 1.5 Vx

a b

(a)

vo(t)vi(t)

vx

–

–

+

+

2 Ω
+
– 2 F1.5 vx

0.5 H a b

FIGURE 14.8-2 The circuit of Example 14.8-2 represented (a) in the time domain, and (b) in the frequency domain, using Laplace

transforms.

Solution
Figure 14.8-2b shows the frequency-domain representation of the circuit when all of the initial conditions are zero.

Denote the node voltages at nodes a and b as Va and Vb. The node equations are

V a � V i

0:5 s
� V b � V a

2
¼ 0 ) 4þ sð ÞV a � sV b ¼ 4V i

and
V b � V a

2
þ 1:5 V b � V að Þ þ 2sV b ¼ 0 ) 1þ sð ÞV b ¼ V a

Solving for Vb gives

V b ¼ 4

sþ 2ð Þ2 V i

The response is V o ¼ V b, so the transfer function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

V b sð Þ
V i sð Þ ¼

4

sþ 2ð Þ2
The step response is

vo tð Þ ¼ L�1 H sð Þ
s

� �
¼ L�1 4

s sþ 2ð Þ2
" #

¼ 1� 1þ 2tð Þe�2t
� �

u tð Þ
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+
–

+
–v1(t) V1(s) Vo(s)vo(t)

LsL

R R
+

–

+

–Cs
C

1

(b)(a)  

FIGURA 14.8-3 El circuito del 
ejemplo 14.8-3 representado (a) en 
el dominio de tiempo, y (b) en el 
dominio de frecuencia, utilizando 
transformadas de Laplace.

La figura 14.8-3b muestra el circuito representado en el dominio de frecuencia, utilizando la transformada de La-
place. Aplicando el principio del divisor de voltaje, determinamos que la función de transferencia del circuito sea
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t

� �� �
u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.

+
–

+
–v1(t) V1(s) Vo(s)vo(t)

LsL

R R
+

–

+

–Cs
C

1

(b)(a)

FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.

Convolution 695

 (14.8-8)

 Comparando las ecuaciones 14.8-7 y 14.8-8 resulta que 1>LC 5 2 y 1>RC 5 3. Estas ecuaciones no tie-
nen una solución única y sola. Para obtener una solución, elija C 5 1>12 F. Entonces los valores requeridos son 
L 5 6 H y R 5 4 V. Se pueden obtener otras soluciones cambiando el valor de C y recalculando L y R.

EJERCICIO 14.8-1  La función de transferencia de un circuito es 
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t

� �� �
u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.
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FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.
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Determine la respuesta de impulso y la respuesta escalón de este circuito.

Respuestas: (a) respuesta de impulso 
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t
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u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.
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FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.
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 (b) respuesta escalón 
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t

� �� �
u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.
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FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.
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EJERCICIO 14.8-2  La respuesta de impulso de un circuito es h(t) 5 5e22t sen(4t)u(t). 
Determine la respuesta escalón de este circuito.

Sugerencia: 
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t

� �� �
u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.
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FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.
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EXERCISE 14.8-1 The transfer function of a circuit is H sð Þ ¼ �5s

s2 þ 15sþ 50
. Determine the

impulse response and step response of this circuit.

Answers: (a) impulse response ¼ L�1 5

sþ 5
� 10

sþ 10

� �
¼ 5e�5t � 10e�10tð Þu tð Þ

(b) step response ¼ L�1 1

sþ 10
� 1

sþ 5

� �
¼ e�10t � e�5tð Þu tð Þ

EXERCISE 14.8-2 The impulse response of a circuit is h tð Þ ¼ 5e�2t sin 4tð Þu tð Þ. Determine the

step response of this circuit.

Hint: H sð Þ ¼ L 5e�2t sin 4tð Þu tð Þ½ � ¼ 5 4ð Þ
sþ 2ð Þ2 þ 42

¼ 20

s2 þ 4sþ 20

Answer: step response ¼ L�1 H sð Þ
s

� �
¼ L�1 1

s
� sþ 4

s2 þ 4sþ 20

� �

¼ 1� e�2t cos 4t þ 1

2
sin 4t

� �� �
u tð Þ

14.9 CONVOLUT ION

In this section, we consider the problem of determining the response of a linear, time-

invariant circuit to an arbitrary input, x tð Þ. This situation is illustrated in Figure 14.9-1, in

which x tð Þ is the input to the circuit, y tð Þ is the output of the circuit, and h tð Þ is the impulse

response of the circuit. We will assume that x tð Þ ¼ 0 when t < 0 because t ¼ 0 is the time at

Figure 14.8-3b shows the circuit represented in the frequency domain, using the Laplace transform. Using the

voltage divider principle, we determine the transfer function of this circuit to be

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

R
1

Cs

Rþ 1

Cs

R
1

Cs

Rþ 1

Cs

þ Ls

¼
1

LC

s2 þ 1

RC
sþ 1

LC

ð14:8-8Þ

Comparing Eqs. 14.8-7 and 14.8-8 gives 1=LC ¼ 2 and 1=RC ¼ 3. These equations don’t have a single

unique solution. To obtain one solution, choose C ¼ 1=12 F. Then L ¼ 6 H and R ¼ 4V are the required values.

Other solutions can be obtained by changing the value of C and then recalculating L and R.
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FIGURE 14.8-3 The circuit of

Example 14.8-3 represented (a) in

the time domain and (b) in the

frequency domain, using the

Laplace transform.

y(t)h(t)x(t)

FIGURE 14.9-1

A linear, time-invariant

circuit.
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14.9 C O N VO L U C I Ó N

En esta sección consideramos el problema de determinar la respuesta de un circuito lineal 
invariante en tiempo para una entrada arbitraria, x(t). Esta situación se ilustra en la figura 
14.9-1, en la cual x(t) es la entrada al circuito, y(t) es la salida del circuito y h(t) es la res-
puesta de impulso del circuito. Asumiremos que x(t) 5 0 cuando t , 0 porque t 5 0 es el 

FIGURA 14.9-1 
Circuito lineal de tiempo 
invariante.

y(t)h(t)x(t)

sen

sen
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x(t)
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x(t)
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τ1 τ2 τ3 τ4 τ5 τ6 τ7

(a) (b)

FIGURA 14.9-2 La forma de onda de entrada arbitraria que se muestra en (a) puede ser aproximada, una secuencia de 
pulsos como se muestra en (b).

tiempo en el cual la entrada se aplica primero al circuito y que h(t) 5 0 cuando t , 0 porque la res-
puesta de impulso no puede ir antes del impulso que la ocasionó. 
 Es importante para nosotros que el circuito sea lineal e invariante en tiempo. Para ver porqué, 
utilicemos la notación 

x1t2 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 y1t2
para indicar que la entrada x(t) ocasiona la salida y(t). Sea k cualquier constante. Dado que el circuito 
es lineal,

k x1t2 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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 k y1t2
(Suponga que k 5 2. La entrada 2x(t) es tan grande dos veces como la entrada x(t), y hace que la 
salida sea tan grande dos veces como la salida ocasionada por x(t).) A continuación, sea 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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 cualquier 
constante. Puesto que el circuito es invariante en tiempo, tenemos

x1t 2 

E1C07_1 10/30/2009 259

Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.
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FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.
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FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 k y1t 2 

E1C07_1 10/30/2009 259

Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313

 1t2 

E1C02_1 10/23/2009 21

usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.
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FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 k h1t 2 

E1C07_1 10/30/2009 259

Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _

FIGURE 7.2-2 Circuit symbols

of a capacitor.

1

0 Δt

v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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2 (14.9-1)
 Considere la forma de onda de entrada arbitraria x(t) que se muestra en la figura 14.9-2(a). Esta 
forma de onda se puede aproximar por una serie de pulsos como se muestra en la figura 14.9-2(b). Los 
tiempos 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols
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FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.
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v (V)

t (s)

FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.
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FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols
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FIGURE 7.2-3 Voltage waveform in which

the change in voltage occurs over an increment

of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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of time, Dt.
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are

C C

++

i(t) i(t)

v(t) v(t)

_ _
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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 sea pequeño.
 La figura 14.9-3a muestra uno de los pulsos desde la aproximación de la forma de onda de la 
entrada. Observe que el área del pulso es x1
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t
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i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t
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i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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 de tiempo 
sea pequeño, este pulso se puede aproximar por la función de impulso que tenga la misma área, x1ti2 
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch

closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b

shows a plot of the capacitor voltage versus time.

When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Further-

more, the frequency of the response sinusoid must be the same as the frequency of the input sinusoid.

The circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state

capacitor voltage will be

v tð Þ ¼ B cos 1000t þ fð Þ; t < 0 ð8:2-1Þ
The switch closes at time t ¼ 0. The value of the capacitor voltage at the time the switch closes is

v 0ð Þ ¼ B cos fð Þ; t ¼ 0 ð8:2-2Þ
After the switch closes, the response will consist of two parts: a transient part that eventually dies out

and a steady-state part. The steady-state part of the response will be sinusoidal and will have the

frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed,

we consider first-order circuits separately to take advantage of the simple form of the transient

response of these circuits. After the switch is closed, the capacitor voltage is

v tð Þ ¼ Ke�t=t þM cos 1000t þ dð Þ ð8:2-3Þ
Notice that Ke�t/t goes to zero as t becomes large. This is the transient part of the response, which dies

out, leaving the steady-state response, M cos(1000tþ d).
As a matter of vocabulary, the ‘‘transient part of the response’’ is frequently shortened to the

transient response, and the ‘‘steady-state part of the response’’ is shortened to the ‘‘steady-state

response.’’ The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with

the transient and steady-state responses.

complete response ¼ transient responseþ steady-state response

(The term transient response is used in two different ways by electrical engineers. Sometimes it refers

to the ‘‘transient part of the complete response,’’ and at other times, it refers to a complete response,

which includes a transient part. In particular, PSpice uses the term transient response to refer to the

complete response. This can be confusing, so the term transient response must be used carefully.)

In general, the complete response of a first-order circuit can be represented as the sum of two

parts, the natural response and the forced response:

complete response ¼ natural responseþ forced response

The natural response is the general solution of the differential equation representing the first-order

circuit, when the input is set to zero. The forced response is a particular solution of the differential

equation representing the circuit.

The complete response of a first-order circuit will depend on an initial condition, usually a

capacitor voltage or an inductor current at a particular time. Let t0 denote the time at which the initial

condition is given. The natural response of a first-order circuit will be of the form

natural response ¼ Ke� t�t0ð Þ=t

When t0 ¼ 0, then

natural response ¼ Ke�t=t

The constant K in the natural response depends on the initial condition, for example, the capacitor

voltage at time t0.

In this chapter, we will consider three cases. In these cases, the input to the circuit after the

disturbance will be (1) a constant, for example,

vs tð Þ ¼ V 0

First-Order Circuits 313
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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i2. Esa función de impulso se ilustra en la figura 14.9-3b.
 La forma de onda de entrada se representa por la suma de las funciones de impulso que aproxi-
man los pulsos en la figura 14.9-2b.
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which the input is first applied to the circuit and that h tð Þ ¼ 0 when t < 0 because the impulse response

cannot precede the impulse that caused it.

It’s important to us that the circuit is both linear and time-invariant. To see why, let’s use the

notation

x tð Þ ! y tð Þ
to indicate that the input x tð Þ causes the output y tð Þ. Let k be any constant. Because the circuit is linear,

k x tð Þ ! k y tð Þ
(Suppose k ¼ 2. The input 2x tð Þ is twice as large as the input x tð Þ, and it causes an output twice as large as
the output caused by x tð Þ.) Next, let t any constant. Because the circuit is time-invariant,

x t � tð Þ ! y t � tð Þ
(Suppose t ¼ 4 s. The input x t � 4ð Þ is delayed by 4 s with respect to x tð Þ and causes an output that is
delayed by 4 s with respect to y tð Þ.) Because the circuit is both linear and time-invariant, we have

k x t � tð Þ ! k y t � tð Þ
Next, we use the fact that h tð Þ is the impulse response of the circuit. Consequently, when the input to

the circuit is x tð Þ ¼ d tð Þ, the out put is y tð Þ ¼ h tð Þ. That is,
d tð Þ ! h tð Þ

Finally; k d t � tð Þ ! k h t � tð Þ ð14:9-1Þ
Consider the arbitrary input waveform x tð Þ shown in Figure 14.9-2(a). This waveform can be

approximated by a series of pulses as shown in Figure 14.9-2(b). The times, t1; t2; t3; . . . are
uniformly spaced, that is,

tiþ1 ¼ ti þ Dt for i ¼ 1; 2; 3; . . .

where the increment Dt is independent of the index i. The error in the approximation is small when the

increment Dt is chosen to be small.

Figure 14.9-3(a) shows one of the pulses from the approximation of the input waveform. Notice

that the area of the pulse is x tið ÞDt. When the time increment Dt is chosen to be small, this pulse can

be approximated by the impulse function having the same area, x tið ÞDtd t � tið Þ. That impulse

function is illustrated in Figure 14.9-3(b).

The input waveform is represented by the sum of the impulse functions approximating the pulses

in Figure 14.9-2(b),

x tð Þ ¼
X1
i¼0

x tið ÞDtd t � tið Þ ð14:9-2Þ

x(t)

t

x(t)

t
τ1 τ2 τ3 τ4 τ5 τ6 τ7

(a) (b)

FIGURE 14.9-2 The arbitrary input waveform shown in (a) can be approximated, a sequence of pulses as

shown in (b).
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FIGURA 14.9-3 (a) Un pulso 
desde la aproximación de una 
forma de onda de entrada,  
y (b) el impulso correspondiente.

Como el circuito es lineal, la respuesta a esta suma de entradas de impulso es igual a la suma de las 
respuestas para las respuestas de las entradas de impulso individuales. De la figura 4.9-1, las respues-
tas a las entradas de impulsos individuales están dadas por
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Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the

responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the

individual impulses inputs are given by

x tið ÞDtð Þd t � tið Þ ! x tið ÞDtð Þh t � tið Þ for i ¼ 0; 1; 2; 3; . . .

The response of the circuit is

y tð Þ ¼
X1
i¼0

x tið ÞDt h t � tið Þ ¼
X1
i¼0

x tið Þh t � tið ÞDt ð14:9-3Þ

In the limit as Dt goes to zero, the summation becomes an integral, and we have

y tð Þ ¼
Z 1

0
x tð Þh t � tð Þdt ð14:9-4Þ

The integral on the right side of Equation 14.9-4 is called the convolution integral and is denoted as

x tð Þ�h tð Þ. That is,
y tð Þ ¼ x tð Þ�h tð Þ ð14:9-5Þ

Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the

convolution of the input and the impulse response.

MATLAB provides a function called conv that performs convolution. The next example uses

this MATLAB function to obtain a plot of the output of a linear, time-invariant circuit.

E X A M P L E 1 4 . 9 - 1 Convolution

Plot the output y tð Þ for the circuit shown in Figure 14.9-1 when the input x tð Þ
is the triangular waveform shown in Figure 14.9-4 and the impulse response

of the circuit is

h tð Þ ¼ 5

4
e�t � e�5t
� �

u tð Þ

Solution
Figure 14-9.5 shows a MATLAB script that produces the required plot.

x (t)

t

2 5 7

12

FIGURE 14.9-4 The input for

Example 14.9-1.

x(t)

t
τi τi + Δτ

(a)

x(τi)

x(t)

t
τi

(b)

Δτ x(τi)

FIGURE 14.9-3 (a) A pulse from

the approximation of an input

waveform and (b) the

corresponding impulse.
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Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the

responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the

individual impulses inputs are given by

x tið ÞDtð Þd t � tið Þ ! x tið ÞDtð Þh t � tið Þ for i ¼ 0; 1; 2; 3; . . .

The response of the circuit is

y tð Þ ¼
X1
i¼0

x tið ÞDt h t � tið Þ ¼
X1
i¼0

x tið Þh t � tið ÞDt ð14:9-3Þ

In the limit as Dt goes to zero, the summation becomes an integral, and we have

y tð Þ ¼
Z 1

0
x tð Þh t � tð Þdt ð14:9-4Þ

The integral on the right side of Equation 14.9-4 is called the convolution integral and is denoted as

x tð Þ�h tð Þ. That is,
y tð Þ ¼ x tð Þ�h tð Þ ð14:9-5Þ

Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the

convolution of the input and the impulse response.

MATLAB provides a function called conv that performs convolution. The next example uses

this MATLAB function to obtain a plot of the output of a linear, time-invariant circuit.

E X A M P L E 1 4 . 9 - 1 Convolution

Plot the output y tð Þ for the circuit shown in Figure 14.9-1 when the input x tð Þ
is the triangular waveform shown in Figure 14.9-4 and the impulse response

of the circuit is

h tð Þ ¼ 5

4
e�t � e�5t
� �

u tð Þ

Solution
Figure 14-9.5 shows a MATLAB script that produces the required plot.
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La respuesta para el circuito es
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Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the

responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the

individual impulses inputs are given by

x tið ÞDtð Þd t � tið Þ ! x tið ÞDtð Þh t � tið Þ for i ¼ 0; 1; 2; 3; . . .

The response of the circuit is

y tð Þ ¼
X1
i¼0

x tið ÞDt h t � tið Þ ¼
X1
i¼0

x tið Þh t � tið ÞDt ð14:9-3Þ

In the limit as Dt goes to zero, the summation becomes an integral, and we have

y tð Þ ¼
Z 1

0
x tð Þh t � tð Þdt ð14:9-4Þ

The integral on the right side of Equation 14.9-4 is called the convolution integral and is denoted as

x tð Þ�h tð Þ. That is,
y tð Þ ¼ x tð Þ�h tð Þ ð14:9-5Þ

Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the
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MATLAB provides a function called conv that performs convolution. The next example uses

this MATLAB function to obtain a plot of the output of a linear, time-invariant circuit.
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is the triangular waveform shown in Figure 14.9-4 and the impulse response

of the circuit is
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4
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 (14.9-3)

En el límite, en cuanto D
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Equation 7.2-2 is the current–voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2

adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors

in circuit diagrams. In both Figure 7.2-2(a) and (b), the capacitor current and voltage adhere to the

passive sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from

a constant voltage of zero to another constant voltage of 1 over an increment of time, Dt. Using
Eq. 7.2-2, we obtain

i tð Þ ¼
0 t < 0
C

Dt
0 < t < Dt

0 t > Dt

8><
>:

Thus, we obtain a pulse of height equal to C=Dt. As Dt decreases, the current will increase.

Clearly, Dt cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous Dt ¼ 0ð Þ change of

voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(t).

The voltage across a capacitor cannot change instantaneously.

Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2.

We obtain

v tð Þ ¼ 1

C

Z t

�1
i tð Þdt ð7:2-3Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from

time �1 until time t. To do so requires that we know the value of the capacitor current from time

t ¼ �1 until time t ¼ t. Often, we don’t know the value of the current all the way back to t ¼ �1.

Instead, we break the integral up into two parts:

v tð Þ ¼ 1

C

Z t

t0

i tð Þdt þ 1

C

Z t0

�1
i tð Þdt ¼ 1

C

Z t

t0

i tð Þdt þ v t0ð Þ ð7:2-4Þ

This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current

from some convenient time t ¼ t0 until time t ¼ t, provided that we also know the capacitor voltage

at time t0. Now we are required to know only the capacitor current from time t ¼ t0 until time t ¼ t.

The time t0 is called the initial time, and the capacitor voltage v(t0) is called the initial condition.

Frequently, it is convenient to select t0 ¼ 0 as the initial time.

Capacitors are commercially available in a variety of types and capacitance values. Capacitor

types are described in terms of the dielectric material and the construction technique. Miniature metal

film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
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FIGURE 7.2-2 Circuit symbols

of a capacitor.
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 va a cero, la suma se vuelve una integral, y tenemos
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Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the

responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the

individual impulses inputs are given by

x tið ÞDtð Þd t � tið Þ ! x tið ÞDtð Þh t � tið Þ for i ¼ 0; 1; 2; 3; . . .

The response of the circuit is

y tð Þ ¼
X1
i¼0

x tið ÞDt h t � tið Þ ¼
X1
i¼0

x tið Þh t � tið ÞDt ð14:9-3Þ

In the limit as Dt goes to zero, the summation becomes an integral, and we have

y tð Þ ¼
Z 1

0
x tð Þh t � tð Þdt ð14:9-4Þ

The integral on the right side of Equation 14.9-4 is called the convolution integral and is denoted as

x tð Þ�h tð Þ. That is,
y tð Þ ¼ x tð Þ�h tð Þ ð14:9-5Þ

Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the

convolution of the input and the impulse response.

MATLAB provides a function called conv that performs convolution. The next example uses

this MATLAB function to obtain a plot of the output of a linear, time-invariant circuit.

E X A M P L E 1 4 . 9 - 1 Convolution

Plot the output y tð Þ for the circuit shown in Figure 14.9-1 when the input x tð Þ
is the triangular waveform shown in Figure 14.9-4 and the impulse response

of the circuit is

h tð Þ ¼ 5

4
e�t � e�5t
� �

u tð Þ

Solution
Figure 14-9.5 shows a MATLAB script that produces the required plot.
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t
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FIGURE 14.9-4 The input for
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 (14.9-4)

A la integral en el lado derecho de la ecuación 14.9-4 se le llama integral de convolución y se indica 
como x(t)
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(t). Es decir,
 y(t) = x(t)
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(t) (14.9-5)

La ecuación 14.9-5 indica que la salida del circuito lineal en la figura 14.9-1 se puede obtener como 
la convolución de la entrada y la respuesta de impulso.
 MATLAB provee una función llamada conv, la cual ejecuta la convolución. El ejemplo siguien-
te utiliza esta función de MATLAB para obtener un trazo de la salida de un circuito lineal, invariante 
en tiempo.

E j E m p l o  1 4 . 9 - 1  Convolución

Diagrame la salida y(t) para el circuito que se muestra en la figura 14.9-1 cuando 
la entrada x(t) es la forma de onda triangular que se muestra en la figura 14.9-4 y la 
respuesta de impulso del circuito es
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Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the

responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the

individual impulses inputs are given by

x tið ÞDtð Þd t � tið Þ ! x tið ÞDtð Þh t � tið Þ for i ¼ 0; 1; 2; 3; . . .
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0
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Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the

convolution of the input and the impulse response.

MATLAB provides a function called conv that performs convolution. The next example uses

this MATLAB function to obtain a plot of the output of a linear, time-invariant circuit.
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of the circuit is
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Solución
La figura 14.9-5 muestra un guión de MATLAB que produce el trazo requerido.

FIGURA 14.9-4 La entrada 
para el ejemplo 14.9-1.

x (t)

t

2 5 7

12
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Los comentarios incluidos en el guión de MATLAB indican que el problema se resuelve en cuatro pasos:

1. Obtener una lista de instantes espaciados igualmente.

2. Obtener la entrada x(t) y la respuesta de impulso h(t).

% convolution.m - plots the output for Example 14.9-1
% ---------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ---------------------------------------------------
t0 = 0; % begin
tf = 12;  % end
N = 5000;  % number of points plotted
dt = (tf-t0)/N; % increment
t = t0:dt:tf; % time in seconds

% ---------------------------------------------------
% Obtain the input x(t) and the impulse response h(t) 
% ---------------------------------------------------
for k = 1 : length(t)
    if t(k) < 2 
        x(k) = 0; 
    elseif t(k) < 5
        x(k) = -8 + 4*t(k); % 
    elseif t(k) < 7 
        x(k) = 42 - 6*t(k); %
    else 
        x(k) = 0; 
    end
end
x=x*dt;
h=1.25*exp(-t)-1.25*exp(-5*t);

% ---------------------------------------------------
%              Perform the convolution
% ---------------------------------------------------
y=conv(x,h);

% ---------------------------------------------------
%              Plot the output y(t)
% ---------------------------------------------------
plot(t,y(1:length(t)))
axis([t0, tf, 0, 9])
xlabel('t')
ylabel('y(t)')

FIGURA 14.9-5 El guión de MATLAB para el ejemplo 14.9-1.
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3. Ejecute la convolución.

4. Trace la salida y(t).

Un par de comentarios ayudan a entender el guión de MATLAB. El primero, que utilizar las ecuaciones de las 
rectas que comprenden la forma de onda de entrada triangular nos permite escribir

x tð Þ ¼

0 when t � 2

4t � 8 when 2 � t � 5

�4t þ 42 when 5 � t � 7

0 when t � 7

8>>><
>>>:

Esta ecuación se complementa con un bloque “y si...” del guión de MATLAB. Para todo tiempo, ti, esta ecuación 
produce el valor correspondiente x(ti). De la ecuación 14.9-2, observamos que las fuerzas del impulso de entra-
da son x(ti)�t contrario que x(ti). Se necesita multiplicar los valores x(ti) por el incremento de tiempo, y eso se 
complementa con la línea “x = x � dt” en el guión de MATLAB.
 El segundo, la función de trazo de MATLAB requiere dos listas de valores, t y y, en nuestro caso. Estas lis-
tas se requieren para tener el mismo número de valores, pero en nuestro caso y es más grande que t. La expresión 
de MATLAB “(1:length(t)” trunca la lista y, de modo que esa lista truncada es de la misma extensión que t.
 Por último, el trazo producido por el guión de MATLAB se muestra en la figura 14.9-6.

0 2 4 6 8 10 12
0

1

2

3

4

5

6

7

8

9

t

y(
t)

FIGURA 14.9-6 La salida para el ejemplo 14.9-1.

14.10 E S TA B I L I D A D

Se dice de un circuito que debe ser estable cuando la respuesta a una señal de entrada limitada 
es una señal de salida limitada. Se dice que un circuito que no es estable debe ser inestable.

Producir una respuesta limitada para una entrada limitada es un comportamiento excelente y razona-
ble. Como regla general de oro, los circuitos estables son potencialmente útiles, así como los circuitos 
inestables son potencialmente peligrosos. Cuando analizamos un circuito para ver si es estable, quizás 

cuando
cuando
cuando
cuando
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estemos tratando de una de dos cosas. La primera, podríamos estar verificando un circuito para saber 
si es útil. Si es inestable, lo rechazaremos. La segunda, que podríamos tratar de especificar valores de 
los parámetros del circuito de tal forma de lograr que el circuito sea estable.
 Considere un circuito representado por la función de transferencia, H(s). Descomponiendo el 
denominador de la función de transferencia nos da
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)
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The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2

700 The Laplace Transform

Las pi son los polos de la función de transferencia, también llamados polos del circuito. Los polos 
pueden tener valores reales o valores complejos. Los polos complejos aparecen en pares de conjugada 
compleja; por ejemplo, si 22 1 j3 es un polo, entonces 22 2 j3 también debe ser un polo.

Un circuito es estable si, y sólo si, todos sus polos tienen partes reales negativas.

(Los polos reales deben tener valores negativos.) Otra forma de decir lo mismo es que un circuito es 
estable si, y sólo si, todos sus polos permanecen en la mitad izquierda del plano s.
 También podemos utilizar la respuesta de impulso, h(t), para determinar si un circuito es esta-
ble. Un circuito es estable si, y sólo si, su respuesta de impulso satisface la ecuación
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,
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Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives
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The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real
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is a pole, then �2 � j3 must also be a pole.
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if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
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Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding
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If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so
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t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim
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The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)
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The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2
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reales. La respuesta de impulso correspondiente está dada por
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)
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Si el circuito es inestable, al menos uno de los polos tiene un valor positivo, por ejemplo, p4 5 6. En 
consecuencia, la respuesta de impulso incluye el término A4e6t y 0 A4e6t 0 
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.

Engineering and Linear Models 21

 

E1C02_1 10/23/2009 31

The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.
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a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)

E X A M P L E 1 4 . 1 0 - 1 Stabil i ty

The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2
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usually more complicated and harder to use. The conventional wisdom suggests that simple models be

used first. The results obtained using the models must be checked to verify that use of these simple

models is appropriate. More accurate models are used when necessary.

The idealized models of electric devices are precisely defined. It is important to distinguish

between actual devices and their idealized models, which we call circuit elements. The goal of circuit

analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to

explain the terminal voltages and terminal currents of the circuit elements and thus the overall

operation of the circuit.

Models of circuit elements can be categorized in a variety of ways. For example, it is

important to distinguish linear models from nonlinear models because circuits that consist

entirely of linear circuit elements are easier to analyze than circuits that contain some

nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it

provides a response v1. Furthermore, when the element is subjected to a current i2, it

provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result

in a response v1 þ v2. This is usually called the principle of superposition.

Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:

i ! v

Then we may state the two properties required as follows.

Superposition:

i1 ! v1
i2 ! v2

then i1 þ i2 ! v1 þ v2 ð2:2-1Þ
Homogeneity:

i ! v

then ki ! kv ð2:2-2Þ

A device that does not satisfy either the superposition or the homogeneity principle is said to be

nonlinear.

+
v

i

–

FIGURE 2.2-1

An element with an

excitation current i and

a response v.

E X A M P L E 2 . 2 - 1 A Linear Device

Consider the element represented by the relationship between current and voltage as

v ¼ Ri

Determine whether this device is linear.
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nonlinear elements.

An element or circuit is linear if the element’s excitation and response satisfy certain

properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the

current i and the response is the voltage v. When the element is subjected to a current i1, it
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provides a response v2. For a linear element, it is necessary that the excitation i1 þ i2 result
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Also, multiplying the input of a linear device by a constant must have the consequence of

multiplying the output by the same constant. For example, doubling the size of the input causes the size

of the output to double. This is called the property of homogeneity. An element is linear if, and only if,

the properties of superposition and homogeneity are satisfied for all excitations and responses.

A linear element satisfies the properties of both superposition and homogeneity.

Let us restate mathematically the two required properties of a linear circuit, using the arrow

notation to imply the transition from excitation to response:
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Then we may state the two properties required as follows.
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.
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with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS
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of digits indicating the measured variable value.
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Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)

E X A M P L E 1 4 . 1 0 - 1 Stabil i ty

The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2

700 The Laplace Transform

(Esto es cierto sólo para circuitos estables. En general, los circuitos inestables no alcanzan un estado 
estable, por lo que no tienen respuestas de estado estable o funciones de red.)

E j E m p l o  1 4 . 10 - 1  Estabilidad

La entrada al circuito que se muestra en la figura 14.10-1 es el voltaje, vi(t), de la fuente de voltaje independiente. 
La salida es el voltaje, vo(t), de la fuente de voltaje dependiente. La función de transferencia de este circuito es
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vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 µF

C = 10 µF+
–

+
–

 
FIGURA 14.10-1 El circuito considerado en el 
ejemplo 14.10-1.

Determine lo siguiente:

(a) La respuesta de estado estable cuando vi(t) 5 5 cos 2t V y la ganancia de la VCVS es k 5 3 V/V.

(b) La respuesta de impulso cuando k 5 4 2 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.
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� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

 5 6.83 V/V.

Solución

Los polos de la función de transferencia son 
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.
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, so the circuit is stable. The transfer

function is
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sþ ffiffiffi
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sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
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sþ ffiffiffi
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p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
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p
t 1�

ffiffiffi
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p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–
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R = 100 kΩ
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C = 10 μF

C = 10 μF+
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FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

(a)  Cuando k 5 3 V/V, los polos son 
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V
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The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8
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(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7
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2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.
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, so the circuit is stable. The transfer

function is
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1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
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sþ ffiffiffi
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The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
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p
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t

� �
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We see that when k ¼ 4� 2
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, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+
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FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

 
por lo que el circuito es estable. La función 

de transformación es
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2
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, � ffiffiffi

2
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, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

  El circuito es estable cuando k 5 3 V/V, por lo que podemos determinar la función de red a partir de la fun-
ción de transferencia haciendo que s 5 j
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

  La entrada es vi(t) 5 5 cos 2t V. El fasor de la respuesta de estado estable se determina al multiplicar la fun-
ción de red evaluada en 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet

been mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth

product. Consider first the common mode rejection ratio. In the finite gain model, the voltage of the

dependent source is

A v2 � v1ð Þ
In practice, we find that dependent source voltage is more accurately expressed as

A v2 � v1ð Þ þ Acm
v1 þ v2

2

� �

where v2 � v1 is called the differential input voltage;

v1 þ v2

2
is called the common mode input voltage;

and Acm is called the common mode gain:

The gain A is sometimes called the differential gain to distinguish it from Acm. The common mode

rejection ratio is defined to be the ratio of A to Acm

CMRR ¼ A

Acm

The dependent source voltage can be expressed using A and CMRR as

A v2 � v1ð Þ þ Acm
v1 þ v2

2
¼ A v2 � v1ð Þ þ A

CMRR

v1 þ v2

2

¼ A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

CMRR can be added to the finite gain model by changing the voltage of the dependent source. The

appropriate change is

replace A v2 � v1ð Þ by A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �

This change will make the model more accurate but also more complicated. Table 6.7-1 shows

that CMRR is typically very large. For example, a typical LF351 operational amplifier has A¼ 100V/

mV and CMRR¼ 100 V/mV. This means that

A 1þ 1

2 CMRR

� �
v2 � 1� 1

2 CMRR

� �
v1

� �
¼ 100; 000:5v2 � 99; 999:5v1

compared to A v2 � v1ð Þ ¼ 100,000v2 � 100,000v1

In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The

CMRR does not need to be considered unless accurate measurements of very small differential

voltages must be made in the presence of very large common mode voltages.

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model

indicates that the gain, A, of the operational amplifier is a constant. Suppose

v1 ¼ 0 and v2 ¼ M sin vt

so that v2 � v1 ¼ M sin vt

The voltage of the dependent source in the finite gain model will be

A v2 � v1ð Þ ¼ A �M sin vt
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 5 2 rad/s por el fasor de la entrada:
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

  La respuesta de estado estable es vo(t) 5 10.61 cos 12t 2 45°2 V.

(b)  Cuando k 5 4 2 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼
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ffiffiffi
2

p � ffiffiffi
0

p

2
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ffiffiffi
2
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2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2
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The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2
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t
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u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.
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ffiffiffi
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p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
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2
p

, so the circuit is stable. The transfer

function is
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p� �� 1:17
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The impulse response is
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We see that when k ¼ 4� 2
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, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V
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, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
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We see that when k ¼ 4� 2
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, the circuit is stable, and lim
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼
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, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
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We see that when k ¼ 4� 2
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, the circuit is stable, and lim
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
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�2
ffiffiffi
2

p � ffiffiffi
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2
¼ �

ffiffiffi
2
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, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
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p
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ffiffiffi
2
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t
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We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–
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R = 100 kΩ

C = 10 μF

C = 10 μF+
–
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FIGURE 14.10-1 The circuit considered in

Example 14.10-1.
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)

E X A M P L E 1 4 . 1 0 - 1 Stabil i ty

The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ
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C = 10 μF

C = 10 μF+
–

+
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FIGURE 14.10-1 The circuit considered in

Example 14.10-1.

Stability 701

, los polos son 
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
2

p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
2

p
t 1þ ffiffiffi

2
p

t
� �

u tð Þ

14.11 PART I A L FRACT ION EXPANS ION

US ING MATLAB _________________________________________________________________________________________

MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
2

p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
2

p� �þ 6:83
ffiffiffi
2

p

s� ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 6:83e
ffiffi
2

p
t 1þ

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4þ 2
ffiffiffi
2

p
, the circuit is unstable, and lim

t!1 h tð Þj j ¼ 1.
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�
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t
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14.11 PART I A L FRACT ION EXPANS ION

US ING MATLAB _________________________________________________________________________________________

MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
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p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
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p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
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p� �þ 6:83
ffiffiffi
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p

s� ffiffiffi
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p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 6:83e
ffiffi
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p
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ffiffiffi
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p
t
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u tð Þ

We see that when k ¼ 4þ 2
ffiffiffi
2

p
, the circuit is unstable, and lim

t!1 h tð Þj j ¼ 1.
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
2

p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
2

p
t 1þ ffiffiffi

2
p

t
� �

u tð Þ

14.11 PART I A L FRACT ION EXPANS ION

US ING MATLAB _________________________________________________________________________________________

MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
2

p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
2

p� �þ 6:83
ffiffiffi
2

p

s� ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 6:83e
ffiffi
2

p
t 1þ

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4þ 2
ffiffiffi
2

p
, the circuit is unstable, and lim

t!1 h tð Þj j ¼ 1.

702 The Laplace Transform

 Vemos que cuando k 5 4 1 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
2

p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
2

p
t 1þ ffiffiffi

2
p

t
� �

u tð Þ
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MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
2

p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
2

p� �þ 6:83
ffiffiffi
2

p

s� ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 6:83e
ffiffi
2

p
t 1þ

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4þ 2
ffiffiffi
2

p
, the circuit is unstable, and lim

t!1 h tð Þj j ¼ 1.
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Determine lo siguiente:

(a) La respuesta de estado estable cuando vi(t) 5 5 cos 2t V y la ganancia de la VCVS es k 5 2 V/V.
(b) La respuesta de impulso cuando k 5 3 2 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.
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 5 0.17 V/V.
(c) La respuesta de impulso cuando k 5 3 1 2
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Determine the following:

(a) The steady-state response when vi tð Þ ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 3V/V

(b) The impulse response when k ¼ 4� 2
ffiffiffi
2

p ¼ 1:17 V/V

(c) The impulse response when k ¼ 4þ 2
ffiffiffi
2

p ¼ 6:83 V/V

Solution
The poles of the transfer function are p1;2 ¼

� 4� kð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� kð Þ2 � 8

q

2

(a) When k ¼ 3 V/V, the poles are p1;2 ¼
�1� ffiffiffiffiffiffiffi�7

p

2
¼ �1� j 7

2
, so the circuit is stable. The transfer

function is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

3s

s2 þ sþ 2

The circuit is stable when k ¼ 3 V/V, so we can determine the network function from the transfer function by

letting s ¼ jv.

Vo vð Þ
Vi vð Þ ¼ H vð Þ ¼ H sð Þs¼jv ¼ 3s

s2 þ sþ 2

����
s¼jv

¼ 3jv

2þ v2ð Þ þ jv

The input is vi tð Þ ¼ 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the

network function evaluated at v ¼ 2 rad/s by the phasor of the input:

Vo vð Þ ¼ H vð Þjv¼2 � Vi vð Þ ¼ 3jv

2� v2ð Þ þ jv

����
v¼2

� �
ð5ff0�Þ ¼ j6

�2þ j2

� �
ð5ff0�Þ ¼ 10:61ff�45�

The steady-state response is vo tð Þ ¼ 10:61 cos 2t � 45�ð ÞV.

(b) When k ¼ 4� 2
ffiffiffi
2

p
, the poles are p1;2 ¼

�2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼ �

ffiffiffi
2

p
, � ffiffiffi

2
p

, so the circuit is stable. The transfer

function is

H sð Þ ¼ 1:17s

sþ ffiffiffi
2

p� �2 ¼
1:17

sþ ffiffiffi
2

p� �� 1:17
ffiffiffi
2

p

sþ ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 1:17e�
ffiffi
2

p
t 1�

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4� 2
ffiffiffi
2

p
, the circuit is stable, and lim

t!1 h tð Þj j ¼ 0.

vi(t) va(t)

vo(t) = k va(t)+

–

R = 100 kΩ

R = 100 kΩ

R = 100 kΩ

C = 10 μF

C = 10 μF+
–

+

–

FIGURE 14.10-1 The circuit considered in

Example 14.10-1.
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 5 5.83 V/V.

Respuestas: (a) 
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
2

p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
2

p
t 1þ ffiffiffi

2
p

t
� �

u tð Þ
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MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
2

p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
2

p� �þ 6:83
ffiffiffi
2

p

s� ffiffiffi
2

p� �2

The impulse response is

h tð Þ ¼ L�1 H sð Þ½ � ¼ 6:83e
ffiffi
2

p
t 1þ

ffiffiffi
2

p
t

� �
u tð Þ

We see that when k ¼ 4þ 2
ffiffiffi
2

p
, the circuit is unstable, and lim

t!1 h tð Þj j ¼ 1.
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14.11  E X PA N S I Ó N  D E  F R A C C I Ó N  PA R C I A L 
U T I L I Z A N D O  M AT L A B

MATLAB provee una función llamada residuo que realiza la expansión de fracción parcial de una 
función de transferencia.
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
2

p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
2

p
t 1þ ffiffiffi

2
p

t
� �

u tð Þ
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MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)

Partial fraction expansion can represent H(s) as

H sð Þ ¼ R1

s� p1
þ R2

s� p2
þ R3

s� p3
þ k sð Þ ð14:11-2Þ

(c) When k ¼ 4þ 2
ffiffiffi
2

p
, the poles are p1;2 ¼

2
ffiffiffi
2

p � ffiffiffi
0

p

2
¼

ffiffiffi
2

p
;
ffiffiffi
2

p
, so the circuit is not stable. The transfer

function is

H sð Þ ¼ 6:83s

s� ffiffiffi
2

p� �2 ¼
6:83

s� ffiffiffi
2

p� �þ 6:83
ffiffiffi
2

p

s� ffiffiffi
2

p� �2
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ffiffiffi
2

p
, the circuit is unstable, and lim
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En la ecuación 14.11-1, la función de transferencia se representa como una razón de dos polinomios 
en s. En MATLAB, la función de transferencia dada en la ecuación 14.11-1 se puede representar por 
dos listas. Una lista especifica los coeficientes del polinomio numerador, y la otra lista especifica los 
coeficientes del polinomio denominador. Por ejemplo,

y 
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EXERCISE 14.10-1 The input to a circuit is the voltage vi(t). The output is the voltage vo(t).

The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

ks

s2 þ 3� kð Þsþ 2

Determine the following:

(a) The steady-state response when vi(t) ¼ 5 cos 2t V and the gain of the VCVS is k ¼ 2 V/V

(b) The impulse response when k ¼ 3� 2
ffiffiffi
2

p ¼ 0:17 V/V

(c) The impulse response when k ¼ 3þ 2
ffiffiffi
2

p ¼ 5:83 V/V

Answers: (a) vo tð Þ ¼ 7:07 cos 2t � 45�ð ÞV
(b) h tð Þ ¼ 0:17 e�

ffiffi
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p
t 1� ffiffiffi

2
p

t
� �

u tð Þ
(c) h tð Þ ¼ 5:83 e

ffiffi
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p
t 1þ ffiffiffi
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p

t
� �

u tð Þ
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US ING MATLAB _________________________________________________________________________________________

MATLAB provides a function called residue that performs the partial fraction expansion of a transfer

function. Consider a transfer function

H sð Þ ¼ b3s
3 þ b2s

2 þ b1s
1 þ b0s

0

a3s3 þ a2s2 þ a1s1 þ a0s0
ð14:11-1Þ

In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the

transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients

of the numerator polynomial, and the other list specifies the coefficients of the denominator

polynomial. For example,

num ¼ b3 b2 b1 b0½ �
and den ¼ a3 a2 a1 a0½ �
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could

be changed.)
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s� p2
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s� p3
þ k sð Þ ð14:11-2Þ
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(En este caso, ambos polinomios son polinomios de tercer orden, pero el orden de estos polinomios 
podría cambiarse.)
 La expansión de fracción parcial H(s) se puede representar como 
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 (14.11-2)
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may be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second,

we may be trying to specify values of the circuit parameters in such a way as to make the circuit stable.

Consider a circuit represented by the transfer function, H(s). Factoring the denominator of the

transfer function gives

H sð Þ ¼ N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

The pi are the poles of the transfer function, also called the poles of the circuit. The poles may have real

values or complex values. Complex poles appear in complex conjugate pairs; for example, if �2 þ j3

is a pole, then �2 � j3 must also be a pole.

A circuit is stable if, and only if, all of its poles have negative real parts.

(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable

if, and only if, all of its poles lie in the left half of the s-plane.

We can also use the impulse response, h(t), to determine whether a circuit is stable. A circuit is

stable if, and only if, its impulse response satisfies

lim
t!1 jh tð Þj ¼ 0

Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of h(t), are

equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding

impulse response is given by

h tð Þ ¼ L�1 H sð Þ½ � ¼ L�1 N sð Þ
s� p1ð Þ s� p2ð Þ � � � s� pNð Þ

� �
¼
XN
i¼1

Aie
pitu tð Þ

If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 ¼ 6.

Consequently, the impulse response includes the term A4e
6t and A4e

6t
�� ��! 1 as t ! 1, so

lim
t!1 jh tð Þj ¼ 1. On the other hand, if the circuit is stable, all of the poles have negative values.

Each jAie
pitj ! 0 as t ! 1, so lim

t!1 jh tð Þj ¼ 0.

The network function, H(v), of a stable circuit can be obtained from its transfer function, H(s),

by letting s ¼ jv.

H vð Þ ¼ jH sð Þjs¼jv

(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they

don’t have steady-state responses or network functions.)

E X A M P L E 1 4 . 1 0 - 1 Stabil i ty

The input to the circuit shown in Figure 14.10-1 is the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), of the dependent voltage source. The transfer function of this circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ ¼

k

RC
s

s2 þ 4� k

RC
sþ 2

R2C2

¼ ks

s2 þ 4� kð Þsþ 2

700 The Laplace Transform

(b)
(c)
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 Expansión de fracción parcial utilizando MATLAB 703

R1, R2 y R3 se denominan residuos y p1, p2 y p3 son los polos. En general, los residuos y los polos pue-
den ser números compuestos. El término k(s) será, en general, un polinomio en s. MATLAB representa 
esta forma de la función de transferencia por tres listas:

R 5 CR1 R2 R3D
es una lista de los residuos,

p 5 C p1 p2 p3D
es una lista de los polos y

k 5 Cc2 c1 c0D
es una lista de los coeficientes del polinomio k(s).
 El comando de MATLAB

E1C14_1 11/25/2009 703

R1, R2, and R3 are called residues, and p1, p2, and p3 are the poles. In general, both the residues and

poles can be complex numbers. The term k(s) will, in general, be a polynomial in s. MATLAB

represents this form of the transfer function by three lists:

R ¼ R1 R2 R3½ �
is a list of the residues,

p ¼ p1 p2 p3½ �
is a list of the poles, and

k ¼ c2 c1 c0½ �
is a list of the coefficients of the polynomial k(s).

The MATLAB command

R, p, k½ � ¼ residue num, denð Þ
performs the partial fraction expansion, calculating the poles and residues from the coefficients of the

numerator and denominator polynomials. The MATLAB command

n, d½ � ¼ residue R, p, kð Þ
performs the reverse operation, calculating the coefficients of the numerator and denominator

polynomials from the poles and residues.

Figure 14.11-1 shows a MATLAB screen illustrating this procedure. In this example,

H sð Þ ¼ s3 þ 2s2 þ 3sþ 4

s3 þ 6s2 þ 11sþ 6

FIGURE 14.11-1 Using MATLAB

to perform partial fraction expansion.

Partial Fraction Expansion Using MATLAB 703

realiza la expansión de fracción parcial, calculando los polos y residuos de los coeficientes de los 
polinomios numerador y denominador. El comando de MATLAB
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polynomials from the poles and residues.

Figure 14.11-1 shows a MATLAB screen illustrating this procedure. In this example,

H sð Þ ¼ s3 þ 2s2 þ 3sþ 4

s3 þ 6s2 þ 11sþ 6

FIGURE 14.11-1 Using MATLAB

to perform partial fraction expansion.

Partial Fraction Expansion Using MATLAB 703

realiza la operación inversa, calculando los coeficientes de los polinomios numerador y denominador 
a partir de los polos y residuos.
 La figura 14.11-1 muestra una pantalla de MATLAB que ilustra este procedimiento. En este 
ejemplo,
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R1, R2, and R3 are called residues, and p1, p2, and p3 are the poles. In general, both the residues and

poles can be complex numbers. The term k(s) will, in general, be a polynomial in s. MATLAB

represents this form of the transfer function by three lists:

R ¼ R1 R2 R3½ �
is a list of the residues,

p ¼ p1 p2 p3½ �
is a list of the poles, and

k ¼ c2 c1 c0½ �
is a list of the coefficients of the polynomial k(s).

The MATLAB command

R, p, k½ � ¼ residue num, denð Þ
performs the partial fraction expansion, calculating the poles and residues from the coefficients of the

numerator and denominator polynomials. The MATLAB command

n, d½ � ¼ residue R, p, kð Þ
performs the reverse operation, calculating the coefficients of the numerator and denominator

polynomials from the poles and residues.

Figure 14.11-1 shows a MATLAB screen illustrating this procedure. In this example,

H sð Þ ¼ s3 þ 2s2 þ 3sþ 4

s3 þ 6s2 þ 11sþ 6

FIGURE 14.11-1 Using MATLAB

to perform partial fraction expansion.

Partial Fraction Expansion Using MATLAB 703

 
FIGURA 14.11-1 Uso de MATLAB para 
realizar la expansión de fracción parcial.
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	 704	 Transformada de Laplace

está representada como

E1C14_1 11/25/2009 704

is represented as

H sð Þ ¼ �7

sþ 3
þ 2

sþ 2
þ 1

sþ 1
þ 1

by performing the partial fraction expansion.

The following examples illustrate the use ofMATLAB for finding the inverse Laplace transform

of functions having complex or repeated poles.

E X A M P L E 1 4 . 1 1 - 1 Repeated Real Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12

s s2 þ 8sþ 16ð Þ

Solution
First, we will do this problem without using MATLAB. Noticing that s2 þ 8sþ 16 ¼ sþ 4ð Þ2, we begin the

partial fraction expansion:

V sð Þ ¼ 12

s s2 þ 8sþ 16ð Þ ¼
12

s sþ 4ð Þ2 ¼
k

sþ 4
þ �3

sþ 4ð Þ2 þ
3

4
s

Next, the constant k is evaluated by multiplying both sides of the last equation by s sþ 4ð Þ2.

12 ¼ ks sþ 4ð Þ � 3sþ 3

4
sþ 4ð Þ2 ¼ 3

4
þ k

� �
s2 þ 3þ 4kð Þsþ 12 ) k ¼ � 3

4

Finally

v tð Þ ¼ L�1
� 3

4
sþ 4

þ �3

sþ 4ð Þ2 þ
3

4
s

2
664

3
775 ¼ 3

4
� e�4t 3

4
þ 3t

� �� �
u tð ÞV

Next, we perform the partial fraction expansion, using the MATLAB function residue:

>>num = [12];
>>den = [1 8 16 0];
>>[r, p] = residue(num, den)

MATLAB responds

r =
�0.7500
�3.0000
0.7500

P =
�4
�4
0

704 The Laplace Transform

al realizar la expansión de fracción parcial.
 Los ejemplos siguientes ilustran el uso de MATLAB para encontrar la transformada inversa de 
Laplace de funciones que contengan polos complejos o repetidos.

E j E m p l o  1 4 . 11- 1  Polos reales repetidos

Encuentre la transformada inversa de Laplace de
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Solución
Primero trabajaremos en este problema sin utilizar MATLAB. Si observamos que s2 1 8s 1 16 5 (s 1 4)2, em-
pezamos la expansión de fracción parcial:
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Luego, se evalúa la constante k multiplicando ambos lados de la última ecuación por s(s 1 4)2.
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Por último
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A continuación, efectuamos la expansión de fracción parcial utilizando la función residuo de MATLAB:
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Next, the constant k is evaluated by multiplying both sides of the last equation by s sþ 4ð Þ2.

12 ¼ ks sþ 4ð Þ � 3sþ 3

4
sþ 4ð Þ2 ¼ 3

4
þ k

� �
s2 þ 3þ 4kð Þsþ 12 ) k ¼ � 3

4

Finally

v tð Þ ¼ L�1
� 3

4
sþ 4

þ �3

sþ 4ð Þ2 þ
3

4
s

2
664

3
775 ¼ 3

4
� e�4t 3

4
þ 3t

� �� �
u tð ÞV

Next, we perform the partial fraction expansion, using the MATLAB function residue:

>>num = [12];
>>den = [1 8 16 0];
>>[r, p] = residue(num, den)

MATLAB responds

r =
�0.7500
�3.0000
0.7500

P =
�4
�4
0
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 Expansión de fracción parcial utilizando MATLAB 705

Un polo repetido de multiplicidad m se lista m veces en correspondencia con m términos

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

listados en orden de potencias que se incrementan de s 2 p. Las constantes r1, r2, . . . , rm son los residuos corres-
pondientes, listados de nuevo en orden de potencias que se incrementan de s 2 p. En nuestro presente caso, el 
polo p 5 24 tiene multiplicidad 2, y los primeros dos términos de la expansión de fracción parcial son
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E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

La expansión de fracción parcial total es
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Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV
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Por último, como antes,
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Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV
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Encuentre la transformada inversa de Laplace de

E1C14_1 11/25/2009 705
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Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV
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Solución
Primero realizaremos este problema sin utilizar MATLAB. Observe que el denominador no descompone ninguno 
más de los números reales. Completemos el cuadrado en el denominador
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Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV
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Ahora, utilice la propiedad 
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Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75
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sþ 4ð Þ2

The entire partial fraction expansion is
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s� �4ð Þð Þ2 þ
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s� 0ð Þ ¼
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s

Finally, as before,
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u tð ÞV
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 y los pares de la transformada de Laplace

sen
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Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is
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�3

s� �4ð Þð Þ2 þ
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s� 0ð Þ ¼
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s

Finally, as before,
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para
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V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
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s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30
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þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:
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s2 þ 62

� �
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listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first
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v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

y

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

para

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

para encontrar la transformada inversa de Laplace:

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

sen

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

para

E1C14_1 11/25/2009 705

E X A M P L E 1 4 . 1 1 - 2 Complex Poles

Find the inverse Laplace transform of

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52

Solution
First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in

the real numbers. Let’s complete the square in the denominator

V sð Þ ¼ 12sþ 78

s2 þ 8sþ 52
¼ 12sþ 78

s2 þ 8sþ 16ð Þ þ 36
¼ 12sþ 78

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ þ 30

sþ 4ð Þ2 þ 36
¼ 12 sþ 4ð Þ

sþ 4ð Þ2 þ 62
þ 5 6ð Þ

sþ 4ð Þ2 þ 62

Now, use the property e�atf tð Þ $ F sþ að Þ and the Laplace transform pairs

sin vt for t � 0 $ v

s2 þ v2
and cos vt for t � 0 $ s

s2 þ v2

to find the inverse Laplace transform:

v tð Þ ¼ e�4t L�1 12s

s2 þ 62
þ 5 6ð Þ
s2 þ 62

� �
¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator

polynomials as vectors listing the coefficients in order of decreasing power of s:

>>num = [12 78];
>>den = [1 8 52];

A repeated pole of multiplicity m is listed m times corresponding to the m terms

r1

s� p
;

r2

s� pð Þ2 ; . . .
rm

s� pð Þm

listed in order of increasing powers of s� p. The constants, r1; r2 . . . ; rm are the corresponding residues, again

listed in order of increasing powers of s� p. In our present case, the pole p ¼ �4 has multiplicity 2, and the first

two terms of the partial fraction expansion are

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2

The entire partial fraction expansion is

�0:75

s� �4ð Þ þ
�3

s� �4ð Þð Þ2 þ
0:75

s� 0ð Þ ¼
�0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

Finally, as before,

v tð Þ ¼ L�1 �0:75

sþ 4
þ �3

sþ 4ð Þ2 þ
0:75

s

" #
¼ 0:75� e�4t 0:75þ 3tð Þ� �

u tð ÞV

Partial Fraction Expansion Using MATLAB 705

A continuación, utilizaremos MATLAB para hacer la expansión de fracción parcial. Primero, introduzca los 
polinomios numerador y denominador como vectores listando los coeficientes en orden de potencia en dismi-
nución de s.
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

le indica a MATLAB que efectúe la expansión de fracción parcial de retorno p, una lista de polos de V(s), y r, una 
lista de los residuos correspondientes. En el presente caso, MATLAB devuelve
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

Observe que el primer residuo corresponde al primer polo y el segundo residuo corresponde al segundo polo. 
(Incluso, esperamos que los polos complejos ocurran en pares de conjugadas complejas y que los residuos corres-
pondientes a los polos de conjugadas complejas sean de suyo conjugadas complejas.) Tomamos la transformada 
inversa de Laplace y obtenemos
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

Esta expresión, que contiene en cuanto forma números compuestos, no es muy conveniente. Por fortuna podemos 
utilizar la identidad de Euler para obtener una expresión equivalente que no contiene números compuestos. Dado 
que los polos complejos ocurren con frecuencia, vale la pena considerar el caso general:
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

La transformada inversa de Laplace es
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

La identidad de Euler dice
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

y
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

sen
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

En consecuencia, 
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

sen
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt
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e j dt � e�j dt
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Consequently,
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Thus, we have the following Laplace transform pair
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s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:
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Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

Por lo tanto, tenemos el siguiente par de transformadas de Laplace

E1C14_1 11/25/2009 706

Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:
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Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

sen

E1C14_1 11/25/2009 706

Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
6.0000 þ 2.5000i

p =
�4.0000 þ 6.0000i
�4.0000 � 6.5000i

indicating

V sð Þ ¼ 6� j 2:5

s� �4þ j6ð Þ þ
6þ j 2:5

s� �4� j6ð Þ
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms
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Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get
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This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:
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v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt
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Consequently,
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Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0
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Now the command

>>[r, p] = residue(num, den)

tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
6.0000 � 2.5000i
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p =
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indicating
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Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is

v tð Þ ¼ aþ jbð Þe cþjdð Þt þ a� jbð Þe c�jdð Þt

¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt
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� �
� 2b
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Euler’s identity says

e j dt þ e�j dt

2
¼ cos dtð Þ and

e j dt � e�j dt

2j
¼ sin dtð Þ

Consequently,
v tð Þ ¼ ect 2a cos dtð Þ � 2b sin dtð Þ½ �

Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0
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complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�
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v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0
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Now the command
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tells MATLAB to do the partial fraction expansion return p, a list of the poles of V sð Þ, and r, a list of the

corresponding residues. In the present case, MATLAB returns

r =
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p =
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Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole.

(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to

complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get

v tð Þ ¼ 6� j 2:5ð Þe� �4þj6ð Þt þ 6þ j 2:5ð Þe� �4�j6ð Þt

This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s

identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur

quite frequently, it’s worthwhile to consider the general case:

V sð Þ ¼ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
The inverse Laplace transform is
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¼ e ct aþ jbð Þ e j dt þ aþ jbð Þe�j dt
� � ¼ ect 2a

e j dt þ e�j dt

2

� �
� 2b

e j dt � e�j dt

2j

� �� �

Euler’s identity says
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¼ sin dtð Þ

Consequently,
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Thus, we have the following Laplace transform pair

ect 2a cos dtð Þ � 2b sin dtð Þ½ � $ aþ jb
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms
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Now v tð Þ is expressed as
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(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to
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Consequently,
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In the present case, a ¼ 6; b ¼ �2:5; c ¼ �4; and d ¼ 6, so we have

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 sin 6tð Þ½ � for t > 0

It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent

cosine:

v tð Þ ¼ e�4t 12 cos 6tð Þ þ 5 cos 6t � 90�ð Þ½ � for t > 0

Next, use phasors to combine the cosine terms

V vð Þ ¼ 12ff0� þ 5ff�90� ¼ 12� j5 ¼ 13ff�22:62�

Now v tð Þ is expressed as

v tð Þ ¼ 13e�4tcos 6t � 22:62�ð Þ for t > 0

706 The Laplace Transform

Ahora v(t) se expresa como
v1t2 5 13e24tcos16t 5 22.62°2 para t . 0
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E J E M P L O  1 4 . 11- 3  Polos reales y complejos

Encuentre la transformada inversa de Laplace de

V sð Þ ¼ 105sþ840
s2 þ 9:5sþ 17:5ð Þ s2 þ 8sþ 80ð Þ

Solución
Utilizando MATLAB

>> num=[105 840];
>> den=conv([1 9.5 17.5],[1 8 80]);
>> [r,p] = residue (num, den)
r =

�0.8087 þ 0.2415i
�0.8087 � 0.2415i
�0.3196
1.9371

P =
�4.0000 þ 8.0000i
�4.0000 � 8.0000i
�7.0000
�2.5000

En consecuencia,

V sð Þ ¼ �0:8087þ j0:2415

s� �4þ j8ð Þ þ �0:8087� j0:2415

s� �4� j8ð Þ þ �0:3196
s� �7ð Þ þ

1:9371

s� �2:5ð Þ
Utilizando el par de transformadas de Laplace

ect 2 a cos dtð Þ � 2b½ sen dtð Þ� $ aþ jb

s� cþ jdð Þ þ
a� jb

s� c� jdð Þ
con a � �0.8087, b � 0.2415, c � �4 y d � 8, tenemos

L�1 �0:8087þ j0:2415

s� �4þ j8ð Þ þ �0:8087� j0:2415

s� �4� j8ð Þ
� �

¼ e�4t �1:6174 cos 8tð Þ þ 0:483½ sen 8tð Þ�

Si tomamos la transformada inversa de Laplace de los términos que restan de V(s), obtenemos
v tð Þ ¼ e�4t �1:6174 cos 8tð Þ þ 0:483½ sen 8tð Þ� � 0:3196e�7t þ 1:9371e�2:5t para t > 0

14.12  ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.
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	 708	 Transformada de Laplace

E j E m p l o  1 4 . 1 2 - 1   ¿Cómo podemos comprobar 
las funciones de transferencia?

Se ha especificado que un circuito tenga una función de transferencia de
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E X A M P L E 1 4 . 1 2 - 1 How Can We Check

Transfer Functions?

A circuit is specified to have a transfer function of

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

25

s2 þ 10sþ 125
ð14:12-1Þ

and a step response of

vo tð Þ ¼ 0:1 2� e�5t 3 cos 10t þ 2 sin 10tð Þ� �
u tð Þ ð14:12-2Þ

How can we check that these specifications are consistent?

Solution
If the specifications are consistent, then the unit step response and the transfer function will be related by

L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining

vo 1ð Þ ¼ 0:1 2� e�1 2 cos1þ sin1ð Þð Þ ¼ 0:1 2� 0ð Þ ¼ 0:2 ð14:12-6Þ
so the final value theorem is satisfied.

Next, the initial value theorem requires that

vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.
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 (14.12-1)

y una respuesta escalón de
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and a step response of

vo tð Þ ¼ 0:1 2� e�5t 3 cos 10t þ 2 sin 10tð Þ� �
u tð Þ ð14:12-2Þ

How can we check that these specifications are consistent?

Solution
If the specifications are consistent, then the unit step response and the transfer function will be related by

L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining

vo 1ð Þ ¼ 0:1 2� e�1 2 cos1þ sin1ð Þð Þ ¼ 0:1 2� 0ð Þ ¼ 0:2 ð14:12-6Þ
so the final value theorem is satisfied.

Next, the initial value theorem requires that

vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.
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If the specifications are consistent, then the unit step response and the transfer function will be related by

L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining

vo 1ð Þ ¼ 0:1 2� e�1 2 cos1þ sin1ð Þð Þ ¼ 0:1 2� 0ð Þ ¼ 0:2 ð14:12-6Þ
so the final value theorem is satisfied.

Next, the initial value theorem requires that

vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.
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 (14.12-2)
¿Cómo podemos comprobar que estas especificaciones son consistentes?

Solución
Si las especificaciones son consistentes, entonces la respuesta escalón unitario y la función de transferencia se 
relacionarán por 
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Transfer Functions?

A circuit is specified to have a transfer function of

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

25

s2 þ 10sþ 125
ð14:12-1Þ

and a step response of

vo tð Þ ¼ 0:1 2� e�5t 3 cos 10t þ 2 sin 10tð Þ� �
u tð Þ ð14:12-2Þ

How can we check that these specifications are consistent?

Solution
If the specifications are consistent, then the unit step response and the transfer function will be related by

L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining

vo 1ð Þ ¼ 0:1 2� e�1 2 cos1þ sin1ð Þð Þ ¼ 0:1 2� 0ð Þ ¼ 0:2 ð14:12-6Þ
so the final value theorem is satisfied.

Next, the initial value theorem requires that

vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.
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 (14.12-3)

donde V1(s) 5 1>s.
 Esta ecuación se puede verificar ya sea calculando la transformada de Laplace de vs(t), o bien calculando la 
transformada inversa de Laplace de H(s)>s. Ambos cálculos implican un poco de álgebra. Los teoremas del valor 
inicial y del valor final proporcionan una comprobación más pronta, aunque tal vez menos conclusiva. (Si no se 
cumple con alguno de los teoremas del valor inicial o del valor final, entonces sabemos que la respuesta escalón 
no es consistente con la función de transferencia. La respuesta escalón podría ser inconsistente con la función de 
transferencia incluso si se satisficieran los teoremas del valor inicial y del valor final.) Veamos qué nos dicen los 
teoremas del valor inicial y del valor final.
 El teorema del valor final requiere que
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vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
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vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2
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1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain
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The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.
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Si en la ecuación 14.12-1 sustituimos H(s), obtendremos
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De la ecuación 14.12-2 evaluamos en t 5 
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The short circuit and open circuit are special cases of ideal sources. A short circuit is an ideal

voltage source having v(t)¼ 0. The current in a short circuit is determined by the rest of the circuit. An

open circuit is an ideal current source having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Figure 2.5-3 shows the symbols used to represent the short circuit and the open

circuit. Notice that the power absorbed by each of these devices is zero.

Open and short circuits can be added to a circuit without disturbing the branch currents and

voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. Figure

2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit have been added

to this example circuit. The open circuit was connected between two nodes of the original circuit. In

contrast, the short circuit was added by cutting a wire and inserting the short circuit. Adding open

circuits and short circuits to a network in this way does not change the network.

Open circuits and short circuits can also be described as special cases of resistors. A resistor

with resistance R¼ 0 (G¼1) is a short circuit. A resistor with conductance G¼ 0 (R¼1) is an

open circuit.

2.6 VOLTMETERS AND AMMETERS

Measurements of dc current and voltage are made with direct-reading (analog) or digital meters,

as shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular

deflection depends on the magnitude of the variable it is measuring. A digital meter displays a set

of digits indicating the measured variable value.

To measure a voltage or current, a meter is connected to a circuit, using terminals called

probes. These probes are color coded to indicate the reference direction of the variable being

measured. Frequently, meter probes are colored red and black. An ideal voltmeter measures the

voltage from the red to the black probe. The red terminal is the positive terminal, and the black

terminal is the negative terminal (see Figure 2.6-2b).

An ideal ammeter measures the current flowing through its terminals, as shown in Figure

2.6-2a and has zero voltage, vm, across its terminals. An ideal voltmeter measures the voltage

across its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero.

Practical measuring instruments only approximate the ideal conditions. For a practical ammeter,

the voltage across its terminals is usually negligibly small. Similarly, the current into a voltmeter

is usually negligible.

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other

words, the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a

short circuit. Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and

a short circuit with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been

replaced by a voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will

measure the voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current

labeled i. Notice that Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter

Voltmeter

(b)(a)

Ammeter + –

+ –

v

vm = 0

im = 0

iElement

ii Element

FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter.

(b)

(a)

+

+

v(t)
–

i(t)

–

v(t) = 0

i(t) = 0

FIGURE 2.5-3

(a) Open circuit.

(b) Short circuit.

(b)

(a)

FIGURE 2.6-1

(a) A direct-

reading (analog)

meter.

(b) A digital

meter.

Voltmeters and Ammeters 31

, obtenemos
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L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining
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s

� �
ð14:12-7Þ
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s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.

708 The Laplace Transform

sen

E1C14_1 11/25/2009 708

E X A M P L E 1 4 . 1 2 - 1 How Can We Check

Transfer Functions?

A circuit is specified to have a transfer function of

H sð Þ ¼ V o sð Þ
V 1 sð Þ ¼

25

s2 þ 10sþ 125
ð14:12-1Þ

and a step response of

vo tð Þ ¼ 0:1 2� e�5t 3 cos 10t þ 2 sin 10tð Þ� �
u tð Þ ð14:12-2Þ

How can we check that these specifications are consistent?

Solution
If the specifications are consistent, then the unit step response and the transfer function will be related by

L vo tð Þ½ � ¼ H sð Þ 1
s

ð14:12-3Þ
where V1(s) ¼ 1=s.

This equation can be verified either by calculating the Laplace transform of vo(t) or by calculating the

inverse Laplace transform ofH(s)=s. Both of these calculations involve a bit of algebra. The final and initial value
theorems provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not

satisfied, then we know that the step response is not consistent with the transfer function. The step response could

be inconsistent with the transfer function even if both the final and initial value theorems are satisfied.) Let us see

what the final and initial value theorems tell us.

The final value theorem requires that

vo 1ð Þ ¼ lim
s!0

s H sð Þ 1
s

� �
ð14:12-4Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!0

s
25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!0

25

s2 þ 10sþ 125

� �
¼ 25

125
¼ 0:2 ð14:12-5Þ

From Eq. 14.12-2, we evaluate at t ¼ 1, obtaining

vo 1ð Þ ¼ 0:1 2� e�1 2 cos1þ sin1ð Þð Þ ¼ 0:1 2� 0ð Þ ¼ 0:2 ð14:12-6Þ
so the final value theorem is satisfied.

Next, the initial value theorem requires that

vo 0ð Þ ¼ lim
s!1 s H sð Þ 1

s

� �
ð14:12-7Þ

From Eq. 14.12-1, we substitute H(s), obtaining

lim
s!1 s

25

s2 þ 10sþ 125
� 1

s

� �
¼ lim

s!1
25=s2

1þ 10=sþ 125=s2
¼ 0

1
¼ 0 ð14:12-8Þ

From Eq. 14.12-1, we evaluate at t ¼ 0 to obtain

vo 0ð Þ ¼ 0:1 2� e�0 3 cos 0þ 2 sin 0ð Þð Þ
¼ 0:1 2� 1 3þ 0ð Þð Þ
¼ �0:1

ð14:12-9Þ

The initial value theorem is not satisfied, so the step response is not consistent with the transfer function.

708 The Laplace Transform

 (14.12-6)
por lo que el teorema del valor final se satisface.
 Luego, el teorema del valor inicial requiere que
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Si en la ecuación 14.12-1 sustituimos H(s), obtendremos
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 (14.12-8)

De la ecuación 14.12-1 evaluamos en t 5 0 para obtener
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 (14.12-9)

El teorema del valor inicial no se satisfizo, de modo que la respuesta escalón no es consistente con la función de 
transferencia.

lím

límlím

lím

límlím
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Circuitos Eléctricos - Dorf Alfaomega

 ¿Cómo lo podemos comprobar . . . ? 709

Se especifica que un circuito tenga una función de transferencia de

 
H sð Þ ¼ V o sð Þ

V 1 sð Þ ¼
25

s2 þ 10sþ 125
 (14.12-10)

y una respuesta escalón unitario de

 vo1t2 � 0.112 � e�5t12 cos 10t � 3 sen 10t22u1t2 (14.12-11)

¿Cómo podemos comprobar que estas especificaciones son consistentes? (Esta respuesta escalón es una versión 
ligeramente modificada de la respuesta escalón considerada en el ejemplo 14.12-1.).

Solución
Está invitado a verificar que ambos teoremas del valor inicial y del valor final se satisfacen. Esto indica, pero no 
garantiza, que la función de transferencia y la respuesta escalón sean consistentes. Para garantizar la consistencia 
es necesario verificar que

 
L vo tð Þ½ � ¼ H sð Þ 1

s
 (14.12-12)

ya sea calculando la transformada de Laplace de vo(t) o calculando la transformada inversa de Laplace de H(s)>s. 
Recuerde que la entrada es un escalón unitario, de modo que V1(s) � 1>s. Calcularemos la transformada de La-
place de v0(t) como sigue:

 

L 0:1 2� e�5t 2 cos 10t þ 3 sin 10tð Þð Þu tð Þ½ � ¼ 0:1
2

s
� 2 sþ 5ð Þ

sþ 5ð Þ2 þ 102
� 3

10

sþ 5ð Þ2 þ 102

" #

¼ 0:1
2

s
� 2sþ 40

s2 þ 10sþ 125

� �

¼ �2sþ 25

s s2 þ 10sþ 125ð Þ
Dado que esto no es igual a H(s)>s, la ecuación 14.12-12 no se satisface. La respuesta escalón no es consistente 
con la función transferencia aun cuando los valores inicial y final de vo(t) sean consistentes.

E J E M P L O  1 4 . 1 2 - 2   ¿Cómo podemos comprobar las 
funciones de transferencia?

EJERCICIO 14.12-1  Se especifica que un circuito tenga una función de transferencia de

H sð Þ ¼ 25

s2 þ 10sþ 125

y una respuesta escalón unitaria de

vo1t2 � 0.112 � e�5t12 cos 10t � sen 10t22u1t2

Compruebe que estas especificaciones son consistentes.
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Alfaomega Circuitos Eléctricos - Dorf

	 710	 Transformada de Laplace

El transbordador espacial estadounidense se acopló varias veces a la estación espacial rusa Mir. 
El electroimán para abrir una compuerta de carga en el transbordador de la NASA requiere  
0.1 A antes de ser activado. La bobina del electroimán está representada por L, como se mues-
tra en la figura 14.13-1. La corriente activadora está designada como i1(t). El intervalo reque-
rido para que i1 llegue a 0.1 A está especificado a menos de 3 s. Elija un valor adecuado de L.

4 Ω 1 H 

4 Ω1 V
1 V

+
– +

–

b

a

L

F1 2

i1t = 0

t = 0

FIGURA 14.13-1 El circuito de control de una compuerta de carga en el transbordador espacial de la NASA.

Describa la situación y los supuestos
1.  Los dos interruptores se disparan en t 5 0, y el movimiento del segundo interruptor desde 

la terminal a hasta la terminal b ocurre de manera instantánea.

2. Los interruptores antes de t 5 0 estuvieron en posición mucho tiempo.

Establezca el objetivo
Determine un valor de L de modo que el periodo para que la corriente i1(t) llegue a un valor 
de 0.1 A sea menor que 3 s.

Genere un plan
1.  Determine las condiciones iniciales para las corrientes de dos inductores y el voltaje del 

condensador.

2.  Designe dos corrientes de enlace y escriba las dos ecuaciones de enlaces de KVL, 
utilizando la transformada de Laplace de las variables y la impedancia de cada elemento.

3. Seleccione un valor de prueba de L y despeje I1(s).

4. Determine i1(t).

5. Bosqueje i1(t) y determine el instante temporal t1 cuando i1(t1) 5 0.1 A.

6. Compruebe si t1 , 3 s; y si no, vuelva al paso 3 y seleccione otro valor de L.

INFORMACIÓNSE REQUIEREECUACIÓNOBJETIVO

Determine las 
condiciones 
iniciales en t  0

del circuito en t  0.
Encuentre i1102. 
i2102, vc102.

condiciones iniciales 
i1(0), i2(0)

Prepare un borrador 

Designe dos corriente 
de enlaces y escriba 
las ecuaciones de 
KVL de enlace.

I1(s), I2(s); las 

(continúa)

i102  i1102
vc102 vc102

1 4 . 1 3  E J E M P LO  D E  D I S E Ñ O

COMPUERTA DE CARGA DEL  
TRANSBORDADOR ESPACIAL
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 Ejemplo de diseño 711
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Act on the Plan
First, the circuit with the switches in position at t ¼ 0� is shown in Figure 14.13-2. Clearly,

the inductor currents are i1 0�ð Þ ¼ 0 and i2 0�ð Þ ¼ 0. Furthermore, we have

vc 0ð Þ ¼ 1 V

Second, redraw the circuit for t > 0 as shown in Figure 14.13-3 and designate the two mesh

currents i1 and i2 as shown.

Recall that the impedance is Ls for an inductor and 1=Cs for a capacitor. We must

account for the initial condition for the capacitor. Recall that the capacitor voltage may be

written as

vc tð Þ ¼ vc 0ð Þ þ 1

C

Z t

0
ic tð Þdt

The Laplace transform of this equation is

V c sð Þ ¼ vc 0ð Þ
s

þ 1

Cs
I c sð Þ

where Ic(s)¼ I1(s)� I2(s) in this case. We now may write the two KVL equations for the two

meshes for t � 0 with vc 0ð Þ ¼ 1 V as

mesh 1: � V 1 sð Þ þ 4þ Lsð ÞI1 sð Þ þ V c sð Þ ¼ 0

mesh 2: 4þ 1sð ÞI2 sð Þ � V c sð Þ ¼ 0

Solve for I1(s) and

select L.

Cramer’s rule

Determine i1(t). i1 tð Þ ¼ L�1 I1 sð Þ½ � Use a partial fraction

expansion.

Sketch i1(t) and find t1. i1 t1ð Þ ¼ 0:1 A

GOAL EQUATION NEED INFORMATION

4 Ω 1 H 

4 Ω
1 V+

–

+

–

L

i1 i2

vc

FIGURE 14.13-2 The circuit of Figure14.13-1 at t ¼ 0�.

4 Ω 1 H 

4 Ωv1 = 1V +
–

+

–

L

vc
i1(t) i2(t)

F1 2

FIGURE 14.13-3 The circuit of Figure 14.13-1 for t > 0.

Design Example 711

Despeje I1(s) y 
    seleccione L.

Regla de Cramer

Determine i1(t). Utilice una expansión
    de fracción parcial.

Bosqueje i1(t) y
    encuentre t1.

INFORMACIÓNSE REQUIEREECUACIÓNOBJETIVO

Actúe sobre el plan
Primero, en la figura 14.13-2 se muestra el circuito con los interruptores en posición t 5 02. 
Desde luego, las corrientes del inductor son i11022 5 0. Además, tenemos

vc(0) 5 1 V

Segundo, trace nuevamente el circuito para t . 0 como se muestra en la figura 14.3-3 y desig-
ne las dos corrientes de enlace i1 e i2 como se muestra.
 Recuerde que la impedancia es Ls para un inductor y 1>Cs para un condensador. De-
bemos tener en cuenta la condición inicial para el condensador. Recuerde que el voltaje del 
condensador se puede escribir como
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La transformada de Laplace de esta ecuación es
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4 Ω 1 H 

4 Ω
1 V+

–

+

–

L

i1 i2

vc

FIGURE 14.13-2 The circuit of Figure14.13-1 at t ¼ 0�.

4 Ω 1 H 

4 Ωv1 = 1V +
–

+

–

L

vc
i1(t) i2(t)

F1 2

FIGURE 14.13-3 The circuit of Figure 14.13-1 for t > 0.
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donde Ic(s) 5 I1(s) 2 I2(s) en este caso. Ahora podemos escribir las dos ecuaciones de la KVL 
para los dos enlaces de t 
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1 . 8 DES IGN EXAMPLE

JET VALVE CONTROLLER

A small, experimental space rocket uses a two-

element circuit, as shown in Figure 1.8-1, to

control a jet valve from point of liftoff at t¼ 0

until expiration of the rocket after one minute.

The energy that must be supplied by element 1

for the one-minute period is 40 mJ. Element 1 is a

battery to be selected.

It is known that i(t)¼De�t/60 mA for t� 0,

and the voltage across the second element is v2(t)¼
Be�t/60 V for t� 0. The maximum magnitude of the

current, D, is limited to 1 mA. Determine the

required constants D and B and describe the required battery.

Describe the Situation and the Assumptions

1. The current enters the plus terminal of the second element.

2. The current leaves the plus terminal of the first element.

3. The wires are perfect and have no effect on the circuit (they do not absorb energy).

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the

two elements is equal; that is, v1¼ v2.

5. The battery voltage v1 is v1¼Be�t/60 V where B is the initial voltage of the battery that

will discharge exponentially as it supplies energy to the valve.

6. The circuit operates from t¼ 0 to t¼ 60 s.

7. The current is limited, so D � 1 mA.

State the Goal
Determine the energy supplied by the first element for the one-minute period and then select

the constants D and B. Describe the battery selected.

Generate a Plan
First, find v1(t) and i(t) and then obtain the power, p1(t), supplied by the first element. Next,

using p1(t), find the energy supplied for the first 60 s.

GOAL EQUATION NEED INFORMATION

The energy w1 for the

first 60 s w1 ¼
Z 60

0
p1 tð Þ dt p1(t)

v1 and i known except for

constants D and B

Act on the Plan
First, we need p1(t), so we first calculate

p1 tð Þ ¼ iv1 ¼ De�t/60 � 10�3 A
� �

Be�t/60 V
� �

¼ DBe�t/30 � 10�3 W ¼ DBe�t/30 mW

i

v1 v2

Wire

Wire

Element
1

Element
2

+ +

– –

Jet value
controller

FIGURE 1.8-1 The circuit to control

a jet valve for a space rocket.

14 Electric Circuit Variables

 0 con vc(0) 5 1 V como

enlace 2: 
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Act on the Plan
First, the circuit with the switches in position at t ¼ 0� is shown in Figure 14.13-2. Clearly,

the inductor currents are i1 0�ð Þ ¼ 0 and i2 0�ð Þ ¼ 0. Furthermore, we have

vc 0ð Þ ¼ 1 V

Second, redraw the circuit for t > 0 as shown in Figure 14.13-3 and designate the two mesh

currents i1 and i2 as shown.

Recall that the impedance is Ls for an inductor and 1=Cs for a capacitor. We must

account for the initial condition for the capacitor. Recall that the capacitor voltage may be

written as

vc tð Þ ¼ vc 0ð Þ þ 1

C

Z t

0
ic tð Þdt

The Laplace transform of this equation is

V c sð Þ ¼ vc 0ð Þ
s

þ 1

Cs
I c sð Þ

where Ic(s)¼ I1(s)� I2(s) in this case. We now may write the two KVL equations for the two

meshes for t � 0 with vc 0ð Þ ¼ 1 V as

mesh 1: � V 1 sð Þ þ 4þ Lsð ÞI1 sð Þ þ V c sð Þ ¼ 0

mesh 2: 4þ 1sð ÞI2 sð Þ � V c sð Þ ¼ 0

Solve for I1(s) and

select L.

Cramer’s rule

Determine i1(t). i1 tð Þ ¼ L�1 I1 sð Þ½ � Use a partial fraction

expansion.

Sketch i1(t) and find t1. i1 t1ð Þ ¼ 0:1 A

GOAL EQUATION NEED INFORMATION

4 Ω 1 H 

4 Ω
1 V+

–

+

–

L

i1 i2

vc

FIGURE 14.13-2 The circuit of Figure14.13-1 at t ¼ 0�.

4 Ω 1 H 

4 Ωv1 = 1V +
–

+

–

L

vc
i1(t) i2(t)

F1 2

FIGURE 14.13-3 The circuit of Figure 14.13-1 for t > 0.
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4 Ω 1 H 

4 Ω
1 V+

–

+

–

L

i1 i2

vc

FIGURA 14.13-2 El circuito de la figura 14.13-1 en t 5 02.

4 Ω 1 H 

4 Ωv1 = 1V +
–

+

–

L

vc
i1(t) i2(t)

F1 2

FIGURA 14.13-3 El circuito de la figura 14.13-1 para t . 0.

enlace 1:
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	 712	 Transformada de Laplace

La transformada de Laplace del voltaje de entrada es
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform

Incluso, observe que para el condensador tenemos
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform

Sustituimos V1 y Vc en las ecuaciones de enlaces, y tenemos (cuando C 5 1>2 F)

y 
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform

El tercer paso requiere seleccionar el valor de L y luego despejar I1(s). Examine la figura 
14.13-3; los dos enlaces son simétricos cuando L 5 1 H. Entonces, tratando este valor y apli-
cando la regla de Cramer, despejamos I1(s) y obtenemos
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform

Cuarto. Para determinar i1(t), utilizaremos un expansión de fracción parcial. Reordenamos y 
descomponemos el denominador de I1(s) para determinar que
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform

De este modo, tenemos la expansión de fracción parcial
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0
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Entonces, determinamos fácilmente que A 5 1>8, B 5 21>8 y C 5 1>2. Para encontrar D, 
utilizamos la ecuación 14.4-9 y obtenemos
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0
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Por consiguiente, al utilizar la transformada de Laplace para cada término, obtenemos
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The Laplace transform of the input voltage is

V 1 sð Þ ¼ 1

s

Also, note that for the capacitor we have

V c sð Þ ¼ 1

s
þ 1

Cs
I1 sð Þ � I2 sð Þð Þ

Substituting V1 and Vc into the mesh equations, we have (when C ¼ 1=2 F)

4þ Lsþ 2

s

� �
I1 sð Þ � 2

s

� �
I2 sð Þ ¼ 0

and

� 2

s

� �
I1 sð Þ þ 4þ sþ 2

s

� �
I2 sð Þ ¼ 1

s

The third step requires the selection of the value of L and then solving for I1(s). Examine

Figure 14.13-3; the two meshes are symmetric when L ¼ 1 H. Then, trying this value and

using Cramer’s rule, we solve for I1(s), obtaining

I1 sð Þ ¼
2

s

� �
1

s

4þ sþ 2

s

� �2

� 2

s

� �2 ¼
2

s s3 þ 8s2 þ 20sþ 16ð Þ

Fourth, to determine i1(t), we will use a partial fraction expansion. Rearranging and factoring

the denominator of I1(s), we determine that

I1 sð Þ ¼ 2

s sþ 4ð Þ sþ 2ð Þ2

Hence, we have the partial fraction expansion

I1 sð Þ ¼ A

s
þ B

sþ 4
þ C

sþ 2ð Þ2 þ
D

sþ 2

Then, we readily determine that A ¼ 1=8, B ¼ �1=8, and C ¼ �1=2. To find D, we use Eq.

14.4-9 to obtain

D ¼ 1

2� 1ð Þ!
d

ds
sþ 2ð Þ2I1 sð Þ

� �

s¼�2

¼ �2 2sþ 4ð Þ
s4 þ 8s3 þ 16s2

����
s¼�2

¼ 0

Therefore, using the inverse Laplace transform for each term, we obtain

i1 tð Þ ¼ 1=8� 1=8ð Þe�4t � 1=2ð Þte�2t A t � 0

712 The Laplace Transform
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Verifi que la solución propuesta
En la fi gura 14.13-4 se muestra el bosquejo de i1(t). Es claro que i1(t) ha alcanzado esencial-
mente un valor de estado estable de 0.125 A por t � 4 segundos.
 Para encontrar t1 cuando

I11t12 � 0.1 A

estimamos que t1 es aproximadamente de 2 segundos. Luego de evaluar i1(t) para unos pocos 
valores selectos de t cerca de 2 segundos, encontramos que t1 � 1.8 segundos. Por lo tanto, 
los requerimientos del diseño se satisfacen para L � 1 H. Desde luego, se pueden determinar 
otros valores apropiados de L que satisfarán los requerimientos de diseño. 

0

0.05

0.10

0.125

0 1 2 3 4

i1(t)
(A)

t (s)t1  FIGURA 14.13-4 La respuesta de i1(t).

14.14 R E S U M E N
  A Pierre Simon Laplace se acredita la transformación que 

lleva su nombre. La transformada de Laplace se defi ne como

L f tð Þ½ � ¼
Z 1

0�
f tð Þe�st dt

  La transformada de Laplace transforma las ecuaciones dife-
renciales que describen un circuito en el dominio de tiempo, 
a una ecuación algebraica en el dominio de frecuencia com-
pleja. Luego de despejar la ecuación algebraica utilizamos 
la transformada inversa de Laplace para obtener la respuesta 
del circuito en el dominio de tiempo. La fi gura 14.2-1 ilustra 
este proceso.

  La tabla 14.2-1 sintetiza los pares de transformada de Lapla-
ce de uso frecuente. La tabla 14.2-2 conjunta algunas pro-
piedades de la transformada de Laplace.

  La transformada inversa de Laplace se obtiene utilizando la 
expansión de fracción parcial.

  La tabla 14.7-1 muestra que los circuitos se pueden represen-
tar en el dominio de frecuencia en una forma que explica las 
condiciones iniciales de los condensadores y los inductores.

  Para encontrar la respuesta total de un circuito lineal, pri-
mero representamos el circuito en el dominio de frecuencia 
utilizando la transformada de Laplace. Luego analizamos el 
circuito, podría ser escribiendo ecuaciones de enlaces o no-
dales. Por último, utilizamos la transformada inversa de La-
place para representar la respuesta en el dominio de tiempo.

  La función de transferencia, H(s), de un circuito se defi ne 
como la relación de la respuesta Y(s) del circuito con una ex-
citación X(s) expresada en el dominio de frecuencia compleja.

H sð Þ ¼ Y sð Þ
X sð Þ

  Esta relación se obtiene suponiendo que todas las condicio-
nes iniciales son iguales a cero.

  La respuesta escalón es la respuesta de un circuito a una 
entrada escalón cuando todas las condiciones iniciales son 
cero. Entonces la respuesta escalón se relaciona con la fun-
ción de transferencia por

respuesta escalón ¼L�1 H sð Þ
s

� �

  La respuesta de impulso es la respuesta de un circuito a una 
entrada de impulso cuando todas las condiciones iniciales 
son cero. La respuesta de impulso se relaciona con la fun-
ción de transferencia por

respuesta de impulso ¼L�1 H sð Þ½ �
  Se dice que un circuito es estable cuando la respuesta a una 

señal de entrada limitada es una señal de salida limitada. 
Todos los polos de la función de transferencia de un circuito 
estable se encuentran en la mitad izquierda del plano s.

  MATLAB realiza la expansión de fracción parcial.
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Sección 14.2 Transformada de Laplace

P 14.2-1 Encuentre la transformada de Laplace, F(s), cuando 
ƒ(t) 5 A cos 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Respuesta: 
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.
P 14.2-3 Utilizando la propiedad de linealidad, encuentre la 
transformada de Laplace, de ƒ(t) 5 e23t 1 t, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.
P 14.2-4 Utilizando la propiedad de linealidad, encuentre la 
transformada de Laplace, F(s), cuando ƒ(t) 5 A(1 2 e2bt)u(t).

Respuesta: 
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Sección 14.3 Entradas de pulso
P 14.3-1 Considere un pulso ƒ(t) definido por

 f (t) 5 A 0 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the

Problems 47

 t 
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P 2.5-3 The current source and voltage source in the circuit

shown in Figure P 2.5-3 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 3 A. Calculate

the power supplied by each source.

Answer: The voltage source supplies �36 W, and the current

source supplies 36 W.

+
–

–
is

is

vsvs

+

Figure P 2.5-3

P 2.5-4 The current source and voltage source in the circuit

shown in Figure P 2.5-4 are connected in parallel so that they

both have the same voltage, vs. The current source and voltage

source are also connected in series so that they both have the

same current, is. Suppose that vs¼ 12 V and is¼ 2 A. Calculate

the power supplied by each source.

+
–

–
is

is

vsvs

+

Figure P 2.5-4

P 2.5-5

(a) Find the power supplied by the voltage source shown in

Figure P 2.5-5 when for t � 0 we have

v ¼ 2 cos t V

and

i ¼ 10 cos tmA
(b) Determine the energy supplied by this voltage source for

the period 0 � t � 1 s.

+

–

v

i

Figure P 2.5-5

P 2.5-6 Figure P 2.5.6 shows a battery connected to a load.

The load in Figure P 2.5.6 might represent automobile head-

lights, a digital camera, or a cell phone. The energy supplied

by the battery to load is given by

w ¼
Z t2

t1

vi dt

When the battery voltage is constant and the load resistance is

fixed, then the battery current will be constant and

w ¼ vi t2 � t1ð Þ
The capacity of a battery is the product of the battery current

and time required to discharge the battery. Consequently, the

energy stored in a battery is equal to the product of the battery

voltage and the battery capacity. The capacity is usually given

with the units of Ampere-hours (Ah). A new 12-V battery

having a capacity of 800 mAh is connected to a load that draws

a current of 25 mA. (a) How long will it take for the load to

discharge the battery? (b) How much energy will be supplied

to the load during the time required to discharge the battery?

battery load

Rv

i

+
–

Figure P 2.5-6

Section 2.6 Voltmeters and Ammeters

P 2.6-1 For the circuit of Figure P 2.6-1:

(a) What is the value of the resistance R?

(b) How much power is delivered by the voltage source?

+
–

Voltmeter

+ 5 . 0

Ammeter

– . 5 0

R
12 V A1

2

Figure P 2.6-1

P 2.6-2 The current source in Figure P 2.6-2 supplies 40 W.

What values do the meters in Figure P 2.6-2 read?

+
–

Ammeter

+ –v

Voltmeter
4 Ω

12 V 2 A
i

Figure P 2.6-2

P 2.6-3 An ideal voltmeter is modeled as an open circuit. A

more realistic model of a voltmeter is a large resistance. Figure P

2.6-3a shows a circuit with a voltmeter that measures the voltage

vm. In Figure P 2.6-3b, the voltmeter is replaced by the model of

an ideal voltmeter, an open circuit. Ideally, there is no current in

the 100-V resistor, and the voltmeter measures vmi = 12 V, the
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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P 14.3-2 Considere el pulso que se muestra en la figura 
P 14.3-2, donde la función de tiempo sigue a eat para 0 , t , T. 
Encuentre F(s) para el pulso.
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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t
0

1

T

eat

f (t)

Figura P 14.3-2
P 14.3-3 Encuentre la transformada de Laplace F(s) para
(a) f (t) 5 t2e23t, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT
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Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5
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Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5
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Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s
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P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5
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Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2
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0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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P 14.3-6 Determine la transformada de Laplace de ƒ(t) que 
se muestra en la figura P 14.3-6.
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Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Figura P 14.3-6

P 14.3-7 Utilice la transformada de Laplace para obtener 
la transformación de la señal ƒ(t) que se muestra en la figura 
P 14.3-7.
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Figura P 14.3-7

P 14.3-8 Determine la transformada de Laplace de ƒ(t) que 
se muestra en la figura P 14.3-8.
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s
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3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT
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f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21
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Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5
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Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s
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Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
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f (t)
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Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT
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f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21
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Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5
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Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s
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Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
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f (t)
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Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.
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PROBLEMS

Section 14.2 Laplace Transform

P 14.2-1 Find the Laplace transform, F(s), when f(t) ¼ A cos

vt, t � 0.

Answer: f sð Þ ¼ As

s2 þ v2

P 14.2-2 Find the Laplace transform, F(s), when f(t)¼ t, t� 0.

P 14.2-3 Using the linearity property, find the Laplace

transform of f (t) ¼ e�3tþ t, t � 0.

P 14.2-4 Using the linearity property, find the Laplace

transform of f (t) ¼ A(1� e�bt)u(t).

Answer: F sð Þ ¼ Ab

s sþ bð Þ
Section 14.3 Pulse Inputs

P 14.3-1 Consider a pulse f(t) defined by

f tð Þ ¼ A 0 � t � T

¼ 0 all other t

Find F(s).

Answer: F sð Þ ¼ A 1� e�sTð Þ
s

P 14.3-2 Consider the pulse shown in Figure P 14.3-2, where

the time function follows eat for 0< t< T. FindF(s) for the pulse.

Answer: F sð Þ ¼ 1� e� s�að ÞT

s� a

t
0

1

T

eat

f (t)

Figure P 14.3-2

P 14.3-3 Find the Laplace transform F(s) for

(a) f (t) ¼ t2e�3t, t � 0

(b) f (t) ¼ d(t�T), t � 0

(c) f (t) ¼ e�4t sin 5t, t � 0

P 14.3-4 Find the Laplace transform for g tð Þ ¼ e�tu t � 0:5ð Þ.
P 14.3-5 Find the Laplace transform for

f tð Þ ¼ � t � Tð Þ
T

u t � Tð Þ

Answer: F sð Þ ¼ �1e�sT

Ts2

P 14.3-6 Determine the Laplace transform of f(t) shown in

Figure P 14.3-6.

Hint: f tð Þ ¼ 5� 5

3
t

� �
u tð Þ þ 5

3
t � 21

5

� �
u t � 21

5

� �

Answer: F sð Þ ¼ 5e�4:2s þ 15s� 5

3s2

–2
0

5

3 t

f (t)

Figure P 14.3-6

P 14.3-7 Use the Laplace transform to obtain the transform of

the signal f(t) shown in Figure P 14.3-7.

Answer: F sð Þ ¼ 3 1� e�2sð Þ
s

0 2

3

t

f (t)

Figure P 14.3-7

P 14.3-8 Determine the Laplace transform of f(t) shown in

Figure P 14.3-8.

Answer: F sð Þ ¼ 5

2s2
1� e�2s � 2se�2s
� �

0 2

5

t

f (t)

1

Figure P 14.3-8

Section 14.4 Inverse Laplace Transform

P 14.4-1 Find f(t) when

F sð Þ ¼ sþ 3

s3 þ 3s2 þ 6sþ 4

Answer: f tð Þ ¼ 2

3
e�t � 2

3
e�t cos

ffiffiffi
3

p
t þ 1ffiffiffi

3
p e�t � sin

ffiffiffi
3

p
t;

t � 0

P 14.4-2 Find f(t) when

F sð Þ ¼ s2 � 2sþ 1

s3 þ 3s2 þ 4sþ 2
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715
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2.12 SUMMARY
The engineer uses models, called circuit elements, to repre-

sent the devices that make up a circuit. In this book, we

consider only linear elements or linear models of devices. A

device is linear if it satisfies the properties of both superpo-

sition and homogeneity.

The relationship between the reference directions of the

current and voltage of a circuit element is important. The

voltage polarity marks one terminal þ and the other �. The

element voltage and current adhere to the passive conven-

tion if the current is directed from the terminal marked þ to

the terminal marked �.

Resistors are widely used as circuit elements. When the

resistor voltage and current adhere to the passive conven-

tion, resistors obey Ohm’s law; the voltage across the

terminals of the resistor is related to the current into the

positive terminal as v ¼ Ri. The power delivered to a

resistance is p ¼ i2R ¼ v2=R watts.

An independent source provides a current or a voltage

independent of other circuit variables. The voltage of an

independent voltage source is specified, but the current is

not. Conversely, the current of an independent current

source is specified whereas the voltage is not. The voltages

of independent voltage sources and currents of independent

current sources are frequently used as the inputs to electric

circuits.

A dependent source provides a current (or a voltage) that is

dependent on another variable elsewhere in the circuit. The

constitutive equations of dependent sources are summarized

in Table 2.7-1.

The short circuit and open circuit are special cases of

independent sources. A short circuit is an ideal voltage source

having v(t) ¼ 0. The current in a short circuit is determined by

the rest of the circuit. An open circuit is an ideal current source

having i(t)¼ 0. The voltage across an open circuit is determined

by the rest of the circuit. Open circuits and short circuits can also

be described as special cases of resistors. A resistor with

resistance R ¼ 0 (G ¼ 1) is a short circuit. A resistor with

conductance G ¼ 0 (R ¼ 1) is an open circuit.

An ideal ammeter measures the current flowing through its

terminals and has zero voltage across its terminals. An ideal

voltmeter measures the voltage across its terminals and has

terminal current equal to zero. Ideal voltmeters act like open

circuits, and ideal ammeters act like short circuits.

Transducers are devices that convert physical quantities,

such as rotational position, to an electrical quantity such as

voltage. In this chapter, we describe two transducers: poten-

tiometers and temperature sensors.

Switches are widely used in circuits to connect and dis-

connect elements and circuits. They can also be used to

create discontinuous voltages or currents.

PROBLEMS

Section 2.2 Engineering and Linear Models

P 2.2-1 An element has voltage v and current i as shown in

Figure P 2.2-1a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-1b.

Determine whether the element is linear.

v, V i, A

–3
–4
0

12
32
60

–3
–2
0
2
4
6

–

+

v

i

(a) (b)

Figure P 2.2-1

P 2.2-2 A linear element has voltage v and current i as shown

in Figure P 2.2-2a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-2b.

Represent the element by an equation that expresses v as a

function of i. This equation is a model of the element. (a) Verify

that the model is linear. (b) Use the model to predict the value

of v corresponding to a current of i¼ 40 mA. (c) Use the model

to predict the value of i corresponding to a voltage of v ¼ 3 V.

Hint: Plot the data. We expect the data points to lie on a

straight line. Obtain a linear model of the element by repre-

senting that straight line by an equation.

v, V i, A

–3.6
2.4
6.0

–30
20
50

–

+

v

i

(a) (b)

Figure P 2.2-2

P 2.2-3 A linear element has voltage v and current i as shown

in Figure P 2.2-3a. Values of the current i and corresponding

voltage v have been tabulated as shown in Figure P 2.2-3b.

Represent the element by an equation that expresses v as a

44 Circuit Elements

) 5 10 V

P 14.5-4 Encuentre los valores inicial y final de ƒ(t) cuando

E1C14_1 11/25/2009 715

P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.
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10
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4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

Respuestas: valor inicial 5 22, el valor final no existe

P 14.5-5 Dado que 
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.
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12
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4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.
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10

6
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v(t), V

t, s
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4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

 donde v(t) es el voltaje 

que se muestra en la figura P 14.5-5, determine los valores de 
a y b.
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6
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P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104
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 donde v(t) es el vol-

taje que se muestra en la figura P 14.5-6, determine los valores 
de a y b.
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Sección 14.6 Solución de ecuaciones diferenciales 
que describen un circuito

P 14.6-1 Encuentre i(t) para el circuito de la figura P 14.6-1 
cuando i(0) 5 1 A, v(0) 5 8 V y v1 5 2e2atu(t) donde a 5 
2 3 104. 

Respuestas: 
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.
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10
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4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

Respuesta: f 1t2 5 2e2t 1 2te2t 1 e2t, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 

P 14.4-4 Encuentre la transformada inversa de
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.
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12
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4
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Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6
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p
and

u ¼ tan�1 d=cð Þ.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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+ –

–

+
–
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Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715
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va

10 Ω

100 Ω

k va 5 V10 V

ib

+

+ –

–

+
–

50 mA

Figure P 2.7-10

Section 2.8 Transducers

P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the

current source current and potentiometer resistance are 1.1 mA

and 100 kV, respectively. Calculate the required angle, u, so

that the measured voltage is 23 V.

P 2.8-2 An AD590 sensor has an associated constant k ¼
1 mA

�
K
. The sensor has a voltage v ¼ 20 V; and the measured

current, i(t), as shown in Figure 2.8-3, is 4mA< i< 13mA in a

laboratory setting. Find the range of measured temperature.

Section 2.9 Switches

P 2.9-1 Determine the current, i, at t ¼ 1 s and at t ¼ 4 s for

the circuit of Figure P 2.9-1.

+
– 5 kΩ15 V +

– 10 V

t = 3 s

i

t = 2 s

Figure P 2.9-1

P 2.9-2 Determine the voltage, v, at t ¼ 1 s and at t ¼ 4 s for

the circuit shown in Figure P 2.9-2.

5 kΩ
1 mA 2 mA

t = 3 s

t = 2 s+

–

v

Figure P 2.9-2

P 2.9-3 Ideally, an open switch is modeled as an open circuit

and a closed switch is modeled as a closed circuit. More

realistically, an open switch is modeled as a large resistance,

and a closed switch is modeled as a small resistance.

Figure P 2.9-3a shows a circuit with a switch. In Figure

P 2.9-3b, the switch has been replaced with a resistance. In Figure

P 2.9-3b, the voltage v is given by

v ¼ 100

Rs þ 100

� �
12

Determine the value of v for each of the following cases.

(a) The switch is closed and Rs ¼ 0 (a short circuit).

(b) The switch is closed and Rs ¼ 5 V.

(c) The switch is open and Rs ¼ 1 (an open circuit).

(d) The switch is open and Rs ¼ 10 kV.

v100 Ω 100 Ω12 V 12 V

(a) (b)

+
−

+

−

v+
−

+

−

Rs

Figure P 2.9-3

Section 2-10 How CanWe Check . . . ?

P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test

the CCVS. Your lab partner claims that this measurement

shows that the gain of the CCVS is �20 V/A instead of þ20

V/A. Do you agree? Justify your answer.

4 0 . 0

VoltmeterAmmeter

– 2 . 0

vs is vo
vo

is

+

–

R

CCVS

= 20 V
A

+
–

Figure P 2.10-1

P 2.10-2 The circuit of Figure P 2.10-2 is used to measure the

current in the resistor. Once this current is known, the resistance

can be calculated as R ¼ vs
i
. The circuit is constructed using a

voltage source with vs¼ 12V and a 25-V, 1=2-W resistor. After a

puff of smoke and an unpleasant smell, the ammeter indicates that

i ¼ 0 A. The resistor must be bad. You have more 25-V, 1=2-W
resistors. Should you try another resistor? Justify your answer.

i
Ammeter

vs

0 . 0 0

+
–

R

Figure P 2.10-2

Hint: 1=2-W resistors are able to safely dissipate one 1=2 W

of power. These resistors may fail if required to dissipate

more than 1=2 watt of power.

Problems 51

 5 tan211d>c2.
P 14.4-8 Encuentre la transformada inversa de F(s), expre-
sando ƒ(t) en formas de coseno y ángulo.
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

 (b) 

E1C14_1 11/25/2009 715

P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

Respuestas: (a) f 1t2 5 10.2e22t cos 13t 1 38.4°2, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

P 14.4-9 Encuentre la transformada inversa de F(s).

(a) 
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

 (b) 
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

Respuestas: (a) f 1t2 5 25 1 6e2t 1 4te2t, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

 (b) f 1t2 5 4e23t 2 24te23t 18t2e23t, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

Sección 14.5 Teoremas de los valores inicial y final

P 14.5-1 Una función de tiempo está representada por
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P 14.4-3 Find f(t) when

F sð Þ ¼ 5s� 1

s3 � 3s� 2

Answer: f tð Þ ¼ �e�t þ 2te�t þ e2t; t � 0

P 14.4-4 Find the inverse transform of

Y sð Þ ¼ 1

s3 þ 3s2 þ 4sþ 2

Answer: y tð Þ ¼ e�t 1� costð Þ, t � 0

P 14.4-5 Find the inverse transform of

F sð Þ ¼ 2sþ 6

sþ 1ð Þ s2 þ 2sþ 5ð Þ
P 14.4-6 Find the inverse transform of

F sð Þ ¼ 2sþ 6

s s2 þ 3sþ 2ð Þ

Answer: f tð Þ ¼ 3� 4e�t þ e�2t½ �u tð Þ
P 14.4-7 Prove that

L�1 csþ ca� vdð Þ
sþ að Þ2 þ v2

" #

is f tð Þ ¼ me�at cos vt þ uð Þ where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
and

u ¼ tan�1 d=cð Þ.

P 14.4-8 Find the inverse transform of F(s), expressing f(t) in

cosine and angle forms.

(a) F sð Þ ¼ 8s� 3

s2 þ 4sþ 13
(b) F sð Þ ¼ 3e�s

s2 þ 2sþ 17

Answers: (a) f tð Þ ¼ 10:2e�2t cos 3t þ 38:4�ð Þ; t � 0

(b) f tð Þ ¼ 3

4
e� t�1ð Þ sin 4 t � 1ð Þ½ �, t � 1

P 14.4-9 Find the inverse transform of F(s).

(a) F sð Þ ¼ s2 � 5

s sþ 1ð Þ2 (b) F sð Þ ¼ 4s2

sþ 3ð Þ3

Answers: (a) f tð Þ ¼ �5þ 6e�t þ 4te�t; t � 0

(b) f tð Þ ¼ 4e�3t � 24te�3t þ 18t2e�3t; t � 0

Section 14.5 Initial and Final Value Theorems

P 14.5-1 A function of time is represented by

F sð Þ ¼ 2s2 � 3sþ 4

s3 þ 3s2 þ 2s

(a) Find the initial value of f(t) at t ¼ 0.

(b) Find the value of f(t) as t approaches infinity.

P 14.5-2 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 16ð Þ
s2 þ 4sþ 12

Answer: v 0ð Þ ¼ 1, v 1ð Þ ¼ 0 V

P 14.5-3 Find the initial and final values of v(t) when

V sð Þ ¼ sþ 10ð Þ
3s3 þ 2s2 þ 1sð Þ

Answers: v 0ð Þ ¼ 0, v 1ð Þ ¼ 10 V

P 14.5-4 Find the initial and final values of f(t) when

F sð Þ ¼ �2 sþ 7ð Þ
s2 � 2sþ 10

Answer: initial value = �2; final value does not exist

P 14.5-5 Given that L v tð Þ½ � ¼ a sþ b

s2 þ 8s
where v tð Þ is the vol-

tage shown in Figure P 14.5-5, determine the values of a and b.

0 0.375

12
11.6

4

v(t), V

t, s

Figure P 14.5-5

P 14.5-6 Given that L v tð Þ½ � ¼ a sþ b

2s2 þ 40s
where v tð Þ is the

voltage shown in Figure P 14.5-6, determine the values of a

and b.

0

10

6

2

v(t), V

t, s

0.06931

4

Figure P 14.5-6

Section 14.6 Solution of Differential Equations
Describing a Circuit

P 14.6-1 Find i(t) for the circuit of Figure P 14.6-1 when

i 0ð Þ ¼ 1 A; v 0ð Þ ¼ 8 V, and v1 ¼ 2e�atu tð Þwhere a ¼ 2�104.

Answers: i tð Þ ¼ 1
15

�10e�bt þ 3e�2bt þ 22e�4bt
� �

A; t � 0,

b ¼ 104

Problems 715

(a) Encuentre el valor inicial de ƒ(t) en t 5 0.
(b)  Encuentre el valor de ƒ(t) en cuanto t se aproxima a 

infinidad.

sen
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	 716	 Transformada de Laplace

50 Ω

v1
+
–

+

–
v

i

1 mH

2.5 µF

Figura P 14.6-1

P 14.6-2 Se ha solicitado que en toda casa nueva se instale 
un dispositivo denominado interruptor de falla de circuito de 
tierra (GFCI) que dará protección contra choque. Al monito-
rear la corriente que va y viene desde un receptáculo, un GFCI 
siente cuando el flujo normal se interrumpe y cambia la poten-
cia en 1>40 de segundo. Esto es de particular importancia si 
usted empuña algún electrodoméstico que esté en cortocircui-
to entre su cuerpo y la tierra. En la figura P14.6-2 se muestra 
un modelo de circuito del GFCI en acción para interrumpir un 
cortocircuito. Encuentre la corriente que fluye a través de la 
persona y el electrodoméstico, i(t), para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 cuando el cor-
tocircuito se inicia en t 5 0. Suponga que v 5 160 cos 400t y 
que el condensador está descargado inicialmente.

v 

La persona y el
electrodoméstico

i

1 Ω

100 Ω

t = 0

1 mF 
+
–

Figura P 14.6-2 Modelo de circuito de una persona y un electro-
doméstico en cortocircuito a tierra.

P 14.6-3 Utilizando la transformada de Laplace, encuentre 
vc(t) para t . 0 para el circuito que se muestra en la figura 
P 14.6-3. Las condiciones iniciales son cero.

Sugerencia: Utilice una transformación de fuente para obte-
ner un circuito de enlace único.

Respuesta: vc 5 25e22t 1 5 (cos 2t 1 sen 2t ) V

(2 cos 2t) u(t) mA 5 kΩ

10 kΩ

+

–
1 30 vcmF

Figura P 14.6-3

P 14.6-4 Utilizando transformadas de Laplace, encuentre 
vc(t) para t . 0 para el circuito de la figura P 14.6-4 cuando (a) 
C 5 1>18 F y (b) C 5 1>10 F.

Respuestas: (a) vc (t) 5 28 1 8e23t 1 24te23t V
 (b) vc (t) 5 28 1 10e2t 2 2e25t V

4 Ω

8 Ω
2 H

C 1u(t) Avc
+

–

Figura P 14.6-4

P 14.6-5 Encuentre i(t) para el circuito de la figura P 14.6-5. 
Suponga que el interruptor ha estado abierto mucho tiempo.

Respuesta: i 5 20.025e2200t sen 400t A, t . 0

+
–

400 Ω 400 Ω

5   F

1 H

10 V t = 0
i(t)

µ

Figura P 14.6-5

P 14.6-6 Determine la corriente del inductor i(t) en el circui-
to que se muestra en la figura P 14.6-6.

0.4 H

+
–

i(t)

t = 0

v(t)

+

–

16 Ω 4 Ω

9 Ω25 mF

20 V

Figura P 14.6-6

P 14.6-7 Encuentre i(t) para el circuito de la figura P 14.6-7 
cuando i1(t) 5 7e26t A para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 e i(0) 5 0.

Respuesta: 
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50 Ω

v1
+
–

+

–
v

i

1 mH

2.5 μF

Figure P 14.6-1

P 14.6-2 All new homes are required to install a device

called a ground fault circuit interrupter (GFCI) that will

provide protection from shock. By monitoring the current

going to and returning from a receptacle, a GFCI senses when

normal flow is interrupted and switches off the power in 1=40
second. This is particularly important if you are holding an

appliance shorted through your body to ground. A circuit

model of the GFCI acting to interrupt a short is shown in

Figure P 14.6-2. Find the current flowing through the person

and the appliance, i(t), for t � 0 when the short is initiated at

t ¼ 0. Assume v ¼ 160 cos 400t and the capacitor is intially

uncharged.

v 

the person and
the appliance

i

1 Ω

100 Ω

t = 0

1 mF 
+
–

Figure P 14.6-2 Circuit model of person and appliance shorted to

ground.

P 14.6-3 Using the Laplace transform, find vc(t) for t> 0 for

the circuit shown in Figure P 14.6-3. The initial conditions

are zero.

Hint: Use a source transformation to obtain a single mesh

circuit.

Answer: vc ¼ �5e�2t þ 5 cos 2t þ sin 2tð ÞV

(2 cos 2t) u(t) mA 5 kΩ

10 kΩ

+

–
1 30 vcmF

Figure P 14.6-3

P 14.6-4 Using Laplace transforms, find vc(t) for t > 0 for

the circuit of Figure P 14.6-4 when (a) C ¼ 1=18 F and

(b) C ¼ 1=10 F.

Answers: (a) vc tð Þ ¼ �8þ 8e�3t þ 24te�3t V

(b) vc tð Þ ¼ �8þ 10e�t � 2e�5t V

4 Ω

8 Ω
2 H

C 1u(t) Avc
+

–

Figure P 14.6-4

P 14.6-5 Find i(t) for the circuit of Figure P 14.6-5. Assume

the switch has been open for a long time.

Answer: i ¼ �0:025e�200t sin 400t A; t > 0

+
–

400 Ω 400 Ω

5   F

1 H

10 V t = 0
i(t)

μ

Figure P 14.6-5

P 14.6-6 Determine the inductor current, i(t), in the circuit

shown in Figure P 14.6-6.

0.4 H

+
–

i(t)

t = 0

v(t)

+

–

16 Ω 4 Ω

9 Ω25 mF

20 V

Figure P 14.6-6

P 14.6-7 Find i(t) for the circuit of Figure P 14.6-7 when

i1 tð Þ ¼ 7e�6t A for t � 0 and i 0ð Þ ¼ 0.

Answer: i tð Þ ¼ � 35

16
e�6t þ 35

16
e�2t A t � 0

4 H 

i(t)

i1(t) 5 Ω 3 Ω

Figure P 14.6-7

P 14.6-8 Find v2(t) for the circuit of Figure P 14.6-8 for t� 0.

Hint: Write the node equations at a and b in terms of v1 and v2.

The initial conditions are v1 0ð Þ ¼ 10 V and v2 0ð Þ ¼ 25 V. The

source is vs ¼ 50 cos 2t u tð ÞV.
Answer: v2 tð Þ ¼ 23

3
e�t þ 16

3
e�4t þ 12 cos 2t þ 12 sin 2t V

t � 0

716 The Laplace Transform

4 H 

i(t)

i1(t) 5 Ω 3 Ω

Figura P 14.6-7

P 14.6-8 Encuentre v2(t) para el circuito de la figura P 14.6-8 
para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

Sugerencia: Escriba ecuaciones nodales en a y b en términos 
de v1 y v2. Las condiciones iniciales son v1(0) 5 10 V y v2(0) 5 
25 V. La fuente es vs 5 50 cos 2t u(t) V.

Respuesta: 
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50 Ω

v1
+
–

+

–
v

i

1 mH

2.5 μF

Figure P 14.6-1

P 14.6-2 All new homes are required to install a device

called a ground fault circuit interrupter (GFCI) that will

provide protection from shock. By monitoring the current

going to and returning from a receptacle, a GFCI senses when

normal flow is interrupted and switches off the power in 1=40
second. This is particularly important if you are holding an

appliance shorted through your body to ground. A circuit

model of the GFCI acting to interrupt a short is shown in

Figure P 14.6-2. Find the current flowing through the person

and the appliance, i(t), for t � 0 when the short is initiated at

t ¼ 0. Assume v ¼ 160 cos 400t and the capacitor is intially

uncharged.

v 

the person and
the appliance

i

1 Ω

100 Ω

t = 0

1 mF 
+
–

Figure P 14.6-2 Circuit model of person and appliance shorted to

ground.

P 14.6-3 Using the Laplace transform, find vc(t) for t> 0 for

the circuit shown in Figure P 14.6-3. The initial conditions

are zero.

Hint: Use a source transformation to obtain a single mesh

circuit.

Answer: vc ¼ �5e�2t þ 5 cos 2t þ sin 2tð ÞV

(2 cos 2t) u(t) mA 5 kΩ

10 kΩ

+

–
1 30 vcmF

Figure P 14.6-3

P 14.6-4 Using Laplace transforms, find vc(t) for t > 0 for

the circuit of Figure P 14.6-4 when (a) C ¼ 1=18 F and

(b) C ¼ 1=10 F.

Answers: (a) vc tð Þ ¼ �8þ 8e�3t þ 24te�3t V

(b) vc tð Þ ¼ �8þ 10e�t � 2e�5t V

4 Ω

8 Ω
2 H

C 1u(t) Avc
+

–

Figure P 14.6-4

P 14.6-5 Find i(t) for the circuit of Figure P 14.6-5. Assume

the switch has been open for a long time.

Answer: i ¼ �0:025e�200t sin 400t A; t > 0

+
–

400 Ω 400 Ω

5   F

1 H

10 V t = 0
i(t)

μ

Figure P 14.6-5

P 14.6-6 Determine the inductor current, i(t), in the circuit

shown in Figure P 14.6-6.

0.4 H

+
–

i(t)

t = 0

v(t)

+

–

16 Ω 4 Ω

9 Ω25 mF

20 V

Figure P 14.6-6

P 14.6-7 Find i(t) for the circuit of Figure P 14.6-7 when

i1 tð Þ ¼ 7e�6t A for t � 0 and i 0ð Þ ¼ 0.

Answer: i tð Þ ¼ � 35

16
e�6t þ 35

16
e�2t A t � 0

4 H 

i(t)

i1(t) 5 Ω 3 Ω

Figure P 14.6-7

P 14.6-8 Find v2(t) for the circuit of Figure P 14.6-8 for t� 0.

Hint: Write the node equations at a and b in terms of v1 and v2.

The initial conditions are v1 0ð Þ ¼ 10 V and v2 0ð Þ ¼ 25 V. The

source is vs ¼ 50 cos 2t u tð ÞV.
Answer: v2 tð Þ ¼ 23

3
e�t þ 16

3
e�4t þ 12 cos 2t þ 12 sin 2t V

t � 0

716 The Laplace Transform

t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0
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 Problemas 717

P 14.7-3 Utilizando transformadas de Laplace, encuentre la 
respuesta vc(t) para t . 0 para el circuito que se muestra en 
la figura P 14.7-3.

2 kΩ 0.5   Fµ4 + 2u(t)  mA vc(t)
+

–

Figura P 14.7-3

P 14.7-4 Utilizando transformadas de Laplace, encuentre la 
respuesta vc(t) para t . 0 para el circuito que se muestra en 
la figura P 14.7-4.

4 kΩ

2 kΩ

0.5   Fµ 6u(–t) + 6  V vc(t)
+

–
+
–

Figura P 14.7-4

P 14.7-5 Utilizando transformadas de Laplace, encuentre la 
respuesta v(t) para t . 0 para el circuito de la figura P 14.7-3 
cuando vs 5 6e23t u(t)V.

Respuesta: 

E1C14_1 11/25/2009 717

24 Ω

20 Ω

30 Ω

b

a

F1 48

F1 24

v1

v2vs
+
–

+
–

+

–

Figure P 14.6-8

P 14.6-9 Using Laplace transforms, find v tð Þ for t > 0 for the

circuit shown in Figure P 14.6-9.

+
– 5 Ω

6 H

F1 30 v(t)

+

–

vs(t) = 2 − 4u(t)

i(t)

Figure P 14.6-9

P 14.6-10 Using Laplace transforms, find vo tð Þ for t > 0 for

the circuit shown in Figure P 14.6-10.

+
–

+

–
vC(t) 3vC(t)

+

–

vo(t)

+

–

12 ΩF

10 Ω 4 H

1 202 + 6u(t)

iL(t)

Figure P 14.6-10

Section 14.7 Circuit Analysis Using Impedance and
Initial Conditions

P 14.7-1 Using Laplace transforms, find the response iL(t) for

t > 0 for the circuit of Figure P 14.7-1.

+
–

2 kΩ

5 H10u(t) – 4  V iL(t)

Figure P 14.7-1

P 14.7-2 Using Laplace transforms, find the response iL(t) for

t > 0 for the circuit of Figure P 14.7-2.

+
–

2 kΩ

4 kΩ 5 H6 + 4u(t)  V iL(t)

Figure P 14.7-2

P 14.7-3 Using Laplace transforms, find the response vc(t) for

t > 0 for the circuit of Figure P 14.7-3.

2 kΩ 0.5   Fμ4 + 2u(t)  mA vc(t)
+

–

Figure P 14.7-3

P 14.7-4 Using Laplace transforms, find the response vc(t) for

t > 0 for the circuit of Figure P 14.7-4.

4 kΩ

2 kΩ

0.5   Fμ 6u(–t) + 6  V vc(t)
+

–
+
–

Figure P 14.7-4

P 14.7-5 Using Laplace transforms, find the response v(t) for

t> 0 for the circuit of Figure P 14.7-5 when vs ¼ 6e�3tu tð ÞV.
Answer: v ¼ 44

3
e�2t þ 1

3
e�5t � 9e�3t V

+
– +

–

1 H

F

10 V

t = 0

vs v

4 Ω

6 Ω

1 4
+

–

Figure P 14.7-5

P 14.7-6 Determine vo(t) when the capacitance has an initial

voltage v(0�) ¼ 5V, as shown in Figure P 14.7-6.

+

–

10 u(t) V +
–

1 kΩ

+

vo

μ1   F
+

v
–

1 kΩ

–

Figure P 14.7-6

P 14.7-7 The motor circuit for driving the snorkel shown in

Figure P 14.7-7a is shown in Figure P 14.7-7b. Find the motor

current I2(s) when the initial conditions are i1(0
�) ¼ 2 A and

i2(0
�) ¼ 3 A. Determine i2(t) and sketch it for 10 s. Does the

motor current smoothly drive the snorkel?

Problems 717

+
– +

–

1 H

F

10 V

t = 0

vs v

4 Ω

6 Ω

1 4
+

–

Figura P 14.7-5

P 14.7-6 Determine vo(t) cuando la capacitancia tiene un vol-
taje inicial v(02) 5 5 V, como se muestra en la figura P 14.7-6.

+

–

10 u(t) V +
–

1 kΩ

+
vo

µ1   F
+

v
–

1 kΩ

–

Figura P 14.7-6

P 14.7-7 El circuito de motor para conducir el esnórquel 
que se muestra en la figura P 14.7-7a se muestra en la figura 
P 14.7-7b. Encuentre la corriente del motor I2(s) cuando las 
condiciones iniciales son i1(02) 5 2 A e i2(02) 5 3 A. De-
termine i2(t) y bosquéjelo para 10 s. ¿La corriente del motor 
conduce suavemente el esnórquel?

24 Ω

20 Ω

30 Ω

b

a

F1 48

F1 24

v1

v2vs
+
–

+
–

+

–

Figura P 14.6-8

P 14.6-9 Utilizando transformadas de Laplace, encuentre v(t) 
para t . 0 para el circuito que se muestra en la figura P 14.6-9.

+
– 5 Ω

6 H

F1 30 v(t)

+

–

vs(t) = 2 − 4u(t)

i(t)

Figura P 14.6-9

P 14.6-10 Utilizando transformadas de Laplace, encuentre 
vo(t) para t . 0 para el circuito que se muestra en la figura 
P 14.6-10.

+
–

+

–
vC(t) 3vC(t)

+

–

vo(t)

+

–

12 ΩF

10 Ω 4 H

1 202 + 6u(t)

iL(t)

Figura P 14.6-10

Sección 14.7 Análisis de circuitos utilizando  
impedancias y condiciones iniciales

P 14.7-1 Utilizando transformadas de Laplace, encuentre la 
respuesta iL(t) para t . 0 para el circuito que se muestra en 
la figura P 14.7-1.

+
–

2 kΩ

5 H10u(t) – 4  V iL(t)

Figura P 14.7-1

P 14.7-2 Utilizando transformadas de Laplace, encuentre la 
respuesta iL(t) para t . 0 para el circuito que se muestra en 
la figura P 14.7-2.

+
–

2 kΩ

4 kΩ 5 H6 + 4u(t)  V iL(t)

Figura P 14.7-2
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	 718	 Transformada de Laplace

Ω2

Ω1
M = 1 H

i2

5u(t) V 3 H

2 H

i1

+
–

(b)

(a)

Figura P 14.7-7 Circuito de conducción del motor para el dispo-
sitivo de esnórquel.

P 14.7-8 La entrada al circuito que se muestra en la figura 
P 14.7-8 es el voltaje de la fuente de voltaje, 12 V. La salida 
de este circuito es el voltaje vo(t), a través del condensador. 
Determine vo(t) para t . 0.

Respuesta: vo(t) 5 24A1 1 2e2t/2 B V para t . 0

–
+ vo(t)

+

–6 Ω

6 Ω
6 Ω 0.5 F

t = 0

12 V

Figura P 14.7-8

P 14.7-9 La entrada al circuito que se muestra en la figura 
P 14.7-9 es el voltaje de la fuente de voltaje, 12 V. La salida 
de este circuito es la corriente i(t) en el inductor. Determine 
i(t) para t . 0.

Respuesta: i(t) 5 23A1 1 e20.8t B A para t . 0

–
+

2 Ω

5 H

2 Ω

t = 0

i(t)
12 V

Figura P 14.7-9

P 14.7-10 La entrada al circuito que se muestra en la figura 
P 14.7-10 es el voltaje de la fuente de voltaje, 18 V. La salida de 
este circuito, el voltaje a través del condensador, está dado por

vo(t) 5 6 1 12e22t V cuando t . 0

Determine el valor de la capacitancia, C, y el valor de la re-
sistencia, R.

vo(t)

+

–

R

3 Ω C

t = 0

18 V +
–

Figura P 14.7-10

P 14.7-1 La entrada al circuito que se muestra en la figura 
P 14.7-11 es el voltaje de la fuente de voltaje

vs (t) 5 3 2 u(t) V

La salida es el voltaje 

vo(t) 5 10 1 5e2100t V para t . 0

Determine los valores de R1 y R2.

+

–

1 kΩ

+
–

v(t)

+

–

vo(t)

+

–

vs(t)

R2

R1

C=1 µF

Figura P 14.7-11

P 14.7-12 Determine la corriente del inductor, iL(t), en el cir-
cuito que se muestra en la figura P 14.7-12 para cada uno de 
los casos siguientes:

(a) R 5 2 V, L 5 4.5 H, C 5 1>9 F, A 5 5 mA, B 5 22 mA
(b) R 5 1 V, L 5 0.4 H, C 5 0.1 F, A 5 1 mA, B 5 22 mA
(c)  R 5 1 V, L 5 0.08 H, C 5 0.1 F, A 5 0.2 mA, B 5 

22 mA

CLR

+

–
vC(t)i(t) = B+Au(t) iL(t)

Figura P 14.7-12
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+ –

5+15u(t) V

96 Ω 32 Ω

30 Ω120 Ω

v(t)

+

–

12.5 mF

Figura P 14.7-16

P 14.7-17 Determine el voltaje vo(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el circuito 
que se muestra en la  figura P 14.7-17.

Sugerencia: vC(0) 5 4 V

Respuesta: vo(t) 5 24e0.75t u(t) V (Este circuito es inestable.)

2 – 2u(t)

iC(t)

vC(t)
vo(t) =
4iC(t)

–

+

6 Ω

3 Ω

2 F
+
–

Figura P 14.7-17

P 14.7-18 Determine la corriente iL(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0 para el cir-
cuito de la figura P 14.7-18.

Sugerencia: vC(0) 5 8 V e iL(0) 5 1 A

Respuesta: 
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P 14.7-13 Determine the capacitor current, ic(t), in the circuit

shown in Figure P 14.7-13 for each of the following cases:

(a) R ¼ 3V; L ¼ 2 H; C ¼ 1=24 F; A ¼ 12 V

(b) R ¼ 2V; L ¼ 2 H; C ¼ 1=8 F; A ¼ 12 V

(c) R ¼ 10V; L ¼ 2 H; C ¼ 1=40 F; A ¼ 12 V

C

L

R

+

–
vC(t)vs(t) = A

iL(t)

+
–

R

iC(t)

t = 0

Figure P 14.7-13

P 14.7-14 The voltage source voltage in the circuit shown in

Figure P 14.7-14 is

vs tð Þ ¼ 12� 6u tð ÞV
Determine v(t) for t � 0.

+
–

8 Ω

4 Ωva

0.75va

–

+
v(t)

+

–

3/40 Fvs(t)

Figure P 14.7-14

P 14.7-15 Determine the output voltage, vo(t), in the circuit

shown in Figure P 14.7-15.

20 kΩ

40 kΩ10 kΩ

–

++
–

vo(t)

+

–

50 kΩ

2 μF2+10u(t) V

Figure P 14.7-15

P 14.7-16 Determine the capacitor voltage, v(t), in the circuit

shown in Figure P 14.7-16.

+ –

5+15u(t) V

96 Ω 32 Ω

30 Ω120 Ω

v(t)

+

–

12.5 mF

Figure P 14.7-16

P 14.7-17 Determine the voltage vo(t) for t� 0 for the circuit

of Figure P 14.7-17.

Hint: vC 0ð Þ ¼ 4 V

Answer: vo tð Þ ¼ 24e0:75t u tð ÞV This circuit is unstable:ð Þ

2 – 2u(t)

iC(t)

vC(t)
vo(t) =
4iC(t)

–

+

6 Ω

3 Ω

2 F
+

–

Figure P 14.7-17

P 14.7-18 Determine the current iL(t) for t� 0 for the circuit

of Figure P 14.7-18.

Hint: vC 0ð Þ ¼ 8 V and iL 0ð Þ ¼ 1 A

Answer: iL tð Þ ¼ e�t cos 2t þ 1

2
e�t sin 2t

� �
u tð ÞA

vC(t)

iL(t)

–

+

+
–

4 Ω

8 Ω

12 V

t = 0

0.05 F

4 H

Figure P 14.7-18

P 14.7-19 Figure P 14.7-19a shows a circuit represented in

the time domain. Figure P 14.7-19b shows the same circuit,

now represented in the complex frequency domain. Figure

P 14.7-19c shows a plot of the inductor current.

30 Ω12−6 u(t)  A

R2

L
i(t)

(a)

Problems 719

vC(t)

iL(t)

–

+

+
–

4 Ω

8 Ω

12 V

t = 0

0.05 F

4 H

Figura P 14.7-18

P 14.7-19 La figura P 14.7-19a muestra un circuito represen-
tado en el dominio de tiempo. La figura P 14.7-19b muestra el 
mismo circuito, representado ahora en el dominio de frecuen-
cia compleja. La figura P 14-7-19c muestra un diagrama de la 
corriente del inductor.

0 0.5

8

4.54
4

i(t), A

t, s

30 Ω12−6 u(t)  A

R2

L
i(t)

30 Ω
R2

Ls
s
D

I(s)
s
E

(a)

(b)

(c)

P 14.7-13 Determine la corriente del condensador, ic(t), en el 
circuito que se muestra en la figura P 14.7-13 para cada uno de 
los casos siguientes:

(a) R 5 3 V, L 5 2 H, C 5 1>24 F, A 5 12 V
(b) R 5 2 V, L 5 2 H, C 5 1>8 F, A 5 12 V
(c) R 5 10 V, L 5 0.08 H, C 5 1>40 F, A 5 12 V

C

L

R

+

–
vC(t)vs(t) = A

iL(t)

+
–

R

iC(t)

t = 0

Figura P 14.7-13

P 14.7-14 El voltaje del voltaje de fuente en el circuito que se 
muestra en la figura P 14.7-14 es

vs (t) 5 12 5 6u(t) V

Determine v(t) para t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0.

+
–

8 Ω

4 Ωva

0.75va

–

+
v(t)

+

–

3/40 Fvs(t)

Figura P 14.7-14

P 14.7-15 Determine el voltaje de salida, vo(t), en el circuito 
que se muestra en la figura P 14.7-15.

20 kΩ

40 kΩ10 kΩ

–

++
–

vo(t)

+

–

50 kΩ

2 µF2+10u(t) V

Figura P 14.7-15

P 14.7-16 Determine el voltaje del condensador, v(t), en el 
circuito que se muestra en la figura P 14.7-16.

sen
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	 720	 Transformada de Laplace

0 0.5

8

4.54
4

i(t), A

t, s

30 Ω12−6 u(t)  A

R2

L
i(t)

30 Ω
R2

Ls
s
D

I(s)
s
E

(a)

(b)

(c)
Figura P 14.7-19

Determine los valores de D y E, utilizados para representar el 
circuito en el dominio de frecuencia compleja. Determine los 
valores de la resistencia R2 y de la inductancia L.

P 14.7-20 La figura P 14.7-20a muestra un circuito represen-
tado en el dominio de tiempo. La figura P 14.7-20b muestra el 
mismo circuito, representado ahora en el dominio de frecuen-
cia compleja. La figura P 14.7-20c muestra un diagrama de la 
corriente del inductor.

(a)

+
– 30 Ω C6+12 u(t)  V

+

–

v(t)

R1

(b)

+
– 30 Ω

+

–

V(s)

R1

s
E

Cs
1

+
–

s
D

(c)

0 0.375

12
11.6

4

v(t), V

t, s

Figura P 14.7-20

Determine los valores de D y E utilizados para representar el 
circuito en el dominio de frecuencia compleja. Determine los 
valores de la resistencia R1 y de la capacitancia C.

P 14.7-21 La figura P 14.7-21a muestra un circuito represen-
tado en el dominio de tiempo. La figura P 14.7-21b muestra 
el mismo circuito, representado ahora en el dominio de fre-
cuencia compleja. Determine los valores de a, b y d, utiliza-
dos para representar el circuito en el dominio de frecuencia  
compleja.

(a)

v(t)
+

–

4 Ω

8 Ω

6 H

+
–

i(t)

24 − 36 u(t)  V 0.125 F

(b)

6s

+
–s

b
s
a

+–

d
4 Ω

8 Ω+
–

I(s)
s
8

V(s)

+

–

Figura P 14.7-21

P 14.7-22 El circuito que se muestra en la figura P 14.7-22 
se encuentra en estado estable antes de que el interruptor se 
abra en tiempo t 5 0. Determine el voltaje del inductor v(t) 
para t . 0.

+
–

3 V v(t)

+

–10 Ω

5 Η

40 Ω

3.846 mF

t = 0

Figura P 14.7-22

P 14.7-23 El circuito que se muestra en la figura P 14.7-23 se 
encuentra en estado estable antes de que el interruptor se abra 
en tiempo t 5 0. Determine el voltaje v(t) para t . 0.

+
–12 V

v(t)+ –

2.4 Η

12 Ω

8.59 mF
t = 0

t = 0

Figura P 14.7-23
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Sección 14.8 Función de transferencia e impedancia

P 14.8-1 Considere el circuito de la figura P 14.8-1, donde la 
combinación de R2 y C2 representa la entrada de un oscilos-
copio. La combinación de R1 y C1 se agrega a la prueba del 
osciloscopio para dar forma a la respuesta vo(t) de modo que 
sea igual a v1(t) lo más cercano posible. Encuentre la relación 
necesaria para los resistores y condensadores de modo que  
vo 5 av1 donde a es una constante.

Sugerencia: Encuentre la función de transferencia Vo(s)/V1(s). 
Elija R1 y C1 de modo que la función de transferencia no de-
penda de s.

C2

C1

R2

R1

vov1
+
–

+
–

Figura P 14.8-1 Circuito para la prueba del osciloscopio.

P 14.8-2 Considere el circuito que se muestra en la figura 
P 14.8-2. Muestre que por la adecuada elección de L, la impe-
dancia de entrada Z 5 V1(s)>I1(s) se puede hacer independien-
te de s. ¿Qué valor de L satisface esta condición? ¿Cuál es el 
valor de Z cuando es independiente de s?

R

C

R

V1(s)

L

+
–

I1(s)

Figura P 14.8-2

P 14.8-3 La entrada al circuito que se muestra en la figura 
P 14.8-3 es el voltaje vi(t) de la fuente de voltaje indepen-
diente. La salida es el voltaje vo(t) a través del condensador. 
Determine la función de transferencia, respuesta de impulso y 
respuesta escalón de este circuito.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figura P 14.8-3

P 14.8-4 La entrada a un circuito lineal es el voltaje vi(t) y la 
respuesta es el voltaje vo(t). La respuesta de impulso, h(t) de 
este circuito es:

h(t) 5 12te24t u(t) V
Determine la respuesta escalón del circuito.

Respuesta: 
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P 14.7-24 The circuit shown in Figure P 14.7-24 is at steady

state before the switch opens at time t ¼ 0. Determine the

voltage v tð Þ for t > 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figure P 14.7-24

P 14.7-25 The circuit shown in Figure P 14.7-25 is at

steady state before time t ¼ 0. Determine the voltage v tð Þ
for t > 0.

+
– v(t)

+

–

5 Ω

6 Η
30
1 F10−10u(t) V

i(t)

Figure P 14.7-25

P 14.7-26 The input to the circuit shown in Figure P 14.7-26

is the voltage source voltage

vi tð Þ ¼ 10þ 5u tð ÞV ¼ 10 V when t < 0

15 V when t > 0

�

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figure P 14.7-26

Determine the response, vo tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch vo tð Þ as a function of t.

P 14.7-27 The input to the circuit shown in Figure P 14.7-27

is the current source current

i tð Þ ¼ 25� 15u tð ÞmA ¼ 25 mA when t < 0

10 mA when t > 0

�

i(t)
i2(t)

5 H1.25 H

i1(t)

25 Ω

Figure P 14.7-27

Determine the response, i2 tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch i2 tð Þ as a function of t.

Section 14.8 Transfer Function and Impedance

P 14.8-1 Consider the circuit of Figure P 14.8-1, where the

combination ofR2 andC2 represents the input of an oscilloscope.

The combination of R1 and C1 is added to the probe of the

oscilloscope to shape the response vo(t) so that it will equal v1(t)

as closely as possible. Find the necessary relationship for the

resistors and capacitors so that vo ¼ av1 where a is a constant.

Hint: Find the transfer function Vo(s)=V1(s). Choose R1 and

C1 so that the transfer function does not depend on s.

C2

C1

R2

R1

vov1
+
–

+
–

Figure P 14.8-1 Circuit for oscilloscope probe.

P 14.8-2 Consider the circuit shown in Figure P 14.8-2. Show

that by proper choice of L, the input impedance Z¼ V1(s)=I1(s)
can be made independent of s. What value of L satisfies this

condition? What is the value of Z when it is independent of s?

R

C

R

V1(s)

L

+
–

I1(s)

Figure P 14.8-2

P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the capacitor. Determine the transfer

function, impulse response, and step response of this circuit.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figure P 14.8-3

P 14.8-4 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is:

h tð Þ ¼ 12te�4tu tð ÞV
Determine the step response of the circuit.

Answer:
3

4
� e�4t 3t þ 3

4

� �� �
u tð ÞV

Problems 721

P 14.7-24 El circuito que se muestra en la figura P 14.7-24 se 
encuentra en estado estable antes de que el interruptor se abra 
en tiempo t 5 0. Determine el voltaje v(t) para t . 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figura P 14.7-24

P 14.7-25 El circuito que se muestra en la figura P 14.7-25 se 
encuentra en estado estable antes del tiempo t 5 0. Determine 
el voltaje v(t) para t . 0.

+
– v(t)

+

–

5 Ω

6 Η 30
1 F10−10u(t) V

i(t)

Figura P 14.7-25

P 14.7-26 La entrada al circuito que se muestra en la figura 
P 14.7-26 es el voltaje de la fuente de voltaje
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P 14.7-24 The circuit shown in Figure P 14.7-24 is at steady

state before the switch opens at time t ¼ 0. Determine the

voltage v tð Þ for t > 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figure P 14.7-24

P 14.7-25 The circuit shown in Figure P 14.7-25 is at

steady state before time t ¼ 0. Determine the voltage v tð Þ
for t > 0.

+
– v(t)

+

–

5 Ω

6 Η
30
1 F10−10u(t) V

i(t)

Figure P 14.7-25

P 14.7-26 The input to the circuit shown in Figure P 14.7-26

is the voltage source voltage

vi tð Þ ¼ 10þ 5u tð ÞV ¼ 10 V when t < 0

15 V when t > 0

�

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figure P 14.7-26

Determine the response, vo tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch vo tð Þ as a function of t.

P 14.7-27 The input to the circuit shown in Figure P 14.7-27

is the current source current

i tð Þ ¼ 25� 15u tð ÞmA ¼ 25 mA when t < 0

10 mA when t > 0

�

i(t)
i2(t)

5 H1.25 H

i1(t)

25 Ω

Figure P 14.7-27

Determine the response, i2 tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch i2 tð Þ as a function of t.

Section 14.8 Transfer Function and Impedance

P 14.8-1 Consider the circuit of Figure P 14.8-1, where the

combination ofR2 andC2 represents the input of an oscilloscope.

The combination of R1 and C1 is added to the probe of the

oscilloscope to shape the response vo(t) so that it will equal v1(t)

as closely as possible. Find the necessary relationship for the

resistors and capacitors so that vo ¼ av1 where a is a constant.

Hint: Find the transfer function Vo(s)=V1(s). Choose R1 and

C1 so that the transfer function does not depend on s.

C2

C1

R2

R1

vov1
+
–

+
–

Figure P 14.8-1 Circuit for oscilloscope probe.

P 14.8-2 Consider the circuit shown in Figure P 14.8-2. Show

that by proper choice of L, the input impedance Z¼ V1(s)=I1(s)
can be made independent of s. What value of L satisfies this

condition? What is the value of Z when it is independent of s?

R

C

R

V1(s)

L

+
–

I1(s)

Figure P 14.8-2

P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the capacitor. Determine the transfer

function, impulse response, and step response of this circuit.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figure P 14.8-3

P 14.8-4 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is:

h tð Þ ¼ 12te�4tu tð ÞV
Determine the step response of the circuit.

Answer:
3

4
� e�4t 3t þ 3

4

� �� �
u tð ÞV

Problems 721

cuando
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P 14.7-24 The circuit shown in Figure P 14.7-24 is at steady

state before the switch opens at time t ¼ 0. Determine the

voltage v tð Þ for t > 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figure P 14.7-24

P 14.7-25 The circuit shown in Figure P 14.7-25 is at

steady state before time t ¼ 0. Determine the voltage v tð Þ
for t > 0.

+
– v(t)

+

–

5 Ω

6 Η
30
1 F10−10u(t) V

i(t)

Figure P 14.7-25

P 14.7-26 The input to the circuit shown in Figure P 14.7-26

is the voltage source voltage

vi tð Þ ¼ 10þ 5u tð ÞV ¼ 10 V when t < 0

15 V when t > 0

�

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figure P 14.7-26

Determine the response, vo tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch vo tð Þ as a function of t.

P 14.7-27 The input to the circuit shown in Figure P 14.7-27

is the current source current

i tð Þ ¼ 25� 15u tð ÞmA ¼ 25 mA when t < 0

10 mA when t > 0

�

i(t)
i2(t)

5 H1.25 H

i1(t)

25 Ω

Figure P 14.7-27

Determine the response, i2 tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch i2 tð Þ as a function of t.

Section 14.8 Transfer Function and Impedance

P 14.8-1 Consider the circuit of Figure P 14.8-1, where the

combination ofR2 andC2 represents the input of an oscilloscope.

The combination of R1 and C1 is added to the probe of the

oscilloscope to shape the response vo(t) so that it will equal v1(t)

as closely as possible. Find the necessary relationship for the

resistors and capacitors so that vo ¼ av1 where a is a constant.

Hint: Find the transfer function Vo(s)=V1(s). Choose R1 and

C1 so that the transfer function does not depend on s.

C2

C1

R2

R1

vov1
+
–

+
–

Figure P 14.8-1 Circuit for oscilloscope probe.

P 14.8-2 Consider the circuit shown in Figure P 14.8-2. Show

that by proper choice of L, the input impedance Z¼ V1(s)=I1(s)
can be made independent of s. What value of L satisfies this

condition? What is the value of Z when it is independent of s?

R

C

R

V1(s)

L

+
–

I1(s)

Figure P 14.8-2

P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the capacitor. Determine the transfer

function, impulse response, and step response of this circuit.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figure P 14.8-3

P 14.8-4 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is:

h tð Þ ¼ 12te�4tu tð ÞV
Determine the step response of the circuit.

Answer:
3

4
� e�4t 3t þ 3

4

� �� �
u tð ÞV

Problems 721

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figura P 14.7-26

Determine la respuesta, vo(t). Suponga que el circuito se en-
cuentra en estado estable cuando t , 0. Bosqueje vo(t) como 
una función de t.

P 14.7-27 La entrada al circuito que se muestra en la figura 
P 14.7-27 es la corriente de la fuente de corriente
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P 14.7-24 The circuit shown in Figure P 14.7-24 is at steady

state before the switch opens at time t ¼ 0. Determine the

voltage v tð Þ for t > 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figure P 14.7-24

P 14.7-25 The circuit shown in Figure P 14.7-25 is at

steady state before time t ¼ 0. Determine the voltage v tð Þ
for t > 0.

+
– v(t)

+

–

5 Ω

6 Η
30
1 F10−10u(t) V

i(t)

Figure P 14.7-25

P 14.7-26 The input to the circuit shown in Figure P 14.7-26

is the voltage source voltage

vi tð Þ ¼ 10þ 5u tð ÞV ¼ 10 V when t < 0

15 V when t > 0

�

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figure P 14.7-26

Determine the response, vo tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch vo tð Þ as a function of t.

P 14.7-27 The input to the circuit shown in Figure P 14.7-27

is the current source current

i tð Þ ¼ 25� 15u tð ÞmA ¼ 25 mA when t < 0

10 mA when t > 0

�

i(t)
i2(t)

5 H1.25 H

i1(t)

25 Ω

Figure P 14.7-27

Determine the response, i2 tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch i2 tð Þ as a function of t.

Section 14.8 Transfer Function and Impedance

P 14.8-1 Consider the circuit of Figure P 14.8-1, where the

combination ofR2 andC2 represents the input of an oscilloscope.

The combination of R1 and C1 is added to the probe of the

oscilloscope to shape the response vo(t) so that it will equal v1(t)

as closely as possible. Find the necessary relationship for the

resistors and capacitors so that vo ¼ av1 where a is a constant.

Hint: Find the transfer function Vo(s)=V1(s). Choose R1 and

C1 so that the transfer function does not depend on s.

C2

C1

R2

R1

vov1
+
–

+
–

Figure P 14.8-1 Circuit for oscilloscope probe.

P 14.8-2 Consider the circuit shown in Figure P 14.8-2. Show

that by proper choice of L, the input impedance Z¼ V1(s)=I1(s)
can be made independent of s. What value of L satisfies this

condition? What is the value of Z when it is independent of s?

R

C

R

V1(s)

L

+
–

I1(s)

Figure P 14.8-2

P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the capacitor. Determine the transfer

function, impulse response, and step response of this circuit.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figure P 14.8-3

P 14.8-4 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is:

h tð Þ ¼ 12te�4tu tð ÞV
Determine the step response of the circuit.

Answer:
3

4
� e�4t 3t þ 3

4

� �� �
u tð ÞV

Problems 721
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E1C14_1 11/25/2009 721

P 14.7-24 The circuit shown in Figure P 14.7-24 is at steady

state before the switch opens at time t ¼ 0. Determine the

voltage v tð Þ for t > 0.

+
– 4 V v(t)

+

–

0.5 Η

4 Ω125 mF

t = 0

Figure P 14.7-24

P 14.7-25 The circuit shown in Figure P 14.7-25 is at

steady state before time t ¼ 0. Determine the voltage v tð Þ
for t > 0.

+
– v(t)

+

–

5 Ω

6 Η
30
1 F10−10u(t) V

i(t)

Figure P 14.7-25

P 14.7-26 The input to the circuit shown in Figure P 14.7-26

is the voltage source voltage

vi tð Þ ¼ 10þ 5u tð ÞV ¼ 10 V when t < 0

15 V when t > 0

�

+

–

+
–vi(t) vo(t)2 mF

8 mF

5 Ω

v1(t)+ –

Figure P 14.7-26

Determine the response, vo tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch vo tð Þ as a function of t.

P 14.7-27 The input to the circuit shown in Figure P 14.7-27

is the current source current

i tð Þ ¼ 25� 15u tð ÞmA ¼ 25 mA when t < 0

10 mA when t > 0

�

i(t)
i2(t)

5 H1.25 H

i1(t)

25 Ω

Figure P 14.7-27

Determine the response, i2 tð Þ. Assume that the circuit is at

steady state when t < 0. Sketch i2 tð Þ as a function of t.

Section 14.8 Transfer Function and Impedance

P 14.8-1 Consider the circuit of Figure P 14.8-1, where the

combination ofR2 andC2 represents the input of an oscilloscope.

The combination of R1 and C1 is added to the probe of the

oscilloscope to shape the response vo(t) so that it will equal v1(t)

as closely as possible. Find the necessary relationship for the

resistors and capacitors so that vo ¼ av1 where a is a constant.

Hint: Find the transfer function Vo(s)=V1(s). Choose R1 and

C1 so that the transfer function does not depend on s.

C2

C1

R2

R1

vov1
+
–

+
–

Figure P 14.8-1 Circuit for oscilloscope probe.

P 14.8-2 Consider the circuit shown in Figure P 14.8-2. Show

that by proper choice of L, the input impedance Z¼ V1(s)=I1(s)
can be made independent of s. What value of L satisfies this

condition? What is the value of Z when it is independent of s?

R

C

R

V1(s)

L

+
–

I1(s)

Figure P 14.8-2

P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the capacitor. Determine the transfer

function, impulse response, and step response of this circuit.

+
–vi(t) vo(t)

+

–
5 F8 Ω

2 Ω

Figure P 14.8-3

P 14.8-4 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is:

h tð Þ ¼ 12te�4tu tð ÞV
Determine the step response of the circuit.

Answer:
3

4
� e�4t 3t þ 3

4

� �� �
u tð ÞV

Problems 721

i(t)
i2(t)

5 H1.25 H
i1(t)

25 Ω

Figura P 14.7-27

Determine la respuesta, i2(t). Suponga que el circuito se en-
cuentra en estado estable cuando t , 0. Bosqueje i2(t) como 
una función de t.

cuando

cuando
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	 722	 Transformada de Laplace

P 14.8-5 La entrada al circuito que se muestra en la figura 
P 14.-8-5 es el voltaje, vi(t) de la fuente de voltaje indepen-
diente. La salida es el voltaje vo(t), a través del resistor de 
5 kV. Especifique valores de la resistencia, R, la capacitancia, 
C, y la inductancia, L, de modo que la función de transferencia 
de este circuito esté dada por

E1C14_1 11/25/2009 722

P 14.8-5 The input to the circuit shown in Figure P 14.8-5 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the 5-kV resistor. Specify values of

the resistance, R, the capacitance, C, and the inductance, L,

such that the transfer function of this circuit is given by

H sð Þ ¼ V o sð Þ
Vi sð Þ ¼

15� 106

sþ 2000ð Þ sþ 5000ð Þ
Answers: R ¼ 5kV; C ¼ 0:5mF; and L ¼ 1 H (one possible

solution)

vi(t)
vo(t)

+

–

1 kΩ

10 kΩ

5 kΩ

R

C

L–

+

+
–

Figure P 14.8-5

P 14.8-6 The input to the circuit shown in Figure P 14.8-6 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the 10-kV resistor. Specify

values of the resistances, R1 and R2, such that the step response

of this circuit is given by

vo tð Þ ¼ �4 1� e�250t
� �

u tð ÞV
Answers: R1 ¼ 10 kV and R2 ¼ 40 kV

–

+
vi(t)

R2
R1

vo(t)
+

–
10 kΩ

0.1 μF

+
–

Figure P 14.8-6

P 14.8-7 The input to the circuit shown in Figure P 14.8-7 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Determine

the step response of this circuit.

Answer: vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ½ �u tð ÞV
P 14.8-8 The input to the circuit shown in Figure P 14.8-8 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 2þ 4e�3t � 6e�2t
� �

u tð ÞV

Determine the values of the inductance, L, the capacitance, C,

and the gain of the VCVS, k.

Answers: L ¼ 2 H; C ¼ 1=18 F; and k ¼ 2 V/V (one possible

solution)

P 14.8-9 The input to the circuit shown in Figure P 14.8-9 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t). The step response of this circuit is

vo tð Þ ¼ 0:5 1þ e�4t
� �

u tð ÞV
Determine the values of the inductance, L, and the resist-

ance, R.

Answers: L ¼ 6 H and R ¼ 12V

+
–

vo(t)

+

–

12 Ω

R

vi(t)

L

Figure P 14.8-9

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.8-8

+
–

+

–
va(t)vi(t) vb(t) = 5va(t)

+

–
vo(t)

+

–

4 Ω F

6 Ω2 H

1 12

Figure P 14.8-7

722 The Laplace Transform

Respuestas: R 5 5 kV, C 5 0.5 mF y L 5 1 H (una posible 
solución)

vi(t)
vo(t)

+

–

1 kΩ

10 kΩ

5 kΩ

R

C

L–

+

+
–

Figura P 14.8-5

P 14.8-6 La entrada al circuito que se muestra en la figura 
P 14.-8-6 es el voltaje, vi(t) de la fuente de voltaje indepen-
diente. La salida es el voltaje vo(t), a través del resistor de 
10 kV. Especifique valores de las resistencias, R1 y R2, de 
modo que la respuesta escalón de este circuito esté dada por

vo(t) 5 24 A1 2 e2250t Bu(t) V

Respuestas: R1 5 10 kV y R2 5 40 kV

–

+
vi(t)

R2
R1

vo(t)
+

–
10 kΩ

0.1 µF

+
–

Figura P 14.8-6

+
–

+
–

va(t)vi(t) vb(t) = 5va(t)
+

–
vo(t)

+

–

4 Ω F

6 Ω2 H

1 12

Figura P 14.8-7

P 14.8-7 La entrada al circuito que se muestra en la figura 
P 14.-8-7 es el voltaje, vi(t) de la fuente de voltaje indepen-
diente. La salida es el voltaje vo(t), a través del condensador. 
Determine la respuesta escalón de este circuito.

Respuesta: 
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P 14.8-5 The input to the circuit shown in Figure P 14.8-5 is

the voltage, vi(t), of the independent voltage source. The output

is the voltage, vo(t), across the 5-kV resistor. Specify values of

the resistance, R, the capacitance, C, and the inductance, L,

such that the transfer function of this circuit is given by

H sð Þ ¼ V o sð Þ
Vi sð Þ ¼

15� 106

sþ 2000ð Þ sþ 5000ð Þ
Answers: R ¼ 5kV; C ¼ 0:5mF; and L ¼ 1 H (one possible

solution)

vi(t)
vo(t)

+

–

1 kΩ

10 kΩ

5 kΩ

R

C

L–

+

+
–

Figure P 14.8-5

P 14.8-6 The input to the circuit shown in Figure P 14.8-6 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the 10-kV resistor. Specify

values of the resistances, R1 and R2, such that the step response

of this circuit is given by

vo tð Þ ¼ �4 1� e�250t
� �

u tð ÞV
Answers: R1 ¼ 10 kV and R2 ¼ 40 kV

–

+
vi(t)

R2
R1

vo(t)
+

–
10 kΩ

0.1 μF

+
–

Figure P 14.8-6

P 14.8-7 The input to the circuit shown in Figure P 14.8-7 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. Determine

the step response of this circuit.

Answer: vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ½ �u tð ÞV
P 14.8-8 The input to the circuit shown in Figure P 14.8-8 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 2þ 4e�3t � 6e�2t
� �

u tð ÞV

Determine the values of the inductance, L, the capacitance, C,

and the gain of the VCVS, k.

Answers: L ¼ 2 H; C ¼ 1=18 F; and k ¼ 2 V/V (one possible

solution)

P 14.8-9 The input to the circuit shown in Figure P 14.8-9 is

the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t). The step response of this circuit is

vo tð Þ ¼ 0:5 1þ e�4t
� �

u tð ÞV
Determine the values of the inductance, L, and the resist-

ance, R.

Answers: L ¼ 6 H and R ¼ 12V

+
–

vo(t)

+

–

12 Ω

R

vi(t)

L

Figure P 14.8-9

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.8-8

+
–

+

–
va(t)vi(t) vb(t) = 5va(t)

+

–
vo(t)

+

–

4 Ω F

6 Ω2 H

1 12

Figure P 14.8-7

722 The Laplace Transform

P 14.8-8 La entrada al circuito que se muestra en la figura 
P 14.8-8 es el voltaje vi(t) de la fuente de voltaje independiente. 

+
–

+
–

va(t)vi(t) vb(t) = k va(t)
+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figura P 14.8-8

La salida es el voltaje, vo(t), a través del condensador. La res-
puesta escalón de este circuito es

vo(t) 5 12 1 4e23t 2 6e22t 2u(t) V

Determine los valores de la inductancia, L, la capacitancia, C, 
y la ganancia de la VCVS, k.

Respuestas: L 5 2 H, C 5 1>18 F y k 5 2 V/V (una posible 
solución)

P 14.8-9 La entrada al circuito que se muestra en la figura 
P 14.8-9 es el voltaje vi(t) de la fuente de voltaje independien-
te. La salida es el voltaje, vo(t). La respuesta escalón de este 
circuito es

vo(t) 5 0.511 1 e24t 2u(t) V

Determine los valores de la inductancia, L, y de la resistencia, R.

Respuestas: L 5 6 H, R 5 12 V

+
– vo(t)

+

–

12 Ω

R

vi(t)

L

Figura P 14.8-9

i
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P 14.8-13 Un convertidor de digital a análogo (DAC) uti-
liza un circuito de filtro de amplificador operacional que se 
muestra en la figura P 14.8-13. El filtro recibe la salida de pul-
so desde el DAC y produce el voltaje análogo, vo. Determine 
la función de transferencia del filtro, Vo(s) > V(s). Suponga un 
amplificador operacional ideal.

+

–

v+
–

C2R1

+
vo

R2

R3

–

Entrada
desde el
canal de

DAC

Figura P 14.8-13 Filtro de convertidor de digital a analógico.

P 14.8-14 En la figura P 14.8-14 se muestra un circuito RLC 
en serie. Determine (a) la función de transferencia H(s); (b) 
la respuesta de impulso, y (c) la respuesta escalón para cada 
conjunto de valores del parámetro dado en la tabla siguiente.

+

–
+
–

vs vo

L R

C

Figura P 14.8-14

L C R

a 2 H 0.025 F 18 
b 2 H 0.025 F 8 
c 1 H 0.391 F 4 
d 2 H 0.125 F 8 

P 14.8-15 Un circuito se describe por la función de transfe-
rencia.
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P 14.8-10 An electric microphone and its associated circuit

can be represented by the circuit shown in Figure P 14.8-10.

Determine the transfer function H(s) ¼ V0(s)=V(s).

Answer:
V o sð Þ
V sð Þ ¼ RCs

R1Csþ 2ð Þ 2RCsþ 1ð Þ � 1
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+

vo(t)
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Figure P 14.8-10 Microphone circuit.

P 14.8-11 Engineers had avoided inductance in long-

distance circuits because it slows transmission. Oliver Heavi-

side proved that the addition of inductance to a circuit could

enable it to transmit without distortion. George A. Campbell of

the Bell Telephone Company designed the first practical

inductance loading coils, in which the induced field of each

winding of wire reinforced that of its neighbors so that the coil

supplied proportionally more inductance than resistance. Each

one of Campbell’s 300 test coils added 0.11H and 12V at

regular intervals along 35 miles of telephone wire (Nahin,

1990). The loading coil balanced the effect of the leakage

between the telephone wires represented by R and C in Figure

P 14.8-11. Determine the transfer function V2(s)=V1(s).

Answer:
V 2 sð Þ
V 1 sð Þ ¼

R

RLCs2 þ Lþ RxRCð Þsþ Rx þ R

+

12 Ω

R
v2Cv1

– –

+

0.11 H

Rx
L

Loading coil

Leakage
path

Figure P 14.8-11 Telephone and load coil circuit.

P 14.8-12 An op amp circuit for a band-pass filter is shown in

Figure P 14.8-12. Determine Vo(s)=V(s). Assume ideal op amps.

Answer:
V o sð Þ
V sð Þ ¼

� 1

R2C2

s

s2 þ 1

R1C1

sþ 1

R1R2C1C2
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Figure P 14.8-12

P 14.8-13 A digital-to-analog converter (DAC) uses an

op amp filter circuit shown in Figure P 14.8-13 (Garnett,

1992). The filter receives the pulse output from the DAC

and produces the analog voltage, vo. Determine the transfer

function of the filter, Vo(s)=V(s). Assume an ideal op amp.
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Figure P 14.8-13 Digital-to-analog converter filter.

P 14.8-14 A series RLC circuit is shown in Figure P 14.8-14.

Determine (a) the transfer function H(s), (b) the impulse

response, and (c) the step response for each set of parameter

values given in the table below.
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vs vo

L R

C

Figure P 14.8-14

L C R

a 2 H 0.025 F 18 V
b 2 H 0.025 F 8 V
c 1 H 0.391 F 4 V

d 2 H 0.125 F 8 V

P 14.8-15 A circuit is described by the transfer function

V o

V 1
¼ H sð Þ ¼ 9sþ 18

3s3 þ 18s2 þ 39s

Find the step response and impulse response of the circuit.

P 14.8-16 The input to the circuit shown in Figure P 14.8-16

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t), across the 15-kV resistor.

(a) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 1.5 V.

(b) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 4 cos (100t þ 30�) V.
(c) Determine the step response, vo(t), of this circuit.

Problems 723

Encuentre la respuesta escalón y la respuesta de impulso del 
circuito.

P 14.8-16 La entrada al circuito que se muestra en la figura 
P 14.8-16 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es el voltaje vo(t) a través del resistor de 15 kV.

(a)  Determine la respuesta de estado estable, vo(t), de este cir-
cuito cuando la entrada es vi(t) 5 1.5 V.

(b)  Determine la respuesta de estado estable, vo(t), de este cir-
cuito cuando la entrada es vi(t) 5 4 cos 1100t 1 30°2 V.

(c)  Determine la respuesta escalón, vo(t), de este circuito.

P 14.8-10 Un micrófono eléctrico y su circuito asociado se 
pueden representar por el circuito que se muestra en la figu-
ra P 14.8-10. Determine la función de transferencia H(s) 5 
Vs(s) > V(s).

Respuesta: 
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can be represented by the circuit shown in Figure P 14.8-10.
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Figure P 14.8-10 Microphone circuit.

P 14.8-11 Engineers had avoided inductance in long-

distance circuits because it slows transmission. Oliver Heavi-

side proved that the addition of inductance to a circuit could

enable it to transmit without distortion. George A. Campbell of

the Bell Telephone Company designed the first practical

inductance loading coils, in which the induced field of each

winding of wire reinforced that of its neighbors so that the coil

supplied proportionally more inductance than resistance. Each

one of Campbell’s 300 test coils added 0.11H and 12V at

regular intervals along 35 miles of telephone wire (Nahin,

1990). The loading coil balanced the effect of the leakage

between the telephone wires represented by R and C in Figure

P 14.8-11. Determine the transfer function V2(s)=V1(s).

Answer:
V 2 sð Þ
V 1 sð Þ ¼

R

RLCs2 þ Lþ RxRCð Þsþ Rx þ R

+
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+
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Figure P 14.8-11 Telephone and load coil circuit.

P 14.8-12 An op amp circuit for a band-pass filter is shown in

Figure P 14.8-12. Determine Vo(s)=V(s). Assume ideal op amps.

Answer:
V o sð Þ
V sð Þ ¼

� 1

R2C2

s

s2 þ 1

R1C1

sþ 1

R1R2C1C2
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Figure P 14.8-12

P 14.8-13 A digital-to-analog converter (DAC) uses an

op amp filter circuit shown in Figure P 14.8-13 (Garnett,

1992). The filter receives the pulse output from the DAC

and produces the analog voltage, vo. Determine the transfer

function of the filter, Vo(s)=V(s). Assume an ideal op amp.
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Figure P 14.8-13 Digital-to-analog converter filter.

P 14.8-14 A series RLC circuit is shown in Figure P 14.8-14.

Determine (a) the transfer function H(s), (b) the impulse

response, and (c) the step response for each set of parameter

values given in the table below.

+

–

+
–

vs vo

L R

C

Figure P 14.8-14

L C R

a 2 H 0.025 F 18 V
b 2 H 0.025 F 8 V
c 1 H 0.391 F 4 V

d 2 H 0.125 F 8 V

P 14.8-15 A circuit is described by the transfer function

V o

V 1
¼ H sð Þ ¼ 9sþ 18

3s3 þ 18s2 þ 39s

Find the step response and impulse response of the circuit.

P 14.8-16 The input to the circuit shown in Figure P 14.8-16

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t), across the 15-kV resistor.

(a) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 1.5 V.

(b) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 4 cos (100t þ 30�) V.
(c) Determine the step response, vo(t), of this circuit.
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C

R

v(t) +
–

+

vo(t)

–

R

CR1

Figura P 14.8-10 Circuito de micrófono.

P 14.8-11 Los ingenieros han evitado la inductancia en circui-
tos de larga distancia porque hace lenta la transmisión. Oliver 
Heaviside probó que la adición de inductancia a un circuito po-
dría permitirle transmitir sin distorsión. George A. Campbell,  
de la Bell Telephone Company, diseñó las primeras bobinas 
prácticas de carga de inductancia, en las cuales el campo in-
ducido de cada devanado de cable reforzaba el de sus veci-
nas de tal modo que la bobina alimentaba proporcionalmente 
más inductancia que resistencia. Cada una de las 300 bobina 
de prueba de Campbell agregaba 0.11 H y 12 V a intervalos 
regulares a lo largo de 35 millas de cable telefónico (Nahin, 
1990). La bobina de carga balanceaba el efecto de dispersión 
entre los cables telefónicos representados por R y C en la figura 
P 14.8-11. Determine la función de transferencia V2(s) > V1(s).

Respuesta: 
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P 14.8-10 An electric microphone and its associated circuit

can be represented by the circuit shown in Figure P 14.8-10.

Determine the transfer function H(s) ¼ V0(s)=V(s).

Answer:
V o sð Þ
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R1Csþ 2ð Þ 2RCsþ 1ð Þ � 1
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Figure P 14.8-10 Microphone circuit.

P 14.8-11 Engineers had avoided inductance in long-

distance circuits because it slows transmission. Oliver Heavi-

side proved that the addition of inductance to a circuit could

enable it to transmit without distortion. George A. Campbell of

the Bell Telephone Company designed the first practical

inductance loading coils, in which the induced field of each

winding of wire reinforced that of its neighbors so that the coil

supplied proportionally more inductance than resistance. Each

one of Campbell’s 300 test coils added 0.11H and 12V at

regular intervals along 35 miles of telephone wire (Nahin,

1990). The loading coil balanced the effect of the leakage

between the telephone wires represented by R and C in Figure

P 14.8-11. Determine the transfer function V2(s)=V1(s).

Answer:
V 2 sð Þ
V 1 sð Þ ¼

R

RLCs2 þ Lþ RxRCð Þsþ Rx þ R

+
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v2Cv1
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+
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Figure P 14.8-11 Telephone and load coil circuit.

P 14.8-12 An op amp circuit for a band-pass filter is shown in

Figure P 14.8-12. Determine Vo(s)=V(s). Assume ideal op amps.

Answer:
V o sð Þ
V sð Þ ¼

� 1

R2C2

s

s2 þ 1

R1C1

sþ 1

R1R2C1C2

+
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Figure P 14.8-12

P 14.8-13 A digital-to-analog converter (DAC) uses an

op amp filter circuit shown in Figure P 14.8-13 (Garnett,

1992). The filter receives the pulse output from the DAC

and produces the analog voltage, vo. Determine the transfer

function of the filter, Vo(s)=V(s). Assume an ideal op amp.
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Input
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Figure P 14.8-13 Digital-to-analog converter filter.

P 14.8-14 A series RLC circuit is shown in Figure P 14.8-14.

Determine (a) the transfer function H(s), (b) the impulse

response, and (c) the step response for each set of parameter

values given in the table below.

+

–

+
–

vs vo

L R

C

Figure P 14.8-14

L C R

a 2 H 0.025 F 18 V
b 2 H 0.025 F 8 V
c 1 H 0.391 F 4 V

d 2 H 0.125 F 8 V

P 14.8-15 A circuit is described by the transfer function

V o

V 1
¼ H sð Þ ¼ 9sþ 18

3s3 þ 18s2 þ 39s

Find the step response and impulse response of the circuit.

P 14.8-16 The input to the circuit shown in Figure P 14.8-16

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t), across the 15-kV resistor.

(a) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 1.5 V.

(b) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 4 cos (100t þ 30�) V.
(c) Determine the step response, vo(t), of this circuit.
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+

12 Ω

R
v2Cv1

– –

+

0.11 H

Rx
L

Bobina de carga

Ruta de
dispersión

Figura P 14.8-11 Circuito de teléfono y bobina de carga.

P 14.8-12 En la figura P 14.8-12 se muestra un circuito de 
amplificador operacional para un filtro de pasa banda. Determi-
ne Vo(s) > V(s). Suponga amplificadores operacionales ideales.

Respuesta: 
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can be represented by the circuit shown in Figure P 14.8-10.

Determine the transfer function H(s) ¼ V0(s)=V(s).
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Figure P 14.8-10 Microphone circuit.

P 14.8-11 Engineers had avoided inductance in long-

distance circuits because it slows transmission. Oliver Heavi-

side proved that the addition of inductance to a circuit could

enable it to transmit without distortion. George A. Campbell of

the Bell Telephone Company designed the first practical

inductance loading coils, in which the induced field of each

winding of wire reinforced that of its neighbors so that the coil

supplied proportionally more inductance than resistance. Each

one of Campbell’s 300 test coils added 0.11H and 12V at

regular intervals along 35 miles of telephone wire (Nahin,

1990). The loading coil balanced the effect of the leakage

between the telephone wires represented by R and C in Figure

P 14.8-11. Determine the transfer function V2(s)=V1(s).

Answer:
V 2 sð Þ
V 1 sð Þ ¼

R

RLCs2 þ Lþ RxRCð Þsþ Rx þ R
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Figure P 14.8-11 Telephone and load coil circuit.

P 14.8-12 An op amp circuit for a band-pass filter is shown in

Figure P 14.8-12. Determine Vo(s)=V(s). Assume ideal op amps.

Answer:
V o sð Þ
V sð Þ ¼

� 1

R2C2

s

s2 þ 1

R1C1

sþ 1

R1R2C1C2

+
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C1
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v +
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Figure P 14.8-12

P 14.8-13 A digital-to-analog converter (DAC) uses an

op amp filter circuit shown in Figure P 14.8-13 (Garnett,

1992). The filter receives the pulse output from the DAC

and produces the analog voltage, vo. Determine the transfer

function of the filter, Vo(s)=V(s). Assume an ideal op amp.
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Figure P 14.8-13 Digital-to-analog converter filter.

P 14.8-14 A series RLC circuit is shown in Figure P 14.8-14.

Determine (a) the transfer function H(s), (b) the impulse

response, and (c) the step response for each set of parameter

values given in the table below.
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–

+
–

vs vo

L R

C

Figure P 14.8-14

L C R

a 2 H 0.025 F 18 V
b 2 H 0.025 F 8 V
c 1 H 0.391 F 4 V

d 2 H 0.125 F 8 V

P 14.8-15 A circuit is described by the transfer function

V o

V 1
¼ H sð Þ ¼ 9sþ 18

3s3 þ 18s2 þ 39s

Find the step response and impulse response of the circuit.

P 14.8-16 The input to the circuit shown in Figure P 14.8-16

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t), across the 15-kV resistor.

(a) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 1.5 V.

(b) Determine the steady-state response, vo(t), of this circuit

when the input is vi(t) ¼ 4 cos (100t þ 30�) V.
(c) Determine the step response, vo(t), of this circuit.

Problems 723
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Figura P 14.8-12
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	 724	 Transformada de Laplace

+
–

µ

vo(t)

vi(t) +

–

–

+

1  F

10 kΩ

4 kΩ

15 kΩ

Figura P 14.8-16

P 14.8-17 La entrada al circuito que se muestra en la figura 
P 14.8-17 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es el voltaje del condensador, vo(t). Determine la respuesta es-
calón de este circuito. 

+
– vi(t) vo(t)

+

–

10 mF

50 Ω
8 Ω

4 H

Figura P 14.8-17

P 14.8-18 La entrada al circuito que se muestra en la figura 
P 14.8-18 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es el voltaje del resistor, vo(t). Especifique valores para L1, L2, 
R y K que hagan que la respuesta escalón del circuito sea

vo(t) = (1 + 0.667e-50t – 1.667e-20t)u(t)V 

+
–

+
–

ia

Kia

L1 L2 +

–

R vo(t)vi(t)

Figura P 14.8-18

P 14.8-19 La entrada al circuito que se muestra en la figura 
P 14.8-19 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es el voltaje del condensador, vo(t). Determine la respuesta es-
calón de este circuito. 

+
–

R1

R2

L +

–

C vo(t)vi(t)

Figura P 14.8-19

P 14.8-20 La entrada al circuito que se muestra en la figura 
P 14.8-20 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es la corriente del inductor, io(t). Especifique valores para L, C 
y K que hagan que la respuesta escalón del circuito sea

vs1t2 5 13.2 2 13.2e25t 1 16te25t 22u1t2 V 

+ –va(t)

C

+
–

vi (t)
40 Ω

10 Ω

+ –

Kva(t)

20 Ω

L

io(t)

Figura P 14.8-20

P 14.8-21 La entrada a un circuito es el voltaje, vi(t), y la sa-
lida es el voltaje vo(t). La respuesta de impulso del circuito es

vo1t2 5 6.5e22t cos 12t 1 22.6º2u1t2 V 
Determine la respuesta de impulso de este circuito.

P 14.8-22 La entrada a un circuito es el voltaje vi(t), y la 
salida es el voltaje vo(t). La respuesta escalón del circuito es

vo1t2 5 C1 2 e2t 11 1 3t2D u1t2 V 
Determine la respuesta de impulso de este circuito.

P 14.8-23 La entrada al circuito que se muestra en la figura 
P 14.8-23 es el voltaje de la fuente de voltaje, vi(t), y la salida 
es el voltaje, vo(t). Determine la respuesta escalón del circuito.

+

–

vo(t)

50 mF

+
–vi(t)

40 Ω
10 Ω

+ –

20ia(t)

20 Ω ia(t)
4 H

Figura P 14.8-23

P 14.8-24 La función de transferencia de un circuito es H(s) 5 
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Figure P 14.8-16

P 14.8-17 The input to the circuit shown in Figure P 14.8-17

is the voltage of the voltage source, vi(t), and the output is the

capacitor voltage, vo(t). Determine the step response of this

circuit.

+
– vi(t) vo(t)

+

–

10 mF

50 Ω
8 Ω

4 H

Figure P 14.8-17

P 14.8-18 The input to the circuit shown in Figure P 14.8-18

is the voltage of the voltage source, vi(t), and the output is the

resistor voltage, vo(t). Specify values for L1, L2, R, and K that

cause the step response of the circuit to be

vo tð Þ ¼ 1þ 0:667e�50t � 1:667e�20t
� �

u tð ÞV

+
–

+

–

ia

Kia

L1 L2 +

–

R vo(t)vi(t)

Figure P 14.8-18

P 14.8-19 The input to the circuit shown in Figure P 14.8-19

is the voltage of the voltage source, vi(t), and the output is the

capacitor voltage, vo(t). Determine the step response of this

circuit.

+
–

R1

R2

L +

–

C vo(t)vi(t)

Figure P 14.8-19

P 14.8-20 The input to the circuit shown in Figure P 14.8-20

is the voltage of the voltage source, vi(t), and the output is the

inductor current, io(t). Specify values for L, C, andK that cause

the step response of the circuit to be

vo tð Þ ¼ 3:2� 3:2e�5t þ 16te�5t
� �� �

u tð ÞV

+ –va(t)

C

+
–

vi(t)
40 Ω

10 Ω

+ –

Kva(t)

20 Ω

L

io(t)

Figure P 14.8-20

P 14.8-21 The input to a circuit is the voltage vi(t) and the

output is the voltage vo(t). The impulse response of the circuit is

vo tð Þ ¼ 6:5e�2tcos 2t þ 22:6�ð Þu tð ÞV
Determine the step response of this circuit.

P 14.8-22 The input to a circuit is the voltage vi(t) and the

output is the voltage vo(t). The step response of the circuit is

vo tð Þ ¼ 1� e�t 1þ 3tð Þ½ �u tð ÞV
Determine the impulse response of this circuit.

P 14.8-23 The input to the circuit shown in Figure P 14.8-23

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t). Determine the step response of the circuit.

+

–

vo(t)

50 mF

+
–

vi(t)
40 Ω

10 Ω

+ –

20ia(t)

20 Ω ia(t)
4 H

Figure P 14.8-23

P 14.8-24 The transfer function of a circuit is H sð Þ¼
12

s2 þ 8sþ 16
. Determine the step response of this circuit.

P 14.8-25 The transfer function of a circuit is H sð Þ¼
80s

s2 þ 8sþ 25
. Determine the step response of this circuit.

Section 14.9 Convolution

P 14.9-1 Let f(t) denote the 1-s pulse given by f (t) ¼ u(t)�u

(t�1). Determine the convolution f(t)�f(t), which is the con-

volution of the pulse with itself.

Answer: f tð Þ � f tð Þ ¼ tu tð Þ � 2 t � 1ð Þu t � 1ð Þ þ t � 2ð Þ
u t � 2ð Þ

724 The Laplace Transform

 Determine la respuesta escalón de este circuito.

P 14.8-25 La función de transferencia de un circuito es H(s) 5 
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Figure P 14.8-16

P 14.8-17 The input to the circuit shown in Figure P 14.8-17

is the voltage of the voltage source, vi(t), and the output is the

capacitor voltage, vo(t). Determine the step response of this

circuit.
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Figure P 14.8-17

P 14.8-18 The input to the circuit shown in Figure P 14.8-18

is the voltage of the voltage source, vi(t), and the output is the

resistor voltage, vo(t). Specify values for L1, L2, R, and K that

cause the step response of the circuit to be

vo tð Þ ¼ 1þ 0:667e�50t � 1:667e�20t
� �

u tð ÞV

+
–

+

–

ia

Kia

L1 L2 +

–

R vo(t)vi(t)

Figure P 14.8-18

P 14.8-19 The input to the circuit shown in Figure P 14.8-19

is the voltage of the voltage source, vi(t), and the output is the

capacitor voltage, vo(t). Determine the step response of this

circuit.

+
–

R1

R2

L +

–

C vo(t)vi(t)

Figure P 14.8-19

P 14.8-20 The input to the circuit shown in Figure P 14.8-20

is the voltage of the voltage source, vi(t), and the output is the

inductor current, io(t). Specify values for L, C, andK that cause

the step response of the circuit to be

vo tð Þ ¼ 3:2� 3:2e�5t þ 16te�5t
� �� �

u tð ÞV

+ –va(t)

C

+
–

vi(t)
40 Ω

10 Ω

+ –

Kva(t)

20 Ω

L

io(t)

Figure P 14.8-20

P 14.8-21 The input to a circuit is the voltage vi(t) and the

output is the voltage vo(t). The impulse response of the circuit is

vo tð Þ ¼ 6:5e�2tcos 2t þ 22:6�ð Þu tð ÞV
Determine the step response of this circuit.

P 14.8-22 The input to a circuit is the voltage vi(t) and the

output is the voltage vo(t). The step response of the circuit is

vo tð Þ ¼ 1� e�t 1þ 3tð Þ½ �u tð ÞV
Determine the impulse response of this circuit.

P 14.8-23 The input to the circuit shown in Figure P 14.8-23

is the voltage of the voltage source, vi(t), and the output is the

voltage, vo(t). Determine the step response of the circuit.

+

–

vo(t)

50 mF

+
–

vi(t)
40 Ω

10 Ω

+ –

20ia(t)

20 Ω ia(t)
4 H

Figure P 14.8-23

P 14.8-24 The transfer function of a circuit is H sð Þ¼
12

s2 þ 8sþ 16
. Determine the step response of this circuit.

P 14.8-25 The transfer function of a circuit is H sð Þ¼
80s

s2 þ 8sþ 25
. Determine the step response of this circuit.

Section 14.9 Convolution

P 14.9-1 Let f(t) denote the 1-s pulse given by f (t) ¼ u(t)�u

(t�1). Determine the convolution f(t)�f(t), which is the con-

volution of the pulse with itself.

Answer: f tð Þ � f tð Þ ¼ tu tð Þ � 2 t � 1ð Þu t � 1ð Þ þ t � 2ð Þ
u t � 2ð Þ

724 The Laplace Transform

 Determine la respuesta escalón de este circuito.

Sección 14.9 Convolución

P 14.9-1 Sea ƒ(t) la que indique el pulso 1 s dado por ƒ(t) 5 
u(t)2u(t – 1). Determine la convolución ƒ(t) 
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PSpice Problems
SP 13-1 The input to the circuit shown in Figure SP 13-1 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the parallel connection of the capacitor and 1-kV resistor.

The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 250 rad/s and k ¼ 0.2 V/V

+
– vo(t)

+

–

vi(t) 5 1 kΩ

4 kΩ

Fμ

Figure SP 13-1

SP 13-2 The input to the circuit shown in Figure SP 13-2 is the

voltage of the voltage source, vi(t). The output is the voltage,

vo(t), across the series connection of the inductor and 60-V
resistor. The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Use PSpice to plot the frequency response of this circuit. Deter-

mine the values of the pole, p, of the zero, z, and of the dc gain, k.

Answers: p ¼ 20 rad/s, z ¼ 12 rad/s, and k ¼ 0.6 V/V

+
– vo(t)

+

–

vi(t)

5 H

60 Ω

40 Ω

Figure SP 13-2

SP 13-3 The input to the circuit shown in Figure SP 13-3 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across 30-kV resistor. The network function

that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 100 rad/s and k ¼ 4V/V

+
–

+

–
vo(t)vi(t) 6 vC(t)5 F

+

–

vC(t)
+

–

2 kΩ 15 kΩ

30 kΩμ

Figure SP 13-3

SP 13-4 The input to the circuit shown in Figure SP 13-4 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across 20-kV resistor. The network function

that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 10 rad/s and k ¼ 5 V/V

+
–

–

+ +

–

20 kΩ

50 kΩ

10 kΩ

vi(t)

vo(t)

2 Fμ

Figure SP 13-4

SP 13-5 Figure SP 13-5 shows a circuit and a frequency

response. The frequency response plots were made using

PSpice and Probe. V(R3:2) and Vp(R3:2) denote the magni-

tude and angle of the phasor corresponding to vo(t). V(V1:þ)

and Vp(V1:þ) denote the magnitude and angle of the phasor

corresponding to vi(t). Hence, V(R3:2)=V(V1:þ) is the gain of

the circuit and Vp(R3:2) – Vp(V1:þ) is the phase shift of the

circuit.

Determine values for R and C required to make the

circuit correspond to the frequency response.

Hint:PSpice andProbeusemformilli or 10�3.Hence, the label

(159.513, 892.827m) indicates that the gain of the circuit is

892.827�10�3 ¼ 0.892827 at a frequency of 159.513 Hz �
1000 rad/sec.

Answers: R ¼ 5 kV and C ¼ 0:2mF

656 Frequency Response

ƒ(t), la cual es la 
convolución del pulso consigo mismo.

Respuesta: ƒ(t) 
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PSpice Problems
SP 13-1 The input to the circuit shown in Figure SP 13-1 is the

voltage of the voltage source, vi(t). The output is the voltage, vo(t),

across the parallel connection of the capacitor and 1-kV resistor.

The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 250 rad/s and k ¼ 0.2 V/V
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– vo(t)

+

–
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4 kΩ
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Figure SP 13-1

SP 13-2 The input to the circuit shown in Figure SP 13-2 is the

voltage of the voltage source, vi(t). The output is the voltage,

vo(t), across the series connection of the inductor and 60-V
resistor. The network function that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼ k

1þ j
v

z

1þ j
v

p

Use PSpice to plot the frequency response of this circuit. Deter-

mine the values of the pole, p, of the zero, z, and of the dc gain, k.

Answers: p ¼ 20 rad/s, z ¼ 12 rad/s, and k ¼ 0.6 V/V
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+
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40 Ω
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SP 13-3 The input to the circuit shown in Figure SP 13-3 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across 30-kV resistor. The network function

that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 100 rad/s and k ¼ 4V/V

+
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+

–
vo(t)vi(t) 6 vC(t)5 F

+

–

vC(t)
+

–

2 kΩ 15 kΩ

30 kΩμ

Figure SP 13-3

SP 13-4 The input to the circuit shown in Figure SP 13-4 is

the voltage of the voltage source, vi(t). The output is the

voltage, vo(t), across 20-kV resistor. The network function

that represents this circuit is

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

k

1þ j
v

p

Use PSpice to plot the frequency response of this circuit.

Determine the values of the pole, p, and of the dc gain, k.

Answers: p ¼ 10 rad/s and k ¼ 5 V/V
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–

–
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–

20 kΩ

50 kΩ

10 kΩ

vi(t)

vo(t)

2 Fμ

Figure SP 13-4

SP 13-5 Figure SP 13-5 shows a circuit and a frequency

response. The frequency response plots were made using

PSpice and Probe. V(R3:2) and Vp(R3:2) denote the magni-

tude and angle of the phasor corresponding to vo(t). V(V1:þ)

and Vp(V1:þ) denote the magnitude and angle of the phasor

corresponding to vi(t). Hence, V(R3:2)=V(V1:þ) is the gain of

the circuit and Vp(R3:2) – Vp(V1:þ) is the phase shift of the

circuit.

Determine values for R and C required to make the

circuit correspond to the frequency response.

Hint:PSpice andProbeusemformilli or 10�3.Hence, the label

(159.513, 892.827m) indicates that the gain of the circuit is

892.827�10�3 ¼ 0.892827 at a frequency of 159.513 Hz �
1000 rad/sec.

Answers: R ¼ 5 kV and C ¼ 0:2mF

656 Frequency Response

 ƒ(t) 5 tu(t) 2 2(t 2 1)u(t 2 1) 1 (t 2 2)
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 Problemas 725

diente. La salida es el voltaje, vo(t), a través del condensador. 
La respuesta escalón de este circuito es

E1C14_1 11/25/2009 725

P 14.9-2 Consider a pulse of amplitude 2 and a duration of 2 s

with its starting point at t ¼ 0. Find the convolution of this

pulse with itself.

P 14.9-3 A circuit is shown in Figure P 14.9-3. Determine (a)

the transfer function V2(s)=V1(s) and (b) the response v2(t)

when v1 ¼ tu(t).

Answer: v2 ¼ t � 1� e�t/RC
� �

=RC; t � 0

v1

R

C v2

+

–

+
–

Figure P 14.9-3

P 14.9-4 Find the convolution of h(t) ¼ t u(t) and f(t) ¼ e�at

u(t) for t > 0 using the convolution integral and the inverse

transform of H(s)F(s).

Answer:
at � 1þ e�at

a2
; t > 0

Section 14.10 Stability

P 14.10-1 The input to the circuit shown in Figure P 14.10-1

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the resistor labeled R. The

step response of this circuit is

vo tð Þ ¼ 3=4ð Þ 1� e�100t
� �

u tð ÞV

(a) Determine the value of the inductance, L, and the value of

the resistance, R.

(b) Determine the impulse response of this circuit.

(c) Determine the steady-state response of the circuit when

the input is vi(t) ¼ 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figure P 14.10-1

P 14.10-2 The input to the circuit shown in Figure P 14.10-2

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ� �
u tð ÞV

Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 5 cos 2t þ 45�ð ÞV
Answer: vo tð Þ ¼ 12:5 cos 2t � 45�ð ÞV
P 14.10-3 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is

h tð Þ ¼ 30te�5tu tð ÞV
Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 10 cos 3tð ÞV
Answer: vo tð Þ ¼ 8:82 cos 3t � 62�ð ÞV
P 14.10-4 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 40þ 1:03e�8t � 41e�320t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-5 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 60 e�2t � e�6t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-6 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 4þ 32e�90t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.10-2

Problems 725

Determine la respuesta de estado estable de este circuito cuan-
do la entrada es

vi1t2 5 5 cos 12t 1 45°2 V 

Respuesta: vo1t2 5 12.5 cos 12t 2 45°2 V
P 14.10-3 La entrada a un circuito lineal es el voltaje vi(t) y 
la respuesta es el voltaje vo(t). La respuesta de impulso, h(t), 
de este circuito es

h(t) 5 30e25tu(t)V
Determine la respuesta de estado estable de este circuito cuan-
do la entrada es

vi(t) 5 10 cos (3t) V 

Respuesta: vo1t2 5 8.82 cos 13t 2 62°2 V
P 14.10-4 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje vo. La respuesta escalón del circuito es

vo1t2 5 140 1 1.03e28t 2 41e2320t 2u1t2
Determine la función de red
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P 14.9-2 Consider a pulse of amplitude 2 and a duration of 2 s

with its starting point at t ¼ 0. Find the convolution of this

pulse with itself.

P 14.9-3 A circuit is shown in Figure P 14.9-3. Determine (a)

the transfer function V2(s)=V1(s) and (b) the response v2(t)

when v1 ¼ tu(t).

Answer: v2 ¼ t � 1� e�t/RC
� �

=RC; t � 0

v1

R

C v2

+

–

+
–

Figure P 14.9-3

P 14.9-4 Find the convolution of h(t) ¼ t u(t) and f(t) ¼ e�at

u(t) for t > 0 using the convolution integral and the inverse

transform of H(s)F(s).

Answer:
at � 1þ e�at

a2
; t > 0

Section 14.10 Stability

P 14.10-1 The input to the circuit shown in Figure P 14.10-1

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the resistor labeled R. The

step response of this circuit is

vo tð Þ ¼ 3=4ð Þ 1� e�100t
� �

u tð ÞV

(a) Determine the value of the inductance, L, and the value of

the resistance, R.

(b) Determine the impulse response of this circuit.

(c) Determine the steady-state response of the circuit when

the input is vi(t) ¼ 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figure P 14.10-1

P 14.10-2 The input to the circuit shown in Figure P 14.10-2

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ� �
u tð ÞV

Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 5 cos 2t þ 45�ð ÞV
Answer: vo tð Þ ¼ 12:5 cos 2t � 45�ð ÞV
P 14.10-3 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is

h tð Þ ¼ 30te�5tu tð ÞV
Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 10 cos 3tð ÞV
Answer: vo tð Þ ¼ 8:82 cos 3t � 62�ð ÞV
P 14.10-4 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 40þ 1:03e�8t � 41e�320t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-5 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 60 e�2t � e�6t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-6 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 4þ 32e�90t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.10-2

Problems 725

del circuito y bosqueje el diagrama de Bode de magnitud asin-
tótica.

P 14.10-5 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje, vo. La respuesta escalón del circuito es

vo1t2 5 601e22t 2 e26t 2u1t2
Determine la función de red
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P 14.9-2 Consider a pulse of amplitude 2 and a duration of 2 s

with its starting point at t ¼ 0. Find the convolution of this

pulse with itself.

P 14.9-3 A circuit is shown in Figure P 14.9-3. Determine (a)

the transfer function V2(s)=V1(s) and (b) the response v2(t)

when v1 ¼ tu(t).

Answer: v2 ¼ t � 1� e�t/RC
� �

=RC; t � 0

v1

R

C v2

+

–

+
–

Figure P 14.9-3

P 14.9-4 Find the convolution of h(t) ¼ t u(t) and f(t) ¼ e�at

u(t) for t > 0 using the convolution integral and the inverse

transform of H(s)F(s).

Answer:
at � 1þ e�at

a2
; t > 0

Section 14.10 Stability

P 14.10-1 The input to the circuit shown in Figure P 14.10-1

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the resistor labeled R. The

step response of this circuit is

vo tð Þ ¼ 3=4ð Þ 1� e�100t
� �

u tð ÞV

(a) Determine the value of the inductance, L, and the value of

the resistance, R.

(b) Determine the impulse response of this circuit.

(c) Determine the steady-state response of the circuit when

the input is vi(t) ¼ 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figure P 14.10-1

P 14.10-2 The input to the circuit shown in Figure P 14.10-2

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ� �
u tð ÞV

Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 5 cos 2t þ 45�ð ÞV
Answer: vo tð Þ ¼ 12:5 cos 2t � 45�ð ÞV
P 14.10-3 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is

h tð Þ ¼ 30te�5tu tð ÞV
Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 10 cos 3tð ÞV
Answer: vo tð Þ ¼ 8:82 cos 3t � 62�ð ÞV
P 14.10-4 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 40þ 1:03e�8t � 41e�320t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-5 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 60 e�2t � e�6t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-6 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 4þ 32e�90t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

+
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+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.10-2

Problems 725

del circuito y bosqueje el diagrama de Bode de magnitud asin-
tótica.

P 14.10-6 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje, vo. La respuesta escalón del circuito es

vo1t2 5 14 1 32e290t 2u1t2
Determine la función de red
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P 14.9-2 Consider a pulse of amplitude 2 and a duration of 2 s

with its starting point at t ¼ 0. Find the convolution of this

pulse with itself.

P 14.9-3 A circuit is shown in Figure P 14.9-3. Determine (a)

the transfer function V2(s)=V1(s) and (b) the response v2(t)

when v1 ¼ tu(t).

Answer: v2 ¼ t � 1� e�t/RC
� �

=RC; t � 0

v1

R

C v2

+

–

+
–

Figure P 14.9-3

P 14.9-4 Find the convolution of h(t) ¼ t u(t) and f(t) ¼ e�at

u(t) for t > 0 using the convolution integral and the inverse

transform of H(s)F(s).

Answer:
at � 1þ e�at

a2
; t > 0

Section 14.10 Stability

P 14.10-1 The input to the circuit shown in Figure P 14.10-1

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the resistor labeled R. The

step response of this circuit is

vo tð Þ ¼ 3=4ð Þ 1� e�100t
� �

u tð ÞV

(a) Determine the value of the inductance, L, and the value of

the resistance, R.

(b) Determine the impulse response of this circuit.

(c) Determine the steady-state response of the circuit when

the input is vi(t) ¼ 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figure P 14.10-1

P 14.10-2 The input to the circuit shown in Figure P 14.10-2

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ� �
u tð ÞV

Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 5 cos 2t þ 45�ð ÞV
Answer: vo tð Þ ¼ 12:5 cos 2t � 45�ð ÞV
P 14.10-3 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is

h tð Þ ¼ 30te�5tu tð ÞV
Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 10 cos 3tð ÞV
Answer: vo tð Þ ¼ 8:82 cos 3t � 62�ð ÞV
P 14.10-4 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 40þ 1:03e�8t � 41e�320t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-5 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 60 e�2t � e�6t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-6 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 4þ 32e�90t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.10-2
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del circuito y bosqueje el diagrama de Bode de magnitud asin-
tótica.

P 14.9-2 Considere un pulso de amplitud 2 y una duración de 
2 s con su punto de inicio en t 5 0. Encuentre la convolución 
de este pulso consigo mismo.

P 14.9-3 Un circuito se muestra en la figura P 14.-9-3. Deter-
mine (a) la función de transferencia V2(s) > V1(s) y (b) la res-
puesta v2(t) cuando v1 5 tu(t).

Respuesta: v2 5 t 2 1 11 2 e2t/RC 2 > RC, t 
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Second, we need to find w1 for the first 60 s as

w1 ¼
Z 60

0
DBe�t/30 � 10�3
� �

dt ¼ DB� 10�3e�t=30

�1=30

����
60

0

¼ �30DB� 10�3 e�2 � 1ð Þ ¼ 25:9DB� 10�3 J

Because we require w1� 40 mJ,

40 � 25:9DB

Next, select the limiting value, D¼ 1, to get

B � 40

25; :9ð Þ 1ð Þ ¼ 1:54 V

Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA.

Verify the Proposed Solution
Wemust verify that at least 40 mJ is supplied using the 2-V battery. Because i¼ e�t/60 mA and

v2¼ 2e�t/60 V, the energy supplied by the battery is

w ¼
Z 60

0
2e�t/60
� �

e�t/60 � 10�3
� �

dt ¼
Z 60

0
2e�t/30 � 10�3 dt ¼ 51:8 mJ

Thus, we have verified the solution, and we communicate it by recording the require-

ment for a 2-V battery.

PROBLEMS

Section 1.2 Electric Circuits and Current

P 1.2-1 The total charge that has entered a circuit element is q

(t)¼ 1.25(1�e�5t) when t� 0 and q(t)¼ 0 when t< 0. Deter-

mine the current in this circuit element for t� 0.

Answer: i tð Þ ¼ 6:25e�5t A

P 1.2-2 The current in a circuit element is i(t)¼ 4(1�e�5t) A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

Answer: q tð Þ ¼ 4t þ 0:8e�5t � 0:8 C for t � 0

P 1.2-3 The current in a circuit element is i(t)¼ 4 sin 5t A

when t� 0 and i(t)¼ 0 when t< 0. Determine the total charge

that has entered a circuit element for t� 0.

Hint: q 0ð Þ ¼
Z 0

�1
i tð Þ dt ¼

Z 0

�1
0 dt ¼ 0

1.9 SUMMARY
Charge is the intrinsic property of matter responsible for

electric phenomena. The current in a circuit element is the

rate of movement of charge through the element. The

voltage across an element indicates the energy available

to cause charge to move through the element.

Given the current, i, and voltage, v, of a circuit element, the

power, p, and energy, w, are given by

p ¼ v � i and w ¼
Z t

0
pdt

Table 1.5-1 summarizes the use of the passive convention

when calculating the power supplied or received by a circuit

element.

The SI units (Table 1.3-1) are used by today’s engineers and

scientists. Using decimal prefixes (Table 1.3-3), we may

simply express electrical quantities with a wide range of

magnitudes.

Problems 15

 0

v1

R

C v2

+

–

+
–

Figura P 14.9-3

P 14.9-4 Encuentre la convolución de h(t) 5 t u (t) y ƒ(t) 5 
e2at u(t) para t . 0 utilizando la convolución integral y la 
transformada inversa de H(s)F(s).

Respuesta: 
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P 14.9-2 Consider a pulse of amplitude 2 and a duration of 2 s

with its starting point at t ¼ 0. Find the convolution of this

pulse with itself.

P 14.9-3 A circuit is shown in Figure P 14.9-3. Determine (a)

the transfer function V2(s)=V1(s) and (b) the response v2(t)

when v1 ¼ tu(t).

Answer: v2 ¼ t � 1� e�t/RC
� �

=RC; t � 0

v1

R

C v2

+

–

+
–

Figure P 14.9-3

P 14.9-4 Find the convolution of h(t) ¼ t u(t) and f(t) ¼ e�at

u(t) for t > 0 using the convolution integral and the inverse

transform of H(s)F(s).

Answer:
at � 1þ e�at

a2
; t > 0

Section 14.10 Stability

P 14.10-1 The input to the circuit shown in Figure P 14.10-1

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the resistor labeled R. The

step response of this circuit is

vo tð Þ ¼ 3=4ð Þ 1� e�100t
� �

u tð ÞV

(a) Determine the value of the inductance, L, and the value of

the resistance, R.

(b) Determine the impulse response of this circuit.

(c) Determine the steady-state response of the circuit when

the input is vi(t) ¼ 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figure P 14.10-1

P 14.10-2 The input to the circuit shown in Figure P 14.10-2

is the voltage, vi(t), of the independent voltage source. The

output is the voltage, vo(t), across the capacitor. The step

response of this circuit is

vo tð Þ ¼ 5� 5e�2t 1þ 2tð Þ� �
u tð ÞV

Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 5 cos 2t þ 45�ð ÞV
Answer: vo tð Þ ¼ 12:5 cos 2t � 45�ð ÞV
P 14.10-3 The input to a linear circuit is the voltage vi(t) and

the response is the voltage vo(t). The impulse response, h(t), of

this circuit is

h tð Þ ¼ 30te�5tu tð ÞV
Determine the steady-state response of this circuit when the

input is

vi tð Þ ¼ 10 cos 3tð ÞV
Answer: vo tð Þ ¼ 8:82 cos 3t � 62�ð ÞV
P 14.10-4 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 40þ 1:03e�8t � 41e�320t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-5 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 60 e�2t � e�6t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

P 14.10-6 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 4þ 32e�90t
� �

u tð Þ
Determine the network function

H vð Þ ¼ Vo vð Þ
Vs vð Þ

of the circuit and sketch the asymptotic magnitude Bode plot.

+
–

+

–
va(t)vi(t) vb(t) = k va(t)

+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figure P 14.10-2

Problems 725

Sección 14.10 Estabilidad

P 14.10-1 La entrada al circuito que se muestra en la figura 
P 14.-10-1 es el voltaje vi(t), de la fuente de voltaje indepen-
diente. La salida es el voltaje, vo(t), a través del resistor etique-
tado R. La respuesta escalón de este circuito es

vo1t2 5 13/4211 2 e2100t 2u1t2 V
(a)  Determine el valor de la inductancia, L y el valor de la 

resistencia, R.
(b)  Determine la respuesta de impulso de este circuito.
(c)  Determine la respuesta de estado estable del circuito cuan-

do la entrada es, vi(t) 5 5 cos 100 t V.

+
–vi(t) vo(t)

+

–

5 Ω

R

L

Figura P 14.10-1

P 14.10-2 La entrada al circuito que se muestra en la figura 
P 14.-10-2 es el voltaje vi(t) de la fuente de voltaje indepen-

+
–

+
–

va(t)vi(t) vb(t) = k va(t)
+

–
vo(t)

+

–

4 Ω

6 ΩL

C

Figura P 14.10-2
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P 14.10-7 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje vo. La respuesta escalón del circuito es

E1C14_1 11/25/2009 726

P 14.10-7 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 5

3
e�5t � e�20t
� �

u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 30tð ÞV
P 14.10-8 The input to a circuit is the voltage vs. The output

is the voltage vo. The impluse response of the circuit is

vo tð Þ ¼ e�5t 10� 50tð Þu tð ÞV
Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 10tð ÞV
P 14.10-9 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 1� e�20t cos 4tð Þ þ 0:5 sin 4tð Þð Þ� �
u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 4tð ÞV
P 14.10-10 The transfer function of a circuit is if H sð Þ ¼
20

sþ 8
. When the input to this circuit is sinusoidal, the output is

also sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2 be the

frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine

the values of v1 and v2.

P 14.10-11 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-11. (There are no zeros.) The dc

gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]
−2−5

Figure P 14.10-11

Determine the step response of the circuit.

P 14.10-12 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-12. At v ¼ 5 rad/s, the gain of the

circuit is

H 5ð Þ ¼ 10

jIm[s]

Re[s]

−j3

−4

+j3

Figure P 14.10-12

Determine the step response of the circuit.

P 14.10-13 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-13. (There is a double pole at

s ¼ �4.) The dc gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figure P 14.10-13

Determine the step response of the circuit.

P 14.10-14 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5e�4tsin 2tð Þu tð ÞV
Sketch the pole-zero diagram for this circuit.

P 14.10-15 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5te�4tu tð ÞV
Sketch the pole-zero diagram for this circuit.
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Determine la respuesta de estado estable del circuito cuando 
la entrada es

Vs 1t2 5 12 cos 130t2 V 

P 14.10-8 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje vo. La respuesta de impulso del circuito es

vo1t2 5 e25t 110 2 50t2u1t2 V
Determine la respuesta de estado estable del circuito cuando 
la entrada es

Vs 1t2 5 12 cos 110t2 V 

P 14.10-9 La entrada a un circuito es el voltaje vs. La salida 
es el voltaje vo. La respuesta escalón del circuito es

vo1t2 5 A1 2 e220t1cos 14t2 1 0.5 sen 14t22B u1t2 V
Determine la respuesta de estado estable del circuito cuando 
la entrada es

vs 1t2 5 12 cos 14t2 V 

P 14.10-10 La función de transferencia de un circuito es, si 

H(s) 5 
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P 14.10-7 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 5

3
e�5t � e�20t
� �

u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 30tð ÞV
P 14.10-8 The input to a circuit is the voltage vs. The output

is the voltage vo. The impluse response of the circuit is

vo tð Þ ¼ e�5t 10� 50tð Þu tð ÞV
Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 10tð ÞV
P 14.10-9 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 1� e�20t cos 4tð Þ þ 0:5 sin 4tð Þð Þ� �
u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 4tð ÞV
P 14.10-10 The transfer function of a circuit is if H sð Þ ¼
20

sþ 8
. When the input to this circuit is sinusoidal, the output is

also sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2 be the

frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine

the values of v1 and v2.

P 14.10-11 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-11. (There are no zeros.) The dc

gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]
−2−5

Figure P 14.10-11

Determine the step response of the circuit.

P 14.10-12 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-12. At v ¼ 5 rad/s, the gain of the

circuit is

H 5ð Þ ¼ 10

jIm[s]

Re[s]

−j3

−4

+j3

Figure P 14.10-12

Determine the step response of the circuit.

P 14.10-13 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-13. (There is a double pole at

s ¼ �4.) The dc gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figure P 14.10-13

Determine the step response of the circuit.

P 14.10-14 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5e�4tsin 2tð Þu tð ÞV
Sketch the pole-zero diagram for this circuit.

P 14.10-15 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5te�4tu tð ÞV
Sketch the pole-zero diagram for this circuit.
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 Cuando la entrada de este circuito es senoidal, 

la salida también es senoidal. Sea 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

1 la frecuencia a la cual la 
sinusoide de salida sea dos veces las dimensiones de la si-
nusoide de entrada, y sea 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

2 la frecuencia a la que la sinusoide 
de salida se retarde un lapso de una décima con respecto a la 
sinusoide de entrada. Determine los valores de 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.
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P 14.10-11 La entrada a un circuito lineal es el voltaje vi. La 
salida es el voltaje vo. La función de transferencia del circuito es
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P 14.10-7 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 5

3
e�5t � e�20t
� �

u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 30tð ÞV
P 14.10-8 The input to a circuit is the voltage vs. The output

is the voltage vo. The impluse response of the circuit is

vo tð Þ ¼ e�5t 10� 50tð Þu tð ÞV
Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 10tð ÞV
P 14.10-9 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 1� e�20t cos 4tð Þ þ 0:5 sin 4tð Þð Þ� �
u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 4tð ÞV
P 14.10-10 The transfer function of a circuit is if H sð Þ ¼
20

sþ 8
. When the input to this circuit is sinusoidal, the output is

also sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2 be the

frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine

the values of v1 and v2.

P 14.10-11 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-11. (There are no zeros.) The dc

gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]
−2−5

Figure P 14.10-11

Determine the step response of the circuit.

P 14.10-12 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-12. At v ¼ 5 rad/s, the gain of the

circuit is

H 5ð Þ ¼ 10

jIm[s]

Re[s]

−j3

−4

+j3

Figure P 14.10-12

Determine the step response of the circuit.

P 14.10-13 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-13. (There is a double pole at

s ¼ �4.) The dc gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figure P 14.10-13

Determine the step response of the circuit.

P 14.10-14 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5e�4tsin 2tð Þu tð ÞV
Sketch the pole-zero diagram for this circuit.

P 14.10-15 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5te�4tu tð ÞV
Sketch the pole-zero diagram for this circuit.
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Los polos y los ceros de H(s) se muestran en el diagrama de 
polos y ceros de la figura P 14.10-11. (No hay ceros.) La ga-
nancia de cd del circuito es

H(0) 5 5

jIm[s]

Re[s]
−2−5

Figura P 14.10-11

Determine la respuesta escalón del circuito.

P 14.10-12 La entrada a un circuito lineal es el voltaje vi. La 
salida es el voltaje vo. La función de transferencia del circuito es
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P 14.10-7 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 5

3
e�5t � e�20t
� �

u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 30tð ÞV
P 14.10-8 The input to a circuit is the voltage vs. The output

is the voltage vo. The impluse response of the circuit is

vo tð Þ ¼ e�5t 10� 50tð Þu tð ÞV
Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 10tð ÞV
P 14.10-9 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 1� e�20t cos 4tð Þ þ 0:5 sin 4tð Þð Þ� �
u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 4tð ÞV
P 14.10-10 The transfer function of a circuit is if H sð Þ ¼
20

sþ 8
. When the input to this circuit is sinusoidal, the output is

also sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2 be the

frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine

the values of v1 and v2.

P 14.10-11 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-11. (There are no zeros.) The dc

gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]
−2−5

Figure P 14.10-11

Determine the step response of the circuit.

P 14.10-12 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-12. At v ¼ 5 rad/s, the gain of the

circuit is

H 5ð Þ ¼ 10

jIm[s]

Re[s]

−j3

−4

+j3

Figure P 14.10-12

Determine the step response of the circuit.

P 14.10-13 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-13. (There is a double pole at

s ¼ �4.) The dc gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figure P 14.10-13

Determine the step response of the circuit.

P 14.10-14 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5e�4tsin 2tð Þu tð ÞV
Sketch the pole-zero diagram for this circuit.

P 14.10-15 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5te�4tu tð ÞV
Sketch the pole-zero diagram for this circuit.

726 The Laplace Transform

Los polos y los ceros de H(s) se muestran en el diagrama de 
polos y ceros de la figura P 14.10-12. En 
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In the absence of unbounded currents, the voltage across a

capacitor cannot change instantaneously. Similarly, in the

absence of unbounded voltages, the current in an inductor

cannot change instantaneously. In contrast, the current in a

capacitor and voltage across an inductor are both able to

change instantaneously.

We sometimes consider circuits that contain capacitors and

inductors and have only constant inputs. (The voltages of the

independent voltage sources and currents of the independent

current sources are all constant.) When such a circuit is at

steady state, all the currents and voltages in that circuit will

be constant. In particular, the voltage across any capacitor

will be constant. The current in that capacitor will be zero

due to the derivative in the equation for the capacitor

current. Similarly, the current through any inductor will be

constant and the voltage across any inductor will be zero.

Consequently, the capacitors will act like open circuits and

the inductors will act like short circuits. Notice that this

situation occurs only when all of the inputs to the circuit are

constant.

An op amp and a capacitor can be used to make circuits that

perform the mathematical operations of integration and

differentiation. Appropriately, these important circuits are

called the integrator and the differentiator.

The element voltages and currents in a circuit containing

capacitors and inductors can be complicated functions of

time. MATLAB is useful for plotting these functions.

Table 7.13-2 Parallel and Series Capacitors and Inductors

SERIES OR
PARALLEL CIRCUIT

EQUIVALENT
CIRCUIT EQUATION

L1

L2

v(t)+ –

i(t)

C1

C2

v(t)+ –

i(t)

L1 L2

v(t)+ –

i(t)

v(t)+ –

i(t) C2C1

Leq

v(t)+ –

i(t)

Ceq

Ceq

v(t)+ –

i(t)

Leq

v(t)+ –

i(t)

v(t)+ –

i(t)

Leq ¼ 1

1

L1
þ 1

L2

Leq ¼ L1 þ L2

Ceq ¼ C1 þ C2

Ceq ¼ 1

1

C1

þ 1

C2

PROBLEMS

Section 7.2 Capacitors

P 7.2-1 A 15-mF capacitor has a voltage of 5 V across it at

t ¼ 0. If a constant current of 25 mA flows through the capacitor,

how long will it take for the capacitor to charge up to 150 mC?

Answer: t ¼ 3 ms

P 7.2-2 The voltage, v(t), across a capacitor and current, i(t),

in that capacitor adhere to the passive convention. Determine

the current, i(t), when the capacitance is C ¼ 0:125 F, and the
voltage is v tð Þ ¼ 12 cos 2t þ 30�ð ÞV.

Hint: d

dt
A cos vt þ uð Þ ¼ �A sin vt þ uð Þ � d

dt
vt þ uð Þ

¼ �Av sin vt þ uð Þ
¼ Av cos vt þ u þ p

2

� �� �

Answer: i tð Þ ¼ 3 cos 2t þ 120�ð ÞA
P 7.2-3 The voltage, v(t), across a capacitor and current, i(t), in

that capacitor adhere to the passive convention. Determine the

capacitance when the voltage is v tð Þ ¼ 12 cos 500t � 45�ð ÞV
and the current is i tð Þ ¼ 3 cos 500t þ 45�ð ÞmA.

294 Energy Storage Elements

 5 5 rad/s, la ga-
nancia del circuito es

H(5) 5 10

jIm[s]

Re[s]

−j3

−4

+j3

Figura P 14.10-12

Determine la respuesta escalón del circuito.

P 14.10-13 La entrada a un circuito lineal es el voltaje vi. La 
salida es el voltaje vo. La función de transferencia del circuito es
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P 14.10-7 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 5

3
e�5t � e�20t
� �

u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 30tð ÞV
P 14.10-8 The input to a circuit is the voltage vs. The output

is the voltage vo. The impluse response of the circuit is

vo tð Þ ¼ e�5t 10� 50tð Þu tð ÞV
Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 10tð ÞV
P 14.10-9 The input to a circuit is the voltage vs. The output

is the voltage vo. The step response of the circuit is

vo tð Þ ¼ 1� e�20t cos 4tð Þ þ 0:5 sin 4tð Þð Þ� �
u tð ÞV

Determine the steady-state response of the circuit when the

input is

vs tð Þ ¼ 12 cos 4tð ÞV
P 14.10-10 The transfer function of a circuit is if H sð Þ ¼
20

sþ 8
. When the input to this circuit is sinusoidal, the output is

also sinusoidal. Let v1 be the frequency at which the output

sinusoid is twice as large as the input sinusoid and let v2 be the

frequency at which output sinusoid is delayed by one

tenth period with respect to the input sinusoid. Determine

the values of v1 and v2.

P 14.10-11 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-11. (There are no zeros.) The dc

gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]
−2−5

Figure P 14.10-11

Determine the step response of the circuit.

P 14.10-12 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-12. At v ¼ 5 rad/s, the gain of the

circuit is

H 5ð Þ ¼ 10

jIm[s]

Re[s]

−j3

−4

+j3

Figure P 14.10-12

Determine the step response of the circuit.

P 14.10-13 The input to a linear circuit is the voltage, vi. The

output is the voltage, vo. The transfer function of the circuit is

H sð Þ ¼ V o sð Þ
V i sð Þ

The poles and zeros of H sð Þ are shown on the pole-zero

diagram in Figure P 14.10-13. (There is a double pole at

s ¼ �4.) The dc gain of the circuit is

H 0ð Þ ¼ 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figure P 14.10-13

Determine the step response of the circuit.

P 14.10-14 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5e�4tsin 2tð Þu tð ÞV
Sketch the pole-zero diagram for this circuit.

P 14.10-15 The input to a circuit is the voltage, vi. The step

response of the circuit is

vo ¼ 5te�4tu tð ÞV
Sketch the pole-zero diagram for this circuit.

726 The Laplace Transform

Los polos y los ceros de H(s) se muestran en el diagrama de 
polos y ceros de la figura P 14.10-13. (Hay un polo doble en  
s 5 24.) La ganancia de cd del circuito es

H(0) 5 5

jIm[s]

Re[s]

−j2

−4

+j2

−2

Figura P 14.10-13

Determine la respuesta escalón del circuito.

P 14.10-14 La entrada a un circuito es el voltaje vi. La res-
puesta escalón del circuito es

vo 5 5e24t sen 12t2u1t2 V
Bosqueje el diagrama de polos y ceros para este circuito.

P 14.10-15 La entrada a un circuito es el voltaje vi. La res-
puesta escalón del circuito es

vo 5 5te24t u1t2 V
Bosqueje el diagrama de polos y ceros para este circuito.
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después de que el interruptor se abre en tiempo t 5 0. Comprue-
be que ese análisis es correcto, verificando que (a) satisface la 
KVL para el enlace que consta de fuente de voltaje, inductor, y 
resistor de 12-V, y que (b) satisface la KVL en el nodo b.

Sugerencia: Emplee las expresiones dadas para iL(t) y vC(t) para 
determinar expresiones para vL(t), iC(t), vR1(t), iR2(t) e iR3(t).

P 14.12-2 El análisis del circuito de la figura P 14.12-2 cuan-
do vC(0) 5 212 V indica que

i1(t) 5 18e0.75t A e i2(t) 5 20e0.75t A

después de que t 5 0. Verifique si este análisis es correcto 
mediante la representación de este circuito, incluyendo i1(t) 
e i2(t), en el dominio de frecuencia, utilizando transformadas 
de Laplace. Utilice I1(s) e I2(s) para calcular los voltajes de 
elementos y verifique que estos voltajes satisfacen la KVL 
para ambos enlaces.

i1(t)vC(t)

–

+

6 Ω

3 Ω

2 F 4i1(t)+
–

i2(t)

Figura P 14.12-2

P 14.12-3 La figura P 14.12-3 muestra un circuito repre-
sentado (a) en el dominio de tiempo, y (b) en el dominio de 
frecuencia, utilizando transformadas de Laplace. Un análisis 
incorrecto de este circuito indica que

E1C14_1 11/25/2009 727

Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
vR1(t)

iR2(t)

iR3(t)

iL(t)

–

+ 6 Ω

12 Ω 6 Ω

t = 0

+
– F

3 H
a b

12 V 1 75

Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)

–

+

6 Ω

3 Ω

2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
vR1(t)

iR2(t)

iR3(t)

iL(t)

–

+ 6 Ω
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t = 0
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Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)
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2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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(a) Aplique los teoremas del valor inicial y final para identifi-
car el error en el análisis. (b) Corrija el error.

Sugerencia: Al parecer, el error ocurrió al calcular VC(s) a 
partir de IL(s).

Respuesta: 
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
vR1(t)

iR2(t)
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Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)

–

+

6 Ω

3 Ω

2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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s2 þ sþ 5
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Sección 14.11 Expansión de fracción parcial  
utilizando MATLAB

P 14.11-1 Encuentre la transformada inversa de Laplace de 

V(s) 5 
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
vR1(t)

iR2(t)

iR3(t)

iL(t)

–

+ 6 Ω

12 Ω 6 Ω

t = 0

+
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3 H
a b

12 V 1 75

Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)

–

+

6 Ω

3 Ω

2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
vR1(t)

iR2(t)

iR3(t)

iL(t)

–

+ 6 Ω

12 Ω 6 Ω

t = 0

+
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3 H
a b

12 V 1 75

Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)
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+

6 Ω
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2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
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Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.
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2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A

vC(t)

–

+
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+ 6 Ω
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Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.
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Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20

s
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1

indicates that

vC tð Þ ¼ 6þ 3:3e�2:1t þ 2:7e�15:9t V
and

iL tð Þ ¼ 2þ 0:96e�2:1t þ 0:04e�15:9t A
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Figure P 14.12-1

after the switch opens at time t ¼ 0. Verify that this analysis is

correct by checking that (a) KVL is satisfied for the mesh

consisting of the voltage source, inductor, and 12-V resistor

and (b) KCL is satisfied at node b.

Hint: Use the given expressions for iL(t) and vC(t) to deter-

mine expressions for vL(t), iC(t), vR1(t), iR2(t), and iR3(t).

P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when

vC(0) ¼ �12 V indicates that

i1 tð Þ ¼ 18e0:75t A and i2 tð Þ ¼ 20e0:75t A

after t ¼ 0. Verify that this analysis is correct by representing

this circuit, including i1(t) and i2(t), in the frequency domain,

using Laplace transforms. Use I1(s) and I2(s) to calculate the

element voltages and verify that these voltages satisfy KVL for

both meshes.

i1(t)vC(t)

–

+

6 Ω

3 Ω

2 F 4i1(t)+

–
i2(t)

Figure P 14.12-2

P 14.12-3 Figure P 14.12-3 shows a circuit represented in

(a) the time domain and (b) the frequency domain, using

Laplace transforms. An incorrect analysis of this circuit

indicates that

IL sð Þ ¼ sþ 2

s2 þ sþ 5
and VC sð Þ ¼ �20 sþ 2ð Þ

s s2 þ sþ 5ð Þ
(a) Use the initial and final value theorems to identify the error

in the analysis. (b) Correct the error.

Hint: Apparently, the error occurred as VC(s) was calculated

from IL(s).

Answer: VC sð Þ ¼ � 20
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s2 þ sþ 5
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vC(t)
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Sección 14.12 ¿Cómo podemos comprobar...?

P 14.12-1 El análisis por computadora del circuito de la figu-
ra P 14.12-1 indica que
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Section 14.11 Partial Fraction Expansion Using
MATLAB

P 14.11-1 Find the inverse Laplace transform of V sð Þ ¼
11:6s2 þ 91:83sþ 186:525

s3 þ 10:95s2 þ 35:525sþ 29:25

P 14.11-2 Find the inverse Laplace transform of V sð Þ ¼
8s3 þ 139s2 þ 774sþ 1471

s4 þ 12s3 þ 77s2 þ 296sþ 464

P 14.11-3 Find the inverse Laplace transform of V sð Þ ¼
s2 þ 6sþ 11

s3 þ 12s2 þ 48sþ 64
¼ s2 þ 6sþ 11

sþ 4ð Þ3

P 14.11-4 Find the inverse Laplace transform of V sð Þ ¼
�60

s2 þ 5sþ 48:5

P 14.11-5 Find the inverse Laplace transform of

V sð Þ ¼ �30

s2 þ 25

Section 14.12 How CanWe Check . . . ?

P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1
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and
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Problemas de PSpice
PS 14-1 La entrada al circuito que se muestra en la fi gura PS 
14.1 es el voltaje vi(t) de la fuente de voltaje. La salida es el 
voltaje vo(t) a través del condensador. La entrada es la señal de 
pulso especifi cada de manera gráfi ca por el diagrama. Utilice 
PSpice para trazar la salida vo(t) como una función de t.
Sugerencia: Represente la fuente de voltaje utilizando la par-
te llamada VPULSE de PSpice.

vi(t) vo(t)
+

–

2 k4

4

vi(V)

t (ms)20 24

–1
1 F+

–

Figura PS 14.1

PS 14-2 El circuito que se muestra en la fi gura PS 14.2 se en-
cuentra en estado estable antes de que el interruptor se cierre 
en tiempo t � 0. La entrada al circuito es el voltaje de la fuen-
te de voltaje, 12 V. La salida de este circuito es el voltaje a 
través del condensador v(t). Utilice PSpice para trazar la sa-
lida v(t) como una función de t. Trabaje con el diagrama para 
obtener una representación analítica de v(t) para t � 0.

Sugerencia: Esperamos que v(t) � A � B e�t/t para t � 0, 
donde A, B y t sean constantes que se deben determinar.

+
– v(t)

+

–

30 k

10 k

60 k

t = 0

12 V 2 F

Figura PS 14.2

PS 14-3 El circuito que se muestra en la fi gura PS 14.3 se en-
cuentra en estado estable antes de que el interruptor se cierre 
en tiempo t � 0. La entrada al circuito es la corriente de la 
fuente de corriente 4 mA. La salida de este circuito es la co-
rriente en el inductor i(t). Utilice PSpice para trazar la salida 
i(t) como una función de t. Trabaje con el diagrama para obte-
ner una representación analítica de i(t) para t � 0.

Sugerencia: Esperamos que i(t) � A � B e�t/t para t � 0, 
donde A, B y t sean constantes que se deben determinar.

4 mA 1 k 5 mH

t = 0
i(t)

Figura PS 14.3

PS 14-4 La entrada al circuito que se muestra en la fi gura PS 
14.4 es el voltaje de la fuente de voltaje vi(t). La salida es el 
voltaje a través del condensador vo(t). La entrada es la señal de 
pulso especifi cada de manera gráfi ca por el diagrama. Utilice 
PSpice para trazar la salida vo(t) como una función de t para 
cada uno de los casos siguientes:
(a) C � 1 F, L � 0.25 H, R1 � R2 � 1.309 �
(b) C � 1 F, L � 1 H, R1 � 3 �, R2 � 1 �
(c) C � 0.125 F, L � 0.5 H, R1 � 1 �, R2 � 4 �
Diagrame en el mismo eje la salida para estos tres casos.
Sugerencia: Represente la fuente de voltaje utilizando la par-
te de PSpice denominada VPULSE.

vi(t) vo(t)
+

–

R1

R2 C

L

5

5

vi(V)

t (s)10 15

0

+
–

Figura PS 14.4

PS 14-5 La entrada al circuito que se muestra en la fi gura PS 
14.5 es el voltaje de la fuente de voltaje, vi(t). La salida es el 
voltaje vo(t) a través del resistor R2. La entrada es la señal de 
pulso especifi cada de manera gráfi ca por el diagrama. Utilice 
PSpice para trazar la salida vo(t) como una función de t para 
cada uno de los casos siguientes:
(a) C � 1 F, L � 0.25 H, R1 � R2 � 1.309 �
(b) C � 1 F, L � 1 H, R1 � 3 �, R2 � 1 �
(c) C � 0.125 F, L � 0.5 H, R1 � 1 �, R2 � 4 �
Diagrame en el mismo eje la salida para estos tres casos.
Sugerencia: Represente la fuente de voltaje utilizando la par-
te de PSpice denominada VPULSE.

vi(t) vo(t)
+

–

R1

R2

5

5

vi(V)

t (s)10 15

0

+
–

L

C

Figura PS 14.5
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Problemas de diseño
PD 14-1 Diseñe el circuito de la figura PD 14-1 para tener una 
respuesta escalón igual a 

vo 5 5te24t u(t)V
Sugerencia: Determine la función de transferencia del cir-
cuito de la figura PD 14-1 en términos de k, R, C y L. Luego 
determine la transformada de Laplace de la respuesta escalón 
del circuito en la figura PD 14-1. A continuación, determine la 
transformada de Laplace de la respuesta escalón dada. Por úl-
timo, determine valores de k, R, C y L que hagan que las dos 
respuestas escalón sean iguales.
Respuesta: Tome L 5 1 H, luego k 5 0.625 V/V, R 5 8 V y 
C 5 0.625 F. (Esta respuesta no es la única.).

vxvs

–

+

vo

–

+

R

L

1 Ω+
–

+
–

C

kvx

Figura PD 14-1

PD 14-2 Diseñe el circuito de la figura PD 14-2 para tener una 
respuesta escalón igual a 

vo 5 5e24t sen12t2u1t2 V
Sugerencia: Determine la función de transferencia del cir-
cuito de la figura PD 14-1 en términos de k, R, C y L. Luego 
determine la transformada de Laplace de la respuesta escalón 
del circuito en la figura PD 14-1. A continuación, determine la 
transformada de Laplace de la respuesta escalón dada. Por úl-
timo, determine valores de k, R, C y L que hagan que las dos 
respuestas escalón sean iguales.
Respuesta: Tome L 5 1 H, luego k 5 1.25 V/V, R 5 8 V y 
C 5 0.05 F. (Esta respuesta no es la única.)

PD 14-3 Diseñe el circuito de la figura PD 14-1 para tener una 
respuesta escalón igual a 

vo 5 51e22t 2 e24t 2u2t2 V
Sugerencia: Determine la función de transferencia del cir-
cuito de la figura PD 14-1 en términos de k, R, C y L. Luego 
determine la transformada de Laplace de la respuesta escalón 
del circuito en la figura PD 14-1. A continuación, determine la 
transformada de Laplace de la respuesta escalón dada. Por úl-
timo, determine valores de k, R, C y L que hagan que las dos 
respuestas escalón sean iguales.
Respuesta: Tome L 5 1 H, luego k 5 1.667 V/V, R 5 6 V y 
C 5 0.125 F. (Esta respuesta no es la única.)

PD 14-4 Demuestre que el circuito de la figura PD 14-1 no se 
puede diseñar para tener una respuesta escalón igual a 

vo 5 51e22t 1 e24t 2u1t2 V
Sugerencia: Determine la función de transferencia del circuito 
de la figura PD 14-1 en términos de k, R, C y L. Luego determine 
la transformada de Laplace de la respuesta escalón del circuito 
en la figura PD 14-1. A continuación, determine la transformada 

de Laplace de la respuesta escalón dada. Observe que estas dos 
funciones tienen formas diferentes y por lo tanto no se pueden 
hacer iguales por ninguna elección de valores de k, R, C y L.

PD 14-5 El circuito que se muestra en la figura PD 14-5 repre-
senta una prueba de osciloscopio conectada a un osciloscopio. 
Los componentes C2 y R2 representan la circuitería de entrada 
del osciloscopio, y C1 y R1 representan la prueba. Determine 
la función de transferencia H(s) 5 Vo(s)/V(s). Determine la re-
lación requerida de modo que la respuesta natural de la prue-
ba sea cero. Determine la relación requerida, de modo que la 
respuesta escalón sea igual a la entrada escalón dentro de una 
ganancia constante. ¿Es posible físicamente este logro?

+

–

Vo(s)C2

V(s) +
– R2Señal de

entrada

C1

R1

Figura PD 14-5 Circuito de prueba de osciloscopio.

PD 14-6 Una lámpara de bicicleta es un accesorio útil si se 
realiza un largo recorrido nocturno. Al iluminar el camino y 
hacerle visible a los automóviles, reduce las posibilidades de 
que sufra un accidente. Aun cuando las luces incandescentes 
producidas por un generador son del tipo más común que se 
utiliza en las bicicletas, hay una buena cantidad de razones para 
que las luces fluorescentes sean más convenientes. Una de ellas 
es que las luces fluorescentes brillan con mayor intensidad e 
iluminan todo el camino, al ciclista y a la bicicleta, y en realidad 
captan mejor la atención de los conductores. Dado que están 
confinadas en tubos angostos que se pueden colocar a lo largo 
del cuadro de la bicicleta, las luces fluorescentes ofrecen menos 
resistencia al viento que una lámpara de cara plana. Cuando 
se utiliza con un generador, una luz fluorescente ofrece ven-
tajas adicionales sobre una luz incandescente convencional; la 
primera, porque es más eficiente al dar más luz con el mismo 
esfuerzo de pedaleo y, segunda, porque no se quema por una 
sobrecarga producida por el generador al ir cuesta abajo. Las 
luces fluorescentes también son más durables que los bulbos 
incandescentes, sobre todo en una bicicleta, en la cual las vibra-
ciones tienden a romper el filamento del bulbo incandescente.
 Un modelo de luz fluorescente para una bicicleta se 
muestra en la figura PD 14.6. Seleccione L de modo que la co-
rriente del bulbo se eleve rápidamente a su valor de estado esta-
ble y exceda su valor final sólo en menos de 10 por ciento.

0.4u(t) V

1 8 F

i

1 Ω

+
–

Cables
Transformador,

bulbo y
condensador

Bulbo
L0.4 V

1 Ω

Generador

Figura PD 14.6 Circuito de luz fluorescente de bicicleta.
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Serie y 
transformada de Fourier

15.1 I N T R O D U C C I Ó N

Este capítulo presenta las series de Fourier y la transformada de Fourier. Las series de Fourier repre-
sentan una forma de onda periódica no senoidal como una suma de formas de onda senoidales. Las 
series de Fourier son útiles en dos formas:

•  Las series de Fourier muestran que una forma de onda periódica comprende componentes senoidales 
a frecuencias diferentes. Eso nos hace pensar en cómo se distribuye la forma de onda en la frecuencia. 
Por ejemplo, podemos entender el signifi cado de expresiones como “la parte de alta frecuencia de 
una onda rectangular”.

•  Podemos valernos de la superposición para encontrar la respuesta de estado estable de un circuito 
para una entrada representada por una serie de Fourier y, así, determinar la respuesta de estado estable 
del circuito a la forma de onda periódica.

Obtenemos la transformada de Fourier como una generalización de la serie de Fourier, tomando el 
límite como el periodo de una onda periódica que se vuelve infinita. La transformada de Fourier nos 
es útil de dos maneras:

•  La transformada de Fourier representa una forma de onda periódica en el dominio de frecuencia. 
Eso nos hace pensar en la manera que se distribuye la forma de onda en la frecuencia. Por ejemplo, 
podemos entender qué signifi ca la expresión “la parte de alta frecuencia de un pulso”.

•  Podemos representar la entrada a un circuito y el circuito en sí mismo en el dominio de frecuencia: 
la entrada representada por su transformada de Fourier y el circuito representado por su función 
de red. La representación en el dominio de frecuencia de la salida del circuito se obtiene como el 
producto de la transformada de Fourier de la entrada y la función de red del circuito.

CAPÍTULO15
EN ESTE CAPÍTULO
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 15.2 Serie de Fourier
 15.3 Simetría de la función ƒ(t)
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15.2 S E R I E  D E  F O U R I E R

En 1807, el barón Jean-Baptiste-Joseph Fourier propuso que cualquier función periódica podría ex-
presarse como una suma infinita de sinusoides simples. Esta sorprendente afirmación pronostica que 
formas de onda periódicas discontinuas pares, como las ondas rectangulares, se pueden representar 
utilizando solamente sinusoides. En 1807, la aseveración de Fourier fue controversial. Matemáticos 
famosos como Pierre Simon de Laplace y Joseph Louis Lagrange dudaban de la validez de la represen-
tación de funciones periódicas de Fourier. En 1828, Johann Peter Gustav Lejeune Dirichlet presentó 
un conjunto de condiciones suficientes para garantizar la convergencia de las series de Fourier. Hoy, 
las series de Fourier son una herramienta común para científicos e ingenieros.
 Veamos en qué consisten las funciones periódicas. La función ƒ(t) es periódica si hay un retraso 
t de modo que

 ƒ1t2 � ƒ 1t � t2 (15.2-1)

para cualquier valor de t. Este valor de t no es único. En particular, si t satisface la ecuación 15.2-1, 
entonces cualquier múltiplo entero de t satisface la ecuación 15.2-1. En otras palabras, si t satisface 
la ecuación 15.2-1 y k es cualquier entero, entonces

ƒ1t2 � ƒ 1t � t2

para cualquier valor de t. Para definir de manera singular el periodo, T, de la función periódica ƒ(t), 
dejamos que T sea el valor positivo más pequeño de t que satisfaga la ecuación 15.2-1.
 A continuación, utilizamos el periodo T para definir la frecuencia fundamental, v0, de la fun-
ción periódica ƒ(t),

 
v0 ¼ 2p

T
 (15.2-2)

La frecuencia fundamental tiene unidades de rad/s. Los múltiplos enteros de la frecuencia fundamen-
tal se denominan frecuencias armónicas.
 Una función periódica ƒ(t) se puede representar por una serie infinita de sinusoides relacionadas 
armónicamente, llamadas series (trigonométricas) de Fourier, como sigue

 
f tð Þ ¼ a0 þ

X1
n¼1

an cos n v0t þ
X1
n¼1

bn sen n v0t

 
(15.2-3)

donde v0 es la frecuencia fundamental y los coeficientes (reales), y a0, an y bn se denominan coefi-
cientes trigonométricos de Fourier. Los coeficientes trigonométricos de Fourier se pueden calcular 
utilizando

 
a0 ¼ 1

T

Z Tþt0

t0

f tð Þdt ¼ el valor medio de f tð Þ  (15.2-4)

 
an ¼ 2

T

Z Tþt0

t0

f tð Þ cos n v0t dt n > 0  (15.2-5)

 
bn ¼ 2

T

Z Tþt0

t0

f tð Þ sen n v0t dt n > 0  (15.2-6)
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Las condiciones presentadas por Dirichlet son suficientes para garantizar la convergencia de las series 
trigonométricas de Fourier dadas en la ecuación 15.2-3. Las condiciones de Dirichlet requieren que la 
función periódica ƒ(t) satisfaga las siguiente propiedades matemáticas:

1. Que ƒ(t) sea una función valuada única excepto en un posible número fi nito de puntos.

2. Que ƒ(t) sea absolutamente integrable, es decir 
Z t0þT

t0

f tð Þj jdt <1 para cualquier t0.

3. Que ƒ(t) tenga un número fi nito de discontinuidades dentro del periodo T.

4. Que ƒ(t) tenga un número fi nito de máximos y mínimos dentro del periodo T.

Para nuestros propósitos, ƒ(t) representará una forma de onda de corriente o de voltaje, y cualquier 
forma de onda de corriente o de voltaje que podamos producir realmente, satisfará de cierto las con-
diciones de Dirichlet. Deberemos suponer que las condiciones de Dirichlet antes listadas siempre se 
satisficieron para formas de onda periódicas de voltajes o corrientes.

Una serie de Fourier es una representación precisa de una señal periódica y consiste en la 
suma de sinusoides en las frecuencias fundamental y armónica.

 Dada una forma de onda periódica de voltaje o de corriente, podemos obtener la representación 
de Fourier de esos voltaje o corriente en cuatro pasos:

Paso 1 Determine el periodo T y la frecuencia fundamental v0.

Paso 2  Represente la forma de onda del voltaje o la corriente como una función de t durante un 
periodo completo.

Paso 3  Utilice las ecuaciones 15.2-4, 15.2-5 y 15.2-6 para determinar los coeficientes trigono-
métricos de Fourier a0, an y bn.

Paso 4 Sustituya los coeficientes a0, an y ab obtenidos en el paso 3 en la ecuación 15.2-3.

 El ejemplo siguiente ilustra este procedimiento de cuatro pasos.

E J E M P L O  1 5 . 2 - 1   Serie de Fourier de un coseno 
rectificado de onda completa

La figura 15.2-1 muestra un rectificador de onda completa que contiene una entrada de coseno. La salida de una 
entrada de onda completa es el valor absoluto de su entrada, que se muestra en la figura 15.2-2. Un rectificador 
de onda completa es un circuito electrónico de uso frecuente como un componente de diversos productos, como 
alimentadores de potencia y receptores de radio de AM. Determine la serie de Fourier de la forma de onda perió-
dica que se muestra en la figura 15.2-2.

Rectificador
de onda plena

vi (t) = cos t V vo (t) = vi (t)

FIGURA 15.2-1 El circuito considerado en el ejemplo 15.2-1.
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vo

FIGURA 15.2-2 Un coseno rectifi cado de onda plena.

Solución
Paso 1: A partir de la figura 15.2-2 podemos ver que el periodo de vo(t) es

T ¼ 3p

40
� p

40
¼ p

20
s

La frecuencia fundamental en radianes es

v0 ¼ 2p

T
¼ 40 rad/s

Paso 2: Las ecuaciones 15.2-4, 15.2-5 y 15.2-6 requieren integración durante un periodo completo de vo(t). Te-
nemos libertad de elegir el punto de inicio de ese periodo, to, para hacer que la integración sea lo más sencillo 
posible. A veces elegimos integrar ya sea desde 0 a T o desde �T > 2 a T > 2. En este ejemplo, la forma de onda 
periódica se puede representar como 

vo tð Þ ¼
5 cos 20tð Þ

�5 cos 20tð Þ

8><
>: cuando 

n� p

40
� t � p

40
p

40
� t � 3p

40

Considere el cálculo de a0 utilizando la ecuación 15.2-4. Si elegimos integrar de 0 a T, tenemos

a0 ¼ 20

p

Z p=20

0
vo tð Þdt ¼ 20

p

Z p=40

0
5 cos 20tð Þdt þ 20

p

Z p=20

p=40
�5 cos 20tð Þdt

Por otra parte, si elegimos integrar de �T > 2 a T > 2, tenemos

a0 ¼ 20

p

Z p=40

�p=40
vo tð Þdt ¼ 20

p

Z p=40

�p=40
5 cos 20tð Þdt

La segunda ecuación es más sencilla, por lo que por conveniencia escogemos integrar a partir de �T > 2 a �T > 2.

Paso 3: Ahora utilizaremos las ecuaciones 15.2-4, 15.2-5 y 15.2-6 para determinar los coeficientes trigonométri-
cos de Fourier a0, an y bn. Primero,

a0 ¼ 20

p

Z p=40

�p=40
5 cos 20tð Þdt ¼ 100

p

1

20
sin 20tð Þjp=40�p=40

� �
¼ 5

p
sin

p

2

� �
� sin �p

2

� �� �
¼ 10

p

Luego,

an ¼ 40

p

Z p=40

�p=40
5 cos 20tð Þ cos n v0tð Þdt ¼ 40

p

Z p=40

�p=40
5 cos 20tð Þ cos 40ntð Þdt

cuando

sen sen sen
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Utilizando una identidad trigonométrica,

cos 20tð Þ cos 40ntð Þ ¼ 1

2
cos 20t þ 40ntð Þ þ cos 20t þ 40ntð Þð Þ

¼ 1

2
cos 1þ 2nð Þ20tð Þ þ cos 1� 2nð Þ20tð Þð Þ

Entonces,

an ¼ 100

p

Z p=40

�p=40
cos 1þ 2nð Þ20tð Þ þ cos 1� 2nð Þ20tð Þð Þdt

¼ 100

p

sin 1þ 2nð Þ20tð Þ
1þ 2nð Þ20

����
p=40

�p=40
þ sin 1� 2nð Þ20tð Þ

1� 2nð Þ20
����
p=40

�p=40

 !

¼ 5

p

sin 1þ 2nð Þp
2

� �
� sin � 1þ 2nð Þp

2

� �
1þ 2nð Þ þ

sin 1� 2nð Þp
2

� �
� sin � 1� 2nð Þp

2

� �
1� 2nð Þ

0
@

1
A

¼ 5

p

2 �1ð Þn
1þ 2nð Þ þ

2 �1ð Þn
1� 2nð Þ

� �
¼ 20 �1ð Þn

p 1� 4n2ð Þ

Del mismo modo,

bn ¼ 40

p

Z p=40

�p=40
5 cos 20tð Þ sin 40 ntð Þdt

¼ 100

p

Z p=40

�p=40
sin 2nþ 1ð Þ20tð Þ þ sin 2n� 1ð Þ20tð Þð Þdt

¼ 100

p

� cos 1þ 2nð Þ20tð Þ
1þ 2nð Þ20

����
p=40

�p=40
þ� cos 1� 2nð Þ20tð Þ

1� 2nð Þ20
����
p=40

�p=40

 !
¼ 0

En resumen,

 
a0 ¼ 10

p
; an ¼ 20 �1ð Þn

p 1� 4n2ð Þ y bn ¼ 0 (15.2-7)

Paso 4: Sustituya en la ecuación 15.2-3 los coeficientes a0, an y bn dados en la ecuación 15.2-7, 

 
vo tð Þ ¼ 10

p
þ 20

p

X1
n¼1

�1ð Þn
1� 4n2

cos 40 ntð Þ (15.2-8)

La ecuación 15.2-8 representa el coseno rectificado por su serie de Fourier, pero esta ecuación es lo bastante com-
plicada como para preguntarnos qué hemos realizado. ¿Cómo podemos estar seguros de que la ecuación 15.2-8 
representa realmente un coseno rectificado? La figura 15.2-3 muestra un guión de MATLAB que traza las series 
de Fourier dadas en la ecuación 15.2-8. En particular, observe cómo se utilizan en el diagrama de MATLAB los 
coeficientes a0, an y bn determinados en el paso 3. El diagrama producido por este guión de MATLAB se muestra 
en la figura 15.2-4. La forma de onda en la figura 15.2-4 es en verdad un coseno rectificado que tiene la amplitud 
correcta, 5 voltios, y el periodo correcto, p

20
ffi 0.16 segundos. Por lo tanto, vemos que la ecuación 15.2-8 repre-

senta en realidad el coseno rectificado.

sen

sen

sen

sen

sen sen

sen

sen sen
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% Ex15_2_1.m - full-wave rectified cosine Fourier series
% ---------------------------------------------------
%        Describe the periodic waveform, v(t) 
% ---------------------------------------------------
T=pi/20;           % period
a0=10/pi;          % average value

% ---------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ---------------------------------------------------
w0=2*pi/T;         % fundamental frequency, rad/s
tf=2*T;            % final time
dt=tf/200;         % time increment
t=0:dt:tf;         % time, s 

% ---------------------------------------------------
%  Approximate v(t) using the trig Fourier series. 
% ---------------------------------------------------
v = a0*ones(size(t));  % initialize v(t) as vector
for n=1:100       
   an = 20*((-1)^n)/(pi*(1-4*n^2));  
   bn = 0;    
   v = v + an*cos(n*w0*t) + bn*sin(n*w0*t);
end

% ---------------------------------------------------
%              Plot the Fourier series 
% ---------------------------------------------------
plot(t, v)       
axis([0 tf 0 6]) 
grid
xlabel('time, s')
ylabel('v(t) V')
title('Full-wave Rectified Cosine')

 

FIGURA 15.2-3
Guión de MATLAB 
para el diagrama del 
coseno rectifi cado.

0 0.05 0.1 0.15 0.2
tiempo, s

Coseno rectificado de onda completa

0.25 0.3

6

5

4

3

2

1

0

v(
t)

 V

 
FIGURA 15.2-4 Diagramas de MATLAB del coseno 
rectifi cado de onda completa.
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 A continuación, obtenemos una representación alterna de las series trigonométricas de Fourier. 
Las series de Fourier dadas en la ecuación 15.2-3 se pueden escribir como:

 
f tð Þ ¼ a0 þ

X1
n¼1

an cos n v0t þ bnð sen n v0tÞ (15.2-9)

Utilizando una identidad trigonométrica, el n-ésimo término de esta serie se puede escribir como

 an cos n v0t þ bn sen n v0t ¼ an cos n v0t þ bn cos n v0t � 90�ð Þ (15.2-10)
Utilizando fasores, podemos representar el lado derecho de la ecuación 15.2-10 en el dominio de 
frecuencia. Realizando una conversión rectangular a polar obtenemos

anff0þ bnff�90� ¼ an � jbn ¼ cnffun
donde

 

cn �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q
y un ¼

�tan�1 bn

an

� �

180� � tan�1
bn

an

� �
8>>><
>>>: si

an > 0

an < 0

 (15.2-11)

y

an ¼ cn cos un y bn ¼ �cn sin un
Volviendo al dominio de tiempo, la sinusoide correspondiente es

cn cos 1n v0t � un2

Después de definir que c0 sea

 
c0 ¼ a0 ¼ valor medio de f tð Þ  (15.2-12)

Las series de Fourier se representan como

 
f tð Þ ¼ c0 þ

X1
n¼1

cn cos n v0t þ unð Þ  (15.2-13)

Para distinguir entre las dos formas de las series trigonométricas de Fourier, nos referiremos a la serie 
dada en la ecuación 15.2-3 como la serie de seno y coseno de Fourier y a la serie dada en la ecuación 
15.2-13 como la serie de Fourier de amplitud de fase.
 En general, es más fácil calcular an y bn que calcular los coeficientes cn y un. En la sección 15.3 
veremos que esto es en particular verdadero cuando ƒ(t) es simétrico. Por otra parte, la serie de Fourier 
que implica cn es más conveniente para calcular la respuesta de estado estable de un circuito lineal 
para una entrada periódica.

si

E J E M P L O  1 5 . 2 - 2  Serie de Fourier de una forma de onda de pulso

Determine la serie de Fourier de la forma de onda de pulso en la figura 15.2-5.

Solución
Paso 1: De la figura 15.2-5, vemos que el periodo de vo(t) es

T ¼ p

10
s

sen
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40

 
10

 
8

v (t), V

t, s

5

 FIGURA 15.2-5 Una forma de onda de pulso.

La frecuencia fundamental es

v0 ¼ 2p

T
¼ 20 rad/s

Paso 2: Durante el periodo de 0 a p > 10, la forma de onda de pulso está dada por

v tð Þ ¼
5

0

8><
>: cuando

0 � t � p

40
p

40
� t � p

10

Paso 3: A continuación determinaremos los coeficientes de Fourier a0, an y bn. Primero calcularemos a0 como el 
valor medio de v(t):

periodo uno T

5
p

40
0

3p

40
p

10

a0
área bajo la curva para el periodo uno

1.25 V

Luego,

an ¼ 20

p

Z p=40

0
5 cos n v0tð Þdt þ 20

p

Z p=10

p=40
0 cos n v0tð Þdt ¼ 20

p

Z p=40

0
5 cos 20ntð Þdt

¼ 20 5ð Þ
p

sin 20ntð Þ
20n

����
p=40

0

 !
¼ 5

np
sen np

2

� �

Del mismo modo,

bn ¼ 20

p

Z p=40

0
5 sen n v0tð Þdt ¼ 20

p

Z p=40

0
5 sen 20ntð Þdt ¼ 20 5ð Þ

p

� cos 20ntð Þ
20n

����
p=40

0

 !
¼ 5

np
1� cos

np

2

� �� �

En resumen,

 
a0 ¼ 1:25; an ¼ 5

np
sen

np

2

� �
ybn ¼ 5

np
1� cos

np

2

� �� �
 (15.2-14)

Paso 4: Sustituya en la ecuación 15.2-3 los coeficientes a0, an y bn dados en la ecuación 15.2-7,

 
vo tð Þ ¼ 1:25þ 5

np

X1
n¼1

�
sen

np

2

� �
cos 20ntð Þ þ 1� cos

np

2

� �� �
sen 20ntð Þ

�
 (15.2-15)

La figura 15.2-6 muestra un guión de MATLAB que traza la serie de Fourier dada en la ecuación 15.2-15. En 
particular, observe cómo se utilizan en el guión de MATLAB los coeficientes a0, an y bn dados en la ecuación 
15.2-14. El diagrama producido por este guión de MATLAB se muestra en la figura 15.2-7. La forma de onda en 
la figura 15.2-7 es, en verdad, una forma de onda de pulso que tiene la amplitud correcta, 5 voltios, y el periodo 
correcto, 

p

10
ffi 0.32 segundos.

sen

cuando
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% Ex15_2_2.m - pulse waveform Fourier series
% ---------------------------------------------------
%        Describe the periodic waveform, v(t) 
% ---------------------------------------------------
T=pi/10;           % period
a0=1.25;          % average value

% ---------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ---------------------------------------------------
w0=2*pi/T;         % fundamental frequency, rad/s
tf=2.5*T;          % final time
dt=tf/200;         % time increment
t=0:dt:tf;         % time, s 

% ---------------------------------------------------
%  Approximate v(t) using the trig Fourier series. 
% ---------------------------------------------------
v = a0*ones(size(t));  % initialize v(t) as vector
for n=1:500       
   an = (5/n/pi)*sin(n*pi/2);  
   bn = (5/n/pi)*(1-cos(n*pi/2)); 
   cn = abs(an - j*bn);
   thetan = angle(an - j*bn);
   v = v + cn*cos(n*w0*t + thetan);
end

% ---------------------------------------------------
%              Plot the Fourier series 
% ---------------------------------------------------
plot(t, v)       
axis([0 tf 0 6]) 
grid
xlabel('time, s')
ylabel('v(t) V')
title('Pulse Waveform')

 

FIGURA 15.2-6
Guión de MATLAB 
para el diagrama de 
la forma de onda 
de pulso.

Forma de onda de pulso

tiempo, s

v(
t)

 V

6

5

4

3

2

1

0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

 
FIGURA 15.2-7 Diagrama de MATLAB del coseno 
rectifi cado de onda completa.
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EJERCICIO 15.2-1  Suponga que ƒ1(t) y ƒ2(t) son funciones periódicas que tienen el mismo 
periodo, T. Entonces ƒ1(t) y ƒ2(t) se pueden representar por las series de Fourier.

f 1 tð Þ ¼ a10 þ
X1
n¼1

a1n cos nv0tð Þ þ b1nð sen nv0tð ÞÞ

y

f 2 tð Þ ¼ a20 þ
X1
n¼1

a2n cos nv0tð Þ þ b2nð sen nv0tð ÞÞ

Determine las series de Fourier de la función
f tð Þ ¼ k1 f 1 tð Þ þ k2 f 2 tð Þ

Respuesta: f tð Þ ¼ k1a10 þ k2a20ð Þ þ P1
n¼1

k1a1n þ k2a2nð Þ cos nv0tð Þð
þ k1b1n þ k2b2nð Þ sen nv0tð ÞÞ

EJERCICIO 15.2-2  Determine las series de Fourier cuando ƒ(t) � K, una constante.

Respuesta: a0 � K y an � bn � 0 para n � 1

EJERCICIO 15.2-3  Determine las series de Fourier cuando ƒ(t) � A cos v0t.

Respuesta: a0 � 0, a1 � A, an � 0 para n � 1 y bn � 0

15.3 S I M E T R Í A  D E  L A  F U N C I Ó N  f ( t )

Se pueden reconocer fácilmente cuatro tipos de simetría y luego utilizarlos para simplificar la tarea de 
calcular los coeficientes de Fourier. Son los siguientes:

1. Simetría de función par.

2. Simetría de función impar.

3. Simetría de media onda.

4. Simetría de cuarto de onda.

 Una función es par cuando ƒ1t2 � ƒ1�t2, y una función es impar cuando ƒ1t2 � �ƒ1�t2. La 
función que se muestra en la figura 15.2-2 es una función par. Para funciones pares, todo bn � 0 y

an ¼ 4

T

Z T=2

0
f tð Þ cos nv0t dt

Para funciones impares, todo an � 0 y

bn ¼ 4

T

Z T=2

0
f tð Þ sen nv0t dt

Un ejemplo de una función impar es sen v0t. En la figura 15.3-1 se muestra otra función impar. 
 La simetría de media onda para una función ƒ(t) se obtiene cuando

 
f tð Þ ¼ �f t � T

2

� �
 (15.3-1)

En estas formas de onda simétricas de media onda, la segunda mitad de cada periodo se parece a la 
primera mitad invertida de arriba hacia abajo. La función que se muestra en la figura 15.3-2 tiene 
simetría de media onda. Si una función tiene simetría de media onda, entonces tanto an como bn son 
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t3T
 4

T

f (t)
1

–1

3T
8

T
2

T
8

T
4

T
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T
2

–3T
 4
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FIGURA 15.3-1 Una función impar 
con simetría de un cuarto de onda.

cero para valores pares de n. Vemos que a0 � 0 para simetrías de media onda porque el valor medio 
de la función durante un periodo es cero.
 La simetría de cuarto de onda describe una función que tiene una simetría de media onda y, 
además, tiene simetría alrededor del punto céntrico de los ciclos medios positivo y negativo. En la 
figura 15.3-1 se muestra un ejemplo de una función impar con simetría de un cuarto de onda. Si una 
función es impar y tiene simetría de cuarto de onda, entonces a0 � 0, an � 0 para toda n, bn � 0 
para par n. Para impares n, bn está dada por

bn ¼ 8

T

Z T=4

0
f tð Þ sen nv0t dt

Si una función es par y tiene simetría de cuarto de onda, entonces a0 � 0, bn � 0 para toda n y an � 0 
para par n. Para impares n, an está dada por 

an ¼ 8

T

Z T=4

0
f tð Þ cos nv0t dt

 En la tabla 15.3-1 se resumen el cálculo de los coeficientes de Fourier y los efectos asociados de 
simetría de la forma de onda ƒ(t). Con frecuencia, el cálculo de las series de Fourier se puede simplifi-
car por una juiciosa selección del origen (t � 0) porque el analista suele tener la opción de seleccionar 
este punto de manera arbitraria.

0

0

v0

v0

v0

v0

v0

v0

0

0

0

0

f t f t 4
T

T 2
f t n t dt

f t f t 4
T

T 2
f t cos n t dt

f t f t
T
2

4
T

T 2
f t cos n t dt

4
T

T 2
f t n t dt

8
T

T 4
f t n t dt

8
T

T 4
f t cos n t dt

0 para pares n
Simetría de cuarto de onda, simetría
de media onda y simetría alrededor del
punto céntrico de los ciclos medios
positivo y negativo

Tabla 15.3-1 Series de Fourier y simetría

COEFICIENTES DE FOURIERSIMETRÍA

1. Función impar an 0 para toda n

bn sen

2. Función par bn 0 para toda n

an

3. Simetría de media onda

f t f t
T
2

a0 0
an 0 para pares n
bn 0 para pares n

an para impares n

bn sen para impares n

4. A. Función impar: a0 0, an 0 para toda n
bn

bn sen para impares n

B. Función par: a0 0, bn 0 para toda n
an 0 para pares n

an para impares n
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E J E M P L O  1 5 . 3 - 1  Simetría y series de Fourier

Determine la serie de Fourier para la forma de onda triangular v(t) que 
se muestra en la figura 15.3-2.

Solución 
Paso 1: De la figura 15.3-2 vemos que el periodo de vo(t) es

T ¼ p

4
� �p

4

� �
¼ p

2
s

La frecuencia fundamental es

v0 ¼ 2p

T
¼ 4 rad/s

Paso 2: Si no aprovechamos la simetría de la forma de onda triangular, determinar los coeficientes de Fourier a0, 
an y bn requerirá una integración durante un periodo completo, ya sea de 0 a T, o de �T > 2 a T > 2. En consecuencia, 
podemos representar v(t) desde el tiempo �T > 2 hasta T, es decir, de �p > 8 a p > 2 segundos. Escribiendo ecuacio-
nes para los diversos segmentos rectos que comprenden la forma de onda triangular podemos representar v(t) como

v tð Þ ¼

� 32

p
t � 8

32

p
t

� 32

p
t þ 8

32

p
t � 16

8>>>>>>>>>><
>>>>>>>>>>: cuando

� 3p

8
� t � p

8

� p

8
� t � p

8
p

8
� t � 3p

8
3p

8
� t � 5p

8
Si aprovechamos la simetría, necesitaremos integrar solamente desde 0 hasta T > 2, es decir, de 0 a p > 8 segundos. 
Si sólo necesitamos representar v(t) desde 0 hasta p > 8 segundos, no tenemos que escribir ecuaciones para tantos 
segmento de líneas. En este caso, necesitamos escribir la ecuación sólo para una recta que represente v(t) como

v tð Þ ¼ 32

p
t cuando �p

8
� t � p

8
Paso 3: Continuaremos determinando los coeficientes de Fourier a0, an y bn. Primero, el valor medio de la forma 
de onda triangular es 0 voltios

a0 � el valor medio de v(t) � 0
La forma de onda triangular tiene simetría impar. De la entrada 1 de la tabla 15.3-1, an � 0 para toda n y

bn ¼ 4

T

Z T=2

0
v tð Þ sin nv0t dt ¼ 8

p

Z p=4

0
v tð Þ sin 4nt dt

¼ 8

p

Z p=8

0

32

p
t

� �
sin 4nt dt þ

Z p=4

p=8
� 32

p
t þ 8

� �
sin 4nt dt

" #

Si observamos que la forma de onda triangular tiene simetría de un cuarto de onda, proporciona una ecuación 
más sencilla para determinar bn. Utilizando la entrada 4 A de la tabla 15.3-1, vemos que bn � 0 para pares n. Para 
impares n,

bn ¼ 8

T

Z T=4

0
v tð Þ sin nv0t dt ¼ 512

p2

Z p=8

0
t sin 4nt dt ¼ 512

p2

sin 4nt � 4nt cos 4nt

16n2

� �p=8
0

¼ 32

p2n2
sin n

p

2

� �
� 0� n

p

2
cos n

p

2

� �
þ 0

� �
p� �

Dado que cos n
p

2

� �
 � 0 para impar n, obtenemos

bn ¼ 32

p2n2
sen n

p

2

� �
para impar n

FIGURA 15.3-2 Una función impar con 
simetría de media onda.

cuando

cuando

cuando

sen sen

sen sen

sen

sen

sensen
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 742 Serie y transformada de Fourier

En resumen,

a0 ¼ 0; an ¼ 0 para toda n y bn ¼
32

p2n2

0

8<
: sen n

p

2

� �
para par n

Paso 4: La serie de Fourier es

 
vðtÞ ¼ 32

p2

X1
odd n¼1

1

n2
sen

np

2

� �
sen ð4ntÞ (15.3-2)

Observe la notación utilizada en la ecuación 15.3-2 para indicar que la suma incluye sólo términos que corres-
ponden a los valores impares de n.
 La figura 15.3-3 muestra un guión de MATLAB que diagrama las series de Fourier dadas en la ecuación 
15.3-2. El diagrama producido por este guión de MATLAB se muestra en la figura 15.2-3. La forma de onda en la 

% Ex15_3_1.m - triangle waveform Fourier series
% ---------------------------------------------------
%        Describe the periodic waveform, v(t) 
% ---------------------------------------------------
T=pi/2;           % period
a0=0;          % average value

% ---------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ---------------------------------------------------
w0=2*pi/T;         % fundamental frequency, rad/s
tf=1.5*T;          % final time
dt=tf/500;         % time increment
t=0:dt:tf;         % time, s 

% ---------------------------------------------------
%  Approximate v(t) using the trig Fourier series. 
% ---------------------------------------------------
v = a0*ones(size(t));  % initialize v(t) as vector
for n=1:2:200       
   an = 0;  
   bn = (32/n/n/pi/pi)*sin(n*pi/2); 
   v = v + bn*sin(n*w0*t);
end

% ---------------------------------------------------
%              Plot the Fourier series 
% ---------------------------------------------------
plot(t, v)       
axis([0 tf -5 5]) 
grid
xlabel('time, s')
ylabel('v(t) V')
title('Triangle Waveform')

 

FIGURA 15.3-3
Archivo m de 
MATLAB.

para impar n
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0 0.5 1
tiempo, s

v(
t)

 V

Forma de onda triangular

1.5 2

5

0

–5

 FIGURA 15.3-4 Resultado de MATLAB.

figura 15.2-4 es realmente un triángulo que tiene la amplitud correcta, 8 voltios de pico a pico, y el periodo correc-
to, 

p

2
ffi 1.6 segundos. Por lo tanto, vemos que la ecuación 15.3-2 en verdad representa la forma de onda triangular.

EJERCICIO 15.3-1  Determine la serie de Fourier para la forma de onda ƒ(t) que se muestra 
en la figura E 15.3-1. Cada incremento de tiempo en el eje horizontal es p > 8 s, y el máximo y mínimo 
son �1 y �1, respectivamente. 

FIGURA E 15.3-1 El periodo
 
T ¼ p

2
s.

Respuesta: f tð Þ ¼ 4

p

XN
n¼1

1

n
 sen nv0t y n impar, v0 � 4 rad/s

EJERCICIO 15.3-2  Determine la serie de Fourier para la forma de onda ƒ(t) que se muestra 
en la figura E 15.3-2. Cada incremento de tiempo en la malla horizontal es de p > 6 s, y los valores 
máximo y mínimo de ƒ(t) son 2 y �2 respectivamente.

FIGURA E 15.3-2 El periodo T � p s.

Respuesta: f tð Þ ¼ �24
p2

XN
n¼1

1

n2
 sen 1np > 32 sen nv0t y n impar, v0 � 2 rad/s
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 744 Serie y transformada de Fourier

EJERCICIO 15.3-3  Para la señal periódica ƒ(t) que se muestra en la figura E 15.3-3, deter-
mine si la serie de Fourier contiene (a) términos de seno y coseno y (b) armónicos pares, y (c) calcule 
el valor de cd.

 FIGURA E 15.3-3

Respuestas: (a) Sí, contiene ambos términos de seno y coseno; (b) no hay armónicos pares; (c) a0 � 0 

15.4  S E R I E  D E  F O U R I E R  D E  F O R M A S  D E  O N D A 
S E L E C C I O N A D A S

La tabla 15.4-1 provee la serie trigonométrica de Fourier para varias formas de onda con que solemos 
encontrarnos. Cada una de las formas de onda de la tabla 15.4-1 está representada utilizando dos pa-
rámetros: A es la amplitud de la forma de onda, y T es el periodo de la forma de onda.
 La figura 15.4-1 muestra una forma de onda de voltaje que es semejante, pero no exactamente 
la misma, que una forma de onda de la tabla 15.4-1. Para obtener una serie de Fourier para la forma 
de onda de voltaje, seleccionamos la serie de Fourier semejante a la forma de onda de la tabla 15.4-1 
y luego hay que hacer cuatro cosas:

1. Establecer el valor de A igual a la amplitud de la forma de onda de voltaje.
2.  Agregar una constante a la serie de Fourier de la forma de onda de voltaje para ajustar su valor medio.

n 1

n 1

Tabla 15.4-1 Serie de Fourier de formas de onda seleccionadas

SERIE TRIGONOMÉTRICA DE FOURIERFUNCIÓN

T
2

T0

A

f (t)

t

Onda cuadrada : 0
2
T

f t
A
2

2A sen 2n 1 0t
2n 1

f (t)

t

 
2

 
 2

A

Td d–

Onda de impulso : 0
2
T

f t
Ad
T

2A sen
n d
T

n
cos n 0t

(continúa)

p

p

p

p

p

v

v

v

v
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3. Establecer el valor de T igual al periodo de la forma de onda de voltaje.

4.  Reemplazar t por t � to cuando la forma de onda de voltaje se retarde por el tiempo to respecto 
de la forma de onda en la tabla 15.4-1. Con elementos de álgebra, vemos que el retardo se puede 
representar como un cambio de fase en la serie de Fourier de la forma de onda de voltaje.

p

0v
2p

n 1

0v
2p

n 1

n 1

n 1

0v
2p

Tabla 15.4-1 (Continúa)

SERIE TRIGONOMÉTRICA DE FOURIERFUNCIÓN

f (t)

t

A

T
2

3T
2

T0

Onda de seno rectificada  
de media onda : 0

2
T

f t
A A

2
sen 0t

2A cos 2n 0t
4n2 1

f (t) = A sen t

t

A

T 2T–T 0

Onda de seno rectificada  
de onda completa :

T

f t
2A 4A cos n 0t

4n2 1

f (t)

–2T

A

–T T 2T

t

0

Onda dentada :
T

f t
A
2

A sen n 0t
n

f (t)

T
2

–T

A

2TT

t

0

Onda triangular :
T

f t
A
2

4A
2

cos 2n 1 0t
2n 1 2

v

v
v

p p

p

pp

v

v

p

v

E J E M P L O  1 5 . 4 - 1

Determine la serie de Fourier de la forma de onda de voltaje que se muestra en la figura 15.4-1.

t, ms

–2

3

v(t),V

–2 62–6

 FIGURA 15.4-1 Forma de onda de voltaje.

Solución
La forma de onda de voltaje es semejante a la onda rectangular en la tabla 15.4-1. La serie de Fourier de la onda 
rectangular es

f tð Þ ¼ A

2
þ 2A

p

X1
n¼1

sin 2n� 1ð Þv0tð Þ
2n� 1

sen
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 746 Serie y transformada de Fourier

Paso 1: La amplitud de la forma de onda de voltaje es 3 � (�2) � 5 V. Luego de establecer A � 5, la serie de 
Fourier se vuelve

2:5 þ 10

p

X1
n¼1

sin 2n� 1ð Þv0tð Þ
2n� 1

Paso 2: El valor medio de la serie de Fourier es 2.5, el valor del término constante. El valor medio de la forma 
de onda de voltaje es 13 � 1�222 > 2 � 0.5 V. Cambiamos el término constante de la serie de Fourier de 2.5 a 0.5 
para ajustar el valor medio. Esto equivale a restar 2 de la serie de Fourier, correspondiente al cambio de forma de 
onda descendente en 2 V. 

0:5 þ 10

p

X1
n¼1

sin 2n� 1ð Þv0tð Þ
2n� 1

Paso 3: El periodo de la forma de onda de voltaje es T � 6 � (�2) � 8 ms. La frecuencia fundamental corres-
pondiente es 

v0 ¼ 2p

0:008
¼ 250 p rad/s

Luego de establecer v0 � 250 p rad/s, la serie de Fourier se vuelve

0:5þ 10

p

X1
n¼1

sin 2n� 1ð Þ250 ptð Þ
2n� 1

Paso 4: La onda cuadrada en la tabla 15.4-1 tiene un extremo ascendente en tiempo 0. El extremo ascendente 
correspondiente de la forma de onda de voltaje ocurre en �2 ms. La forma de onda de voltaje está 2 ms adelan-
te o, de manera equivalente, se retrasa �2 ms. En consecuencia, en la serie de Fourier reemplazamos t por t � 
(�0.002) � t � 0.002. Observamos que

sin 2n� 1ð Þ250 p t þ 0:002ð Þð Þ ¼ sin 2n� 1ð Þ 250 pt þ p

2

� �� �
¼ sin 2n� 1ð Þ 250 pt þ 90�ð Þð Þ

Después de reemplazar t por t � 0.002, la serie de Fourier se vuelve

v tð Þ ¼ 0:5 þ 10

p

X1
n¼1

sin 2n� 1ð Þ 250 pt þ 90�ð Þð Þ
2n� 1

15.5  F O R M A  E X P O N E N C I A L  D E  L A  S E R I E 
D E  F O U R I E R

Si aplicamos la identidad de Euler, podemos derivar la forma exponencial de las series de Fourier a 
partir de la serie trigonométrica de Fourier. Recuerde por la ecuación 15.2-13 que la forma de ampli-
tud de fase de la serie de Fourier está dada por

 
f tð Þ ¼ c0 þ

X1
n¼1

cn cos nv0t þ unð Þ (15.5-1)

La identidad de Euler es

 e ju ¼ cos u þ j sen u (15.5-2)

sen

sen

sen

sen sen sen

sen
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Una consecuencia de la identidad de Euler es

 
cos u ¼ 1

2
e ju þ e�ju

 �

 (15.5-3)

Utilizando la identidad de Euler, el n-ésimo término de la serie de Fourier se escribe como

 
cn cos nv0t þ unð Þ ¼ cn

e j nv0tþunð Þ þ e�j nv0tþunð Þ

2

� �
¼ cn

2
e j nv0tþunð Þ þ e�j nv0tþunð Þ
� �

 (15.5-4)

Utilizando la ecuación 15.5-4 en la ecuación 15.5-1 nos da

f tð Þ ¼ c0 þ
X1
n¼1

cn

2
e j nv0tþunð Þ þ e�j nv0tþunð Þ
� �

¼ c0 þ
X1
n¼1

cn

2
e jun

� �
e jnv0t þ

X1
n¼1

cn

2
e�jun

� �
e�jnv0t

(15.5-5)

Defina

 
C0 ¼ c0; Cn ¼ cn

2
e jun ; y C�n ¼ cn

2
e�jun (15.5-6)

Entonces ƒ(t) se puede expresar como

 
f tð Þ ¼ C0 þ

X1
n¼1

Cne
jnv0t þ

X1
n¼1

C�ne�jnv0t (15.5-7)

Introducimos la notación

C0 ¼ C0e
j0 ¼ C0

y podemos escribir la ecuación 15.5-7 como

 
f tð Þ ¼

X1
n¼�1

Cne
jnv0t (15.5-8)

La ecuación 15.5-8 representa ƒ(t) como una serie exponencial de Fourier. Los coeficientes comple-
jos Cn de la serie exponencial de Fourier se pueden calcular directamente desde ƒ(t) utilizando

 
Cn ¼ 1

T

Z t0þT

t0

f tð Þe�jnv0tdt (15.5-9)

Refiriéndonos a la ecuación 15.5-6, observamos que C�n es la conjugada compleja de Cn, es decir, 
Cn � C
�n. Utilizamos las ecuaciones 15.5-6 y 15.2-11, y vemos que los coeficientes de la serie ex-
ponencial de Fourier se obtienen a partir de los coeficientes de la serie de Fourier de seno y coseno, 
utilizando

 
Cn ¼ cne

jun

2
¼ an � jbn

2
y C�n ¼ cne

�jun

2
¼ an þ jbn

2
 (15.5-10)

De manera equivalente, los coeficientes de la serie de Fourier de seno y coseno se obtienen de los 
coeficientes de la serie exponencial de Fourier, utilizando

 an � Cn � C�n y bn � j1Cn � C�n2 (15.5-11)

En la tabla 15.5-1 se dan los coeficientes de la serie exponencial de Fourier de formas de onda selec-
cionadas. Recuerde que bn � 0 cuando ƒ(t) es una función par. En consecuencia, C�n � Cn cuando 
ƒ(t) es una función par. Del mismo modo, C�n � �Cn cuando ƒ(t) es una función impar.
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 748 Serie y transformada de Fourier

2=p 1 n2 ; n even

0; otherwise

1=p 1 n2 ; n even

j=4; n 1

0; otherwise

Aj 1
n=np; n 0

0; n 0

A
sin 2 np=2

np=2 2
; n 0

0; n 0

A
d

T

sin npd=T

npd=T

A
sin np=2

np=2
; n odd

0; n 0 and n even

f (t) sin v0t

f t
sin v0t; 0 t T=2

0; T=2 t 0

f t 2At=T
T

2
< t <

T

2

f t A;
d

2
< t <

d

2

f t

A;
T

4
< t <

T

4

A;
T

4
< t <

3T

4

Tabla 15.5-1 Coeficientes complejos de Fourier para formas de onda seleccionadas

FORMA DE ONDA
NOMBRE DE FORMA 
DE ONDA Y ECUACIÓN SIMETRÍA Cn

T
2

T
2

0

A

–A

f (t)1.

–

Onda cuadrada Par

 
2

 
 2

0

A

T

2.

–

Pulso rectangular Par

T
4

T
2

A

–A

T
2

3.

–

Onda triangular Par

4.

T
2

A

–A

T
2

T–

Onda dentada Impar

5.

1

T
2

T0

Sinusoide rectificada
de media onda

Ninguna

6.
1

T
2

0T
2

–

Sinusoide rectificada
de onda completa

Par

sen

sen

sen
impar

 y n par

sen

sen

par

otro

otro
par
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E J E M P L O  1 5 . 5 - 1  Serie exponencial de Fourier

Determine la serie exponencial de Fourier para la función v(t) que se muestra en la figura 15.5-1
v(t)

t
–5 5

–6

6

 FIGURA 15.5-1 Onda rectangular.

% Ex15_5_1.m - Exponential Fourier Series - square wave
% ---------------------------------------------------
%        Describe the periodic waveform, v(t) 
% ---------------------------------------------------
A=6;
T=10;           % period
c0=0;     % average value

% ---------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ---------------------------------------------------
w0=2*pi/T;         % fundamental frequency, rad/s
t0=-T;             % initial time
tf=1.5*T;          % final time
dt=tf/500;         % time increment
t=-T:dt:tf;        % time, s 

% ---------------------------------------------------
%  Approximate v(t) using the exp Fourier series. 
% ---------------------------------------------------
v = c0*ones(size(t));  % initialize v(t) as vector
for n=1:2:200       
   Cn = (2*A/pi/n)*sin(n*pi/2);  
   v = v + Cn*exp(j*n*w0*t) + Cn'*exp(-j*n*w0*t);
end

% ---------------------------------------------------
%              Plot the Fourier series 
% ---------------------------------------------------
plot(t, v)       
axis([t0 tf -(A+1) A+1]) 
grid
xlabel('time, s')
ylabel('v(t) V')
title('Square Wave')

 

FIGURA 15.5-2
Archivo m de 
MATLAB utilizado 
en el ejemplo 15.5-1.
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Solución 
El valor medio de v(t) es cero, por lo que C0 � 0. Entonces, utilizando la ecuación 15.5-9, con t0 � �T > 2, ob-
tenemos

Cn ¼ 1

T

Z T=2

�T=2
v tð Þe�jnv0tdt ¼ 1

T

Z �T=4

�T=2
�Ae�jnv0tdt þ 1

T

Z T=4

�T=4
Ae�jnv0tdt þ 1

T

Z T=2

�T=4
�Ae�jnv0t

¼ A

jnv0T
e�jnv0t

���T=4
�T=2 � e�jnv0t

��T=4
�T=4 þ e�jnv0t

��T=2
T=4

� �

¼ A

jnv0T
2ejnp=2 � 2e�jnp=2 þ e�jnp � ejnp
� �

¼ A

2pn
4 sin

np

2

� �
� 2 sin npð Þ

� �
¼

0 for even n

2A

np
sin n

p

2

� �
for odd n

8<
:

para par n

para impar n

Observe que ƒ(t) es una función par, por lo que esperamos que C�n � Cn. En particular, calculamos

C�1 ¼ C1 ¼ A sin p=2

p=2
¼ 2A

p
; C�2 ¼ C2 ¼ A

sin p

p
¼ 0 y C�3 ¼ C3 ¼ A sin 3p=2ð Þ

3p=2
¼ �2A

3p

La figura 15.5-2 muestra un guión de MATLAB que traza v(t) utilizando la serie exponencial de Fourier. El 
diagrama producido por este guión de MATLAB se muestra en la figura 15.5-3. Por lo tanto, la forma de onda de 
la figura 15.5-3 es cuadrada pues contiene la amplitud correcta y los periodos correctos.

Onda cuadrada

tiempo, s

v(
t)

 V

6

4

2

0

–2

–4

–6

–10 –5 0 5 10 15
 FIGURA 15.5-3 Resultado de MATLAB.

 MATLAB tiene una función integrada, denominada FFT (Trasformada Rápida de Fourier), que 
se puede utilizar para calcular los coeficientes de la serie exponencial de Fourier. La figura 15.5-4 
muestra una función de MATLAB denominada EFS (Serie Exponencial de Fourier) que FFT utiliza 
para calcular los coeficientes de la serie exponencial de Fourier de una función periódica. (La EFS si-
gue muy de cerca la exposición de las series de Fourier en el capítulo 22 de Hanselmann y Littlefield, 
2005.) Observe que la EFS no incluye una descripción de la función periódica. En vez de ello, invoca 
una función de MATLAB llamada my_periodic_-function. En la función my_periodic_function de 
MATLAB describimos nuestra función periódica, ƒ(t). El resultado es que EFS se puede utilizar, sin 
cambio alguno, para encontrar los coeficientes de las series de Fourier de diversas funciones periódicas 
cuando efectuamos los cambios apropiados a my_periodic_function.
 La palabra función se empieza a utilizar de dos maneras diferentes. La primera, como una fun-
ción matemática, por ejemplo ƒ(t) como una función de t. La segunda, como una función de MATLAB, 
un tipo de programa de computadora. Aunque diferentes, estos dos tipos de función se pueden relacio-
nar. En el caso presente, la función my_periodic_function de MATLAB pone en ejecución la función 
matemática ƒ(t) proporcionando el valor de ƒ que corresponde a cualquier valor particular de t.
 Los ejemplos siguientes muestran cómo usar la función EFS de MATLAB para encontrar la 
serie exponencial de Fourier de funciones periódicas.

sen sen
sen

sensensen
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function [C0, Cn] = EFS(N, T)
%EFS Exponential Fourier Series
% returns the coefficients of the exponential Fourier 
% Series of a periofic function described in the 
% MATLAB function named my_periodic_function.m
%
% N = the number of harmonic frequencies
% T = the period of the periodic function 
%
% C0=average value
% Cn(1)=C1, Cn(2)=C2, ..., Cn(N)=CN

% ----------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ----------------------------------------------------
n=2*N;
t=linspace(0,T,n+1);
t(end)=[]; 
% ----------------------------------------------------
%  Obtain values of f(t) at those instants of time 
% ----------------------------------------------------
f=my_periodic_function(t,T);
% ----------------------------------------------------
%  Obtain the Fourier coef and do required bookkeeping 
% ----------------------------------------------------
Cn=fft(f);
Cn=[conj(Cn(N+1)) Cn(N+2:end) Cn(1:N+1)];
Cn=Cn/n;
C0=Cn(N+1);
Cn=[Cn(N+2:end)];

FIGURA 15.5-4 Función de MATLAB para calcular el coefi ciente de la serie exponencial de Fourier.

E J E M P L O  1 5 . 5 - 2   Serie exponencial de Fourier 
utilizando MATLAB

Determine, utilizando MATLAB, la serie exponencial de Fourier para la función ƒ(t) que se muestra en la figura 
15.5-1.

Solución
Necesitamos escribir la función my_periodic_function de MATLAB, que se muestra en la figura 15.5-5. Las entra-
das a esta función son t, una lista de tiempos distribuida equitativamente durante un periodo, y T, el periodo. Deje-
mos que t(k) indique la k-ésima vez en la lista t, y que ƒ(k) indique el valor de la función periódica en el tiempo t(k). 
El resultado de la función my_periodic_function es una lista ƒ de los k valores ƒ(k). El bucle for en la figura 15.5-5 
hace un índice a lo largo de k tiempos, t(k), y el bloque if determina el valor de ƒ(k) que corresponde a cada t(k).
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function f = my_periodic_function(t, T)
% squarewave with amplitude A and period T

A=6;
for k=1:length(t)
    if (t(k)<T/4 | t(k)>3*T/4) f(k)=A;
    elseif (t(k)>T/4 & t(k)<3*T/4) f(k)=-A;
    else f(k)= 0;
    end
end

FIGURA 15.5-5 my_periodic_function para el ejemplo 15.5-2.

% testEFS.m
% ----------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ----------------------------------------------------
T=10;              % period
w0=2*pi/T;         % fundamental frequency, rad/s
t0=-T;             % initial time
tf=1.5*T;          % final time
dt=tf/512;         % time increment
t=-T:dt:tf;        % time, s 
% ---------------------------------------------------
%  Call EFS to get exponential Fourier coefficients 
% ---------------------------------------------------
N=256; %Number of harmonic frequencies
[C0, Cn] = EFS(N,T);
% ---------------------------------------------------
%  Approximate the function by its Fourier series 
% ---------------------------------------------------
v = C0*ones(size(t));  % initialize v(t) as vector
for n=1:N       
   v = v + Cn(n)*exp(j*n*w0*t) + Cn(n)'*exp(-j*n*w0*t);
end
% ---------------------------------------------------
%              Plot the Fourier series 
% ---------------------------------------------------
plot(t, v)       
axis([t0 tf -8 8]) 
grid
xlabel('time, s')
ylabel('v(t) V')
title('Square Wave')

FIGURA 15.5-6 Guión de MATLAB para el trazo de ƒ(t), utilizando los coefi cientes de la serie exponencial de Fourier.
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E J E M P L O  1 5 . 5 - 3   Serie exponencial de Fourier 
utilizando MATLAB

 Los valores de ƒ(t) en tiempos T > 4 y 3T > 4 no son claros porque ƒ(t) es discontinua en estos tiempos. En 
general, cuando ƒ(t) es discontinua en tiempo t, tomaremos ƒ(t) para que sea el promedio de los límites de ƒ(t) 
en cuanto t se aproxime a t desde arriba y desde abajo. En el presente caso,

f tð Þ ¼
lim
t!tþ f tð Þ þ lim

t!t� f tð Þ
2

� A� A

2
¼ 0 cuando t ¼ T

4
o
3T

4

Entonces, de la figura 15.5-1,

f tð Þ ¼

8><
>:

 A cuando t � T > 4 o t � 3T > 4
 �A cuando t � T > 4 y t � 3T > 4
 0 otro

Esta ecuación se realiza por la función de MATLAB, my_periodic_function, que se muestra en la figura 15.5-5.
 La figura 15.5-6 muestra un guión de MATLAB que traza ƒ(t), utilizando los coeficientes de la serie expo-
nencial de Fourier. Colocar EFS.m, my_periodic_function.m, y testEFS.m en el directorio del taller de MATLAB y 
ejecutar testEFS.m produce el mismo diagrama obtenido en el ejemplo 15.5-1 y que se muestra en la figura 15.5-3.

Determine la serie exponencial de Fourier para el seno rectificado de media onda que se muestra en la figura 
15.5-7, utilizando MATLAB.

10

8

20

f (t)

t

 FIGURA 15.5-7 La función periódica para el ejemplo 15.5-3.

Solución 
Solamente necesitamos un par de cosas por hacer: reescribir la función de MATLAB my_periodic_function que 
se muestra en la figura 15.5-8, cambiar el valor del periodo T en testEFS.m y luego ejecutar testEFS.m para ob-
tener el diagrama que se muestra en la figura 15.5-9.

function f = my_periodic_function(t, T)
% half-wave rectified sine with amplitude A 
% and period T

w=2*pi/T;
A=8;
for k=1:length(t)
    if (t(k)<T/2) f(k)=A*sin(w*t(k));
    else  f(k)=0;
    end
end

 
FIGURA 15.5-8 La función my_periodic_
function para el ejemplo 15.5-3.

lím lím
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Seno rectificado de media onda

tiempo, s

10

8

6

4

2

0

–2
–20 –10 0 10 20 30

v(
t)

 V

FIGURA 15.5-9 Resultado de MATLAB para el ejemplo 15.5-3.

EJERCICIO 15.5-1  Encuentre los coeficientes exponenciales de Fourier para la función 
que se muestra en la figura E 15.5-1.

t (s)

–1

1

f (t)

0 1 2

 FIGURA E 15.5-1  

Respuesta: Cn � 0 para par n y Cn ¼ 2

jnp
 para impar n

EJERCICIO 15.5-2  Determine los coeficientes complejos de Fourier para la forma de onda 
mostrada en la figura E 15.5-2.

T
4

T
4

0

1

t–T T–
 FIGURA E 15.5-2

15.6 E S P E C T R O  D E  F O U R I E R

Si diagramamos los coeficientes complejos de Fourier Cn como una función de frecuencia angular, 
v � nv0, obtenemos un espectro de Fourier. Como Cn puede ser compleja, tenemos

 Cn ¼ Cnj jffun (15.6-1)

y diagramamos Cnj j y ffun como el espectro de amplitud y el espectro de fase, respectivamente. 
El espectro de Fourier existe sólo en las frecuencias fundamental y armónica y, por lo tanto, se le 
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denomina como un espectro discreto o de línea. El espectro de amplitud aparece en una gráfica como 
una serie de líneas verticales espaciadas equitativamente con alturas proporcionales a las amplitudes 
de los componentes de frecuencia respectivas. Del mismo modo, el espectro de fase aparece como 
una serie de líneas espaciadas igualmente con altura proporcionales al valor de la fase en la frecuencia 
apropiada. La palabra espectro la presentó Isaac Newton en física (1664) para describir el análisis de 
la luz al pasar por un prisma en sus diferentes componentes de colores o componentes de frecuencia.

El espectro de Fourier es un despliegue gráfico de la amplitud y la fase de los coeficientes 
complejos de Fourier en las frecuencias fundamental y armónica.

E J E M P L O  1 5 . 6 - 1  Espectro de Fourier

Determine el espectro de Fourier para la forma de onda de pulso v(t) que se muestra en la figura 15.6-1.

 
2

 
 2

0

A

d d

v(t)

T–T

t

–

d

 FIGURA 15.6-1 Forma de onda de pulso.

Solución 
Los coeficientes de Fourier son

 
Cn ¼ 1

T

Z T=2

�T=2
v tð Þe�jnv0tdt (15.6-2)

Para n 6¼ 0, tenemos

Cn ¼ A

T

Z d=2

�d=2
e�jnv0tdt ¼ �A

jnv0T
e�jnv0d=2 � ejnv0d=2
� �

¼ 2A

nv0T
sin

nv0d

2

� �
¼ Ad

T
sin

nv0d=2

nv0d=2

� �
¼ Ad

T

sin x

x

donde x � (nv0d > 2) y n 6¼ 0. Cuando n � 0, tenemos

C0 ¼ 1

T

Z d=2

�d=2
A dt ¼ Ad

T

También se podría mostrar que (sen x) > x � 1 para x � 0 aplicando la regla de L’Hôpital. En suma,

 
Cn ¼ Ad

T

sin nv0d=2ð Þ
nv0d=2

 para toda n (15.6-3)

sen sen
sen

sen
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Los coeficientes Cn corresponden a las frecuencias discretas nv0 donde v0 es la frecuencia fundamental, determi-
nada desde el periodo T de la función periódica. El espectro de amplitud aparece en la gráfica como una serie de 
líneas verticales espaciadas equitativamente, que corresponden a las frecuencias espaciadas a distancias iguales 
nv0. La altura de cada línea representa la amplitud

Cnj j ¼ Ad

T

sin nv0d=2ð Þ
nv0d=2

����
����

El espectro de amplitud, un diagrama Cnj j versus v � nv0, se muestra en la figura 15.6-2a para n hasta �15. 
Incluso, 0 (sen x) > x 0 se muestra en gris en la figura 15.6-2a. Observe que (sen x)>x es cero cada vez que x es un 
múltiple entero de p, es decir,

sin npð Þ
np

¼ 0 n ¼ 1; 2; 3; . . .

En la figura 15.6-2b se muestra el espectro de fase, un diagrama de un ¼ ffCn versus v = nv0. El espectro de 
fase aparece en una gráfica como una serie de líneas verticales espaciadas igualmente que corresponden al nv0. 
La altura de cada línea representa el ángulo un. En general, los coeficientes Cn tienen valores complejos, pero en 
la ecuación 15.6-3 vemos que, en este caso, los coeficientes Cn  tienen valores reales. En consecuencia, un � 0 
cuando Cn es positivo y un � p radianes � 180° cuando Cn es negativo.  

sen

FIGURA 15.6-2 (a) La amplitud y (b) la fase de los espectros de Fourier de la forma de onda.

sen

sen
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% Spectrum.m
T=20;     % period
N=64;     % Number of harmonic frequencies
% ----------------------------------------------------
%  Obtain a list of equally spaced instants of time 
% ----------------------------------------------------
n=2*N;
t=linspace(0,T,n+1);
t(end)=[]; 
% ----------------------------------------------------
%  Obtain values of f(t) at those instants of time 
% ----------------------------------------------------
f=my_periodic_function(t,T);
% ----------------------------------------------------
%  Obtain the Fourier coef and do required bookkeeping 
% ----------------------------------------------------
Cn=fft(f);
Cn=[conj(Cn(N+1)) Cn(N+2:end) Cn(1:N+1)];
Cn=Cn/n;

% ---------------------------------------------------
%              Plot the Fourier spectrum 
% ---------------------------------------------------
stem(-N:N,abs(Cn))
xlabel('n')
ylabel('|Cn|')
title('Magnitude Spectrum of a Pulse Train')
axis tight

FIGURA 15.6-3 Programa de MATLAB para el espectro de Fourier.

 La figura 15.6-3 muestra un programa de MATLAB que utiliza la FFT para diagramar el espec-
tro de Fourier de una función periódica (Hanselman y Littlefield, 2005)

E J E M P L O  15 .6 -2  Uso de MATLAB para diagramar el espectro de Fourier

Utilice MATLAB para diagramar el espectro de amplitud para la forma de onda de pulso v(t) en la figura 15.6-1 
cuando A � 8 V, T � 20 segundos y d � T>10.

Solución
Podemos emplear el programa de MATLAB que se muestra en la figura 15.6-3 para diagramar el espectro, luego 
de realizar las tres cosas siguientes:

1  Especifi car los valores de T y N en la segunda y tercera líneas. T es el periodo en segundos y N determina 
la cantidad de frecuencias armónicas utilizadas al diagramar el espectro. La n en nv0 varía de �N a N. Los 
valores dados en la fi gura 15.6-3 no requieren cambios.
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function f = my_periodic_function(t, T)
d=T/10; 
A=8;
for k=1:length(t)
    if (t(k)<d/2 | t(k)>T-d/2) f(k)=A;
    elseif (t(k)>d/2 & t(k)<T-d/2)  f(k)=0;
    else f(k)= A/2;
    end
end

 
FIGURA 15.6-4 my_periodic_function 
para el ejemplo 15-6-4.

2.  Proporcionar una función de MATLAB llamada my_periodic_function que describe el tren de pulsos 
que se muestra en la fi gura 15.6-1. La función de MATLAB requerida la proporciona la fi gura 15.6-4. 
Las entradas para esta función son t, una lista de tiempo distribuido con igualdad durante un periodo, y T, 
el periodo. Dejemos que t(k) indique la k-ésima vez en la lista t y que ƒ(k) indique el valor de la función 
periódica en el tiempo t(k). El resultado de my_periodic_function es una lista ƒ de los k valores ƒ(k). El bucle 
hace un índice a través de los k tiempos t(k), y el bloque if determina el valor de ƒ(k) que corresponde a cada 
t(k). (Cuando ƒ(t) sea discontinuo en tiempo t, tomaremos ƒ(t) para que sea el promedio de los límites de 
ƒ(t) en cuanto t se aproxime a t desde arriba y desde abajo.)

3.  Realizar algunos cambios deseados a los enunciados de la diagramación hacia el fi nal del programa. El 
enunciado

stem �N : N;abs Cnð Þð Þ
  traza el espectro de amplitud. Cambie abs(Cn) a angle(Cn) para trazar el espectro angular. Además, las 

etiquetas del diagrama se pueden cambiar como se desee. En este caso no se requieren cambios. 

La figura 15.6-5 muestra el espectro de amplitud que se diagramó utilizando MATLAB.
Espectro de magnitud de un tren de pulsos

n
-60

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
-40 -20 0 20 40 60

C
n

 
FIGURA 15.6-5 Resultado de MATLAB para el 
ejemplo 15.6-2.

15.7 C I R C U I T O S  Y  S E R I E  D E  F O U R I E R

Con frecuencia se desea determinar la respuesta de un circuito excitado por una señal vf(t) de entra-
da periódica. Podemos representar vs(t) por una serie de Fourier y luego encontrar la respuesta del 
circuito al fundamental y a cada armónico. Suponiendo que el circuito es lineal y que se mantiene 
el principio de superposición, podemos considerar que la respuesta total es la suma de la respuesta 
al término de cd, al fundamental y a cada armónico.
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E J E M P L O  1 5 . 7- 1  Respuesta de estado estable a una entrada periódica

Encuentre la respuesta de estado estable, vo(t), del circuito RC que se muestra en la figura 15.7-1b. La entrada, 
vs (t), es la onda cuadrada que se muestra en la figura 15.7-1a.

+

–

+
–

vs(t)

vs(t) vo(t)C = 2 F

R = 1 

t

1

0
2

–
4 4 4

3
4

–

(a) (b)
FIGURA 15.7-1 (a) Onda cuadrada y (b) circuito considerado en el ejemplo 15.7-1.

Solución
Con los datos de la tabla 15.4-1 y procediendo como en el ejemplo 15.4-1, representamos vs (t) con la serie de 
Fourier

 
vs tð Þ ¼

1

2
þ 2

p

X1
n¼1

sin 2n� 1ð Þ 2t þ 90�ð Þð Þ
2n� 1

En este ejemplo representaremos esta onda rectangular por el primero de los cuatro términos de su serie de Fourier 

  vs tð Þ ¼ 1

2
þ 2

p
cos 2t � 2

3p
cos 6t þ 2

5p
cos 10t

Encontraremos la respuesta de estado estable, vo(t), con ayuda de la superposición. Será útil que vs n(t) indique el 
término de vs(t) que corresponda a n. En este ejemplo, vs (t) tiene cuatro términos que corresponden a n � 0, 1, 3 
y 5. Entonces,

vs (t) � vs 0(t) � vs 1(t) � vs 3(t) � vs 5(t) 

donde  vs (t) � 
1

2
 vs 1(t) � 

2

p
 cos 2t,

vs 3(t) � 
2

3p
 cos 6t y vs 5(t) � 

2

5p
 cos 10t

 La figura 15.7-2 ilustra cómo se utiliza la superposición en este ejemplo. Primero, dado que la conexión en 
serie de las fuentes de voltaje con los voltajes vs 0(t), vs 1(t), vs 3(t) y vs 5(t) equivale a una fuente única de voltaje 
que tiene los voltajes vs (t) � vs 0(t) � vs 1(t) � vs 3(t) � vs 5(t), el circuito que se muestra en la figura 15.7-2b es 
equivalente al que se muestra en la figura 15.7-2a.
 A continuación se invoca el principio de la superposición para desmenuzar el problema en cuatro proble-
mas más sencillos, como se muestra en la figura 15.7-2c. Cada circuito en la figura 15.7-2c se utiliza para calcu-
lar la respuesta de estado estable a una sola de las fuentes de voltaje de la figura 15.7-2b. (Cuando se calcula la 
respuesta a una fuente de voltaje, las demás fuentes de voltaje se establecen a cero; es decir, son reemplazadas 
por cortocircuitos.) Por ejemplo, el voltaje vo3(t) es la respuesta estable a vs 3(t) sola. La superposición nos enseña 
que la respuesta a las cuatro fuentes de voltaje que funcionan en conjunto es la suma de las respuestas a las cuatro 
fuentes que funcionan por separado, es decir, 

 Vo(t) � vo0(t) � vo1(t) � vo3(t) � vo5(t) 

sen
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+
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R
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(d)

Vs5 Vo5

R

1
j3   0C

1
j   0C

1
j5   0C

FIGURA 15.7-2 (a) Circuito RC excitado por un voltaje periódico vs(t). (b) Circuito equivalente. Cada fuente de voltaje es un 
término de la serie de Fourier de vs(t). (c) Uso de superposición. Cada entrada es una sinusoide. (d ) Uso de fasores para encontrar las 
respuestas de estado estable a las sinusoides.

 La ventaja de fraccionar el problema en cuatro problemas más sencillos es que la entrada de cada uno de 
los cuatro circuitos en la figura 15.7.2c es una sinusoide. El problema de encontrar la respuesta de estado estable 
a una entrada periódica se ha reducido al problema más sencillo de encontrar la respuesta de estado estable a una 
entrada senoidal. La respuesta de estado estable de un circuito lineal a una entrada senoidal se puede encontrar 
utilizando fasores. En la figura 15.7-2d se han dibujado de nuevo, utilizando fasores e impedancias, los cuatro 
circuitos de la figura 15.7-2c. La impedancia del condensador es

Zc ¼ 1

jnv0C
 para n � 0, 1, 3, 5

Cada uno de los cuatro circuitos corresponde a un valor diferente de n, de modo que la impedancia del conden-
sador es diferente en cada circuito. (La frecuencia de la sinusoide de entrada es nv0, por lo que cada circuito 
corresponde a una frecuencia diferente.) Observe que cuando n � 0, Zc � 1 y, por consiguiente, el condensador 
actúa como un circuito abierto. Los cuatro circuitos que se muestran en la figura 15.7-2d son muy semejantes. En 
cada caso se puede utilizar la división de voltaje para escribir

Von ¼ 1= jnv0Cð Þ
R þ 1= jnv0Cð ÞVsn para n � 0, 1, 3, 5

donde Vsn es el fasor que corresponde a vsn(t) y Von es el fasor que corresponde a von(t). Por lo tanto,

Von ¼ Vsn

1 þ jnv0CR
 para n � 0, 1, 3, 5

En este ejemplo, v0CR � 4, por lo que

Von ¼ Vsn

1 þ j4n
 para n � 0, 1, 3, 5
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A continuación, la respuesta de estado estable se puede escribir como

 

von tð Þ ¼ jVonj cos ðnv0t þ ffVonÞ
¼ jVsnjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ 16n2
p cos ðnv0t þ ffVsn � tan�1 4nÞ

En este ejemplo,

jVs0j ¼ 1

2

jVsnj ¼ 2

np

ffVsn ¼ 0 para n � 0, 1, 5 y ffVsn ¼ 180� para n � 3

Por consiguiente, vo0 tð Þ ¼ 1

2

von tð Þ ¼ 2

np
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 16n2

p cos ðn2t þ ffVsn � tan�1 4nÞ para n � 1, 3, 5

Aplicando aritmética resulta

vo0 tð Þ ¼ 1

2
vo1 tð Þ ¼ 0:154 cos 2t � 76�ð Þ
vo3 tð Þ ¼ 0:018 cos 6t þ 95�ð Þ
vo5 tð Þ ¼ 0:006 cos 10t � 87�ð Þ

Por último, la respuesta de estado estable del circuito original, vo(t) se encuentra agregando las respuestas par-
ciales,

vo tð Þ ¼ 1

2
þ 0:154 cos 2t � 76�ð Þ þ 0:018 cos 6t þ 95�ð Þ þ 0:006 cos 10t � 87�ð Þ

Es importante tener en cuenta que la superposición justifica la adición de las funciones de tiempo, vo0(t), vo1(t), 
vo3(t) y vo5(t) para obtener vo(t). Los fasores Vo0, Vo1, Vo3 y Vo5 corresponden cada uno a una frecuencia diferente. 
Una suma de estos fasores no tiene sentido alguno.

EJERCICIO 15.7-1 Encuentre la respuesta del circuito de la figura 15.7-2 cuando R � 10 k�, 
C � 0.4 mF y vs es la onda triangular considerada en el ejemplo 15.3-1 (figura 15.3-3). Incluya todos 
los términos que excedan 2% del término fundamental.

Respuesta: vo1t2 � 0.20 sen 14t � 86°2 � 0.008 sen 112t � 89°2 V

15.8  U S O  D E  P S P I C E  PA R A  D E T E R M I N A R 
L A  S E R I E  D E  F O U R I E R

El programa de simulación de circuitos de PSpice (Perry, 1998) provee procedimientos integrados que 
pueden hacer que sea fácil encontrar las series de Fourier de cualquier voltaje o corriente periódicos 
en un circuito simulado. Para encontrar una serie de Fourier utilizando PSpice, necesitamos hacer 
cinco pasos:

para  n � 0, 1, 3, 5
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Paso 1 Representar el circuito y sus entradas en el taller de PSpice.

Paso 2  Especificar una simulación de dominio de tiempo con una duración suficiente para incluir 
un periodo completo después de que todos los transitorios hayan desaparecido.

Paso 3  Solicitar que los coeficientes de la serie de Fourier se calculen e impriman en el archivo 
de salida de PSpice.

Paso 4 Simular el circuito.

Paso 5 Interpretar el resultado de PSpice.

El ejemplo siguiente ilustra este procedimiento.

E J E M P L O  1 5 . 8 - 1  Series de Fourier utilizando PSpice

Considere el circuito que se muestra en la figura 15.8-1a. La entrada a este circuito es el voltaje de la fuente 
de voltaje, vi (t). La salida del circuito es el voltaje, vo(t), a través del resistor de 10-k�. La entrada, vi(t), es el 
voltaje periódico que se muestra en la figura 15.81b. La salida, vo(t), también será un voltaje periódico. Utilice 
PSpice para representar a vi(t) y a vo(t) por series de Fourier.

vi(t) vo(t)

vi(t), V

+

–

R1 = 13.33 k

R2 = 26.67 k

C = 0.1 F

10 k

–

+
+
–

–9 –6 –3

–3

–6

2

2

4 7 10 16 t, ms

(a)

(b)  
FIGURA 15.8-1 (a) Un circuito y (b) un voltaje 
de entrada periódico.

Solución
Paso 1: Represente el circuito y su entrada en el taller de PSpice.
 PSpice se refiere a los elementos de circuito como partes. Abra un nuevo proyecto en PSpice. Coloque las 
partes en el taller de PSpice, ajuste los valores de capacitancia y resistencia, y enlace las partes entre sí (Svoboda, 
2007). El circuito de PSpice resultante se muestra en la figura 15.8-2. La fuente de voltaje en la figura 15.8-1a 
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FIGURA 15.8-2 El circuito como se describe en el taller de PSpice.

corresponde a una parte de PSpice denominada VPULSE. La figura 15.8-3 muestra el símbolo para esta parte jun-
to con la forma de onda del voltaje que la produce. Una parte VPULSE se especifica al proporcionar valores para 
los parámetros v1, v2, td, tr, tf, pw y per. El significado de cada parámetro se ve al examinar la figura 15.8-3b. 
La forma de onda de pulso simulará la onda triangular cuando pw se especifique para hacer que el tiempo que el 
voltaje permanezca sea igual a v2 ligeramente insignificante, y que per se especifique para hacer que el tiempo 
que el voltaje permanezca sea igual a v1 ligeramente insignificante. Un conjunto adecuado de valores de paráme-
tros para simular el voltaje de entrada, vi(t), es

 v1 � 2 V, v2 � �6 V, td � 2 ms, tr � 8 ms, tf � 8 ms, pw � 1 ns y per � 16 ms.

(PSpice requiere que pw � 0 por lo que no podemos utilizar pw � 0. En cambio, se utiliza un valor mucho más 
pequeño que tr y tf.)

td tr pw tf
per

V1 =
V2 =
TD =
TR =
TF =
PW =
PER =

V?

v2

v1

0

(b)(a)

FIGURA 15.8-3 (a) El símbolo y (b) la forma de onda de voltaje de una parte VPULSE.
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FIGURA 15.8-4 Cuadro de diálogo Simulation Settings.

Paso 2: Especifique una simulación de dominio de tiempo que tenga una duración lo bastante grande para incluir 
un periodo completo después de que todos los transitorios hayan desaparecido. 
 De la barra de menús de PSpice seleccione el menú PSpice/New Simulation Profile para que se despliegue 
el cuadro de diálogo New Simulation. Especifique un nombre para la simulación y luego seleccione Create para 
que se despliegue el cuadro de diálogo Simulation Settings como se muestra en la figura 15.8-4. Luego, como 
tipo de análisis, seleccione Time Domain (Transient) en el botón Analysis type. Especifique 64 ms en el cuadro 
Run to time para ejecutar la simulación para cuatro periodos completos de la forma de onda de entrada.
Paso 3: Solicite que los coeficientes de la serie de Fourier se calculen e impriman en el archivo de salida de 
PSpice.
 Haga clic en el botón Output Files Options para desplegar el cuadro de diálogo Transient Output File Op-
tions como se muestra en la figura 15.8-5. Seleccione el cuadro de la opción Perform Fourier Analysis. PSpice 
representa la serie trigonométrica de Fourier utilizando el seno en vez del coseno, es decir

 
v tð Þ ¼ c0 þ

XN
n¼1

cn sen nv0t þ unð Þ (15.8-1)

FIGURA 15.8-5 Solicitud del cálculo de los coefi cientes de la serie de Fourier.
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FIGURA 15.8-6 Los coefi cientes de la serie de Fourier de vi(t).

Ingrese la frecuencia fundamental, ƒ0 � v0 > 2p, utilizando unidades de Hertz en el cuadro de texto Center Fre-
quency y N en el cuadro de texto Number of Harmonics. Ingrese los nombres de PSpice para voltajes o corrientes 
que se vayan a representar por sus series de Fourier en el cuadro de texto Output Variables. Haga clic en el botón 
OK para cerrar el cuadro de diálogo Transient Output File Options, y luego haga clic en el botón OK para cerrar 
el cuadro de diálogo Simulation Settings; vuelva al taller de PSpice.

Paso 4: Simule el circuito.
 De la barra de menús de PSpice, seleccione el menú PSpice/Run para ejecutar la simulación.

Paso 5: Interprete el resultado de PSpice.
 Luego de una simulación exitosa de Time Domain (Transient), Probe, el procesador gráfico de postproduc-
ción de PSpice, se abrirá automáticamente en una ventana Schematics. En los menús de Schematics seleccione 
View/Output File. Desplácese a través del archivo de resultado para encontrar los coeficientes de Fourier del 
voltaje de entrada que se muestra en la figura 15.8-6. (PSpice cambió el nombre del voltaje de entrada. Utilizamos 
el nombre V(V1:�) en el cuadro de texto Output Variables del cuadro de diálogo Transient Outpput File Options 
en la figura 15.8-5. Sin embargo, PSpice utilizó el nombre V(N00230) en la figura 15.8-6.) La tabla en la figura 
15.8-6 tiene seis columnas y ocho filas. Éstas corresponden a los ocho coeficientes, c1, c2, c3, ..., c8. (Hay ocho 
filas porque N � 8 fue el número que se ingresó en el cuadro de texto Number of Harmonics en el cuadro de diá-
logo Transient Output File Options en la figura 15.8-5.) La primera columna etiqueta las filas con los subíndices, 
n, de estos coeficientes. La segunda columna lista las frecuencias, nv0, utilizando unidades de Hertz. La tercera 
columna lista los coeficientes c1, c2, c3, ..., c8. La cuarta columna lista los coeficientes regularizados c1 > c1 � 1, 
c2 > c1, c3 > c1, ..., c8 > c1. La quinta columna lista los ángulos de fase u1, u2, u3, ..., u8. La sexta columna lista los 
coeficientes regularizados, u1 � u1 � 0, u2 � u1, u3 � u1, ..., u8 � u1.
 Esperamos que los coeficientes pares, c2, c4, c6, ..., c8, sean cero. Hay muchos más pequeños que los co-
eficientes impares, de modo que interpretaremos que son cero. El coeficiente c0 es el componente de la serie de 
Fourier y está escrito sobre la tabla en la figura 15.8-5. Por último, PSpice representa la serie de Fourier utilizando 
seno en vez de coseno, por lo que los coeficientes en la figura 15.8-6 indican que vi(t) está representada por la 
serie de Fourier

vi1t2 � �2.000199 � 3.242 sen 1393t � 45°2 � 0.3602 sen 11178t � 45°2 � 0.1279 sen 11963t � 135°2
� 0.6613 sen 12749t � 135°2 � . . .
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FIGURA 15.8-7 Los coefi cientes de la serie de Fourier de vo(t).

Podemos representar la serie utilizando cosenos, restando 90° a cada ángulo de fase. Entonces 

 

vi tð Þ ¼ �2:000199þ 3:242 cos 393t � 45�ð Þ þ 0:3602 cos 1178t � 135�ð Þ
þ 0:1297 cos 1963t � 225�ð Þ þ 0:06613 cos 2749t þ 45�ð Þ þ . . .

 (15.8-2)

Desplácese a través del archivo de resultados para encontrar los coeficientes de Fourier del voltaje de salida que 
se muestran en la figura 15.8-7. Esta figura indica que la serie de Fourier de vo(t) es

 
vo tð Þ ¼ 4:001551þ 4:444 cos 393t þ 88:4�ð Þ þ 0:2112 cos 1178t � 24:06�ð Þ

þ 0:04794 cos 1963t � 118:8�ð Þ þ 0:02040 cos 2749t � 227�ð Þ þ . . .
 (15.8-3)

15.9 T R A N S F O R M A D A  D E  F O U R I E R

La transformada de Fourier está estrechamente relacionada con las series de Fourier y la transformada 
de Laplace. Recuerde que una forma de onda periódica ƒ(t) posee una serie de Fourier. En cuanto 
incrementamos el periodo T, la frecuencia fundamental v0 se hace más pequeña porque

v0 ¼ 2p

T

La diferencia entre dos frecuencias armónicas consecutivas es �v � (n � 1)v0 � nv0 � v0 � 2p > T. 
Por lo tanto, en cuanto T se aproxima al infinito, �v se acerca a dv, un incremento de frecuencia infini-
tesimal. Además, el número de frecuencias en cualquier intervalo de frecuencia dada se incrementa en 
la proporción en que �v disminuye. De este modo, en el límite, nv0 se acerca a la variable continua, v.
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 Considere la serie exponencial de Fourier,

y 

f tð Þ ¼
Xn¼1
n¼�1

Cne
jnv0t

Cn ¼ 1

T

Z T=2

�T=2
f tð Þe�jnv0t dt  (15.9-2)

Si multiplicamos la ecuación 15.9-2 por T y dejamos que se aproxime al infinito T, tenemos

 
CnT ¼

Z 1

�1
f tð Þe�jvt dt (15.9-3)

Sea CnT igual a una nueva función de frecuencia F( jv) de modo que

 
F jvð Þ ¼

Z 1

�1
f tð Þe�jvt dt  (15.9-4)

donde F( jv) es la transformada de Fourier de ƒ(t). El proceso inverso se encuentra a partir de la ecua-
ción 15.9-1, donde dejamos que CnT � F( jv) de modo que

f tð Þ ¼ lim
T!1

X1
n¼�1

CnTe
jnv0t

1

T
¼ lim

T!1

X1
n¼�1

F jvð Þe jnv0t
v0

2p

porque 1 > T � v0 > 2p. Puesto que T ! 1, la suma se vuelve un entero, y el incremento �v � v0 se 
transforma en dv. Entonces, tenemos

 
f tð Þ ¼ 1

2p

Z 1

�1
F jvð Þe jvt dv  (15.9-5)

La ecuación 15.9-5 se denomina transformada inversa de Fourier. Este par de ecuaciones (15.9-4 
y 15.9-5), denominadas par de transformada de Fourier, nos permiten completar la transformada de 
Fourier a la frecuencia de dominio y el proceso inverso al dominio de tiempo.
 Una función de tiempo dada f(t) tiene una transformada de Fourier siZ 1

�1
f tð Þ dt < 1

y si el número de discontinuidades en ƒ(t) es finito. Desde un punto de vista práctico, todos los pulsos 
de duración finita que nos interesan tienen transformadas de Fourier. 
 El par de transformada de Fourier se resume en la tabla 15.9-1.

(15.9-1)

lím lím

Del dominio de frecuencia al dominio de tiempo 
Conversión de F( j   ) a ƒ(t)

Del dominio de tiempo al dominio de frecuencia
Conversión de ƒ(t) a F( j   )F jv f t e jvt dt

f t
1

2p
F jv ejvt dv

Tabla 15.9-1 Par de transformada de Fourier

PROCESONOMBREECUACIÓN

Transformada

Transformada inversa

v

v
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EJERCICIO 15.9-1  Determine la transformada de Fourier de ƒ(t) � e�at u(t), donde u(t) es 
la función escalón unitario.

Respuesta: F jvð Þ ¼ 1

a þ jv

E J E M P L O  1 5 . 9 - 1  Transformada de Fourier de un pulso

Derive la transformada de Fourier del pulso no periódico que se muestra en la figura 15.9-1.

 

A

t–
2 2

0

 
–

A

2 0 2– 4 4

FIGURA 15.9-1 Un pulso no periódico. 
 FIGURA 15.9-2 La transformada de Fourier para el pulso no periódico rectangular se 
muestra como una función de v.

Solución
Utilizando la transformada tenemos

 

F jvð Þ ¼
Z D=2

�D=2
Ae�jvt dt ¼ A

�jv e�jvt
����
D=2

�D=2

¼ A

�jv e�jvD=2 � ejvD=2
� �

¼ AD
sin vD=2ð Þ
vD=2

 (15.9-6)

 Así, la transformada de Fourier es de la forma (sen x) > x, donde x � v� > 2, como se muestra en la figura 
15.9-2. Observe que (sen x) > x � 0 cuando x � v� > 2 � np, u v � 2np > �, como se muestra en la figura 15.9-2. 
Indicaremos que (sen x) > x � Sa(x).
 Consideremos la versión cambiada del pulso rectangular de la figura 15.9-1 donde A � 1 > � y el ancho 
del pulso se aproxima a cero, � ! 0, mientras el área del rectángulo se mantiene igual a 1. Entonces tenemos el 
impulso unitario d(t � t0) de modo que

 

Z b

a

d t � t0ð Þdt ¼ 1 a � t0 � b

0 otherwise

�
 (15.9-7)

 Obtenemos la transformada de Fourier para un impulso unitario en t0 como 

 
F jvð Þ ¼

Z t0 þ

t0�
d t � t0ð Þe�jvt dt ¼ e�jvt0 (15.9-8)

Cuando t0 � 0, tenemos el caso especial,
 F(jv) � 1 (15.9-9)

Por consiguiente, observamos que F(jv) � 1 de un impulso unitario ubicado en el origen es constante e igual a 1 
para todas las frecuencias.

otro más

sen
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15.10 PROPIEDADES DE LA TRANSFORMADA DE FOURIER

Podemos derivar algunas propiedades de la transformada de Fourier si escribimos F(jv) en la forma 
compleja de

F jvð Þ ¼ X vð Þ þ jY vð Þ
Como alternativa tenemos

F jvð Þ ¼ jF vð Þje ju

donde u � tan�1(Y > X ). Observe que utilizamos F( jv) � F(v) de manera intercambiable. Además,
F �vð Þ ¼ F
 vð Þ

donde F
 vð Þ es la conjugada compleja de F( jv).
 Si tenemos la transformada de Fourier de ƒ(t), escribimos

F f tð Þ½  ¼ F vð Þ
donde la escritura F implica la transformada de Fourier. Entonces la transformada inversa se escribe 
como 

F�1 F vð Þ½  ¼ f tð Þ
Repitiendo la ecuación de la transformación tenemos (tabla 15.9-1)

 
F vð Þ ¼

Z 1

�1
f tð Þe�jvt dt (15.10-1)

Entonces, si F[af1(t)] ¼ aF1(v) y F[bf2(t)] ¼ bF2(v), tenemos

F a f 1 þ b f 2½  ¼
Z 1

�1
a f 1 þ b f 2½ e�jvt dt

¼
Z 1

�1
a f 1e

�jvtdt þ
Z 1

�1
b f 2e

�jvtdt

¼ aF1 vð Þ þ bF2 vð Þ
Esto se conoce como la propiedad de la linealidad.
 Ahora utilizamos la definición de la transformada de Fourier, ecuación 15.10-1, en los siguien-
tes ejemplos para encontrar otras propiedades más. 

E J E M P L O  1 5 . 10 - 1  Propiedad de la transformada de Fourier

Encuentre la transformada de Fourier de una función de tiempo cambiado ƒ(t � t0).

Solución

F f t � t0ð Þ½  ¼
Z 1

�1
f t � t0ð Þe�jvt dt

Si dejamos que x � t � t0, tenemos

F f t � t0ð Þ½  ¼
Z 1

�1
f xð Þe�jv x þ t0ð Þ dx ¼ e�jvt0F vð Þ

donde F vð Þ ¼F f tð Þ½ .
 Las propiedades seleccionadas de la transformada de Fourier se resumen en la tabla 15.10-1. Podemos 
utilizar estas propiedades para derivar los pares de transformada de Fourier.
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 770 Serie y transformada de Fourier

f (t)

Af(t)

af1 bf2

f(t t0)

f(at), a > 0

ejv0t f t

dnf t

dtn

f 1 x f 2 t x dx

tnf (t)

f( t)

t
f t dt

Tabla 15.10-1 Propiedades seleccionadas de la transformada de Fourier

TRANSFORMADA DE FOURIERFUNCIÓN DE TIEMPONOMBRE DE LA PROPIEDAD

1. Definición
2. Multiplicación por constante
3. Linealidad
4. Cambio de tiempo

5. Graduación en el tiempo

6. Modulación

7. Diferenciación

8. Convolución

9. Multiplicación en el tiempo

10. Inversión en el tiempo

11. Integración

F(v)

AF(v)

aF1(v) bF2(v)

e jvt0F v

1

a
F

v

a

F(v v0)

(jv)nF(v)

F1(v)F2(v)

j
n d

nF v

dvn

F( v)

F v

jv
pF 0 d v

 Con la ayuda de las propiedades de la transformada de Fourier y la definición de la ecuación 
original, podemos derivar pares de transformada útiles y desarrollar una tabla  de estas relaciones. Ya 
hemos derivado las primeras tres entradas de la tabla 15.10-2, y agregaremos algunas más utilizando 
las propiedades de la tabla 15.10-1 y/o la definición original de la transformación.

E J E M P L O  1 5 . 10 - 2  Transformada de Fourier

Encuentre la transformada de Fourier de f tð Þ ¼ Ae�aj t j, la cual se muestra en la figura 15.10-1.

A

t0

Aeat Ae–at

 FIGURA 15.10-1 Forma de onda del ejemplo 15.10-2.

Solución
Dividiremos la función en dos formas de onda simétricas y utilizaremos la propiedad linealidad. Entonces, 

f tð Þ ¼ f 1 tð Þ þ f 2 tð Þ ¼ Ae�atu tð Þ þ Aeatu �tð Þ
De la entrada 3 de la tabla 15.10-2 tenemos

F1 vð Þ ¼ A

a þ jv

De la propiedad 10 de la tabla 15.10-1 obtenemos

F2 vð Þ ¼ F1 �vð Þ ¼ A

a� jv

Utilizando la propiedad linealidad tenemos

 
F vð Þ ¼ F1 vð Þ þ F2 vð Þ ¼ A

a þ jv
þ A

a� jv
¼ 2Aa

a2 þ v2
 (15.10-2)

Este resultado es la entrada 4 de la tabla 15.10-2. Observe que F(v) es una función par.
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1. Pulse

f 1 t Au t
D

2
Au t

D

2
ADSa

vD

2

Tabla 15.10-2 Pares de transformada de Fourier

f (t FORMA DE ONDA) f ( )

1. Pulso
A

–
2 2

0

v

2. Impulse

d t t0

3. Decaying exponential

Ae atu t

4. Symmetric decaying exponential

Ae a t

5. Tone burst (gated cosine)

Af 1 t cos v0t

6. Triangular pulse

7. A Sa bt A
sin bt

bt

8. Constant dc

f t A

9. Cosine wave

A cos v0t

e jvt0

A

a jv

2aA

a2 v2

AD

2
Sa v v0 Sa v v0

A DSa2
vD

2

Ap

b
v < b

0 v > b

2pA d v

pA d v v0 d v v0

2. Impulso

t0

(t – t0)

3. Exponencial de disminución A

0 t

4. Exponencial de disminución simétrica A

0 t

5. Rotura de tono (coseno confinado)
A

–
2 2

t

6. Pulso triangular
A

–

A

0 t

b

8. cd constante
A

0 t

9. Onda de coseno
A

t

(continúa)

sen
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E J E M P L O  1 5 . 10 - 3  Transformada de Fourier

Encuentre la transformada de Fourier de la forma de onda de coseno confinado ƒ(t) � ƒ1(t) cos v0t, donde ƒ1(t) 
es el pulso rectangular que se muestra en la figura 15.9-1.

Solución
La transformada de Fourier del pulso rectangular es la entrada 1 de la tabla 15.10-2 y se escribe

F11v2 � A� 1 sen x 2 > x

donde x � v� > 2. La función coseno se puede escribir como

Por lo tanto,  

cos v0t ¼ 1

2
ejv0t þ e�jv0t

 �

f tð Þ ¼ 1

2
f 1 tð Þejv0t þ 1

2
f 1 tð Þe�jv0t

Utilizando la propiedad modulación (entrada 6) de la tabla 15.10-1, obtenemos

F vð Þ ¼ 1

2
F1 v� v0ð Þ þ 1

2
F1 v þ v0ð Þ

Por consiguiente, si utilizamos F1(v) de la ecuación 15.9-6, tenemos

F vð Þ ¼ AD

2

sin v� v0ð ÞD=2½ 
v� v0ð ÞD=2 þ AD

2

sin v þ v0ð ÞD=2½ 
v þ v0ð ÞD=2

o bien, utilizando Sa(x) � (sen x) > x, tenemos

F vð Þ ¼ AD

2
Sa v� v0ð ÞD

2

� �
þ AD

2
Sa v þ v0ð ÞD

2

� �

sen sen

f t
1 t > 0

1 t < 0

. Step input

Au t

2

jv

A pd v
1

jv

Tabla 15.10-2 (Continúa)

f (t FORMA DE ONDA) f ( )

10. Signo

t

1

–1

11. Entrada de escalón

0 t

A

Nota: Sa x sen x x.

v
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EJERCICIO 15.10-1  Encuentre la transformada de Fourier de ƒ(at) para a � 0 cuando 
F(v) � F C f (t)D. 

Respuesta: F C f atð Þ ¼ 1

a
F

v

a

� �

EJERCICIO 15.10-2  Muestre que la transformada de Fourier de una forma de onda de cd 
constante f (t) � A para �1 � t � 1 es F(v) � 2pAd(v) por la obtención de la transformada inversa 
de F(v).

15.11 E S P E C T R O  D E  S E Ñ A L E S

El espectro, también llamado densidad espectral, de una señal ƒ(t) es su transformada de Fourier F(v). 
Podemos trazar F(v) como una función de v para mostrar el espectro. Por ejemplo, para 
una señal de pulso rectangular de la figura 15.9-1, encontramos que

F(v) � A�Sa(v� > 2)
la cual está trazada en la figura 15.9-2. El espectro del pulso rectangular es real.
 La transformada de Fourier de un impulso d(t) es (entrada 2 de la tabla 15.10-2)

F(v) � 1
Por lo tanto, el espectro de un impulso contiene todas las frecuencias, y en la figura 15.11-1 
se muestra un diagrama del espectro del impulso.
 La transformada de Fourier de una señal de cd constante de magnitud A es

F(v) � 2pAd(v)
la cual tiene un espectro como se muestra en la figura 15.11-2. La integral del impulso d(v) 
tiene valor unitario. El símbolo para el impulso es una línea vertical con punta de flecha.
 Por integridad, examinemos una función que tenga una transformada de Fourier que 
sea compleja. Cuando f (t) � Ae�at u(t),

F vð Þ ¼ A

a þ jv

Para diagramar el espectro, calculamos la magnitud y la fase de F(v) como

y 

jF vð Þj ¼ A

a2 þ v2ð Þ1=2
f vð Þ ¼ �tan�1v=a

El espectro de Fourier se muestra en la figura 15.11-3.

0

90

–90

– –

A
a

A
a

FIGURA 15.11-3 El espectro de Fourier para f (t) � Ae�at u(t).

0

2  A

FIGURA 15.11-2
Espectro de señal de cd 
constante de magnitud A. 
El símbolo para un impulso 
es una línea vertical con 
una punta de fl echa.

0

F(   )

1

FIGURA 15.11-1
Espectro de impulso
ƒ(t) � d(t).

M15_DORF_1571_8ED_SE_730-792.indd   773M15_DORF_1571_8ED_SE_730-792.indd   773 5/7/11   9:51 AM5/7/11   9:51 AM



Alfaomega Circuitos Eléctricos - Dorf

 774 Serie y transformada de Fourier

El espectro de Fourier de una señal es una gráfica de la magnitud y la fase de la transformada 
de Fourier de la señal.

EJERCICIO 15.11-1  Calcule la transformada de Fourier y dibuje el espectro de Fourier 
para ƒ(t) que se muestra en la figura E 15.11-1, donde ƒ(t) � A cos v0t para toda t.

t

f(t)

A

–A

 FIGURA E 15.11-1

Respuesta: F1v2 � pAd1v � v02 � pAd1v � v02

15.12 C O N VO L U C I Ó N  Y  R E S P U E STA  D E L  C I R C U I TO

Un circuito con una respuesta de impulso h(t) y una entrada ƒ(t) tiene una respuesta y(t) que 
se puede determinar a partir de la integral de convolución. Para el circuito que se muestra en 
la figura 15.12-1, la integral de convolución es

y tð Þ ¼
Z 1

�1
h xð Þf t � xð Þ dx

Si utilizamos la transformada de Fourier de la integral de convolución, tendremos

y tð Þ½  ¼
Z 1

�1

Z 1

�1
h xð Þf t � xð Þ dx e�jvt dt

¼
Z 1

�1
h xð Þ

Z 1

�1
f t � xð Þ e�jvt dt dx

Sea u � t � x para obtener

o bien 

F y tð Þ½  ¼
Z 1

�1
h xð Þ

Z 1

�1
f uð Þe�jv u þ xð Þ du dx

¼
Z 1

�1
h xð Þe�jvx dx

Z 1

�1
f uð Þe�jvu du

Y vð Þ ¼ H vð ÞF vð Þ  (15.12-1)

Así, la convolución en el dominio de tiempo corresponde a la multiplicación en el dominio de fre-
cuencia. Cuando la entrada es un impulso, ƒ(t) � d(t), porque F(v) � 1, obtenemos la respuesta de 
impulso

Y (v) � H (v)

Cuando la entrada es una sinusoide, la transformada de Fourier de la salida es la respuesta de estado 
estable para esa función de impulso senoidal.

FIGURA 15.12-1
Un circuito lineal.

y(t)

Y( )

h(t)

H( )

f(t)

F( )

Circuito
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E J E M P L O  1 5 . 1 2 - 1   Análisis de circuitos utilizando 
la transformada de Fourier

Encuentre la respuesta, vo(t) del circuito RL que se muestra en la figura 15.12-2 cuando v(t) � 4e�2tu(t) V. La 
condición inicial es cero.

v(t) vo(t)

–

+

5 

1 H

+
–

 FIGURA 15.2-2 Circuito del ejemplo 15.12-1.

Solución
Como v(t) � 4e�2tu(t), obtenemos V(v) como

V vð Þ ¼ 4

2 þ jv

El circuito está representado por H(v) y, aplicando el principio del divisor de voltaje, tenemos

H vð Þ ¼ R

R þ jvL
¼ 5

5 þ jv

Entonces, tenemos

V o vð Þ ¼ H vð ÞV vð Þ ¼ 20

5 þ jvð Þ 2 þ jvð Þ
Desarrolle, utilizando fracciones parciales, para obtener1

V o vð Þ ¼ �20=3
5 þ jv

þ 20=3

2 þ jv

Utilizando la transformada inversa para cada término (entrada 3 de la tabla 15.10-2), tenemos

vo tð Þ ¼ 20

3
e�2t � e�5t

 �

u tð ÞV
Las respuestas en dominio de tiempo obtenidas de esta manera son respuestas de circuitos relajados inicialmente. 
(No hay energía inicial almacenada).

1Vea el capítulo 14, sección 14.4, para un repaso de la expansión de fracción parcial.

Determine y trace el espectro de la respuesta Vo(v) del circuito de la figura 15.12-3 cuando v � 10e�2tu(t) V.

v(t) vo(t)

–

+

1 

1 F+
–

 FIGURA 15.12-3 Circuito del ejemplo 15.12-2.

EJ E M P L O 15.12-2 Análisis de circuitos utilizando la transformada de Fourier
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Solución
La señal de entrada v(t) tiene una transformada de Fourier 

V vð Þ ¼ 10

2 þ jv
¼ 10

4 þ v2ð Þ1=2ff�tan�1 v=2
La función de transferencia del circuito es

H jvð Þ ¼ 1= jvCð Þ
R þ 1= jvCð Þ ¼

1

1 þ jv
¼ 1

1 þ v2ð Þ1=2ff�tan�1v
Entonces, la salida es

V o vð Þ ¼ H vð ÞV vð Þ ¼ 10

2 þ jvð Þ 1 þ jvð Þ

Por consiguiente,  jV oj ¼ 10

4 þ v2ð Þ 1 þ v2ð Þ½ 1=2

y 
f vð Þ ¼ V o vð Þ ¼ �tan�1 v

2
� tan�1 v

 La magnitud y la fase calculadas para Vo(v) se registran en la tabla 15.12-1. Para v negativa,  @ Vo(v) @  � 
@ Vo(�v) @  y

f(�v) � �f(v)
Por consiguiente, el espectro de Fourier de Vo(v) está representado por el diagrama que se muestra en la figura 
15.12-4.

f(v)

v

Tabla 15.12-1 Respuesta de Fourier para el ejemplo 15.12-2

0 1 2 3 5
Vo 5 3.16 1.58 0.88 0.36 0

71.6 108.4 127.9 146.9 1800

(  )

180

0–1–2–3–4–5 1 2 3 4 5

–180

1

0 1 2 3 4 5–1–2–3–4–5

3

5

Vo(  )

 
FIGURA 15.12-4 Amplitud y fase comparados 
con v del voltaje de salida para el ejemplo 15.12-2.
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EJERCICIO 15.12-1  Un filtro de pasa banda ideal deja pasar todas las frecuencias entre 
24 y 48 rad/s sin atenuación, y rechaza por completo todas las frecuencias fuera de esta pasa banda.

(a) Bosqueje  @ Vo @ 2 para el voltaje de salida del filtro cuando el voltaje de entrada es  
v(t) � 120e�24t u(t)V

(b)  ¿Qué porcentaje de la energía de la señal de entrada está disponible en la señal de la salida del 
filtro ideal?

Respuesta: (b) 20.5%

15.13  T R A N S F O R M A D A  D E  F O U R I E R
Y  T R A N S F O R M A D A  D E  L A P L A C E

Se puede utilizar la tabla 14.2-1 de transformadas de Laplace, desarrollada en el capítulo 14, para ob-
tener la transformada de Fourier de una función ƒ(t). Desde luego, la transformada de Fourier existe 
sólo cuando converge la integral de Fourier, ecuación 15.9-4. Dicha integral convergerá cuando todos 
los polos de F(s) se encuentren en el plano s izquierdo, no en el eje jv o en el origen.
 Si ƒ(t) es cero para t � 0 y 

R1
0

f tð Þ dt < 1, podemos obtener la transformada de Fourier desde 
la transformada de Laplace de ƒ(t) reemplazando s por jv. Entonces 
  (15.13-1)
donde 

F vð Þ ¼ F sð Þjs ¼ jv

F sð Þ ¼L f tð Þ½ 
Por ejemplo, si (entrada 3 de la tabla 15.10-2)

ƒ(t) � Ae�at u(t)
entonces, de la tabla 14.2-1 

F sð Þ ¼ A

s þ a

Por lo tanto, con s � jv obtenemos la transformada de Fourier: 

F vð Þ ¼ A

a þ jv

 Si ƒ(t) es una función real con un valor de no cero sólo para tiempo negativo, entonces podemos 
reflejar ƒ(t) a tiempo positivo, encontrar la transformada de Laplace, y luego encontrar F(v) estable-
ciendo s � jv. Por consiguiente, cuando ƒ(t) � 0 para t � 0 y ƒ(t) sólo existe para tiempo negativo, 
tenemos
 F vð Þ ¼L f �tð Þ½ js¼�jv (15.13-2)

Por ejemplo, considere la función exponencial
f tð Þ ¼ 0 t � 0

¼ eat t < 0

Entonces, invirtiendo la función de tiempo, tenemos
ƒ(�t) � e�at t � 0

y, por consiguiente, 

F sð Þ ¼ 1

s þ a

De este modo, estableciendo s � �jv, obtenemos

F vð Þ ¼ 1

a� jv

M15_DORF_1571_8ED_SE_730-792.indd   777M15_DORF_1571_8ED_SE_730-792.indd   777 5/7/11   9:51 AM5/7/11   9:51 AM



Alfaomega Circuitos Eléctricos - Dorf

 778 Serie y transformada de Fourier

f (t) f +(t) f (t)

F +(s) L[f +(t)]

F (s) L[f ( t)]

F(v) F +(s) s jv F (s) s jv

F(s) L[f( t)]

F(v) F(s) s jv

F(s) L[f (t)]

F(v) F(s) s jv

Nota: Los polos de F(s) deben encontrarse en el lado izquierdo del plano s.

Tabla 15.13-1 Obtención de la transformada de Fourier mediante la transformada de Laplace

MÉTODOCASO

Paso
A. ƒ(t) es no cero sólo para tiempo positivo y ƒ(t)  0, t  0 1.

2.
Paso

B. ƒ(t) es no cero sólo para tiempo negativo y ƒ(t)  0, t  0 1.
2.

Paso
C.  ƒ(t) es no cero en todo tiempo 1.

2.

3.

 Las funciones que son no cero todo el tiempo se pueden dividir en funciones de tiempo positivo 
y tiempo negativo. Entonces utilizamos las ecuaciones 15.13-1 y 15.13-2 para obtener la transforma-
da de Fourier de cada parte. La transformada de Fourier de ƒ(t) es la suma de las transformadas de 
Fourier de las dos partes.
 Por ejemplo, considere la función ƒ(t) con un valor de no cero todo el tiempo donde

f tð Þ ¼ Ae�ajtj

que es la entrada 4 en la tabla 15.10-2. La porción de tiempo positivo de la función se llamará ƒ�(t) y 
la porción de tiempo negativo se llamará ƒ�(t). Entonces,

De donde  

f tð Þ ¼ f þ tð Þ þ f � tð Þ
F vð Þ ¼L f þ tð Þ½ s¼jv þ L f � �tð Þ½ s¼�jv

En este caso,

y 

f þ tð Þ ¼ Ae�at t > 0

f � tð Þ ¼ Aeat t < 0

Observe que ƒ�(�t) � Ae�at. Entonces,

Fþ sð Þ ¼ A

s þ a
y F� sð Þ ¼ A

s þ a

Obtenemos la F(v) total como

F vð Þ ¼ Fþ sð Þs¼jv þ F� sð Þs¼�jv ¼ A

a þ jv
þ A

a� jv
¼ 2aA

v2 þ a2

 El uso de la transformada de Laplace para encontrar la transformada de Fourier se resumen en 
la tabla 15.13-1. Recuerde que el método resumido no se puede usar para sen vt, cos vt, o u(t), porque 
los polos de F(s) se encuentran en el eje jv o en el origen.

EJERCICIO 15.13-1  Derive la transformada de Fourier para
f tð Þ ¼ te�at t � 0

¼ teat t � 0

Respuesta: 
�j4av

a2 þ v2ð Þ2
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15.14 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

E J E M P L O  15 .14-1  ¿Cómo podemos comprobar las series de Fourier?

La figura 15.14-1 muestra la característica transferencia de la no linealidad de saturación. Suponga que la entrada 
a esta no linealidad es

vi(t) � A sen vt

a

–a

a–a

vo (V)

vi (V)

 FIGURA 15.14-1 La no linealidad de saturación.

donde A � a. ¿Cómo podemos comprobar que la salida de la no linealidad será una función periódica que se 
pueda representar por las series de Fourier?

 

vo tð Þ ¼ b1 sin vt þ
XN
n¼3
odd

bn sin nvt (15.14-1)

donde (Graham, 1971)

y 

B ¼ sin�1
a

A

� �

b1 ¼ 2

p
A B þ a

A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a

A

� �2r" #

bn ¼ 4A

p 1� n2ð Þ
a

A

cos nBð Þ
n

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a

A

� �2r
sin nBð Þ

" #

Solución
El voltaje de salida, vo(t), será una sinusoide sujeta. Necesitamos verificar que la ecuación 15.14-1 en realidad 
representa un sinusoide sujeta. Una forma directa, pero tediosa, de hacer esto es trazar vo(t) en comparación con t 
directamente desde la ecuación 15.14-1. Varios programas de computadora, como hojas desplegadas y soluciona-
dores de ecuaciones, están disponibles para reducir el trabajo que se requiere para producir este diagrama. Math-
cad es uno de estos programas. En la figura 15.14-2 se utiliza Mathcad para trazar vo(t) en comparación con t. Este 
diagrama comprueba que la serie de Fourier de la ecuación 15.14-1 representa realmente una sinusoide sujeta.

sen sen

sen

sen
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FIGURA 15.14-2 Cómo se utiliza Mathcad para verifi car la serie de Fourier de una sinusoide sujeta.
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 Ejemplo de diseño 781

La alimentación de potencia de un laboratorio utiliza un circuito no lineal denominado recti-
fi cador para convertir una entrada de voltaje senoidal en un voltaje de cd. La entrada senoidal

vac(t) � A sen v0t

viene desde el enchufe en la pared. En este ejemplo, A � 160 V y v0 � 377 rad/s (ƒ0 � 60 Hz). 
La fi gura 15.15-1 muestra la estructura de la alimentación de potencia. La salida del rectifi ca-
dor es el valor absoluto de su entrada, es decir,

vs (t) �  @ A sen v0t @ 

El propósito del rectifi cador es convertir una señal que tenga un valor medio igual a cero en 
una señal cuyo valor medio sea de no cero. El valor medio de vs (t) se utilizará para producir 
el voltaje de salida cd de la alimentación de potencia.
 La salida del rectifi cador no es una sinusoide sino una señal periódica con frecuencia 
fundamental igual a 2v0. Las señales periódicas se pueden representar por series de Fourier. 
La serie de Fourier de vs (t) contendrá un término constante, o cd, y algunos términos senoida-
les. El propósito del fi ltro mostrado en la fi gura 15.15-1 es pasar el término cd y atenuar los 
términos senoidales. La salida del fi ltro, vo(t), será una señal periódica y se puede representar 
por una serie de Fourier. Dado que estamos diseñando una alimentación de potencia de cd, los 
términos senoidales en la serie de Fourier de vo(t) son indeseables. La suma de estos términos 
indeseables se denomina onda de vo(t).
 El reto es diseñar un fi ltro sencillo de modo que el término cd de vo(t) sea de al menos 90 V, 
y que las dimensiones de la onda no sean mayores de 5% del tamaño del término cd.

Describa la situación y los supuestos
1. De la tabla 15.4-1, la serie de Fourier de vs (t) es

 
 vs tð Þ ¼

320

p
�
XN
n¼1

640

p 4n2 � 1ð Þ cos 2 � n � 377 � tð Þ

  Dejemos que vsn(t) indique el término de vs (t) que corresponda al entero n. Con esta notación 
podemos escribir la serie de Fourier de vs (t) como

 
 vs tð Þ ¼ vs0 þ

XN
n¼1

vsn tð Þ

2.  La fi gura 15.15-2 muestra un fi ltro sencillo. La resistencia Rs modela la resistencia de 
salida del rectifi cador. Suponemos que la resistencia de entrada del regulador es lo bastante 
grande para ser pasada por alto. (La resistencia de entrada del regulador estará en paralelo 
con R y probablemente sea mucho mayor que R. En este caso, la resistencia equivalente de 
la combinación en paralelo será casi igual a R.).

vac(t) vs(t) vo(t) vdc
+
–

Rectificador
de onda

completa.

Filtro
sencillo de
paso bajo

Regulador

+

–

+

–

+

–

FIGURA 15.15-1 Diagrama de alimentación de potencia. 

1 5 . 1 5  E J E M P LO  D E  D I S E Ñ O

ALIMENTACIÓN DE POTENCIA DE CD
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+
–

Rs = 10 L

R vo(t)vs(t)
+

–

Rectificador Filtro

 
FIGURA 15.15-2 Un fi ltro RL sencillo 
de paso bajo conectado al rectifi cador.

3.  La salida del fi ltro, vo(t), también será una señal periódica y la representará la serie de 
Fourier 

 
vo tð Þ ¼ vo0 þ

XN
n¼1

von tð Þ

4.  Gran parte de la onda de vo(t) se deberá a vo1(t), el término fundamental de la serie de 
Fourier. La especifi cación que hace referencia a la onda permisible se puede establecer 
como

  amplitud de onda � 0.05 	 salida de cd
 De manera equivalente, podemos establecer que requerimos

 
max

XN
n¼1

von tð Þ
 !

� 0:05 � vo0 (15.15-1)

 Para facilitar el cálculo, reemplazamos la ecuación 15.15-1 con la condición más simple
 vo1(t) � 0.04 	 vo0

  Es decir, la amplitud vo(t) debe ser menor que 4% del término de cd de la salida (vo0 � cd 
término de la salida).

Establezca el objetivo
Especifi que valores de R y L de modo que

salida de cd � vo0 � 90 V
y vo1(t) � 0.04 	 vo0

Genere un plan
Aplique el principio de la superposición al cálculo de la serie de Fourier de la salida del fi ltro. 
Primero, la especifi cación

salida de cd � vo0 � 90 V
se puede utilizar para determinar el valor requerido de R. A continuación, la especifi cación

@ vo1(t) @  � 0.04 	 vo0

se puede aprovechar para calcular L.

Actúe sobre el plan
Primero encontremos la respuesta al término cd de vs (t). Cuando la entrada del fi ltro sea una 
constante y el circuito se encuentre en estado estable, el inductor actuará como cortocircuito. 
Aplicamos la división de voltajes

vo0 ¼ R

R þ Rs
vs0 ¼ R

R þ 10
 
 

320

p

La especifi cación que vo0 � 90 requiere

o 

90 � R

R þ 10

R � 75:9

 
 
320

p

s

máx
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Seleccionemos
R � 80 �

Cuando R � 80 �,
vo0 � 90.54 V

 Luego, encontremos la respuesta de estado estable a un término senoidal, vsn(t). Se pue-
den utilizar fasores e impedancias para encontrar esta respuesta. Aplicando la división de 
voltajes,

Von ¼ R

R þ Rs þ j2nv0L
Vsn

Nuestro interés en particular está en Vo1:

Vo1 ¼ R

R þ Rs þ j2v0L
Vs1 ¼ 80

90 þ j754L
 
 

640
3p

La amplitud de vo1(t) es igual a la magnitud del fasor Vo1. La especifi cación sobre la amplitud 
de vo1(t) requiere que

80ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
902 þ 7542L2

p  
 
640

3p
� 0:04 vo1

� 0:04 � 90:54
Es decir,

L � 1.986 H
Seleccionando L � 2 H

se completa el diseño.

Verifi que la solución propuesta
La fi gura 15.15-3a despliega un diagrama de vs (t) y vo(t), los voltajes de entrada y de salida del 
circuito de la fi gura 15.15-2. Por su parte, en la fi gura 15.15-3b se muestran los detalles del vol-
taje de salida. Este diagrama indica que el valor medio del voltaje de salida es mayor de 90 V 
y que la onda es no mayor de �4 V. Por consiguiente, se han satisfecho las especifi caciones.

v f
, v

s 
V

vs

vo

t, ms

0

20

40

60

80

100

120

140

160

180

0 5 10 15 20 25 30 35 40
85

86

87

88

89

90

91

92

93

94

95

0 5 10 15 20 25 30 35 40

v s
, 
V

t (s)

(b)(a)
FIGURA 15.15-3 (a) Simulación con Mathcad del circuito que se muestra en la fi gura 15.15-2. (b) Diagrama 
ampliado del voltaje de salida.
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15.16 R E S U M E N
  Las formas de onda periódicas surgen en muchos circuitos. 

Por ejemplo, en la fi gura 15.16-1la se muestra la forma de 
las formas de onda de la corriente de carga para cargas se-
leccionadas. Aun cuando la corriente de carga para motores 
y lámparas incandescentes es de la misma forma que la del 
voltaje de fuente, está modifi cada de manera signifi cativa 
para alimentadores de potencia, reductores de luz e impul-
sores de velocidad variable como se muestra en las fi guras 
15.16-1b y c. Desde hace mucho a los ingenieros electricis-
tas les ha interesado el desarrollo de herramientas con las 
cuales analizar circuitos que incorporen formas de onda pe-
riódicas.

  

(b)

(a)

(c)

FIGURA 15.16-1 Formas de onda de corriente de carga para 
(a) motores y lámparas incandescentes, (b) alimentadores 
de potencie del tipo interruptor y (c) reductores de luz e 
impulsores de velocidad variable. El eje vertical es la corriente 
y el eje horizontal es el tiempo. Fuente: Lamarre, 1991.

  En 1807, el ilustre ingeniero y matemático Jean-Baptiste-
Joseph Fourier propuso que una forma de onda periódica 
podría representarse por una serie que contuviera términos 
de cosenos y senos con los coefi cientes apropiados. Las fre-
cuencias de múltiples enteros de la fundamental se denomi-
nan frecuencias armónicas (o simplemente armónicas).

  La forma trigonométrica de la serie de Fourier es

f tð Þ ¼ a0 þ
XN
n¼1

an cos nv0 t þ
XN
n¼1

bn sen nv0 t

  Los coefi cientes de la serie trigonométrica de Fourier se 
pueden obtener a partir de

a0 ¼ 1

T

Z T þ t0

t0

f tð Þ dt

an ¼ 2

T

Z T þ t0

t0

f tð Þ cos nv0t dt n > 0

bn ¼ 2

T

Z T þ t0

t0

f tð Þ sin nv0t dt n > 0

  Una forma alterna de la forma trigonométrica de la serie de 
Fourier es

f tð Þ ¼ c0 þ
XN
n¼1

cn cos nv0t þ unð Þ

 donde c0 � a0 � valor medio de f (t) y

cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q
y un ¼

�tan�1 bn

an

� �

180� � tan�1
bn

an

� �
8>>><
>>>: si

an > 0

an < 0

  Los coefi cientes de Fourier de algunas señales periódicas 
comunes se especifi can en la tabla 15.4-1.

  La simetría puede simplifi car la tarea de calcular los coefi -
cientes de Fourier.

  La forma exponencial de las series de Fourier es

f tð Þ ¼
X1
�1

Cne
jnv0 t

  donde Cn representa los coefi cientes complejos defi nidos 
por

Cn ¼ 1

T

Z t0 þ T

t0

f tð Þ e�jnv0t dt

  Los espectros de línea que constan de amplitud y fase de 
los coefi cientes complejos de las series de Fourier cuando 
se diagraman contra frecuencias son útiles para refl ejar las 
frecuencias que representan una forma de onda.

  La representación práctica de una forma de onda periódica 
consiste en un número fi nito de términos senoidales de la se-
rie de Fourier. La serie fi nita de Fourier exhibe el fenómeno 
de Gibbs; es decir, aunque la convergencia ocurra en cuanto 
n crezca grande, siempre queda un error en los puntos de 
discontinuidad de la forma de onda.

  Para determinar la respuesta de un circuito excitado por 
una señal de entrada periódica vs (t), representamos vs (t) 
por una serie de Fourier y luego encontramos la respues-
ta del circuito para la fundamental y cada armónico. Su-
poniendo que el circuito es lineal y que se cuenta con el 
principio de superposición, podemos considerar que la 
respuesta total es la suma de la respuesta al término de cd, 
la fundamental, y cada armónico.

  La transformada de Fourier provee una descripción de do-
minio de frecuencia de una función no periódica en el domi-
nio de tiempo.

  Un circuito con una respuesta de impulso h(t) y una entrada 
ƒ(t) tiene una respuesta y(t) que se puede determinar desde 
la integral de convolución. 

  La tabla 14.12-1 de transformadas de Laplace, desarrollada 
en el capítulo 14, se puede utilizar para obtener la transfor-
mada de Fourier de una función ƒ(t).

sen

si
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Sección 15.2 Series de Fourier

P 15.2-1 Encuentre la serie trigonométrica de Fourier para 
una función periódica ƒ(t), que es igual a t2 durante el periodo 
de t � 0 a t � 2.

P 15.2-2 Una forma de onda tipo “escalinata” se describe por 
su primer ciclo como

f tð Þ ¼
1 0 < t < 0:25

2 0:25 < t < 0:5

0 0:5 < t < 1

8><
>:

Encuentre la serie de Fourier para esta función.

P 15.2-3 Determine la serie de Fourier para la función denta-
da que se muestra en la fi gura P 15.2-3.

A

0 T 2T
t

f(t)

Figura P 15.2-3 Onda dentada.

P 15.2-4 Encuentre la serie de Fourier para la función perió-
dica ƒ(t) que es igual a t durante el periodo de t � 0 a t � 2 s.

Sección 15.3 Simetría de la función f (t)

P 15.3-1 Determine la serie de Fourier de la forma de onda 
de voltaje que se muestra en la fi gura P 15.3-1.

Respuesta: vd tð Þ ¼
X1
n¼1

12

np
sen n

p

2
t

� �

6

–4

vd(t) (V)

t (s)–2 2 4 6

–6

Figura P 15.3-1

P 15.3-2 Determine la serie de Fourier de la forma de onda 
de voltaje que se muestra en la fi gura P 15.3-2.

–3

vc(t) (V)

t (s)–1 1 3 5 7

–12

–9

Figura P 15.3-2

Sugerencia: vc(t) � vd(t � 1) � 6, donde vd(t) es el voltaje 
considerado en el problema de la fi gura P 15.3-1.

Respuesta: vc tð Þ ¼ �6 þ P1
n¼1

12

np
sen n

p

2
t � n

p

2

� �

P 15.3-3 Determine la serie de Fourier de la forma de onda 
de voltaje que se muestra en la fi gura P 15.3-3.

Respuesta: va tð Þ ¼ 1

2
þ
X1
n¼1

18

n2p2
1� cos

np

3

� �� �

cos n
1000p

3
t

� �

va(t) (V)

t (ms)–5 –4 –3 –2 –1 1 2 3 4 5

3

1

Figura P 15.3-3

P 15.3-4 Determine la serie de Fourier de la forma de onda 
de voltaje que se muestra en la fi gura P 15.3-4.

Sugerencia: vb(t) � va(t � 0.002) � 1, donde va(t) es el volta-
je considerado en el problema P 15.4-3.

Respuesta: vb tð Þ ¼ � 1

2
þ
X1
n¼1

18

n2p2
1� cos

np

3

� �� �

cos n
1000p

3
t � n

2p

3

� �

vb(t) (V)

t (ms)–3 –1 1 2 3 4 5 6 7

2

1

–1

Figura P 15.3-4

P 15.3-5 Encuentre la serie trigonométrica de Fourier de la 
forma dentada, ƒ(t) que se muestra en la fi gura  P 15.3-5.

P R O B L E M AS
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–

–2 – 2

f (t)

t0

Figura P 15.3-5 Onda dentada.

P 15.3-6 Determine la serie de Fourier para la forma de onda 
que se muestra en la fi gura P 15.3-6. Calcule a0, a1, a2 y a3.

t (s)
–7 –5 –4 –3 –2–6 –1 1 2 3 4 5 6 7

2

f(t)

1

0

–1

Figura P 15.3-6

P 15.3-7 Determine la serie de Fourier para

ƒ(t) �  0 A cos vt 0 
P 15.3-8 Encuentre la serie trigonométrica de Fourier para la 
función de la fi gura P 15.3-8. La función es la porción positiva 
de una onda de coseno.

0–0.4 –0.3 –0.2 –0.1 0.1 0.2 0.3 0.4

A

t

Figura P 15.3-8 Onda de coseno rectifi cada de media onda.

P 15.3-9 Determine la serie de Fourier para ƒ(t) que se mues-
tra en la fi gura P 15.3-9.

Respuesta:  an � a0 � 0, bn � 0 para n par, � 8/(n2p2), para 
n � 1, 5, 9 e � �8/(n2p2) para n � 3, 7, 11.

1

–1

1–2 2 4 5 t (s)

f (t)

–1 3

Figura P 15.3-9

P 15.3-10 Determine la serie de Fourier para la señal periódi-
ca que se muestra en la fi gura P 15.3-10.
Respuesta:

f tð Þ ¼ 1

2
þ 2

p

�
sen t þ 1

3
sen3t þ 1

5
sen5t þ . . .

�

1

f (t)

0 2 t (s)–

Figura P 15.3-10

Sección 15.5 Forma exponencial de la serie 
de Fourier 

P 15.5-1 Determine la serie exponencial de Fourier de la fun-
ción

ƒ(t) �  0 A sen (pt) 0 

que se muestra en la fi gura P 15.15-1.

A

–1

f (t)

t (s)0 1 2 3

Figura P 15.5-1

P 15.5-2 Determine la serie exponencial de Fourier de la fun-
ción ƒ(t) que se muestra en la fi gura P 15.5-2.

Respuesta: f tð Þ ¼ A

2
þ j

A

2p

Xn¼1
n¼�1
n6¼0

1

n
e jn2pt=T
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*P 15.5-7 Una función periódica consiste en la elevación y 
decaimiento exponenciales de constantes de tiempo de 0.2 s 
cada una y duraciones de 1 s cada una, como se muestra en 
la fi gura P 15.5-7. Determine la serie exponencial de Fourier 
para esta función.

Respuesta: Cn ¼ 5

jpnð Þ 5 þ jpnð Þ ; n ¼ 1; 3; 5

0

1

–1 1 2 t (s)

Figura P 15.5-7

Sección 15.6 Espectro de Fourier 

P 15.6-1 Determine la serie de seno y coseno de Fourier para 
la forma de onda dentada que se muestra en la fi gura P 15.6-1. 
Dibuje los espectros de Fourier para los primeros cuatro térmi-
nos, entre ellos magnitud y fase.

T
2

T
2

2A

0 

–2A

t

–

f (t)

Figura P 15.6-1

P 15.6-2 La forma de onda de corriente de carga del motor de 
impulso de velocidad variable descrita en la fi gura P 15.16-1c 
se muestra en la fi gura P 15.6-2. La forma de onda de la co-
rriente es una porción de A sen v0t. Determine la serie de 
Fourier de esta forma de onda y dibuje los espectros de línea 
de  0 Cn 0  para los primeros 10 términos.

0 TT
4

t3T
16

T
2

3T
 4

Porción de una
onda de seno

A

–T

f (t)

t (s)0 T 2T 3T

Figura P 15.5-2

P 15.5-3 Determine la serie exponencial de Fourier de la fun-
ción ƒ(t) que se muestra en la fi gura P 15.5-3.

Respuesta: Cn ¼ Ad

T

� � sin
npd

T

� �
npd

T

A

–T

f (t)

t (s)0 T 2T 3Td
2

d
2

–

d T

Figura P 15.5-3

P 15.5-4 Considere dos funciones periódicas, f̂ (t) y ƒ(t), que 
tienen el mismo periodo y se relacionan por 

f̂ tð Þ ¼ af t � tdð Þ þ b

donde a, b y td son constantes reales. Sea Ĉn y Cn. las que 
indiquen los coefi cientes de la serie exponencial de Fourier de 
ƒ(t). Determine la relación entre Ĉn y Cn.

Respuesta: Ĉ0 ¼ aC0 þ b  y Ĉn ¼ ae�jnv0tdCn n 6¼ 0

*P 15.5-5 Determine la forma exponencial de la serie de 
Fourier para la forma de onda de la fi gura P 15.3-6.

*P 15.5-6 Determine la serie exponencial de Fourier para la 
forma de onda de la fi gura P 15.5-6.

v(t)
(V)

–9

–12

–3 –1 1 3 5 7 t (ms)

Figura P 15.5-6

Figura P 15.6-2 La corriente de carga de un impulso de velocidad variable.

sen
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P 15.6-3 La entrada a un fi ltro de paso bajo es

vi(t) � 10 cos t � 10 cos 10t � 10 cos 100t V
La salida del fi ltro es el voltaje vo(t). La función de red del 
fi ltro de paso bajo es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

2

1 þ j
v

5

� �2
Diagrame el espectro de Fourier de la entrada y la salida del 
fi ltro de paso bajo.

P 15.6-4 Dibuje los espectros de Fourier para la forma de 
onda que se muestra en la fi gura P 15.6-4.

f (t)

1

–2 –1 1 32
t (s)

Figura P 15.6-4

Sección 15.7 Circuitos y series de Fourier 

P 15.7-1 Determine la respuesta de estado estable, vo(t), para 
el circuito que se muestra en la fi gura P 15.7-1. La entrada a este 
circuito es el voltaje vc(t) que se muestra en la fi gura P 15.3-2.

Respuesta: vo tð Þ ¼ �6 þ P1
n¼1

240

np
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
400 þ n2p2

p

sin n
p

2
t � n

p

2
þ tan�1

np

20

� �� �� �

vc(t) vo(t)
+

–

10 

0.01 F+
–

Figura P 15.7-1

P 15.7-2 Determine la respuesta de estado estable, vo(t), para 
el circuito que se muestra en la fi gura P 15.7-2. La entrada a este 
circuito es el voltaje vb(t) que se muestra en la fi gura P 15.3-4

vb(t) vsal(t)
+

–

1 k
2 k

5 k

–

+
+
–

1 F

1 F

Figura P 15.7-2

P 15.7-3 La entrada al circuito que se muestra en la fi gura 
P 15.7-3 es el voltaje de la fuente de voltaje

vent(t) � 2 � 4 cos (100t) � 5 cos (400t � 45°)V

La salida es el voltaje a través del resistor de 5-k�

vsal(t) � �5 � 7.071 cos (100t � 135°) � c4 cos (400t � u4) V

Determine los valores de la resistencia, R, la capacitancia, C, 
el coefi ciente, c4, y el ángulo de fase, u4.

Respuestas: R � 25 k�; C � 0.4 mF, c4 � 3.032 V y u4 � 149°

vent(t) vsal(t)
+

–

10 k

5 k

–

+
+
–

C

R

Figura P 15.7-3

P 15.7-4 La entrada a un circuito es el voltaje 

vi(t) � 2 � 4 cos (25t) � 5 cos (100t � 45°)V

La salida es el voltaje 

vo(t) � 5 � 7.071 cos (25t � 45°) � c4 cos (v4t � u4)V

La función de red que representa este circuito es

H vð Þ ¼ Vo vð Þ
Vi vð Þ ¼

Ho

1 þ j
v

p

Determine los valores de la ganancia de cd, Ho, el polo, p, el 
coefi ciente, c4, y el ángulo de fase, u4.

Respuestas: Ho � 2.5 V/V; p � 25 rad/s, c4 � 3.032 V y 
u4 � �31° 

P 15.7-5 La entrada al circuito en la fi gura P 15.7-5 es el 
voltaje de la fuente de voltaje independiente

vi(t) � 6 � 4 cos (1 000t) � 5 cos (3 000t � 45°) V

La salida es el voltaje a través del resistor de 500-�

vo(t) � 3.75 � 2.34 cos (1 000t � 20.5°) � c3 cos (3 000t � u3) V

s

sen
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Sección 15.9 Transformada de Fourier 

P 15.9-1 Encuentre la transformada de Fourier de la función 
ƒ(t) � �u(�t) � u(t)

como se muestra en la fi gura P 15.9-1. A esto se le llama fun-
ción de signo. 

t

f(t)

0

1

–1

Figura P 15.9-1

P 15.9-2 Encuentre la transformada de Fourier de ƒ(t) � 
Ae�atu(t) cuando a � 0.

Respuesta: F vð Þ ¼ A

a þ jv

P 15.9-3 Encuentre la transformada de Fourier de la forma de 
onda que se muestra en la fi gura P 15.9-3.

t

2

0

A

–A

T

2
T

–

Figura P 15.9-3

P 15.9-4 Determine la transformada de Fourier de ƒ(t) � 
10 cos 50 t.

Respuesta: F(v) � 10pd(v � 50) � 10 pd(v� 50)

P 15.9-5 Determine la transformada de Fourier del pulso que 
se muestra en la fi gura P 15.9-5. 

Respuesta: F1 jv2 � 2v 1sen v � sen 2v2 � j2v  1cos v � cos 2v2

f(t)

0

–2

1 2

t (s)

Figura P 15.9-5

P 15.9-6 Determine la transformada de Fourier de una señal 
con ƒ(t) � At/B entre t � 0 y t � B y en otra parte ƒ(t) � 0.

Respuesta: F jvð Þ ¼ A

B

�B
jv

e�jvB þ 1

v2
e�jvB � 1

v2

� �

P 15.9-7 Determine la transformada de Fourier de la forma 
de onda que se muestra en la fi gura P 15.9-7. 

Respuesta: F jvð Þ ¼ 2

v
ð sen 2v� senvÞ

Determine los valores de la resistencia, R1, la capacitancia, C, 
el coefi ciente, c3, y el ángulo de fase, u4.

Respuestas: R1 � 300 �; C � 2 mF, c3 � 2.076 V y u3 � �3.4°

R1

vo(t)vi(t)
+

–

+
– 500 C

Figura P 15.7-5

P 15.7-6 Encuentre la respuesta de estado estable para el vol-
taje de salida, vo, para el circuito de la fi gura P 15.7-6 cuando 
v(t) es como se describe en la fi gura P 15.5-6.

+
–

1 H

10 k

10 nF

vov(t)
+

–

Figura P 15.7-6 Un circuito RLC.

P 15.7-7 Determine el valor del voltaje, vo(t), en t � 4 ms 
cuando vent se muestra en la fi gura P 15.7.7a y el circuito se 
muestra en la fi gura P 15.7-7b.

(a)

(b)

+
– vsal(t)

vent(t)

1 k 2 k

1   F

5 k
+

–

–

+1   F

1

2

–1

–3 3 4 5 6 721–1

vent(t)
(V)

t (ms)

Figura P 15.7-7
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f(t)

t(s)1 20–1–2

1

Figura P 15.9-7

Sección 15.12 Convolución y respuesta del circuito

P 15.12-1 Encuentre la corriente i(t) en el circuito de la fi gu-
ra P 15.12-1 cuando is (t) es la función de signo, de modo que

if tð Þ ¼
þ 40 A t > 0

�40 A t < 0

�

Además, bosqueje i(t).

is(t)
i

3 

1 

1 H

Figura P 15.12-1

P 15.12-2 Repita el problema 15.12-1 cuando is � 100 cos 
3t A.

P 15.12-3 La fuente de voltaje de la fi gura P 15.12-3 es v(t) � 
10 cos 2t para todo t. Calcule i(t) utilizando la transformada 
de Fourier. 

v(t)

i(t)

2 

+
– 1 H

Figura P 15.12-3

P 15.12-4 Encuentre el voltaje de salida vo(t) utilizando la 
transformada de Fourier para el circuito de la fi gura P 15.12-4 
cuando v(t) � e tu(�t) � u(t) V.

v(t) vo(t)

–

+

1 

+
– 1 F 1 2

Figura P 15.12-4

P 15.12-5 La fuente de voltaje del circuito de la fi gura 
P 15.12-5 es v(t) � 15e�5t V. Encuentre la resistencia R cuan-
do se sabe que la energía disponible en la señal de salida es dos 
tercios de la energía de la señal de entrada.

R

v vo

–

+

+
– 10   F

Figura P 15.12-5

P 15.12-6 La señal de pulso que se muestra en la fi gu-
ra P 15.12-6a es la fuente vs (t) para el circuito de la fi gura 
P 15.126b. Determine el voltaje de salida, vo, utilizando la 
transformada de Fourier.

(b)

(a)

4 vs vo

–

+

+
–

1 H

t(s)0 1

8

vs(t)
(V)

Figura P 15.12-6

Sección 15.14 ¿Cómo lo podemos comprobar...?

P 15.14-1 La serie de Fourier de vent(t) que se muestra en la 
fi gura P 15.7-7 está dada como

vent tð Þ ¼ 1

2
þ
X1
n¼1

18

n2p
1� cos

np

3

� �
cos n

p

3
t � n

2p

3

� �
V

¿Ésta es la serie de Fourier correcta?

Sugerencia: Compruebe el valor medio y la frecuencia fun-
damental.

Respuesta: La serie de Fourier dada no es la correcta.

P 15.14-2 La serie de Fourier de v(t) que se muestra en la 
fi gura P 15.14-2 está dada como

v tð Þ ¼ 9 þ
X1
n¼1

40

np

�
sen

np

5

�
cos n

p

5
t � n

p

5

� �
V

¿Ésta es la serie de Fourier correcta?

Sugerencia: Compruebe el valor medio y la frecuencia fun-
damental.

Respuesta: La serie de Fourier dada no es la correcta.
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P 15.14-3 La serie de Fourier de v(t) que se muestra en la 
fi gura SP 15-2 de la sección siguiente está dada como

v tð Þ ¼ 2
X1
n¼1

�1ð Þn
np

cos n2ptð Þ V

¿Ésta es la serie de Fourier correcta?

Sugerencia: Compruebe el valor medio y la frecuencia funda-
mental. También la simetría

Respuesta: La serie de Fourier dada no es la correcta.t  (ms)
1

25

20

15

10

2 3 4 5–1–3–5

5

v(t)  (V)

Figura P 15.14-2

Problemas de PSpice
PS 15.1 Utilice PSpice para determinar los coefi cientes de 
Fourier para v(t) que se muestran en la fi gura PS 15-1.

5

10

15

20

25

–5 –3–4 –1–2 1 2 3 4 5

v(t)
(V)

t (s)

Figura PS 15-1

PS 15.2 Utilice PSpice para determinar los coefi cientes de 
Fourier para v(t) que se muestran en la fi gura PS 15-2.

1

–1

1–1 – t (s)

v(t)

1
2

1
2

3
2

–3
2

Figura PS 15-2

Problemas de diseño
PD 15-1 Una forma de onda periódica que se muestra en la 
fi gura PD 15-1a es la señal de entrada del circuito que se ve en 
la fi gura PD 15-1b. Seleccione la capacitancia C de modo que la 
magnitud del tercer armónico de v2(t) sea de menos de 1.4 V y 
mayor de 1.3 V. Escriba la ecuación que describa el tercer armó-
nico de v2(t) para el valor de C seleccionada.

(a)

(b)

C

v1 v216 

+

–

+

–

2

10

2

0
2

3

v1

t (s)

(V)

Figura PD 15-1
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PD 15-2 Una alimentador de potencia de cd de un laborato-
rio utiliza un circuito no lineal para convertir un voltaje se-
noidal obtenido de un contacto de pared para un voltaje de cd 
constante. El voltaje del contacto de pared es A sen v0t, donde 
f0 � 60 Hz y A � 160 V. Luego se rectifi ca el voltaje de modo 
que vs �  0 A sen v0t 0 . Utilizando el circuito de fi ltro de la fi gura 
PD 15-2, determine la inductancia requerida L a fi n de que la 
magnitud de cada armónico (rizo) sea menor de 4% del com-
ponente de cd del voltaje de salida.

+
–vs

L

vo

+

–

1 

Figura PD 15-2 Un circuito RL.

PD 15-3 En la fi gura PD 15-3 se muestra un fi ltro de paso 
bajo. La entrada, vs, es una sinusoide rectifi cada de media onda 
con v0 � 800p (elemento 5 de la tabla 15.4-1). Seleccione L y 
C de modo que el valor pico del primer armónico sea 1/20 del 
componente cd para la salida, vo.

+
–

+

–

75 kvs vo

L

C

Figura PD 15-3 Un circuito RLC.
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Circuitos
de fi ltro

16.1 I N T R O D U C C I Ó N

Las funciones de transferencia se utilizan para clasificar circuitos lineales. En un capítulo anterior 
aprendimos a analizar un circuito de modo que pudiéramos determinar su función de transferencia. 
Este problema de diseño no tiene una solución única. Hay mucha formas de obtener un circuito a 
partir de una función de transferencia especificada. Una estrategia muy común es diseñar el circuito 
de modo que sea una conexión en cascada de etapas de filtro de segundo orden. Esta estrategia es la 
que aplicaremos en este capítulo.
 El problema de diseñar un circuito que tenga una función de transferencia especificada se de-
nomina diseño de filtros. En este capítulo aprenderemos la terminología del diseño de filtros y des-
cribiremos las etapas de filtros de segundo orden. Por último, aprenderemos también a conectar estas 
etapas de filtro para obtener un circuito que cuente con una función de transferencia especificada.

16.2 F I LT R O  E L É C T R I C O

El concepto de un filtro se concibió desde los albores de la humanidad. Se utilizaba un filtro de papel 
para eliminar del agua y del vino impurezas y sustancias no deseadas. Un material poroso, como un 
papel, puede servir como un filtro mecánico. Los filtros mecánicos se utilizan para eliminar elementos 
no deseados como las partículas en suspensión de un líquido. De igual manera, un filtro eléctrico se 
puede utilizar para eliminar de una señal eléctrica elementos no deseados, como el ruido eléctrico.
 El filtro eléctrico lo inventaron de manera independiente George Campbell en 1915 en Estados 
Unidos y K.W. Wagner en Alemania. Al surgir la radio entre 1910 y 1920, surgió también la necesidad 
de reducir el ruido estático en los radiorreceptores. Cuando en la década de 1920 la difusión regular de 
radio fue cosa común, Campbell y otros más desarrollaron el filtro RLC utilizando inductores, conden-
sadores y resistores. Estos filtros se llamaban filtros pasivos porque constaban de elementos pasivos. 
La teoría requerida para diseñar los filtros pasivos la desarrollaron S. Darlington, S. Butterworth, y 
E.A. Guillemin en la década de 1930 (Butterworth, 1930).
 Cuando se incorporaron dispositivos activos, por lo regular amplificadores operacionales, a un filtro 
eléctrico, a éste se le llamó filtro activo. Puesto que los inductores son relativamente grandes y pesados, 
los filtros se suelen construir sin inductores y se utilizan, por ejemplo, sólo amplificadores operacionales, 
resistores y condensadores. Los primeros filtros RC activos prácticos se desarrollaron durante la II Guerra 
Mundial y se registraron en un documento clásico de R.P. Sallen y E.L. Key (Sallen y Key, 1955). 

CAPÍTULO

EN ESTE CAPÍTULO

16.1 Introducción 
16.2 Filtro eléctrico
16.3 Filtros 
16.4 Filtros de segundo orden 
16.5 Filtros de alto orden
16.6  Simulación de circuitos de fi ltro utilizando 

PSpice

16.7 ¿Cómo podemos comprobar . . . ?
16.8  EJEMPLO DE DISEÑO — Filtro 

antialiasing 
16.9 Resumen
 Problemas
 Problemas de PSpice
 Problemas de diseño

16
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16.3 F I LT R O S

Empezamos con un filtro ideal. Por conveniencia, suponga que la entrada y la salida de este filtro son 
voltajes. Este filtro ideal separa su voltaje de entrada en dos partes. Una parte se pasa sin cambio alguno 
a la salida, la otra se elimina. En otras palabras, la salida de un filtro ideal es una copia exacta de parte 
de la entrada del filtro.
 Éste es un uso común de la palabra filtro. Por ejemplo, esperamos de un aceite automotriz que se-
pare una mezcla de aceite e impurezas en dos partes: aceite e impurezas. Idealmente, el filtro deja pasar 
una parte de su entrada, el aceite, a su salida sin cambio alguno. La otra parte de la entrada, las impure-
zas, se deben eliminar por completo. El filtro de aceite impide que las impurezas lleguen a la salida.
 Para entender cómo funciona un filtro eléctrico, considere un voltaje de entrada:

vi(t) � cos v1t � cos v2t � cos v3t
La entrada consta de una suma de sinusoides, cada una en diferente frecuencia. (Por ejemplo, los 
voltajes periódicos se pueden representar de este modo por medio de las series de Fourier.) El filtro 
separa el voltaje de entrada en dos partes, utilizando la frecuencia como base para la separación. Hay 
varias formas de separar esta entrada en dos partes y, en correspondencia, varios tipos de filtro ideal. 
La tabla 16.3-1 ilustra los tipos comunes de filtros. Considere el filtro de paso bajo ideal que se 
muestra en la fila 1 de la tabla. La función de red del filtro de paso bajo ideal es

 
H vð Þ ¼ 1ff0� v < vc

0 v > vc

(
 (16.3-1)

La frecuencia vc se denomina frecuencia de corte. La frecuencia de corte separa el rango de frecuen-
cia v � vc, llamada de pasa banda, desde el rango de frecuencia v � vc, llamada de rechazo de ban-
da. Esos componentes de la entrada que tienen frecuencias en la pasa banda experimentan ganancia 
unitaria y cambio de fase cero. Estos términos se pasan, sin cambio alguno, a la salida del filtro. Los 
componentes de la entrada que tienen frecuencias en el rechazo de banda experimentan una ganancia 
igual a cero. Estos términos se eliminan o rechazan. Un filtro ideal separa su entrada en dos partes: 

Tabla 16.3-1 Filtros ideales

TIPO DE FILTRO RESPUESTA DE FRECUENCIA IDEAL ENTRADA Y SALIDA DEL FILTRO

Paso bajo HL(   )
1

1 2c 3

HL(   )
vi (t) = cos   1t

+ cos   2t
+ cos   3t

vo(t) = cos   1t

Paso alto HH(   )
1

1 2 c 3

vo(t) = cos   3tHH(   )
vi (t) = cos   1t

+ cos   2t
+ cos   3t

Pasa banda HB(   )
1

1 2a b 3

vo(t) = cos   2tHB(   )
vi (t) = cos   1t

+ cos   2t
+ cos   3t

Rechazo de banda
(corte)

HN(   )
1

1 2a b 3

vo(t) = cos   1t
       + cos   3t

HN(   )
vi (t) = cos   1t

+ cos   2t
+ cos   3t
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s 1

s2 1:414s 1

s 1 s2 s 1

s2 0:765s 1 s2 1:848s 1

s 1 s2 0:618s 1 s2 1:618s 1

s2 0:518s 1 s2 1:414s 1 s2 1:932s 1

s 1 s2 0:445s 1 s2 1:247s 1 s2 1:802s 1

s2 0:390s 1 s2 1:111s 1 s2 1:663s 1 s2 1:962s 1

s 1 s2 0:347s 1 s2 s 1 s2 1:532s 1 s2 1:879s 1

s2 0:313s 1 s2 0:908s 1 s2 1:414s 1 s2 1:782s 1 s2 1:975s 1

Tabla 16.3-2 Denominadores de filtros de paso bajo de Butterworth
con una frecuencia de corte          1 rad/s

DENOMINADOR, D(S)ORDEN

1
2

3

4

5

6

7

8

9

10

vc

aquellos términos que tienen frecuencias en la pasa banda y los que tienen frecuencias en el rechazo 
de banda. La salida del filtro consta de aquellos términos con frecuencias en la pasa banda.
 Por desgracia, los circuitos de filtro ideales no existen. (Este hecho se puede probar calculando 
la respuesta de impulso del filtro ideal si tomamos la transformada inversa de Laplace de la función de 
transferencia. La respuesta de impulso de un filtro ideal debería darse antes del impulso en sí. Es decir, 
la respuesta debería ocurrir antes de la entrada que provocó la respuesta. Como eso no puede suceder, 
los circuitos de filtro ideales no existen.) Los filtros son circuitos que se aproximan a los filtros ideales. 
Los filtros dividen su entradas en dos partes, los términos en pasa banda y los términos en rechazo de 
banda. Los términos en pasa banda experimentan una ganancia que es de aproximadamente 1 y un lige-
ro cambio de fase. Estos términos se pasan a la salida, pero han sufrido un ligero cambio. Los términos 
en rechazo de banda experimentan una pequeña ganancia que no llega a cero. Como estos términos no 
se eliminan del todo, algunos pequeños residuos de ellos se muestran en la salida del filtro.
 Las funciones de transferencia de Butterworth tienen respuesta de frecuencia de magnitud que 
se aproximan a la respuesta de frecuencia de un filtro ideal. Las funciones de transferencia de paso 
bajo de Butterworth están dadas por

 
HL sð Þ ¼ �1

D sð Þ (16.3-2)

Para el numerador de HL(s) podemos elegir �1 o �1. El polinomio D(s) depende de la frecuencia de 
corte y del orden del filtro. Estos polinomios, denominados polinomios de Butterworth, están resu-
midos en la tabla 16.3-2 por vc � 1 rad/s. Hay un intercambio que implica el orden del filtro. Cuanto 
más alto es el orden, con mayor precisión se aproxima la respuesta de frecuencia a la respuesta de 
frecuencia de un filtro ideal; eso es bueno. Cuanto más alto es el orden, más complicado es el circuito 
requerido para construir el filtro; eso no es bueno.

E J E M P L O  1 6 . 3 - 1  Orden del filtro

Lo que deseamos es diseñar un filtro de paso bajo que se aproxime a un filtro ideal de paso bajo con vc � 
1 rad/s. Compare el filtro de paso bajo de cuarto orden de Butterworth con el filtro de paso bajo de octavo orden 
de Butterworth.

Solución
La cuarta fila de la tabla 16.3-2 indica que la transferencia del filtro de Butterworth de cuarto orden es

H4 sð Þ ¼ 1

s2 þ 0:765sþ 1ð Þ s2 þ 1:848sþ 1ð Þ ¼
1

s2 þ 0:765sþ 1ð Þ �
1

s2 þ 1:848sþ 1ð Þ
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Del mismo modo, la octava fila de la tabla 16.3-2 indica que la función de transferencia del filtro de octavo orden es

H8 sð Þ ¼ 1

s2 þ 0:390sþ 1ð Þ s2 þ 1:111sþ 1ð Þ s2 þ 1:663sþ 1ð Þ s2 þ 1:962sþ 1ð Þ
¼ 1

s2 þ 0:390sþ 1ð Þ �
1

s2 þ 1:111sþ 1ð Þ �
1

s2 þ 1:663sþ 1ð Þ �
1

s2 þ 1:962sþ 1ð Þ
La figura 16.3-1 muestra los trazos de la res-
puesta de frecuencia de magnitud para estos dos 
filtros. Ambas respuestas de frecuencia muestran 
ganancia unitaria cuando v � 1 y una ganancia 
de cero cuando v � 1. Por lo tanto, ambos filtros 
se aproximan a un filtro de paso bajo ideal con 
vc � 1 rad/s. El filtro de octavo orden hace que 
la transición de pasa banda a rechazo de banda 
sea más rápida, proveyendo una mejor aproxi-
mación al filtro de paso bajo ideal.
 La función de transferencia del filtro de 
cuarto orden se ha expresado como el produc-
to de dos funciones de transferencia de segundo 
orden, mientras que la función de transferencia 
del filtro de octavo orden se ha expresado como 
el producto de cuatro funciones de transferencia 
de segundo orden. Cada una de estas funciones de 
transferencia de segundo orden se implementa-
rán por un circuito de segundo orden. Dado que 
todos estos circuitos de segundo orden serán se-
mejantes de algún modo, es razonable esperar que el circuito de octavo orden tendrá alrededor de dos veces las 
dimensiones del filtro de cuarto orden. Eso implica que hay dos veces la cantidad de partes, dos veces el consumo 
de potencia, dos veces el costo de ensamble, dos veces el espacio, etcétera.
 El filtro de octavo orden se desempeña mejor, aunque cuesta más. En algunas aplicaciones el desempeño 
mejorado de un filtro de octavo orden justifica el costo adicional, mientras que en otras no.

Determine la función de transferencia de un filtro de paso bajo de Butterworth de tercer orden, que tenga una 
frecuencia de corte igual a 500 rad/s.

Solución
La ecuación 16.3-2 y la tabla 16.3-2 proporcionan un filtro de paso bajo de Butterworth de tercer orden con una 
frecuencia de corte igual a 1 rad/s.:

Hn sð Þ ¼ 1

sþ 1ð Þ s2 þ sþ 1ð Þ
Para ajustar la frecuencia de corte a vc � 500 rad/s, hay una técnica denominada escalamiento de frecuencia. 
Esta técnica se puede complementar reemplazando cada s en Hn(s) por s>vc; es decir,

H sð Þ ¼ 1

s

vc
þ 1

� �
s

vc

� �2

þ s

vc
þ 1

 !

0

0.2

0.4

0.6

0.8

1

10–1 100

, rad/s

101

H(  )

Filtro de octavo orden Filtro de cuarto orden

FIGURA 16.3-1 Comparación de las respuestas de frecuencia de fi ltros 
de paso bajo de Butterworth de cuarto y octavo orden con vc � 1 rad/s.

E J E M P L O  1 6 . 3 - 2  Escalamiento de frecuencias
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EJERCICIO 16.3-1  Encuentre la función de transferencia de un filtro de paso bajo de 
Butterworth de tercer orden que tenga una frecuencia de corte igual a 1 250 rad/s.

Respuesta: H s
1

s
1 250

1

1 250
s 1 250

16.4 F I LT R O S  D E  S E G U N D O  O R D E N

Los filtros de segundo orden son importantes por dos razones. La primera es que proporcionan una 
aproximación de bajo costo a filtros ideales. La segunda, que se les utiliza como estructuras para fil-
tros más costosos que proporcionan aproximaciones más precisas a filtros ideales.
 La respuesta de frecuencia de filtros de segundo orden se caracteriza por tres parámetros de 
filtros: la ganancia k, la frecuencia de ganancia v0 y el factor de calidad Q. Los circuitos de filtros 
están diseñados mediante la elección de valores de elementos de circuito de manera que se obtengan 
los valores requeridos de k, v0 y Q.
 Un filtro de paso bajo de segundo orden es un circuito que tiene una función de transferencia de 
la forma

 

HL sð Þ ¼ kv0
2

s2 þ v0

Q
sþ v0

2
 (16.4-1)

Esta función de transferencia se caracteriza por los tres parámetros, la ganancia k, la frecuencia de 
ángulo v0 y el factor de calidad Q. Cuando este circuito es estable, es decir, cuando v0 � 0 y Q � 0, 
la función de red se puede obtener con s � jv.

HL vð Þ ¼ kv0
2

�v2 þ j
v0

Q
vþ v0

2

La ganancia del filtro la da

jHL vð Þj ¼ kv0
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2
0 � v2

� 	2 þ v0

Q
v

� �2
s

ffi
k v� v0

0 v� v0

(

En este caso, vc � 500 rad/s, por lo tanto,

H sð Þ ¼ 1
s

500
þ 1

� � s

500

� �2
þ s

500
þ 1

� �

¼ 5003

sþ 500ð Þ s2 þ 500sþ 5002
� 	

¼ 125,000,000

sþ 500ð Þ s2 þ 500sþ 250,000ð Þ
H(s) es la función de transferencia de un filtro de paso bajo de Butterworth de tercer orden que tiene una frecuen-
cia de corte igual a 500 rad/s. 
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0

0.5

1

1.5

2

2.5

10–1 100

, rad/s

101

H(  )

Q = 1

Q = 2

Q = 0.707

Q = 1.5

 

FIGURA 16.4-1 Respuestas de frecuencia 
de fi ltros de paso bajo de segundo orden 
con cuatro valores de Q(vc � 1 rad/s).

 Cuando k � 1, esta respuesta de frecuencia se aproxima a la respuesta de frecuencia de un filtro 
de paso bajo ideal con una frecuencia de corte de vc � v0. Cuando k 6¼ 1, el filtro de paso bajo se 
aproxima al filtro de paso bajo ideal junto con un amplificador que tiene una ganancia igual a k. El 
factor de calidad, Q, controla la figura de la respuesta de frecuencia durante la transición de paso de 
banda a rechazo de banda. La figura 16.4-1 muestra la respuesta de frecuencia del filtro de paso bajo 
(k � 1 y vc � v0 � 1) para varias elecciones de Q. Una aproximación de Butterworth al filtro de paso 
bajo ideal se obtiene seleccionando Q � 0.707.

Tabla 16.4-1 Filtros RLC de segundo orden

TIPO DE FILTRO CIRCUITO
FUNCIÓN DE

TRANSFERENCIA ECUACIONES DE DISEÑO

Paso bajo
+
–vi (t) vo(t)C

R L

+

–

H(s) =
s2 s ++ 1

LC
R
L

1
LC

0 =
 LC

 1

Q  = 

k = 1 

1
R

L
C

Alto paso
+
–vi (t) vo(t)L

C R

+

–

H(s) =
s2

s2

s ++ 1
LC

R
L

0 =
 LC

 1

Q  = 

k = 1 

1
R

L
C

Pasa banda
+
–vi (t) vo(t)R

C L

+

–

H(s) =
s2 s ++ 1

LC
R
L

sR
L

0 =
 LC

 1

Q  = 

k = 1 

1
R

L
C

Rechazo de banda
(notch) C+

–vi (t) vo(t)

R L

+

–

H(s) =
s2 +

s2 s ++ 1
LC

R
L

1
LC

0 =
 LC

 1

Q  = 

k = 1 

1
R

L
C
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 La tabla 16.4-1 proporciona circuitos RLC que se pueden utilizar como filtros de segundo or-
den. Considere el filtro de paso bajo que se muestra en la primera fila de la tabla. La función de trans-
ferencia de este circuito es

 

H sð Þ ¼
1

LC

s2 þ R

L
sþ 1

LC

 (16.4-2)

La relación entre los parámetros de circuito R, L y C y los circuitos de filtro k, v0 y Q, se obtiene de la 
comparación de la ecuación 16.4-2 con la ecuación 16.4-1. Primero, compare los términos constantes 
en los denominadores para ver que la frecuencia de corte del filtro esté dada por

v0 ¼ 1ffiffiffiffiffiffiffi
LC

p

Luego, compare los coeficientes de s en los denominadores para ver que

v0

Q
¼ R

L

Despejando estas dos ecuaciones de Q obtenemos

Q ¼ 1

R

ffiffiffiffi
L

C

r

Por último, comparar los numeradores nos da

kv0
2 ¼ 1

LC

De modo que la ganancia de cd es
k � 1

Observe que v0 y Q están determinados por los valores de R, L y C pero que k siempre es 1.
 Para construir filtros de segundo orden se utilizan muchos y diferentes circuitos. Uno de los más 
conocidos es el filtro Sallen-Key. La tabla 16.4-2 provee la información requerida para diseñar filtros 
Sallen-Key.

Tabla 16.4-2 Filtros Sallen-Key

ECUACIONES DE DISEÑOCIRCUITOTIPO DE FILTRO

Paso bajo

C

C

R R

R

vo(t)

+

–

vi (t)

+

–

+

–

(A – 1)R
1

3 – A
Q =

k = A

1
RC  0 =

(continúa)
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Tabla 16.4-2 (Continúa)

ECUACIONES DE DISEÑOCIRCUITOTIPO DE FILTRO

Alto paso

R

R

C C

R

vo(t)

+

–

vi (t)

+

–

+

–

(A – 1)R
1

3 – A
Q =

k = A

1
RC  0 =

Pasa banda

R

2R

R C

R

C vo(t)

+

–

vi (t)

+

–

(A – 1)R

+

–

1
3 – A

Q =

k = AQ

1
RC  0 =

Rechazo de banda
(notch)

2C

R R

R

vo(t)

+

–

vi (t)

+

–

+

–

C
(A – 1)R

C

R
2

1
4 – 2A

Q =

k = A

1
RC  0 =

E J E M P L O  1 6 . 4 - 1  Filtro de paso bajo RLC

Diseñe un filtro de paso bajo de segundo orden de Butterworth con una frecuencia de corte de 1 000 hertz.

Solución
Los filtros de Butterworth de segundo orden tienen Q ¼ 1ffiffiffi

2
p ¼ 0:707. La frecuencia de ángulo es igual a la fre-

cuencia de corte, es decir

 v0 � v0 � 2p � 1 000 � 6 283 rad/s 

M16_DORF_1571_8ED_SE_793-828.indd   800M16_DORF_1571_8ED_SE_793-828.indd   800 7/4/11   5:32 PM7/4/11   5:32 PM



Circuitos Eléctricos - Dorf Alfaomega

 Filtros de segundo orden 801

El circuito RLC que se muestra en la primera fila de la tabla 16.4-1 se puede utilizar para diseñar el filtro de  paso 
bajo requerido. Las educaciones de diseño son

y 
1

R

ffiffiffiffi
L

C

r
¼ Q ¼ 1ffiffiffi

2
p

1ffiffiffiffiffiffiffi
LC

p ¼ v0 ¼ 6283 rad/s6 283 rad/s

La tercera ecuación de diseño indica que k � 1. Esta última ecuación de diseño no restringe los valores de R, L 
y C. Como tenemos dos ecuaciones en tres incógnitas, la solución no es única. Una manera de proceder es elegir 
un valor conveniente para un elemento de circuito, digamos C � 0.1 mF, y luego calcular los valores restantes de 
los demás elementos de circuito

y 
L ¼ 1= v0

2C
� 	 ¼ 0:253 H

R ¼
ffiffiffiffiffiffi
2L

C

r
¼ 2251V2 251 �

Si esta solución nos satisface, el filtro de diseño está completo. Por otra parte, ajustamos lo que elegimos del valor 
de C y calculamos de nuevo L y R. Por ejemplo, si la inductancia es demasiado grande, digamos L � 1 000 H, 
o que la resistencia sea pequeñísima, de R � 0.03 �, será difícil obtener las partes para construir estos circuitos. 
Pero como no hay tal problema en este ejemplo, concluimos que el circuito de la primera fila de la tabla 16.4-1 
con C � 0.1 mF, L � 0.253 H y R � 2 251 � es el filtro de paso bajo requerido.

Diseñe un filtro de pasa banda Sallen-Key de segundo orden con una frecuencia de centro de 500 hertz y un ancho 
de banda de 100 hertz.

Solución
La función de transferencia del filtro de pasa banda de segundo orden es

H sð Þ ¼
k
v0

Q
s

s2 þ v0

Q
sþ v0

2

La función de red que le corresponde es

H vð Þ ¼
jk
v0

Q
v

v0
2 � v2 þ j

v0

Q
v

Dividir numerador y denominador entre j
v0

Q
v nos da

Q

H vð Þ ¼ k

1þ jQ
v

v0
� v0

v

� �
Ya antes hemos visto funciones de red como la anterior, cuando estudiamos los circuitos resonantes (capítulo 13). 
La ganancia  @ H(v) @  estará al máximo en la frecuencia de ángulo, v0. En el caso de esta función de transferencia 

E J E M P L O  1 6 . 4 - 2  Filtro de pasa banda Sallen-Key
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de pasa banda, a v0 también se le denomina frecuencia de centro y frecuencia resonante. La ganancia de la fre-
cuencia de centro será

 @ H(v0) @ � k
A estas dos frecuencias, v1 y v2, las identifica la propiedad

jH v1ð Þj ¼ jH v2ð Þj ¼ kffiffiffi
2

p

Estas frecuencias se denominan frecuencias de mitad de potencia o frecuencias de 3 dB. Las frecuencias de mitad 
de potencia resultan de

v1 ¼ � v0

2Q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0

2Q

� �2

þ v0
2

s
y v2 ¼ v0

2Q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0

2Q

� �2

þ v0
2

s

El ancho de banda del filtro se calcula a partir de las frecuencias de mitad de potencia
BW ¼ v2 � v1 ¼ v0

Q

 El filtro de pasa banda Sallen-Key se ve en la tercera fila de la tabla 16.4-2. Nuestras especificaciones re-
quieren que

y 
v0 ¼ 2p � 500 ¼ 3142 rad/s

Q ¼ v0

BW
¼ 5

La tabla 16.4-2 precisa que las ecuaciones de diseño para el filtro de pasa banda Sallen-Key son

y 

1

RC
¼ v0 ¼ 3142

A ¼ 3� 1

Q
¼ 2:8

Tome C � 0.1 mF. Entonces

R ¼ 1

Cv0
¼ 3 183 �

Como k � AQ, la ganancia de este filtro de pasa banda 
en la frecuencia de centro es 14. Además, una de las 
resistencias la da

(A � 1)R � 5 729 �
En la figura 16.4-2 se muestra el filtro de pasa banda 
Sallen-Key.

Diseñe un filtro de rechazo de banda de segundo orden con una frecuencia de 1 000 rad/s y un ancho de banda de 
100 rad/s.

Solución
La función de transferencia del filtro de rechazo de banda de segundo orden es

H sð Þ ¼ k s2 þ v0
2ð Þ

s2 þ v0

Q
sþ v0

2

vo(t)

+

–

vi(t)

+

–

+
–

0.1  F

0.1  F

6 366 

3 183 

3 183 

3 183 

5 729 

FIGURA 16.4-2 Un fi ltro de pasa banda Sallen-Key.

E J E M P L O  1 6 . 4 - 3  Filtro de rechazo de banda Sallen-Key

3 142

v0 ¼ 2p � 500 ¼ 3 142 rad/s
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Observe que las funciones de transferencia de los filtros de pasa banda y rechazo de banda de segundo orden 
están relacionados por

k s2 þ v0
2ð Þ

s2 þ v0

Q
sþ v0

2
¼ k �

k
v0

Q
s

s2 þ v0

Q
sþ v0

2

La función de red del filtro de rechazo de banda es

H vð Þ ¼ k v0
2 � v2ð Þ

v0
2 � v2 þ j

v0

Q
v

Cuando v � v0  u  v � v0, la ganancia es @ H(v) @ � k. En v � v0, la ganancia es cero. Las frecuencias de mitad 
de potencia, v1 y v2 se identifican por la propiedad

jH v1ð Þj ¼ jH v2ð Þj ¼ kffiffiffi
2

p

El ancho de banda del filtro resulta de
BW ¼ v2 � v1 ¼ v0

Q

El filtro de rechazo de banda Sallen-Key se muestra en la última fila de la tabla 16.4-2. Nuestras especificaciones 
requieren que v0 � 1 000 rad/s y 

Q ¼ v0

BW
¼ 10

La tabla 16.4-2 indica que las ecuaciones de diseño para el filtro de rechazo de banda Sallen-Key son

y 

1

RC
¼ v0 ¼ 1000

A ¼ 2� 1

2Q
¼ 1:95

Tome C � 0.1 mF. Entonces

R ¼ 1

Cv0
¼ 10 kV

En la figura 16.4-3 se muestra el filtro de rechazo de ban-
da Sallen-Key.

La figura 16.4-4 muestra otro circuito que se puede utilizar para construir un filtro de segundo orden. Este circui-
to se denomina filtro Tow-Thomas. Este filtro se puede utilizar como filtro de  paso bajo y filtro de pasa banda. 
Cuando la salida es el voltaje v1(t) la función de transferencia es

 

HL sð Þ ¼
� 1

RkRC
2

s2 þ 1

RQC
sþ 1

R2C2

 (16.4-3)

vo(t)

+

–

vi(t)

+

–

0.2  F

0.1  F 0.1  F

+
– 10 k5 k

10 k

9.5 k

10 k

FIGURA 16.4-3 Un fi ltro de rechazo de banda Sallen-Key.

E J E M P L O  1 6 . 4 - 4  Filtro Tow-Thomas

1 000
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–

+

–

+

–

+
+
–

v1(t)

+

 –

+

 –

C R

RQ

vs(t)

v2(t)

Rk R R RC

 
FIGURA 16.4-4 Filtro 
Tow-Thomas.

y el filtro es un filtro de paso bajo. Si, por el contrario, el voltaje v2(t) se usara como salida de filtro, la función 
de red sería

 

HB sð Þ ¼
� 1

RkC
s

s2 þ 1

RQC
sþ 1

R2C2

 (16.4-4)

y el filtro Tow-Thomas funciona como un filtro de pasa banda. Diseñe un filtro de paso bajo Tow-Thomas 
Butterworth con una ganancia de cd de 5 y una frecuencia de corte de 1 250 hertz.

Solución
Puesto que el filtro Tow-Thomas se usará como un filtro de paso bajo, la función de transferencia la da la ecua-
ción 16.4-3. Las ecuaciones de diseño se obtienen por comparación de esta función de transferencia con la forma 
estándar de la función de transferencia de paso bajo de segundo orden que se da en la ecuación 16.4-1. Primero, 
compare los términos constantes (es decir, los coeficientes de s0) en los denominadores de estas funciones de 
transferencia para obtener

 
v0 ¼ 1

RC
 (16.4-5)

Luego, compare los coeficientes de s1 en los denominadores de estas funciones de transferencia para obtener

 
Q ¼ RQ

R
 (16.4-6)

Por último, compare los numeradores para obtener

 
k ¼ R

Rk
 (16.4-7)

Diseñar el filtro Tow-Thomas requiere que R, C, RQ y Rk obtengan los valores. Como hay cuatro incógnitas y sólo 
tres ecuaciones de diseño, empezamos por seleccionar un valor que le convenga a una de las incógnitas, que suele 
ser la capacitancia. Sea C � 0.01 mF. Entonces,

v
R

1
0C

1
2 1 250 0.01 10 6 12 732
p

Un filtro de Butterworth de segundo orden necesita que Q � 0.707, por lo tanto,

Finalmente,  
RQ ¼ QR ¼ 0:707ð Þ 12,732ð Þ ¼

Rk ¼ R

k
¼ 2546V

9 003 �

y el diseño está terminado.

2 546 �

M16_DORF_1571_8ED_SE_793-828.indd   804M16_DORF_1571_8ED_SE_793-828.indd   804 7/4/11   5:33 PM7/4/11   5:33 PM



Circuitos Eléctricos - Dorf Alfaomega

 Filtros de alto orden 805

E J E M P L O  1 6 . 4 - 5  Filtro de paso alto Tow-Thomas

Utilice el circuito Tow-Thomas para diseñar un filtro de paso alto de Butterworth con una ganancia de frecuencia 
alta de 5 y una frecuencia de corte de 1 250 hertz.

Solución
El circuito Tow Thomas no implementa el filtro de paso alto, pero sí el filtro de paso bajo y el filtro de pasa banda. 
Las funciones de transferencia de los filtros de paso alto, de pasa banda y de paso bajo de segundo orden, se rela-
cionan por

 

HH sð Þ ¼ ks2

s2 þ 1

RQC
sþ 1

R2C2

¼ k þ
� 1

RkC
s

s2 þ 1

RQC
sþ 1

R2C2

þ
� 1

RkRC
2

s2 þ 1

RQC
sþ 1

R2C2

¼ k þ HB sð Þ þ HL sð Þ

 (16.4-8)

 Un filtro de paso alto se puede construir utilizando un filtro Tow-Thomas y un sumando amplificador. Se 
utilizan las dos salidas de paso banda y de paso bajo del filtro Tow-Thomas. La ecuación 14.6-8 indica que los 
filtros de pasa banda y de paso bajo deben tener los mismos valores que k, Q y v0, como el filtro de paso alto. Así, 
requerimos un filtro Tow-Thomas que tenga k � 5, Q � 0.707 y v0 � 7854 rad/s. Un filtro semejante se diseñó 
en el ejemplo 16.4-4. El filtro de paso alto se obtuvo agregando un sumando amplificador como se muestra en la 
figura 16.4-5.

–

+

–

+

–

+
+
–

–

+ +

 –

vs(t)

vo(t)

+

 –
v2(t)

+

 –
v1(t)

0.01  F 0.01  F

2 546 k 9 003 k 12 732 k 12 732 k 12 732 k 50 k

50 k

12 732 k

10 k

50 k

 

FIGURA 16.5-4
Un fi ltro de paso 
alto Tow-Thomas.

16.5 F I LT R O S  D E  A LT O  O R D E N

En esta sección volvemos la atención a los filtros que tienen un orden mayor de 2. A estos filtros se 
les llama filtros de alto orden. Una estrategia muy común para diseñar filtros de alto orden se vale de 
una conexión en cascada de filtros de segundo orden. La conexión en cascada se muestra en la figura 
16.5-1, en la cual las funciones de transferencia H1(s), H2(s), . . . , Hn(s) representan filtros de segundo 
orden que están conectados entre sí para construir un filtro de alto orden. Nos referimos al filtro de 
segundo orden como etapas de filtro para distinguirlos del filtro de alto orden. Es decir, el filtro de alto 
orden es una conexión en cascada de etapas de filtro de segundo orden. (Cuando el orden del filtro de 
alto orden es impar, se requiere una etapa de filtro de primer orden. No obstante, hablamos de diseñar 
filtros de alto orden como una cascada de etapas de segundo orden.)
 La conexión en cascada se caracteriza por el hecho de que la salida de una etapa de filtro se uti-
liza como la entrada de la etapa siguiente. Por desgracia, el comportamiento de una etapa cambiará 
a veces cuando otra etapa esté conectada a ella. A este fenómeno le llamamos carga, y decimos que 
la segunda etapa cargó a la primera. Por lo general, la carga es indeseable y tratamos de evitarla. La
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Vi(s) Zi(s)

Zo(s)

H (s) Vi(s)

+

–

+
–

FIGURA 16.5-2 Modelo de una etapa de fi ltro.

figura 16.5-2 muestra un modelo de una etapa de filtro apropiada para investigar la carga. Este modelo 
incluye la impedancia de entrada y salida de la etapa de filtro al igual que la función de transferencia.
 La figura 16.5-3 muestra un filtro de alto orden que consiste en la conexión en cascada de dos 
etapas de filtro. Calculemos la función de transferencia del filtro de alto orden. Empezamos en la 
salida del filtro de alto orden, y observamos que no hay corriente en la impedancia de salida, Zo2(s) de 
la etapa segunda. En consecuencia, no hay voltaje a través de Zo2(s), por lo que
 V31s2 � H21s2V21s2 (16.5-1)
A continuación, utilizamos la división de voltaje para hallar V2(s),

 
V 2 sð Þ ¼ Z i2

Zo1 þ Z i2
H1 sð ÞV 1 sð Þ (16.5-2)

Al conectar la segunda etapa de filtro a la primera se modificó la salida de la etapa primera. Sin la 
etapa segunda, no habría corriente en Zo1(s). En consecuencia, no habría voltaje a través de Zo1(s) y 
la salida de la etapa primera sería V2(s) � H1(s)V1(s). Se dice que la etapa segunda carga a la primera. 
Esta carga se puede eliminar haciendo que la impedancia de entrada de la etapa segunda sea infinita, 
Zi2(s) � 1, o que la impedancia de entrada de la primera etapa sea cero, Zo1(s) � 0.
 Combinar las ecuaciones 16.5-1 y 16.5-2 nos da

V 3 sð Þ ¼ H2 sð Þ Z i2

Zo1 þ Z i2
H1 sð ÞV 1 sð Þ

Por último, la función de transferencia del filtro de alto orden es

 
H sð Þ ¼ V 3 sð Þ

V 1 sð Þ ¼ H2 sð Þ Z i2

Zo1 þ Z i2
H1 sð Þ (16.5-3)

Ecuación que se simplifica a 
 H1s2 � H21s2H11s2 (16. 5-4)
cuando la impedancia de entrada de la etapa segunda es infinita, Zi2(s) � 1, o cuando la impedancia 
de salida de la primera etapa es cero, Zo1(s) � 0. En otras palabras, la ecuación 16.5-4 se puede uti-
lizar cuando la etapa segunda no carga a la primera, pero se debe utilizar la ecuación 16.5-3 cuando 
la etapa segunda carga a la etapa primera. Probaremos que los filtros Sallen-Key tienen impedancias 
de salida iguales a cero. Por lo tanto, no hay carga cuando las etapas del filtro Sallen-Key están 
en cascada. La función de transferencia del filtro de alto orden es el producto de las funciones de 
transferencia de las etapas de filtro Sallen-Key individuales. En contraste, los filtros basados en los 
circuitos RLC en serie que se muestran en la tabla 16.4-1 no tienen impedancias de salida que sean 
iguales a cero o impedancias de entrada que sean infinitas. Si estas etapas de filtro estuvieran en cas-
cada, la función de transferencia del filtro de alto orden no sería igual al producto de las funciones 
de transferencia de las etapas de filtro individuales. Por lo tanto, podemos utilizar las etapas de filtro 
Sallen-Key en cascada para diseñar filtros de alto orden sin introducir carga.

V1(s) Zi1(s)

Zo1(s) Zo2(s)

H1(s)V1(s) V2(s)

+

–

+

–

+
–

H2(s)V2(s) V3(s)

+

–

+
–

Zi2(s)+
–

 

FIGURA 16.5-3
Conexión en cascada 
de dos etapas de fi ltro.

+
– V2(s)V1(s) H1(s) H2(s)

+

–

V3(s) Hn(s)

+

–

Vn + 1(s)

+

–

Vn(s)

+

–

+

– ...

...

FIGURA 16.5-1 Un circuito en cascada de n etapas.

M16_DORF_1571_8ED_SE_793-828.indd   806M16_DORF_1571_8ED_SE_793-828.indd   806 7/4/11   5:33 PM7/4/11   5:33 PM



Circuitos Eléctricos - Dorf Alfaomega

 Filtros de alto orden 807

Vi(s) Zi(s)

Zo(s)

Vo(s)

+

–

H(s)Vi(s)
+
–

+
–

Vi(s) = 0 IT(s)VT(s)Zi(s)

Zo(s)

+

–

+

–

H(s)Vi(s)
+
–

Vi(s)IT(s) Zi(s)

Zo(s)

+

–

H(s)Vi(s)
+
–

Vo(s)

Vi(s)
H(s) =

VT(s)

IT(s)
Zo(s) =

Vi(s)

IT(s)
Zi(s) =

Tabla 16.5-1 Medición de parámetros de una etapa de filtro

MEDICIONESDEFINICIÓNPARÁMETRO

Impedancia de entrada

Impedancia de salida

Función de transferencia

 A continuación consideremos calcular la impedancia de la salida de un filtro de pasa banda 
Sallen-Key. La tabla 16.5-1 muestra cómo se pueden medir o calcular los parámetros del modelo de 
una etapa de filtro. La segunda fila de esta tabla indica que para calcular la impedancia de la salida se 
deben conectar un cortocircuito a la entrada del filtro, y una fuente de corriente a la salida del filtro. 
Se calcula el voltaje a través de la fuente de corriente, y la relación de este voltaje con la corriente de 
la fuente de corriente es la impedancia de la salida. La figura 16.5-4 muestra un filtro Sallen-Key con 
un cortocircuito a través de su entrada y una fuente de corriente conectada a su salida. Este circuito se 
puede analizar escribiendo ecuaciones nodales en los nodos 1, 2 y T:

V 1

R
þ CsV 1 þ V 1 � VT

R
þ V 1 � V 2ð ÞCs ¼ 0

� V 1 � V 2ð ÞCsþ V 2

2R
¼ 0

V 2

R
þ V 2 � VT

A� 1ð ÞR ¼ 0

Despejando estas ecuaciones nodales para VT nos da
½ RCsð Þ2 þ 3� Að ÞRCsþ 1
 VT ¼ 0

Dado que el factor entre llaves es de no cero, esta ecuación indica que VT � 0. La impedancia de salida 
del filtro de pasa banda Sallen-Key es

Zo ¼ VT

IT
¼ 0

IT
¼ 0

Del mismo modo, cada uno de los filtros Sallen-Key que se muestran en la tabla 16.4-2 tiene una 
impedancia de salida igual a cero.
 Los filtros de alto orden se pueden diseñar como una conexión en cascada de etapas de filtro de 
segundo orden. Las etapas de filtro que tienen una impedancia de entrada igual a cero se usan de modo 
que la función de transferencia del filtro de alto orden sea el producto de las funciones de transferencia 
de las etapas de filtro en cascada.
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R

2R

R

R VT(s) IT(s)

+

–

V2(s)

+

–

V1(s)

+

–

+

–

(A – 1)R

1
Cs

1
Cs

1

2

T

 

FIGURA 16.5-4 Cálculo de la salida de un 
fi ltro de pasa banda Sallen-Key. Los números 
circulados son números enteros.

–ks
s + p

H(s) =

1
R1C

p =
donde

R2

R1
k =

y

C

–

+

R1 R2

+

 –

vi(t)

+

 –
vo(t)

–k
s + p

H(s) =

1
R2C

p =
donde

1
R1C

k =

y
–

+

R1 R2

C

vo(t)
+

 –

vi(t)

+

 –

Tabla 16.5-2 Etapas de filtro de primer orden

ECUACIÓN DE DISEÑOCIRCUITO DE PRIMER ORDENTIPO DE FILTRO

Paso bajo

Paso alto 

E J E M P L O  1 6 . 5 - 1  Conexión en cascada de etapas de filtro

Diseñe un filtro de paso bajo de Butterworth de tercer orden que tenga una frecuencia de corte de vc � 500 rad/s, 
y una ganancia de cd igual a 1.

Solución 
La ecuación 16.3-2 y la tabla 16.3-2 proveen un filtro de paso bajo de Butterworth de tercer orden que tiene una 
frecuencia de corte igual a 1 rad/s.

Hn sð Þ ¼ 1

sþ 1ð Þ s2 þ sþ 1ð Þ
El escalamiento de frecuencia se utiliza para ajustar la frecuencia de corte de modo que vc � 500 rad/s.

H sð Þ ¼ 1
s

500
þ 1

� � s

500

� �2
þ s

500
þ 1

� �

¼ 5003

sþ 500ð Þ s2 þ 500sþ 5002
� 	
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H(s) es la función de transferencia de un filtro de paso bajo de Butterworth de tercer orden que tiene una frecuen-
cia de corte igual a 500 rad/s. Esta función de transferencia se puede expresar como

 
H sð Þ ¼ �250,000

s2 þ 500sþ 250,000
 � 

�500
sþ 500

¼ H1 sð Þ � H2 sð Þ (16.5-5)

Un filtro de paso bajo Sallen-Key se puede diseñar para implementar la función de transferencia H1(s) de paso 
bajo de segundo orden. La tabla 16.5-2 proporciona circuitos y ecuaciones de diseño para etapas de filtro de 
primer orden. El circuito que se muestra en la primera fila de esta tabla se puede utilizar para implementar H2(s). 
Las etapas de filtro de primer orden en la tabla 16.5-2 tienen impedancias de salida iguales a cero. Si estas etapas 
de filtro se colocan en cascada no se ocasionará carga. El colocar en cascada el filtro Sallen-Key con la etapa de 
filtro de primer orden producirá un filtro de tercer orden con la función de transferencia H(s).
 Primero, diseñemos el filtro Sallen-Key con función de transferencia

H1 sð Þ ¼ �250,000
s2 þ 500sþ 250,000

Los valores de los parámetros de filtros k, v0 y Q se determinan por comparación de H1(s) con la forma estándar 
de la función de transferencia de paso bajo de segundo orden que se da en la ecuación 16.4-1. A partir del término 
constante en el denominador,

v0
2 � 250 000

Luego, a partir del coeficiente de s en el denominador,
v0

Q
¼ 500

Finalmente, a partir del numerador,
k � v0

2 � 250 000

Por lo tanto, v0 � 500 rad/s, Q � 1 y k � 1. El filtro de paso bajo Sallen-Key se muestra en la fila 1 de la tabla 16.4-2. 
Diseñar este filtro requiere encontrar valores de R, C y A. Las ecuaciones de diseño dadas en la fila 1 indican que

 
v0 ¼ 1

RC
 (16.5-6)

 
Q ¼ 1

3� A
 (16.5-7)

 k � A (16.5-8)
La ecuación 16.5-7 da

A ¼ 3� 1

Q
¼ 3� 1

1
¼ 2

Pero la ecuación 16.5-8 resulta en
A � k � 1

Aparentemente, podemos seleccionar A para obtener el valor correcto de Q, o bien seleccionar A para obtener el 
valor correcto de k, pero no ambos. Es fácil ajustar luego la ganancia de cd, de modo que tomamos A � 2 para 
que Q � 1 y asentar k � 2. La ecuación 16.5-6 se satisface si tomamos C � 0.1 mF y

R ¼ 1

Cv0
¼ 1

0:1� 10�6
� 	

500ð Þ ¼ 20 kV

En la figura 16.5-5a se muestra la etapa de filtro Sallen-Key. La función de transferencia de esta etapa es

H3 sð Þ ¼ �500,000
s2 þ 500sþ 250,000
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FIGURA 16.5-5 (a) Etapa 
de fi ltro Sallen-Key; (b) 
etapa de fi ltro de primer 
orden y (c) fi ltro de 
Butterworth de primer orden.

La etapa de filtro Sallen-Key logró los valores deseados de v0 y Q � 1 pero no el valor deseado de la ganancia de 
cd. En compensación, ajustaremos la ganancia de cd del filtro de primer orden. La función de transferencia deseada 
del filtro de tercer orden se puede expresar como

H sð Þ ¼ �500,000
s2 þ 500sþ 250,000

 � H4 sð Þ

lo que requiere

H4 sð Þ ¼ �250
sþ 500

Las ecuaciones de diseño en la fila 1 de la tabla 16.5-2 indican que

y 
500 ¼ 1

R2C

250 ¼ 1

R1C

Elija C � 0.1 mF. Entonces 

R2 ¼ 1

500 � C
¼ 1

500ð Þ 0:1� 10�6
� 	 ¼ 20 kV

1
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y R1 ¼ 1

250 � C
¼ 1

250ð Þ 0:1� 10�6
� 	 ¼ 40 kV

La etapa de filtro de primer orden se muestra en la figura 16.4-5b. Conectando en cascada la etapa Sallen-Key y 
la etapa de primer orden, se produce el filtro de Butterworth de tercer orden que se muestra en la figura 16.5-5c.

16.6  S I M U L A C I Ó N  D E  C I R C U I T O S  D E  F I LT R O 
U T I L I Z A N D O  P S P I C E

PSpice proporciona una manera conveniente para verificar que un circuito de filtro tenga en realidad la 
función de transferencia correcta. La figura 16.6-1 ilustra un método de comprobar un diseño de filtro. El 
filtro a probar es un filtro de rechazo de banda de cuarto orden que consta de dos etapas de filtro de corte 
Sallen-Key y un amplificador inversor. Este filtro se diseñó para que tenga la función de transferencia

H sð Þ ¼ 4 s2 þ 62,500ð Þ2
s2 þ 250sþ 62,500ð Þ2

El voltaje de la fuente de voltaje, vi(t), se utiliza como entrada para dos circuitos separados. Uno de 
estos circuitos es el filtro de circuito que consta de etapas Sallen-Key y el amplificador inversor. 
La respuesta de este circuito es el voltaje de nodos vo1(t). El otro “circuito” H(s) se implementa 
directamente utilizando una característica de PSpice. La respuesta de este circuito es vo2(t). Una 
única simulación de PSpice produce las respuestas de frecuencia que corresponden a las funciones 
de transferencia de estos dos circuitos, Vo1(s) > Vi(s) y Vo2(s) > Vi(s). A continuación utilizamos Probe, 
el procesador de postproducción gráfico que incluye PSpice, para desplegar las dos respuestas de 
frecuencia en el mismo eje. Si estas respuestas de frecuencia son idénticas, entonces sabemos que el 
circuito de filtro sí implementa la función de transferencia H(s).
 La figura 16.6-2 muestra el archivo de entrada de PSpice que corresponde a la figura 16.6-1. Hay 
dos aspectos de este archivo que requieren alguna explicación complementaria. Primero, observe que los 
parámetros se utilizaron en el primer subcircuito que representa la etapa de filtro Sallen-Key. La línea

.subckt sk_n in out params: C=.1uF w0 = 1 krad/s Q = 0.707

Etapa de filtro
de rechazo
Sallen-Key

  0 = 250, Q = 1

Etapa de filtro
de rechazo
Sallen-Key

  0 = 250, Q = 1

4(s2 + 62 500)2

(s2 + 250s + 62 500)2

10 k 17.78 k

–

+
+
–

H(s) =

vo2(t)

vo1(t)

vi(t)

FIGURA 16.6-1 Verifi cación de la función de transferencia de un fi ltro de rechazo de banda de cuarto orden utilizando 
PSpice.

1
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Testing a 4th order notch filter

Vin  1  0 ac 1

XSK1 1  2 sk_n  params: C=.1uF w0=250 Q=1

XSK2 2  3 sk_n  params: C=.luF w0=250 Q=1

R1   3  4 10k

R2   4  5 17.78k  

XOA  4  0 5 op_amp

RL   5  0 10G

XLP  1  6 4th_order_notch_filter

.subckt sk_n in out params: C=.1uF w0=1krad/s  Q=0.707

R1  in  2 {1/C/w0}

R2  2   3 {1/C/w0}

C1  in  6 {C}

C2  6   3 {C}

C3  2   out {2*C}

R3  6   0 {1/2/C/w0}

XOA 5   3 out  op_amp

R4  5   0 10kOhm

R5  out 5 {(1-1/Q/2)*10kOhm}

.ends sk_n

.subckt op_amp inv non out

* an ideal op amp

E  (out 0) (non inv)  1G

.ends op_amp

.subckt 4th_order_notch_filter in out

R1  in  0 1G

R2  out 0 1G

E1  out 0 LAPLACE {V(in)} = {(4*(s*s+62500)*(s*s+62500)) /

+                   (s*s+250*s+62500) *(s*s+250*s+62500)}

.ends 4th_order_notch_filter

.ac dec 100  1  1000

.probe  V(1)  V(5)  V(6)

.end

FIGURA 16.6-2 Archivo de entrada de PSpice utilizado para probar el fi ltro de rechazo de cuarto orden.

marca el inicio del subcircuito denominado sk_n. (PSpice nos permite nombrar, en vez de numerar, 
los nodos. Los nodos “in” y “out” conectarán este subcircuito con el resto del circuito.) Se definen 
tres parámetros: C, w0 y Q. A todos se les dan valores predeterminados, como lo requiere PSpice. Las 
expresiones que comprenden estos parámetros reemplazan los valores de algunos de los dispositivos 
que comprenden el subcircuito, por ejemplo la línea

R1 in 2 {1/C/w0}

indica que el resistor R1 está conectado a los nodos “in” y 2 y que la resistencia de R1 está dada por 1/C/
w0. Los valores de parámetros como C y w0 se dan cuando se utiliza el subcircuito. Considere la línea

XSK2 2 3 sk_n params : C =.1uf w0 = 250 Q = 1

la cual indica que el dispositivo XSK2 es un subcircuito sk_n. Esta línea provee valores para C, w0 
y Q. Estos valores se utilizarán para calcular la resistencia R1 que se utiliza cuando sk_n implementa 
XSK2. Los diferentes valores de C, w0 y Q se pueden usar cada vez que el subcircuito sk_n se utiliza 
para implementar un dispositivo diferente. La tabla 16.6-1 proporciona subcircuitos PSpice para las 
cuatro etapas de filtro Sallen-Key.
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Tabla 16.6-1 Subcircuitos PSpice para etapas de filtro Sallen-Key

SUBCIRCUITO PSPICEETAPA DE FILTRO

.subckt sk_lp in out params: C = .1uF
w0 = 1krad/s Q = 0.707
R1       in     2      {1/C/w0}
R2       2      3      {1/C/w0}
C1       3      0      {C}
C2       2      out   {C}
XOA     5      3      out      op_amp
R3       5      0     10kOhm
R4      out    5      {(2 – 1/Q) *10kOhm}
.ends sk_lp

.subckt sk_hp in out params: C = .1uF
w0 = 1krad/s Q = 0.707
R1       3      0       {1/C/w0}
R2       2      out    {1/C/w0}
C1       in     2       {C}
C2       2      3       {C}
XOA     5      3       out     op_amp
R3       5     0      10kOhm
R4      out    5       {(2 – 1/Q) *10kOhm}
.ends sk_hp

.subckt sk_bp in out params: C = .1uF
w0 = 1krad/s Q = 0.707
R1       in     2     {1/C/w0}
R2       2     out   {1/C/w0}
C1       2      3     {C}
C2       2      0     {C}
R3       3      0     {2/C/w0}
XOA     5      3     out      op_amp
R4       5      0     10kOhm
R5      out    5      {(2 – 1/Q)*10kOhm}
.ends sk_bp

.subckt sk_n in out params: C = .1uF
w0 = 1krad/s Q = 0.707
R1       in     2      {1/C/w0}
R2       2      3      {1/C/w0}
C1       in     6      {C}
C2       6      3      {C}
C3       2      out   {2*C}
R3       6      0     {1/2/C/w0}
XOA     5      3     out      op_amp
R4       5      0     10kOhm
R5      out    5      {(1 – 1/Q/2)*10kOhm}
.ends sk_n
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.subckt 1p_filter_stage in out params: w0 = 1 krad/s Q = 0.707 k = 1
R1 in 0 1G
R2 out 0 1G
E out 0 LAPLACE {V(in)} = {(k*w0*w0)/(s*s + w0*s/Q + w0*w0)}
.ends lp_filter_stage

.subckt hp_filter_stage in out params: w0 = 1 krad/s Q = 0.707 k = 1
R1 in 0 1G
R2 out 0 1G
E out 0 LAPLACE {V(in)} = {(k*s*s)/(s*s + w0*s/Q + w0*w0)}
.ends hp_filter_stage

.subckt bp_filter_stage in out params: w0 = 1krad/s Q = 0.707 k = 1
R1 in 0 1G
R2 out 0 1G
E out 0 LAPLACE {V(in)} = {(k*w0*s/Q)/(s*s + w0*s/Q + w0*w0)}
.ends bp_filter_stage

.subckt n_filter_stage in out params: w0 = 1krad/s Q = 0.707 k = 1
R1 in 0 1G
R2 out 0 1G
E out 0 LAPLACE {V(in)} = {(k*(s*s + w0*w0)/(s*s + w0*s/Q + w0*w0)}
.ends n_filter_stage

Tabla 16.6-2 Subcircuitos PSpice para funciones de transferencia de segundo orden

FUNCIÓN DE TRANSFERENCIA SUBCIRCUITO PSPICE

Bajo paso

Alto paso

Pasa banda

Rechazo de banda
(notch)

 A continuación, considere el subcircuito
.subckt 4 th_order_notch_filter in out
R1 in 0 1G
R2 out 0 1G
E1 out 0 LAPLACE {V(in)} = {4* (s*s + 62500)* (s*s + 62500)/
+ (s*s + 250*s + 62500) (s*s + 250*s + 62500)}
.ends 4th_order_notch_filter

La palabra clave LAPLACE indica que el voltaje controlado de la VCVS (fuente de voltaje de vol-
taje controlado) está relacionado con el control de voltajes, utilizando una función de transferencia. 
El control de voltajes de la VCVS se identifica dentro del primer grupo de llaves. La función de 
transferencia se da dentro del segundo grupo de llaves. La función de transferencia era demasiado 
larga para ajustarse a la línea que describe la VCVS. El signo � al principio de la cuarta línea indica 
que esta línea es una continuación de la línea anterior. La tabla 16.6-2 proporciona subcircuitos que 
describen funciones de transferencia de segundo orden.
 La figura 16.6-3 muestra las respuestas de frecuencia producidas utilizando el archivo de entrada 
de PSpice que se muestra en la figura 16.6-2. Las respuestas de frecuencia son idénticas y se traslapan de 
manera exacta. El circuito de filtro en verdad implementa la función de transferencia especificada.

–120

0

–40

–0

40

1.0 h 3.0 h 10 h 30 h 100 h 300 h 1.0 Kh
Frecuencia

VDB(5)–VDB(1)
VDB(6)–VDB(1)

 

FIGURA 16.6-3 Trazos de respuesta de 
frecuencia utilizados para verifi car la función de 
transferencia del fi ltro de rechazo de cuarto orden.
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16.7 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 Los ejemplos siguientes ilustran técnicas útiles para comprobar las soluciones a los diversos 
problemas analizados en este capítulo.

EJEMPLO 16.7-1 ¿Cómo podemos comprobar la respuesta de frecuencia de un fi ltro?

La figura 16.7-1 muestra la respuesta de fre-
cuencia de un filtro de pasa banda que se ob-
tuvo utilizando PSpice. Un filtro como éste se 
puede representar por

Vo vð Þ
Vin vð Þ ¼ H vð Þ ¼ H0

1þ jQ
v

v0
� v0

v

� �
donde Vi(v) y Vo(v) son la entrada y la salida 
del filtro. Este filtro se diseñó para satisfacer 
las especificaciones

v0 � 2p1000 rad/s, Q � 10, H � 10
¿Cómo podemos comprobar que tales espe-
cificaciones son correctas?

Solución
La respuesta de frecuencia se obtuvo analizando el filtro utilizando PSpice. El eje vertical de la figura 16.7-1 da la 
magnitud de H(v) en decibeles. El eje horizontal da la frecuencia en hertz. Se han etiquetado tres puntos en la res-
puesta de frecuencia, dando la frecuencia y la magnitud en cada punto. Queremos utilizar esta información desde 
la respuesta de frecuencia para comprobar el filtro y ver si tiene los valores correctos de v0, Q y H0.
 Los tres puntos etiquetados en la respuesta de frecuencia se han seleccionado cuidadosamente. Una de estas 
etiquetas indica que la magnitud de H(v) y la frecuencia en el pico de la respuesta de frecuencia son 20 dB y 
1 000 Hz. Este pico ocurre en la frecuencia resonante, por lo tanto,

v0 � 2p 1 000 rad/s
La magnitud en la frecuencia resonante es H0, por lo que

20 log10H0 � 20
o bien H0 � 10
Los otros dos puntos etiquetados se eligieron cuando las magnitudes eran de 3 dB menos que la magnitud en el 
pico. Las frecuencias en estos puntos son 951 Hz y 1 051 Hz. La diferencia de estas dos frecuencias es el ancho 
de banda, BW, de la respuesta de frecuencia. Por último, Q se calculó a partir de la frecuencia resonante, v0, y 
del ancho de banda, BW;

Q 0

BW
2 1 000

2 1 051 951
10

v p

p

 En este ejemplo se utilizaron tres puntos en la respuesta de frecuencia para verificar que el filtro de pasa 
banda satisfacía las especificaciones para su frecuencia resonante, ganancia y factor de calidad.

–5

0

5

10

15

20

25

500 Hz 1.0 kHz 2.0 kHz
Frecuencia

dB

(1.0000 k, 19.991)

(951.373, 17.001) (1.0511 k, 17.001)

FIGURA 16.7-1 Respuesta  de frecuencia de pasa banda.

Vi
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EJEMPLO 16.7-2 ¿Cómo podemos comprobar la función de frecuencia de un fi ltro?

ELab es un programa de análisis de circuitos que se puede utilizar para calcular la función de transferencia de un 
circuito de filtro (Svoboda, 1997). La figura 16.7-2 muestra el resultado de utilizar ELab para analizar el filtro de 
pasa banda Sallen-Key que se muestra en la figura 16.4-2. Este filtro Sallen-Key se diseñó en el ejemplo 16.4-2 
para tener v0 � 3 142 rad/s, Q � 5 y k � 14. ¿Cómo podemos comprobar que el filtro sí cuenta con los valores 
requeridos de v0, Q y k?

Transfer Function Coefficients

s^ numerator denominator

 0 0 9.87e+06

 1 8800 629

 2 0 1

Transfer Function Menu

Transfer Function

Poles

Zeros

Frequency Response

exit to previous menu

          Poles

real imaginary

-315 3130

-315 -3130

            Zeros

real imaginary

   0 0

FIGURA 16.7-2 Uso de ELab para determinar la función de transferencia de un fi ltro pasa banda.

Solución
Los coeficientes de la función de transferencia del filtro se dan en la porción superior izquierda de la figura 
16.7-2. Los coeficientes indican que la función de transferencia de este filtro es

 
H sð Þ ¼ 8800s

s2 þ 629sþ 9:87� 106
 (16.7-1)

La forma general de la función de transferencia del filtro de pasa banda de segundo orden es

 

H sð Þ ¼
k
v0

Q
s

s2 þ v0

Q
sþ v2

0

 (16.7-2)

Observe que el coeficiente de s2 en el polinomio denominador es 1 en estas dos funciones de transferencia. Los 
valores de v0, Q y k se determinan al comparar los coeficientes de las funciones de transferencia en las ecuaciones 
16.7-1 y 16.7-2.
 La raíz cuadrada del término constante del polinomio denominador es igual a v0. Por lo que,

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9:87� 106

p
¼ 3 142 rad/s

Luego, el coeficiente de s en el polinomio denominador es igual a v0/Q. Por lo tanto,

Q ¼ v0

629
¼ 3142

629
¼ 5

Por último, la relación del coeficiente de s en el polinomio numerador con el coeficiente de s en el polinomio 
denominador es igual a k. En consecuencia,

k ¼ 8880

629
¼ 14

 El filtro de pasa banda Sallen-Key que se muestra en la figura 16.4-2 contiene realmente los valores reque-
ridos de v0, Q y k.

8 800s

3 142

8 880
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El procesamiento de señal digital (DSP) suele implicar el muestreo de un voltaje y convertir 
las muestras en señales digitales. Después de procesar las señales digitales, la señal de salida se 
convierte de nuevo en un voltaje análogo. Por desgracia, un fenómeno conocido como aliasing 
provoca errores que ocurren durante el procesamiento de la señal digital. El aliasing es una 
posibilidad siempre que el voltaje de entrada contenga componentes en frecuencias mayores 
de la mitad de la frecuencia del muestreo. El aliasing ocurre cuando estos componentes se in-
terpretan erróneamente como componentes de una frecuencia más baja. Los fi ltros antialiasing 
se utilizan para evitar estos errores por la eliminación de aquellos componentes del voltaje de 
entrada que tengan frecuencias mayores a la mitad de la frecuencia de muestreo.
 Para una aplicación de DSP se necesita un fi ltro antialiasing. Se especifi ca que el fi ltro 
sea fi ltro de paso bajo de Butterworth de cuarto orden, que tenga una frecuencia de corte de 
500 hertz y una ganancia de cd igual a 1. Este fi ltro se debe implementar como un circuito RC 
de amplifi cador operacional.
Describa la situación y los supuestos
El fi ltro antialiasing se diseñará como un circuito en cascada que conste de fi ltros de paso bajo 
Sallen-Key y quizás un amplifi cador. El amplifi cador se incluirá si fuera necesario ajustar la 
ganancia de cd del fi ltro antialiasing.
 En las etapas de fi ltro Sallen-Key los amplifi cadores operacionales se modelarán como 
amplifi cadores operacionales ideales. Las resistencias se restringirán al rango de 2 k� a 
500 k�, y las capacitancias al rango de 1 nf a 10 mF.
Establezca el objetivo
La función de transferencia de un fi ltro de paso bajo de Butterworth de cuarto orden que tenga 
una frecuencia de corte de 500 hertz y una ganancia de cd igual a 1 se puede obtener en dos 
pasos. El primero, la función de transferencia de un fi ltro de paso bajo de Butterworth de 
cuarto orden la dan la ecuación 16.3-2 y la tabla 16.3-2

 
Hn sð Þ ¼ 1

s2 þ 0:765sþ 1ð Þ s2 þ 1:848sþ 1ð Þ (16.8-1)

Hn(s) es la función de transferencia de un fi ltro que tiene una frecuencia de corte igual a 
1 rad/s. El segundo, el escalamiento de frecuencia se puede utilizar para ajustar la frecuencia 
de corte a 500 hertz � 3142 rad/s. El escalamiento de frecuencia se puede completar reempla-
zando s por 

s

vc

¼ s

3142
 en Hn(s).

 

H sð Þ ¼ 1
s

3142

� �2
þ 0:765

s

3142

� �
þ 1

� �
s

3142

� �2
þ 1:848

s

3142

� �
þ 1

� �

¼ 31424

s2 þ 2403:6sþ 31422
� 	

s2 þ 5806:4sþ 31422
� 	  (16.8-2)

El objetivo es diseñar un circuito de fi ltro que tenga esta función de transferencia.
Genere un plan
Expresaremos H(s) como el producto de dos funciones de transferencia de paso bajo de se-
gundo orden. Para cada una de estas funciones de transferencia de segundo orden haremos lo 
siguiente: 
1. Determinar los valores de los parámetros de fi ltro k, v0 y Q.
2. Diseñar un fi ltro de paso bajo Sallen-Key que tenga los valores requeridos de v0 y Q.
Es como si los fi ltros Sallen-Key no tuvieran los valores deseados de la ganancia de cd, de 
modo que se requeriría un amplifi cador para ajustar la ganancia de cd. El fi ltro antialiasing 
consistirá en una conexión en cascada de las etapas de fi ltro Sallen-Key y el amplifi cador.

1 6 . 8  E J E M P LO  D E  D I S E Ñ O

FILTRO ANTIALIASING

M16_DORF_1571_8ED_SE_793-828.indd   817M16_DORF_1571_8ED_SE_793-828.indd   817 7/4/11   5:33 PM7/4/11   5:33 PM



Alfaomega Circuitos Eléctricos - Dorf

 818 Circuitos de filtro

Actúe sobre el plan
Considere el primer factor del denominador de H(s). A partir del término constante,

v2
0 ¼ 31422

Por lo tanto v0 � 3 142 rad/s. Luego, desde el coefi ciente de s en el denominador,

entonces 

v0

Q
2 403.6

Q
3 142

2 403.6
1.31

A continuación, diseñe un fi ltro de paso bajo Sallen-Key con v0 � 3 142 rad/s y Q � 1.31. Las 
ecuaciones de diseño dadas en la fi la 1 de la tabla 16.4-2 indican que

y 

v0 ¼ 1

RC

Q ¼ 1

3� A
Tome C � 0.1 mF. Entonces,

También,  

v
R

1
0C

1
3 142 10 7 3 183 

A 3
1
Q

3
1

1.31
2.24

La ganancia de cd de esta etapa de fi ltro es k � A � 2.24, por lo que la función de transferencia 
de esta etapa es

H1 s
2.24 3 1422

s2 2 403.6s  3 1422

En otro paso, considere el segundo factor en el denominador de H(s). Una vez más, el término 
constante indica que v0 � 3 142 rad/s. Ahora se puede calcular que Q desde el coefi ciente de s sea

Q
3 142

5 806.4
0.541

Requerimos un fi ltro de paso bajo Sallen-Key con v0 � 3 142 rad/s y Q � 0.541. Tome C � 
0.1 mF. Entonces,

y 

v
R

1
0C

1
3 142 10 7 3 183 

A 3
1
Q

3
1

0.541
1.15

La ganancia de cd de esta etapa de fi ltro es k � A � 1.15, de modo que la función de transfe-
rencia de esta etapa es

H2 s
1.15 3 1422

s2 5 806.4s  3 1422

 El producto de las ganancias de estas etapas de fi ltro es

por lo que 
H1 s H2 s 2.576 H s
H s 0.388 H1 s H2 s

La tercera etapa de fi ltro antialiasing es un amplifi cador inversor con una ganancia igual a 
0.388. El fi ltro antialiasing se muestra en la fi gura 16.8-1.

Verifi que la solución propuesta
La sección 16.14 describe un procedimiento para verifi car que un circuito tenga una función 
de transferencia específi ca. Este procedimiento consiste en utilizar PSpice para trazar la res-
puesta de frecuencia del circuito y la función de transferencia. Estas dos respuestas de fre-
cuencia se comparan. Si son las mismas, la función de transferencia del circuito es en verdad 
la función de transferencia específi ca.
 La fi gura 16.8-2 muestra el archivo de entrada de PSpice que se usó para trazar las 
respuestas de frecuencia tanto del circuito que se muestra en la fi gura 16.8-1 y de la función 
de transferencia dadas en la ecuación 16.8-2. Estas respuestas de frecuencia se muestran en 
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+
–

3 183 
3 183 

vo(t)

vi(t)
+

–

+

–

–

+

0.1   F

0.1   F 3 k

20 k

20 k

3 183 3 183 
+

–

0.1   F

0.1   F 12.4 k

10 k

7.76 k

FIGURA 16.8-1 El fi ltro antialiasing.

Verify the transfer function of the 4th order low-pass filter

Vin  1 0 ac 1

XSK1 1 2 sk_1p params: C={C} w0={w0} Q=1.31

XSK2 2 3 sk_1p params: C={C} w0={w0} Q=0.541

Ri 3 4 20000

Rf 4 5 7760

XOA 4 0 5 op_amp

X1 1 6 H1

X2 6 7 H2

.subckt sk_1p in out params: C=.1uf w0=1krad/s Q=0.707

R1 in  2 {1/C/w0}

R2 2  3 {1/C/w0}

C1 3  0 {C}

C2 2  out  {C}

XOA  5 3  out op_amp

R3  5 0  10kOhm

R4  out  5 {(2-1/Q)*10kOhm}

.ends

.subckt op_amp inv non out

*an ideal op amp

E (out 0) (non inv) 1G

.ends op_amp

.subckt H1 in out 

R1 in  0 1G

R2 out 0  1G

E  out 0 LAPLACE {V(in)}={3142*3142/(s*s+2403.6*s+3142*3142)}

.ends H1

.subckt  H2 in out

R1  in 0 1G

R2  out  0 1G

E   out 0 LAPLACE {V(in)}={3142*3142/(s*s+5806.4*s+3142*3142)}

.ends H2

.ac dec 25 .01 5000

.probe  V(7) V(5)

.param: C=0.1uF  w0=3142  Q=2  k=2.5

.end

FIGURA 16.8-2 Archivo de entrada de PSpice para verifi car que el circuito mostrado en la fi gura 16.8-1 
tiene la función de transferencia especifi cada.
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v(5)
v(7)

0 V

0.2 V

0.4 V

0.6 V

0.8 V

1.0 V

1.2 V

10 mh 100 mh 1.0 h 10 h 100 h 1.0 Kh 10 Kh

Frecuencia

FIGURA 16.8-3 La respuesta de frecuencia del circuito mostrado en la fi gura 16.8-1 y la respuesta de frecuencia 
que corresponde a la función de transferencia dada en la ecuación 16.8-2 son idénticas.

la fi gura 16.8-3. Estas respuestas de frecuencia se traslapan exactamente de manera que los 
dos diagramas parecen como un solo trazo. Por consiguiente, el fi ltro realmente contiene la 
función de transferencia requerida.

16.9 R E S U M E N
  Un fi ltro ideal separa su entrada en dos partes. Una parte se 

pasa, sin cambios, a la salida. La otra parte se elimina. En 
otras palabras, la salida de un fi ltro ideal es una copia exacta 
de parte de la entrada del fi ltro.

  Hay varias formas de separar la entrada del fi ltro en dos par-
tes y, en correspondencia, diversos tipos de fi ltro ideal. La 
tabla 16.3-1 ilustra los tipos de fi ltro más comunes.

  Por desgracia, los circuitos de fi ltro ideales no existen. Los 
fi ltros son circuitos que se aproximan a los fi ltros ideales.

  Las funciones de transferencia de Butterworth tienen res-
puestas de magnitud de frecuencia que se aproximan a la 
respuesta de frecuencia de un fi ltro ideal.

  La respuesta de frecuencia de fi ltros de segundo orden se 
caracteriza por tres parámetros de fi ltro: una ganancia k, la 
frecuencia de ángulo v0, y el factor de calidad, Q. Los cir-
cuitos de fi ltro se diseñan seleccionando los valores de los 

elementos de circuito de tal manera que se obtengan los va-
lores requeridos de k, v0 y Q.

 1.  La tabla 16.4-1 provee la información requerida para di-
señar circuitos RLC de fi ltros de segundo orden.

 2.  La tabla 16.4-2 provee la información requerida para di-
señar fi ltros Sallen-Key.

  Los fi ltros de alto orden son fi ltros que tienen un orden mayor de 
2. Una estrategia muy común para diseñar fi ltros de alto orden 
se vale de una conexión en cascada de fi ltros de segundo orden.

  PSpice proporciona una forma conveniente para verifi car 
que un circuito de fi ltro tenga realmente la función de trans-
ferencia correcta.

  Los subcircuitos de PSpice reducen la complejidad de las 
simulaciones de fi ltros de alto orden. La tabla 16.6-1 propor-
ciona subcircuitos de PSpice para las cuatro etapas de fi ltros 
Sallen-Key.

Sección 16.3 Filtros

P 16.3-1 Obtenga la función de transferencia de un fi ltro de 
paso bajo de Butterworth de tercer orden, que tenga una fre-
cuencia de corte igual a 100 hertz.

Respuesta: HL sð Þ ¼ 6283

sþ 628ð Þ s2 þ 628sþ 6282
� 	

P 16.3-2 Una ganancia de cd se puede incorporar en fi ltros 
de paso bajo de Butterworth al defi nir que la función de trans-
ferencia sea

HL sð Þ ¼ �k
D sð Þ

donde D(s) indica los polinomios registrados en la tabla 16.3-2 
y k es la ganancia de cd. La ganancia k de cd también se llama 

P R O B L E M AS
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cascada de las etapas de fi ltro de segundo orden. Q es el factor 
de calidad de la etapa de fi ltro de segundo orden. Esta frecuen-
cia v0 se denomina frecuencia de centro del fi ltro de pasa banda. 
Obtenga la función de transferencia de un fi ltro de pasa banda 
de cuarto orden que tenga una frecuencia de centro igual a 250 
rad/s y una ganancia de pasa banda igual a 4. Utilice Q � 1.

Respuesta: HB s
250 000s2

s2 250s 62 500 2

P 16.3-7 Un fi ltro de rechazo de banda tiene dos frecuencias 
de corte, va y vb. Suponga que va es algo menor que vb, di-
gamos va � vb/10. Sea HL(s) una función de transferencia de 
paso bajo que tiene una frecuencia de corte igual a va y que 
HH(s) sea una función de transferencia de alto bajo que tenga 
una frecuencia de corte igual a vb. Una función de transferencia 
de rechazo de banda se puede obtener como una suma de fun-
ciones de transferencias de paso bajo y de paso alto, HN(s) � 
HL(s) � HH(s). El orden del fi ltro de pasa banda es igual a la 
suma de los órdenes de los fi ltros de paso bajo y de paso alto. 
Por lo común hacemos que el orden de los fi ltros de paso bajo 
y paso alto sean iguales, en cuyo caso el orden del rechazo 
de banda es par. Las ganancias de pasa banda de funciones de 
transferencia de bajo paso y paso alto se establecen igual a la 
ganancia de pasa banda del fi ltro de rechazo de banda. Obten-
ga la función de transferencia de un fi ltro de pasa banda de 
cuarto orden que tenga frecuencias de corte iguales a 100 rad/s 
y 2000 rad/s y una ganancia de pasa banda igual a 2.
Respuesta: 

HN s
2s4 282.8s3 40 000s2 56 560 000s 8 1010

s2 141.4s 10 000 s2 2 828s 4 000 000

P 16.3-8 En algunas aplicaciones, los fi ltros de rechazo de ban-
da se utilizan para rechazar sólo aquellas señales que tengan una 
frecuencia especifi cada v0. Las frecuencias de corte del fi ltro de 
rechazo de banda se especifi can para satisfacer ffiffiffiffiffiffiffiffiffiffiffi

vavb
p ¼ v0. 

La función de transferencia del fi ltro de pasa banda la da

HN sð Þ ¼ k � HB sð Þ ¼ k � k

v0

Q
s

s2 þ v0

Q
sþ v0

2

0
B@

1
CA

m

El orden de esta función de transferencia de rechazo de banda 
es n = 2m. La ganancia de pasa banda es k. Las funciones 
de transferencia del tipo se implementan fácilmente con una 
conexión en cascada de etapas de fi ltro de segundo orden idén-
ticas. Q es el factor de calidad de la etapa de fi ltro de segundo 
orden. La frecuencia v0 se denomina frecuencia de centro de 
un fi ltro de rechazo de banda de cuarto orden que tiene una 
frecuencia de centro igual a 250 rad/s y una ganancia de pasa 
banda igual a 4. Utilice Q = 1.

Respuesta: HN s
4 s2 62 500 2

s2 250s 62 500 2

P 16.3-9 Las funciones de transferencia de la forma

HL sð Þ ¼ k
v0

2

s2 þ v0

Q
sþ v0

2

0
B@

1
CA

m

son funciones de transferencia de paso bajo. (Ésta no es una 
función de transferencia de Butterworth.) El orden de esta fun-

ganancia de pasa banda. Obtenga la función de transferencia 
de un fi ltro de paso bajo de Butterworth de tercer orden que 
tenga una frecuencia de corte igual a 100 rad/s y una ganancia 
de pasa banda igual a 5.
P 16.3-3 Los fi ltros de Butterworth de paso alto tienen fun-
ciones de transferencia de la forma

HH sð Þ ¼ �ksn
Dn sð Þ

donde n es el orden del fi ltro, D(s) indica el polinomio de 
n-ésimo orden en la tabla 16.3-2, y k es la ganancia de pasa 
banda. Obtenga la función de transferencia de un fi ltro de paso 
alto de Butterworth de tercer orden que tenga una frecuencia de 
corte igual a 100 rad/s y una ganancia de pasa banda igual a 5.

Respuesta: HH s
5 s3

s 100 s2 100s 10 000

P 16.3-4 Los fi ltros de Butterworth de paso alto tienen fun-
ciones de transferencia de la forma

HH sð Þ ¼ �ksn
Dn sð Þ

donde n es el orden del fi ltro, D(s) indica el polinomio de 
n-ésimo orden en la tabla 16.3-2, y k es la ganancia de pasa ban-
da. Obtenga la función de transferencia de un fi ltro de paso alto 
de Butterworth de cuarto orden que tenga una frecuencia de 
corte igual a 500 hertz y una ganancia de pasa banda igual a 5.
P 16.3-5 Un fi ltro de pasa banda tiene dos frecuencias de corte, 
va y vb. Suponga que va es algo menor que vb, digamos va � 
vb/10. Sea HL(s) una función de transferencia de paso bajo que 
tiene una frecuencia de corte igual a vb y que HH(s) sea una fun-
ción de transferencia que tenga una frecuencia de corte igual a 
va. Una función de transferencia de pasa banda se puede obtener 
como un producto de funciones de transferencias de paso bajo y 
de paso alto, HB(s) � HL(s) � HH(s). El orden del fi ltro de pasa 
banda es igual a la suma de los órdenes de los fi ltros de paso bajo 
y de paso alto. Por lo común hacemos que el orden de los fi ltros 
de paso bajo y paso alto sean iguales, en cuyo caso el orden del 
fi ltro de pasa banda es par. La ganancia de pasa banda del fi ltro 
de pasa banda es el producto de las ganancias de pasa banda de 
las funciones de transferencia de paso bajo y de paso alto. Ob-
tenga la función de transferencia de un fi ltro de pasa banda de 
cuarto orden que tenga frecuencias de corte iguales a 100 rad/s y 
2 000 rad/s y una ganancia de pasa banda igual a 4.
Respuesta: 
HB s

16 000 000 s2

s2 141.4s 10 000 s2 2 828s 4 000 000

P 16.3-6 En algunas aplicaciones los fi ltros de pasa banda se 
utilizan para pasar solamente aquellas señales que tengan una 
frecuencia especifi cada v0. Las frecuencias de corte del fi ltro 
de pasa banda se especifi can para que satisfagan ffiffiffiffiffiffiffiffiffiffiffivavb

p ¼ v0. 
La función de transferencia del fi ltro de pasa banda la da

HB sð Þ ¼ k

v0

Q
s

s2 þ v0

Q
sþ v0

2

0
B@

1
CA

m

El orden de esta función de transferencia de pasa banda es n � 
2m. La ganancia de pasa banda es k. Las funciones de transfe-
rencia del tipo se implementan fácilmente como la conexión en 

5 s3�
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ción de transferencia de paso bajo es n � 2m. La ganancia de 
pasa banda es k. Las funciones de transferencia de este tipo se 
implementan fácilmente utilizando una conexión en cascada 
de etapas de fi ltro de segundo orden idénticas. Q es el factor de 
calidad de la etapa de fi ltro de segundo orden. La frecuencia 
v0 es la frecuencia de corte, vc, del fi ltro de paso bajo. Obten-
ga la función de transferencia del fi ltro de paso bajo de cuarto 
orden que tenga una frecuencia de corte igual a 250 rad/s y una 
ganancia de pasa banda igual a 4. Utilice Q � 1.
P 16.3-10 Las funciones de transferencia de la forma

HH sð Þ ¼ k
s2

s2 þ v0

Q
sþ v0

2

0
B@

1
CA

m

son funciones de transferencia de paso alto. (Ésta no es una 
función de transferencia de Butterworth.) El orden de esta fun-
ción de transferencia de paso alto es n � 2m. La ganancia de 
pasa banda es k. Las funciones de transferencia de este tipo se 
implementan fácilmente utilizando una conexión en cascada 
de etapas de fi ltro de segundo orden idénticas. Q es el factor de 
calidad de la etapa de fi ltro de segundo orden. La frecuencia 
v0 es la frecuencia de corte, vc, del fi ltro de paso alto. Obtenga 
la función de transferencia del fi ltro de paso alto de cuarto or-
den que tenga una frecuencia de corte igual a 250 rad/s y una 
ganancia de pasa banda igual a 4. Utilice Q � 1.

Sección 16.4 Filtros de segundo orden

P 16.4-1 El circuito que se muestra en la fi gura P 16.4-1 es un 
fi ltro de pasa banda de segundo orden. Diseñe este fi ltro para 
tener k � 1, v0 � 1 000 rad/s y Q � 1.

+
– vo(t)vs(t)

R

LC

+

 –

Figura P 16.4-1

P 16.4-2 El circuito que se muestra en la fi gura P 16.4-2 es 
un fi ltro de paso bajo de segundo orden. Diseñe este fi ltro para 
tener k � 1, v0 � 200 rad/s y Q � 0.707.

io(t)is(t) R LC

Figura P 16.4-2

P 16.4-3 El circuito que se muestra en la fi gura P 16.4-3 es un 
fi ltro de paso bajo de segundo orden. Este circuito de fi ltro se 
denomina fi ltro multirrealimentado de ciclo múltiple (MFF). La 
impedancia de salida de este fi ltro es cero, por lo tanto, el fi ltro 
MFF de paso bajo es apto para su uso como etapa de fi ltro en 
un fi ltro en cascada. La función de transferencia del fi ltro MFF 
de paso bajo es

HL sð Þ ¼
� 1

R1R3C1C2

s2 þ 1

R1C1
þ 1

R2C1
þ 1

R3C1

� �
sþ 1

R2R3C1C2

Diseñe este fi ltro para tener v0 � 2 000 rad/s y Q � 8. ¿Cuál 
es el valor de la ganancia de cd?

Sugerencia: Sean R2 � R3 y C1 � C2 � C. Tome un valor 
conveniente de C y calcule R para obtener v0 � 20 000 rad/s. 
Calcule R1 para obtener Q � 8.

–

+

R3

R2

R1

C2

C1vi(t)
+

 –
vo(t)

+

 –

Figura P 16.4-3

P 16.4-4 El circuito que se muestra en la fi gura P 16.4-4 es un 
fi ltro de pasa banda de segundo orden. Este circuito de fi ltro se 
denomina fi ltro multirrealimentado de ciclo múltiple (MFF). La 
impedancia de salida de este fi ltro es cero, por lo tanto, el fi ltro 
MFF de pasa banda es apto para su uso como etapa de fi ltro en 
un fi ltro en cascada. La función de transferencia del fi ltro MFF 
de pasa banda es

HB sð Þ ¼
� s

R1C2

s2 þ 1

R2C1
þ 1

R2C2

� �
sþ R1 þ R3

R1R2R3C1C2

Para diseñar este fi ltro, tome un valor conveniente de C y luego 
utilice

R1 ¼ Q

kv0C
; R2 ¼ 2Q

v0C
; y R3 ¼ 2Q

v0C 2Q 2 � kð Þ
Diseñe este fi ltro para tener k � 5, v0 � 2 000 rad/s y Q � 8.

–

+

C1

C2

R1

R2

R3vi(t)

+

 –

vo(t)

+

 –

Figura P 16.4-4

P 16.4-5 El circuito que se muestra en la fi gura P 16.4-5 es un 
fi ltro de paso bajo. La función de transferencia de este fi ltro es

HL sð Þ ¼
1

R1R2C1C2

s2 þ 1

R1C1
sþ 1

R1R2C1C2

Diseñe este fi ltro para tener k � 1, v0 � 1 000 rad/s y Q � 1.
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P 16.4-8 El escalamiento de impedancia se utiliza para ajustar 
las impedancias de un circuito. Sea km que indique el factor de 
escalamiento de impedancia. El escalamiento de impedancia 
se completa multiplicando cada impedancia por km. Eso signi-
fi ca que cada resistencia y cada inductancia se multiplique por 
km, pero cada capacitancia se divide entre km. Las funciones de 
transferencia de la forma H(s) � V o sð Þ

V i sð Þ
li

 o H(s) � 
y

Io sð Þ
I i sð Þ
f

 no cambian 
del todo por el escalamiento de impedancia. Las funciones de 
transferencia de la forma H(s) � V o sð Þ

I i sð Þ  son multiplicados por 
km, ya que las funciones de transferencia de la forma H(s) � p
Io sð Þ
V i sð Þ se dividen entre km. Utilice el escalamiento de impedancia 
para cambiar los valores de las capacitancias en el fi ltro que se 
muestra en la fi gura P 16.4-8 de modo que las capacitancias 
estén en el rango de 0.01 mF a 1.0 mF. Calcule la función de 
transferencia antes y después de escalar la impedancia.

–

+
vi(t)

+

 –

vo(t)

+

 –

100  F

500  F

10 

20 

Figura P 16.4-8

P 16.4-9 Un amplifi cador de pasa banda tiene la respuesta de 
frecuencia que se muestra en la fi gura P 16.4-9. Encuentre la 
función de transferencia, H(s).
Sugerencia: v0 � 2p(10 MHz), k � 10 dB � 3.16, AB � 
0.2 MHz, Q � 50.

1

2

7

10

9.7 9.8 9.9 10 10.1 10.2 10.3

(MHz)
2

2
0

 lo
g 

H
 (

dB
)

Figura P 16.4-9 Un amplifi cador de pasa banda.

P 16.4-10 Un fi ltro de pasa banda se puede archivar utilizando 
el circuito de la fi gura P 16.4-10. Encuentre (a) la magnitud H � 
Vo/Vs; (b) las frecuencias de corte de baja y alta frecuencia 
v1 y v2, y (c) la ganancia de pasa banda cuando v1 � v � v2.
Respuestas:
(b) v1 ¼ 1

R1C1
y v2 ¼ 1

R2C2
R

(c) ganancia de pasa banda = R2

R1

vo(t)C2

C1

R2

R1 +

 –
vi(t)

+

 –

–

+

–

+

Figura P 16.4-5

P 16.4-6 La transformación CR:RC se utiliza para transfor-
mar circuitos de fi ltro de paso bajo en circuitos de fi ltro de 
paso alto y viceversa. Esta transformación se aplica a circuitos 
de fi ltro de amplifi cadores operacionales RC. Cada conden-
sador es reemplazado por un resistor, cuando cada resistor es 
reemplazado por un condensador. Aplique la transformación 
CR:RC al circuito de fi ltro de paso bajo en la fi gura P 16.4-5 
para obtener el circuito de fi ltro de paso bajo que se muestra 
en la fi gura P 16.4-6. Diseñe un fi ltro de paso alto para tener 
k � 1, v0 � 1000 rad/s y Q � 1.

vo(t)R2

R1

C2

C1

+

 –

vi(t)

+

 –

–

+
–

+

Figura P 16.4-6

P 16.4-7 Hemos visto que las funciones de transferencia se 
pueden escalar con cierta frecuencia reemplazando s por s/kf 
cada vez que eso ocurre. Como alternativa, los circuitos se 
pueden escalar con frecuencia dividiendo cada capacitancia y 
cada inductancia entre el factor de escalamiento de frecuencia 
kf. La respuesta de frecuencia se cambió a la derecha por kf. 
En particular, todas las frecuencias de corte, de ángulos y reso-
nantes se multiplicaron por kf. Suponga que queremos cambiar 
la frecuencia de corte de un circuito de fi ltro desde vviejo a 
vnuevo. Establecemos el factor de escalamiento de frecuencia a

v

v
kf

nuevo

viejo

y luego dividimos cada capacitancia y cada inductancia entre 
kf. Utilice el escalamiento de frecuencia para cambiar la fre-
cuencia de corte del circuito de la fi gura P 16.4-7 a 250 rad/s.

Respuesta: kf � 0.05

vo(t)vi(t)

+

 –

+
–

25 10mH

4   F

Figura P 16.4-7
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R2

R1 C1

C2

vs
vo

+

 –

+
–

+

–

Figura P 16.4-10 Un fi ltro de pasa banda.

P 16.4-11 Un fi ltro de paso bajo de ganancia unitaria, se 
obtiene desde el circuito de amplifi cador operacional que 
se muestra en la fi gura P 16.4-11. Determine la función de red 
H(v) � Vo > Vs.

+
– vovs

+

–

–

+

R
C 

nC 
mR 

Figura P 16-4-11

P 16.4-12 Un sensor acústico en particular produce una salida 
senoidal con una frecuencia igual a 5 kHz. La señal desde el 
sensor se ha corrompido con ruido. La fi gura P 16.4-12 muestra 
un fi ltro de pasa banda que se diseñó para recuperar la señal del 
sensor a partir del ruido. El voltaje vs representa la señal ruido-
sa del sensor. La salida del fi ltro, vo, debe ser una señal menos 
ruidosa. Determine la frecuencia de centro y el ancho de banda 
de este fi ltro de pasa banda. Suponga que el amplifi cador ope-
racional es ideal.

+

–

vs
+
–

200 k

100 

+

vo
–

0.2   F

50 pF

Figura P 16-4-12

Sección 16.5 Filtros de alto orden

P 16.5-1 Diseñe un fi ltro de paso bajo que tenga la función 
de transferencia

HL sð Þ ¼ 6283

sþ 628ð Þ s2 þ 628sþ 6282
� 	

Respuesta: Vea la fi gura PS 16-1.

P 16.5-2 Diseñe un fi ltro que tenga la función de transferencia

HH sð Þ ¼ 5 � s3
sþ 100ð Þ s2 þ 100sþ 10,000ð Þ

Respuesta: Vea la fi gura PS 16-2.

P 16.5-3 Diseñe un fi ltro que tenga la función de transferencia

HB s
16 000 000 s2

s2 141.4s 10 000 s2 2 828s 4 000 000

Respuesta: Vea la fi gura PS 16-3.

P 16.5-4 Diseñe un fi ltro que tenga la función de transferencia

HB sð Þ ¼ 250,000s2

s2 þ 250sþ 62,500ð Þ2
Respuesta: Vea la fi gura PS 16-4.

P 16.5-5 Diseñe un fi ltro que tenga la función de transferencia

HN s
2s2

s2 2 828s 4 000 000
20 000

s2 141.4s 10 000

Respuesta: Vea la fi gura PS 16-5.

P 16.5-6 Diseñe un fi ltro que tenga la función de transferencia

HN sð Þ ¼ 4 s2 þ 62,500ð Þ2
s2 þ 250sþ 62,500ð Þ2

Respuesta: Vea la fi gura PS 16-6.

P 16.5-7 
(a)  Para el circuito de la fi gura P 16.5-7a, derive una expre-

sión para la función de transferencia Ha(s) � V1 >Vs.
(b)  Para el circuito de la fi gura P 16.5-7b, derive una expre-

sión para la función de transferencia Hb(s) � V2 >V1.
(c)  Cada uno de los fi ltros anteriores es un fi ltro de primer orden. 

El circuito de la fi gura P 16.5-7c es la conexión en cascada 
de los circuitos de las fi guras 16.5-7a y P 16.5-7b. Derive 
una expresión para la función de transferencia Hc(s) � V2 >Vs 
del circuito de segundo orden en la fi gura P 16.5-7c.

(d)  ¿Por qué no Hc(s) � Ha(s)Hb(s)?

Sugerencia: Considere la carga.

R2

v1 v2L

+

–

+

–

R2

vs v2L

+

–

+

–

R1

R1

C

C

vs v1

+

–

+

–

(b)

(c)

(a)

Figura P 16.5-7 (a) Circuito para H1. (b) Circuito para H2. (c) 
Circuito para H.

5 s3�

16 000 000 � s2
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Sección 16.7 ¿Cómo podemos comprobar...?

P 16.7-1 Las especifi caciones para un fi ltro de pasa banda 
requieren que v0 � 100 rad/s, Q � 5 y k � 3. La función de 
transferencia de un fi ltro diseñado para satisfacer estas espe-
cifi caciones es

H sð Þ ¼ 75s

s2 þ 25sþ 10,000

¿Este fi ltro satisface las especifi caciones?
P 16.7-2 Las especifi caciones para un fi ltro de pasa banda 
requieren que v0 � 100 rad/s, Q � 4 y k � 3. La función de 
transferencia de un fi ltro diseñado para satisfacer estas espe-
cifi caciones es

H sð Þ ¼ 75s

s2 þ 25sþ 10,000

¿Este fi ltro satisface las especifi caciones?
P 16.7-3 Las especifi caciones para un fi ltro de paso bajo re-
quieren que v0 � 20 rad/s, Q � 0.8 y k � 1.5. La función de 
transferencia de un fi ltro diseñado para satisfacer estas espe-
cifi caciones es

H sð Þ ¼ 600

s2 þ 25sþ 400

¿Este fi ltro satisface las especifi caciones?
P 16.7-4 Las especifi caciones para un fi ltro de paso bajo re-
quieren que v0 � 25 rad/s, Q � 0.4 y k � 1.2. La función de 
transferencia de un fi ltro diseñado para satisfacer estas espe-
cifi caciones es

H sð Þ ¼ 750

s2 þ 62:5sþ 625

¿Este fi ltro satisface las especifi caciones?
P 16.7-5 Las especifi caciones para un fi ltro de paso alto re-
quieren que v0 � 12 rad/s, Q � 4 y k � 5. La función de 
transferencia de un fi ltro diseñado para satisfacer estas espe-
cifi caciones es

H sð Þ ¼ 5s2

s2 þ 30sþ 144

¿Este fi ltro satisface las especifi caciones?

P 16.5-8 Dos etapas de fi ltro están conectadas en cascada 
como se muestra en la fi gura P 16.5-8. La función de transfe-
rencia de cada etapa de fi ltro es de la forma

H sð Þ ¼ As

1þ s=vLð Þ 1þ s=vHð Þ
Determine la función de transferencia del fi ltro de cuarto or-
den. (Suponga que no hay carga.).

Amplificador 1

A = Ganancia = 100
–3 dB at

fL = 100 Hz
fh = 10 kHz

Amplificador 2

A = Ganancia = 20
–3 dB at

fL = 10 Hz
fh = 2 kHz

vs vo

+

–

+
–

Figura P 16.5-8 Dos amplifi cadores en cascada.

P 16.5-9 Un fi ltro de segundo orden utiliza dos etapas de fi l-
tro de primer orden idénticos, como se muestra en la fi gura 
P 16.5-9. Se especifi ca que cada etapa de fi ltro  tenga una fre-
cuencia de corte o reposo en vc � 1000 rad/s y una ganancia 
de pasa banda de 0 dB. (a) Encuentre los R1, R2 y C requeridos. 
(b) Encuentre la ganancia del fi ltro de segundo orden en v � 
10 000 rad/s en decibeles.

–

+

R1
R1

R2

C

–

+

R2

C

+

–

+
– vo

vs

Figura P 16-5-9

Problemas de PSpice
PS 16.1 El circuito de fi ltro que se muestra en la fi gura PS 
16-1 se diseñó para que tuviera la función de transferencia

HL sð Þ ¼ 6283

sþ 628ð Þ s2 þ 628sþ 6282
� 	

+

–

vo(t)

+

–

vi(t)
–

+

–

+

15 920 

15 920 15 920 
31 840 15 920 

0.1 F0.1 F

0.1 F

15 920 

Figura PS 16-1

Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.
PS 16.2 El circuito de fi ltro que se muestra en la fi gura PS 
16-2 se diseñó para que tuviera la función de transferencia

HH sð Þ ¼ 5 � s3
sþ 100ð Þ s2 þ 100sþ 10,000ð Þ

5 s3�
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Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.

+

–

vo(t)

+

–

v1(t) –

+

–

+

0.1 F 0.1 F
0.1 F

100 k

100 k
100 k

100 k 250 k

100 k

Figura PS 16-2

PS 16.3 El circuito de fi ltro que se muestra en la fi gura PS 
16-3 se diseñó para que tuviera la función de transferencia

HB s
16 000 000 s2

s2 141.4s 10 000 s2 2 828s 4 000 000

Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.

+

–

vi(t)

–

+

0.1 F

0.1 F

0.1 F

0.1 F

100 k

100 k
58.6 k

5 k 5 k

100 k

–

+

5 k

2.93 k

+

–

vo(t)
–

+

15.9 k10 k

Figura PS 16-3

PS 16.4 El circuito de fi ltro que se muestra en la fi gura PS 
16-4 se diseñó para que tuviera la función de transferencia

HB sð Þ ¼ 250,000s2

s2 þ 250sþ 62,500ð Þ2

Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.

+

–

vi(t)

–

+

0.1 F

0.1 F

0.1 F

80 k

40 k

40 k

40 k

40 k –

+

80 k 40 k

40 k

40 k

40 k

+

–

vo(t)0.1 F

Figura PS 16-4

16 000 000 � s2
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PS 16.5 El circuito de fi ltro que se muestra en la fi gura PS 
16-5 se diseñó para que tuviera la función de transferencia

HN s
2s2

s2 2 828s 4 000 000
20 000

s2 141.4s 10 000

Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.

+

–

vi(t)

–

+

0.1 F

0.1 F

0.1 F0.1 F

5 k

5 k

5 k

2.93 k

–

+

–

+
58.6 k

10 k

100 k

100 k

+

–

vo(t)

100 k
10 k 12.6 k

Figura PS 16-5

PS 16.6 El circuito de fi ltro que se muestra en la fi gura PS 
16-6 se diseñó para que tuviera la función de transferencia

HN sð Þ ¼ 4 s2 þ 62,500ð Þ2
s2 þ 250sþ 62,500ð Þ2

Utilice PSpice para verifi car que el circuito de fi ltro imple-
menta realmente esta función de transferencia.

+

–

vi(t)

0.2 F

0.1 F0.1 F

–

+

–

+
20 k

40 k
10 k

20 k

+

–

vo(t)

20 k

17.78 k10 k
0.2 F

0.1 F0.1 F

–

+

20 k

40 k
10 k

20 k 20 k

Figura PS 16-6
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PS 16.7 En la fi gura PS 16-7 se muestra un fi ltro de rechazo. 
La salida de un fi ltro de etapa dos es v1, y la salida de un fi ltro de 
etapa tres es v2.Trace el diagrama de Bode de V1 >Vs  y V2 >Vs 
y compare los resultados cuando L � 10 mH y C � 1mF.

200 

+
– L

C

100 

L

C

50 

L

C

+

v1

+

– –

v2

vs

Figura PS 16-7

PS 16.8 Un sensor acústico opera en el rango de 5 kHz a 
25 kHz y está representado en la fi gura PS 16-8 por vs. Se 
ha especifi cado que el fi ltro de pasa banda que se muestra 
en la fi gura pase la señal en el rango de frecuencia dentro de 
3 dB de la ganancia de la frecuencia de centro. Determine el 
ancho de banda y la frecuencia de centro del circuito cuando 
el amplifi cador operacional tiene R1 � 500 k�, Rs � 1 k�, 
y A � 106.

+

–

vs
+
–

200 k

100 

+

vo
–

0.2   F

50 pF

Figura PS 16-8

PS 16.9 Con frecuencia, los sistemas de audio contienen 
dos o más altavoces que se pretende manejen partes diferen-
tes del espectro de frecuencia de audio. En un conjunto de 
tres vías, un altavoz, llamado woofer, maneja frecuencias ba-
jas. Un segundo altavoz, el tweeter, maneja frecuencias altas, 
y un tercero, el de rango medio, maneja el rango medio del 
espectro de audio.
 Un fi ltro de tres vías, llamado red de cruzamiento, di-
vide la señal de audio en las tres bandas de frecuencia dis-
ponible para cada altavoz. Hay muchos y variados diseños. 
Uno muy sencillo se basa en los circuitos serie RL, CR y RLC 
resonantes, como se muestra en la fi gura PS 16-9. Se supone 
que todas las impedancias de los altavoces son resistivas. Las 
condiciones son (1) woofer, en la frecuencia de cruzamiento: 
XLI � RW; (2) tweeter, en la frecuencia de cruzamiento: XC3 � 
RT; y (3) rango medio, con componentes C2, L2 y RMR forman-
do una serie de circuitos resonantes con frecuencias de corte 
superior e inferior ƒu y ƒL, respectivamente. La frecuencia re-
sonante � (ƒu ƒL)1/2.
 Cuando todas las resistencias de los altavoces estén en 
8 �, determine la respuesta de frecuencia y las frecuencias de 
corte. Trace el diagrama de Bode para los tres altavoces. Deter-
mine el ancho de banda de la sección del altavoz de rango medio.

34.82 C2

C3
L2
0.364 mH

RT
tweeter
8 

RMR
rango
medio
8 

RW
woofer
8 

L1
2.5 mH

F

5 F

Amplificador

Figura PS 16-9 Filtro de tres vías para un sistema de altavoces. 

Problemas de diseño
PD 16-1 Diseñe un fi ltro de pasa banda con una frecuencia de 
centro de 100 kHz y un ancho de banda de 10 kHz, utilizando el 
circuito que se muestra en la fi gura PD 16-2. Suponga que C � 
100 pF y encuentre R y R3. Utilice PSpice para verifi car el diseño.

+

–

vi
+
–

R3C
R

R

C

+

–

vo

Figura PD 16-1

PD 16-2 Un transmisor de comunicaciones requiere un fi ltro 
de pasa banda para eliminar ruido de baja frecuencia de tráfi co 
cercano. Las mediciones indican que el rango del rumor del trá-
fi co es 2 � v � 12 rad/s. Un diseñador propone un fi ltro como

H sð Þ ¼ 1þ s=v1ð Þ2 1þ s=v3ð Þ
1þ s=v2ð Þ3

donde s = jv. 
 Se desea que las señales por encima de 100 rad/s pasen 
con menos de 3 dB de pérdida, mientras el rumor del tráfi co se 
reduzca a 46 dB o más. Seleccione v1, v2 y v3 y trace el diagra-
ma de Bode.
PD 16-3 Un transmisor de comunicaciones requiere un fi ltro de 
rechazo de banda para eliminar ruido de baja frecuencia del tráfi co 
cercano. Las mediciones indican que el rango del rumor del tráfi -
co es 2 rad/s � v � 12 rad/s. Un diseñador propone un fi ltro como

H sð Þ ¼ 1þ s=v1ð Þ2 1þ s=v3ð Þ2
1þ s=v2ð Þ2 1þ s=v4ð Þ2

donde s � jv. Se desea que las señales por encima de 130 rad/s 
pasen con menos de 4 dB de pérdida, mientras el rumor del 
tráfi co se reduzca a 35 dB o más. Seleccione v1, v2, v3 y v4 y 
trace el diagrama de Bode.
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Redes de
dos y tres puertos

17.1 I N T R O D U C C I Ó N

Muchos circuitos prácticos tienen solamente dos puertos de acceso, es decir, dos lugares donde las 
señales pueden entrar o salir. Por ejemplo, un cable coaxial entre Boston y San Francisco tiene dos 
puertos, uno en cada una de esas ciudades. Ahora el objetivo es analizar este tipo de redes en términos 
de sus características de terminales, sin tocar el aspecto de la composición interna de la red. Para este 
fin, la red se describirá por las relaciones entre los voltajes y las corrientes de los puertos.
 Estudiamos las redes de dos puertos y los parámetros que las describen por varias razones. La 
mayoría de los circuitos o sistemas cuentan con al menos dos puertos. Podemos colocar una señal de 
entrada en un puerto y obtener una señal de salida del otro. Los parámetros de la red de dos puertos 
describen totalmente su comportamiento en términos del voltaje y la corriente en cada puerto. Por 
lo tanto, conocer los parámetros de una red de dos puertos nos permite describir su funcionamiento 
cuando está conectado a una red más grande. Las redes de dos puertos también son importantes para 
el modelado de dispositivos electrónicos y de componentes de sistemas. Por ejemplo, en electrónica, 
las redes de dos puertos se emplean para modelar transistores, amplificadores operacionales, transfor-
madores, y líneas de transmisión.
 La red que se muestra en la figura 17.1-1 representa una red de dos puertos. Una red de cuatro 
terminales se denomina red de dos puertos cuando la corriente entrante a una terminal de un par sale 
por la otra terminal del par. Por ejemplo, I1 entra por la terminal a y sale por la terminal b del par de 
terminales de entrada a-b. Supondremos en nuestro análisis que no hay fuentes independientes o condi-
ciones iniciales de no cero dentro de la red lineal de dos puertos. Las redes de dos puertos pueden ser o 
no puramente resistivas y, por lo general, ser formuladas en términos de la variable s o la variable jv.

Una red de dos puertos tiene dos puntos de acceso que aparecen como pares de terminal. La 
corriente que entra por una terminal de un par, sale por la otra terminal en el par.

CAPÍTULO

EN ESTE CAPÍTULO

17.1 Introducción 
17.2  Transformación de T a � y redes

de dos puertos y tres terminales
17.3 Ecuaciones de redes de dos puertos
17.4  Parámetros Z y Y para un circuito

con fuentes dependientes 
17.5 Parámetros híbridos y de transmisión
17.6 Relaciones entre parámetros de dos puertos

 17.7 Interconexión de redes de dos puertos
 17.8 ¿Cómo podemos comprobar . . . ?
 17.9  EJEMPLO DE DISEÑO — Amplifi cador 

de transistor 
17.10 Resumen
 Problemas
 Problemas de diseño

17
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 830 Redes de dos y tres puertos

+

V2Circuito
+

V1

Puerto
de

salida

Puerto
de

entrada

I1

I1

I2

I2

a

b

––

 
FIGURA 17.1-1 Una 
red de dos puertos.

17.2  T R A N S F O R M A C I Ó N  D E  T  A  �  Y  R E D E S 
D E  D O S  P U E R T O S  Y  T R E S  T E R M I N A L E S 

Dos redes que suelen presentarse en el análisis de circuitos son la red T y la red �, que se muestran 
en la figura 17.2-1. Cuando se dibujan de nuevo, pueden aparecer como las redes Y o delta (�) de la 
figura 17.2-2.
 Si una red tiene simetría de espejo con respecto a alguna línea de centro, es decir, si se encuentra 
una línea para dividir la red en dos mitades simétricas, la red es una red simétrica. La red T es simé-
trica cuando Z1 � Z2, y la red P es simétrica cuando ZA � ZB. Es más, si todas las impedancias en la 
red T o en la red P son iguales, entonces la red T o la red P es simétrica totalmente.
 Observe que las redes que se muestran en las figuras 17.2-1 y 17.2-2 tienen dos puertos de acce-
so y tres terminales. Por ejemplo, un puerto se obtiene por el par terminal a-c y el otro puerto es b-c.
 Podemos obtener ecuaciones para transformación o conversión directa desde una red T a una 
red �, o de una red � a una red T, considerando que, por equivalencia, las dos redes deben tener la 
misma impedancia cuando se midieron entre el mismo par de terminales. Por ejemplo, en el puerto 1 
(en a-c) para las dos redes de la figura 17.2-2, requerimos

Z1 þ Z3 ¼ ZA ZB þ ZCð Þ
ZA þ ZB þ ZC

Para convertir una red � en una red T, se deben obtener las relaciones de Z1, Z2 y Z3 en términos de 
las impedancias ZA, ZB y ZC. Con un ligero esfuerzo algebraico podemos mostrar que

 

Z1 ¼ ZAZC

ZA þ ZB þ ZC

Z2 ¼ ZBZC

ZA þ ZB þ ZC

Z3 ¼ ZAZB

ZA þ ZB þ ZC
 (17.2-3)

+

V2

+

V1

Z1 Z2

Z3

(a)

+

V2

+

V1

ZC

ZA

(b)

ZB

– –

– –

Z3

c

(a)

ZC

ZA ZB

a b

c

(b)

Z1 Z2

a b

FIGURA 17.2-1 (a) Red T y (b) red �. FIGURA 17.2-2 (a) Red Y y (b) red �.

(17.2-1)

(17.2-2)
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 Transformación de T a � y redes de dos puertos y tres terminales 831

 Del mismo modo, podemos obtener las relaciones para ZA, ZB y ZC como

 

ZA ¼ Z1Z2 þ Z2Z3 þ Z3Z1

Z2

ZB ¼ Z1Z2 þ Z2Z3 þ Z3Z1

Z1

ZC ¼ Z1Z2 þ Z2Z3 þ Z3Z1

Z3
 (17.2-6)

 Cada impedancia T iguala el producto de los dos lados adyacentes de la red � dividida entre la 
suma de los tres lados de la red �. Por otra parte, cada lado de la red � iguala la suma de los productos 
posibles de las impedancias T divididas entre la impedancia T opuesta.
 Cuando una red T o � es simétrica totalmente, las ecuaciones de conversión se reducen a

y 

ZT ¼ ZP

3

ZP ¼ 3ZT (17.2-8)

donde ZT es la impedancia en cada lado de la red T y Z� es la impedancia en cada lado de la red �.

(17.2-4)

(17.2-5)

(17.2-7)

Encuentre la forma � del circuito T en la figura 17.2-3a.

Solución
La primera impedancia de la red �, utilizando la ecuación 17.2-4, es

ZA ¼ Z1Z2 þ Z2Z3 þ Z3Z1

Z2
¼ j5 �j5ð Þ þ �j5ð Þ1þ 1 j5ð Þ

�j5 ¼ j5 V

Del mismo modo, la segunda impedancia, utilizando la ecuación 17.2-5, es
ZB � �j5 �

y la tercera impedancia, utilizando la ecuación 17.2-6, es
ZC � 25 �

En la figura 17.2-3b se muestra el circuito equivalente �.
FIGURA 17.2-3 (a) Circuito T del ejemplo 
17.2-1. (b) Equivalente � de circuito T.

j5 

1 

–j5 
1

3

2

3

j5 

25 

–j5 

1

3

2

3

(a)

(b)

FIGURA 17.2-4 Circuito � 
del ejemplo 17.2-2.

1 
1

3

2

3

1 F 1 H

E J E M P L O  17. 2 - 1  Transformación de T a �

E J E M P L O  17. 2 - 2  Transformación � a T

Encuentre la red T equivalente a la red � que se muestra en la figura 17.2-4 en el 
dominio s utilizando la transformada de Laplace. Entonces, para s � j1, encuentre 
los elementos de la red T.

Solución
Primero, utilizando la ecuación 17.2-1, tenemos

Z1 ¼ 1ð Þ 1=sð Þ
sþ 1þ 1=s

¼ 1

s2 þ sþ 1
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 832 Redes de dos y tres puertos

Luego, utilizando la ecuación 17.2-2, tenemos

Z2 ¼ 1 sð Þ
sþ 1þ 1=s

¼ s2

s2 þ sþ 1

Por último, la tercera impedancia es (ecuación 17.2-3)

Z3 ¼ s 1=sð Þ
sþ 1þ 1=s

¼ s

s2 þ sþ 1

 Para encontrar los elementos de la red T en s � j1, sustituimos s � j1 y deter-
minamos cada impedancia. Entonces tenemos

Z1 � �j, Z2 � j, Z3 � 1
Por consiguiente, la red T equivalente es como se muestra en la figura 17.2-5 para 
el valor s � j1.

1 

1

3

2

3

1 F 1 H

FIGURA 17.2-5 Circuito 
T equivalente del circuito � 
original del ejemplo 17.2-2 
para s � j1.

EJERCICIO 17.2-1  Encuentre el circuito T equivalente para el circuito � que se muestra 
en la figura E 17.2-1.

25 

100 125 

 FIGURA E 17.2-1

Respuesta: R1 � 10 �, R2 � 12.5 � y R3 = 50 �

17.3 E C U A C I O N E S  D E  R E D E S  D E  D O S  P U E R T O S

Consideremos la red de dos puertos de la figura 17.1-1. Por convención, se supone que I1 e I2 deben 
fluir dentro de la red como se muestra. Las variables son V1, V2, I1 e I2. Dentro de la red de dos puertos, 
dos variables son independientes y dos son dependientes, y debemos seleccionar un conjunto de dos 
variables independientes de entre los seis posibles conjuntos: (V1, V2), (I1, I2), (V1, I2), (I1, V2), (V1, I1) 
y (V2, I2). También supondremos elementos lineales.
 Las posibilidades de las variables (entrada) independientes y las variables dependientes asocia-
das se resumen en la tabla 17.3-1. En la misma tabla también se identifican los nombres de los seis con-
juntos asociados de parámetros de circuito. En el caso de las transformaciones de fasor o transformadas 

T

Tabla 17.3-1 Modelos de seis parámetros de circuitos

VARIABLES
DEPENDIENTES (SALIDAS)

VARIABLES
INDEPENDIENTES (ENTRADAS) PARÁMETROS DE CIRCUITOS

I1, I2 V1, V2 Impedancia Z
V1, V2 I1, I2 Admitancia Y
V1, I2 I1, V2 Híbrida inversa g
I1, V2 V1, I2 Híbrida h
V2, I2 V1, I1 Transmisión T
V1, I1 V2, I2 Transmisión inversa
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V1 Z11I1 Z12I2

V2 Z21I1 Z22I2

I1 Y 11V 1 Y 12V 2

I2 Y 21V 1 Y 22V 2

V 1 h11I1 h12V 2

I2 h21I1 h22V 2

I1 g11V 1 g12I2

V 2 g21V 1 g22I2

V 1 AV 2 BI2

I1 CV 2 DI2

V 2 A V 1 B I1

I2 C V 1 D I1

Tabla 17.3-2 Ecuaciones para los seis conjuntos de parámetros de dos puertos

Impedancia Z

Admitancia Y

Híbrida inversa g

Híbrida h

Transmisión T

TTransmisión inversa

de Laplace con el circuito de la figura 17.1-1, tenemos las conocidas ecuaciones de impedancia en las 
cuales las variables de salida son V1 y V2, como vemos a continuación:

 

V 1 ¼ Z11I1 þ Z12I2

V 2 ¼ Z21I1 þ Z22I2 (17.3-2)
Las ecuaciones para las admitancias son

 

I1 ¼ Y 11V 1 þ Y 12V 2

I2 ¼ Y 21V 1 þ Y 22V 2 (17.3-4)
Lo adecuado sería, si así lo prefiriera, utilizar las literales z y y para los coeficientes de las ecuaciones 
17.3-1 a 17.3-4. Las ecuaciones para los seis conjuntos de parámetros de dos puertos se resumen en 
la tabla 17.3-2.
 Para elementos lineales y fuentes no dependientes o amplificadores en la red de dos puertos, 
mostramos por el teorema de reciprocidad que Z12 � Z21 y Y21 � Y12. Un posible arreglo de un cir-
cuito pasivo como un circuito T se muestra en la figura 17.3-1. Escribiendo las dos ecuaciones de 
enlace para la figura 17.3-1, podemos obtener fácilmente las ecuaciones 17.3-1 y 17.3-2. Por lo tanto, 
el circuito de la figura 17.3-1 puede representar los parámetros de impedancia. También podría haber 
otro arreglo de los parámetros de admitancia como un circuito � se muestra en la figura 17.3-2.
 Examinando la ecuación 17.17 vemos que podemos medir Z11 y obtener

Z11 ¼ V 1

I1

����
I2¼0

Desde luego, I2 � 0 implica que las terminales de salida sean circuitos abiertos. Por lo tanto, los pa-
rámetros Z suelen llamarse impedancias de circuito abierto.
 Los parámetros Y se pueden medir determinando

Y 12 ¼ I1

V 2

����
V 1¼0

En general, los parámetros de admitancia se denominan parámetros de admitancia de cortocircuito.

+

V2

+

V1 Z12 = Z21

Z11 – Z12 Z22 – Z21 I2I1

– –

+

V2

+

V1

–Y12 = –Y21

Y11 + Y12 Y22 + Y21

I1 I2

– –

FIGURA 17.3-1 Circuito T que representa los FIGURA 17.3-2 Circuito � que representa los 
parámetros de impedancia. parámetros de admitancia.

(17.3-1)

(17.3-3)
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 834 Redes de dos y tres puertos

E J E M P L O  17. 3 - 1   Parámetros de admitancia 
y parámetros de impedancia

Determine los parámetros de admitancia y de impedancia de la red 
T que se muestra en la figura 17.3-3.

Solución
Los parámetros de admitancia utilizan las terminales de salida abre-
viadas y 

Y 11 ¼ I1

V 1

����
V 2¼0

Entonces, los dos resistores de 8-� están en paralelo y V1 � 28I1. Por consiguiente, tenemos

Y 11 ¼ 1

28
S

Para Y12, tenemos

Y 12 ¼ I1

V 2

����
V 1¼0

de modo que abreviamos las terminales de entrada. Entonces tene-
mos el circuito como se muestra en la figura 17.3-4.
 Si aplicamos la división de corriente, tenemos

y 

�I1 ¼ I2
8

8þ 24

� �

I2 ¼ V 2

8þ 8 24ð Þ= 8þ 24ð Þ½ � ¼
V 2

14

Por consiguiente Y 12 ¼ I1

V 2
¼ � V 2=14ð Þ 1=4ð Þ

V 2
¼ � 1

56
S

Además,

Y 21 ¼ Y 12 ¼ � 1

56
S

Al fin se obtiene Y22 a partir de la figura 17.3-4 como

donde 

Y 22 ¼ I2

V 2

����
V 1¼0

I2 ¼ V 2

8þ 8 24ð Þ= 8þ 24ð Þ½ � ¼
V 2

14

Por consiguiente,  Y 22 ¼ 1

14
S

De este modo, en forma de matriz, tenemos que I � YV, o bien

I1

I2

� �
¼

1

28
� 1

56

� 1

56

1

14

2
64

3
75 V 1

V 2

� �

24 
I1 I2

8 

8 

+

V2

+

V1

– –

FIGURA 17.3-3 Circuito para el ejemplo 17.3-1.

24 
I1 I2

8 

8 

+

V2

–

FIGURA 17.3-4 Circuito para el ejemplo 17.3-1 
con las terminales de entrada abreviadas.
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 Ahora encontremos los parámetros de impedancia. Tenemos

Z11 ¼ V 1

I1

����
I2¼0

Las terminales de salida son circuitos abiertos, de modo que tenemos el circuito de la figura 17.3-3. Entonces,

Z11 � 24 � 8 � 32 �

Del mismo modo, Z22 � 16 � y Z21 � Z12 � 8 �. Luego, en forma de matriz, tenemos V � ZI, o bien 
V 1

V 2

� �
¼ 32 8

8 16

� �
I1

I2

� �

 Los métodos generales para encontrar los parámetros Z y los parámetros Y se resumen en las tablas 17.3-3 
y 17.3-4, respectivamente.

Para determinar Z11 y Z21, conecte una fuente de voltaje V1 a las terminales de entrada y a las terminales de salida de circuito abierto.

Tabla 17.3-4 Método para obtener los parámetros Y de un circuito

Paso IA Para determinar Y11 e Y21, conecte una fuente de corriente I1 a las terminales de entrada y a las terminales de salida de cortocircuito
(V2  0).

Paso IB Encuentre V1 e I2 y entonces Y11  I1  V1 y Y21  I2  V1.
Paso IIA Para determinar Y22 e Y12, conecte una fuente de corriente I2 a las terminales de salida y a las terminales de entrada de cortocircuito

(V1  0).
Paso IIB Encuentre I1 y V2 y entonces Y22  I2  V2 y Y12  I1  V2.

Nota: Y12  Y21 sólo cuando hay fuentes no dependientes o amplificadores operacionales en la red de dos puertos.

Tabla 17.3-3 Método para obtener los parámetros Z de un circuito

Paso IA
Paso IB Encuentre I1 y V2 y entonces Z11  V1  I1 y Z21  V2  I1.
Paso IIA Para determinar Z22 y Z12, conecte una fuente de voltaje V2 a las terminales de salida y a las terminales de entrada de circuito abierto.
Paso IIB Encuentre I2 y V1 y entonces Z22  V2  I2 y Z12  V1  I2.

Nota: Z12  Z21 sólo cuando hay fuentes no dependientes o amplificadores operacionales en la red de dos puertos.

EJERCICIO 17.3-1  Encuentre los parámetros Z y Y del circuito de la 
figura E 17.3-1.

Respuesta: Z ¼ 18 6

6 9

� �
; Y ¼

1

14
� 1

21

� 1

21

1

7

2
64

3
75

17.4  PA R Á M E T R O S  Z   Y  Y  PA R A  U N  C I R C U I T O 
C O N  F U E N T E S  D E P E N D I E N T E S

Cuando un circuito incorpora una fuente dependiente, se facilita seguir los métodos de la tabla 17.3-3 
o los de la tabla 17.3-4 para determinar los parámetros Z o Y. Cuando una fuente dependiente está en 
el circuito, Z21 6¼ Z12 y Y12 6¼ Y21.

FIGURA E 17.3-1

21 

42 10.5 

+

V1

+

V2

– –
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 836 Redes de dos y tres puertos

E J E M P L O  17. 4 - 1  Parámetros de impedancia

Determine los parámetros Z del circuito de la figura 17.4-1 cuando 
m � 2>3.

Solución
Determinamos los parámetros Z siguiendo el método de la tabla 17.3-3. 
Conectamos una fuente de voltaje V1 y las terminales de circuito abier-
to como se muestra en la figura 17.4-2a. 
 La KLC en el nodo a conduce a
 I1 � mV2 � 1 � 0 (17.4-1)
La KVL en torno al lazo externo es
 V1 � 4I1 � 5I (17.4-2)
Además, V2 � 3I, por lo que I � V2 >3. Sustituimos I � V2 >3 en la ecuación 17.4-1 y obtenemos

Por lo tanto,  

I1 ¼ mV 2 þ V 2

3
¼ mþ 1=3ð ÞV 2

Z21 ¼ V 2

I1
¼ 1 V

Sustituimos I � V2 >3 en la ecuación 17.4-2 y obtenemos

De modo que 

V 1 ¼ 4I1 þ 5V 2

3
¼ 4I1 þ 5

3
I1

Z11 ¼ V 1

I1
¼ 17

3
V

Para obtener Z22 y Z12, conectamos una fuente de voltaje V2 a las terminales de salida y a las terminales de circuito 
abierto, como se muestra en la figura 17.4-2. Podemos escribir dos ecuaciones de enlaces para las direcciones de 
corriente supuestas, que se muestran como 
 V1 � 5I4 � 3I2 � 0 (17.4-5)
y V2 � 3I4 � 3I2 � 0 (17.4-6)
Además, I4 � mV2, por lo que sustituyendo en la ecuación 17.4-6, tenemos
 V2 � 3mV2 � 3I2 � 0

o bien, V 2 ¼ 3

3
I2

Por consiguiente,  Z22 ¼ V 2

I2
¼ 1 V

2 

mV2V1

+

V2

4 

3 

I1 = 0 I2

+
–I4 I2

(b)

–

2 

mV2V1

+

V2

4 

3 

I1 I2 = 0

+
– I

a

(a)

–

FIGURA 17.4-2 Circuito para determinar (a) Z11 y Z21 y (b) Z22 y Z12.

2 

mV2

+

V1

+

V2

4 

3 

I1 I2

– –

FIGURA 17.4-1 Circuito del ejemplo 17.4-1.

(17.4-3)

(17.4-4)
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Sustituyendo I4 � mV2 en la ecuación 17.4-5, tenemos

 V1 � 5mV2 � 3I2

o V1 � 5mI2 � 3I2

Por consiguiente,  Z12 ¼ V 1

I2
¼ 3� 5mð Þ ¼ � 1

3
V

Así, en resumen, tenemos 

Z ¼
17

3
�1
3

1 1

2
4

3
5

Observe que Z21 6¼ Z12, porque hay una fuente dependiente dentro del circuito.

EJERCICIO 17.4-1  Determine los parámetros Y del circuito de la figura 17.4-1.

Respuesta: Y ¼
1

6

1

18

�1

6

17

18

2
664

3
775

17.5 PA R Á M E T R O S  H Í B R I D O S  Y  D E  T R A N S M I S I Ó N

Las ecuaciones de parámetros híbridos de dos puertos se basan en V1 y V2 como las variables de sa-
lida, por lo que
 V1 � h11I1 � h12V2 (17.5-1)

 I2 � h21I1 � h22V2 (17.5-2)

o, en forma de matriz

 

V 1

I2

� �
¼ h11 h12

h21 h22

� �
I1

V 2

� �
¼ H

I1

V 2

� �
 (17.5-3)

Estos parámetros tienen un gran uso en los modelos de circuitos de 
transistores. El modelo del circuito híbrido se muestra en la figura 
17.5-1.
 Las ecuaciones del parámetro híbrido inverso son

 I1 � g11V1 � g12I2 (17.5-4)

 V2 � g21V1 � g22I2 (17.5-5)

o, en forma de matriz

 

I1

V 2

� �
¼ g11 g12

g21 g22

� �
V 1

I2

� �
¼ G

V 1

I2

� �
 (17.5-6)

El modelo de circuito híbrido inverso se muestra en la figura 17.5-2.
 Los parámetros híbrido e híbrido inverso incluyen parámetros 
tanto de impedancia como de admitancia y se les conoce como híbri-
dos. Los parámetros h11, h12, h21 y h22 representan la impedancia de 

FIGURA 17.5-1 Modelo del parámetro h de un 
circuito de dos puertos.

FIGURA 17.5-2 Modelo del circuito híbrido 
inverso (parámetro g).

V1

+

I1 h11

+

–
h12V2 V2

+

I2

h22h21I1

––

V2

+

I1 g22

+

–

g21V1
V1

+

I2

g12I2

g11

––
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entrada de cortocircuito, la ganancia de voltaje inverso de circuito abierto, la ganancia de corriente 
directa de cortocircuito, y la admitancia de salida de circuito abierto, respectivamente. Los parámetros 
g11, g12, g21 y g22 representan la admitancia de entrada de cortocircuito, la ganancia de corriente inversa 
de cortocircuito, la ganancia de voltaje directo de circuito abierto, y la impedancia de salida de corto-
circuito, respectivamente.
 Los parámetros de transmisión se escriben
 V1 � AV2 � BI2 (17.5-7)
 I1 � CV2 � DI2 (17.5-8)
o, en forma de matriz, como

 

V 1

I1

� �
¼ A B

C D

� �
V 2

�I2

� �
¼ T

V 2

�I2

� �
 (17.5-9)

Los parámetros de transmisión se utilizan para describir cable, fibras y líneas de transmisión. Los 
parámetros de transmisión A, B, C y D representan la ganancia del voltaje inverso de circuito abier-
to, la impedancia negativa de transferencia de cortocircuito, la admitancia de transferencia de cir-
cuito abierto y la ganancia negativa de corriente inversa de cortocircuito, respectivamente. A los 
parámetros de transmisión se les suele conocer como parámetros ABCD. Nuestro interés principal 
está en los parámetros híbridos y de transmisión por su amplio uso.

E J E M P L O  17. 5 - 1  Parámetros híbridos y parámetros de transmisión

(a)  Encuentre los parámetros h para el circuito T de la figura 17.5-3 en térmi-
nos de R1, R2 y R3.

(b) Evalúe los parámetros cuando R1 � 1 �, R2 � 4 � y R3 � 6 �.

Solución 
(a)  Primero, encuentre h11 y h21 poniendo en cortocircuito las terminales de 

salida y conectando una fuente de entrada I1 como se muestra en la figura 
17.5-4a. Por lo tanto,

h11 ¼ V 1

I1

����
V 2¼0

¼ R1 þ R2R3

R2 þ R3

Luego, utilizando el principio del divisor de corriente, tenemos

Por lo tanto,  

I2 ¼ �R2

R2 þ R3
I1

h21 ¼ I2

I1

����
V 2¼0

¼ �R2

R2 þ R3

(b)

I1 = 0

R2

R1 R3
I2

V2V1
+
–

+

–

I1 R2

R1 R3
I2

V2 = 0V1

(a)

+

–

FIGURA 17.5-4 Los circuitos para determinar (a) h11 y h21 y (b) h22 y h12.

R1
I1 I2

R2

+

V2

+

V1

R3

––

FIGURA 17.5-3 El circuito T 
del ejemplo 17.5-1.
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 El paso siguiente es dibujar de nuevo el circuito con I1 � 0 y conectar la fuente de voltaje V2 como se 
muestra en la figura 17.5-4b. Entonces determinamos h12 utilizando el principio del divisor de voltaje como 
sigue:

h12 ¼ V 1

V 2

����
I1¼0

¼ R2

R2 þ R3

Por último, determinamos h22 a partir de la figura 17.5-4b como

h22 ¼ I2

V 2

����
I1¼0

¼ 1

R2 þ R3

 El que h12 � �h21 es una propiedad de un circuito pasivo (no de amplificadores operacionales o fuen-
tes dependientes dentro de la red de dos puertos).

(b) Cuando  R1 � 1 �, R2 � 4 � y R3 � 6 �, tenemos 

h11 ¼ R1 þ R2R3

R2 þ R3
¼ 3:4 V

h21 ¼ �R2

R2 þ R3
¼ �0:4

h12 ¼ R2

R2 þ R3
¼ 0:4

h22 ¼ 1

R2 þ R3
¼ 0:1 S

EJERCICIO 17.5-1  Encuentre el modelo del parámetro híbrido del circuito 
que se muestra en la figura E 17.5-1. 

Respuestas: h11 � 0.9 �, h21 � 4.4 � y h22 � 0.6 S

17.6  R E L A C I O N E S  E N T R E  PA R Á M E T R O S 
D E  D O S  P U E R T O S

Si existen todos los parámetros de dos puertos para un circuito, se puede relacionar un conjunto de 
parámetros con otro porque las variables V1, I1, V2 e I2 se interrelacionan por los parámetros. Lo pri-
mero es considerar la relación entre los parámetros Z y los parámetros Y. La ecuación matriz para los 
parámetros Z es V � ZI, o

 

V 1

V 2

� �
¼ Z

I1

I2

� �
 (17.6-1)

Del mismo modo, la ecuación para los parámetros Y es I � YV o

 

I1

I2

� �
¼ Y

V 1

V 2

� �
 (17.6-2)

+

V1

+

V2

i

9 

5i
1 

– –

FIGURA E 17.5-1.

M17_DORF_1571_8ED_SE_829-852.indd   839M17_DORF_1571_8ED_SE_829-852.indd   839 5/7/11   9:59 AM5/7/11   9:59 AM



Alfaomega Circuitos Eléctricos - Dorf
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Sustituimos I de la ecuación 17.6-2 en la ecuación 17.6-1 y obtenemos

V � ZYV

o Z � Y�1 (17.6-3)

De este modo, obtenemos la matriz Z invirtiendo la matriz Y. Desde luego, también podemos obte-
ner del mismo modo la matriz Y si invertimos una matriz Z conocida. Es posible que una red de dos 
puertos tenga una matriz Y o una matriz Z pero no las dos. En otras palabras, puede ser que Z�1 o 
Y�1 no existan para algunas redes.
 Si tenemos una matriz Y conocida, obtenemos la matriz Z encontrando la determinante de la 
matriz Y como �Y, y la matriz Y adjunta como 

Entonces 

adj Y ¼ Y 22 �Y 12

�Y 21 Y 11

� �

Z ¼ Y�1 ¼ adj Y

DY
 (17.6-4)

donde �Y � Y11 Y22 � Y12Y21.
 En la tabla 17.6-1 se proporcionan las relaciones de la conversión del parámetro de dos puertos 
para los parámetros Z, Y, h, g y T.

Tabla 17.6-1 Relaciones de parámetros

Z Y h g T

Z
Z11 Z12

Z21 Z22

Y 22

Y
Y 12

Y
Y 21

Y
Y 11

Y

h
h22

h12

h22

h21

h22

1
h22

1
g11

g12
g11

g21
g11

g
g11

A
C

T
C

1
C

D
C

Y

Z22

Z
Z12

Z
Z21

Z
Z11

Z

Y 11 Y 12

Y 21 Y 22

1
h11

h12

h11

h21

h11

h
h11

g
g22

g12
g22

g21
g22

1
g22

D
B

T
B

1
B

A
B

h

Z
Z22

Z12

Z22
Z21

Z22

1
Z22

1
Y 11

Y 12

Y 11

Y 21

Y 11

Y
Y 11

h11 h12

h21 h22

g22
g

g12
g

g21
g

g11
g

B
D

T
D

1
D

C
D

g

1
Z11

Z12

Z11

Z21

Z11

Z
Z11

Y
Y 22

Y 12

Y 22
Y 21

Y 22

1
Y 22

h22

h
h12

h
h21

h
h11

h

g11 g12

g21 g22

C
A

T
A

1
A

B
A

T

Z11

Z21

Z
Z21

1
Z21

Z22

Z21

Y 22

Y 21

1
Y 21

Y
Y 21

Y 11

Y 21

h
h21

h11

h21

h22

h21

1
h21

1
g21

g22
g21

g11
g21

g
g21

A B
C D

Z Z11Z22 Z12Z21; Y Y 11Y 22 Y 12Y 21; g g11g22 g12g21; h h11h22 h12h21; T AD BC

M17_DORF_1571_8ED_SE_829-852.indd   840M17_DORF_1571_8ED_SE_829-852.indd   840 5/7/11   9:59 AM5/7/11   9:59 AM



Circuitos Eléctricos - Dorf Alfaomega

 Interconexión de redes de dos puertos 841

E J E M P L O  17. 6 - 1  Conversión de parámetros de dos puertos

Determine los parámetros Y y h si

Z ¼ 18 6

6 9

� �

Solución
Primero, determinamos los parámetros Y calculando la determinante como

DZ ¼ Z11Z22 � Z12Z21 ¼ 18 9ð Þ � 6 6ð Þ ¼ 126

Luego, utilizando la tabla 17.6-1 obtenemos

Y 11 ¼ Z22

DZ
¼ 9

126
¼ 1

14
S

Y 12 ¼ Y 21 ¼ �Z12

DZ
¼ �1

21
S

Y 22 ¼ Z11

DZ
¼ 18

126
¼ 1

7
S

h11 ¼ DZ

Z22
¼ 126

9
¼ 14 V

h12 ¼ Z12

Z22
¼ 6

9
¼ 2

3

h21 ¼ �Z21

Z22
¼ �6

9
¼ �2

3

h22 ¼ 1

Z22
¼ 1

9
S

EJERCICIO 17.6-1  Determine los parámetros Z si los parámetros Y son

Y ¼
2

15

�1
5

�1
10

2

5

2
666664

3
777775

Las unidades son siemens.
Respuestas: Z11 � 12 �, Z12 � 6 �, Z21 � 3 � y Z22 � 4 �

EJERCICIO 17.6-2  Determine los parámetros T a partir de los parámetros Y del ejercicio 
17.6-1.
Respuesta: A � 4, B � 10 �, C � 1>3 S y D � 4>3

17.7 I N T E R C O N E X I Ó N  D E  R E D E S  D E  D O S  P U E R T O S

En muchos circuitos es común tener varias redes de dos puertos interconectadas en paralelo o en 
cascada. La conexión en paralelo de dos puertos que se muestra en la figura 17.7-1 requiere que la 
variable V1 de cada dos puertos sea igual.
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Dos puertos
Na

Dos puertos
Nb

+

I2

V2
+

I1

V1
– –

 
FIGURA 17.7-1 Conexión en paralelo de redes de 
dos puertos.

 Del mismo modo, en el puerto de salida V2 está el voltaje de salida de ambas redes de dos puer-
tos. La definición de la ecuación matriz para la red Na es
 Ia � YaVa (17.7-1)
y para la red Nb tenemos
 Ib � YbVb (17.7-2)
Además, tenemos la corriente total I como

I � Ia � Ib

Inclusive, puesto que Va � Vb � V
I � YaV � YbV � 1Ya � Yb2Y � YV

 Por consiguiente, la ecuación matriz describe los parámetros Y para la red total de dos redes de 
dos puertos en paralelo 
 Y � Ya � Yb (17.7-3)
Por ejemplo,

Y11 � Y11a � Y11b

De aquí que para determinar los parámetros Y para la red total, agregamos los parámetros Y de cada 
red. En general, la matriz de parámetros Y de la conexión en paralelo es la suma de las matrices de 
parámetros Y de la red de dos puertos individual conectada en paralelo.
 En la figura 17.7-2 se muestra la interconexión en serie de dos redes de dos puertos. Utilizare-
mos los parámetros Z para describir cada red de dos puertos y la combinación en serie. Las ecuaciones 
de matriz describen las dos redes 
 Va � ZaIa (17.7-4)
y Vb � ZbIb (17.7-5)

Las corrientes de terminal son
I � Ia � Ib

Por lo tanto, dado que V � Va � Vb, tenemos
 V � ZaIa � ZbIb

 � 1Za � Zb2 I � ZI
o Z � Za � Zb (17.7-6)
Por consiguiente, los parámetros Z para la red total son iguales a 
la suma de los parámetros Z para las redes.
 Cuando la salida de una red está conectada al puerto de 
entrada de la red siguiente, como se muestra en la figura 17.7-3, 
se dice que las redes deben estar en cascada. Dado que las va-
riables de salida de las primera red se convierten en variables de 
salida de la segunda red, se utilizan los parámetros de transmi-
sión. La primera red de dos puertos, Na, está representada por la 
ecuación matriz 

V 1a

I1a

� �
¼ Ta

V 2a

�I2a

� �

Na

Nb

+

V2

+

I1

V1

V1a
–

+

I1a

V1b V2b

V2a
–

+

+ +

I1b

– –– –

I2b

I2a I2

FIGURA 17.7-2 Conexión en serie de redes de dos 
puertos. 

+

V2

+

V1 V2a

I1b
I1

V1b

I2a
I2

+ +
Na Nb

– –
––

FIGURA 17.7-3 Conexión en cascada de redes de dos 
puertos.
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Para Nb tenemos
V 1b

I1b

� �
¼ Tb

V 2b

�I2b

� �

Además, observemos que en la entrada y en la salida tenemos
V 1

I1

� �
¼ V 1a

I1a

� �
y

V 2b

�I2b

� �
¼ V 2

�I2

� �

En la conexión intermedia, tenemos

Por consiguiente,  

V 2a

�I2a

� �
¼ V 1b

I1b

� �

V 1

I1

� �
¼ TaTb

V 2

�I2

� �
y T � TaTb (17.7-7)

De aquí que los parámetros de transmisión para la red completa provienen de la multiplicación de 
matriz, observando el orden adecuado.
 Todos los cálculos anteriores para las redes interconectadas hacen suponer que la interconexión 
no distorsiona la naturaleza de dos puertos de las subredes individuales.

1 

1 1 

FIGURA 17.7-4 La red T del 
ejemplo 17.7-1.

E J E M P L O  17. 7- 1   Conexiones en paralelo y en cascada 
de redes de dos puertos

Para la red T de la figura 17.7-4, (a) encuentre los parámetros Z, Y y T, y (b) de-
termine los parámetros resultantes luego de conectar dos redes de dos puertos en 
paralelo y en cascada. Las dos redes de dos puertos son idénticas, como se ve en 
la figura 17.7-4.

Solución
Primero, encontremos los parámetros Z de la red T. Examinamos la red y tenemos

Z12 � Z21 � 1 �
Z22 � Z11 � 2 �

Entonces, mediante los factores de conversión de la tabla 17.6-1 encontramos

y 

Y ¼
2

3

�1
3

�1
3

2

3

2
666664

3
777775

T ¼ 2 3

1 2

� �
 Dos redes idénticas conectadas en paralelo tendrán una matriz Y total de

Y � Ya � Yb
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Como Ya � Yb, tenemos

Y ¼ 2Ya ¼
4

3

�2
3

�2
3

4

3

2
666664

3
777775

Finalmente, cuando dos redes idénticas están conectadas en cascada, tenemos una matriz T total de 

T ¼ TaTb ¼
2 3

1 2

� �
2 3

1 2

� �
¼ 7 12

4 7

� �

EJERCICIO 17.7-1  Determine los parámetros de transmisión total de la conexión en casca-
da de tres redes de dos puertos que se muestran en la figura E 17.7-1.

12 

6 

3 

Na Nb Nc  FIGURA E 17.7-1

Respuestas: A � 3, B � 21, C � 1 >6 S y D � 3 >2

17.8 ¿ C Ó M O  LO  P O D E M O S  C O M P R O B A R  .  .  .  ?

A los ingenieros se les suele solicitar comprobar que la solución de un problema sea la correcta. Por 
ejemplo, las soluciones propuestas para problemas de diseño se deben comprobar para confirmar que 
se ha cumplido con todas las especificaciones. Además, se deben revisar los resultados de la computa-
dora para protegerse contra errores de captura de datos, así como las exigencias de los comerciantes, 
las cuales se deben analizar a fondo.
 También a los estudiantes de ingeniería se les pide que verifiquen la exactitud de sus trabajos. 
Por ejemplo, tomarse un breve lapso antes de terminar un examen permitiría dar una vista rápida e 
identificar esas soluciones que podrían requerir un poco más de aplicación.
 El ejemplo siguiente ilustra técnicas útiles para comprobar las soluciones a los diversos proble-
mas analizados en este capítulo.

EJ E M P L O 17.8-1 ¿Cómo podemos comprobar circuitos con redes de dos puertos?

El circuito que se muestra en la figura 17.8-1a se diseñó para que tuviera un función de transferencia dada por
V o sð Þ
V in sð Þ ¼

2s� 10

s2 þ 27sþ 2

¿Cómo podemos comprobar que el circuito satisface esta especificación?

V i
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+
–

+

–

(b)

v1

+

–

vsalvent

i1

–10i1
2 4 

F2 1 2

F1 4

+
–

(a)

+

–

vsalvent

2 
F1 2

F1 4H =
2

–10

0

0.25

FIGURA 17.8-1 (a) Circuito que contiene una red de dos puertos. (b) Utilizando el modelo del parámetro h para representar la red 
de dos puertos.

Solución
El modelo del parámetro h de la figura 17.5-1 se puede utilizar para dibujar de nuevo el circuito como se muestra 
en la figura 17.9-1b. Este circuito se puede representar por las ecuaciones nodales

1þ s

2

� �
�s

2

�5� s

2

� � 3s

4
þ 1

4

� �
2
664

3
775 V 1 sð Þ

V o sð Þ

" #
¼

V in sð Þ
2
0

2
4

3
5

donde se ha utilizado 10I1(s) � 5V1(s) para expresar las corrientes de la fuente dependiente en términos de los 
voltajes de nodos. Aplicar la regla de Cramer nos da

V o sð Þ
V in sð Þ ¼

1

2
5þ s

2

� �
1þ s

2

� � 3s

4
þ 1

4

� �
� s

2

s

2
þ 5

� � ¼ 2sþ 20

s2 � 13sþ 2

Ésta no es la función requerida, de modo que el circuito no satisface la especificación.

EJERCICIO 17.8-1  Compruebe que el circuito que se muestra en la figura 17.8-1 sí tiene 
la función de transferencia

V o sð Þ
V in sð Þ ¼

2s� 10

s2 þ 27sþ 2

(Los circuitos en las figuras 17.8-1a y E 17.8-1 sólo difieren por el signo de h21.)

+
–

+

–

vsalvent

2 
F1 2

F1 4H =
2

10

0

0.25

 
FIGURA E 17.8-1 Una versión modifi cada del 
circuito de la fi gura 17.8-1.

V e

V i

V i
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La fi gura 17.9-1 muestra el circuito equivalente de señal corta de 
un amplifi cador de transistor. La hoja de especifi caciones para el 
transistor describe el transistor mediante la especifi cación de que 
sus parámetros h sean

hie � 1 250 �, hoe � 0, hfe � 100 y hre � 0
El valor de la resistencia Rc debe estar entre 300 � y 5 000 � para 
garantizar que el transistor se polarice correctamente. Se defi ne 
que la ganancia de señal corta sea

Av
vsal

vent

El reto es diseñar el amplifi cador de modo que
Av � �20

(No es seguro que se vayan a satisfacer estas especifi caciones. Parte del problema es decidir 
si es posible diseñar este amplifi cador de manera que Av � �20.)

Describa la situación y los supuestos
1. Rc debe estar entre 300 � y 5 000 �.

2.  El transistor está representado por parámetros h. La fi gura 17.9-1a muestra que el 
transistor se puede confi gurar para que sea una red de dos puertos y que lo representen los 
parámetros h. La fi gura 17.9-2b muestra un circuito equivalente para el transistor. Este 
circuito equivalente se basa en los parámetros h. Para este transistor en particular, los 
valores del parámetro h son

hie � 1 000 �, hoe � 0, hfe � 100 y hre � 0

Porque  
1

hoe
¼ 1

ib

vce

ic

hfeibhrevce

hie

+

–

vbe

+

–

+

–
1 hoe

(b)

–

+

ib ic

vce

–

+

vbe
hie

hfe

hre

hoe

(a)

=
ib

vce

vbe

ic

ib

vce

ic

hfeib

hie

+

–

vbe

+

–

(c)
FIGURA 17.9-2 (a) Utilizando parámetros h para describir un transistor. (b) Un circuito equivalente. (c) Un 
circuito simplifi cado para hre � 0 y hoe � 0.

1 7. 9  E J E M P LO  D E  D I S E Ñ O

AMPLIFICADOR DE TRANSISTORES

FIGURA 17.9-1 Un 
amplifi cador de transmisor.

+
–

–

+

Rb = 23 k

vent Rc vsal
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 Ejemplo de diseño 847

 el resistor del lado derecho del circuito equivalente es un circuito abierto. Dado que
hre � 0

  la fuente de voltaje dependiente es un cortocircuito. La fi gura 17.9-2c muestra el circuito 
equivalente

3. La ganancia del voltaje debe ser Av � �20. 

Establezca el objetivo
Seleccionar Rc para que Av � �20.

Genere un plan
En la fi gura 17.9-1, reemplace el transistor por el circuito equivalente de la fi gura 17.9-2c. 
Analice el circuito resultante para obtener una fórmula para la ganancia de voltaje, Av. Esta 
fórmula implicará a Rc. Determine el valor de Rc que hará que Av � �20. Si este valor de Rc 
está entre 300 � y 5 000 �, el diseño del amplifi cador está completo. Por otra parte, si este 
valor de Rc no está entre 300 � y 5 000 �, las especifi caciones no se satisfacen.

Actúe sobre el plan
La fi gura 17.9-3 muestra el amplifi cador luego de que se ha reemplazado por el circuito equi-
valente. Al aplicar la ley de Ohm para Rc nos da

vo � �Rc100ib
donde el signo menos se debe a las direcciones de referencia. A continuación, aplique la KVL 
al enlace de la izquierda para obtener

vent � 23 000ib � 1 000ib

Entonces Av
vo

vent

100Rc

24 000
Por último, establezca Av � �20, con lo que se obtiene

�20 ¼ �100Rc

24,000

Ahora resuelva Rc para determinar
Rc � 4 800 �

Verifi que la solución propuesta
Primero, la resistencia Rc � 4 800 � sí está entre 300 � y 5 000 �. Segundo, la ganancia del 
circuito que se muestra en la fi gura 17.9-3 es

vo

vent

hfeRc

Rb hie

100 4 800
23 000 1 000

20

Por consiguiente, ambas especifi caciones se han satisfecho.

ib

vo

ic

hfeib

hie

+

–

vbevent

+

–

vce Rc

Rb = 23 k

+

–

+
–

 

FIGURA 17.9-3 Un circuito 
equivalente para el amplifi cador 
de transistor.
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17.10 R E S U M E N
  Un puerto es un par de terminales junto con la restricción 

que la corriente dirigida a una terminal sea igual a la corrien-
te dirigida fuera de la otra terminal.

  Los modelos de dos puertos de circuitos o dispositivos son 
útiles para describir el desempeño del circuito o dispositivo 
en términos de las corrientes y los voltajes en sus puertos. 
Los detalles internos del circuito o dispositivo no se inclu-
yen en el modelo de dos puertos, de modo que el modelo de 
dos puertos de un circuito puede ser considerablemente más 
sencillo que el circuito en sí.

  El modelo de dos puertos implica cuatro señales, la corriente y 
el voltaje en cada puerto. Dos de estas señales se tratan como 
entradas, y las otras dos como salidas. Hay seis maneras de 

separar las cuatro señales en señales de entrada y salida, y por 
lo tanto hay seis conjuntos de parámetros de dos puertos. Los 
seis conjuntos de parámetros de dos puertos se denominan pa-
rámetros de impedancia, admitancia, híbridos, híbridos inver-
sos, de transmisión y de transmisión inversa. La tabla 17.3-2 
resume los seis conjuntos de parámetros de dos puertos.

  La tabla 17.6-1 resume las ecuaciones utilizadas para con-
vertir un conjunto de parámetros de dos puertos en otro, por 
ejemplo, para convertir parámetros de impedancia en pará-
metros híbridos.

  Podemos utilizar parámetros de dos puertos para describir el 
desempeño de la conexión en paralelo, en serie o en cascada 
de dos o más circuitos.

Sección 17.2 Transformación de T a � y redes de dos 
puertos y tres terminales 

P 17.2-1 Determine la resistencia equivalente Rab de la red de 
la fi gura P 17.2-1. Utilice la transformación � a T como una 
etapa de la reducción.

Respuesta: Rab � 3.2 �

a

3 

b

1 

6 4 

10 

Figura P 17.2-1

P 17.2-2 Repita el problema P 17.2-1 cuando la resistencia 
de 6-� se cambia a 4 � y la resistencia de 10-� se cambia 
a 12 �.

P 17.2-3 La red de dos puertos de la fi gura 17.1-1 tiene una 
fuente de entrada Vs con una resistencia Rs de fuente conecta-
da a las terminales de entrada de modo que V1 � Vs � I1Rs y 
una carga de resistencia conectada a las terminales de salida 
de modo que V2 � �I2RL � ILRL. Encuentre Rent � V1>I1, 
Av � V2 >V1, Ai � �I2 >I1 y Ap � �V2I2/(V1I1) utilizando el 
modelo del parámetro Z.

P 17.2-4 Utilizando la transformación � a T, determine la co-
rriente I cuando R1 � 15 � y R � 20 � para el circuito que se 
muestra en la fi gura P 17.2-4.

Respuesta: I � 385 mA

+
–

+
–

R1

4  

6  

6  R1

R

R1

R
R

I

30 V

50 V

Figura P 17.2-4

P 17.2-5 Utilice la transformación Y a � para determinar Rent 
del circuito que se muestra en la fi gura P 17.2-5.

Respuesta: Rent � 673.85 �

800 

200 200 

1 000 1 000 

Rent

Figura P 17.2-5

Sección 17.3 Ecuaciones de redes de dos puertos

P 17.3-1 Encuentre los parámetros Y y los parámetros Z para 
la red de dos puertos de la fi gura P 17.3-1.

12 

6 

3 

Figura P 17.3-1

P R O B L E M AS
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P 17.3-7 Determine los parámetros de impedancia en el do-
minio s (dominio de Laplace) para el circuito que se muestra 
en la fi gura P 17.3-7.
Respuestas: Z11 � (4s � 1) >s, Z12 � Z21 � 1 >s y Z22 � 
(2s2 � 1) >s

4 

1 F 

2 H

+

V1

+

V2

– –

Figura P 17.3-7
P 17.3-8 Determine una red de dos puertos que esté represen-
tada por los parámetros Y:

Y ¼
sþ 1

s
�1

�1 sþ 1ð Þ

2
4

3
5

P 17.3-9 Encuentre una red de dos puertos incorporando un 
inductor, un condensador y dos resistores que darán los si-
guientes parámetros de impedancia:

Z ¼ 1

D

s2 þ 2sþ 2ð Þ 1

1 s2 þ 1ð Þ

" #

donde � � s2 � s � 1.
P 17.3-10 En la fi gura P 17.3-10 se muestra una red de dos 
puertos infi nita. Cuando las terminales de salida están conec-
tadas a la resistencia Rs característica del circuito, la resisten-
cia que se ve debajo de la línea de cada sección es la misma. 
Calcule la Rs necesaria.
Respuesta: Rs � 

ffiffiffi
3

p � 1
� �

R

. . .

. . .

R R R R

R R R R

RR R R Ro

Figura P 17.3-10 Red de dos puertos infi nita.

Sección 17.4 Parámetros Z y Y para un circuito 
con fuentes dependientes

P 17.4-1 Determine los parámetros del circuito y que se mues-
tran en la fi gura P 17.4-1.

+ –

b i
R2

R1

i

+ +

– –

v1 v2

Figura P 17.4-1
P 17.4-2 Un amplifi cador electrónico tiene el circuito que se 
muestra en la fi gura P 17.4-2. Determine los parámetros de 
impedancia para el circuito.
Respuestas: Z11 � 4, Z12 � 3(1 � a), Z21 � 3 y Z22 � 5 � 3a

P 17.3-2 Determine los parámetros Z del circuito de ca que se 
muestra en la fi gura P 17.3-2.

Respuesta: Z11 � 2 �j4 �, Z12 � Z21 � �j4 �, Z22 � �j2 �

2 

– j4 

j2 

Figura P 17.3-2

P 17.3-3 Encuentre los parámetros Y del circuito de la fi gura 
P 17.3-3 cuando b � 4, G1 � 2 S, G2 � 1 S y G3 � 3 S.

+

V1

+

V2G1 

+ –

G2 bV1 
G3 

– –

Figura P 17.3-3

P 17.3-4 Encuentre los parámetros Y del circuito de la fi gura 
P 17.3-4.

Respuestas: Y11 � 0.3 S, Y21 � Y12 � �0.1 y Y22 � 0.15 S

10  

20   5  

+

V1

+

V2

– –

Figura P 17.3-4

P 17.3-5 Encuentre los parámetros Y del circuito de la fi gura 
P 17.3-5.

100 k

50 k75 k

+

V1

+

V2

– –

Figura P 17.3-5

P 17.3-6 Encuentre los parámetros Z para el circuito que se 
muestra en la fi gura P 17.3-6 para la respuesta senoidal de es-
tado estable en v � 3 rad/s.

Respuestas: Z11 � 3 � j �, Z12 � Z21 � �j2 � y Z22 � �j2 �

3

+

V1

+

V2

1 H

1 6 F

– –

Figura P 17.3-6

M17_DORF_1571_8ED_SE_829-852.indd   849M17_DORF_1571_8ED_SE_829-852.indd   849 5/7/11   9:59 AM5/7/11   9:59 AM



Alfaomega Circuitos Eléctricos - Dorf

 850 Redes de dos y tres puertos

1 

+

v1

+

v23 

i1 i2

i2

2 

– –

Figura P 17.4-2

P 17.4-3 
(a)  Para el circuito que se muestra en la fi gura P 17.4-3, deter-

mine el modelo Y de dos puertos utilizando impedancias 
en el dominio s.

(b)  Determine la respuesta v2(t) cuando una fuente de corrien-
te i1 � 1 u(t) A está conectada a las terminales de entrada.

+

v1

+

v21 F

i1

2v1

1 F

1 1 F 1 

– –

Figura P 17.4-3

P 17.4-4 En la fi gura 17.4-4a se muestra una forma de dispo-
sitivo de ayuda cardiaca. El modelo del controlador electró-
nico y de bomba con unidad de conducción se muestra en la 
fi gura P 17.4-4b. Determine los parámetros de impedancia del 
modelo de dos puertos.

1  

1  

1 2  

1 2  v2v1

+ +4v1

(b)

(a)

Dispositivo de ayuda ventricular

Corazón

Controlador
electrónico

Transformador
fijo a la piel Pila

– –

Bomba/unidad
de conducción

Figura P 17.4-4 (a) Dispositivo de ayuda cardiaca y (b) modelo 
del controlador y la bomba.

P 17.4-5 Determine los parámetros Y para el circuito que se 
muestra en la fi gura P 17.4-5.

Respuesta: Y 12 ¼ � 1
R2

y Y 21 ¼ � 1þbð Þ
R2

+

–

+–

v2

+

–

v1
bv1

R3R1

R2

Figura P 17.4-5

Sección 17.5 Parámetros híbridos y de transmisión

P 17.5-1 Encuentre los parámetros de transmisión del circui-
to de la fi gura P 17.5-1.

Respuestas: A � 1.2, B � 6.8�, C � 0.1 y D � 1.4
2 4

10

+

V1

+

V2

– –

Figura P 17.5-1

P 17.5-2 En la fi gura P 17.5-2 se muestra un circuito de amp 
op y su modelo. Determine el modelo del parámetro h del cir-
cuito y la matriz H cuando Ri � 100 k�, R1 � R2 � 1 M�, Rs �
1 k� y A � 104.

Respuesta: h11 � 600 k�, h12 � 1>2, h21 � �106 y h22 � 10�3 S

+

V1

+

V2

I1

+–

+

R2

R1

+

–
R1

Ro

Ri R2

Avi

vi
+–

(b)

(a)

V2

+

V1

– –

––

Figura P 17.5-2 (a) Circuito de amp op y (b) modelo del 
circuito.

P 17.5-3 Determine los parámetros h para el transformador 
ideal de la sección 11.11.

P 17.5-4 Determine los parámetros h para el circuito T de la 
fi gura P 17.5-4.
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P 17.7-2 Para la red T de la fi gura P 17.7-2, encuentre los pa-
rámetros Y y Z y determine los parámetros resultantes después 
de que los dos puertos estén conectados (a) en paralelo y (b) 
en cascada. Los dos puertos son idénticos, como se defi ne en 
la fi gura P 17.7-2.

+

–

v2

+

–

v1

2 4 

6 

Figura P 17.7-2

P 17.7-3 Determine los parámetros Y de la combinación en 
paralelo de los circuitos de la fi guras P 17.7-3a, b.

+

–

v2

+

– ––

v1

C

L L

(a)

+

v2

+

v1

G3

G1 G2

(b)

Figura P 17.7-3

Sección 17.8 ¿Cómo podemos comprobar...?

P 17.8-1 Un informe de laboratorio con respecto a la fi gura 
17.8-1 establece que Z12 � 15 � y que Y11 � 24 mS. Verifi que 
estos resultados.

125 

50 v1

+

–

v2

+

–

75 

Figura P 17.8-1

P 17.8-2 Un estudiante reporta respecto al circuito de la fi gu-
ra P 17.8-2, que ha determinado los parámetros de transmisión 
como A � 2(s � 10)>s, D � A, C � 10>s y B � (3s2 � 80s�) 
400>s2. Verifi que estos resultados cuando M � 0.1 H.

2 2 

0.2 H0.2 Hv1

+

v2

+

– –

M

Figura P 17.8-2

R1 R3 

R2 

+

V1

+

V2

– –

Figura P 17.5-4

P 17.5-5 En la fi gura 17.5-5 se muestra un modelo simplifi -
cado de un transistor de empalme bipolar. Determine los pará-
metros h de este circuito.

950  v
+

–

50  

0.1v 10 k  

Figura P 17.5-5 Modelo de un transistor de empalme bipolar.

Sección 17.6 Relaciones entre parámetros 
de dos puertos

P 17.6-1 Derive las relaciones entre los parámetros Y y los 
parámetros h utilizando las ecuaciones de defi nición para am-
bos conjuntos de parámetros.

P 17.6-2 Determine los parámetros Y si los parámetros Z son 
(en ohms):

Z ¼ 3 2

2 6

� �

P 17.6-3 Determine los parámetros h cuando los parámetros 
Y son (en siemens):

Y ¼ 0:1 0:1

0:4 0:5

� �

P 17.6-4 Una red de dos puertos tiene los parámetros Y si-
guientes: Y12 � Y21 � �0.4 S, Y11 � 0.5 S y Y22 � 0.6 S. 
Determine los parámetros h.

Respuestas: h11 � 2 �, h21 � �0.8, h12 � 0.8 y h22 � 0.28 S 

Sección 17.7 Interconexión de redes de dos puertos

P 17.7-1 Conecte en paralelo los dos circuitos que se mues-
tran en la fi gura P 17.7-1 y encuentre los parámetros Y de la 
combinación en paralelo.

Respuestas: Y11 � 17>6, Y12 � Y21 � �4>3 y Y22 � 5>3

1  

3  2  

a b

c

3  

1  

a b

c

c

c

(b)

(a)

Figura P 17.7-1
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Problemas de diseño
PD 17-1 Seleccione R1 y R de modo que Rent � 16.6 � para el 
circuito de la fi gura PD 17.1. Una restricción de diseño requiere 
que tanto R1 como R sean menores de 10 �.

R

Rent

R1

10 14 

20 2 

Figura PD 17-1

PD 17-2 Se dice que el circuito en forma de puente que se 
muestra en la fi gura PD 17-2 se debe balancear cuando I � 0. 
Determine la relación requerida para las resistencias de puente 
cuando se haya logrado el balanceo.

I

R1 R2

R3 R4

+
–V

R

Figura PD 17-2 Circuito balanceado.

PD 17-3 En la fi gura PD 17-33 se muestra un modelo híbrido 
de un amplifi cador de transistor de emisión común. Los pará-
metros del transistor son h21 � 80, h11 � 45 �, h22 � 12.5 mS 
y h12 � 5 � 10�4. Seleccione RL de modo que la ganancia de 
corriente i2/i1 � 79 y la resistencia de salida del amplifi cador 
sea menor de 10 �.

v2

+

–

+

–
+
– h22 RL

h21i1
h12v2

i1

h11

v1

i2

Figura PD 17-3 Modelo de amplifi cador de transistor.

PD 17-4 En la fi gura PD 17-4 se muestra una red de dos puer-
tos conectada a una fuente vf y una resistencia de carga RL.

(a)  Determine los parámetros de impedancia de la red de dos 
puertos.

(b)  Seleccione RL de modo que la potencia máxima se entregue 
a RL.

Red de dos puertos

4 8 

4 2 

RL
+
–vs

Figura PD 17-4

PD 17-5 
(a)  Determine la ABCD (matriz de transmisión) de las redes de 

dos puertos que se muestran en las fi guras PD 17-5a y b.
(b)  Utilizando los resultados del inciso (a), encuentre la matriz 

ABCD de dominio s de la red que se muestra en c. 
(c)  Dados L1 � (10>p) mH, L2 � (2.5>p) mH, C1 � (0.78>p) mF, 

C2 � C3 � (1>p) mF y RL � 100 �, encuentre la ganan-
cia del voltaje V2 >V1 del circuito abierto y la ganancia de 
corriente I2 >I1 de cortocircuto en condiciones de estado 
estable en las frecuencias siguientes: 2.5 kHz, 5.0 kHz, 
7.5 kHz, 10 kHz y 12.5 kHz.

Sugerencia: Utilice las entradas adecuadas de la matriz ABCD. 
Además, observe las frecuencias resonantes del circuito.

+

–

(b)(a)

(c)

+

–

V1

C1

RL V2

L1

L2

+

–

V1(s)

+

–

+

–

+

–

V2(s) V2(s)V1(s)

Z(s)

Y(s)

C2

C3

Figura PD 17-5
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Inicios 
con PSpice
A.1 P S P I C E

SPICE, acrónimo de Simulation Program with Integrated Circuit Emphasis (programa de simulación 
con énfasis en circuitos integrados) es un programa de computadora que se utiliza para análisis nu-
méricos de circuitos eléctricos. Desarrollado a principios de la década de 1970 en la Universidad de 
California en Berkeley, se le reconoce generalmente como el programa de simulación de más uso (Pe-
rry, 1998). PSpice es una versión de SPICE diseñada para computadoras personales, desarrollado por 
MicroSim Corporation en 1984 (Tuinenga, 88). SPICE era un programa basado en texto que requería 
que el usuario describiera el circuito utilizando solamente texto, y los resultados de la simulación se 
mostraban en la pantalla como texto. MicroSim proporcionó un postprocesador gráfico, Probe, para 
diagramar los resultados de las simulaciones de SPICE. Más tarde, MicroSim también proveyó una 
interfaz gráfica llamada Schematics que permitió a los usuarios describir circuitos de manera gráfica. 
El nombre del programa de simulación se cambió de PSpice a PSpice A/D cuando fue posible simular 
circuitos que contenían dispositivos analógicos y digitales. MicroSim fue adquirido por ORCAD
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A.1 PSP I C E

SPICE, an acronym for Simulation Program with Integrated Circuit Emphasis, is a computer program

used for numerical analysis of electric circuits. Developed in the early 1970s at the University of

California at Berkeley, it is generally regarded as the most widely used circuit simulation program

(Perry, 1998). PSpice is a version of SPICE, designed for personal computers, developed by

MicroSim Corporation in 1984 (Tuinenga, 88). SPICE was a text-based program that required the

user to describe the circuit using only text, and the simulation results were displayed as text. MicroSim

provided a graphical postprocessor, Probe, to plot the results of SPICE simulations. Later, MicroSim

also provided a graphical interface called Schematics that allowed users to describe circuits

graphically. The name of the simulation program was changed from PSpice to PSpice A/D when

it became possible to simulate circuits that contained both analog and digital devices. MicroSim was

acquired by ORCAD1, which was in turn acquired by Cadence1. ORCAD improved Schematics and

renamed it Capture. ‘‘Using PSpice’’ loosely refers to using ORCAD Capture, PSpice A/D, and Probe

to analyze an electric circuit numerically.

A.2 GETT ING STARTED

Begin by starting the ORCAD Capture program. Figure A.1 shows the opening screen of ORCAD

Capture. (If necessary, maximize the Session Log window.) The top line of the screen shows the title

of the program, ORCADCapture CIS – Demo Edition. Amenu bar providing menus called File, View,

Edit, Options, Window, and Help is located under the title line. A row of buttons is located under the

menu bar, and a ruler is located below the row of buttons. A workspace is located beneath the ruler.

The circuit to be simulated is described by drawing it in this workspace. A line containing twomessage

fields is located under the workspace. The left message field is of particular interest because it provides

information about the Capture screen. For example, move the cursor to one of the buttons. The left

message field describes the function of the button. Save Active Document is the function of the third

button from the left.

Select File/New/Project from the Capture menus, as shown in Figure A.2. The New Project

dialog box, shown in Figure A.3, will pop up. Select Analog Or Mixed A/D, as shown. The New

Project dialog box requires a project name and a location. The location is the name of the directory or

folder in which Capture should store the project file. The name will be the file name of the project file.

ORCAD Capture uses OPJ as a suffix for project files, so choosing Name to be ExampleCircuit and

Location to be c:\PSpiceCircuits causes ORCAD to store a file named ExampleCircuit.opj in the

c:\PSpiceCircuits folder. Notice that long file names are supported, making it easier to give descriptive

names to projects.
853
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dialog box, shown in Figure A.3, will pop up. Select Analog Or Mixed A/D, as shown. The New

Project dialog box requires a project name and a location. The location is the name of the directory or

folder in which Capture should store the project file. The name will be the file name of the project file.
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. ORCAD mejoró Schematics y lo renombó como Capture. 
“Utilizar PSpice” se refiere de modo amplio al uso de ORCAD Capture, PSpice A/D, y Probe para 
analizar numéricamente un circuito eléctrico.

A.2 C Ó M O  E M P E Z A R

Empecemos por el programa ORCAD Capture. La figura A.1 muestra la pantalla de apertura de 
ORCAD Capture. (Si es necesario, maximice la ventana Session Log.) La línea superior de la pan-
talla muestra el título del programa, ORCAD Capture CIS – Demo Edition. Bajo la línea de título 
se ubica una barra de menús que proporciona los menús File (Archivo), View (Ver), Edit (Editar), 
Options (Opciones), Window (Ventana) y Help (Ayuda). Bajo la barra de menús se ubica una fila de 
botones y la regla está debajo de la fila de botones. El área de taller se localiza por debajo de la regla. 
El circuito que se va a simular se describe dibujándolo en este espacio de taller. Bajo este espacio se 
ubica una línea que contiene dos campos de mensajes. El campo de mensajes izquierdo es de particu-
lar interés porque provee información sobre la pantalla Capture. Por ejemplo, mueva el cursor a uno 
de los botones. El campo de mensajes izquierdo describe la función del botón. La función del tercer 
botón de la izquierda es Save Active Document (guardar el documento activo).
 De la barra de menús de Capture, seleccione el menú File (Archivo), haga clic en la opción 
New (Nuevo) y luego en Project (Proyecto), como se muestra en la figura A.2. Se desplegará el cuadro 
de diálogo New Project (Proyecto nuevo) que se muestra en la figura A.3. Seleccione la opción Analog 
Or Mixed (Análogo o combinado) A/D, como se muestra. El cuadro de diálogo New Project requiere 
un nombre y una ubicación para el proyecto. La ubicación es el nombre del directorio o carpeta en el 
que Capture deberá guardar el archivo del proyecto. El nombre será el nombre del archivo o el nombre 
del proyecto. ORCAD Capture utiliza OPJ como sufijo para archivos de proyecto, por lo que al elegir 
la opción Name to be ExampleCircuit and Location to be c:\PSpiceCircuits se hace que ORCAD guar-
de un archivo denominado Example Circuit.opj en la carpeta c:\PSpiceCircuits. Observe que los nom-
bres de archivo largos están soportados, lo que facilita aplicar nombres descriptivos a los proyectos.

APÉNDICE
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FIGURA A.1 Pantalla de apertura de ORCAD Capture CIS, versión 15.7 de edición de demostración.

FIGURA A.2 Apertura de un nuevo proyecto en ORCAD Capture.

FIGURA A.3 Cuadro de diálogo New Project.
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FIGURA A.4 Cuadro de diálogo Create PSpice Project.

6 Ω 2 Α+
– 24 V

3 Ω

Figura A.5 El circuito ejemplo.

 Haga clic en el botón OK del cuadro de diálogo New Project para cerrar el cuadro de diálogo 
y para que se despliegue el cuadro de diálogo Create PSpice Project que se muestra en la figura A.4. 
Seleccione el botón Create a blank project y luego haga clic en el botón OK para volver a la pantalla 
ORDAC Capture. Ésta ha cambiado, y se han agregado las opciones Place, Macro, PSpice y Acces-
sories a la barra de menús; hay más botones y hay una rejilla en el espacio de taller.
 Ya estamos listos para dar principio a nuestra primera simulación con PSpice. En ella simulare-
mos el circuito que se muestra en la figura A.5 para determinar los voltajes de nodos. Empezamos por 
dibujar el circuito en el espacio de taller de ORCAD Capture.

A.3  D I B U J O  D E  U N  C I R C U I T O  E N  E L  E S PA C I O  D E  TA L L E R 
D E  O R C A D  C A P T U R E

Dibujar un circuito en el espacio de taller de ORCAD requiere tres actividades: 

1. Colocar los elementos del circuito en el espacio de taller de ORCAD Capture.

2.  Ajustar los valores de los parámetros de elementos del circuito; por ejemplo, las resistencias de 
los resistores.

3. Bobinar el circuito para conectar los elementos de circuito.

 Para empezar, en la barra de menús de Capture seleccione el menú Part y haga clic en la opción 
Place para que se despliegue el cuadro de diálogo Place Part que se muestra en la figura A.6. Para 
obtener un resistor, seleccione la opción ANALOG de la lista de bibliotecas y R de la lista de partes. 
Haga clic en el botón OK para cerrar el cuadro de diálogo Place Part y volver a la pantalla de Cap-
ture. Luego de volver a la pantalla de Capture, el cursor está dibujando el símbolo para un resistor. 
Coloque el resistor, como lo desee, con un clic. Ahora el cursor estará dibujando un segundo símbolo 
de resistor. Hacer clic con el botón derecho da por resultado el menú que se muestra en la figura A.7. 
Las selecciones que se hagan con este menú harán que el resistor se voltee o gire. Seleccione la opción 
End Mode para dejar de colocar resistores. (Si no está listada la opción ANALOG entre las bibliotecas 
disponibles en el cuadro de diálogo Place Part, haga clic en el botón Add Library. ORCAD Capture 
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FIGURA A.6 El cuadro de diálogo Place Part.

FIGURA A.7 Un clic con el botón derecho mientras se colocan las partes hace que se despliegue este menú.

proporciona varias bibliotecas que contienen partes de circuitos. Los nombres de archivos o las biblio-
tecas de partes utilizan el sufijo OLB. Seleccione las bibliotecas analog.olb y source.olb.)
 SPICE requiere que todo circuito incluya un nodo a tierra. En la barra de menús de Capture, 
seleccione el menú Part y haga clic en la opción Ground para desplegar el cuadro de diálogo Place 
Ground. El nodo a tierra es una parte de PSpice denominada 0 y está contenido en la biblioteca 
SOURCE. (Quizá se tenga que agregar esta biblioteca. Haga clic en el botón Add Library para que se 
despliegue el cuadro de diálogo Browse File. El archivo de biblioteca se denomina source.olb y reside 
en la carpeta de PSpice. Seleccione source.olb y la biblioteca y luego haga clic en el botón Open para 
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FIGURA A.8 Pantalla de ORCAD Capture luego que se han colocado las partes. 

que esta biblioteca esté disponible y para volver al cuadro de diálogo Place Ground.) Coloque el nodo 
a tierra en el espacio de taller de Capture. La figura A.8 muestra la pantalla de Capture luego de que 
se han colocado las partes.
 Las resistencias de los resistores tienen cada uno el valor predeterminado de 1k. Haga clic en 
1k del resistor vertical para seleccionarlo, luego haga clic en cualquier punto del espacio de taller de 
Capture para obtener el menú que se muestra en la figura A.9. Elija la opción Edit Properties para 
que se despliegue el cuadro de diálogo Display Properties que se muestra en la figura A.10. Cambie 

FIGURA A.9 El valor, 1k, se muestra resaltado. Un clic con el botón derecho en cualquier punto del espacio de taller 
de Capture hace que se despliegue este menú emergente.
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FIGURA A.10 El cuadro de diálogo Display Properties.

el valor de 1k a 3. La figura A.11 muestra el espacio de taller de Capture luego de que se han ajustado 
los valores de parámetro de las partes.
 Seleccione el menú Parts y haga clic en la opción Wire para el cableado de todas las partes. 
En la figura A.11 observe que las terminales de cada parte están marcadas con cuadritos. Para el 
cableado de dos terminales, haga clic y sostenga una terminal, arrastre el ratón a la otra terminal 
y suelte el ratón. Por lo general, la trayectoria del cable seguirá la ruta del ratón, pero los cables 
se dibujarán utilizando líneas rectas horizontales y verticales. Los cables también pueden conectar 
terminales a cables o cables a cables. Para detener el cableado, haga clic con el botón derecho y 
seleccione la opción End Mode del menú que aparece. La figura A.12 muestra el circuito después 
de que se han establecido los cables.

FIGURA A.11 Pantalla de Capture después de ajustar los valores de los parámetros del circuito.
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FIGURA A.12 El circuito de la figura A.5 como se describe en Capture.

A.4  E S P E C I F I C A C I O N E S  Y  E J E C U C I Ó N 
D E  L A  S I M U L A C I Ó N

De la barra de menús de ORCAD Capture, seleccione el menú PSpice y haga clic en la opción New 
Simulation Profile para desplegar el cuadro de diálogo New Simulation. Proporcione un nombre, como 
análisis de cd, y luego haga clic en la opción Create. Se desplegará el cuadro de diálogo Simulation 
Settings. Seleccione la opción Bias Point de la lista Analysis type y seleccione la opción General Set-
tings que está debajo de la opción Options. Haga clic en el botón OK para cerrar el cuadro de diálogo 
Simulation Settings. De la barra de menús de ORCAD Capture seleccione el menú PSpice y haga clic 
en la opción Run para ejecutar la simulación. La figura A.13 muestra los resultados de la simulación.

FIGURA A.13 Después de llevar a cabo la simulación, ORCAD Capture etiqueta los voltajes de nodos.
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El uso del programa de computadora MATLAB

E1BAPP01_1 11/20/2009 853

Append ixAGetting Started
with PSpice

A.1 PSP I C E

SPICE, an acronym for Simulation Program with Integrated Circuit Emphasis, is a computer program

used for numerical analysis of electric circuits. Developed in the early 1970s at the University of

California at Berkeley, it is generally regarded as the most widely used circuit simulation program

(Perry, 1998). PSpice is a version of SPICE, designed for personal computers, developed by

MicroSim Corporation in 1984 (Tuinenga, 88). SPICE was a text-based program that required the

user to describe the circuit using only text, and the simulation results were displayed as text. MicroSim

provided a graphical postprocessor, Probe, to plot the results of SPICE simulations. Later, MicroSim

also provided a graphical interface called Schematics that allowed users to describe circuits

graphically. The name of the simulation program was changed from PSpice to PSpice A/D when

it became possible to simulate circuits that contained both analog and digital devices. MicroSim was

acquired by ORCAD1, which was in turn acquired by Cadence1. ORCAD improved Schematics and

renamed it Capture. ‘‘Using PSpice’’ loosely refers to using ORCAD Capture, PSpice A/D, and Probe

to analyze an electric circuit numerically.

A.2 GETT ING STARTED

Begin by starting the ORCAD Capture program. Figure A.1 shows the opening screen of ORCAD

Capture. (If necessary, maximize the Session Log window.) The top line of the screen shows the title

of the program, ORCADCapture CIS – Demo Edition. Amenu bar providing menus called File, View,

Edit, Options, Window, and Help is located under the title line. A row of buttons is located under the

menu bar, and a ruler is located below the row of buttons. A workspace is located beneath the ruler.

The circuit to be simulated is described by drawing it in this workspace. A line containing twomessage

fields is located under the workspace. The left message field is of particular interest because it provides

information about the Capture screen. For example, move the cursor to one of the buttons. The left

message field describes the function of the button. Save Active Document is the function of the third

button from the left.

Select File/New/Project from the Capture menus, as shown in Figure A.2. The New Project

dialog box, shown in Figure A.3, will pop up. Select Analog Or Mixed A/D, as shown. The New

Project dialog box requires a project name and a location. The location is the name of the directory or

folder in which Capture should store the project file. The name will be the file name of the project file.

ORCAD Capture uses OPJ as a suffix for project files, so choosing Name to be ExampleCircuit and

Location to be c:\PSpiceCircuits causes ORCAD to store a file named ExampleCircuit.opj in the

c:\PSpiceCircuits folder. Notice that long file names are supported, making it easier to give descriptive

names to projects.
853

 se ha vuelto común entre los ingenieros para efec-
tuar una gran diversidad de cálculos técnicos. MATLAB, abreviatura de MATrix LABoratory, es un 
producto cuyo soporte recibe de la compañía The Math Works, la cual proporciona documentación de 
demostraciones y aplicaciones en su sitio Web, www.mathworks.com. Además, MATLAB cuenta con 
una amplia ayuda integrada, como se muestra en la figura B.1.
 En este apéndice utilizaremos MATLAB primero como una poderosa calculadora, luego nos 
servirá para resolver ecuaciones que implican matrices o números compuestos y, finalmente, para 
efectuar funciones de trazado de diagramas.

B.1 U S O  D E  M AT L A B  C O M O  C A L C U L A D O R A

Considere la ecuación
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Append ixBMATLAB,
Matrices and
Complex Arithmetic

It has become commonplace for engineers to use the MATLAB1 computer program to perform a

variety of technical calculations. MATLAB, short forMATrix LABoratory, is produced and supported

by the company named The Math Works, which provides demos and application notes at its Web site,

www.mathworks.com. In addition, MATLAB has extensive built-in help, as shown in Figure B.1.

In this appendix, we will first use MATLAB as a powerful calculator, then use it to solve

equations involving matrices or complex numbers and, finally, use it to plot functions.

B.1 US ING MATLAB AS A CALCULATOR

Consider the equation

C � D ¼ 4 Aþ B ) D ¼ 4 Aþ B

C

Let’s use MATLAB to evaluate D when A ¼ 4; B ¼ 7, and C ¼ 6. To do so, we write the equations

representing A, B, C, andD in the MATLAB workspace, using the arithmetic operations and functions

FIGURE B.1 MATLAB Help is accessed by clicking Help on the MATLAB menu bar.
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Utilicemos MATLAB para evaluar D cuando A 5 4, B 5 7 y C 5 6. Para ello, escribimos las ecua-
ciones que representen A, B, C y D en el espacio de taller de MATLAB, utilizando las operaciones 

FIGURA B.1 Se accede a MATLAB Help haciendo clic en el menú Help de la barra de menús de MATLAB.

MATLAB, 
matrices y 
aritmética compuesta
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available in MATLAB. Tables B.1 and B.2 list the arithmetic operations and some of the functions

available in MATLAB.

Figure B.2 shows the MATLAB workspace. The symbol � is the MATLAB cursor. To

indicate that A ¼ 4, we type

A = 4;<Enter>

after the cursor. (<Enter> indicates the Enter key. If we omit the semicolon, MATLAB will tell

us the value of A. Because we already know the value of A, we include the semicolon to save

space.) MATLAB responds to <Enter> by providing another cursor. We type the equations for

B, C, and then D similarly. (MATLAB uses the usual order of precedence for the arithmetic

FIGURE B.2 Using MATLAB as a

calculator.

Table B.2 Built-in Functions

FUNCTION EQUATION MATLAB

sine sin (x) sin (x)

cosine cos (x) cos (x)

tangent tan (x) tan (x)

arc sine sin �1 xð Þ asin (x)

arc cosine cos �1 xð Þ acos (x)

arc tangent tan �1 xð Þ atan (x)

logarithm log10 (x) log10(x)

natural logarithm ln (x) log (x)

exponential ex exp (x)

square root
ffiffiffi
x

p
sqrt (x)

absolute value jxj abs (x)

Table B.1 Arithmetic Operations

OPERATION SYMBOL EQUATION MATLAB

Addition þ 4þ x 4þ x

Subtraction � 4� x 4� x

Multiplication * 4 x 4 * x

Division / 4/x 4 / x

Power ^ 4x 4^x

Using MATLAB as a Calculator 861

Tabla B.1 Operaciones aritméticas

OPERACIÓN SÍMBOLO ECUACIÓN MATLAB

Suma
Resta
Multiplicación
División
Potencia
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sen (x)

Tabla B.2 Funciones integradas

MATLABECUACIÓNFUNCIÓN

seno
coseno
tangente
seno de arco
coseno de arco
tangente de arco
logaritmo
logaritmo natural
exponencial
raíz cuadrada
valor absoluto

sen (x)

asen (x)sen

aritméticas y las funciones disponibles en MATLAB. Las tablas B.1 y B.2 enlistan las operaciones 
matemáticas y algunas de las funciones disponibles en MATLAB.
 La figura B.2 muestra el espacio de taller de MATLAB. El símbolo 
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For small frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi 1

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10
ffiffiffi
1

p
¼ 0 dB

This is the equation of a horizontal straight line. Because this straight line approximates the

logarithmic gain for low frequencies, it is called the low-frequency asymptote of the Bode plot.

For large frequencies, that is, v � v0

1þ v=v0ð Þ2 ffi v=v0ð Þ2

so the logarithmic gain is approximately

20 log10 H ¼ �20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v=v0ð Þ2

q

¼ �20 log10 v=v0 ¼ 20 log10 v0 � 20 log10 v

This equation shows one of the advantages of using logarithms. The plot of 20 log10H versus log10v is a

straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-1a,b

(a)

(b)

(c)

x1

y1

y2

y

b

x2

x

1

Slope =

ω 2ω

Slope =

m =

20 log10|H(  2)| – 20 log10|H(  1)|ω ω
log10  2 – log10  1ωω

20 log10|H(  2)| – 20 log10|H(  1)|ω ω
log10  2 – log10  1ωω

20 log10|H(  2)|ω2
0

 lo
g 1

0
|H

( 
 )

|, 
dB

ω

log10   1ω

log10 ω

log10   2ω

20 log10|H(  1)|ω

20 log10|H(  2)|ω2
0

 lo
g 1

0
|H

( 
 )

|, 
dB

ω

20 log10|H(  1)|ω

(logarithmic scale)ω

y2 – y1
x2 – x1

FIGURE 13.3-1 (a) Plot of y versus

x for the straight line y ¼ mx þ b.

(b) Plot of 20 logjH(v)j versus log
v for the straight line 20 logjH
(v)j ¼ 20 log v0�20 log v. (c) Plot

of 20 logjH(v)j versus v for the

straight line 20 logjH(v)j ¼ 20 log

v0�20 log v.
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después del cursor. (,Enter. indica la tecla Enter. Si omitimos el punto y coma, MATLAB nos dirá el 
valor de A. Como ya conocemos el valor de A, incluimos el punto y coma para ahorrar espacio.) MAT-
LAB responde al ,Enter. proporcionando otro cursor. Escribimos las ecuaciones para B, C y luego 
D de manera similar. (MATLAB emplea el orden usual de precedencia para operaciones aritméticas. 

 
FIGURA B.2 Uso de MATLAB como 
calculadora.
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Por lo tanto, en las ecuaciones se usan los paréntesis representando a D, para garantizar que la suma se 
realice antes de la división.) Observe que el punto y coma se omitió desde la ecuación que representa 
a D, por lo que MATLAB respondió al ,Enter. proporcionando el valor de D.

E j E m p l o  B . 1  Funciones trigonométricas

Evalúe

E1C02_1 10/23/2009 38

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

 5 sen211cos (72°2)

Solución
Las funciones trigonométricas sen, cos y tan esperan un ángulo en radianes, y las funciones trigonométricas in-
versas asen, acos y atan producen un ángulo en radianes. Como se nos dio un ángulo en grados, determinemos el 
valor de 
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Produce el resultado 
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operations. Consequently, parentheses are used in the equation representing D to ensure that the

addition is performed before the division.) Notice that the semicolon was omitted from the

equation representing D, so MATLAB responded to <Enter> by providing the value of D.

B.2 MATR I C ES , D ETERM INANTS , AND S IMULTANEOUS

EQUAT IONS ____________________________________________________________________________________________________

There are many situations in circuit analysis in which we have to deal with rectangular arrays of

numbers. The rectangular array of numbers

A ¼
a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

am1 am2 � � � amn

2
6664

3
7775

is known as a matrix. The numbers aij are called elements of the matrix, with the subscript i denoting

the row and the subscript j denoting the column.

A matrix with m rows and n columns is said to be a matrix of order m � n or, alternatively, an

m � nmatrix. (We read ‘‘m� n’’ as ‘‘m by n.’’) When the number of the columns equals the number

of rows, m ¼ n, the matrix is called a square matrix of order n. It is common to use boldface capital

letters to denote an m � n matrix.

Amatrix consisting of only one column, that is, anm� 1matrix, is known as a columnmatrix or,

more commonly, a column vector. We represent a column vector with boldface lowercase letters as

x ¼
x1
x2

..

.

xm

2
6664

3
7775

E X A M P L E B . 1 Trigonometric Functions

Evaluate

u ¼ sin �1 cos (72�ð Þ)

Solution
The trigonometric functions sin, cos, and tan expect an angle in radians, and the inverse trigonometric functions

asin, acos, and atan produce an angle in radians. Because we were given an angle in degrees, let’s determine the

value of u in degrees. The MATLAB command

>> theta = (180/pi) * asin(cos(72*pi/180))

produces the result theta = 18.0000

The multipliers pi/180 and 180/pi convert units of angles from degrees to radians and vice versa. As a check, the

MATLAB command

>> phi = (180/pi) * acos(sin(theta*pi/180))
produces the result

phi = 72

862 MATLAB, Matrices and Complex Arithmetic

Los multiplicadores pi/180 y 180/pi convierten unidades de ángulos de grados a radianes y viceversa. A guisa de 
comprobación, el comando MATLAB

produce por resultado 
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the row and the subscript j denoting the column.

A matrix with m rows and n columns is said to be a matrix of order m � n or, alternatively, an

m � nmatrix. (We read ‘‘m� n’’ as ‘‘m by n.’’) When the number of the columns equals the number

of rows, m ¼ n, the matrix is called a square matrix of order n. It is common to use boldface capital

letters to denote an m � n matrix.

Amatrix consisting of only one column, that is, anm� 1matrix, is known as a columnmatrix or,

more commonly, a column vector. We represent a column vector with boldface lowercase letters as

x ¼
x1
x2

..

.

xm

2
6664

3
7775

E X A M P L E B . 1 Trigonometric Functions

Evaluate

u ¼ sin �1 cos (72�ð Þ)

Solution
The trigonometric functions sin, cos, and tan expect an angle in radians, and the inverse trigonometric functions

asin, acos, and atan produce an angle in radians. Because we were given an angle in degrees, let’s determine the

value of u in degrees. The MATLAB command

>> theta = (180/pi) * asin(cos(72*pi/180))

produces the result theta = 18.0000

The multipliers pi/180 and 180/pi convert units of angles from degrees to radians and vice versa. As a check, the

MATLAB command

>> phi = (180/pi) * acos(sin(theta*pi/180))
produces the result

phi = 72
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Hay muchas situaciones en el análisis de circuitos en las que se tiene que ver con arreglos rectangula-
res de números. El arreglo rectangular de números
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se conoce como matriz. Los números aij se llaman elementos de la matriz y el subíndice i indica la fila, 
así como el subíndice j indica la columna. 
 Se dice que una matriz con m filas y n columnas debe ser de orden m 3 n o, de manera alter-
nativa, una matriz m 3 n. (Leemos “m 3 n” como “m por n”.) Cuando el número de las columnas es 
igual al número de filas, m 5 n, la matriz se denomina matriz rectangular de orden n. Es muy común 
utilizar letras mayúsculas en negritas para indicar una matriz m 3 n.
 Una matriz que consta sólo de una columna, es decir, una matriz m 3 1, se conoce como una 
matriz de columna o, más comúnmente, un vector en columna. Representamos un vector en columna 
con letras minúsculas en negritas como 
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 Matrices, determinantes, y ecuaciones simultáneas 863

 La suma de dos matrices es posible para matrices del mismo orden. Esta suma de dos matrices 
se obtiene agregando los elementos correspondientes. Así, si los elementos de A son aij, y los elemen-
tos de B son bij, y si

C 5 A 1 B

entonces los elementos de C se obtienen como

cij 5 aij 1 bij

La suma de matrices es conmutativa, es decir

A 1 B 5 B 1 A

Incluso, la operación de suma es asociativa, por lo que

1A 1 B2 1 C 5 A 1 1B 1 C2
 Para efectuar la operación de multiplicar la matriz A por una constante 
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The addition of two matrices is possible for matrices of the same order. The sum of two

matrices is obtained by adding the corresponding elements. Thus, if the elements of A are aij and the

elements of B are bij, and if

C ¼ Aþ B

then the elements of C are obtained as

cij ¼ aij þ bij

Matrix addition is commutative, that is,

Aþ B ¼ Bþ A

Also, the addition operation is associative, so that

Aþ Bð Þ þ C ¼ Aþ Bþ Cð Þ

To perform the operation of multiplying matrixA by a constant a, every element of the matrix is

multiplied by the constant. Therefore, we can write

aA ¼
aa11 aa12 � � � aa1n
aa21 aa22 � � � aa2n

..

. ..
. ..

.

aam1 aam2 � � � aamn

2
6664

3
7775

Matrix multiplication is defined in such a way as to assist in the solution of simultaneous linear

equations. The multiplication of two matrices AB requires the number of columns of A to be equal to

the number of rows of B. Thus, ifA is of orderm� n and B is of order n� q, the product is a matrix of

order m � q. The elements of a product

C ¼ AB

are found by multiplying the ith row of A and the jth column of B and summing these products to give

the element cij. That is,

cij ¼ ai1b1j þ ai2b2j þ � � � þ aiqbqj ¼
Xq

k¼1

aikbkj

Thus we obtain c11, the first element ofC, by multiplying the first row ofA by the first column ofB and

summing the products of the elements. We should note that, in general, matrix multiplication is not

commutative, that is,

AB 6¼ BA

E X A M P L E B . 2 Matrices in MATLAB

Evaluate

2 1
4 2

� �
þ 6 1

3 1

� �
;

2 1
4 2

� �
� 6 1

3 1

� �
and

2 1
4 2

� �
� 6 1

3 1

� �

Matrices, Determinants, and Simultaneous Equations 863

, cada elemento de la 
matriz se multiplica por la constante. Por consiguiente, podemos escribir
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 La multiplicación de matrices se define como una forma de ayudar a la solución de ecuaciones 
lineales simultáneas. La multiplicación de dos matrices AB requiere que el número de columnas de 
A sea igual al número de filas de B. Por lo tanto, si A es del orden m 3 n y B es del orden n 3 q, el 
producto es una matriz de orden m 3 q. Los elementos de un producto 

C 5 AB

se hallan multiplicando la i-ésima fila de A y la j-iésima columna de B y la suma de estos productos 
da por resultado el elemento cij. Es decir,
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the number of rows of B. Thus, ifA is of orderm� n and B is of order n� q, the product is a matrix of

order m � q. The elements of a product

C ¼ AB

are found by multiplying the ith row of A and the jth column of B and summing these products to give

the element cij. That is,

cij ¼ ai1b1j þ ai2b2j þ � � � þ aiqbqj ¼
Xq

k¼1

aikbkj

Thus we obtain c11, the first element ofC, by multiplying the first row ofA by the first column ofB and

summing the products of the elements. We should note that, in general, matrix multiplication is not

commutative, that is,

AB 6¼ BA

E X A M P L E B . 2 Matrices in MATLAB

Evaluate

2 1
4 2

� �
þ 6 1

3 1

� �
;

2 1
4 2

� �
� 6 1

3 1

� �
and

2 1
4 2

� �
� 6 1

3 1

� �

Matrices, Determinants, and Simultaneous Equations 863

Por lo tanto, obtenemos c11, el primer elemento de C, al multiplicar la primera fila de A por la primera 
columna de B y sumando los productos de los elementos. Debemos notar que, por lo general, la mul-
tiplicación de matriz no es conmutativa, es decir,

AB 
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FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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	 864	 MATLAB, matrices y aritmética compuesta

Solución
La figura B.3 muestra cómo hacer estos cálculos utilizando MATLAB. 
Primero, se definen dos variables de matriz,
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A set of simultaneous equations

a11x1 þ a12x2 þ � � � þ a1nxn ¼ b1
a21x1 þ a22x2 þ � � � þ a2nxn ¼ b2

..

. ..
. ..

. ..
.

an1x1 þ an2x2 þ � � � þ annxn ¼ bn

ðB-1Þ

can be written in matrix form as

Ax ¼ b ðB-2Þ

where A ¼
a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
6664

3
7775; x ¼

x1
x2

..

.

xn

2
6664

3
7775 and b ¼

b1
b2

..

.

bn

2
6664

3
7775

Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that

2 1

4 2

� �
þ 6 1

3 1

� �
¼ 8 2

7 3

� �
;

2 1

4 2

� �
� 6 1

3 1

� �
¼ �4 0

1 1

� �

and
2 1

4 2

� �
� 6 1

3 1

� �
¼ 15 3

30 6

� �
FIGURE B.3 Matrix arithmetic.
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where A ¼
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that

2 1
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þ 6 1

3 1
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¼ 8 2

7 3
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;
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La figura B.3 muestra dos formas de definir una variable de matriz en 
MATLAB. El comando
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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;
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utiliza un espacio para separar los elementos en cada fila de la matriz y 
un punto y coma para separar las filas de la matriz. El comando
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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utiliza un espacio para separar los elementos en una fila de la matriz y 
un ,Enter. para separar las filas de la matriz. (Después del ,Enter., 
se usan los espacios para alinear las columnas de la matriz B.) Ambos 
comandos utilizan los símbolos de corchete, [ y ], para indicar el inicio 
y el fin de la matriz. 
 La figura B.3 muestra que las operaciones listadas en la tabla 1 se 
pueden utilizar para efectuar la aritmética de la matriz. Vemos que
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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þ 6 1

3 1

� �
¼ 8 2

7 3

� �
;

2 1

4 2

� �
� 6 1

3 1

� �
¼ �4 0

1 1

� �

and
2 1

4 2

� �
� 6 1

3 1

� �
¼ 15 3

30 6

� �
FIGURE B.3 Matrix arithmetic.

864 MATLAB, Matrices and Complex Arithmetic

 Un conjunto de ecuaciones simultáneas

 

E1BAPP02 11/25/2009 14:9:9 Page 864

A set of simultaneous equations

a11x1 þ a12x2 þ � � � þ a1nxn ¼ b1
a21x1 þ a22x2 þ � � � þ a2nxn ¼ b2

..

. ..
. ..

. ..
.

an1x1 þ an2x2 þ � � � þ annxn ¼ bn

ðB-1Þ

can be written in matrix form as

Ax ¼ b ðB-2Þ

where A ¼
a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
6664

3
7775; x ¼

x1
x2

..

.

xn

2
6664

3
7775 and b ¼

b1
b2

..

.

bn

2
6664

3
7775

Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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se pueden escribir en forma de matriz como

donde 
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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 (B-2)

Con cierta frecuencia, nos gustaría resolver un conjunto de ecuaciones simultáneas como las de la 
ecuación B-1. En otras palabras, dados los valores de los coeficientes aij y bij querríamos determinar 
los valores de las variables xi. Utilizando MATLAB expresamos la ecuación en forma de matriz, como 
se muestra en la ecuación B-2, al introducir las matrices A y b y luego dar el comando MATLAB.
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Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that
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MATLAB responderá con el valor de la matriz x.

FIGURA B.3 Aritmética de matriz.
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E j E m p l o  B.3  Solución de ecuaciones simultáneas utilizando MATLAB

Resuelva las ecuaciones simultáneas
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We can also solve simultaneous equations using Cramer’s rule, which involves determinants,

minors, and cofactors. The determinant of a matrix is a number associated with a square matrix. We

define the determinant of a square matrix A as D, where

D ¼
a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

��������

��������

For example, the determinant of a 2 � 2 matrix

D ¼ a11 a12
a21 a22

����
���� ¼ a11a22 � a12a21

Similarly, the determinant of a 3 � 3 matrix is

D ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

������

������
¼ a11a22a33 þ a12a23a31 þ a13a32a21ð Þ � a13a22a31 þ a23a32a11 þ a33a21a12ð Þ

E X A M P L E B . 3 Solving Simultaneous Equations Using MATLAB

Solve the simultaneous equations:

x1 � 2x2 þ 3x3 ¼ 12
4x2 � 2x3 ¼ �1

6x1 � x2 � x3 ¼ 0

Solution
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Solución
Primero, escriba las ecuaciones simultáneas como 

Ax 5 b
donde
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y
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A continuación, introduzca las matrices A y b en la ventana de coman-
do MATLAB como se muestra en la figura B.4. Entonces, emita el 
comando MATLAB
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A set of simultaneous equations
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a21x1 þ a22x2 þ � � � þ a2nxn ¼ b2

..

. ..
. ..

. ..
.

an1x1 þ an2x2 þ � � � þ annxn ¼ bn

ðB-1Þ

can be written in matrix form as

Ax ¼ b ðB-2Þ

where A ¼
a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
6664

3
7775; x ¼

x1
x2

..

.

xn

2
6664

3
7775 and b ¼

b1
b2

..

.

bn

2
6664

3
7775

Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other

words, given the values of the coefficients aij and bi, we will want to determine the values of the

variables xi. Using MATLAB, we express the equation in matrix form as shown in Equation B-2,

entering matrices A and b and then giving the MATLAB command

>> x = A\b

MATLAB will respond with the value of the matrix x.

Solution
Figure B.3 shows how to do these calculations, using MATLAB. First,

two matrix variables

A ¼ 2 1
4 2

� �
and B ¼ 6 1

3 1

� �

are defined. Figure B.3 shows two ways of defining a matrix variable in

MATLAB. The command

>>A = [2 1; 4 2]

uses a space to separate the elements in each row of the matrix and a

semicolon to separate the rows of the matrix. The command

>> B = [6 1
2 1]

uses a space to separate the elements in a row of the matrix and an

<Enter> to separate the rows of the matrix. (After the <Enter>,

spaces are used to line up the columns of matrix B.) Both commands

use the bracket symbols, [ and ], to indicate the beginning and end of

the matrix.

Figure B.3 shows that operations listed in Table B.1 can be used

to perform matrix arithmetic. We see that

2 1

4 2

� �
þ 6 1

3 1

� �
¼ 8 2

7 3

� �
;

2 1

4 2

� �
� 6 1

3 1

� �
¼ �4 0

1 1

� �

and
2 1

4 2

� �
� 6 1

3 1

� �
¼ 15 3

30 6

� �
FIGURE B.3 Matrix arithmetic.
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MATLAB provee el resultado
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lo que indica que

x1 5 1.2407, x2 5 2.3148 y x1 5 5.1296

 También podemos resolver ecuaciones simultáneas utilizando la regla de Cramer, la cual im-
plica determinantes, menores y cofactores. El determinante de una matriz es un número asociado con 
una matriz rectangular. Definimos la determinante de una matriz rectangular A como D, donde
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Por ejemplo, la determinante de una matriz 2 3 2
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Del mismo modo, la determinante de una matriz 3 3 3 es
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FIGURA B.4 Solución de ecuaciones 
simultáneas.
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 En general, tenemos la capacidad de determinar la determinante D en términos de cofactores y 
menores. La determinante de una submatriz de A obtenida por la eliminación de A en la i-ésima fila 
de la j-iésima columna se denomina la menor del elemento aij y se indica como mij.
 El cofactor cij es una menor con un signo asociado, de modo que
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In general, we are able to determine the determinant D in terms of cofactors and minors. The

determinant of a submatrix of A obtained by deleting from A the ith row and the jth column is called

the minor of the element aij and denoted as mij.

The cofactor cij is a minor with an associated sign, so that

cij ¼ �1ð Þ iþjð Þ
mij

The rule for evaluating the determinant D using the ith row of an n � n matrix is

D ¼
Xn
j¼1

aijcij

for a selected value of i. Alternatively, we can obtain D by using the jth column and, thus,

D ¼
Xn
j¼1

aijcij

for a selected value of j.

Cramer’s rule states that the solution for the unknown, xk, of the simultaneous equations of

Equation B-1 is

xk ¼ Dk

D

where D is the determinant ofA and Dk is the determinant formed by replacing the kth column ofA by

the column vector b.

B.3 COMPLEX NUMBERS AND COMPLEX AR I THMET I C

We can represent the complex number c as

c ¼ aþ jb ðB-3Þ
where a and b are real numbers and j ¼ ffiffiffiffiffiffiffi�1

p
. It’s useful to associate this complex number with a point

in the complex plane as shown in Figure B.5a. Figure B.5a shows that the real numbers a and b in

Equation B-3 are the projections of the point unto the real and imaginary axes. Consequently, a is

called the real part of c, and b is called the imaginary part of c. We write

a ¼ Refcg and b ¼ Imfcg
Figure B.5b illustrates an alternate representation of the complex number c, in which a line segment is

drawn from the origin of the complex plane to the point representing the complex number. The angle

of this line segment, u, measured counterclockwise from the real axis, is called the angle of the

complex number. The length of the line segment, r, is called the magnitude of the complex number.

Real axis
0

b

a

Imaginary axis

c = a + jb θ

0
Real axis

0

Imaginary axis

c = r

θ0

r

(a) (b)

FIGURE B.5 Rectangular

(a) and polar (b) forms of a

complex number.
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La regla para evaluar la determinante D utilizando la i-ésima fila de una matriz n 3 n es
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para un valor seleccionado de i. Como alternativa, podemos obtener D utilizando la j-iésima columna 
y, entonces,
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para un valor selecto de j.
 La regla de Cramer establece que la solución para la incógnita, xk, de las ecuaciones simultáneas 
de la ecuación B-1 es
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donde D es la determinante de A y Dk es la determinante formada por el reemplazo de la k-ésima 
columna de A por el vector columna b.

B.3 NÚMEROS COMPUESTOS Y ARITMÉTICA COMPUESTA

Podemos representar el número compuesto c como

 c 5 a 1 jb (B-3)

donde a y b son números reales y j 5 
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the minor of the element aij and denoted as mij.

The cofactor cij is a minor with an associated sign, so that

cij ¼ �1ð Þ iþjð Þ
mij

The rule for evaluating the determinant D using the ith row of an n � n matrix is

D ¼
Xn
j¼1

aijcij

for a selected value of i. Alternatively, we can obtain D by using the jth column and, thus,

D ¼
Xn
j¼1

aijcij

for a selected value of j.

Cramer’s rule states that the solution for the unknown, xk, of the simultaneous equations of

Equation B-1 is

xk ¼ Dk

D

where D is the determinant ofA and Dk is the determinant formed by replacing the kth column ofA by

the column vector b.

B.3 COMPLEX NUMBERS AND COMPLEX AR I THMET I C

We can represent the complex number c as

c ¼ aþ jb ðB-3Þ
where a and b are real numbers and j ¼ ffiffiffiffiffiffiffi�1

p
. It’s useful to associate this complex number with a point

in the complex plane as shown in Figure B.5a. Figure B.5a shows that the real numbers a and b in

Equation B-3 are the projections of the point unto the real and imaginary axes. Consequently, a is

called the real part of c, and b is called the imaginary part of c. We write

a ¼ Refcg and b ¼ Imfcg
Figure B.5b illustrates an alternate representation of the complex number c, in which a line segment is

drawn from the origin of the complex plane to the point representing the complex number. The angle

of this line segment, u, measured counterclockwise from the real axis, is called the angle of the

complex number. The length of the line segment, r, is called the magnitude of the complex number.

Real axis
0

b

a

Imaginary axis

c = a + jb θ

0
Real axis

0

Imaginary axis

c = r

θ0

r

(a) (b)

FIGURE B.5 Rectangular

(a) and polar (b) forms of a

complex number.
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 Es muy útil asociar este número compuesto con un punto 
en el plano compuesto como se muestra en la figura B.5a, la cual muestra que los números reales a y 
b en la ecuación B.3 son las proyecciones del punto hasta los ejes real e imaginario. En consecuencia, 
a se denomina la parte real de c, y a b se le llama la parte imaginaria de c. Escribimos 
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drawn from the origin of the complex plane to the point representing the complex number. The angle

of this line segment, u, measured counterclockwise from the real axis, is called the angle of the
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complex number.
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in the complex plane as shown in Figure B.5a. Figure B.5a shows that the real numbers a and b in

Equation B-3 are the projections of the point unto the real and imaginary axes. Consequently, a is

called the real part of c, and b is called the imaginary part of c. We write

a ¼ Refcg and b ¼ Imfcg
Figure B.5b illustrates an alternate representation of the complex number c, in which a line segment is

drawn from the origin of the complex plane to the point representing the complex number. The angle

of this line segment, u, measured counterclockwise from the real axis, is called the angle of the
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La figura B.5b ilustra una representación alterna del número compuesto c, en la cual se dibuja un 
segmento de línea desde el origen del plano compuesto hasta el punto que representa el número com-
puesto. El ángulo de este segmento de línea, 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements

, medido en el sentido opuesto al de las manecillas del 
reloj a partir del eje, se denomina el ángulo del número compuesto. La longitud del segmento de línea, 
r, se denomina la magnitud del número compuesto.

Eje real
0

b

a

Eje imaginario

c = a + jb θ

0
Eje real

0

Eje imaginario

c = r

θ0

r

(a) (b)  

FIGURA B.5 Formas 
(a) rectangular y (b) polar 
de un número compuesto.
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La forma polar representa el número compuesto en térmnos de 
su magnitud y ángulo. Escribimos
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The polar form represents the complex number in terms of its

magnitude and angle. We write

c ¼ rffu
To indicate that r is the magnitude of the complex number c

and that u is the angle of c, we write

r ¼ cj j and u ¼ ffc
Figure B.6 shows a complex number c with Refcg < 0. Notice that u, not f, is the angle of c.

Because a complex number can be expressed in both rectangular and polar forms, we write

aþ j b ¼ c ¼ rffu
The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting

between the rectangular and polar forms of complex numbers.

a ¼ r cos uð Þ; b ¼ r sin uð Þ; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p

and u ¼
tan �1 b

a

� �
a > 0

180� � tan �1 b

�a

� �
a < 0

8>><
>>:

Several special cases are worth noticing.

1 ¼ 1ff0�; j ¼ 1ff90�; � 1 ¼ 1ff�180� and � j ¼ 1ff�90� ¼ 1ff270�
Next, consider doing arithmetic with complex numbers. We will convert complex numbers to

rectangular form before adding or subtracting. Then,

aþ j bð Þ þ cþ j dð Þ ¼ aþ cð Þ þ j bþ dð Þ

and aþ j bð Þ � cþ j dð Þ ¼ a� cð Þ þ j b� dð Þ

We will convert complex numbers to polar form before multiplying or dividing. Then,

Affu� �
Bfff� �

¼ ABff u þ fð Þ and
Affu
Bfff ¼ A

B
ff u � fð Þ

The conjugate of the complex number c ¼ aþ jb is denoted as c* and is defined as

c� ¼ a� jb

In polar form, we have

c� ¼ rff�u

A third representation of complex numbers, the exponential form, is motivated by Euler’s

formula. Euler’s formula is

e ju ¼ cos u þ j sin u

Real axis
0

b

a

Imaginary axis

= a + jbθ

0

c = r

r

θ

φ

FIGURE B.6 A complex number having a&lt; 0.
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Para indicar que r es la magnitud del número compuesto c y que 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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 es el ángulo de c, escribimos
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The polar form represents the complex number in terms of its

magnitude and angle. We write

c ¼ rffu
To indicate that r is the magnitude of the complex number c

and that u is the angle of c, we write

r ¼ cj j and u ¼ ffc
Figure B.6 shows a complex number c with Refcg < 0. Notice that u, not f, is the angle of c.

Because a complex number can be expressed in both rectangular and polar forms, we write

aþ j b ¼ c ¼ rffu
The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting

between the rectangular and polar forms of complex numbers.

a ¼ r cos uð Þ; b ¼ r sin uð Þ; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p

and u ¼
tan �1 b

a

� �
a > 0

180� � tan �1 b

�a

� �
a < 0

8>><
>>:

Several special cases are worth noticing.

1 ¼ 1ff0�; j ¼ 1ff90�; � 1 ¼ 1ff�180� and � j ¼ 1ff�90� ¼ 1ff270�
Next, consider doing arithmetic with complex numbers. We will convert complex numbers to

rectangular form before adding or subtracting. Then,

aþ j bð Þ þ cþ j dð Þ ¼ aþ cð Þ þ j bþ dð Þ

and aþ j bð Þ � cþ j dð Þ ¼ a� cð Þ þ j b� dð Þ

We will convert complex numbers to polar form before multiplying or dividing. Then,

Affu� �
Bfff� �

¼ ABff u þ fð Þ and
Affu
Bfff ¼ A

B
ff u � fð Þ

The conjugate of the complex number c ¼ aþ jb is denoted as c* and is defined as

c� ¼ a� jb

In polar form, we have

c� ¼ rff�u

A third representation of complex numbers, the exponential form, is motivated by Euler’s

formula. Euler’s formula is

e ju ¼ cos u þ j sin u
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= a + jbθ
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FIGURE B.6 A complex number having a&lt; 0.
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The polar form represents the complex number in terms of its

magnitude and angle. We write

c ¼ rffu
To indicate that r is the magnitude of the complex number c

and that u is the angle of c, we write
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FIGURE B.6 A complex number having a&lt; 0.
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La figura B.6 muestra un número compuesto c con 
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The polar form represents the complex number in terms of its

magnitude and angle. We write

c ¼ rffu
To indicate that r is the magnitude of the complex number c

and that u is the angle of c, we write

r ¼ cj j and u ¼ ffc
Figure B.6 shows a complex number c with Refcg < 0. Notice that u, not f, is the angle of c.

Because a complex number can be expressed in both rectangular and polar forms, we write

aþ j b ¼ c ¼ rffu
The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting
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�a
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>>:

Several special cases are worth noticing.

1 ¼ 1ff0�; j ¼ 1ff90�; � 1 ¼ 1ff�180� and � j ¼ 1ff�90� ¼ 1ff270�
Next, consider doing arithmetic with complex numbers. We will convert complex numbers to

rectangular form before adding or subtracting. Then,

aþ j bð Þ þ cþ j dð Þ ¼ aþ cð Þ þ j bþ dð Þ

and aþ j bð Þ � cþ j dð Þ ¼ a� cð Þ þ j b� dð Þ

We will convert complex numbers to polar form before multiplying or dividing. Then,

Affu� �
Bfff� �

¼ ABff u þ fð Þ and
Affu
Bfff ¼ A

B
ff u � fð Þ

The conjugate of the complex number c ¼ aþ jb is denoted as c* and is defined as

c� ¼ a� jb

In polar form, we have

c� ¼ rff�u

A third representation of complex numbers, the exponential form, is motivated by Euler’s
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FIGURE B.6 A complex number having a&lt; 0.
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 Observe que 
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.
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, no 
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The angular frequency v is in radians per second.

For the voltage source of Eq. 10.2-1, the maximum value is Vm. If the sinusoidal voltage has an

associated phase angle f, the voltage source is

vs ¼ Vm sin vt þ fð Þ ð10:2-3Þ
The sinusoidal voltage of Eq. 10.2-3 is represented by Figure 10.2-2.

Because, conventionally, the angle f may be expressed in degrees, you will encounter the

notation

vs ¼ Vm sin 4t þ 30�ð Þ
or, alternatively,

vs ¼ Vm sin 4t þ p

6

� �

where the angle f is expressed in radians. This angular inconsistency will not deter us as long as we

recognize that in the actual calculation of sin u, u must be in degrees or radians as our calculator

requires.

In addition, it is worth noting that

Vm sin vt þ 30�ð Þ ¼ Vm cos vt � 60�ð Þ
This relationship can be deduced using the trigonometric formulas summarized in Appendix C.

If a circuit has a voltage across an element as

v ¼ Vm sin vt

and a current flows through the element

i ¼ Im sin vt þ fð Þ
we have the v and the i shown in Figure 10.2-3. We say that the current

leads the voltage by f radians. Examining Figure 10.2-3, we note that

the current reaches its peak value before the voltage and thus is said to

lead the voltage. Alternately, we could say that voltage lags the current

by f radians.

Consider a sine waveform with

v ¼ 2 sin 3t þ 20�ð Þ V

and the associated current waveform

i ¼ 4 sin 3t � 10�ð Þ A

Clearly, the voltage v leads the current i by 30�, or p=6 radians.

FIGURE 10.2-1 Heinrich R. Hertz (1857–1894).

Courtesy of the Institution of Electrical Engineers.

Vm

t

T

φ
ω

FIGURE 10.2-2 Sinusoidal voltage source

vs ¼ Vmsin vt þ fð Þ.

Im

Vm Vm sin   t

Im sin (  t +  )

t

T

ω

ω φ

φ
ω

FIGURE 10.2-3 Voltage and current of a circuit

element.
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, es el ángulo de c. 
 Dado que un número compuesto puede ser expresado en las formas rectangular y polar, escribimos

a + jb = c = r 
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The polar form represents the complex number in terms of its

magnitude and angle. We write

c ¼ rffu
To indicate that r is the magnitude of the complex number c

and that u is the angle of c, we write

r ¼ cj j and u ¼ ffc
Figure B.6 shows a complex number c with Refcg < 0. Notice that u, not f, is the angle of c.

Because a complex number can be expressed in both rectangular and polar forms, we write

aþ j b ¼ c ¼ rffu
The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting

between the rectangular and polar forms of complex numbers.

a ¼ r cos uð Þ; b ¼ r sin uð Þ; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p

and u ¼
tan �1 b

a

� �
a > 0

180� � tan �1 b

�a

� �
a < 0
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La trigonometría de las figuras B.4 y B.5 proporciona las ecuaciones siguientes para la conversión 
entre las formas rectangular y polar de números compuestos.
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Vale la pena hacer notar algunos casos especiales.
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 A continuación, consideremos matemáticas para números compuestos. Convertiremos números 
compuestos a la forma rectangular antes de sumar o restar. Entonces,

y 
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Convertiremos números compuestos a la forma polar antes de multiplicar o dividir. Entonces, 
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En la forma polar, tenemos
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 Una tercera representación de números compuestos, la forma exponencial, es motivada por la 
fórmula de Euler, la cual es
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r ¼ cj j and u ¼ ffc
Figure B.6 shows a complex number c with Refcg < 0. Notice that u, not f, is the angle of c.

Because a complex number can be expressed in both rectangular and polar forms, we write

aþ j b ¼ c ¼ rffu
The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting

between the rectangular and polar forms of complex numbers.

a ¼ r cos uð Þ; b ¼ r sin uð Þ; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p

and u ¼
tan �1 b

a

� �
a > 0

180� � tan �1 b

�a

� �
a < 0

8>><
>>:

Several special cases are worth noticing.

1 ¼ 1ff0�; j ¼ 1ff90�; � 1 ¼ 1ff�180� and � j ¼ 1ff�90� ¼ 1ff270�
Next, consider doing arithmetic with complex numbers. We will convert complex numbers to

rectangular form before adding or subtracting. Then,

aþ j bð Þ þ cþ j dð Þ ¼ aþ cð Þ þ j bþ dð Þ

and aþ j bð Þ � cþ j dð Þ ¼ a� cð Þ þ j b� dð Þ

We will convert complex numbers to polar form before multiplying or dividing. Then,

Affu� �
Bfff� �

¼ ABff u þ fð Þ and
Affu
Bfff ¼ A

B
ff u � fð Þ

The conjugate of the complex number c ¼ aþ jb is denoted as c* and is defined as

c� ¼ a� jb

In polar form, we have

c� ¼ rff�u

A third representation of complex numbers, the exponential form, is motivated by Euler’s

formula. Euler’s formula is

e ju ¼ cos u þ j sin u

Real axis
0

b

a

Imaginary axis

= a + jbθ

0

c = r

r

θ

φ

FIGURE B.6 A complex number having a&lt; 0.
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Consequently; r e ju ¼ r cos u þ j r sin u

Similarly, when we convert from polar to rectangular form,

rffu ¼ r cos u þ j r sin u

Noticing that the right-hand sides of the two previous equations are identical establishes the

equivalence between the exponential and polar forms of a complex number.

r e ju ¼ rffu
The conversion between the polar and exponential forms is immediate. When using MATLAB, we

will represent a polar form complex number by the equivalent exponential form complex number.

It’s worth noticing that Euler’s formula provides formulas for the sine and cosine.

cos u ¼ 1

2
e ju þ e�ju
� �

and sin u ¼ 1

2j
e ju � e�ju
� �

Table B.3 list some of the complex arithmetic functions available in MATLAB.

Table B.3 Complex-Arithmetic Functions

FUNCTION EQUATION MATLAB

Real part Re{c} real(c)

Imaginary part Im{c} imag(c)

Magnitude |c| abs(c)

Angle ffc angle(c)

Complex conjugate c* conj(c)

E X A M P L E B . 4 Rectangular and Polar Forms of Complex Numbers

Express c1 ¼ 4� j3 in exponential and polar forms. Express c2 ¼
6:2ff�120� in rectangular form.

Solution
Doing the conversions by hand yields

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q fftan�1 �3

4

� �
¼ 5ff�36:87�

and

c2 ¼ 6:2 cos (� 120�)þ j6:2 sin (� 120�) ¼ �3:1� j5:37

In Figure B.7, MATLAB does the same conversions with the same

results. The factors 180/p and p/180 are used to convert radians to

degrees and degrees to radians. Notice that the function angle(c1)

gives the angle of c1 in radians and the function exp (� j�u) expects
u to be given in degrees.

FIGURE B.7 Complex numbers
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Tabla B.3 Funciones de aritmética compuesta
MATLABECUACIÓNFUNCIÓN

Parte real
Parte imaginaria
Magnitud
Ángulo
Conjugada compleja

En consecuencia, 
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Del mismo modo, cuando convertimos de forma rectangular a forma polar,
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Teniendo en cuenta que los lados derechos de las dos ecuaciones anteriores son idénticos, establece la 
equivalencia entre las formas exponencial y polar de un número compuesto.
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La conversión entre las formas exponencial y polar es inmediata. Cuando utilicemos MATLAB, re-
presentaremos un número compuesto de forma polar por el número compuesto de forma exponencial 
equivalente.
 Vale la pena observar que la fórmula de Euler proporciona fórmulas para el seno y el coseno.
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Consequently; r e ju ¼ r cos u þ j r sin u
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La tabla B.3 lista algunas de las funciones aritméticas compuestas disponibles en MATLAB.

E j E m p l o  B . 4  Formas rectangular y polar de números compuestos

Exprese c1 5 4 2 j3 en formas exponencial y polar. Exprese c2 5 
6.2 
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 en forma rectangular.

Solución
Hacer manualmente las conversiones da por resultado
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E X A M P L E B . 4 Rectangular and Polar Forms of Complex Numbers

Express c1 ¼ 4� j3 in exponential and polar forms. Express c2 ¼
6:2ff�120� in rectangular form.

Solution
Doing the conversions by hand yields

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q fftan�1 �3

4

� �
¼ 5ff�36:87�

and

c2 ¼ 6:2 cos (� 120�)þ j6:2 sin (� 120�) ¼ �3:1� j5:37

In Figure B.7, MATLAB does the same conversions with the same

results. The factors 180/p and p/180 are used to convert radians to

degrees and degrees to radians. Notice that the function angle(c1)

gives the angle of c1 in radians and the function exp (� j�u) expects
u to be given in degrees.
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Consequently; r e ju ¼ r cos u þ j r sin u
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Noticing that the right-hand sides of the two previous equations are identical establishes the
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will represent a polar form complex number by the equivalent exponential form complex number.

It’s worth noticing that Euler’s formula provides formulas for the sine and cosine.
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En la figura B.7, MATLAB hace las mismas conversiones con los mis-
mos resultados. Los factores 180/
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The amplitude, A �M, of this sinusoidal voltage does not depend on the frequency, v. Practical

operational amplifiers do not work this way. The gain of a practical amplifier is a function of

frequency, say A(v). For many practical amplifiers, A(v) can be adequately represented as

A vð Þ ¼ B

jv

It is not necessary to know now how this function behaves. Functions of this sort will be discussed in

Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of

the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of

the operational amplifier.

EXERCISE 6.7-1 The input offset voltage of a typical mA741 operational amplifier is 1 mV,

and the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical mA741.
Show that the output offset voltage of the inverting amplifier will be at most 10 mV.

EXERCISE 6.7-2 Suppose the 10-kV resistor in Figure 6.7-2a is changed to 2 kV and the 50-kV
resistor is changed to 10 kV. (These changes will not change the gain of the inverting amplifier. It will still

be�5.) Show that themaximum output offset voltage is reduced to 35 mV. (Use ib ¼ 500 nA and vos¼ 5

mV to calculate the maximum output offset voltage that could be caused by the mA741 amplifier.)

EXERCISE 6.7-3 Suppose the mA741 operational amplifier in Figure 6.7-2a is

replaced with a typical OPA101AM operational amplifier. Show that the output offset

voltage of the inverting amplifier will be at most 0.6 mV.

EXERCISE 6.7-4
a. Determine the voltage ratio vo=vs for the op amp circuit shown in Figure E 6.7-4.

b. Calculate vo=vs for a practical op amp with A¼ 105, Ro¼ 100 �, and Ri ¼ 500 kV.

The circuit resistors are Rs ¼ 10 kV, Rf ¼ 50 kV, and Ra ¼ 25 kV.

Answer: (b) vo=vs¼�2

6.8 ANALYS I S OF OP AMP C I RCU I TS

US ING MATLAB _____________________________________________________________________________________________

Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then

the output voltage of the inverting amplifier is related to the input voltage by

vo tð Þ ¼ �R2

R1
vs tð Þ ð6:8-1Þ

Suppose that R1 ¼ 2 kV, R2 ¼ 50 kV, and vs¼�4 cos

(2000pt) V. Using these values in Eq. 6.8-1 gives vo(t)¼
100 cos(2000pt) V. This is not a practical answer. It’s likely

that the operational amplifier saturates, and, therefore, the ideal

op amp is not an appropriate model of the operational amplifier.

When voltage saturation is included in the model of the

operational amplifier, the inverting amplifier is described by

–

+ +

–

vo

+
–

vs

Ra

Rf

Rs

FIGURE E 6.7-4

–

+
+

–

vo(t)

+
–vs(t) = –4 cos (2000πt) V

R1 R2

R3

FIGURE 6.8-1 An inverting amplifier.
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Consequently; r e ju ¼ r cos u þ j r sin u

Similarly, when we convert from polar to rectangular form,

rffu ¼ r cos u þ j r sin u

Noticing that the right-hand sides of the two previous equations are identical establishes the

equivalence between the exponential and polar forms of a complex number.

r e ju ¼ rffu
The conversion between the polar and exponential forms is immediate. When using MATLAB, we

will represent a polar form complex number by the equivalent exponential form complex number.

It’s worth noticing that Euler’s formula provides formulas for the sine and cosine.

cos u ¼ 1

2
e ju þ e�ju
� �

and sin u ¼ 1

2j
e ju � e�ju
� �

Table B.3 list some of the complex arithmetic functions available in MATLAB.

Table B.3 Complex-Arithmetic Functions

FUNCTION EQUATION MATLAB

Real part Re{c} real(c)

Imaginary part Im{c} imag(c)

Magnitude |c| abs(c)

Angle ffc angle(c)

Complex conjugate c* conj(c)

E X A M P L E B . 4 Rectangular and Polar Forms of Complex Numbers

Express c1 ¼ 4� j3 in exponential and polar forms. Express c2 ¼
6:2ff�120� in rectangular form.

Solution
Doing the conversions by hand yields

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q fftan�1 �3

4

� �
¼ 5ff�36:87�

and

c2 ¼ 6:2 cos (� 120�)þ j6:2 sin (� 120�) ¼ �3:1� j5:37

In Figure B.7, MATLAB does the same conversions with the same

results. The factors 180/p and p/180 are used to convert radians to

degrees and degrees to radians. Notice that the function angle(c1)

gives the angle of c1 in radians and the function exp (� j�u) expects
u to be given in degrees.

FIGURE B.7 Complex numbers
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Figure 2.8-1a shows the symbol for the potentiometer. The potentiometer is a

resistor having a third contact, called the wiper, that slides along the resistor. Two

parameters, Rp and a, are needed to describe the potentiometer. The parameter Rp

specifies the potentiometer resistance (Rp > 0). The parameter a represents the

wiper position and takes values in the range 0 � a � 1. The values a ¼ 0 and a ¼ 1

correspond to the extreme positions of the wiper.

Figure 2.8-1b shows a model for the potentiometer that consists of two

resistors. The resistances of these resistors depend on the potentiometer parameters

Rp and a.

Frequently, the position of the wiper corresponds to the angular position of a

shaft connected to the potentiometer. Suppose u is the angle in degrees and 0 � u �
360. Then,

a ¼ u

360

Temperature sensors, such as the AD590 manufactured by Analog Devices, are current

sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used

to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature

sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the

(1 – a)Rp

aRp

Rp

(b)(a)

FIGURE 2.8-1 (a) The symbol

and (b) a model for the

potentiometer.

E X A M P L E 2 . 8 - 1 Potentiometer Circuit

Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular

position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been

replaced by models of these devices. Analysis of Figure 2.8-2b yields

vm ¼ RpIa ¼ RpI

360
u

(1 – a)Rp

aRpRpI

(b)(a)

I

Voltmeter

+ vm –
+

vm

–

FIGURE 2.8-2 (a) A circuit containing a

potentiometer. (b) An equivalent circuit containing

a model of the potentiometer.

Solving for the angle gives

u ¼ 360

RpI
vm

Suppose Rp ¼ 10 kV and I ¼ 1 mA. An angle of 163� would cause an output of vm ¼ 4.53 V. A meter reading of

7.83 V would indicate that u ¼ 282�.

38 Circuit Elements
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E j E m p l o  B . 5  Números compuestos con aritmética

Encuentre c 1 d, c 2 d, cd y c > d cuando c 5 4 2 j3 y d 5 6.2 
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Consequently; r e ju ¼ r cos u þ j r sin u

Similarly, when we convert from polar to rectangular form,

rffu ¼ r cos u þ j r sin u

Noticing that the right-hand sides of the two previous equations are identical establishes the

equivalence between the exponential and polar forms of a complex number.

r e ju ¼ rffu
The conversion between the polar and exponential forms is immediate. When using MATLAB, we

will represent a polar form complex number by the equivalent exponential form complex number.

It’s worth noticing that Euler’s formula provides formulas for the sine and cosine.
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e ju þ e�ju
� �

and sin u ¼ 1

2j
e ju � e�ju
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Table B.3 list some of the complex arithmetic functions available in MATLAB.
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FUNCTION EQUATION MATLAB

Real part Re{c} real(c)
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Magnitude |c| abs(c)

Angle ffc angle(c)

Complex conjugate c* conj(c)

E X A M P L E B . 4 Rectangular and Polar Forms of Complex Numbers

Express c1 ¼ 4� j3 in exponential and polar forms. Express c2 ¼
6:2ff�120� in rectangular form.

Solution
Doing the conversions by hand yields

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q fftan�1 �3

4

� �
¼ 5ff�36:87�

and

c2 ¼ 6:2 cos (� 120�)þ j6:2 sin (� 120�) ¼ �3:1� j5:37

In Figure B.7, MATLAB does the same conversions with the same

results. The factors 180/p and p/180 are used to convert radians to

degrees and degrees to radians. Notice that the function angle(c1)

gives the angle of c1 in radians and the function exp (� j�u) expects
u to be given in degrees.
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B.4 F U N C I O N E S  D E  T R A Z A D O  U T I L I Z A N D O  M AT L A B

Considere la ecuación
y 5 0.2x2 1 1.6

el comando MATLAB
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B.4 P LOTT ING FUNCT IONS US ING MATLAB

Consider the equation

y ¼ 0:2 x2 þ 1:6

The MATLAB command

>> plot(x,y)

tells MATLAB to plot y as a function of x. The command requires x to be a row vector, that is, a 1� n

matrix containing a list of equally spaced values of the variable x, and y to be a row vector containing a

list of the corresponding values of the variable y.

E X A M P L E B . 5 Arithmetic with Complex Numbers

Find cþ d; c� d; cd, and c=d when c ¼ 4� j3 and d ¼ 6:2ff�120�.

Solution
First, let’s convert c to polar form and d to rectangular form.

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q ff tan �1 �3

4

� �
¼ 5ff�36:87�

and

d ¼ 6:2 cos �120�ð Þ þ j6:2 sin �120�ð Þ
¼ �3:1� j5:37

Using the rectangular form for addition and subtraction yields

cþ d ¼ 4� j3ð Þ þ �3:1� j5:37ð Þ
¼ 4� 3:1ð Þ þ j �3� 5:37ð Þ ¼ 0:9� j8:37

and

c� d ¼ 4� j3ð Þ � �3:1� j5:37ð Þ
¼ 4þ 3:1ð Þ þ j �3þ 5:37ð Þ ¼ 7:1þ j2:37

Using the polar form for multiplication and division yields

c d ¼ 5ff�36:87�
� �

6:2ff�120�
� �

¼ 5� 6:2ð Þff �36:87� � 120�ð Þ
¼ 31ff�156:87�

and

c

d
¼ 5ff�36:87�

6:2ff�120�

¼ 5

6:2

� �ff �36:87� þ 120�ð Þ

¼ 0:806ff83:13�
In Figure B.8, MATLAB does the same arithmetic with the same results.

FIGURE B.8 Complex Arithmetic

Plotting Functions Using MATLAB 869

le indica a MATLAB que trace y como una función de x. El comando requiere que x sea un vector de 
hilera, es decir, una matriz 1 3 n que contenga una lista de valores espaciados de igual manera de la 
variable x, y que y sea un vector de hilera que contenga una lista de los valores correspondientes de 
la variable y.

FIGURA B.8 Aritmética compuesta.

Solución
Primero, convirtamos c a forma polar y d a forma rectangular.

c
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Consequently; r e ju ¼ r cos u þ j r sin u
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matrix containing a list of equally spaced values of the variable x, and y to be a row vector containing a

list of the corresponding values of the variable y.

E X A M P L E B . 5 Arithmetic with Complex Numbers

Find cþ d; c� d; cd, and c=d when c ¼ 4� j3 and d ¼ 6:2ff�120�.

Solution
First, let’s convert c to polar form and d to rectangular form.

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q ff tan �1 �3

4

� �
¼ 5ff�36:87�

and

d ¼ 6:2 cos �120�ð Þ þ j6:2 sin �120�ð Þ
¼ �3:1� j5:37

Using the rectangular form for addition and subtraction yields

cþ d ¼ 4� j3ð Þ þ �3:1� j5:37ð Þ
¼ 4� 3:1ð Þ þ j �3� 5:37ð Þ ¼ 0:9� j8:37

and

c� d ¼ 4� j3ð Þ � �3:1� j5:37ð Þ
¼ 4þ 3:1ð Þ þ j �3þ 5:37ð Þ ¼ 7:1þ j2:37

Using the polar form for multiplication and division yields

c d ¼ 5ff�36:87�
� �

6:2ff�120�
� �

¼ 5� 6:2ð Þff �36:87� � 120�ð Þ
¼ 31ff�156:87�

and

c

d
¼ 5ff�36:87�

6:2ff�120�

¼ 5

6:2

� �ff �36:87� þ 120�ð Þ

¼ 0:806ff83:13�
In Figure B.8, MATLAB does the same arithmetic with the same results.

FIGURE B.8 Complex Arithmetic

Plotting Functions Using MATLAB 869

sen

E1BAPP02 11/25/2009 14:9:11 Page 869

B.4 P LOTT ING FUNCT IONS US ING MATLAB

Consider the equation

y ¼ 0:2 x2 þ 1:6

The MATLAB command

>> plot(x,y)

tells MATLAB to plot y as a function of x. The command requires x to be a row vector, that is, a 1� n

matrix containing a list of equally spaced values of the variable x, and y to be a row vector containing a

list of the corresponding values of the variable y.

E X A M P L E B . 5 Arithmetic with Complex Numbers

Find cþ d; c� d; cd, and c=d when c ¼ 4� j3 and d ¼ 6:2ff�120�.

Solution
First, let’s convert c to polar form and d to rectangular form.

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 þ �3ð Þ2

q ff tan �1 �3

4

� �
¼ 5ff�36:87�

and

d ¼ 6:2 cos �120�ð Þ þ j6:2 sin �120�ð Þ
¼ �3:1� j5:37

Using the rectangular form for addition and subtraction yields

cþ d ¼ 4� j3ð Þ þ �3:1� j5:37ð Þ
¼ 4� 3:1ð Þ þ j �3� 5:37ð Þ ¼ 0:9� j8:37

and

c� d ¼ 4� j3ð Þ � �3:1� j5:37ð Þ
¼ 4þ 3:1ð Þ þ j �3þ 5:37ð Þ ¼ 7:1þ j2:37

Using the polar form for multiplication and division yields

c d ¼ 5ff�36:87�
� �

6:2ff�120�
� �

¼ 5� 6:2ð Þff �36:87� � 120�ð Þ
¼ 31ff�156:87�

and

c

d
¼ 5ff�36:87�

6:2ff�120�

¼ 5

6:2

� �ff �36:87� þ 120�ð Þ

¼ 0:806ff83:13�
In Figure B.8, MATLAB does the same arithmetic with the same results.
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Utilizar la forma rectangular a la suma y resta, nos da
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En la figura B.8 MATLAB hace la misma aritmética con los mismos resultados.
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	 870	 MATLAB, matrices y aritmética compuesta

 Para obtener una lista de valores espaciados de igual manera de la variable x, utilizamos un co-
mando de MATLAB de la forma
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To obtain a list of equally spaced values of the variable x, we issue a MATLAB command of the

form

>> x = [xs : dx : xf]

where xs is the starting value of x, dx is the increment of x, and xf is the final value of x. For example,

the MATLAB command

>> x = [-5 : 4 : 15]

produces the list

>> x = -5 -1 3 7 11 15

To obtain the list of the corresponding values of the variable y, we issue the MATLAB command

>> y=0.2*x.^2+1.6

which produces the list

>> y = 0.6 1.4 2.2 3.0 3.8 4.6

(Notice the operation ‘‘.^’’ in this command. The operation ^ is the power operation from Table B.1,

and x is a matrix. The . before the ^ tells MATLAB to apply the power operation to each element of x

rather than to the matrix x itself.)

E X A M P L E B . 6 Plott ing Functions Using MATLAB

Use MATLAB to verify that

5:61 cos (100 t)� 13:96 sin (100 t) ¼ 15 cos (100 t þ 68:1�)

Solution
The MATLAB commands

>> t = [0 : 0.001 : 0.12];
>> v1 = 5.61*cos(100*t) - 16.96*sin(100*t);
>> v2 = 15*cos(100*t +68.1*pi/180);
>> plot(t,v1,t,v2)

Produce the plot shown in Figure B.9. The MATLAB command

>> plot(t,v1,t,v2)

tells MATLAB to plot both v1 versus t and v2 versus t on the same axis. Because these plots overlap exactly, we

conclude that v1 and v2 are identical functions of t.

FIGURE B.9 MATLAB plot for Example B.6.
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donde xs es el valor de inicio de x, dx es el incremento de x y xf es el valor final de x. Por ejemplo, el 
comando MATLAB
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produce la lista
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Para obtener la lista de los valores correspondientes de la variable y, editamos el comando MATLAB

E1BAPP02 11/25/2009 14:9:11 Page 870

To obtain a list of equally spaced values of the variable x, we issue a MATLAB command of the

form

>> x = [xs : dx : xf]

where xs is the starting value of x, dx is the increment of x, and xf is the final value of x. For example,

the MATLAB command

>> x = [-5 : 4 : 15]

produces the list

>> x = -5 -1 3 7 11 15

To obtain the list of the corresponding values of the variable y, we issue the MATLAB command

>> y=0.2*x.^2+1.6

which produces the list

>> y = 0.6 1.4 2.2 3.0 3.8 4.6

(Notice the operation ‘‘.^’’ in this command. The operation ^ is the power operation from Table B.1,

and x is a matrix. The . before the ^ tells MATLAB to apply the power operation to each element of x

rather than to the matrix x itself.)

E X A M P L E B . 6 Plott ing Functions Using MATLAB

Use MATLAB to verify that

5:61 cos (100 t)� 13:96 sin (100 t) ¼ 15 cos (100 t þ 68:1�)

Solution
The MATLAB commands

>> t = [0 : 0.001 : 0.12];
>> v1 = 5.61*cos(100*t) - 16.96*sin(100*t);
>> v2 = 15*cos(100*t +68.1*pi/180);
>> plot(t,v1,t,v2)

Produce the plot shown in Figure B.9. The MATLAB command

>> plot(t,v1,t,v2)

tells MATLAB to plot both v1 versus t and v2 versus t on the same axis. Because these plots overlap exactly, we

conclude that v1 and v2 are identical functions of t.

FIGURE B.9 MATLAB plot for Example B.6.

870 MATLAB, Matrices and Complex Arithmetic

el cual produce la lista
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To obtain a list of equally spaced values of the variable x, we issue a MATLAB command of the
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where xs is the starting value of x, dx is the increment of x, and xf is the final value of x. For example,
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(Observe la operación “.
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 ” en este comando. La operación 
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 es la operación de potencia de la tabla B.1, 
y x es una matriz. El . antes de 
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 le dice a MATLAB que aplique la operación de potencia a cada elemen-
to de x en vez de a la matriz x en sí.)

E j E m p l o  B . 6  Funciones de trazado con el uso de MATLAB

Utilice MATLAB para verificar que
5.61 cos 1100 t2 2 13.96 sen 1100 t2 5 15 cos 1100 t 1 68.1°2

Solución
Los comandos MATLAB
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producen el trazo que se muestra en la figura B.9. Utilice el comando MATLAB
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FIGURE B.9 MATLAB plot for Example B.6.
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le dice a MATLAB que trace tanto v1 contra t y v2 contra t en el mismo eje. Como los trazos se sobreponen 
exactamente, llegamos a la conclusión de que v1 y v2 son funciones idénticas de t.

 FIGURA B.9 Trazo de MATLAB para el ejemplo B.6.
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Steinmetz observed the process we just used and decided to formulate a method for solving the

sinusoidal steady-state response of circuits using, complex number notation. The development of this

approach is the subject of the next section.

EXERCISE 10.4-1 Find a and b when

10

aþ jb
¼ 2:36e j45

Answers: a ¼ 3 and b ¼ �3

EXERCISE 10.4-2 Find A and u when

Affuh i
�3þ j8ð Þ ¼ j32

Answers: A ¼ 3:75 and u ¼ �20:56�

10.5 THE PHASOR

A sinusoidal current or voltage at a given frequency is characterized by its amplitude and phase angle.

For example, the current response in the RL circuit considered in Example 10.4-1 was

i tð Þ ¼ RefIme j vtþf�bð Þg ¼ Im cos vt þ f� bð Þ
The magnitude Im and the phase angle f� bð Þ, along with knowledge of v, completely specify the

response. Thus, we may write i(t) as

i tð Þ ¼ RefIme j f�bð Þe jvtg
However, we note that the complex factor e jvt remained unchanged throughout all our previous

calculations. Thus, the information we seek is represented by

I ¼ Ime
j f�bð Þ ¼ Imfff� b ð10:5-1Þ

where I is called a phasor. A phasor is a complex number that represents the magnitude and phase of a

sinusoid. The term phasor is used instead of vector because the angle is time based rather than space

based. A phasor may be written in exponential form, polar form, or rectangular form.

Phasors may be used when the circuit is linear, the steady-state response is sought, and all

independent sources are sinusoidal and have the same frequency.

where b ¼ tan�1 3

2
¼ 56:3�

Then the solution is

ie ¼ Ae j 3t�90�ð Þ ¼ 10ffiffiffiffiffi
13

p e�j56:3�e j 3t�90�ð Þ ¼ 10ffiffiffiffiffi
13

p e j 3t�146:3�ð Þ

Consequently, the actual response is

i tð Þ ¼ Re ief g ¼ 10ffiffiffiffiffi
13

p cos 3t � 146:3�ð ÞA

426 Sinusoidal Steady-State Analysis
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Append ixCMathematical
Formulas

C.1 TR IGONOMETR I C I D ENT I T I E S

1. sin (�a) ¼ �sin a

2. cos (�a) ¼ cos a

3. sin a ¼ cos (a� 90�) ¼ �cos (aþ 90�)

4. cos a ¼ �sin (a� 90�) ¼ sin (aþ 90�)

5. sin a ¼ �sin (a� 180�)

6. cos a ¼ �cos (a� 180�)

7. sin (a� b) ¼ sin a cos b� cos a sin b

8. cos (a� b) ¼ cos a cos b� sin a sin b

9. tan (a� b) ¼ tan a� tan b

1� tan a tan b

10. sin 2a ¼ 2 sin a cos a

11. cos 2a ¼ cos2a� sin2a

12. 2 sin a sin b ¼ cos (a� b)� cos (aþ b)

13. 2 sin a cos b ¼ sin (aþ b)þ sin (a� b)

14. 2 cos a cos b ¼ cos (aþ b)þ cos (a� b)

15. 2 sin2a ¼ 1� cos 2a

16. 2 cos2a ¼ 1þ cos 2a

17. sin2aþ cos2a ¼ 1

C.2 DER I VAT I V ES

The letters u and v represent functions of x, whereas a, b, and m are constants.

1.
d

dx
(au) ¼ a

du

dx

2.
d

dx
(uþ v) ¼ du

dx
þ dv

dx
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Steinmetz observed the process we just used and decided to formulate a method for solving the

sinusoidal steady-state response of circuits using, complex number notation. The development of this

approach is the subject of the next section.

EXERCISE 10.4-1 Find a and b when

10

aþ jb
¼ 2:36e j45

Answers: a ¼ 3 and b ¼ �3

EXERCISE 10.4-2 Find A and u when

Affuh i
�3þ j8ð Þ ¼ j32

Answers: A ¼ 3:75 and u ¼ �20:56�

10.5 THE PHASOR

A sinusoidal current or voltage at a given frequency is characterized by its amplitude and phase angle.

For example, the current response in the RL circuit considered in Example 10.4-1 was

i tð Þ ¼ RefIme j vtþf�bð Þg ¼ Im cos vt þ f� bð Þ
The magnitude Im and the phase angle f� bð Þ, along with knowledge of v, completely specify the

response. Thus, we may write i(t) as

i tð Þ ¼ RefIme j f�bð Þe jvtg
However, we note that the complex factor e jvt remained unchanged throughout all our previous

calculations. Thus, the information we seek is represented by

I ¼ Ime
j f�bð Þ ¼ Imfff� b ð10:5-1Þ

where I is called a phasor. A phasor is a complex number that represents the magnitude and phase of a

sinusoid. The term phasor is used instead of vector because the angle is time based rather than space

based. A phasor may be written in exponential form, polar form, or rectangular form.

Phasors may be used when the circuit is linear, the steady-state response is sought, and all

independent sources are sinusoidal and have the same frequency.

where b ¼ tan�1 3

2
¼ 56:3�

Then the solution is

ie ¼ Ae j 3t�90�ð Þ ¼ 10ffiffiffiffiffi
13

p e�j56:3�e j 3t�90�ð Þ ¼ 10ffiffiffiffiffi
13

p e j 3t�146:3�ð Þ

Consequently, the actual response is

i tð Þ ¼ Re ief g ¼ 10ffiffiffiffiffi
13

p cos 3t � 146:3�ð ÞA

426 Sinusoidal Steady-State Analysis
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Append ixCMathematical
Formulas

C.1 TR IGONOMETR I C I D ENT I T I E S

1. sin (�a) ¼ �sin a

2. cos (�a) ¼ cos a

3. sin a ¼ cos (a� 90�) ¼ �cos (aþ 90�)

4. cos a ¼ �sin (a� 90�) ¼ sin (aþ 90�)

5. sin a ¼ �sin (a� 180�)

6. cos a ¼ �cos (a� 180�)

7. sin (a� b) ¼ sin a cos b� cos a sin b

8. cos (a� b) ¼ cos a cos b� sin a sin b

9. tan (a� b) ¼ tan a� tan b

1� tan a tan b

10. sin 2a ¼ 2 sin a cos a

11. cos 2a ¼ cos2a� sin2a

12. 2 sin a sin b ¼ cos (a� b)� cos (aþ b)

13. 2 sin a cos b ¼ sin (aþ b)þ sin (a� b)

14. 2 cos a cos b ¼ cos (aþ b)þ cos (a� b)

15. 2 sin2a ¼ 1� cos 2a

16. 2 cos2a ¼ 1þ cos 2a

17. sin2aþ cos2a ¼ 1

C.2 DER I VAT I V ES

The letters u and v represent functions of x, whereas a, b, and m are constants.

1.
d

dx
(au) ¼ a

du

dx

2.
d

dx
(uþ v) ¼ du

dx
þ dv

dx
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FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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+
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60 kΩvin

+

–
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60 kΩ 30 kΩ 30 kΩvin

FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.
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FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kV resistor is added. (c) A voltage follower is added to prevent

loading.

Solution
As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by

writing a node equation at node 1:

va � vin

20,000
þ va

60,000
¼ 0

Solving for va, we have

va ¼ 3

4
vin

In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed

by writing a node equation at node 1:

vb � vin

20,000
þ vb

60,000
þ vb

30,000
¼ 0

Solving for vb, we have

vb ¼ 1

2
vin

Because vb 6¼ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is

caused by the current required by the 30-kV resistor. Without the voltage follower, the voltage divider must

provide this current.

In Figure 6.5-3c, a voltage follower is used to connect the 30-kV resistor to the output of the voltage divider.

Once again, the circuit can be analyzed by writing a node equation at node 1:

vc � vin

20,000
þ vc

60,000
¼ 0

Solving for vc, we have

vc ¼ 3

4
vin

Because vc ¼ va, loading is avoided when the voltage follower is used to connect the resistor to the

voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kV
resistor.

Design Using Operational Amplifiers 219
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12. x cos ax dx 
cos ax  ax sen ax

a2

13. sen ax sen bx dx 
sen (a b)x

2(a b)
sen (a  b)x

2(a  b)
cuando b2 a2

14. cos ax cos bx dx 
sen (a b)x

2(a b)


sen (a  b)x
2(a  b)

cuando b2 a2

15. sen ax cos bx dx
cos (a b)x

2(a b)
cos (a  b)x

2(a  b)
cuando b2 a2

16. eax dx 
1
a

eax

17. x eax dx 
ax 1

a2 eax

18. eax sen bx dx 
eax(a sen bx b cos bx)

a2  b2

19. eax cos bx dx 
eax(a cos bx  b sen bx)

a2  b2
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d

dx
(uv) ¼ du

dx
vþ u

dv

dx

4.
d

dx

u

v

� �
¼

v
du

dx
� u

dv

dx
v2

5.
d

dx
(xm) ¼ mxm�1

6.
d

dx
(eax) ¼ aeax

7.
d

dx
(1n x) ¼ 1

x

8.
d

dx
cos (axþ b) ¼ �a sin (axþ b)

9.
d

dx
sin (axþ b) ¼ a cos (axþ b)

C.3 I NDE F IN I T E I NTEGRALS

The letters u and v represent functions of x, whereas a and b are constants.

1.

Z
au dx ¼ a

Z
u dx

2.

Z
(uþ v) dx ¼

Z
u dxþ

Z
v dx

3.

Z
xm dx ¼ xmþ1

mþ 1
whenm 6¼ �1

4.

Z
u
dv

dx
dx ¼ u v�

Z
v
du

dx
dx

5.

Z
dx

x
¼ lnjxj

6.

Z
sin ax dx ¼ � 1

a
cos ax

7.

Z
cos ax dx ¼ 1

a
sin ax

8.

Z
sin2 ax dx ¼ x

2
� sin 2ax

4a

9.

Z
cos2 ax dx ¼ x

2
þ sin 2ax

4a

10.

Z
cos ax sin ax dx ¼ sin2 ax

2a

11.

Z
x sin ax dx ¼ sin ax� ax cos ax

a2
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Los resistores de potencia baja tienen un conjunto estándar de valores. Los códigos de bandas de co-
lores indican el valor de la resistencia así como una tolerancia. Los tipos más comunes de resistores 
son los de composición de carbón y los resistores de película de carbón.
 El código de color para el valor del resistor emplea dos dígitos y un dígito multiplicador, en ese 
orden, como se muestra en la figura D.1. Una cuarta banda se asigna para la tolerancia. Los valores 
estándar para los dos primeros dígitos se listan en la tabla D.1.
 La resistencia de un resistor con las cuatro bandas de color se puede escribir como

R 5 (a 3 10 1 b)m 

E1C06_1 10/30/2009 226

amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is

vx ¼ x; vy ¼ y; and vz ¼ z ð6:6-5Þ
This is convenient because, for example, vz¼ 4.5 V indicates that z¼ 4.5. However, using Eq. 6.6-3 to

replace vx, vy, and vz in Eq. 6.6-4 with x, y, and z gives

jxj � 3:75; jyj � 3:0; and jzj � 15

Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy,

and vz and the variables, x, y, and z differently. For example, suppose

vx ¼ x

10
; vy ¼ y

10
; and vz ¼ z

10
ð6:6-6Þ

Now we need to multiply the value of vz by 10 to get the value of z. For example, vz¼ 4.5 V indicates

that z¼ 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4

and 6.6-6 imply that

jxj � 37:5; jyj � 30:0; and jzj � 150:0

EXERCISE 6.6-1 Specify the values of R1 and R2 in Figure E 6.6-1 that are required to cause v3
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 tolerancia

donde a y b son los valores de la primera y segunda bandas, respectivamente, y m es un multiplicador. 
Estos valores de resistencia son para resistores de 2% y de 5% de resistencia, como se lista en las ta-
blas D.3 y D.4, respectivamente. Considere un resistor que tenga las cuatro bandas, amarillo, violeta, 
naranja y oro. Escribimos así la resistencia

 R 5 (4 3 10) 1 7) kV 

E1C06_1 10/30/2009 226

amplifier is restricted by jvoj � vsat. Typically, vsat is approximately equal to the magnitude of the

voltages of the power supplies used to bias the operational amplifier. That is, vsat is approximately 15 V

when �15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, vz, 4vx, and

�5vy are each output voltages of one of the operational amplifiers. Consequently,

jvxj � vsat

4
� 15

4
¼ 3:75 V; jvyj � vsat

5
� 15

5
¼ 3 V; and jvzj � vsat � 15 V ð6:6-4Þ

The simple encoding of x, y, and z by vx, vy, and vz is
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 5%

1er. dígito
2o. dígito

Multiplicador
Tolerancia

FIGURA D.1 Resistor con cuatro bandas de color.

Tabla D.1 Valores estándar para los dos primeros dígitos para 
resistores de tolerancia de 2% y de 5%

10 16 27 43 68
11 18 30 47 75
12 20 33 51 82
13 22 36 56 91
15 24 39 62 100

Código de colores 
del resistor estándar

APÉNDICE
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 Código de colores del resistor estándar 875

Tabla D.2 Código de colores

negro0
café1
rojo2
naranja3
amarillo4
verde5
azul6
violeta7
gris8
blanco9

Tabla D-4 Código de banda de tolerancia

%2rojo
%5oro
%01plata
%02ninguno

Tabla D-3 Multiplicador de código de colores

10.0plata
1.0oro

1negro
01café
001rojo

k1naranja
k01amarillo
k001verde

M1azul
M01violeta
M001gris
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Append ixAGetting Started
with PSpice

A.1 PSP I C E

SPICE, an acronym for Simulation Program with Integrated Circuit Emphasis, is a computer program

used for numerical analysis of electric circuits. Developed in the early 1970s at the University of

California at Berkeley, it is generally regarded as the most widely used circuit simulation program

(Perry, 1998). PSpice is a version of SPICE, designed for personal computers, developed by

MicroSim Corporation in 1984 (Tuinenga, 88). SPICE was a text-based program that required the

user to describe the circuit using only text, and the simulation results were displayed as text. MicroSim

provided a graphical postprocessor, Probe, to plot the results of SPICE simulations. Later, MicroSim

also provided a graphical interface called Schematics that allowed users to describe circuits

graphically. The name of the simulation program was changed from PSpice to PSpice A/D when

it became possible to simulate circuits that contained both analog and digital devices. MicroSim was

acquired by ORCAD1, which was in turn acquired by Cadence1. ORCAD improved Schematics and

renamed it Capture. ‘‘Using PSpice’’ loosely refers to using ORCAD Capture, PSpice A/D, and Probe

to analyze an electric circuit numerically.

A.2 GETT ING STARTED

Begin by starting the ORCAD Capture program. Figure A.1 shows the opening screen of ORCAD

Capture. (If necessary, maximize the Session Log window.) The top line of the screen shows the title

of the program, ORCADCapture CIS – Demo Edition. Amenu bar providing menus called File, View,

Edit, Options, Window, and Help is located under the title line. A row of buttons is located under the

menu bar, and a ruler is located below the row of buttons. A workspace is located beneath the ruler.

The circuit to be simulated is described by drawing it in this workspace. A line containing twomessage

fields is located under the workspace. The left message field is of particular interest because it provides

information about the Capture screen. For example, move the cursor to one of the buttons. The left

message field describes the function of the button. Save Active Document is the function of the third

button from the left.

Select File/New/Project from the Capture menus, as shown in Figure A.2. The New Project

dialog box, shown in Figure A.3, will pop up. Select Analog Or Mixed A/D, as shown. The New

Project dialog box requires a project name and a location. The location is the name of the directory or

folder in which Capture should store the project file. The name will be the file name of the project file.

ORCAD Capture uses OPJ as a suffix for project files, so choosing Name to be ExampleCircuit and

Location to be c:\PSpiceCircuits causes ORCAD to store a file named ExampleCircuit.opj in the

c:\PSpiceCircuits folder. Notice that long file names are supported, making it easier to give descriptive

names to projects.
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mA741, 208, 210, 229
Admitancia, 434, 693
Amperes, 5
Amperímetros, 31
Amplificador, 143,189
 de diferencia, 213, 217
 inversor, 217, 220, 229, 240, 456
 operacional ideal, 210
 separador, 217
Amplificador no inversor, 217, 220
 en el dominio de frecuencia, 456
Amplificador operacional, 208
 amplificador operacional ideal, 210, 211
 catálogo de circuitos de, 217
 circuitos con polos y ceros, 610, 611
 corriente de polarización, 227, 229
 corriente de saturación, 210
 filtros de paso bajo de primer orden, 

605
 ganancia de, dependiente de la 

frecuencia, 633
 ganancia de voltaje, 227, 231
 límite de razón de decaimiento, 210
 modelo de ramas, 227, 229
 modelos, 227, 234
 parámetros seleccionados, 228
 producto de ganancia de ancho de banda, 

233
 proporción de rechazo del modo común 

(CMRR), 233
 resistencia de entrada, 228
 resistencia de salida, 227
 voltaje de saturación,210, 234
Amplificadores operacionales, aplicaciones, 

220
 circuitos, 208, 220
 circuitos CA, 455

 circuitos CD, 217
 circuitos de primer orden, 605
 diferenciador, 258, 294
 ecuaciones algebraicas lineales, 222
 ecuaciones diferenciales, 281
 ecuaciones diferenciales lineales, 281
 ecuaciones nodales, 212
 filtros de primer orden, 808
 filtros Sallen-Key, 799
 integrador, 258, 294
 no ideales, 227
 polos y ceros, 610, 611
 PSpice, 236
 sumando integrador, 283
Ancho de banda, 625
Ángulo de fase, 417, 420
Antialiasing, filtro, 817
Aritmética compuesta, 867
 MATLAB, 869
Armónicos, 731

Bell, Alexander Graham, 607
Bobinas
 acopladas, 523
 primaria, 527, 531
 secundaria. 527, 531
Bode, H.W, 606

Cable coaxial, 349
Cambio de fase, 594 
 retardo de, 596, 669
Campo 
 eléctrico, 258, 264
 magnético, 269, 274
Carga, 2, 218, 805
Carga trifásica balanceada, 562
Cascada, conexión en, 805, 808
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CCCS, 35
CCVS, 35
Ceros, 610, 672
Circuito,
 cd permanente, 278
 cerrado (loop), 57, 122
Circuito abierto, 44, 347
 condensador en un circuito cd, 278
 voltímetro ideal, 31
Circuito equivalente, 73
 amplificador operacional dependiente de 

la frecuencia, 630
 inductores acoplados, 525
 parámetros híbridos, 837
 parámetros híbridos inversos, 837
 por fase, 564, 576
 transformador ideal, 532
Circuito equivalente de Norton, 175, 312, 

315
 en el dominio de frecuencia, 452
Circuito equivalente de Thévenin, 171, 182, 

190, 214, 312, 314
 en el dominio de frecuencia, 452
Circuito trifásico, 560
 potencia instantánea, 578
Circuito Y a D, 573
Circuito Y a Y, 562
 3 hilos, 563
 4 hilos, 562
Circuitos,
 dibujo de, 54
 equivalentes de Thévenin y Norton, 192
 planares, 122
 trifásicos balanceados, 576
Circuitos de filtros, 793
 PSpice, 811
Circuitos de primer orden, 312, 314
 funciones de red, 605
 resumen, 352
Circuitos resonantes, 623, 640
 RLC en paralelo, 624, 629
 RLC en serie, 626, 629
Código de color, probadores del, 32, 33
Coeficiente,
 de acoplamiento, 526
 de amortiguamiento, 380

“¿Cómo podemos comprobar...?”, 13
 análisis de circuitos de CA, 469
 aritmética con números compuestos, 

469
 circuitos de primer orden, 345
 circuitos del amplificador operacional, 

237
 circuitos equivalentes de Thévenin, 188
 circuitos trifásicos balanceados, 584
 circuitos trifásicos no balanceados, 585
 corrientes de enlaces, 142
 diagramas de Bode, 636
 funciones de transferencia, 707, 708, 709
 ganancia y cambio de fase, 637
 ley de Ohm, 41
 potencia en circuitos de CA, 536
 potencia y convención pasiva, 13
 respuesta de frecuencia de un filtro, 815
 serie de Fourier, 779
 valores de voltaje y corriente, 82
 voltaje y corriente de un condensador, 

289
 voltajes de nodos, 140
Condensador, 258, 314, 347
 circuito cd, 279
 dominio de frecuencia compleja, 

662
 ecuaciones de elementos, 293
 redes de dos puertos, 842
Condición inicial, 316, 681
 circuitos de segundo orden, 377
 circuitos permanentes de cd, 277
 condensador, 259
 inductor, 270, 687
Conductancia, 26, 436
Conmutación secuencial 327, 347
Constante,
 de tiempo, 315, 316, 345
 dieléctrica, 258
Convención,
 de puntos, 524
 pasiva, 8, 26, 44, 500
 T-Pi, 831
Conversión,
 de parámetros de dos puertos, 840
 de rectangular a polar, 736
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Convertidor analógico a digital (ADC), 239
Convolución, 695, 774
 MATLAB, 697
Corrección de factor de potencia, 512
 circuito trifásico y, 587
Corriente, 2
 alterna (ca), 3
 de fase, 573
 directa, cd, 3
Corriente de enlaces, 123
 corrientes y voltajes de elementos, 

124
 PSpice, 138
Cortocircuito, 44, 346
 amperímetro, ideal, 31
 corriente de, 171
 inductor en un circuito de cd, 278
Críticamente amortiguado, circuito, 

377, 394
 respuesta natural, 379
Culombio, 2

Decibel, 607
Delta-Y, transformación de, a, 571
Determinante, 865
Diagrama
 asintótico, 609
 de bloques, 223, 224, 281
 de Bode, 606
 de fasor, 454
 polos complejos y, 617
Diferenciación, 282
Dirchlet, condiciones de, 732
Diseño, ejemplo de,
 alimentación de potencia cd, 781
 amplificador de transistor, 846
 circuito de amplificador operacional, 

471
 circuito de interfase de transductor, 

239
 compuerta de carga del transbordador 

espacial, 710
 controlador de válvulas de un motor 

de propulsión a chorro, 14
 corrección del factor de potencia, 

587

 despliegue angular del potenciómetro, 
143

 dispositivo de encendido de bolsa de aire 
de un automóvil, 397

 filtro antialiasing, 817
 fuente de voltaje ajustable, 84 
 integrador e interruptor, 290
 puente de indicador de tensión, 

189
 sensor de temperatura, 42
 sintonizador de radio, 640
 transferencia de potencia máxima, 

538
 una computadora y su impresora, 

349
Dispositivo, 2
Divisor de corriente, 67, 87
 diseño de, 70
 dominio de frecuencia, en el, 

439
Divisor de voltaje, 62, 87, 229
 diseño de, 64
 dominio de frecuencia, 439, 466
Dominio de frecuencia, 427
 compleja, 684
 tabla, 433
Dominio s, 684

Ecuación característica, 374
Ecuación de elementos, 

(ecuación constitutiva), 20
 condensador, 293
 dominio de frecuencia, 433
 dominio de frecuencia completa, 

541
 inductores, 293
 inductores acoplados, 541
 transformadores ideales, 541
Ecuación diferencial, 315
 circuitos de primer orden, 314
 factor de integración, 335
 método de las variables de estado, 

389
 método de operador, 370, 371
 método directo, 369, 370
 transformada de Laplace, 680
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operacionales, 212
 dominio de frecuencia, 443, 
 fuentes dependientes, 120, 146
 MATLAB, 115
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Ecuaciones simultáneas, 864
 MATLAB, 865
EFS, 750
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 análisis de circuitos CA, 441, 442
 circuito equivalente de Thévenin, 
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 circuitos de amp ops, 215, 216
 circuitos RC, 317, 319, 334
 circuitos RL, 318, 320, 332
 condensadores, 261, 262
 diagrama de Bode, 613, 615
 ecuaciones de enlaces, 132
 funciones de red, 600, 601, 602
 inductores, 272
 inductores acoplados, 528, 529, 530
 leyes de Kirchhoff, 57
 leyes de Kirchhoff y de Ohm, 59, 60
 potencia CA, 516
 resistencia equivalente, 75
 resistores en paralelo, 69
 resistores en serie, 64
 respuesta total, 685, 687
 transformadores, 534, 535
Electroforesis de gel 2D, 18
Elemento, 2
 activo, 25
 lineal, 21
Elemento pasivo, 24
 de resistor, 28
Energía, 7
 almacenada en bobinas acopladas, 526
 almacenada en un condensador, 264
 almacenada en un inductor, 274

Enlace, 122
Escalamiento de frecuencia, 796
Espectro,
 de amplitud, 754
 de fase, 754
Espectro de Fourier, 754, 773
 MATLAB, 757 
Estabilidad, 329, 699
 función de transferencia, 700
 respuesta de impulso, 700
Euler, fórmula de, 868
Expansión de fracción parcial, 

672
 MATLAB, 702
Exponencial compuesta, 422

Factor de calidad, 625, 797
Faraday, Michael, 258
Faradio, 258
Fasores, 426
 elementos RLC, 430
FFT, 750
Filtro, 794 
 de paso bajo, 794
 ideal, 794
 notch, 794
 pasa banda, 801
Filtros,
 de orden alto, 805
 de paso alto, 794
 de primer orden, 808
 RCL de segundo orden, 798
Fórmulas trigonométricas, 871
Fourier, Jean-Baptiste-Joseph, 732
Fourier, serie de, 731
 coseno rectificado de onda completa, 

732
 exponencial, 746, 748
 forma de onda triangular, 741
 MATLAB, 734
 PSpice, 761
 trigonométrica, 731, 744
Franklin, Benjamin, 2
Frecuencia, 416
 compleja, 394, 662
 de ángulo, 609, 610
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 trifásica balanceada, 560
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